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CHAPTER 1

Introduction

1.1. Theory, Modeling and Implementation

This book tries to give a balanced representation of the theoretical foundations of mathemat-
ical finance, especially derivative pricing, state of the art models, which are actually used in
practice, and their implementation.

In practice, none of the three aspéttsory, modelingandimplementatiorcan be considered
alone. Knowledge of the theory is worthless if it isn't applied. Theory provides the tools
for consistent modeling. A model without implementation is essentially worthless. Good
implementation requires a deep understanding of the model and the underlying theory.

With this in mind, the book tries to build a bridge from academia to practice and from theory
to object-oriented implementation.

1.2. Interest Rate Models and Interest Rate Derivatives

The text concentrates on the modeling of interest rates as stochastic (undetermined) quantities
and the evaluation of interest rate derivatives under such moHelsever, this is not a spe-
cialization! Although the mathematical modeling of stock prices was the historical starting
point and interest rates were assumed to be constant, some important theoretical aspects are
significant only for stochastic interest rates (e.g. the change ofraire-technique). So for
didactic reasons it is meaningful to start with interest rate models. Another reason to start with
interest rate models is that interest rate models are the foundation of hybrid models. Since
the nuneraire, the reference asset, is most likely an interest rate related product, a need for
stochastic interest rates implies the need to build upon an interest rate model, see Eijures
and1.2 We will do so in Chapte26. Nevertheless, the first model studied will be, of course,
theBlack-Scholes moddbr a single stock, after we will move to stochastic interest rates.

1.3. How to Read this Book

The text may be read in mon-linearway, i.e. the chapters have been kept as free-standing
as possible. Chapt@rprovides the foundations in the order of their dependence. The reader
familiar with the concepts of stochastic processes and martingales may skip the chapter and
use it as reference only. To get a feeling for the mathematical concepts one should read the
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CHAPTER 1. INTRODUCTION

Equity FX Foreign Interest | Default
Model Model Rate Model Model ¢

Interest Rate Model Numéraire

Figure 1.1.: The numeéraire, the reference asset in the modeling of price processes, is most likely an
interest rate product. This choice is not mathematically necessary, but common for almost all models.
Interest rate processes are the natural starting point for the modeling of price processes.

special sectiontnterpretationand Motivation Readers familiar with programming and im-
plementation may prefer ChapteB as an illustration of the basic concepts.

The appendix gives a selection of the results and techniques from diverse areas (linear al-
gebra, calculus, optimization) which are used in the text and in the implementation, but which
are less important for understanding the essential concepts.

1.3.1. Abridged Versions

For acrash coursdocusing on particular aspects some chapters may be skipped. What follows
are a few suggestions in this direction.

1.3.1.1. Abridged version “Monte-Carlo pricing”

Foundations (Ch2) — Replication (Ch3) — Black-Scholes Model (CHh)
— Discretizatiory Monte-Carlo Simulation (CHL3)

1.3.1.2. Abridged version “LIBOR Market Model”

Foundations (Ch2) — Replication (Ch3) — Interest Rate Structures (C3).
— Black Model (Ch.10) — LIBOR Market Model (Ch19)

— Instantaneous and Terminal Correlation (20).

— Shape of the Interest Rate Curve (QH)

1.3.1.3. Abridged version “Markov Functional Model”

Foundations (Ch2) — Replication (Ch3) — Interest Rate Structures (C3).
— Black Model (Ch.10) — The Density of the Underlying of a European Option (6h.
— Markov Functional Models (CI25)

1.3.2. Special Sections

The text contains special sections giving notes on interpretation, motivation and practical as-
pects. These are marked by the following symbols:

Lizensiert fuer <ayonbd2000@yahoo.com> (Muntasir Hasan) 16 Comments welcome.
This work is licensed under a ©2004, 2005, 2006, 2007 Christian Fries
Creative Commons License Version 1.4.18 [build 20070403]- 1st May 2007
httpy/creativecommons.oficensegby-nc-ngd2.5deed.en http://www.christian-fries.de/finmath/book


http://creativecommons.org/licenses/by-nc-nd/2.5/deed.en
http://creativecommons.org/licenses/by-nc-nd/2.5/deed.en
http://www.christian-fries.de/finmath/book

1.3. HOW TO READ THIS BOOK

Black-Scholes Model

Equity Model dS =pSdt+ oS dw(t)

Interest Rate Model dB = r B dt

Equity Hybrid LIBOR Market Model

Equity Model dS =pSdt+ oS dw()

Interest Rate Model dL; = y; L; dt + o L; dW(t)

Figure 1.2.: TheBlack-Scholes modehay be interpreted as a hybrid model with deterministic interest
rates. The solution adB(t) = rB(t)dt is B(0) - exp( - t), i.e. it is deterministic and given in closed form.
Thus the interest rate component is trivial. WithibIBOR Market Modethe interest rate is a stochastic
quantity. This also changes properties of the stock process.

7‘ Interpretation: Provides an interpretation of the preceding topic. Casts light
i on purposes and practical aspects. <
|
J

Motivation: Provides motivation for the following topic. Sometimes notes
deficiencies in the previous results. <
Further Reading:  Suggested literature and associated topics. <

Experiment:  Guide for a software experiment where aspects of the preceding
topic can be explored. <

r y 2
| |
| |
| |
L J

:’ 5 : Tip: Hints for practical use and software implementation of the preceding
| |
| |
L J

topics. <
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CHAPTER 1. INTRODUCTION

1.3.3. Notation

We will model the time evolution of stocks or interest rates with random variables parametrized
through a time parametér Such stochastic processes may depend on other parameters like
maturity or interest rate period. We will separate these t#iedint kinds of parameters by a
semicolon - see Figurk.3.

Maturity
Observation time
r State
F(T; t, w) F(T; 1) F(T) F
Value Random Stochastic Interest Rate
Variable Process Curve

Figure 1.3.: On the notation
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Part I.

Foundations: Probability
Theory, Stochastic Processes
and Risk Neutral Evaluation
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CHAPTER 2

Foundations

2.1. Probability Theory

Definition 1 (Probability Space,o Algebra): 1
Let Q denote a set arl a family of subsets of2. ¥ is ac-algebraif

1.0eF
2. FeF = Q\FeF

3. F,FyFa...eF = _GlFie?.
i=

The pair 2, ) is ameasurable spacé\ functionP : ¥ — [0, «) is aprobability measuréf
1. P(0) =0,P(Q) =1,

2. ForFq, Fy, F3,... € ¥ mutually disjoint (i.ei # ] = FinF; = 0), we have

P(U Fi) = > P(F).

i=1 i=1

The triple Q, 7, P) is calledprobability spacd(if instead of1 we require onlyP(@) = 0 then

P is calledmeasurand €, 7, P) is called measure space). ¥

-~ 7‘ Interpretation:  The setQ may be interpreted as the set of elementary events.

.1 Onlyone such event may occur. The suliset Q may then be interpreted as an

8 J event configuration, e.g. as if one asked only for a specific property of an event,
a property that might be shared by more than one event. Then the complement

of a set of events corresponds to the negation of the property in question, and the union of

two subsetF1, F, ¢ Q corresponds to combining the questions for the two corresponding

properties with an “or”. Likewise the intersection corresponds to an “and”: only those events

that share both properties are part of the intersectioor-algebra may then be interpreted as

a set of properties, e.g. the set of properties by which we may distinguish the events or the set

of properties on which we may base decisions and answer questions. Thuslipebra may

be interpreted as information (on properties of events).

r
|
|
|
L
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CHAPTER 2. FOUNDATIONS

Thus a probability spac&), #, P) may be interpreted as a set of elementary events, a family
of properties of the events and a map that assigns a probability to each property of the events,
the probability that an event with the respective properties will occur. N

Since conditional expectation will be one of the central concepts, we remind the reader of
the notions otonditional probabilityandindependence

Definition 2 (Independence, Conditional Probability): B
Let (Q, F, P) denote a probability space aAdB € 7.

1. We say thatA andB areindependentif

P(AnN B) = P(A) - P(B).

2. For P(B) > 0 we define theonditional probability of A under the hypothesiaB

P(AN B)

PAB) = —p g

|

The Borelo-algebraB(R) or B(R") plays a special role in integration theory. We define it
next.

Definition 3 (Borel o Algebra, Lebesgue Measure): k
Letne Nanda < bj (i =1,...,n). By B(R") we denote the smallest-algebra for which

(a1, b1) X . .. X (an, bn) € BER".

B(R") is called theBorel o-algebra. The measurnedefined onB(R") with

n

A(ag,b1) x ... X (&, bn)) = l—l(bi - a)

i=1
is called aLebesgue measuon B(R"). y

Remark 4 (Lebesgue Measure): Obviously the Lebesgue measurenist a probability mea-
sure on R", B(RM) sinceA(R") = 0. It will be needed in the discussion of Lebesgue integra-
tion and we give the definition merely for completenéss.

Definition 5 (Measurable, Random Variable): B
Let (Q,F) and S, S) denote two measurable spaces.

1. AmapT : Q — Sis called (, S)-measurable ff
T YA e F forallAe S.
If T:Q- Sisa(F,S)-measurable map we write more concisely

T:(QF)~(S3S).

1 The Lebesgue measure measures intervais {) according to their length, rectangles= 2) according to their
area and cubes = 3) according to their volume.
2 We defineT1(A) := {w € Q| T(w) € Al
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2.1. PROBABILITY THEORY

2. A measurable maX : (Q,F) — (S,S8) is also called aandom variable A random
variableX : (Q,F) — (S,S8) is called an-dimensional real-valued random variatife
S =R"andS = BR").

|

We are interested in the probability for which a given random variable attains a certain value
or range of values. This is given by

Definition 6 (Image Measure): 1
Let X : (Q, F) - (S,S) denote a random variable aRta measure on the measureable space
(Q,F). Then

Px(A) = P(XY(A) VAeS

defines a probability measure o8, §) which we call theimage measuref P with respect
to X. 1

1 Interpretation: A real-valued random variable assigns a real value (or vector
| . .
V ,  of values) to each elementary eventThis value may be interpreted as the result
8 J‘ of an experiment, depending on the events. In our context the random variables
mostly stand for payments or values of financial products depending ctettee

of the world How random a random variable is depends on the random variable itself. The
random variable that assigns the same value to all eveexhibits no randomness at all. If we
could observe only the result of such an experiment (random variable) we would not be able to
say anything about the state of the waddhat led to the result.

The image measure is the probability measure induced by the probability mdagare
probability measure ort), ¥)) and the magX on the image spac&(S).

The property of being measurable may be interpreted as the property that the distinguishable
events in the image spac®, (S) are not finer (better distinguishable) than the events in the pre-
image spacedt, ¥). Only then it is possible to use the probability measaren (Q, ) to

r
|
|
|
L

define a probability measure 08, (S). 4
)
AL

Q F X z

Figure 2.1.: lllustration of Measurability: The random variables X and Z assign a grey value to each
elementary evenby, ..., wip as shown. Ther-algebra# is generated by the sets = {w1, w,, w3},

Fo = {ws, ws, we}, F3 = {w7,...,w10}. The random variable X is measurable with respecftothe
random variable Z is not measurable with respecfto

Exercise: Let X be as in Definitior6. Show that

XHA)|AeS)
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CHAPTER 2. FOUNDATIONS

is ac-algebra. What would be an interpretationoft(A)?

Motivation:  We will now define thd_ebesgue integradnd give an interpreta-
tion and a comparison to the (possibly more familiar) Riemann integral.

The definition of the Lebesgue integral is not only given to prepare the defini-
tion of the conditional expectation (definitidrb). The definition will also show
the construction of the Lebesgue integral and we will later use similar steps to construgt the It
integral. <

Definition 7 (Integral, Lebesgue Integral): B
Let (Q, 7, 1) denote a measure space.

1. Let f denote a I, B(R))-measurable real valued, non-negative mdpis called an
elementary functionf f takes on only a finite number of values,...,a,. For an
elementary function we define

|ttt = Y auta)
Q i=1

whereA ;= f-1({a}) (= A € F)? as the(Lebesgue) Integradf f.
2. Let f denote a non-negative map defined@nsuch that a monotone increasing se-

quence (y)ken Of elementary maps withi := supui exists. Then
keN

f H(w)du(w) 1= sup f () du(w)
Q keN JQ

is unique and is called the (Lebesgue) integraf of

3. Let f denote a map of such that we have fof* := max(f,0) andf~ := max(f,0)
respectively a monotone increasing sequence of elementary maps as in the previous def-
inition. Furthermore we require thzit2 f*du < . Thenf is calledintegrablewith

respect tqu and we define
ffd,u :sz*du—ff‘du
Q Q Q

as the (Lebesgue) integral 6f

|

Remark 8 (f f(x) dx, f f(t) dt): Ifthe measurg: is theLebesgue measure= 1 we use the

shortend notation
ff(x) da(x) =: ff(x) dx.
A A

In this case®2 = R" and we denote the elements@fby latin leters, e.gx (instead ofw). If
the elements of2 = R have the interpretation of a time we usually denoted thermn by

3 We have & - 1,4 + 1) e B(R) by Definition. Then{a} = ﬁl(a; -La+1es®).
n=
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2.1. PROBABILITY THEORY

Theorem 9 (measurables integrablefor non-negative maps): For a non-negative map
onQ a monotone increasing sequenagiy of elementary maps withh = sup Uk exists if
and only if f is ¥ -measurable.

Proof: See [], §12. ]
" ™ | Interpretation: To develop an understanding of the (Lebesgue) integral we
1 consider its definition for elementary maps
| |
®
L J

[ ) = Y aun), A= )
i=1

The Lebesgue integral of an (elementary) mfajs
the weighted sum of the function valuasof f, each
weighted by the measuggA;) of the set on which this
value is attained (i.ed = f~1({a})).

If in addition we haveu(Q2) = 1, whereQ is the do-
main of f, then the integral is a weighted average of the

i’i(izi* ] 2. 03 function valuesy; of f.
“Lq4p: + 0. .
f’l({6}):i:‘ Eh 6+ 03 For a real valued (elementary) function of a real val-

<=2z Uedargument, e.dgf : [ab] — R, and the Lebesgue
measure the integral corresponds to the naive concept of
an integral as being the sum all rectangles given by

»

base area (Lebesgue measure of the intervad) height (function value)

which is also the concept behind the Riemann integral.
Part 2 and 3 of DefinitiorY extend this concept via a limit approximation to more general
functions. <

Excursus: On the difference between Lebesgue and Riemann integrals 4

The construction of the Lebesgue integrdfelis from the construction of the Riemann integral
(which is perhaps more familiar) in the way the sé{sare chosen. The Riemann integral
starts from a given partition of the domain and multiplies the size of each subinterval by a
corresponding functional value of (any) chosen point belonging to that interval (e.g. the center
point). The Lebesgue integral chooses the partition as pre-irfiddggs;}) of given function
valuesa;. In short: the Riemann integral partitions the domainfpthe Lebesgue integral
partitions the range of. For elementary functions both approaches give the same integral
value, see Figurg.2 For general functions the corresponding integrals are defined as the limit
of a sequence of approximating elementary functions (if it exists). Here, the two concepts are
different: In the limit, all Riemann integrable functions are Lebesgue integrable and the two

4 An understanding of the fierence between the Lebesgue and Riemann integrals does not play a major role in the
following text. The excursus can safely be skipped. It should serve to satisfy curiosity, e.g. if the concept of a
Riemann integral is more familiar.
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CHAPTER 2. FOUNDATIONS

Riemann Integral Lebesgue Integral

| - | -
Ll Ll
6e¢ 0.2 2« 0.3
4 02 4 04
4+ 0.1 6e 0.3
2« 0.1
4e 0.1 =4
6e 0.1 z
2e 0.2
=4

Figure 2.2.: On the djference of Lebesgue and Riemann integral

limits give the same value for the integral. However, there exist Lebesgue integrable functions
for which the Riemann integral is not defined (its limit construction does not converge).

Definition 10 (Distribution): B
Let P denote a probability measure di, (3(R)) (e.g. the image measure of a random variable).
The function

Fp(X) := P( (-0, X))

is called thedistribution functior of P.
If P denotes a probability measure dr'(B(R")) the n-dimensional distribution functiois
defined as

Fp(X,...,%n) := P((=00,X1) X ... X (=00, X5) ).

The distribution function of a random variab¥eis defined as the distribution function of its
image measurBy (see Definitiorb). y

Definition 11 (Density): k
Let Fp denote the distribution function of a probability measBrdf Fp is differentiable we
define

40 = A Fe(9)

as thedensityof P. If P is the image measure of some random variablee also say thap is
thedensityof X. ¥

Remark 12 (Integration using a known density/ distribution):  To calculate the integral
of a function of a random variable (e.g. to calculate expectation or variance) ifiisiest to
know the density or distribution function of the random variable. d.elenote a sfiiciently
smooth function an& a random variable orfy, ¥, P); then we have

fﬂ o(X(@))dP(w) = f gdFe, () = f 9090

5 We have {0, X) € B(R) since oo, X) = Ui2,(x =i, X) - see Definition.
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2.1. PROBABILITY THEORY

whereFp, denotes the distribution function &fandg the density oiX (i.e. of Px). In this case
it is neither necessary to know the underlying sp@c¢éhe measur®, nor howX is modeled
(i.e. defined) on this space.

Definition 13 (Independence of Random Variables): E
LetX: (Q,F) = (S,8) andY : (Q,F) — (S,S) denote two random variableX andY are
calledindependentif for all A,B € S the eventsX~1(A) and Y~1(B) are independent in the
sense of Definitior2. ¥

Remark 14 (Independence): Fori =1,...,nletX; : Q — R denote random variables with

Definition 15 (Expectation, Conditional Expectation): 1
Let X denote a real valued random variable on the probability spgace (P).

1. If Xis P-integrable we define
EP(X) := f XdP
Q
as theexpectatiorof X.

2. Furthermore, leE; € ¥ with P(F;) > 0. Then
EP(XIF;) = L [ xap
PR JR
is called theconditional expectation of X under (the hypothesis) F

|

Theorem 16 (Conditional Expectatiorf):  Let X denote a real valued random variable on
(Q,F, P), either non-negative or integrable. Then we have for eaeligebraC c ¥ a non-
negative or integrable real valued random variatjeon Q, unique in the sense of almost sure
equality, such tha is C-measurable and

VCeC : fcx,c dP = fCXdP ,i.e. E(X|C) = EP(X[C).

We will discuss the interpretation of this theorem after giving a nam&to

Definition 17 (Conditional Expectation (continued)): 7
Under the assumptions and with the notation of Thectémwe define:

1. The random variabl; is called theconditional expectation of X under (the hypothesis)
C and is denoted by
EP(XIC) := Xc. (2.1)

6 See p], §15
7 A property holdsP-almost surelyif the set ofw € Q for which the property does not hold has measure zero.
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CHAPTER 2. FOUNDATIONS

2. LetY denote another random variable on the same measure space. We define:
EP(XIY) := E(Xo(Y)), (2.2)

whereo(Y) is theo-algebra generated by, i.e. the smallestr-algebra, with respect to
whichY is measurable, i.ex(Y) := o (Y-X(S)).

|

‘f -~ W‘ Interpretation: First note that the two concepts of expectations from Defi-
AN nition 15 are just special cases of the conditional expectation defined in Defini-
| | i .
8 tion 17, namely:

o LetC =1{0,Q}.

ThenE(X|C) = X¢c whereX¢(w) = E(X) Yo e Q.

E(X|F) ifweF
EXIQ\F) ifweQ\F’

with E(X) = P(F) - E(XXIF) + (1 - P(F)) - EXIQ \ F)

e ForC ={0,F,Q\ F,Q} we haveX¢(w) = {

The conditional expectation is a random variable that is derived ¥@uch that only events
(sets) inC can be distinguished. In the first case we have a very c@aead the image of
Xc contains only the expectatide(X). This is the smallest piece of information &n AsC
becomes finer more and more information ab¥dtecomes visible iX. Furthermore: IiX
itself is C-measurable theK and X are P-almost surely) indistinguishable.

R

Figure 2.3.: Conditional Expectation: Let the-algebraC be generated by the sets € {w1, w», w3},
Cz = {wa, ws, we}, C3 = {wy, ..., w10}

E(X|C)

In this sense& may be interpreted as an information set afigdas afiltered version ofX.
If it is only possible to make statements about events then we can only make statements
aboutX which could also be made abaxit. <

2.2. Stochastic Processes

Definition 18 (Stochastic Process): B
A family X = {X; | 0 <t < oo} of random variables

X (QF)—>(SS)
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2.2. STOCHASTIC PROCESSES

is called (ime continuousstochastic processf (S, S) = (RY, B(RY)), we say thalX is ad-
dimensional stochastic proceskhe familyX may also be interpreted asa [0, o) xQ — S:

X(t, w) = X (w) Y (t, w) € [0, 00) X Q.

If the range 6, S) is not given explicitly we assumé&(S) = (RY, B(RY)).
-~ 7‘ Interpretation:  The parametetrobviously refers to time. For fixede [0, o)
. we view X(t) as the outcome of an experiment at timeNote that all random
z J variablesX(t) are modeled over theamemeasurable spac€(¥). Thus we do
not assume a familyy;, ;) of measurable spaces, one for eXghThe stochastic
processX assigns gathto eachw € Q: For a fixedw € Q thepath X, w) := {(t, X(t,w)) | t €
[0, )} is @ sequence of outcomes of the random experimégrEtrajectory) associated with
a statew. Knowledge abou € Q implies knowledge of the whole history (past, present and
future) X(w).
To model the dierent levels of knowledge and thus distinguish between past and future we

r
|
|
|
L

will define in2.3the concept of a filtration and an adapted process. <
Definition 19 (Path): B
Let X denote a stochastic process. For a fiked Q the mapping — X(t, w) is called the
path ofX (in statew). 4
Definition 20 (Equality of Stochastic Processes): 1

We define three notions of equality of stochastic processes:

1. Two stochastic process&sandY are calledndistinguishableif

P(XtZYt : VOSt<OO)=1

2. A stochastic process is amodificationof X, if

P(XtZYt)Zl V0Lt < oo,

3. Two stochastic process&sandY have the same finite dimensional distributidhs

Yn: V0t <th<...<thy<oo: YA€ B(S"):
P(X - %) €A) = P((Yys ..., Vi) € A).

-

Remark 21 (on the equality of stochastic processes): While in Definition 20.3 only the
distributions generated by the processes are considered, the Defigllidand20.2 consider
the pointwise dierences between the processes. Tliemince betweeRf0.1 and20.2 will
become apparent in the following example:

LetZ: (R,B(R)) — ([-1,1], B([-1, 1])) be a random variable o) ¥, P) = (R, B, 1) and
t — X(t) := t- Z be a stochastic proce$d.et P({Z € A})) = P({-Z € A}) ¥ A € B([-1,1]) and

8 An interpretation of this process would be the position of a moving particle, having at time 0 the position 0 and
the random speed.
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CHAPTER 2. FOUNDATIONS

P({Z = x}) =0V x € [-1, 1], e.g. an equally distributedl Furthermore leY¥ (t, w) € [0, c0) xR

X({t,w) fort+w

1 Y t, = _X t, .
“X(tw) fort=w 2(tw) (t.«)

Yl(t, 0.)) = {

The; is a modification ofX, sinceY;(t) differs fromX(t) (for fixedt) only on a set with proba-
bility 0. However,X andY; are not indistinguishable, sin€X(t) = Yi(t) : YO <t < o) = %
(the two processes arefidirent on 50% of all paths); is neither indistinguishable nor a mod-
ification of X, but due toP({Z € A}) = P({Z € —A}) YA € B([-1, 1)) it fulfills condition 20.3.

To summarize20.1 considers the equality of the proces3e¥, 20.2 considers equality of
the random variableX(t), Y(t) for fixed t, and20.3 considers the equality of distributions. In
our applications we are interested only in the distributions of processes.

2.3. Filtration

Definition 22 (Filtration): T
Let (Q, ¥) denote a measurable space. A Familyedlgebrag#; | t > 0}, where

FsCFtCF forO<s<t,

is called aFiltration on (Q, ¥). 4

Definition 23 (Generated Filtration): B
Let X denote a stochastic process 6n F). We define

F = 0(Xs 0 < s< 1)
= the smallestr-algebra with respect to whicKs is measurabl¥ s € [0, t].

|

Definition 24 (Adapted Process): 7
Let X denote a stochastic process 6n {) and{¥:} a filtration on , 7). The procesX is
called{F;}-adapted, ifX; is F;-measurable for ali > 0. a

7‘ Interpretation: In Figure 2.4 we depict a filtration of fouwr-algebras with
v increasing refinement (left to right). The black borders surround the generators
-] J‘ of the corresponding-algebra. If a stochastic process maps a grey value for each
elementary event (or path), of Q (left), then the process is adapted if it takes

a constant gray value on the generators of the respactaigebra. If at time, the process
depicted were to assign &gy the dark grey ofug, then the process would be adapted, otherwise
it is not.

By means of the conditional expectation (see Theofénand the interpretation of Fig-
ure 2.3) we may create an adapted process from a given filtrdtferi t > 0} and an¥ -
measurable random variatde

r
|
|
|
L

Lemma 25 (Process of the Conditional Expectation): Let {#; |t > 0} denote a filtration
Fs C Ft € F andZ an¥ measurable random variable. Then

X(t) :=EZ|7)
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2.4. BROWNIAN MOTION

Figure 2.4.: lllustration of a filtration and an adapted process

is a{f}-adapted process.

This lemma shows how the filtration (and the corresponding adapted process) may be viewed
as a model foinformation The random variabl(t) in Lemma25 allows with increasing
more and more specific statements about the nature Gompare this to the illustrations in
Figure2.1and2.3 <

The concepts of an adapted process only links random varixifteso o-algebrasf; for
anyt. It does not necessarily imply that the stochastic proces¢mterpreted as a random
variable on [Q0) x Q) is measurable. A stronger requirement is given by:

Definition 26 (Progressively Measurable): 7
An (n-dimensional) stochastic procexss calledprogessively measurab¥eith respect to the
filtration {#} if for eachT > 0 the mapping

X:([0,T1xQ, B8(0,TIoF) — (R, BR")
meRbar ist. a

Remark 27: Any progressively measurable process is measurable and adapted. Conversly a
measurable and adapted process has a progressively measurable modificatRil, see [

2.4. Brownian Motion
Definition 28 (Brownian Motion): 1
LetW : [0, ) x Q — R" denote a stochastic process with the following properties:

1. W(0) = 0 (P-almost surely)

2. The mapt — W(t) is continuous P-almost surely)
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CHAPTER 2. FOUNDATIONS

3. For giventy < t; < ... < tx the increment&V(t;) — W(to), ..., W(ty) — W(tk-1) are
mutually independent.

4. For all 0< s < t we haveW(t) — W(s) ~ N(O, (t — 9)I), i.e. the increment is normally
distributed with mean 0 and covariance mattix$)l,, wherel, denotes thexnidentity
matrix.

ThenW is called(n-dimensional) P-Brownian motiaor a(n-dimensional) P-Wiener process

|

We have not yet discussed the question of whether a process with such properties exists (it
does). The question for its existence is non-trivial. For example if we want to replace normally
distributed by lognormally distributed in propedythere would be no such procesH.we set
s= 0in4 we see that we have prescribed the distributio/{t) as well as the distribution of
the increment&V(t) — W(s).

Remark 29 (Brownian Motion): The property is less axiomatic than one might assume:
The central requirement is the independence of the increments together with the requirement
that increments of the same time step dizes have the same non negative variance (here
t — s) and mean 0. That the increments are normal distributed is more a consequence than an
requirement, see Theore3f. This theorem also gives a construction of the Brownian motion.

W(t
o, E
-

w - (path)

Figure 2.5.: Time discretization of a Brownian motion: The transiti®W(T;) := W(T;,1) — W(T;) from
time T; to Ti,1 is normal distributed. The mean of the transitiorjs.e. under the condition that at time
T; the state WT;) = x* was attained, the (conditional) expectation ofMV,) is x*:

EW(Tia) IW(T) = x) = X

Tip (time-discrete realizations): In the following we will often consider

the realizations of a stochastic process at discrete time3@< T; < ... < Ty

only (e.g. this will be the case when we consider the implementation). If we need
only the realization8V(T;) we may generate them by the time-discrete increments
AW(T;) := W(Ti,1)—W(T;) since from DefinitiorR8 we haveW(T;) = Z'k;lo AW(Ty), W(Ty) :=

0. See Figure.5. <

i L
| |
| |
| |
L J

9 Note that the sum of two (independent) normal distributed random variables is normally distributed, but the sum
of two lognormal distributed random variables is not lognormal.
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2.5. WIENER MEASURE, CANONICAL SETUP

2.5. Wiener Measure, Canonical Setup

The following theorem gives a construction (or approximation) of a Brownian motion. It de-
fines thewiener measurand shows that the properties of a Brownian motion are less axiomatic
than one might assume from Definiti@8; rather they are consequences of independence.

Theorem 30 (nvariance Principle of Donsker(1951), see.q0] §2):

Let (Q, 7, P) denote a probability space anﬂjX‘]?‘;l a sequence of independent identically
distributed random variables (not necessarily normal distributed!) with mean 0 and variance
o? > 0. DefineSy := 0 andSy := Z‘j‘zl Y;j. Let X" denote a stochastic process defined as the

(scaled) linear interpolation of tt&'s at time steps of siz%:
1
X(t) == ——=((t-n=[t-n)Sgrs + ([t-n] + 1= t-n))Sper),
o+/n

where [] denotes the largest integer number less or egual
A path X (w), w € Q, defines a continuous map,®) — R and X" is (Q,F) -
(C([0, )), B(C([0, 0))))-measurabl. Let P" denote the image measure Xt defined on
(C([0, 0)), B(C([0, ))). Then we have:
e (P22, converges onG([0, «)), B(C([0, 0)))) to a measur®” in the weak sensé.

n=1

e The proces$V defined on €([0, o)), B(C([0, 0)))) by

W(t, w) = w(t)
is aP* Brownian motion.
Proof: See R(] 82. ]
Definition 31 (Wiener Measure): 1
The measur®* from TheorenB0is calledWiener measure J
Definition 32 (Canonical Setup): 1

The space
(C([0, ), B(C([0, 0)), P)

(as defined in Theore®0) is called thecanonical setugfor a Brownian motionV defined by
W(t, w) = w(t), w € C(]0, =)). 4

Remark 33: A more detailed discussion of Theor&@@ may be found in20]. A less formal
discussion of properties of the Brownian motion may be found [

10 with C([0, «)) denoting the space of continuous maps§) — R endowed with the metric of equicontinuous
convergencel(f,g) = »;2; 2—%% with dn(f,9) = Supn If(t) = g()l (then C([0, )),d) is a complete
metric space) an@B(C([0, «0))) denoting the Boreb-algebra induced by that metric, i.e. the smallesilgebra
containing thed-open sets.

11 A sequence of probability measurg)’ ; converges in the weak sertgea measur®”, if f fdP, — f f dP*

for all continuous bounded mags: Q — R.
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CHAPTER 2. FOUNDATIONS

2.6. 1t6 Calculus

‘F ¥ | Motivation:  The Brownian motiorW is our first encounter with an important
| ¥, continuous stochastic process. The Brownian motion may be viewed as the limit
L/ of a scaledandom walk!? If we interpret the Brownian motiol in this sense
as a model for the movement of a particle, thg(T') denotes the position of the
particle at timeT andW(T + AT) — W(T) the position change that occurs framo T + AT,;
to be preciseW(T) models the probability distribution of the particle position.

The model of a Brownian motion is that position changes are normal distributed with mean
0 and standard deviatioWAT. Requiring mean 0 corresponds to requiring that the position
change has no directional preference. The standard deviatiohis, apart from a constant
which we assume to be 1, a consequence of the requirement that position changes are indepen-
dent of the position and time at which they occur.

To motivate the class of@tprocesses we consider the Brownian motion at discrete times
0=Ty < Ty <... < Tn. The random variabl®V(T;) (position of the particle) may be
expressed through the increment®/(T;) := W(T;,1) - W(T)):

i-1
W(T;) = ZAW(T,-).
i=0

Using the incrementdaW(T;) we may define a whole family of discrete stochastic pro-

Figure 2.6.: Paths of a (discretization of a) Brownian motion

cesses. We give a step by step introduction and use the illustrative interpretation of a particle
movement: First we assume that the particle may lose energy over time (for example). Then
the increments may still be normal distributed but their standard deviation no longer will be
\/Tix1 — Tj. Instead it might be a time-dependent scaling thereof,e&lg: \/Tj+1— Tj where

the standard deviation decays exponentially. Multiplying the increm®&gT ;) by a factor

gives normal distributed increments with arbitrary standard deviations. Thus we consider a

process of the form
i-1

X(T) = D o(T)AW(T)),

=0

where in our example we would us€T;) := e Ti.

12 |n a (one-dimensional) random walk a particle changes position at discrete time steps by a (constant) distance (say
1) in either direction with equal probability. In other words, we have binomial distrib4tedTheorem30.
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2.6. ITO CALCULUS

X(t,w)

Figure 2.7.: Paths of a (discretization of a) Brownian motion with time dependent instantaneous volatil-
ity

X(t,w)

Figure 2.8.: Paths of a (discretization of a) Brownian motion with a drift

Next we consider the case where the particle has a preference for a certain direction, i.e. a
drift. This is modeled by increments having a medfedént from zero. The addition of a con-
stantu to a normal distributed random variable with mean zero will give a normal distributed
random variable with mean. We wantu to be the drift per time unit and allow thatmay
change over time. Thus we ag(T;) - (T;+1 — T;) to the corresponding increment over period
T; to Tj.1. If we also consider the starting point to be random, modeled by a random variable
X(0) we then consider processes of the form

i-1
X(T)=XO)+ ), wT)(Tpa=T) +o(TAW(T;)
j=0 e

:IATJ'

Normal distributed with mea(T;)AT; and stan-
dard deviationr(T;) 4/AT;

X(Tjra) = X(Tj) = p(T) (Tja = Tj) + o (THAW(T).

=!AT;

Our next generalization of the process is that the paramef&jsando(T;) could depend on
the paths, i.e. are assumed to be random variables. This might appear odd since then one could
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CHAPTER 2. FOUNDATIONS

createany time-discrete stochastic proces$gsHowever, it would make sense to allow the
parameters(T;j) andor o(T;) (used in the increment frond(T;) to X(Tj.1)) to depend on the
current state oK(T;) as in

X(Tj1) = X(Tj) = X(Tj) (Tjsa = Tj) + o(THAW(T;)).
—_— —_—
=:IAX(T)) =!AT]

Here we would have(T;) = u(Tj, X(T;)) = X(Tj), i.e. a drift that is a random variable. It is
an important fact that the drift for the increment frdmto T;.1 is known inT;. More general
we allowy ando to be stochastic processes if they gfg-adapted?

The continuous analog to the time-discrete processes considered abowi @Enecésses,
i.e. processes of the form

T T
X(T) = X(0) + fo u(t) dt + fo o (t) dW(D), (2.3)

T T
X(T) - X(0) = f u(t) dt + f o (t) dW(t)
0 0
and as a short-hand we will write

dX(t) = p()dt + o(B)AW(L).

While the d part of 2.3) may be (and will be) understood pathwise as a Lebesgue (or even
Riemann) integral, we need to define th&/(d) part (as we will see), thid Integral.*® <

2.6.1. It6 Integral

In this section we define theﬁltintegralfsT f(t, w) dW(t, w). We do not present the math-
ematical theory in full detail. For a more detailed discussion of theirltegral see, e.g,
[14, 27, 20, 21]).

Definition 34 (The Filtration {#¢} generated byW): T
Let (Q,F, P) denote a probability space aWd(t) a Brownian motion defined orf) ¥, P)
(e.g. by thecanonical setup We definef; as theo-algebra generated By/(s), s < t, i.e. the
smallesior-algebra, which contains sets of the form

k
{w; W(ts, ) € Fa, ..., Witk @) € Fi } = (| W(t)™(F)
i=1

BIf T — S(Ti) is an arbitrary time-discrete stochastic process weo$&) := 0 andu(Tj) := (S(Tj+1) -
S(T))/(Tj+1 - Tj) and haveX(T;) = S(T;).

14 The incrementAW(T}) is notr;-measurable. It is onIgFTj+1-measurable. The requirements théT;) is ;-
measurable excludes the example in footricie

15 The dW/(t) part may not be interpreted as a Lebesgue-Stieltjes integral thrguidh;)(W(tj+1) — W), 7j €
[tj, tj+1], sincet — W(t,w) is not of bounded variation. Thus the limit will depend on the specific choice of
7j € [tj, tj+1], see Exercisé.
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2.6. ITO CALCULUS

for arbitraryt; < tandF; c R, Fj € B(R) (j < k) and arbitraryk € N. Furthermore we assume
that all sets of measure zero belongfo Then{¥} is a filtration which we call théiltration
generated by W 4

Remark 35: W is a{¥¢}-adapted process.

Definition 36 (Itd integral for elementary processes): B
A stochastic procesgis called elementary, if

ptw)= > &) Ly,

jeNU{0}

where(t; | j € NU{0}} is a strictly monotone sequence in §6) with to := 0 andfe; | j € NU{0}}
a sequence ofy,-measurable random variables angl 1, denotes the indicator functiéht’
For an elementary process we define tidartegral as

[ otormwn = Y e W) - W)

§ iENDuo{Ol
| otorw®:= [ oo 1en 0.
S 0

-

Remark 37 (on the one sided continuity of the integrand): In some textbooks (e.g27])
the elementary integral is defined using the indicator functigg,} in place of k). For
continuous integrators, as we consider h&kgt)), it makes no dterence which variant we
use. However, if jump processes are considered (see28]y. &nd also with respect to the
interpretation of the integral as a trading strategy (see B&peour definition is the better
suited.

Lemma 38 (Itd Isometry): Let¢ denote an elementary process such dfatv) is bounded.
Then we have

T T
el [ ot )W) = EL [ ot )7et]
Definition 39 (Itd Integral): 1
Theclass of integrands of the Itd integral defined as the set of maps
f:[0,00)xQ R,
for which

1. fis aB x F-measurable map,

2. f is an¥¢-adapted process,

3. f is P-almost sure of finite quadratic variation, i.e. we ha\{'qsfif(t, w)?dt] < co.

16 We define & 1,,1(t) = 1, if t € (tj, tj+1] and= 0 else.
17 Note that by this definition every path is elementary in the sense of Defifition
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CHAPTER 2. FOUNDATIONS

If f belongs to this class then there exists an approximating seqi#sniad elementary pro-
cesses with

E°[ f T(f(t, w) = ¢n(t, w))%dt] - 0 (forn — o),
S

and theltd integral is defined as the (uniqué&) limit

T T
f f(t, )dW(t) := lim f on(t, w)dW().
S n—e Js

|

Remark 40: For a proof of the statements made in this definition (e.g. the existence and
unigueness of the limit) se@T].

2.6.2. It6 Process

Definition 41 (Itd Process): B
Let o denote a stochastic process belonging to the class of integrands ob theeljrals
(see39) with

t
P(f o(r, w)’dr < co Yt > 0) =1
0

andu an{#;}-adapted process with

t
P(f |u(t, w)|dr < oo Vt > O) =1.
0

Then the procesX defined through

t

t
X(t, w) = X(0, w) + jc; u(s w)ds+ \fo o (s, w)dW(s, w),

whereX(0, -) is (Fo, B(R))-measurable is calleltib procesgRemark:X is Fi-adapted). 4
This definition is generalized by the-dimensional Brownian motion as

Definition 42 (1td Process if+-factorial, n-dimensional)®): 1

LetW = (W4,..., W)™ denote anm-dimensional Brownian motion defined of,(7, P). Let
oiji=1,...,nj=1,...,m) denote stochastic processes belonging to the class of integrands
of the I® integral (compare DefinitioR9) with

t
P(f cri,,-(r,w)zdmoowzo): 1 i=1...,n,j=1,...,m,
0
andy; (i = 1,...,n) an{¥¢}-adapted process with

t
P(f Iui(T,a))IdT<oth20)=l i=1...,n
0

18 Compare 27], §4.2
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2.6. ITO CALCULUS

Then the g-dimensional) process = (X1, ..., Xn)" with X(0, -) being (Fo, B(R"))-measurable
and

t mo ot
Xi(t,w)zxi(O,w)+Lﬂi(Sw)dS+Z£o'i,j(s,w)de(Sw) (i=1,...,n),
=1

is called(n-dimensional) (m-factorial) 1td procesd® We will write X in the shorter matrix
notation as

X(t, w) = X(0, w) + j:/x(s, w) ds+ ﬁt o(s w) - dW(s w),
with

X1 M1 011 ... O1m

q
Il

Xn HMn On1 ... Onm

Remark 43 (Itd Process, dferential notation): For an 16 process
T T
X(T, w) = X(0, w) + f u(t, w) dt + f o(t, w) - dW(t, w),
0 0
as defined by Definitiod1 and42 we will use the shortened notation

dX(t, w) = u(t, w) dt + o (t, w) - AW(t, w).

The stochastic integral

f X0 dv ()

t1
was defined pathwise for integratorsthat are Brownian motions ¥l = dw) and for inte-
grandsX belonging to the class of integrands of th@ integral. We extend the definition of
the stochastic integral to integrators that aéegitocesses:

Definition 44 (Integral with It & Process as Integrator): B
LetY denote an & process of the from

dY = udt + odW

and X a stochastic process such tht)u(t) is integrable with respect tband X(t)o(t) is
integrable with respect td/(t). Then we define

f ) X(t) dY(t) := f * X(O)u(t) dt + f ) X(t)or(t) dW(L).

1 th t1

As in Remark43 we will write
X(t) dY(t) := X(Ou(t) dt + X(t)o(t) dW(t).

|

19 The dimensiom denotes the dimension of the image space. The factor dimensidenotes the number of
(independent) Brownian motions needed to construct the process.
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CHAPTER 2. FOUNDATIONS

2.6.3. It6 Lemma and Product Rule

Theorem 45 (It Lemma (1 DY%): Let X denote an & process with
dX(t) = udt + odW.
Letg(t, X) € C%([0, ] x R). Then
Y(1) == g(t, X(1))

is an 1B process with

- —(t X(O)dt + —(t X(D)dX + = (t X(0)) - (dX)?, (2.4)

2 6 2
where (K)? = (dX) - (dX) is given by formal expansion using

dt-dt =0, d - dw =0,
dw-dt =0, dw - dw = dit,

(dX)? = (dX) - (dX) = (udt + o-dW) - (udt + odW)
=2 dt-dt+pu-o-dt-dW+pu-o-dW-dt+ o2 - dW - dW = odt

Theorem 46 (It Lemma?Y): Let X denote am-dimensionalm-factorial It process with
dX(t) = udt + odW.
Letg(t, X) € C?([0, o] x R™ RY), g = (Q1,...,9d)". Then
Y(1) = g(t, X(1)

is and-dimensionaln-factorial It process with

n

— LX)t + Z (t, X(£)dX; (t)

avi(t) = 2

} 0
2 6

(t X(D)) - (dXi(0) - dX; (1)),

where &;(t)dX;(t) is given by formal expansion using

dt- dt =0, &-dw, =0
da i=]j
dW - dt = 0, CURCIVER S
20 Compare 7] §4.1.
21 Compare 7] §4.2.
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2.6. ITO CALCULUS

Theorem 47 (Product Rule): Let X, Y andXy,..., X, denote 16 processes. Then we have

1. dX-Y)=Y-dX+X-dY+dX-dY

2. d(ﬁxi]zilﬁlxk-dxi+iﬁxk~dxid)(j
i=1 i=1 Ifll i,_j:_l kk:ilj
j>i »

Proof: We prove onlyl since2 follows from 1 by induction. We apply the &tlemma to the
map
g:RXRXR —>R, alt,x,y) := x-v.

We have
d9 ag ag
—_— = O —_— = _—=
ot oX y ay X
2 2
99" _ ) 9 _
X2 ay?
2 2
99" _ 4 99" _ 4
oxy ayx
and thus

d(X-Y) = d(g(X.Y)) = Y- dX + X - dY + dX - dY.

o

Theorem 48 (Quotient Rule): Let X andY andYy,..., Y, denote Id processes wher¥,> ¢
for a givenc € R. Then we have

X\ X(dX dY dXx dY [dY\?
1. d(—):— AL AL il
Y)Y X Y X v \y

1 1 1

Y
N1 1 S (—dY g dY;
S IR IE

Lemma 49 (Drift Adjustment of Lognormal Process): Let S(t) > 0 denote an & process
of the form
ds(t) = u(t)S(t)dt + o (t)S(t)dw(t),

andY(t) := log(S(t)). Then we have

dy(t) = (u(t) - %o-z(t))dt + o (t)dW(t).

Proof: See Exercisé. ]
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CHAPTER 2. FOUNDATIONS

‘F - W‘ Interpretation: The I lemma and its implications like Lemm#® may ap-
1 pear unfamiliar. They state that a non-linear function of a stochastic process will
‘L - ] J induce a drift of the mean. This may be seen in an elementary example: Consider

the time-discrete stochastic proce§d;) constructed from binomial distributed
incrementsAB(t;) (instead of Brownian increment3A{t)), whereAB(t;) are independent and
attain with probabilityp = % the value+1 or -1, respectively. Assumin¥(to) = 10 we draw
the process

X(ti+1) = X(4) + AB(t;)
in Figure2.9 (left), i.e. AX(tj) = AB(t;). This process does not exhibit a drift. We have
X(t) = EX(ti+1) | F1)-

In other words: In each node in Figu?ed the proces¥ attains the mean of the values from
the two child nodes.

X(ti44) = X(t) + AB(t) Y(t) = fX() = X(t)?

X(t,w) 4 Yi(t,w) A

100

\/
\/

Figure 2.9.: Non-linear functions of stochastic processes induce a drift to the mean.

As in Figure2.9 (right) we then consider the procegt;) = f(X(t;)) = X(t)2. This process
exhibits in each time step a drift of the meamdf. One can easily check that the increments
of the proces¥ are given by

Y(tica) = Y(t) + 1+ 2- X(ti) - AB(ti)
(check this in Figur@.9). This corresponds to the result stated liysitemma (see Theoredbd
with g(t, x) = f(X) = x%). Indeed we have
Y(tii1) = (X(ti:2))? = (X(t) + AX())?

= X(t)% + AX(t)? + 2 X(t;) - AX(t;)

= Y(t) + AB(t;)? + 2- X(t;) - AB(t;)

=Y() + 1+ 2- X(4) - AB(t)

19%f
=YW 3ok

Obviously we may interpretdtformula @.4) in I1td’s lemma as a (formal) Taylor expansion
of g(X + dX) up to the order (). For the continuous case the higher order increments are
(almost surely) 0. For the discrete case this is not the case. E.g. conéftiks(AX(t))% in

(X0 - (X + T (XEDAX(E).

the example above. <
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2.7. BROWNIAN MOTION WITH INSTANTANEOUS CORRELATION

2.7. Brownian Motion with Instantaneous Correlation

In Definition 28 Brownian motion was defined through normal distributed increm@efgts —
W(s), t > s having covariance matrix & s)l,. In other words, foW = (W,,...,W,) the
components are one-dimensional Brownian motions with pairwise independent increments,
i.e. fori # j we have thaWi(t) — Wi(s) andW;(t) — W,(s) are independent (thus uncorrelated).

We define théBrownian motion with instantaneously correlated incremersts special &
process:

Definition 50 (Brownian Motion with instantaneous correlated Increments): B

Let U denote amm-dimensionalBrownian motionas defined in Definitior28. Let fi; (i =
1,...,n,j=1,...,m) denote stochastic processes belonging to the class of integrands of the
Itd integral (see DefinitioB9 and Definition42) with

t
P(f fi‘j(T,w)sz<00vt20)=1 i=1....,n, j=1,....,m,
0

furthermore let
frat) ... fim()

F@) :=(f,..., fn) = : :
fn,l(t) oo fn,m(t)
denote am x mmatrix with

m
Zfi?j(t)zl, Yi=1,...,n.
j=1

Then the 16 process
dW(t) = F(t) - dU(t), W(0)=0

(see Definitiomd2) is calledm-factorial, n-dimensional Brownian motion with factors jf=
1,...,m. With R := FFT we call R theinstantaneous correlatioandW a Brownian motion

with instantaneous correlation.FE is called thefactor matrix 4
‘F - 7‘ Interpretation: For simplicity let us consider a constant matfx =
B A (f1,..., fm). Then we have for time-discrete increments

. 8

AW(TY) = F - AU(T) = f,AUL(TQ) + . .. + TnAUm(TH). (2.5)

Note thatAU;(Ty) andAU;(Ty) are independent. They may be interpreted as
independent scenarios.dfis a path withAU;(Ty; w) # 0 andAU(Ty; w) = O for
j # 1, then we have from2.5) that AW(Ty; w) = fi - AU;(Tg; w), i.e. on the patl
the vectoMV will receive increments corresponding to the scengr{multiplied
by the amplitudeAU; (Ty; w)). If, for example,f; = (1,...,1)" then the scenario corresponds
to a parallel shift ofV (by the shift sizeAU(Ty)).

Our definition of a factor matrix does not allow arbitrary scenarios since we require that
P ffj(t) =1, i.e. thatR := FFT is a correlation matrix. By this assumption we ensure that
the components o\ of W are one-dimensional Brownian motions in the sense of Defini-
tion 28.

By means of the factor matrik we may interpret the implied correlation structiren a
geometrical way. The calculation Bffrom a givenR is a Cholesky decomposition.
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CHAPTER 2. FOUNDATIONS

We will make use of this construction in the modeling of interest rate curves (Chipter
LIBOR Market Mode). Here the interpretation of the factors is given by movements of the
interest rate curve. The possible shapes of an interest rate curve will then be investigated
(Chapterz4)). The question of how to obtain a set of factors or reduce a given set of factors to
the relevant ones is discussed in Appendlig andA.4. N

2.8. Martingales

Definition 51 (Martingale): K
The stochastic proces{t), i ; 0 < t < oo} is called amartingalewith respect to the filtration
{F¢} and the measure if

Xs=E(X(t) | Fs) Palmostsure YO<s<t<oo. (2.6)

If (2.6) holds for< in place of=, thenX is called sub-martingale. 1£(6) holds for> in place
of =, thenXis called super-martingale. y

Lemma 52 (Martingale It6-Processes are drift-free): Let X denote an & process of the
form
dX = udt + cdW underP

with EP(( i o2(t) dt)"?) < co. Then we have

XisaP martingale & u=0 (i.e.Xis drift-free).

2.8.1. Martingale Representation Theorem

Theorem 53 (Martingale Representation Theorer?):  Let W(t) = (WA(t),..., Wn(t)T
denote anim-dimensional Brownian motior¥; the corresponding filtration. Lé#i(t) denote a
martingale with respect t%; with fQ IM(D)[?dP < oo (V t > 0).

Then there exists a stochastic procg$with g(t) belonging to the class of integrands of the
Itd integral) with

M(t) = M(0) + fot g(s)dW(s) P almost sureyt > 0.

22 See P7), 84.3 and 0], Theorem 4.15.
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2.9. CHANGE OF MEASURE (GIRSANOV, CAMERON, MARTIN)

2.9. Change of Measure (Girsanov, Cameron, Martin)

Definition 54 (Measure with Density): 1
Let (Q,F, P) denote a measure space and P integrable non-negative real valued random
variable. Then

Q= [
A
defines a measure of(¥) which we callmeasure with density with respect to P 4

Definition 55 (Equivalent Measure): 1
Let P andQ denote two measures on the same measurable sQagd.(

1. Qis calledcontinuous with respectto P & (P(A) = 0= Q(A) = 0VA e F).
2. PandQ are callecequivalent & (P(A)=0< Q(A) =0YAe F).

|

Theorem 56 (Radon-Nikod/m Density): Let P andQ denote two measures on a measur-
able spacet, ). Then we have

Qis continuous with respect® <  Q has a density with respect B

Proof: See [I]. ol
Definition 57 (Radon-Nikodym Density): 1
If Qis continuous with respect then we call the density @@ with respect td° the Radon-
Nikodym densitpnd denote it byie. 5

Theorem 58 (Change of Measure (Girsanov, Cameron, Martin)): Let W denote a -
dimensional)P-Brownian motion and#;} the filtration generated bW fulfilling the usual
conditiong®. Let Q denote a measure equivalentR@w.r.t. {7}).

1. Then there exists g }-previsible proces€ with

t t
?j% - = exp(jo‘ C(s) dW(s) — %‘ﬁ |C(S)|2ds). @2.7)

2. LetT > 0O fixed. Reversed, if denotes a strictly positivB-martingale with respect to
{F¢ | t € [0,T]} with EP(p) = 1, thenp(t) has the representatio.f) and defines (as a
Radon-Nikogm process) a measuf@ = Q" which is equivalent td® with respect to
1, given by

QA) = fA oM dP  VAe 7. (2.8)

23 Given a complete, filtered probability spade, ¢, {#; |t € [0, T]}, P), the filtration{#; |t € [0, T]} satisfies the
“usual conditions”, if it is right-continuous (i.65; = Ne-0Ft+e) andFo (and thusf; for everyt € [0,t]) contains
all P-nullsets ofF.

Lizensiert fuer <ayonbd2000@yahoo.com> (Muntasir Hasan) 45 Comments welcome.
This work is licensed under a ©2004, 2005, 2006, 2007 Christian Fries
Creative Commons License Version 1.4.18 [build 20070403]- 1st May 2007
httpy/creativecommons.oficensegby-nc-nd2.5deed.en http://www.christian-fries.de/finmath/book


http://creativecommons.org/licenses/by-nc-nd/2.5/deed.en
http://creativecommons.org/licenses/by-nc-nd/2.5/deed.en
http://www.christian-fries.de/finmath/book

CHAPTER 2. FOUNDATIONS

In any given case
t
W(t) = W(t) - f C(s) ds (2.9)
0
is aQ-Brownian motion (with respect tF;}) (and fort < T in the second case).

Remark 59 (Change of Measure - Change of Drift): Equation 2.9) may be written as
dW(t) = —C(t)dt + dW(t) (2.10)

and we see that thehange of measui@.7) corresponds to ehange of drif{2.10. The second
case has a restriction on a finite time horizbnwhich will be irrelevant in the following
applications.

Remark 60 (Radon-Nikodym process): Note that
t 1 t
pt) = exp( f C(s) dW(s) - 5 f |C(s)|2ds).
0 0
is aP-martingale. From this we have that fAre 7;
QA = [ M) dP = EP(La-p(T) = E”(E"(1a-p(T) 17)
% B (1B o(M)17) = B (@a-p(0) = [ pl0 .
Thus,p definies a process of consistent Radon- Njkodjensmes |f on @, 7).

Exercise: (Change of Measuri a binomial tree): Calculate the probabilities (the measure)
such that the procedsdepicted in Figur@.9is a martingale.

‘F W‘ Interpretation: The form of the change of measuiz7) may be motivated

B AN via a simple calculation and derived for a time-discrebepitocess

| |
®

L J

AX(Ti) = u(T)AT; + o(T))AW(T;)

by elementary calculations.

At first: Let Z denote a normal distributed random variable with mean 0 and standard devi-
ation o on a probability spaceq), ¥, P). Under which measure will be normal distributed
with meanc and standard deviatiom? The density of a normal distributed random variable

with meanc and standard deviation is z f exp (Z C) ). Thus we seek a change of
measureél such that
1 z-¢c)? d 1 Z . d
expl 2) ) dz = dQ = QdP exp ) Q
2+\no 20 2o 202" dP
——
d%:desired density undep %:known density undeP =7
With L
( ) 2 - 2cz+ 2 §C2
) = expt—— ) = expt-5 )eXIO( )
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2.9. CHANGE OF MEASURE (GIRSANOV, CAMERON, MARTIN)

it follows that the desired change of measure is

dQ cz- ic?
ap - P ) (2.11)

This corresponds to the term iB.{).
To illustrate this we consider the time-discrete process

AX(T)) = pP(THAT; + o(T)AW(T;))  underP.
Under which measure X a (time-discrete) martingale? We have:
X is aQ-martingale & ﬂQ(T-) =0 & EQAX(T)|F7)=0

& EX(—=AX(T) | F7) =0

(T )
First consider a single increment: The random variable

i : /J( i)
oy = oy

is (underP) normal distributed with mea#(T— AT; and standard deviation/AT;. For the
conditional (!) expectation und€ we have

u(m)
(T ) o(T)

Then B(;&5AX(T)) | F1) = 0 if EAQAW(T) | F7,) = C(T)AT; whereC(T;) = -402 (we
correct for the drift). Given the considerations above we have to apply a change of measure

dQ
dP laT,

for the time ste@\T; (apply @.11) with Z = AW(T;), ¢ = C(T))AT; ando = VAT;).

This is just the change of measure needed to make the increxxgmt) drift-free. Since
the increment&W(T;) are independent we get the change of measure for the prEdess
To to T, by multiplying the Radon-Nikodym densities, i.e.

AT + AW(T)

EQ(—=<AX(T)) | F7,) = AT} + ER(AW(T)) | 77,)

= expC(T)AW(T) - 5C(T?AT)

n- l n-1

dP = |execmaw() - —C(T )2AT)
i=0 ' i=0

n-1

-~ exp> cmaawr) - 1 5 eqmyamy,
i=0 i=0

(2.12)

will make all incrementAX(T;) drift-free fori = 0,...,n— 1.

Due to the independence of the incremekif¥(T;) we obtain independence of tf%8|ﬂ_ and
thus '

dQ
EQ(AW(T)) = EP(AW(T,) - ]_[ ' P(1 ) EP W) - ).
dpP Tj dP IaT;
%/_/
=1
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CHAPTER 2. FOUNDATIONS

The term 2.12) is a discrete version o2(7). To some extent we have just proven a version of
the change of measure theorem for time-discrét@ibcesses.

The term—C(t)2dt in (2.7) (or —C(T;)?AT; in (2.12) may also be motivated as follows: The
random variable do

Z(t) = d_P .

represents a density of the meas@fg with respect to the measuR¥. SinceQ|# should be
a probability measure we must have

P
Qr(Q) = E™(Z(1) =1 (2.13)
and withZ(0) = 1 this follows if Z is a martingale. Thus thérift correction —C(t)?dt follows
from Lemma49, because is a lognormal process. N
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2.10. STOCHASTIC INTEGRATION

2.10. Stochastic Integration

In the previous sections the following integrals were considered:

Maps:

to
. f(t) dt Lebesgue or Riemann integral.
! Integral of a real valued function with respectto

Random Variables:
. f Z(w) dP(w) — Lebesgue integral.
Q

Integral of a random variablg with respect to a
measureP (cf. expectation).

Stochastic Processes:

. f X(t, w) dP(w) — Lebesgue integral.
Q Integral of a random variabDé(t;) with respect to a
measure®.
t2
. f X(t) at — Lebesgue Integral or Riemann integral.
! The (pathwise) integral of the stochastic prockss
with respect td.
2
. f X(t) dw(t) — Itdintegral.
4 The (pathwise) integral of the stochastic prock¥ss

with respect to a Brownian motiow.

/ X(t1,w) dP(w)
Q

Figure 2.10.: Integration of stochastic processes

The notion of a stochastic integral may be extended to more general integrayaisraorce
general integrators. For completeness we mention:

Definition 61 (Previsible Process): 1
Let X denote a (real valued) stochastic process@uA() and{#} a filtration on Q, 7). The
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CHAPTER 2. FOUNDATIONS

processX is called{#:}-previsible if X is {#;}-adapted and bounded with left continuous paths.

|

Definition 62 (Integral with respect to a semi-martingale as integratof?): B
Let Y denote a semi-martingale of the form

Y(1) = A + M(1),

whereA(t) is a process with locally bounded variation avidt) a local martingale. LeX(t)
denote a previsible process. Then we define

f ‘ X(t) dY(t) := f ‘ X(t) dA(t) + f ‘ X(t) dM(t).

ty ty 51

|

Remark 63 (Stochastic Integral): The class of processes (integrands) for which we may
define a stochastic integral depends on the properties of the integrators (and vice versa). For
continuous integrators (as the Brownian motion) the integrands merely have to be adapted
processes. To allow more general integrators one has to restrict to a smaller class of integrands,
e.g. previsible processes. Compare Example 4.1 and Remark 4L4).indor more detailed
discussion of the stochastic integral séf §5.5 and (especially for more general integrators)

[14], 84 and PQ], §3.

Further Reading: On stochastic processes: As introductia??][ For an
in-depth discussion20)], [29] and [31].

<

;
|
|

/o ‘

)

2.11. Partial Differential Equations (PDE)

We considermartial differential equationonly marginally. In Sectiory.2.2we derive the
Black-Scholes partial eierential equation. The bridge frostochastic dferential equations
(SDE) to partial differential equationgPDE) is given through the following Feynman-&a
theorem.

2.11.1. Feynman-Ka ¢ Theorem

Theorem 64 (Feynman-K&): Let X denote al-dimensional & processX = (X, ..., Xq),
following the stochastic dierential equation (SDE)

dXi(t) = g (t, X)dt + o (t, X)dW(t)  on [0, T] underQ.

Furthermore leV denote the solution of the parabolic partiafeiential equation (PDE)

d d 2

ov ov 0V
— i(t, X)— X = I xQ
o *;“'“’X)am*ijzl”"(t’x)amaxj 0 onlx
V(T.) = ¢() onRe

24 For a more detailed discussion and a definition of a semi-martingale see R&Bnark
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2.11. PARTIAL DIFFERENTIAL EQUATIONS (PDE)

with i j = oiojpij and dM()dW;(t) = p; jdt.

V(t,X) = E2(¢(X(T)) | X(t) =x)  for (t,x) € [0, T] x RY (2.14)

Remark 65 (solving backward in time): Note that the PDE solve$ backward in timeV is

given at the final timd and the PDE describédfor t < T. The meaning of this will become
apparent in the following interpretation, however, to fully understand the interpretation in our
context the knowledge of the next chapter is helpful.

| Interpretation: A stochastic dierential equation decribes how a stochastic
1 processX changes fronX(t) to X(T). The change is the incremeAX = ftT dXx
J‘ — a random variable. The increment decribes how values change and give the
probability for such a change.

If we now look at a stochastic process that is a functioX,afayV(t) = V(t, X(t)) thenltd’s
Lemmaallows us to derive the stochastidférential equation fo¥, i.e. we have a formula
for dV. The change fronv(t) to V(T) is the incremenAV = ftT dV, and again, the increment
decribes how values change and give the probabilties for such a change. However, the proba-
bilities do not change. K moves fromX(t) = xto X(T) = y with some (transition) probability
densityg(t, x; T,y), thenV moves fromV(t, X) =: uto V(T,y) =: v with the same (transition)
probability densityy(t, x; T, y).

So forV just the attained values change. The underlying transition probabilities are the ones
of X. These are of course just the direct consequences our assumptian ithatfunction
of X. This assumption “splits” the definition of the stochastic prodéssto two parts: The
transition probabilites are given b§ The values that are attained are giventyy)(— V(t, X).

Now, if we consider the functiol to be the conditional expectation operator2nl), then
it is not surprising that there is a rule of how to calcuM{) from V(T) using the cofficients
of the SDE ofX, because these ddieients essentially contain the transition probabiltieX of
This rule for calculating/ is a partial diferential equation.

The theorem makes two restrictive assumptions on the prodgasmmely

)

r
|
|
|
L

¢ V(1) is a function of some underlying state variab¥$), and
e V(1) is the conditional expectation d(T).

However, as we will learn in the next chapter, under suitable (and meaningful) assumptions
all the stochastic processes describing the prices of financial derivatives will fullfil these as-
sumptions. Thus, the theorem allows us to derive the prices of a financial deriVatisea
function of some other quantity through a PDE, given we know that function at some fu-
ture timeT. For financial derivatives, the timE functionV(T) is often known (e.g. for a call
option onX we know that at timd its value is maxX(T) — K, 0). Solving the PDE gives the
function V(0) from V(T). If today’s valuexy := X(0) of X is known, then the functiol(0)
gives today’s value o¥ asV(0, xg). N

Further Reading: In [34] a short proof of the Feynman—Kaheorem is
given. The instructive books of Wilmott, e.gi], give, besides an introduction

to mathematical finance, an overview on PDE methods. The numerical methods
for pricing derivatives by PDEs are discussed, e.g.1in 85, 40Q]. <
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CHAPTER 2. FOUNDATIONS

2.12. List of Symbols

The following list of symbols summarizes the most important concepts from Chapter

Symbol Object Interpretation
w element of State. In the context of stochastic processes:
path.
Q set State space.
X random variable Map which assigns an eveoditcome (e.g. a

number) to a state. Example: the p&yof a
financial product (this may be interpreted as a
shapshot of the financial product itself).

X stochastic process Sequence (in time) of random variables
(e.g. the evolution of a financial product
(could be its payfs but also its value)).

X(1), X stochastic process eval- see above
uated at timet (= ran-
dom variable)

X(w) stochastic process eval- Path ofX in statew.
uated in statey

W Brownian motion Model for a continuous (random) movement
of a particle with independent increments (po-
sition changes).

Vil c-algebra (set of sets) Set of information configurations (set of sets
of states).
{Fe|t >0} Ailtration F: is the information known at time
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CHAPTER 3

Replication

Nowadays people know the price of everything
and the value of nothing.

Oscar Wilde
The Picture of Dorian Gray, [38]

3.1. Replication Strategies

3.1.1. Introduction

We motivate the important principle afplicationby considering the simplest financial deriva-
tive, theforward contract Consider the following products:

A (Forward Contract on Rain): At time T; > 0 the amount of rain falleR(T;) is mea-
sured (in mm) at a predefined place and the $ amount

AT = (RTY) - X) -

is paid. Here X denotes a constant reference amount of rain.

B (Forward Contract on IBM Stock): Attime T, > 0 the valueS(T,) of an IBM stock
is fixed and the $ amount
B(T1) := (S(T1) - X)

is paid. HereX denotes a constant reference value.
These products may be interpreted as a guarantee or insurditeeproduct A is aveather

derivative the producB is anequity derivative What is a fair value for the product A and the
product B? What do we expect to payTig (today) for such a guarantee?

Consider the product A: It appears that the determination of its fair value requires an exact
assessment of the probability of rain at tiffie So letRyr, : Q — R denote a random variable

1 The producB s a guarantee to buy the stoBlat timeT for the amounk, since the produds pays the dierence
required to buy the stock at its val&T1). The producf is an insurance against a change in rain quantity, which
would be sensible for the operator of an irrigation system supplying water to farmers. lffeessgtom a loss of
earnings during a rainy season, he gets paid back a quantity proportional to the rain fallen.
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CHAPTER 3. REPLICATION

(rain quantity at timeT;, modeled over a suitable probability space —doe Q the Ry, (w)
denotes the quantity of rain that falls in staie Then, the random variab&(T,) := Ry, - X
defines the pay® of productA. We wish to determine the valugTy) of this product at time
To.

For the trivial case of a single-point distribution, i.e.

Rr,(w) = R* = const YweQ,

i.e. the amount of rain at timg; is R* with probability 1, in other words: it is certain that
the amount of rain falling i&*. Then the product A pays at tin1g the amounfA* := R* — X
with probability 1. In this case, the product corresponds to a savings accoul(Tgg¢tenote
the value that has to be invested at tifipg(into a savings account) to receiveTin (including
interest) the amount = P(T,)), then the product A pays ih; the valueA*-times the value
of P. SinceA is equivalent toA* timesP, we have

A(To) = A" - P(To)

(we assumed that the interest rate paid is independent of the amount invested, i.e. the interest
is proportional to the amount invested). WRiT,) = 1 this may be written as

ATy A
P(To) P(Ty)’

For the (quite unrealistic) case of a one-point distribution (i.e. a deterministic payment) we
may derive the value of the product A by comparing it to the value of another product with
deterministic payfi (the savings account).

In the general case, where a probability distributiorRfT;) is known, it is questionable
that we can replace the Va|l¢é;7) by - e.g. - the expectation —

A(To) 2 _(A(T1)
P(To) E( P(Tl))

—if so, this would imply that the risk (for example the variancé\¢F;)) does not influence the
value. Since the product A is an insurance against the risk of variations in rainfall, this appears
to be nonsense.

Product B is very similar to product A. Instead of the amount of R(ifi;) the value of a
stockS(T1) determines the payout. The considerations of the previous section apply accord-
ingly. However, for B it is possible to determine its valu€lin= 0 independent of the specific
probability distribution ofS(T,):

In time Ty we take a credit with fixed interest rate such that the amount to be repaid at time
T1 is X. This credit pays us il the amouniX - P(Tq; To).? In addition we acquire the stock
at its current market pric8(To). In total we have to pay ity the amount

V(To) = S(To) — XP(Ty; To). (3.1)
At time T; this portfolio (stock+ credit) feplication portfolig will have the value

V(Ty) = S(T1) - X,
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3.1. REPLICATION STRATEGIES

To T

buy stock Aktie sell stock
pay S(Ty) : : receive S(T,)

\

borrow money Credit _ i redeem credit
receive X - P(T) T ipay X-1
-2
pay Portfolio ! receive

S(Tg) - X-P(Ty) : 1S(Tp) - X

A

Figure 3.1.: Buy and Hold-replication strategy

i.e. it matches exactly the value of the product B at tifpe

Thus, we have found a strateggflication strategyto construct a portfolio for which its
value inT; matches our product B exactly. This property is fulfilled in any state Q
independent of the probability distribution &(T;). Furthermore, the cost to acquire the
portfolio in Ty, i.e. V(Ty), is known. As a random variablB(T;) is indistinguishable from
V(T1). Thus we have (valuing on a fair basis), that the pB¢&,) of product B is equal to the
cost of the portfoliovV(Ty). To determineV(Ty) it is only required to knowoday’sprice for
the stock andoday’sprice for a credit (see EquatioB.()).

The replication strategy used in this example is cabag-and-hold since all parts of the
product required for replication are bought at tifiye See Figure3. 1

The essential dierence between product A and product B is that for product B the quantity
that carries the insecurity (the stock) can be bought. In other words, it is possible to buy (and
sell) “risk”. We assume that we may buy and sell parts of stocks (and other traded products) in
arbitrary (real valued) quantities.

Th key for the construction of the replication portfolio is that:

e Itis possible to express today’s value of a deterministic future payment and thus there is
a vehicle to transfer a deterministic future payment to an earlier t(iE; t) is a traded
product.

e |tis possible to buy or sell the underlying (the risk carrier) at any time in any quantity:
S(t) is a traded product.

Itis a surprising consequence of the construction of a replication portfolio that:
e The real probabilities do not enter into the current value of the replication portfolio.

Our strategy is to construct a portfolio at tinig and wait until timeT, (buy-and-hold
strategy. Obviously the strategy may be refined by restructuring the portfolio at other times.
Dynamic (infinitesimal) restructuring will allow the replication of arbitrary (continuous) pay-
outs, given that the underlying random variablgee (underlyingsare traded products. It is

2We denote here b(T1; To) the amount paid by a credit ifip, which has to be repaid ifi; by the amount
1 =: P(T1; T1) and such a credit is acquiredtimes. Seel..3.3on the notatiorP(T1; To).
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CHAPTER 3. REPLICATION

this condition that prevents the replication of product A: We can not buy or sell the random
variable “rain”3

Consider again the equation

B(To) _ EP( B(T1) )
P(Tl;To) P(Tl;Tl) '

This equation would reduce the pricing (i.e. the calculatioB@f)) to the calculation of an
expectation. The equation holds, if

S(To)  _ EP( S(T1) )
P(Ty1; To) P(T1;T1))°

Obvisously this equation cannot hold in general (or only the expectati8(Ta) would enter
into the pricing and we would be ignorant of any risk). However, it is possible to change the
measure such that the corresponding equation holds, i.e. there is a mgasuatethat

S(To) :EQ( S(Ty) )
P(T1; To) P(Ty; 1))

A change of measure is indeed an admissible tool when considering replication portfolios,
since - as we have seen - the real probabilities (the me&¥deenot enter into the calculation.
To motivate this important concept let us consider the following (simple) example:

3.1.2. Replication in a discrete Model
3.1.2.1. Example: two times (To, T1), two states (w1, w2), two assets (S,N)

Let S andN denote stochastic processes defined over a filtered probability paceR, ;)
with Q = {w1,w2}. HereS(t, w) denotes the value of a financial product “S” aN@, w)
denote the value of a financial product “N”. We consider two points in flijépresent) and
T1 (future). We assume that “S” and “N” are traded at these times. Let the filtration be given
by Fr, = {0,Q} andF+, = {0, {w1}, {w2}, Q}, i.e. inTy it is not possible to decide which of the
statesws, wp We are in, but inl; this information is known. Assume that the procesSesd
N are{F}-adapted, i.e. iy we haveS(To, w1) = S(To, w2) andN(Tg, w1) = N(To, w2). So,
independent of the (unknown) state, the products have a defined valye in

Given a derivative product (with the stochastic value prod&sdepending inT; on the
attained statev;. We seek to determine the value \6fin To. Our setup is illustrated in
Figure3.2

To have the derivative produetreplicated by a portfolio we seek 8 such that

V(T]_, a)]_) = CL/S(T]_, a)]_) + ﬂN(Tl, (1)1),

3.2
V(T1, w2) = aS(T1, wz) + BN(T1, wy). (-2

This system of equations has a solutiang), if
S(T1, w1)N(T1, w2) # S(T1, w2)N(T1, w1). (3.3)

3 Under certain conditions it would be possible to replicate the product A: If there were a company whose stock
value is perfectly correlated to the amount of rain falling, then the product may be replicated using stocks of that
company. Of course, such a stock will only exist in some approximate sense, but then it might be possible to
replicate the product A in an approximate sense.
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3.1. REPLICATION STRATEGIES

Figure 3.2.: Replication: The two-times-two-states-two-assets example

With this solution the value of the replication portfolio (and thus the cost of replication) is
known inTp, and thus the “fair” value of the derivative product “V” iy as

V(To) = aS(To) + BN(To). (3.4)

As before, the probabilitieB({w1}), P({w2}) do not enter into the calculation of the cost of
replication and thu¥/(Tp). Let us investigate now wheth®#(Ty) may be expressed in terms
of an expectation. Assume thisit # 0 and consider3.2), (3.3), (3.4) for N-relative prices.
Equivalent to 8.2), (3.3), (3.4) the portfolio satisfies ifT;

V(Ty, S(Ty, V(Tq, S(T,,
(Tw1) _ S(Ty,w1) (1w2):a(lw2)+ﬁ (3.5)
N(T1, w1) N(T1, w1) N(T1, w2) N(T1, w2)
with the solvability condition being
S(Ty, S(Ty,
(T1, w1) " (T1, w2) (3.6)
N(T1, w1)  N(T1, wz)
and inTy we have T S(To)
V(To To
=« + . 3.7
N(To) ~ “N(To) *° G
Obviously we have
V(To) V(Ty) S(To) S(T1)
NTo) ~ TN ™ © N ~ By
Now letq € R such that
S(Mo) _ .. S(Tvnw1) 1-q)- S(T1, w2)
N(To) N(T1, w1) N(T1, w2)’
i.e.
S(To) _ S(T1.w2)
_ (M) ~ NTon)
T S(Tnw1) _ S(Tiwa)
N(Trwi)  N(Tuw)
(c.f. (3.6). If in addition to 3.6), we have
0<qg<1, (3.8)
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CHAPTER 3. REPLICATION

thenQN({w1)) := g, QV({w>)) := 1 - q defines a probability measure and un@&rwe have

S(TO) — EQN S(Tl) V(TO) - EQN V(Tl)
N(To) N(Ty1) N(To) N(T1)

( |71,) d.h

( 1F7,)- (3.9
So instead of calculating the parameterg3) for the replication portfolio we may alternatively
calculate the measur@", i.e. the parametey. At first it appears to be equally complex to
calculateQN as it is to calculate the replication strategy. However, determififighas a
striking advantage: The calculation @f is independent of the derivativé, but the pricing
formula 3.9 is valid for all derivativesV. If QN has been determined once, all derivatives
may be priced as @N-expectation.

In Equations 8.5) to (3.9) we have considerel-relative prices, i.e. the value of any prod-
uct V was expressed in fractions of, i.e. by%. As long asS # 0, we may repeat these
considerations witls-relative prices, i.e. we have

V(Ty,w1) N(Ty, w1) V(Ty,w2) N(Ty, w2)

— 2 o+ =+ B—== 3.10
S(Tw,o0) S(Tow)  S(Town) S(To, @) (3-10)

with the samed, 8) and we obtain the same value for the replication portfglfd,), namely

V(To) N(To)

st =" Psmy; (3.11)
If we determine the measu@®, such that
N(TO) _ 08 N(Tl) V(TO) _ 08 V(Tl)
S(To) E (S(Tl) |F7,) d.h STy - E (S(Tl) |F7,), (3.12)

then the measur@® is different fromQN - we have for example

NETO; _ NgTwzg

s = ST SThws)

Q(lw1)) = N oy — Nen
S(TLwy)  S(Tuwa)

However, the measur@® also allows us to calculate the value of all derivativeas aQS-
expectation via3.12).

We conclude this section with some remarks:

e Under the measur@N the relative pricq’% is a martingale: This is the defining property
for the measur@N.

e Under the measu@" the relative pricq\g of any replication portfolio/ is a martingale”
This allows the calculation of the price WfasQN-expectation oN-relative payout.

e The choice of the product that functions as reference éraire) is arbitrary (as long as
itis non-zero). The measuft® under which any nugraire-relative replication portfolio
becomes a martingale, depends on the choseréraire. This makes it possible to
change the nuéraire-measure-paiN(Q), e.g. if this simplifies the calculation of the
expectation.

e Itis necessary to consider relative prices, such that

4 This follows since the replication portfolio is a linear combination of martingales and the expectation is linear.
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3.1. REPLICATION STRATEGIES

Pw;}) = py; - Po1 - P3y
Pw,}) = pyy- Ppr - (1‘P31)

etc.
S(Ty, wy)
_e—" |:N(T1' ‘*’1):| YTy o)
P21 I=p3r-@

Pi1 T-pyy P3; —@

v STy *0<1_p32 ° . .
0 N(To) Pis @ ‘ :
T-pyy P2z /o<1'_ Pr®

I=pyy ‘0<’£34 -° S(T,, wg)
- 1 Wg
P31-@ |:N(T1‘ ‘”s):| V(Ty, wg)

Ty T T, T

Figure 3.3.: Replication: Generalization to multiple states

— QNis independent oY/,
— QN is a probability measure, i.@V(Q) = 1.

Exercise: Change of Measure

1. Reconsider the above under the raraireS, calculateQ® and show (e.g. for an exam-
ple) thatQN # QS.

2. Instead of relative prices consider absolute prices, i.e. choose a@saivenl and deter-
mine the measur®! for which
V(To) = E¥ (V(T)IF,).

Show thatQ! depends on the specifif(T1) and is thus not universal for all replication
portfolios.

In case we wish to replicate a paiyX(T), which depends on multiple states, ..., wn,
then the above may be extended either by considering multiple time®eps ..., Tho1 =T
(dynamic replication) or multiple asse¥s Sy, ..., Sy 1 - see Figures.3.
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CHAPTER 3. REPLICATION

3.2. Foundations: Equivalent Martingale Measure

3.2.1. Challenge and Solution Outline

r */ Motivation:  According to the previous example, the evaluation of a product
through the value of a corresponding replication strategy may be given @8'the
/ J‘ expectation of thé&-relative price (wheré denotes the chosen reference asset -
thenumeérairg.

How can we determine the meas@®, given that we know the price processes under the
real measur®? Note that under the measup®', the N-relative prices are martingales, i.e.
as lb-processes they are drift-free (Lemi®@ - this is the defining property adN -, and a
change of measuie — QN implies a change of drift for & processes (Theore®).

Thus, if we know the price processes under the real me&s(ire. given a “model”), first
we can derive thdN-relative price processes under the real meaBurg using thequotient
rule. Then we can derive the equivalent martingale mea@lrérom the change of drift by
usingGirsanov’s theoreniTheoremb8) (see Figura.4).

Real Measure Martingale Measure

dS=mdr + o1dwf
dN=ppdt + crdW§

Itd Lemma

S S 010 N
(17:14717&7791212Jr o3 ) dr
N N NN N2 N3 N o8 o1 §
= :—dw1 ——7c1W2
o1 S N/ N NN
—dwl 7—7dwﬂ

A
\ A
[=9

Girsanov-Theorem

=2 o ( /O "Cls)aw (s) - % /0 1 |c(s)\2ds)

We(r) = W) 7AIC(s)ds

dpP

Pricing Pricing
V(T) _pov (V)
= |f7'|
v(n)ql’(v(n)%ﬁ%i% Ifr.) ' N((T') EN;T; <>>| )
71, = V(T\)=E¢ ( V(T N Fr,
(T2)

Figure 3.4.: Real Measure versus Martingale Measure.

Surprisingly, in our applications weeverneed to calculate the equivalent martingale mea-
sure: Since we know the processes uri@é(we know their drift unde@QN and only the drift
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3.2. FOUNDATIONS: EQUIVALENT MARTINGALE MEASURE

changes under a change of measure), we know the conditional probability densitie@Under
and these are enough to calculate expectations (see Defition

What remains is to clarify under which conditions a given giftanction may be replicated
and under which conditions an equivalent martingale measure exists. In this chapter we give
a short overview of the corresponding mathematical foundations. In our later applications we
will not discuss the existence of the equivalent martingale measure. N

Problem description:

Given: M = {Xq, ..., Xy}, whereX; denotes price processes under the (real) med&swed a
contingent claim (pay® profile) V(" , whereV(") is a7 measurable random variable.
Wanted: Price indication, i.e. the valigt) of V() at timet < T, especiallyv(0), whereV is
a{#}-adapted stochastic process.

Solution (sketched):

e Choice of numéraireLet N € M denote a price process that may function as reference
assetifumérairg. Without loss of generality Ietl = X;.

e Existence of a martingale measure for N-relative pridBg Theorem74 there exists a
measuredN, such that% is a martingale with respect#,¥Yi=1,...,n

¢ Definition of the (candidate) of a value process of the replication portf@iefine

vay:NayE@(V

e}

Then \,38 is aQN-martingale with respect t@; (tower law).

e Martingale representation theorem gives trading strate@ince the processa% =

N...., %) andy are martingale undedV, there exists & = (¢1, .. ., ¢n) Such that
V() _ VO (X(S)) 1
SERR R KR 519

(Martingale Representation Theorgm

e The portfolio process may be chosen to be self-financimgsetting
._ VO Xi(s) Xi(t)
a0 = N * Zf ¢i(9d (N(S)) Z¢.( NO

Note: d(}) = d(§) = 0, i.e. @.13 holds unchanged.

e The portfolio process describes a replication portfolio for ¥): We have

n n T
VO = D AMXM = A+ [ 69X,
i=1 i=1
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CHAPTER 3. REPLICATION

e The evaluation does not require to explicit determination of the replication portfolio
V(t) is the value of the replication portfolio at tim@nd we have

V() v, VD
NO - E (M

|F7). (3.14)
3.2.2. Steps towards the Universal Pricing Theorem

We will now list the central building blocks of risk-neutral pricing, towards thaversal
Pricing Theorem(3.14):

e Trading Strategiesand characterization afelf-financingof a trading strategy - in the
following in Number66-72.

e Equivalent Martingale Measuréo obtain a trading strategy from the martingale repre-
sentation theorem, as a candidate for the replication strategy - in the following in Num-
ber73-74.

¢ Replication of given paypfunctionsandUniversal Pricing Theorenfollowed by defi-
nition of a martingale procegs— EQN(% | 7¢) for the given pay# functionVT -in

the following in Number76-79.

This program is found in this order in most of the literature, some being less techi@Bal ([
some being more technical6([27]). We will usually sketch the theory without technical
proofs, but include references to the literature.

Basic Assumptions (Part 1 of 3)

Let M = {Xy,..., Xy} denote a family of (b) stochastic processes, defined over the filtered
probability space®, 7, P, {¥1})

m
dX; = ufdt + Z oi jdW;,
=1

where{#i} is the (augmentation of the) filtration generated by the (independent) Brownian
motionsW; and the cofficientsu® ando fulfill the integrability conditions

T T m
f i () ds < oo f Z |O'i’j(s)|2 ds < o P-almost surely.
0 0 =

The elements oM are price processes of traded assatigépresents the market). We consider
these only upto a finite time horizdhand thus assume furthermofe= #7.

3.2.2.1. Self-financing Trading Strategy

Definition 66 (Portfolio, Trading Strategy, Self-financing): T
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3.2. FOUNDATIONS: EQUIVALENT MARTINGALE MEASURE

1. An n-dimensional¥}-progressively measuralpgocessp = (41, .. ., @) with
T T M
f g (9 ds < oo f Z|¢im,j(s)|2 ds < o P-almost surely.
0 0 =1

is calledportfolio processor trading strategy

2. Thevalue of the portfolias at timet is given by the scalar product
n
Vi(t) = (1) - X(O) = " ai®X(0).
i=1

The procesy, is calledwealth processf the portfoliog.

3. Thegain proces®f the portfoliog is defined by
t n t
Gs) = [ 600 = ) [ 4 axo).
i=1

4. The portfolio process is calledself-financingif

Vu(t) = V4 (0) + Gy(t) Yt € [0, T] P-almost surely, (3.15)

dv, = ¢ - dX. (3.16)

Remark 67:  The integrability condition in Definitior66.1 ensures that th&d integral
J #(9) dX(9) exists.

7‘ Interpretation: We interpret{X; | i = 1,...,n} as a family of stock price
.| processes and(t) := (¢1(t),...,dn(t)) as a stock portfolio, i.ep; denotes the
z J number of stock; in the portfolio.

The relation 8.16) may be interpreted as following: A change in the portfolio
valueV,; comes only from changes in the stocksas if the portfolio remained unchanged,
i.e. we hold a portfolio o stocks and gain overtdhe amount - dX. On the other hand, &
is an IB-process we have from theoduct rule

r
|
|
|
L

dVy =d(@-X) =X -dp+¢-dX+dp-dX=¢-dX+dgp-(X+dX)
and thus we find from3.16) the equivalent characterization of self-financing
dp-(X+dX)=0
and with & - dX = 0 thus
dg- X =0. (3.17)

In other words, the portfolio may change, but such a change must not change the value. The
portfolio change does not produce any cost: it finances itself.

The interpretation of conditiorB(17) becomes clear if we consider the time-discrete variant
of a self-financing strategy:

Lizensiert fuer <ayonbd2000@yahoo.com> (Muntasir Hasan) 63 Comments welcome.
This work is licensed under a ©2004, 2005, 2006, 2007 Christian Fries
Creative Commons License Version 1.4.18 [build 20070403]- 1st May 2007

httpy/creativecommons.oficensegby-nc-nd2.5deed.en http://www.christian-fries.de/finmath/book


http://creativecommons.org/licenses/by-nc-nd/2.5/deed.en
http://creativecommons.org/licenses/by-nc-nd/2.5/deed.en
http://www.christian-fries.de/finmath/book

CHAPTER 3. REPLICATION

o Attime T; there exists #(T;) of the productsX(T;). Its value i&/4(T;) = ¢(T;) - X(Ti).

e Attime T; the productsX are traded at priceX(T;) and the portfolio is rearranged in
a self-financingmanner. The portfolio changes iy (Ti,1) = ¢(Ti11) — ¢(T;). This
change does not imply a change in valag(T;,1) - X(T;) = 0. This corresponds to the
continuous case:

dg- X =0.

e Over the intervaAT; := Ti;1 — T; the value of the products changes bWX(T;) :=
X(Ti+1) — X(T;). The value of the portfolio thus changes®ifi.1) - AX(T;), i.e.

AVy(Ti) = ¢(Ti2) X(Tix1) — (Ti)X(Ti)
= ¢(Ti+1)AX(Ti) + Ap(Ti)X(T5) -
N——
=0
This corresponds to the continuous case:
dv, = ¢ -dX.

Note that this interpretation is consistent with the definition of the elementimtk-
gral, see also Remafk.

e The first step of the rearrangement of the portfolio is done (conditionally) indepen-
dent of future changes in the product prices. The portfolio cannot anticipate future
changes of the product prices. This information does not exist at the time of the
portfolio rearrangement; we have considered the two time-discrete chaggég
andAX(T;) as being consecutive. This independence corresponds to the continuous case:

dg - dX = 0.

e (repeat)

Remark: We will discuss this time-discrete variant of a trading strategy (which does not result
in a complete replication) in Chapteér <

3.2.2.2. Relative Prices

Definition 68 (Numéraire): 7
A price-procesdN € M is callednuméraire(on [0, T]), if

P({N(t) >0|Vt<T}) = 1.

Basic Assumptions (Part 2 of 3)

For the remainder of this chapter we assume Xjas a nungéraire and we will use the symbol
N := X;. Furthermore we require that the chosen Buaire is such that the integrability
condition formulated in Definitio®6 is equivalent to the corresponding integrability condition
under the normalized system of the relative price procedse$:2, ..., %), i.e. with

dX = jidt+ddw
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3.2. FOUNDATIONS: EQUIVALENT MARTINGALE MEASURE
we require that for alj#}-progressively measurabe= (¢,...,¢n), ¢ = (0, ¢2, ..., ¢n)

.
f 16(S) - ()| + llp() - (9|2 ds < oo P-almost surely,
0

]
o f (9 - S + 139 - F(IE ds < oo P-almost surely.
0

Remark 69 (Assumptions on the Nungraire): We pose an additional assumption on the
numeraire, namely that it is such that the known integrability condition can be equivalently
formulated with respect to the normalized systﬁm’.e. the relative price processes. In many
cases this follows from a more specific choice for the éraire, e.g. for a locally riskless
numéraire N = r(t)N(t) dt or for dN = r(t)N(t) dt+2§"=1 o1,j(t)N(t)dW; with boundedr ;.

Thus, in many works the requirement on the normalized system does not appear in this form
since it is implied by the specific choice of the néraires.

Lemma 70 (Condition of self-financing is invariant under a move to relative prices): Let
¢ = (¢1,...,¢n) denote a portfolio. Then we have

n V n X
dv, = Z@dxi & dﬁ = Zgbidﬁ'.
i=1 i=1

In other wordsg is self-financing if and only if

Vo Xi
— = ¢id—.
N ; N

Proof: Let
n
dv, = Z #idX;. (3.18)
i=1
Then we find from & - (& + d(&)) + X - d(&) = d¥

Vo

1 1 1
N v - (N + d(N)) + V- d(N)

B9 3 g - (5 + () + D 6% d)
i=1 i=1

Conversely we have from

n
Vs Xi
i=1
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CHAPTER 3. REPLICATION

with dX - (N + dN) + % - dN = dX;, that

A V,
av, = dg N)_d— (N+dN)+— dN

G219 Z¢.d— (N+dN)+Z¢.— dN
i=1

- S

i=1

ol

Remark 71: Note that due to the choice of the naraire,¢; does not enter into the sum
over d% We will use this in the following Lemma to construct a self-financing replication
portfolio.

The move to relative prices makes it possible to construct a self-financing portfolio from a
partial portfoliog,, . . ., ¢n Which fulfills for a given proces¥ the relation

V & X
dy = ;@dﬁ. (3.20)

Note that in 8.20 V stands for an arbitrary process, not limitedp (the value process of
the portfolio). This process becomes the value process of a self-financing portfolio by the
following choice ofg; (replication):

Lemma 72 (Self- financing strategy for given partial portfolio and given initial value):
Leto = (¢2,..., ¢n) be{Fi}-progressivly measurabbnd such that

f 1B(i(9)] + 16() - 5(l5ds < o0 P-almost surely.
0

Then we have that = (¢4, ..., ¢n) where

#) = N(O)+Zf¢.() () Z¢<)>,§'((8 (3.21)

defines a self-financing strategy whfy(0) =

Proof: To show thaw is self-financing it is sflicient to show that (Lemma0)
n
X.
=) ¢idy. (3.22)
. N
i=1
From equationg.21]) it follows (note that: = 1 and d& = 0) that
35O _ Vo f MRIC
and thus 8.22. The initial cond|t|onv¢(0) = Vo follows from settingt = 0. O

The relation 8.20 would follow from the martingale representation theorem, if the cor-
responding processes were martingales. It thus becomes natural to ask for a measure under
which the relative priceﬁ become martingales.
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3.2. FOUNDATIONS: EQUIVALENT MARTINGALE MEASURE

3.2.2.3. Equivalent Martingale Measure

Definition 73 (Equivalent Martingale Measure): 1
Let N denote a nui@raire. A probability measur@N defined on Q, ¥) is calledequivalent
martingale measure with respect to(Biquivalent N-martingale measgr®on M), if

1. QN andP are equivalent, and
2. theN relative price processe% (i = 1,...,n) areF-martingales with respect V.

|

Theorem 74 (Equivalent Martingale Measure, Existence and Uniqueness): Let X =
X2 ..., 2y with )
dX = fdt + GdW(t).
Suppose that there exists a progressively measurable p©cg8sT] x Q — R"! such that

S IC(9IP ds < oo and
a=o0-C A x P-almost surely on [OT] x Q.
Let Z(t) := exp(f, C(AW(9) - 1 [ IC(s)I%ds.
1. (Existence) If E (Z(T)) = 1 then the measur@" defined through

do”

= =20 (3.23)

Fi

is an equivalent martingale measure.

2. (Uniqueness) If further the proce€sdefined in 74) is unique, therQN is the unique
equivalent martingale measure.

Remark 75 (State Price Deflator): If EF (Z(T)) < 1 then 8.23 does not define a Radon-
Nikodym process of a probability measure. Then it is not possible to define an equivalent
martingale (probability) measure througB.Z3. However, it is still possible to define an
universal pricing theorem through

V() E]P( v

1 =& (Reryzm1 )

The proces% is calledstate price deflatar

3.2.2.4. Payoff Replication

Given the existence of an equivalent martingale measure we can define a self-financing trading
strategy replicating a given contingent claim.

Definition 76 (Admissible trading strategy): 1
A self-financing trading strategyis calledadmissibleif

V, > K
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CHAPTER 3. REPLICATION

for some finiteKk. 4

Definition 77 (Attainable contingent claim,complet8: B
Let T > 0. A Fr-measurable random variablé") is calledattainable contingent clainfor
replicable payg), if there exists (at least one) admissible trading stragegych that

Vy(T) = VD,

The marketM is calledcompletaf any contingent claim (pay®function) is attainable (repli-
cable). J

Basic Assumptions (Part 3 of 3)

Using the martingale representation theorem @T’(% | ) we find a representati@d\/\@N.
In order to find the replication portfolig such thafidW?"' = ¢dX = ¢-5dwW2" we need to

solveg-& = 6. We assume that for a@nyT I8(s)ll5ds < oo there exists &, fOT I6(9)ll5ds < oo
such that

What follows is
Theorem 78 (self-financing replication portfolio of a given paydf function): Let QN
denote an equivalent martingale measure \fld a given pay€ function (contingent claim)

with E2" (| ,ll’(?) 2) < oo. Furthermore let

v

V(t) := N(t) - EQN(N(T)

| 7).

From that it follows that% is aQN-Martingal. Furthermore lapy, ..., ¢, be as in themartin-
gale representation theoreie.
Vo X
d— = i d—.
N ;"5‘ N

For the portfoliog = (¢1,.. ., ¢n) let 1 be chosen as in Lemn¥& with V,,(0) := V(0).
Theng is a self-financing replication portfolio &f, i.e. we have

V(t) =V, = Z & Xi.
i=1

In other wordsV( is an attainable contingent claim.

Proof: That% is aQN-martingale follows immediately from the definition and tiogver
law®. From the definition of the martingale meaSL?,ﬁeareQN-martingales and themartingale
representation theoregives the existence @b, .. ., ¢, with

Vv 0 X;
d = ;@ d-

5 See Exercis@ on Page369
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3.2. FOUNDATIONS: EQUIVALENT MARTINGALE MEASURE

Choosingp; as in Lemmar2 will make ¢ self-financing.
For the value process; we find from Lemmar0 that

Vo & X
NP
and thus (# = d¥, so together with/,(0) = V(0)

V(t) = Vy(t) = Z $idX.
i=1

o
Since the definition of the martingale meas@féwas totally independent &f we have

Theorem 79 (Risk-Neutral Valuation Formula, Universal Pricing Theorem): Let ¢ de-
note an admissible self-financing trading strategy @\Ydan equivalent martingale measure

. - . . Vy(T) |2
with respect to the nuéraireN with E2" (| % ) < oo. Then
V¢(t) _ EQN V¢(T) | 7 (3 24)
N(t) N(T)
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CHAPTER 3. REPLICATION

3.3. Excursus: Relative Prices and Risk Neutral
Measures

3.3.1. Why relative prices?

In our simple example from Sectidhl.2 using time-discrete processes with discrete states, it
became apparent that the useful martingale measure may be chosen independently oftthe payo
function only if we consider relative prices. However, looking at the continuous time theory
from Sectior3.2.2 the consideration of relative prices seems to be less motivated. To motivate
therelative priceswve repeat steps of the continuous time theory by considering absolute prices:
Let
dX; = yj - dt + o ‘dVViP, i=1,...,n

denote the price processesrofraded assets. We assume that- 0, V i. The processes are
given under the real measupe Sinces; > 0, we have fronGirsanov’s Theorenthat there
exists a measur@?, such that the processes @emartingales, i.e.

dX = o -dW2, i=1,....n.
If VT denotes a given paifunction, then
V() = EY (VD | ) (3.25)

is aQ!-martingale and from thenartingale representation theorave get the existence of a
portfolio processdy, . . ., ¢n) With

v = Y br-ax.
i=1

At this point we have to ask ourselves whethey, (.., #y) is a self-financing replication
portfolio, i.e. whether

V() = ) ¢ X
i=1

Without this identityV(t) — V(0) is just the gain process of the trading strategy (. . , ¢n).°

The key in the construction of the self-financing replication portfolio was the ability to use
one asset as storage, here &g. We divided by this asset and applied the representation
theorem only to the remaining- 1 processe%, e X—: After that we could use; to ensure

self-financing sincé—i (= 1) did not carry any risk (see Lemn78). So:

¢ If we use the representation theorem &a,( . ., X,) we find a representation of the gain
process, but it is not clear if the portfolig4 . . ., ¢n) is self-financing and replicating.

¢ If we use the representation theorem &a,( . ., X,) and set; through Lemm&0, then
the portfolio ¢1,...,¢n) is self-financing, but it is not clear if the portfolio replicates
v,

6 Reconsider the definition of self-financing: The required condition3gld(¢i Xi) = XL, #idX;.
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3.3. EXCURSUS: RELATIVE PRICES AND RISK NEUTRAL MEASURES

In order to construct a self-financing replicating trading strategy there has to be an assets
that (locally) does not carry any risk. Theprocesse¥y, ..., X, have to be driven by — 1
brownian motions, i.e. tha — 1 processeéj—j,...,x—: have to be driven by — 1 brownian
motions.

We consider price processes as before, however nowylet 0 and, e.g.p1 = r - X; with
r > 0 andXy(0) > 0. In this caseX; corresponds to the value of a risklesg & 0) asset with
continuously compounded interest rate

dXg =r-Xg-dt, i.e. Xq(t) = X1(0) - exp( - t).

Obviously, there exists no measure under whighwould be a martingale. The product is
riskless, i.e.X; is not stochastic and the expectation is thus independent of the probability
measure. To make all processes martingales via a change of measure we have to move to
relative prices. Dividing all processes Y := X; we have% = 1, which trivially is a
martingale (under any measure). The remaining proce%saﬂe either risky (i.e. with non-
zero volatility) or martingales (i.e. if they are riskless they are constant), since the presence of
a risklessN-relative process with drift dierent from 1 would imply arbitragé.

It is not necessary to chose the riskless asset agraira. We could have divided by any
asset. Eithel% is stochastic (i.e. has non zero volatility) and can be turned into a martingale

by a change of measure, éfr is drift-free®

7‘ Interpretation:  The transformation to relative prices corresponds to the trans-

i formation of the riskless rate of return (drift) to 0. This corresponds to the change

8 J‘ of the frame of reference in physics. Since there is omlgriskless asset, there is
only one measure under whiell processes become martingales. With this mea-

sure we can use thmartingale representation theoréorderive theuniversal pricing theorem

<

r
|
|
|
L

3.3.2. Risk Neutral Measure

For each nuraraireN there usually exists a fierent equivalent martingale meas@®. As
risk-neutral measureve denote the equivalent martingale measifecorresponding to the
(locally) riskless asseB with

dB=r-B-dt.

The nameisk-neutral measurstems from the following considerations: Under the measure
QB we have for any financial assétthatg is a martingale. Thus, relative B) S does not have
any additional drift. So unde®® the assef has the same local rate of return as the riskless
assefB, i.e. we have (written as a lognormal process)

dS=r-S-dt+o-S-dw®.

If QB had been the real measure, then this would imply that the real local rate of ret8rn of
would be the same & In such a market all assets would have the same local rate of return,

7 If there were two riskless assets withffrent local rates of return, then we could construct a portfolio with zero
initial cost having a positive payout with probability one. This portfolio is constructed by buying the high yield
asset and financing this by (short) selling the low yield asset.

8 This statement does not hold globally, it holds locally.
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CHAPTER 3. REPLICATION

namelyr, independent of their risk. In other words: On average, the market participants are
neutral with respect to riskthey are neither riskfaine, nor risk-averse.

In general one would expect that under the real measure all risky agset8)(have a local
rate of return, i.e. drift> r, since investors like to get rewarded for the risk they take. There
are however counter examples: For a lottery the expectediuaysually much less than the
initial investment, since the lottery pays out only a part of the total investments.
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Part Il.

First Applications:
Black-Scholes Model, Hedging
and Greeks
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CHAPTER 4

Pricing of a European Stock Option
under the Black-Scholes Model

We assume here that interest rates are deterministic and that a bank account exists which may
be used to invest or draw cash at@ntinuously compoundedter(t), i.e. the investment of
B(0)=1int =0 evolves as

dB(t) = r(t)B(t)dt,

t
B(t) = exp( j(; r(r)dr) (4.2)

(herer denotes a known real valued function of time, not a random variable). Furthermore we
assume that the sto&t) follows

ds(t) = 4F(O)S(Hdt + o(t)S()dW ()  under the real measuke (4.2)

(if o is a constant, thewr is called Black-Scholes volatility). The measirelenotes theeal
measureLetK € R. We wish to derive the valu€(0) of the contract paying

V(T) = max@S(T) - K, 0)

int=T.

We use the techniques from Chap¢éthe following steps will be repeated similarly in other
applications): As a NugraireN(t), i.e. as reference quantity, we choose the bank account
N(t) := B(t). From Theoren74we have the existence of a meas@r equivalent td, such
that% and% are both martingalesFrom Theorent8 S is givenQN with a changed drift,
ie.

ds@) = @ SM)dt + c®SHAW (t)  underQV,

1 By V(t) we denote the value of the replication portfolio consistin§j, B(t) such that/(T) = max(S(T) - K, 0).
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CHAPTER 4. PRICING OF A EUROPEAN STOCK OPTION UNDER THE BLACK-SCHOLES MODEL

(wherew?" denotes @"-Brownian motion)? From the quotient rulé8we find

S®

d(&) = SOt + oyaw? ()] - B 'O

B(0) B(1)

St o

B0 220142 (tydt + o () AW ()] [r (t)ct]
)

BO —=[r®dt][r(t)dt]

and by formal expansion, see Theoréb

_ s

B [ () - r@)dt + ot)dW2' ()] underQM.

From Lemmab2 it follows thatu@" (t) = r(t). For the proces¥ := log(S) we then have by
Lemma49

d(log(S@)) = (r(t) - %o-z(t))dt + o®adW?'(®) underQ",

i.e. log(S(T)) has normal distribution with mean = log(S(0)) + rT - %FT and standard
deviationo VT, where we define ando as

_ 1, (7 — 1T, 2y
= ?(fo r(t)dt) a:(?fo (t)dt)™"2
That the distribution of log§(T)) is normal follows from the definition of the@tprocess: By
d(log(S(t)) = (r(t) - %O'Z(t))dt + (r(t)dWQN 9]

we have just stated that

T T
log(S(T)) = log(S(0)) + fo (r(t) - %o-z(t))dt + j(; o(tydw" ()

log(S(0)) + T — %EZT + fo ! o(t)aw" (t)

log(S(0)) + T — %EZT + w2 (T).

We thus know the dynamics &(t) andB(t) and more importantly the distribution &(T)
under the measur@". Furthermore we know that the value\60) satisfies

V(0) e V(T)
50 - F (am)

2 SinceB has no stochastic component, i.e. does not depend on the path paraneefer (4.1) holds underQN,
too.
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thus (withB(0) = 1, B(T) = exp(T))

« V(T + max@S(T) - K, 0)
V()= BO)-E (gip) = 1B (g o)

= exp(IT) - EQN( maxS(T) - K, 0))
= exp(-TT) - E"( max(exp(log§(T))) - K, 0))

= exp(rT)- f max(expy) — K, 0) - L¢ dy,

)
whereg¢(x) = % exp(x2/2) denotes the density of the standard normal distribution. The
above integral may be represented as

V(0) = S(0)d(d.) — exprT)Kd(d), 4.3)
whered(x) = — fooexp( )dy andd, = ,\F[Iog(s(o)) +7T + T4

To derive this formula we consider for givéq u, o € R (o > O)

f ~ max(expp) -~ K.0)- ~o(’)ay

e v
= J @0~ K- e~ Oy

00

(y ﬂ)2

= Ve Joto exp() - exp( - )dy

B o /1)
K f. Pl ).

Itis

% f| m(K) exp) - exp( - (y £ ’\ay
og

f“" exp(~ Y™ u)2 20y

log(K) 202

1
Vro
with (y - ) = 20%y = (y = (u + 02))? = 2u0® - o*

_ 1 = (u+a?)? 1
= \/ZO_ LQ(K)eXp(— 20 > +u+ 20’2)dy

1 . (Y - (u + 0?))?
Voo expl + = frz) ot exp( - 57— )dy

and with the substitutio? == 1 y

= L ex 2 x(—yz)d
- \/5 p(u+_ ) oglK)-(u0?) PL=2):

4 We denote the cumulative normal distribution functiondsy In some books, especially in connection with the

Black-Scholes model, it is denoted by (which we usually use for the nugmaire). Instead ofl,, d- one often
uses the symbold;, dy.

Lizensiert fuer <ayonbd2000@yahoo.com> (Muntasir Hasan) 77 Comments welcome.
This work is licensed under a ©2004, 2005, 2006, 2007 Christian Fries
Creative Commons License

Version 1.4.18 [build 20070403]- 1st May 2007

httpy/creativecommons.oficensegby-nc-nd2.5deed.en http://www.christian-fries.de/finmath/book


http://creativecommons.org/licenses/by-nc-nd/2.5/deed.en
http://creativecommons.org/licenses/by-nc-nd/2.5/deed.en
http://www.christian-fries.de/finmath/book

CHAPTER 4. PRICING OF A EUROPEAN STOCK OPTION UNDER THE BLACK-SCHOLES MODEL

Similarly we have with the substitutiog” - y

1 f * (y - w)?
—K -exp( - d
Voro  Jiogk) P( 2072 oy

- L [T exp- Lo
 V2n gt P 2V

Defining®(x) := % [ exp(- y;)dywe thus get from\/% [ exp(- y;)dy = ®(-x) that

| max(erpn) - k.0)- T )ay

o

) — Ko(

1+ 02 —log(K)
o )

= exp(u + S0 1~ 10g(K)
2 o

Remark 80 (Implied Black-Scholes Volatility): From Equation4.3) and the definition of
d. we see that under the moddl.?) the price of an option depends &{0), r andc only
(apart from product parameters likeandK). The parameter

G [ ron™
0

is called the Black-Scholes volatility, while(t) is called the instantaneous volatility of the
model @.2). The Black-Scholes volatility is the square root of the average instantaneous vari-
ance (which is the square of the instantaneous volafility)

For fixedS(0), r the pricing formula 4.3) is a bijection

o

o — V(0)
[0, c0) — [Max(S(0) — exp(rT)K, 0), S(0)]

and thus we may calculate the Black-Scholes volatility corresponding to a given{fige
This volatility is called the implied Black-Scholes volatility.

5 Note: The variance of the sum of two independent normal distributed random variables is the sum of their respec-
tive variances.
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CHAPTER 5

Excursus: The Density of the
Underlying of a European Call Option

Lemma 81 (Probability density of the underlying of a European call option): LetS
denote a price process ahda nuneraire on the probability spacg&,(B(R), Q). LetK € R
andTy < Ty < T, whereT; denotes dixing dateand T, a payment datef a European option
with payout

V(K; Ty) := max@S(T,) — K, 0).

Let us further assume that the naraireN has been chosen such th¢T,) = 1. Then we
have for the probability densitypsr,)(s) of S(T1) underQN

1 VK, T
=1 = 5 ok
e V(KT doN
FVETO) _ N(To) - dsraK) = Tt = (@) = K.

K2 ds
Remark 82 (Application): We may apply Lemm&1to European stock option3{ = T,
andN(t) = exp( - (T, —t)), see Sectiod, or to Caplets, see Sectidq.

If a model is given (e.g. as a “black box” through some pricing software) and if the model
allows the pricing of arbitrary European options, then we can use this Lemma to infer the
probability distribution ofS(T) created by this model. This allows for some simple model
tests: If the probability density is O in any region, then the model should be discarded if these
regions play any role in the pricing. If the model exhibits regions with negative probability
density, then the model is not arbitrage-free. It is easy to set up interpolatory models that fail
when tested by this lemma. See Chafter

Proof: Under the measur@", N-relative prices are martingales. Thus we have

VK To) _ oo (V(K;Tz))
N(To) N(T2)

1 To be preciseps(t,)(S) is the conditional probability density, conditioned ##,. For simplicity we assume that
F7, = 10,0} and write " () for E" (- |77,).

Lizensiert fuer <ayonbd2000@yahoo.com> (Muntasir Hasan) 79 Comments welcome.
This work is licensed under a ©2004, 2005, 2006, 2007 Christian Fries
Creative Commons License Version 1.4.18 [build 20070403]- 1st May 2007

httpy/creativecommons.oficensegby-nc-nd2.5deed.en http://www.christian-fries.de/finmath/book


http://creativecommons.org/licenses/by-nc-nd/2.5/deed.en
http://creativecommons.org/licenses/by-nc-nd/2.5/deed.en
http://www.christian-fries.de/finmath/book

CHAPTER 5. EXCURSUS: THE DENSITY OF THE UNDERLYING OF A EUROPEAN CALL OPTION

i.e.
. _ Qv V(KQTZ))
V(K;Tg) = N(Tp)-E (—N(Tg)
= N(To) - f max(S(T1; w) — K, 0) dQV(w)
Q
= N(To)- [ maxs—K.0)- dscry(9) ds
and thus
0 00
WV(K;TO) = N(To)'foo ~1j0,00) (S K)¢s(1)(9) ds
_ - ds,
N(To) j; Ps(Ty(S) ds
i.e.
62
mV(K; To) = N(To) - dsry(K).

ol

As a direct consequence we have

Lemma 83 (Prices of European options are convex): Prices of European options are a
convex function of the strike.
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CHAPTER 6

Excursus: Interpolation of European
Option Prices

Insufficient facts always invite danger.

Spock
Space Seed, stardate 3141.9, (Wikiguote).

6.1. No-Arbitrage Conditions for Interpolated Prices

We consider the pric€(K; 0) of a European option with paffanax@(T) — K, 0) as a function
of the strikeK. We assumé&(T) > 0. Let P(T;0) denote the value of the zero-coupon bond
with nominal 1! From LemmaB3, the mapping

K = V(K)

(we write shortlyV(K) for V(K; 0)), which maps a strik& to the corresponding option price
V(K) (for fixed, given maturityT and notional 1), has to satisfy the following conditions:

e V(0) = P(T;0)-S(0) (sinceS(T) = 0)
e V(K) =V(0)-P(T;0)- K for K < 0 (sinceS(T) > 0), i.e.V(K) is linear forK < 0,
o lim V(K)=0,

o &Y >0 (from LemmaBl), i.e.V(K) is convex.

Given strikesK; < K, and corresponding option pric®K;) andV(K;) respectively, we
find geometric conditions for the possible (arbitrage-free) strike-price-pdinté(K)). The
price pointsc = (K1, V(K1) andd = (Kz, V(Ky)) as well asa = (-1,V(0) - P(T;0)), b =

(0, V(0)) ande = (0, V(K5)) define linesab, bc, cd andde which are boundaries of the set of
admissible strike-price points. As depicted in Figaréwe have:

e ForK < K; < Kj:
- V(K) > V(0)- P(T;0)- K ((K, V(K)) > ab).

1 Seel.3.30n the notatiorP(T; 0).

Lizensiert fuer <ayonbd2000@yahoo.com> (Muntasir Hasan) 81 Comments welcome.
This work is licensed under a ©2004, 2005, 2006, 2007 Christian Fries
Creative Commons License Version 1.4.18 [build 20070403]- 1st May 2007
httpy/creativecommons.oficensegby-nc-nd2.5deed.en http://www.christian-fries.de/finmath/book


http://en.wikiquote.org
http://creativecommons.org/licenses/by-nc-nd/2.5/deed.en
http://creativecommons.org/licenses/by-nc-nd/2.5/deed.en
http://www.christian-fries.de/finmath/book

CHAPTER 6. EXCURSUS: INTERPOLATION OF EUROPEAN OPTION PRICES

v A

a(\b
D,

'''''

Rraaa Ny c
e o............:~.‘....9‘5::::.-,9.q ................
. — >
0 K, Ky K

Figure 6.1.: Arbitrage-free option prices for European options (pgynax@S(T) — K, 0)) with strike
K < K;orK; < K <K;orK > Ky; assuming that two option prices(i;) > V(K) (for K; < Ky) are
given.

— V(K) = V(KD K + V(Ko) £ (K. V(K)) > cd).
— V(K) = V(0) + (V(Ky) - V(O) £ (K. V(K)) < bo).

e ForK; < K < Kj:

— V(K) = V(Ko) + (V(K1) - V(0))&: (K, V(K)) = bo).
- V(K) > V(Kp) (K, V(K)) = de).
- V(K) < V(Kp) g + V(K2 g (K, V(K)) < cd).

e ForK; < Ky < K:

- V(K) 2 V(Kp) g + V(K2 g (K, V(K)) = cd).

- V(K) < V(Kp) (K, V(K)) < de).

6.2. Arbitrage Violations through Interpolation

In this section we give some examples to show that simple interpolation of prices or implied
volatilities may lead to arbitrage.

6.2.1. Example (1): Interpolation of four Prices

Consider a stocls with a current value o5(0) = 1.0 and a European option & having
maturity T = 1.0 and strikeK, i.e. we consider the pafo

maxS(1.0) - K, 0).

Assume that for strikek = 0.5,0.75, 1.25, 2.0 the following prices were given:
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6.2. ARBITRAGE VIOLATIONS THROUGH INTERPOLATION

|

| StrikeK; | PriceV(K;) | Implied Volatility o(Ki) |

|

1 0.50 0.5277 0.4
2 0.75 0.3237 0.4
3 1.25 0.1739 0.6
4 2.00 0.0563 0.6

The given implied volatility is the- of aBlack-Scholes Modekith assumed interest rate (short
rate) ofr = 0.05. Note however that we start with given prices which are model-independent.

We will now discuss several “obvious” interpolation methods applied to this data. One ap-
proach consists of the interpolation of prices, the other approach consists of the interpolation of
implied volatilities and calculating interpolated prices from the interpolated volatilities. These
interpolations are not model-independent. The interpolation method itself constitutes a model.
This is obvious with the second approach, where a model is involved in the calculation, but
also applies to the first approach. From LenBiave have that the interpolation method con-
stitutes a model for the underlying’s probability density. It does not model the underlying’s
dynamics.

6.2.1.1. Linear Interpolation of Prices

In Figure 6.2 we show the linear interpolation of the given option prices. The prices do not
allow arbitrage, which is obvious from the convexity of their linear interpolation.

Interpolated prices Interpolated volatlities Probability density
0,50 1,2E-1
0,40 > 0.60 .. LOE-1
[} = =
2 0,30 < 0,50 2 7.58-2
o 0.20 > % 5,0E-2
) 1 >
0,40 2,5E-2
0,101
0,0EO
0,50 1,00 1,50 2,00 0,50 1,00 1,50 2,00 0,50 1,00 1,50 2,00
strike strike underlying value

Figure 6.2.: Linear interpolation of option prices.

However, the linear interpolation of prices has severe disadvantages: The linear interpolation
of option prices implies a model under which the underlying may not attain v&lugskK;,
the corresponding probability density is zero for these values. For values corresponding to the
given strike| a point measure is assigned, see FiguPeright. In addition the corresponding
implied volatilities look strange.

6.2.1.2. Linear Interpolation of Implied Volatilities

In Figure6.2 we show the linear interpolation of the corresponding implied volatilities (cen-
ter), while the corresponding prices are re-calculated via the Black-Scholes formula (left).
The linear interpolation of implied (Black-Scholes) volatilities may lead to prices allowing
for arbitrage: At the edgeK = 0.75 andK = 1.25 we have a point measure, the measure
for S(T) = 1.25 being negative. Thus the implied measure is not a probability measure, see
Figure 6.2, right. From LemmaB1 we have: There is no arbitrage-free pricing model that
generates this interpolated price curve.

Lizensiert fuer <ayonbd2000@yahoo.com> (Muntasir Hasan) 83 Comments welcome.
This work is licensed under a ©2004, 2005, 2006, 2007 Christian Fries
Creative Commons License Version 1.4.18 [build 20070403]- 1st May 2007

httpy/creativecommons.oficensegby-nc-nd2.5deed.en http://www.christian-fries.de/finmath/book


http://creativecommons.org/licenses/by-nc-nd/2.5/deed.en
http://creativecommons.org/licenses/by-nc-nd/2.5/deed.en
http://www.christian-fries.de/finmath/book

CHAPTER 6. EXCURSUS: INTERPOLATION OF EUROPEAN OPTION PRICES

Interpolated prices Interpolated volatlities Probability density

0,50 2,5E-2 1

0,40 > 060 >
[} = = J
2 0,30 = 0,50 @ 0,0E0
= 0,20 E %

, > 0,40 -2,5E-2 -

0,10

0,50 1,00 1,50 2,00 0,50 1,00 1,50 2,00 0,50 1,00 1,50 2,00
strike strike underlying value

Figure 6.3.: Linear interpolation of implied volatilities.

On the other hand, linear interpolation of implied volatilities also has a nice property: If the
given prices correspond to prices from a Black-Scholes model, i.e. if the implied volatilities are
constant, then, trivially, the interpolated prices correspond to the same Black-Scholes model.

6.2.1.3. Spline Interpolation of Prices and Implied Volatilities

To remove the disadvantage of degenerated densities (i.e. the formation of point measures) as
it appears for a linear interpolation, we move to a smootfigdintiable) interpolation method,

e.g. spline interpolation. Figu&4shows the spline interpolation of the given data. The upper
row shows the spline interpolation of the option prices. The lower row shows the spline inter-
polation of the implied volatilities. Using (cubic) spline interpolation the probability densities

Interpolated prices Interpolated volatlities Probability density
0,50
0.40 > 0,60 . 5,0E-3
[ = =
2 0,30 = 2
=4 g 0,50 S 2,5E-3
0,20 2 °
! 0,40
0.10 0,0E0
0,50 1,00 1,50 2,00 0,50 1,00 1,50 2,00 0,50 1,00 1,50 2,00
strike strike underlying value
Interpolated prices Interpolated volatlities Probability density
0.50 5,0E-3
0,40 > 0.60 >,
[ = =
£ 0,30 S 0,50 2 2,5€-3
= 0,20 E 3
' > 0,40
0,10 0,0E0
0,50 1,00 1,50 2,00 0,50 1,00 1,50 2,00 0,50 1,00 1,50 2,00
strike strike underlying value

Figure 6.4.: Spline interpolation of option prices (upper row) and implied volatilities (lower row).

are continuous functions. However, it shows large regions with negative densities (Figure
right), thus the density is not a probability density and arbitrage possibilities exist. The strike-
price-curve is not convex (Figu@4, left).

A spline interpolation of prices generates negative densities, because the spline interpolation
of convex sample points is not convex.
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6.2. ARBITRAGE VIOLATIONS THROUGH INTERPOLATION

6.2.2. Example (2): Interpolation of two Prices

The example from Sectio6.2.10of a linear interpolation of implied volatilities may suggest
that the problem arises at the joins of the linear interpolation, i.e. the behawgr-at0.75
andKs = 1.25. One could hope that a local smoothing would solve this problem. Instead we
will give an example showeing that a linear growth of implied volatility may be inadmissible
alone, although the interpolated prices are admissible.

We consider two price¥(K;) > V(K3). The monotony ensures that these two prices alone
do not allow for an arbitrage.

6.2.2.1. Linear Interpolation for decreasing Implied Volatilities

Consider the following prices

[ i [ StrikeK; | PriceV(K;) | Implied Volatility o-(K;) |
2 0.75 0.4599 0.9
3 1.25 0.0018 0.1

The implied volatility decreases with the strike Figure6.5shows the linear interpolation of
the implied volatilities (center). The density (see Figarg right) shows a large region with

Interpolated prices Interpolated volatlities Probability density
0,50 1,00 1,5E-2
0,40 -
> 075 > 1,0E-2
@ 0,30 = =
2 £ 0,50 2
o 0,20 > o 5,0E-3
> o
0,10 0,25
0,0E0
0,00 0,00
0,75 1,00 1,25 0,75 1,00 1,25 0,75 1,00 1,25
strike strike underlying value

Figure 6.5.: Linear interpolation for decreasing implied volatility.

negative values, thus it is not a probability density. The reason is a too fast decay of the implied
volatility.

Conclusion:  An arbitrarily fast decrease of implied volatility is not possible.

6.2.2.2. Linear Interpolation for increasing Implied Volatilities

For the example of increasing implied volatility we consider the prices

[ i [ StrikeK; | PriceV(K;) | Implied Volatility o(K;) |
2 0.75 0.2897 0.2
3 1.25 0.2532 0.8

Figure6.5shows the linear increasing interpolation of the implied volatilities.

At first sight the density implied by the linear interpolation of the implied volatilities exhibits
no flaw (positive, no point measure). However, it is not a probability density. The integral
below the segment is larger than 1. That this is inevitable is obvious from the price curve.
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CHAPTER 6. EXCURSUS: INTERPOLATION OF EUROPEAN OPTION PRICES

Interpolated prices Interpolated volatlities Probability density
0,50 1,5E-2
0,40 0,75
® 030 Frl > 1,0E-2
2 E\_/E Z 0,50 @
a 0,20 > o 5,0E-3
> S \
0,10
0.25 0,0E0 T ——
0,00
0,75 1,00 1,25 0,75 1,00 1,25 0,75 1,00 1,25
strike strike underlying value

Figure 6.6.: Linear interpolation for increasing implied volatility.

The price curve is convex (and thus the density positive), but not monotone. The arbitrage
is obvious, since the option with strikeOlis cheaper than the option with strike2%. If the

prices should converge to O for increasing strike, then it is inevitable that the convexity will be
violated. Thus it is inevitable that the density will exhibit a region with negative values beyond
the interpolation region (this however will make the integral of the density to 1).

Conclusion:  An arbitrarily fast increase of implied volatility is not possible.

6.3. Arbitrage-Free Interpolation of European Option
Prices

The examples of the previous sections bring up the question for arbitrage-free interpolation
methods.

Every arbitrage-free pricing model defines an arbitrage-free interpolation method, if it is
able to reproduce the given prices. However, this insight is almost useless, since:

e Most models are not able to reproduce arbitrarily given prices exactly.

— TheBlack-Scholes modéChapted) and (in its simplest form) thelBOR Market
model(Chapterl9) allow, by the choice of their volatility, the perfect fit for only
one European option per maturity.

— Extended models (e.g. models with stochastic volatility), which allow for a calibra-
tion to more than one option price per maturity, do this in an approximative way,
i.e. the residual error of the fitting is minimized, but not necessarily 0. However,
this may also be a desiredfect, since such a fitting is more robust against errors
in the input data.

e Extended models, that fit more than one option price per maturity usually require great
effort to find the corresponding model parameters. These models are intended for the
pricing of complex derivatives (which justifies th&at), but not primarily as an in-
terpolation method to price European options. Examples of such model extensions are
stochastic volatilityor jump-djfusionextensions of th€IBOR Market Mode| [23].

e Some models even require a continuum of European option pkices V(T,K) as
input. Then they require an interpolation. An example for such a model islénkov
Functional Modelsee Chapte25.
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6.3. ARBITRAGE-FREE INTERPOLATION OF EUROPEAN OPTION PRICES

Thus, special methods and models have been developed to specifically achieve the interpola-
tion of given European option prices. Often they reproduce given prices only approximately in
the sense of a “best fit" — they are not an interpolation in the original sense. The construction
of an (interpolating or approximating) price function, K) — V(T, K) of European option
prices with maturityT and strikeK is calledmodeling of the volatility surface

Definition 84 (Volatility Surface): 7
Given a continuumT, K) — V(T, K) of prices of European options with maturityand strike
K. Leto(T,K) denote theémplied volatility of V(T, K), i.e. the volatility for which a risk-
neutral pricing with a lognormal modeBd= rSdt + o(T, K)SdW, S(0) = Sp (Black-Scholes
model) will reproduce the priceg(T, K). Then [T, K) — o (T, K) is calledvolatility surface

|

The modeling of a volatility surface may be viewed as important post processing of market
data. On the other hand it may be viewed as an integral part of the pricing model. A detailed
discussion of volatility surface modeling is beyond the scope of this little excursus and we
restrict ourself to citing a few methods:

Further Reading: The mixture of lognormalapproach $4] uses the fact
that if the probability densitys(T) of the underlyingS(T) is given as convex
combination

n n
psm = Aide, D> Ai=1, 420
i=1 i=1

of lognormal densitie®,,, then the price of a European option is given as a convex com-
bination (using the same weightgs) of corresponding Black-Scholes formufadn some
cases this allows for a choice of thg’s and.;’s that exactly reproduces given option prices.
However, the method is not able to reproduce arbitrary arbitrage-free prices.

In [62] Fengler applies a cubic spline interpolation with an additional shape constraint to
given option prices. This leads to an arbitrage-free smoothing algorithm for the implied volatil-
ity.

The SABRmodel [7]] is a four parameter moded( «, B, p) for European interest rate op-
tions (the underlying is an interest rate, elt reproduces given prices only approximately,
but models a more realistic behavior of the dependency of the volatility surface from the spot

value of the underlying. <

‘F 4 7‘ Experiment: At http://www.christian-fries.de/finmath/

3 ,  applets/OptionPricelnterpolation.html several interpolation

‘L J methods may be applied to a user-defined configuration of European option

prices. The figures in this chapter were produced with this software. <

2 This follows directly from the linearity of the integral with respect to the integraeds(S)dS.
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CHAPTER 7

Hedging in Continuous and Discrete
Time and the Greeks

7.1. Introduction

The evaluation theory we have presented so far relies on the possibility of replicating a financial
derivative by a portfolio of traded assets (replication portfolio) and a self-financing strategy.

If we assume a perfect replication, we can evaluate a derivative product without explicitly
deriving the replicating strategy. This is made possible by the introduction of the equivalent
martingale measure and the universal pricing theorem. However, in practice the price calcu-
lated by this risk-neutral evaluation theory makes sense only if the corresponding replication
is conducted. Thus, it is necessary to explicitly determine the replication portfolio in order to
do the replication.

In the first part of this chapter we will show that the replication strategy may be derived from
the risk-neutral evaluation surprisingly simply.

Depending on the state space modeled, the following basic requirement has to hold in order
to replicate arbitrary paybfunctions:

e To replicate arbitrary payb functions modeled over a continuous state space it is in
general necessary to trade continuously and in infinitesimal amounts of the underlyings.
The existence of such a replicating trading strategy is ensured byah@ngale repre-
sentation theorensee Theorerb3, Paged4.

e To replicate arbitrary paybfunctions modeled over a finite, discrete state space, it is
only necessary to trade at discrete times. However, the number of traded assets (un-
derlyings) has to match the number of possible state transitions over one time step, see
Section3.1.2 Pageb6.

Both modelings (continuous or discrete replication) do not represent reality exactly: On the
one hand it is not possible to trade continuously in infinitesimal amounts; On the other hand
the number of possible states is usually much larger than the number of traded assets.

Apart from the question of how to derive the replication strategy for time-continuous trading,
we are especially interested in the replication when trading takes place at discrete points in time

1 At a stock exchange the prices that can be attained by a stock are in fact discrete.
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CHAPTER 7. HEDGING IN CONTINUOUS AND DISCRETE TIME AND THE GREEKS

only. In this case, which is closer to reality, a complete replication is not possible. A residual
risk remains.

Definition 85 (Hedge): E
A replication portfolio (almost) replicating a derivative product and thus, if considered to-
gether with the derivative product neutralizing (reducing) the total risk, is called a (partial or
incompletehedge The corresponding trading strategy is calteatiging ¥

First we will derive the delta hedge, delta-gamma hedge and vega hedge from the risk-neutral
evaluation theory (Section.2). We will then transfer these hedges to the case of trading in
discrete time, these being incomplete hedges, and analyse the residual error (&dction

Bouchaud-Sornette method (SectiB) determines the replication portfolio that minimizes
the residual risk. The residual risk has to be measured in the real m@&adJurere is a real risk
of a loss due to incomplete hedging. The real measure is no longer irrelevant since a complete
replication is no longer possible.

7.2. Deriving the Replications Strategy from Pricing
Theory

Let M := {So, S1, ..., Sn} denote a set of & price processes, representing a complete market
of traded assets. Let the procéés= Sp be a nuréraire andQ™ the corresponding martingale
measure. Let — V(t) denote the price process of a derivative product, i.e.

V()

V(t) = N(t) - EY"(—=2 N

7).

We assume that the value of the derivative proddotan be written as a function of
(t, So(t), S1(t), . .., Sn(t)), i.e. we have

V(1) = V(t, So(t), S1(), .. ., Sn(d)). (7.1)

If V(t) is given by an evaluation theory - i.e. an analytic formula or pricing algorithm - as a
function of the underlyings, then the self-financing replication portfolio

TI(1) := ¢o(1)So(t) + ¢2()Sa(t) + ... + Gn(B)Sn(t) (7.2)

with TI(t) = V(t) (replication) may be determined as follows:
The property thall is self-financingmay be written as (see Definitid®)

dII() = fo(t)dSo + $1(H)ASA(Y) + ... + Gn(OAS(t) = ) 4idS:.
i=0

Furthermore we find frontd’s Lemma(Theorem46) applied to 7.1)

n
aV(t) 5 AV(1) 1 °V(t)
dv(t) = UGS+ = § dSds; .
ot £ JS; 2 L4 0S5;0Sj — —
i=0 J:
=(..)dt
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7.2. DERIVING THE REPLICATIONS STRATEGY FROM PRICING THEORY

From d1(t) = dV(t) (replication), we findpy, . .., #n by comparing coficients. It is

V(1) aV(t) V(1Y)

0olt) = g~ 4100 = Fg el = T (7.3)
aV(t) 0°V(t)
—od s Z 75,08, 959Si ds;ds; = 0. (7.4)
=(...)dt

Conclusion:  Under a model, which permits the evaluatiorvofhrough a martingale mea-
sure and universal pricing theorem, i.e. without explicit construction of the replication portfo-
lio, the replication portfolio may be calculatedposteriorifrom the partial derivative of the
price after the underlyings.

- 7‘ Interpretation: Comparing cofficients of &/ and dI we find the equa-
i tions (7.3) for the replication portfolio process The partial differential equa-
|
J

.
|
|
‘L tion (7.4) is just a reformulation that

G
V() = V(L. So(t). S1(0). ... Sn(0)

is the value process of a self-financing portfolio in teordinates(Sy(t), Si(t), .. ., Sn(t))).
The Equation7.4) may be used together with tfieal condition

V(T, So(T), S1(T),...,Sn(T)) = VT

to determineV(t) for t < T from the given payfy profile VT. This is the entry point to the
pricing of derivatives by partial dierential equations, see Chapet 1 <

7.2.1. Deriving the Replication Strategy under the Assumption of
a Locally Riskless Product

The ansatd/(t) = V(t, Sp(t), S1(1), ..., Sn(t)) is just one possible way of interpretingas a
function of the underlyings. It is a specific choice of the coordinate system leading to very
natural equations for the portfolio parameters and the partigdrdintial equations foy. If

N = Sp is locally riskfree we may easily give in the coordinatest(S,(t),..., Sh(t)) alone.

A special case which we consider now: Ldt= Sy denote a locally risk free nuenaire,

i.e. assume that the procesqi.e. Sp) is of the form

ON
dN = Edt’ (7.5)
i.e. we assume thatNidoes not have awl-component For N > 0 (N is a nunéraire) we
haver := ”'09(’\')
3 dlog(N) 3
dN = ﬁdt 5 Ndt = rNdt. (7.6)

2 The property is local, sinc%? may very well be stochastic. An example would k¢ & r - N - dt, as it was
considered for th8lack-Scholes modeh Section4.
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CHAPTER 7. HEDGING IN CONTINUOUS AND DISCRETE TIME AND THE GREEKS

We assume that for a givénh V(t) is given as a function in the coordinatés3 (1), . . ., Sn(t))
and denote this function by again, i.e.

V(1) = V(t, Si(t), . .., Sn(t)). (7.7)

In other words:N is no longer a modeled free quantity.

If V(T) is given in this from, we may derive the self-financing replication portfolic®)(
with TI(t) = V(t) as follows: From Id's Lemma (Theorem6), applied toV(t, Si(t),.. ., Sn(t))
we have

V(1) 5 AV(t) 1 V()
—dt+ Yy —=dS; + = dsids; .
at = 95 I 2i,jzzll OS] — —

dv(t) =

With dII(t) = Y, #idS; = dV(t) self-financing ofll, replication ofV) we find¢o, ..., ¢n by
comparing the cd@icients of dund d5;,i > 1 as

510 = 5o onf) = 23
6V(t) 1 V() (7.8)
¢o(t)ﬁdt —dt + EZ 75,05, 159S) dsids; .

b=t =(.)at
The equation fogy seems unnaturally complex when compared to the equatiogfar. .,
¢n- This is a consequence of the representatiom) (vhich we had assumed fof, see Sec-
tion 7.2.3 However, since the portfolio is self-financing it is not necessary to calcuiate
from (7.8); ¢, follows from the condition of self-financing portfolio&: ,(d#i) - S; = 0.

7.2.2. The Black-Scholes Differential Equation

Writing % = % -N =: rN the equation fopg in (7.8) becomes

_VO L : 62V(t)
o(OrON(Ot = — = E

SinceV = ¢oN + X", ¢iS; & goN + 1 1 53, we also havesoN =V - 3L, ZU5s; and
denoting the instantaneous correlatlonsybyl e. d&5;dS; = oiojp; jdt we arrive at

aV(t) - Z 6V(t) L1 v s = V).

T2 44 95165,
This is a variant of the Black-Scholes partialffdiential equation in the coordinates
(t,S1,...,Sn).
7.2.3. The Derivative V(t) as a Function of its Underlyings  S;(t)

The representation of the portfolio process compongras a partial derivative &f as well as
the partial diferential equation fo¥ depend of course on the chosen coordinate system of the

3 An example is the Black-Scholes model, whai@) = exp( - t) andr is a fixed model parameter.
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7.2. DERIVING THE REPLICATIONS STRATEGY FROM PRICING THEORY

underlyings. Instead of comparing dbeients of &;, i > 1 and d (as above), in general it is
possible to compare the d@ieients of d and the diferentials of the driving Brownian motions
dwj.

To illustrate that we have just considered a change (or rather substitution) of coordinates, let
us reconside¥ written in the two diferent coordinate systems above, i.e

V(t) = V(L So(t), Sa1(1). .. .. Sa(t))
V() = V(E, Sq(0), . .., Sn(d)).

With Sg = N and dN(t) = r(t)N(t)dt (this assumption makes it possible to replace the depen-
dence or5y by a dependence diit is

V(t,S1,...,Sn) = V™, N(t), S1,..., Sn),

thus
v oVl . V™ N oVl vg N
ot ot ON ot ot o 5t
i.e.
N 9N avml
ot % et T at

Together with &dS; = 0if i =0 or j = 0iin (7.4) this gives

ov(t)mt N VML) o
It dt+§iA_0T6deSIdSJ—O
o= =(.)dt
6V”(t) 1 n Vn(t) ~
o —p dt—do- dt 5 Z 75,75, 15195 =0
B =(.)dt
3V (t) V”(t) L1 n - i
(t)Z as, D 2. Z aS; 531 ""O'JPI,J = rOvi() (7.9)

7.2.3.1. Path-dependent options

Our assumption thaf(t) is a function ofS;(t) excludes path-dependent options. However, our
considerations may be easily extended to the case of path-dependent options by\vaising
a function of the corresponding path quantities. For example, considering a path-dependent
option of the formV(t) = V(t. S(®t), [, S(r)dr) with I(t) = [, S(r)dr we derive d/(t) =
NOgt + 20 ¢35 + Y0l and substitute kdt) = S(t)dt. For the replication portfolio we thus
getes = BV(tSI)
7.2.4. Example: Replication Portfolio and Partial Differential

Equation of a European Option under a Black-Scholes

Model

As an illustration we reconsider these calculations for a simple modelBlgnek-Scholes
mode] with price processeN for the savings account ar®lfor the stock

dN(t) = rN(t)dt, N(0) =
dS(t) = uS(t)dt + eSE)AW(L), S(0) = So
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CHAPTER 7. HEDGING IN CONTINUOUS AND DISCRETE TIME AND THE GREEKS

For a European option with striké and maturityT, i.e. Payoutmax@(T) — K, 0)) 1 V(T),
the Black-Scholes-Merton formuld.@) for the valueV at timet

V(t. S(1)) = SH)(d,) — exp(r(T — ))Ko(d-),

d = = ﬁ[log(s(‘)) +r(T-1t)+ ‘;2(—;’0], see .3 on Page/7 in Chapterd.
This givesV as a function of undS(t), sincer is seen as constant and thiug) is known as a
deterministic function of. With N(t) = exp( -t) we may writeV as a function oft{ N(t), S(t)),

namely

V(t, N(t), S(t)) = S(t)®(d,) — N(t) = (d.), (7.10)

N(T)
where
1 & . N(T)

= ol N K

(T —t)
2 )

)+

Itis
N o(d,) + SO(d,) = N ()
as@ ~ % - S(t> v— N(T) S(t)crv—
1
sa)(, = (5000 - N(t)mqs(d )
1 1

S(t) oVT -

=o(d,) +

=o(d,) + (S(t)¢(d+) N(t) 5 ¢(d-)

N(T)
With

1
#(d) = C - exp(-=)

S) N(T S) NT)y ATt |, FHT-1?
log(3Y - MD)? + 2l0g(RY - M) - TG 4 ST |

203(T —t)

S N(T T -1)?
NO K log(RE - S+ S

SM NT)

=C-exp| -

1
=C- exp[ + > log(</ a?(T —t) ]

S  N(T AT -t)?
(w R yere, log(Ry - ) + T
S(t)  N(T)

C-exp| - 252(T —t |
(T-1)

we getg(d_) = 5 - M - ¢(d,) and thus

oV 1 1
350 - " s v

- (S(He(d.) - N(1)

=0

N(T)¢(d—)) = O(d,).

Similarly, we can derive

ov K
- p(d).
ON(t) N(T) @)
To sum up, we hav¥/(t, N(t), S(t)) = ¢o(t)N(t) + ¢1(1)S(t) with
K
t - d(d- t) = o(d,).
400 =~y ) ) =)
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7.2. DERIVING THE REPLICATIONS STRATEGY FROM PRICING THEORY

Indeed, we might simply have readfahe representation of the replication portfolio
from (7.10.
For the function

V(tn 9 = sb(d,) - n——a(d.)

N(T)
with
1 s N(T). &3T -t
d=— 2 [iogZ NDy, 70,
o V(T -1 n K 2
itis
V() . 182V(t) 2V 162V(t) _
oo dt+ 5= SN + - dNdS + 5 = - dSdS = 0
dNdN = 0
dNdS =0 V() ., 102V() ,
— o dt+§asaso'=0.

See Exercis&0. Furthermore, the final condition
V(T,N(T), s) = max(s— K, 0)
holds.

7.2.4.1. Interpretation of V as a Functionin (t,S)

For the Black-Scholes model, the classical way is to wvitas a function ot andS(t) only.
In this case we get (se&.0))

_ov()
o1 = _38 - (D(d+)
2
¢0|.N — (6V(t) +1‘ 282a V(t))'

at 27 7 Tas2
In addition we have fronV = ¢oN + ¢;:S

$oN =V — ¢1S,
which brings us once again to the Black-Scholes partté&dintial equation

rV = rgo(t)N(t) + rg1S(t)
V() 1,0V av(Y)
= ot T2 55 s o

and thus )

ov(t ov(t 1 ov(t

NG, N, —0'282—(2) =1V.

ot 0S 2 0S

Definition 86 (Delta Hedge): 1
This choice of the replication portfolio given ii.Q), (7.3) is calledDelta hedge a
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CHAPTER 7. HEDGING IN CONTINUOUS AND DISCRETE TIME AND THE GREEKS

7‘ Interpretation: Considering the derivative produdt as a function of the
i underlyingsS, then the portfolidl given by the delta hedge is the local linear
J‘ approximation ofV, see Figurer.2 For a fixed pathw the mapt — S(t, w)

is almost surely continuous (a property ob lprocesses) and on that path we

haveV(T) = fOT av = foT dIl. This corresponds to the main theorem of ordinary calculus:

f(T) = [ df = [ f'(t)dt (e.g. for diferentiablef). This illustrates, why the portfoliol

is only required to coincide witN upon their first derivative by, i.e. the so calledlelta
v _ ol
v = 2 <]|
P

r
|
|
|
L

&
®

7.3. Greeks

The partial derivatives of the valué(t) of a derivative product upon product- or model-
parameters are important quantities. They describe how the product reacts to infinitesimal
changes and are essential for the construction of the replication portfolios. These quantities
are usually denoted by Greek letters and therefore c@legks Here we give definitions of

the most important greeks:

Definition 87 (Delta): 7

The first order partial derivative of the price of a derivative product with respect to the under-
lyings is calleddelta It is the first order sensitivity of the derivative product to price changes
of the market traded assets (or market quotes). 4

Definition 88 (Gamma): T

The second order partial derivative of the price of a derivative product with respect to the
underlyings is calledyamma It is the second order sensitivity of the derivative product to
price changes of the market traded assets (or market quotes). ¥

Definition 89 (Vegd'): K
The first order partial derivative of the price of a derivative product with respect to the under-
lyings log-volatility is calledvega It is the first order sensitivity of the derivative product to

log-volatility changes of the market traded European options. 4
Definition 90 (Theta): B
The first order partial derivative of the price of a derivative product with respect to time is
calledtheta It is the first order sensitivity of the derivative product to time. J
Definition 91 (Rho): T

The first order partial derivative of the price of a derivative product with respect to the interest
rate ¢) is calledrho. It is the first order sensitivity of the derivative product to a change in
interest rate.

The definition ofrho is only used for models with non-stochastic interest rates. For interest
rate derivatives (evaluated under a model of stochastic interest rates), as will be considered in
the later chapters, the interest rates are underlyingstanid just adelta ¥

4 Vega is not a greek letter.
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7.4. HEDGING IN DISCRETE TIME: DELTA AND DELTA-GAMMA HEDGING

7.3.1. Greeks of a european Call-Option under the Black-Scholes
model

Given theBlack-Scholes modekith price processes for the savings accoNrand the stock
S

dN(t) = rN(t)dt, N(0) = 1,
dS(t) = uS(t)dt + oSE)AW(L), S(0) = So,

consider a european stock option withyoutmax@S(T) — K, 0)) = V(T). From Chapted the
priceV(0) of the option under this model is given by the Black-Scholes-Merton formduBx (

V(0) = Sp®(d,) — exprT)Ko(d),

whered(x) = [* exp(%)dy andd. = ﬁf[log(%o)) +1T + ZT]. Thus, the price is a
function of Sy, r, K, oo andT.

From the Black-Scholes-Merton formula we may derive the Greeks analytically. They are
given in Table7.1

Greek Definition  within the Black-Scholes model
Delta (A) ﬁ"—g’o = o(d,)

GammaT) ‘;%\[2’) = %

Vega N =S VTO'(dy)

Theta @) I —% —rK exp(rT)®(d)
Rho () & = KTexpErT)d(d-)

Table 7.1.: Greeks within the Black-Scholes model.

7.4. Hedging in Discrete Time: Delta and Delta-Gamma
Hedging

If a delta hedge is applied continuously, then it achieves a perfect replication. At any time, the
portfolio V —IT is neutral with respect to infinitesimal changes in the underlyigslowever,
if the delta hedge is applied only at discrete timgs.e. the portfolio processsg, ¢1, . . ., ¢n)
is kept constant on time intervali,[te.1), then the replication is no longer ex&iVhile in

5 See also the discussion sélf-financingDefinition 66).
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CHAPTER 7. HEDGING IN CONTINUOUS AND DISCRETE TIME AND THE GREEKS

continuous time

aV(t) 5 OV (t) 1 02V(1) _
dv(t) = —dt + S —odS; + Zi;) 75,05, 059S;
aV(t) c’)V(t) 1 02V(h) _
Z —g S+ — —dt+ .;) 75,05, ds;ds;,

is exact byltd’s Lemma(and (7.4)), we have for the time-discrete cage/ = V(t + At) - V(t))

— 6V(t) 8V(t) 1 n (’92V(t) . -
AV(D) = —= S TIAS + 22 75,35, 2S4S, (7.11)
£(.)At
n n
=255 ASit3 ASIAS; — v jAt) +h.o.t., 7.12
;': 9S; I+2i;,68|asj( i~ %Ay +h.o ( )
) o #0

wherey; j is given by &;dS; = i jdt and h.o.t.= O(At], |AtAS;|, |AS;[®).6 For comparison,
for the replication portfolio we have in the time-discrete case

ATI(t) = i diAS;. (7.13)
i=0

Assuming we have an exact replication at titr(¥/(t) = TI(t)), then there is no choice for the
replication portfoliop such thatAV(t) = AII(t) in general. An exact replication at tinhe- At
is not guaranteed.

To ensure that the replication portfolio is self-financing, we have to re-formulate the re-
quirement in the time-discrete setting. Trading at discrete titee self-financing property
is

Z (#i(t) — #i(tc-1))Si(tk) = O
i—0

This may be ensured, e.g., by the choicggtccording to

Bo(te) = po(tk-1) D7 (@it - 61 (te1)Si (1) (7.14)

S(t)(

(we haveSy # 0 since we assumed th&g is a nungraire). While in continuous timé may
be replicated exactly with a self-financing portfolio, there is a choice whethisrchosen to
reduce the replication error @g is chosen to keep the portfolio self-financing.

The restriction to a self-financing portfolio leads to an error propagation of the replication
error via (7.14), see Sectior.4.2

7.4.1. Delta Hedging

A delta hedgeletermines the replication portfolio such that tledtaof the replication portfolio
IT matches theleltaof V. In other words, theleltaof the replication erroW —IT is zero. The
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7.4. HEDGING IN DISCRETE TIME: DELTA AND DELTA-GAMMA HEDGING

replication error to first-order insensitive to movements of the underlyings. If we consider the
requirement of self-financing to be ensured by the choiegothen we chose
oV (k)

IS

#i(t) =

do(te) = dolti1) - Z(¢.(tk) 6i(t-))Si(t) |-

S (t)
For the erroAV(t) — AII(t) we get from .12 and (/.13
AV(t) — AII(t)

n n oo
= Z (av_(t) - ¢)AS; + % ]Z_ oV (ASiAS;j — i jAt) +h.o.t.

0Si0S;

#0

and withg; = Z& fori # 0

aV(t)

= (35

n 2
— ¢o)ASo + % Z 0 V(t) - (ASIAS; - i,jA) +h.out,

#0

where h.o.t= O(|At, |AtAS;], |AS; ).

7.4.2. Error Propagation

The choice ofpg at timet = 0 is determined by the initial conditiar(0) = V(0) and at later
timest = ty, k= 1,2,... by the requirement for a self-financing trading strategy

Z #i(t)Si(t) = Z #i(tc-1)Si (tw)- (7.15)
= =

This results in an error propagation. Assuming that at tigrtbe replication error due to the
previous choice oi(t-1) is V(tk) — XiLo ¢i(tk-1)Si(tk) =: &(t), then we have with

Vi =Y, SIS 0. T = Y 60S (7.16)
i=0

i=0

andgi(t) = 58 fork # 0 (delta hedge), that

oV ()

950 #o(tx)) - So-

e(t) = V(t) - Z 6i(te1)Si () "2 V(1) - Tit) 20 (
i=0

Thus the requirement for a self-financing portfolio implies

6V(t) 1

o(t) = S—O(V(t) - T1(1)).

This shows how the replication error at tinheis propagated over the time st&p by the
requirement for a self-financing strategy through
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CHAPTER 7. HEDGING IN CONTINUOUS AND DISCRETE TIME AND THE GREEKS

Summarising, we have for the delta hedge

AV(t) — ATI(Y)

(AS|AS; - vi jAt) +h.o.t.,

#0

N 92

where h.o.t= O(At]?, |AtAS;], |ASi®).

7.4.2.1. Example: Time discrete delta hedge under a Black-Scholes model

We consider a Black-Scholes model with the notation as above. For the replication portfolio
o(ON(L) + ¢1()S(t) we havep (t) = Z = O(—L=[log(G) +r(T -1 + F)).

We use this choice to trade within the replication portfolio at discrete tiés= 0, 1,. . ..
The size of the “cash position” is chosen such that the portfolio remains self-financing, i.e.

0V 1 S(tk) o?
000 = 553 =N (A= ea D + 1T 10+ F1)
Po(t) = @(‘ﬁ(tk—l)l\l(tk) + ¢1(tk-1)S(t) — #1(t)S(t))

At time to = O the portfolio is set up according to the option value known from the evaluation
formula’

1

po(to) = N(G)

(V(to) — #1(t0)S(to))

Figure7.1shows the result of a weekly delta hedge.

7 Eventually, the initial investment in the replication portfolio is noffmient, see Figur&.1, right.
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7.4. HEDGING IN DISCRETE TIME: DELTA AND DELTA-GAMMA HEDGING

Hedge Portfolio versus Payoff
lyo o

Delta Hedge (weekly)
assuming wrong volatility

Delta Hedge (weekly)

0,8 1

0,5 1
0,2 1

0,0 e

Portfolio Value

-0,2 1

-0,5 T T T T T T
0,0 0,5 1,0 1,5 2,0 0,0 0,5 1,0 1,5 2,0

Underlying Underlying

Figure 7.1.. Samples of the value of the replication portfolio using weekly delta hedging. The market
(N, S) follows a Black-Scholes moddiN(t) = rN(t)dt, dS(t) = uS(t)dt + oS(t)dW(t) with (N(0), S(0)) =
(2.0,1.0), r = u = 0.05ando(t) = 0.5. We aim to replicate the payout(K) = max(S(T) — K, 0)) with

K = 1.0and T = 6.0 (green line). The replication portfolidl = ¢oN + ¢1S is chosen according to a
delta hedge at timeg t k- &. Shown are the realized valugKT) (red dots) over $T). In the figure

on the left the delta hedge uses the correct model parameters. In the figure on the right the portfolio is
constructed assuming a volatility 64 (instead of0.5). As a result the option value is under-estimated
and the replication portfolio is set up without enough initial value, such that at maturity 8.0 the

mean of the replication portfolio is systematically below the option payout. In addition, the variance of
the replication portfolio is increased, since the delta hedge used is wrong.
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CHAPTER 7. HEDGING IN CONTINUOUS AND DISCRETE TIME AND THE GREEKS

7.4.3. Delta-Gamma Hedging

Motivation (The delta hedge again): A delta hedge applied in time-
discrete stepat; = tj,1 — tj is not exact since the option value is, in general,
a non-linear function of the changes of the underlying = Si(tj.1) — Si(t;).
However, the replication portfolio is linear in the underlyings.

For motivation reconsider a market con-
sisting of a stockS and some other
numéraire assel (as in the Black-Scholes
model) and a derivative produgtas a func-
tion of (t,S): V = V(t,S). At fixed timet; V
will be a non-linear functiors — V(t;,S)
of S in general. However, the replication
portfolio IT = ¢oN + ¢1S is linear inS. Lo-
cally, for a fixed pointS(t;j, w) the replica-
tion portfolio may match the value and the
first derivative inS (the deltg of V: For in-
finitesimal changes$li the infinitesimal changes of derivativeMJland replication portfolio
dIT agree. If the movements & are within in a larger (non-infinitesimal) ranges(t;), then
derivative and replication portfolio may deviate significantly. <

< AS(T;) —>
V(T4,9)

M=0N + ;S
(linear in S)

Figure 7.2.: Delta Hedge

The error given by the only linear approximation of the derivative product may be reduced
by adding products to the replication portfolio which are itself non-linear, e.g. options. This
is possible if such products are traded and may be used for replication: Some standardised
options are traded in flicient quantities and may be used to replicate derivative products that
are not traded in liquid quantities. An example of such a case would be options traded at
standardized maturities, which could be used to build a replication portfolio for an option with
a non-standard maturity (afut strike).

We consider a portfolio consisting &p, Sy, ...,
Ci,....Cn

Sh and additional (derivative) products

II(t) = do(t)So(t) + . .. + dn(t)Sn(t) + Y2 (H)Ce(t) + ... + Ym(t)C(t)
Assuming that, likev(T), the Ck(t)’s may be written as function8(t, S, .. .,

Si’s, we have for the replication portfolid(t) instead of 7.13 that

zm: Y ACk

Sn) of the

AII(t) = Zn: OAS; +

0 k=1
n m
oG oG
=D 0+ ) NS + Z U At
i=0 k=1 Si
n m
9%Cy
——=ASiAS; + h.o.t.
’ le kZ; Va5, i
n m n m
oC 9°Cy
= 2+ D EINS + Y e G555 (ASIAS; — 7140 + hot
i=0 k=1 ! ij=1k=1
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7.4. HEDGING IN DISCRETE TIME: DELTA AND DELTA-GAMMA HEDGING

where again h.o.t= O(|At]%, |AtAS;], |ASi[®). Let us compare this with the expansion\6f
from (7.12):

n n o a2
AV(t) = Z wASi + % Z 0 V(t) - (AS|AS| - yi jAt) +h.o.t.

#0

If the portfolio processdp, . . ., ¢n, ¥1, ..., ¥m) Solves the equations

n
#Ci PV .
<j=1.. 7.17
Z;‘ sas, =559, s1=beon (7.17)
" 6C oV .
- ok -1 7.1
¢|+ 88' wk asl | ) ,ny ( 8)

then the residual risk i8V/(t) — AII(t) = O(IAt]?, |AtAS|, |ASi|®). To neutralize the gamma of
a derivative producY it requires at most as many hedge derivati@gsas partial derivatives
Bg;"Sj i <j=0,...,n(gamma) are non-zero. It requires at must n - (n — 1)/2 additional

derivative products.

Remark 92 (linear product, static hedge): If a derivative producV is a linear function of

the underlyings, then the delta hedge replicates the product globally. In this case, not only is a
gamma hedge unnecessary (gamma and all higher order derivatives are zero), but neither is the
dynamic adjustment of the replication portfolio is not required. In this case the hedge is called
staticand the derivative product is calléidear product

7.4.3.1. Example: Time discrete delta-gamma hedge under a Black-Scholes
model

We consider a Black-Scholes model with the notation as aboveCi dénote an option with
maturity T* and payd profile maxS(T*) — K*,0). We aim to replicate an optiod with
maturity T < T* and payd profile maxS(T) — K,0). We allow trading at discrete times
0=to<t1<....

For the option to be replicated we have
oV(t) oV(t)

At
ot kT s

16°V(t)
2 682
+ O(|Atl?, |AtAS(t)], IAS(ti) ).

AV(t) = AS(t) + > ——=(AS(t))?

For the replication portfolidl we have

A(tk) = do(t)AN(te) + p1(t)AS(t) + 1 (tk) AC(tx)

0C(tx
= Go(DAN() + h1(89AS(0) + (8 D
K 1 0°C(tx
RO La VTR PR EL ¥ (ASW)Y

+ O(|Atk|2, |AtkAS(tk)|, IAS(t)F°)
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CHAPTER 7. HEDGING IN CONTINUOUS AND DISCRETE TIME AND THE GREEKS

For the replication portfolidI(t) = ¢o(t)N(t) + ¢1(t)S(t) + w1 (t)C(t) we findp1(t) = %8 =

O(—=[log(§2) +r(T - 1) + Z).
We chose this to trade within the replication portfolio at discrete titpeFhe size of the

“cash position” is chosen such that the portfolio remains self-financing, i.e.

_ V() _ 1 S(t) . T
080 = G5 = N —==loaCE) + 1T -89+ Z
dolt) = ——(B(tir)N() + 1t 1)S() - b1(6)S(1)

N(t)

At time to = O the portfolio is set up according to the option value known from the evaluation
formula®

1

NG (V(to) — ¢1(to)S(to))

po(to) =

Hedge Portfolio versus Payoff

1,0

Delta Hedge (monthly) Delta-Gamma Hedge (monthly) /

0,8 1
0,5 1

0,2 1

Portfolio Value

0,0 |k

-0,2 1

-0,5 T T T T T T
0,0 0,5 1,0 1,5 2,0 0,0 0,5 1,0 1,5 2,0

Underlying Underlying

Figure 7.3.: Samples of the value of the replication portfolio using monthly hedging: delta versus delta-
gamma hedge.

/\

7‘ Interpretation (role of the hold period At):  The delta hedge neutralizes
i the first order error ir8, the delta-gamma hedge neutralizes the first and second
|
J

.
|
|
‘L order error inS. The residual error of the delta gamma hedge is of the order

B
L

O(IAtP, |AtASH, IASI®).
A question arises:

e Why is the error imAt not considered?

8 Eventually the initial investment into the replication portfolio is noffisient, see Figur&.1, right.
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7.4. HEDGING IN DISCRETE TIME: DELTA AND DELTA-GAMMA HEDGING

Hedge Portfolio versus Payoff

1,0

Delta Hedge (weekly)
0,8 1 assuming wrong interest

Delta-Gamma Hedge (weekly) {g"’
assuming wrong interest rate /.

B

0,5 1

0,2 1

0,0 1

Portfolio Value

-0,2 1

-0,5 T T T T T T
0,0 0,5 1,0 1,5 2,0 0,0 0,5 1,0 1,5 2,0

Underlying Underlying

Figure 7.4.: Samples of the value of the replication portfolio using weekly hedging with wrong interest
rate.

First, the answer is given in the interpretation of the hedge-strategies: They aim to minimize
the risk in the underlying$;, i.e. the dependence df(t) — T1(t) on S;(t). The interpretation
is, that the length of the hold periat is not known a priori. In our considerations we thus
assumeAt — 0. Then the residual error '@(AS?) for the delta hedge an@(ASis) for the
delta-gamma hedge.

Furthermore: An error iAS; is stochastic, i.e. a risk. An error ikt is deterministic. If the
hold periodAt is known a priori, then the error int may be compensated for if the portfolio
is not required to match the derivative value initially, I§0) = V(0). The derivative value
V(0) corresponds to the replication portfolio for infinitesimal hold periatis»> 0. We will
consider a known hold perioft > 0 in the following Sectiory.5. <

7.4.4. Vega Hedging

As in the delta-gamma hedging, where in addition to a hedge of the option’s delta a hedge of the
option’s gamma is considered, we may consider further dependencies of the pricing function.
If the dependence on the log-volatility of the underlyings, l(—;’g} for dS; = y; Sidt + o S;dW,

is neutralized, then this callacga hedging
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CHAPTER 7. HEDGING IN CONTINUOUS AND DISCRETE TIME AND THE GREEKS

Hedge Portfolio versus Payoff

1,0
Delta Hedge (static) Delta-Gamma Hedge (static)
0,8 1
0,5 1
0,21

0,0 1

Portfolio Value

-0,2 1

-0,5 T T T T T
0,0 0,5 1,0 1,5 2,0 0,0 0,5 1,0 1,5 2,0

Underlying Underlying

Figure 7.5.: Value of the replication portfolio without re-hedging. The replication portfolio is set up in
t = 0.0 corresponding to a delta- or delta-gamma hedge and kept fixed until option maturity T (model
and option parameter are as in Figurel).
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7.5. HEDGING IN DISCRETE TIME: MINIMIZING THE RESIDUAL ERROR (BOUCHAUD-SORNETTE METHOD)

7.5. Hedging in Discrete Time: Minimizing the
Residual Error (Bouchaud-Sornette Method)

The delta hedge transfers the optimal trading strategy for trading in continuous time to the time-
discrete case, for which the strategy is not necessarily optimal. A more adequate calculation
of a risk minimizing trading strategy may be derived from the residual risk: We look for a
trading strategy that minimiz&she residual risk. This is the idea of the method of Bouchaud-
Sornette 49]. Since for the time-discrete case the replication portfolio does not give an exact
replication, we have yet to clarify in which sense a replication portfolio is optimal, i.e. in which
norm the hedge error is measured. The optimal replication portfolio derived from this criterion
is not necessarily identical with the replication portfolio of the delta hedge and depends on the
norm that is used to measure the residual risk.

At time T a paydf profile V(T) has to be replicated as closely as possible by a replication
portfolio t — TI(t)|;-7. We consider the mean squared error, i.e. the varian®€Tof — T1(T):

Var(V(T) - II(T)).
We also wish to minimize the variance in a conditional sense and repeat the required definitions
and a lemma:

Definition 93 (Conditional Variance): 1
Let C c ¥ denote twar algebra andK an#-measurable random variable over a probability
spaceQ,P,F). Then

Var(X|C) := E(X?|C) — (E(XIC))?

is theconditional varianceof X underC. 4

Remark 94 (Conditional Variance): The conditional variance is @measurable random
variable.

Lemma 95 (Conditional Variance): LetC c ¥ denote twar algebrasX a ¥ -measurable
random variable and a C-measurable random variable over the probability spac®,(7).
Then

Var(X + Y|C) = Var(X|C)

Proof: The proof is elementary. From E¢ Y|C) = Y - E(X|C) and E{?C) = Y? we get

Var(X + YIo) =" E((X + Y)3C) - (E(X + YIC))?
E(X?C) + 2- E(X - YIC) + E(YAC)
- E(XIC)? - 2- E(XIC) - E(YIC) - E(YIC)?
EQCIC) + 2- Y-E(XIT) + Y - E(XIC)? - 2. Y-E(XIC) - ¥
E(X?C) - E(XIC)? = Var(X|C)

o
Let0 =1ty <t < ... <ty =T denote a time discretization agdt) = (¢o,...,¢n) @
portfolio processI(t) = ¢(t)- S(t) = XL, ¢i(t)Si(t), with piecewise constau, i.e. we assume
that trading takes place only at discrete timg$t] = ¢i(t;) furt; <t < tj,q).

9 In contrast to neutralizes.
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CHAPTER 7. HEDGING IN CONTINUOUS AND DISCRETE TIME AND THE GREEKS

7.5.1. Minimizing the Residual Error at Maturity T

Trading strategy: At time ty the self-financing portfolig(tk) is chosen such that the residual
risk is minimized, i.e.

Var(V(T) - II(T) | ) — min,

where{#;} denote the filtration generated By

To simplify notation letSy := P(T) denote thebond with maturity T, i.e. the financial
product that guarantees a payment of 1 at timeP(T) : t — P(T;t) with P(T;T) = 1.
This product will later lay the foundation for the theory of interest rates, see Defiriiion
in Chapter8. It is not required that one of the products is Bendwith maturity T, but it
simplifies the notation since

V() I(m)

Var(V(T) — TI(T)) = Var( So) ~ So(M)

)
and instead

m-1
T(T) = T1(0) + ), é(t) - AS(t)
1=0

we may equivalently write

m-1m-1
1(T) = I(T) _ 11(0) N Zz¢i(tl)’ASi(tl)

T So(T)  So(0) T L4 So(t)
~ @ m-1m-1 | . Si(tl)
= 5,00 " 2 2400 A5)

— note thatpy does not enter in the last sum. Thigsmay be chosen such that the condition of
self-financing is fulfilled and;, i > 1 determines the “optimal hedge”.

With the notatiors = S% we have

m-1
V(T) - TI(T) = V(T) — T1(0) - > ¢(t) - AS(t)
1=0

k-1

= V(T) -T1(0) - " o(t) - AS(t)
1=0

m-1
= D #(t) - AS(H) - o(t) - AS()

I=k+1
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7.5. HEDGING IN DISCRETE TIME: MINIMIZING THE RESIDUAL ERROR (BOUCHAUD-SORNETTE METHOD)

and with Lemma5

Var(V(T) - I(T)I,)

m-1
=Var(V(T) - " (1) - AS)IF,) - #(t) - AS(t)

I=k+1

m-1
=Var(V(T) = " (1) - ASWH)IF, - o(t) - ASEIF,)

I=k+1
m-1
=Var(V(T) - )" (1) - AS)IFIF)
I=k+1
m-1
~2-Cou(T) - D, o(t) - AS(t). ¢(t) - AS(IIF:,)

|=k+1
+ Var(¢(te) - AS(t)IF,)-

Finally we ge from

1 9

Emvar(v(-r) -MIiF) = 0
the equation fop(ty)

(t) - Cov(AS(t), AS(t)IF,) - #(t)"
m-1 B . (7.19)
— CovV(T) - Z (1) - AS(t)), AS(t)IF%,) = O.

I=k+1

7.5.2. Minimizing the Residual Error in each Time Step

The strategy described in the previous Seciidh1lfocusses at each tinigon the minimiza-
tion of the residual risk at maturiff. An alternative trading strategy is to require at each time
tx that the residual risk at timig, ; is minimized by the choice of the portfoli(ty).

Var(V(t:1) — H(tke1) | F) — min.

Obviously (consider the last time stkp= m—1in (7.19) the equation fop(ty) then follows
as
$(t) - Cov(AS(t), AS(tIF,) - ¢(t) " — CoMV (tisa), AS(t)IF,) = O.

Remark 96 (Measure): The measure under which the minimization, and thus the covariance
in (7.19, has to be considered is the real measkireA consideration under a martingale
measure essentially corresponds to a measuring of the risk undéerali norm.

applets/HedgeSimulator.html ahedge simulatocan be found. There,

in a Monte-Carlo simulation, patis— (N(t, w), S(t, w)) are generated corre-

sponding to a given model. Along each path a self-financing trading strategy is
applied to a replication portfolio. At maturiff the value of the replication portfolio is com-
pared to the option valué(T). It is possible to choose the model parameters assumed in the

‘F Ff 7‘ Experiment: At http://www.christian-fries.de/finmath/
| |
| |
L J
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CHAPTER 7. HEDGING IN CONTINUOUS AND DISCRETE TIME AND THE GREEKS

construction of the replication portfolio independent from the model parameters, which deter-
mine the evolution of the market. A mismatch in the parameters results in an increased residual

risk (see Figurd'.1). N
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Part Ill.

Interest Rate Structures,
Interest Rate Products and
Analytic Pricing Formulas
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Motivation and Overview - Part Il

Partlll will consider the interest rate structures and the analytical pricing of interest rate deriva-
tives. The methods for pricing financial products may roughly be classified into three groups.
These are

e Model-independent analytic pricing: The financial product can be separated into a
portfolio of traded assets. The value of the derivative product is then given by the value
of the portfolio. The portfolio represents a replication portfolio, i.e. a static hedge.

e Model-dependent analytic pricing The replication of the financial product requires
dynamic hedging, i.e. a continuous adjustment of the portfolio, and thus requires a model
for the underlying stochastics. The value of the replication portfolio depends on the
model. However, the product and the choosen model is simple enough to derive an
analytic pricing formula.

e Model-dependent numeric pricing The replication of the financial product requires
dynamic hedging and thus requires a model for the underlying stochastics. The value of
the replication portfolio depends on the model. The complexity of the product or of the
model requires a numerical calculation of the price.

In Chapter8 we will define some elementary products and interest rates. In Se&tlon
simple interest rate products will be presented which allow model-independent analytic pric-
ing. Here, the corresponding pricing is discussed right after the definition of the product. In
Section9.2 we define some simple options. In Chaptérand11 we will show how to derive
some analytic pricing formulas using some simple standard models. In Ch@ptare exotic
options will be presented, for which pricing requires generally numerical methods.

Numerical pricing methods and complex pricing models will be considered in\ParidV .
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CHAPTER 8

Interest Rate Structures

8.1. Introduction

In previous sections we have considered a one-dimensional stochastic process as the underly-
ing, representing a stock for example. We will now turn to the modeling of interest rates and
later the pricing of interest rate derivatives. Interest rates potentifity a richer structure
than a single stock, since at each tinvee have to consider an interest rateve HT;t), T > t
instead of a scalar stock pri&Ht).

Let F(T;t) denote the interest earned on an investment made over the peiddif the
contract is written at the beginningf the period, i.e. we assume thdt (1 + F(T;t) - (T —t))
is the amount one receives at timeif one invests the amoumM at timet, and the contract
is fixed at the beginning of the period, i.e.tih For different timesT; < T, two such interest
ratesF(T1; t) andF(T,; t) may be diferent, the reason being thétdrent interest earned on the
two sub-periodst[ T1] and [Ty, T2], e.g. if interest rates are expected to rise or fall in future.
Thus, if one decomposes the time-axis into small interest rate pefigds,f] and defines

A+FMe (M- 1) = @+ L(To, T, )(T1 = To)) - ... - (1 + L(Ti-1, Tis )(Tic = Ti-n)), (8.1)

then itis rational to represent each interest k4%, Ti.1; t) by its own stochastic process. Here

we assumdy = t andL(T;, Tis1;t) denotes the interest rate earned over the pefadi, ]

as given by a contract which is fixed ttf See Figure8.1 It is common to have interest

rate derivatives that depend on more than one interest rate and in this sense depend on the
movement of the whole curve.

8.1.1. Fixing Times and Tenor Times

If the interest rate$ (T;; t) for periods {, T;] for i = 1,...,k are known, then we can derive
from Equation 8.1) the rates for the sub-period§;[;, Ti]. Itis

L(Ti 0, Tict) = 1 1+ F(Ti; 0)(Ti - t) 1)

Ti-Tia \1+ F(Tieg; )(Tica = 1) 82)

1 We will comment below on the fact that the contract may be fixed at an earlier time than the start of the interest
rate period.

2 Equation B.1) represents the relationship between interest earned over the efligidnd interest earned from
smaller sub-periods, including compounding. Since all rates are fixed in,ttheedtterence is only interpretation.
Thus the two sides irB(1) must agree.
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CHAPTER 8. INTEREST RATE STRUCTURES

Figure 8.1.: Modeling an interest rate curve by a family of stochastic processes.

The rateL(T;_1, Tj; t) is the interest rate for thiuture period T;_;, T, that has been derived
from the interest rate curve as of time The interest rate has been fixed at timee. the
stochastic process is evaluated.iihe timet is the simulation time of the stochastic process,
it thus determines that the random variab{&;_;, T;; t) has to be (at leasf);-measurable. The
timesT; mark the start and the end of the periods. The period stru€tigrés, ..., Ty} is also
called thetenor structure

8.2. Definitions

All of the following random variables and stochastic processes are assumed to be defined over
the same probability spac(¥,P). As the building block of all interest rates we define the
Bond

Definition 97 (Bond®): K
Assume that a guaranteed payment of a unit curredcin time T, is a traded product at
any earlier timet < T, and its value in state € Q is uniquely determined byt,(w). The
value of this product is called the price of tiigbond as seen ift, w) and will be denoted by
P(T2;t, w). It defines a stochastic process onTg] which we denote byP(Ty) :

P(Tz) . [0, T2] X Q- R.

7‘ Interpretation: The value of the bon®(T,; t, w) is the amount we have to
V | invest at a given timéand a given state to receive 1 inT,. Thus for a (riskless)
S J‘ investment of 1 at timé we get a guaranteed payment gP{T,; t, w) at time

T,, because we simply buy/B(T;;t, w) times the bond. Note that we assume
that all products may be traded in arbitrary fractions and that the price is unique, the same for
selling and buying. Thu®(T,;t, w) not only implies the interest earned on an investment, it
also implies the interest to be paid for a corresponding credit. <

r
|
|
|
L

3 The term defined is theero-coupon bonghere are no intermediate paymeraspon$ until maturity). We give
the trivial extension to aoupon bondn Definition 108
4 See Remark 34
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8.2. DEFINITIONS

T, Bond _
IP(Tl;l) 1
t T >
P(Tz;l)
T, Bond (scaled) P(Ty;1)
P(To;t) 4—,
IP(Tz;t) lP(Tl;t)
t n >
T, Bond
IP(Tz;t) 1
t ) >
N
T, =T, forward Bond
P(Tz;t) .
]P(Tl;t) 1
t T ) >
Figure 8.2.: Cash-flow for a forward bond.
Definition 98 (Forward Bond): 1
Let0< T1 < T, < 0. Asforward bondwe denote the stochastic process
P(T2)
P(Ty,Ty) = ,
(T T2) = 5y
defined on [QT4]. a

7‘ Interpretation:  Theforward bond KTy, T,;t) corresponds to the amount that
M i has to be invested at tinTg to receive a guaranteed payment of ITin if that
B J‘ contract is finalized at timé in statew. To receive 1 inT> one has to invest

P(T,;t) in t. This investment is financed by borrowing urif, i.e. we borrow
P(Ty;t) - 1/P(T1; t)-times the value of &(T1) bond (compare Figurg.2).

It is important to understand th&(T,, T; t) is not the value of a forward bond at tinhe
The value of that contract is simply 0. What is denoted™¥;, T»; t) is the amount that has
to be paid inT; as part of a contract written in The subject of the contract is a bond which
liesforwardin time.

Obviously we havd>(T5; t) = P(t, To; t). <

r
|
|
|
L

Often the bond (or forward bond) will be represented by a rate (or forward rate). However,
the interest rate that corresponds to a bond depends on how we think of interest earned, e.qg. if
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CHAPTER 8. INTEREST RATE STRUCTURES

compounding, i.e. interest paid on interest received, is considered. Thus, there are many dif-
ferent definitions of interest rates. For that reason we see an interest rate as a derived quantity.
We define some interest rates:

Definition 99 (Forward Rate ((Forward) LIBOR)): T
Let T, < T,. The (forward) LIBOR L(T1, T,) is defined by
P(Ty) 1 i
= = (L+L(Ty, To)- (T =T ,L.e.
P, ~ POLT) (1+L(T1, T2) - (T2 = Ty))
1 P(Ty)-P(T>)
L(T1, To) := : .
(T2, T2) To-Ty P(T2)
.
Definition 100 ((continuously compounded) Yield): B
LetT; < T,. The (continuously compounded) (forward) yie(d;, T>) is defined by
P(T1) 1 i
= = expt(Ty,To) - (To—-T , L.e.
PT) ~ P(TLTo) PE(T1, T2) - (T2 — Ta))
(ToTy) = = log(P(T1, T2)) _ _log(P(T2)) — log(P(Tu))
' (T2-T) (T2-Ty)
Definition 101 (Instantaneous Forward Rate): T

Theinstantaneous forward ratis defined by

f(LT) = Jim L(T.T2i1).

It may be interpreted as the interest rate for the infinitesimal pefiod § dT].

L

Remark 102 (Instantaneous Forward Rate): We have

im P(T; t) - P(T2; t)
ToN\T P(Tg; t) T2 -T

_ 1 oP(T;t)  0log(P(T;1)

TPty T T '

f(LT) = fim L(T. Tzt =

Definition 103 (Short rate): T
Lett > 0. The short rate(t) is defined by

() = lim . T0 = o~ log(P(Ts)|

el B U1
P(T;t) IT=t oT  I1=t’

|

5 LIBOR = London hter Bank Cffer Rate. The acronym LIBOR is often used for a rate following the Defini@ign
because the inter-bank rate follows this convention.
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8.2. DEFINITIONS

Remark 104 (Short rate): Note that in Definition®9, 100 and101 we define families of
stochastic processes, while the short rate from Definili@8 is a single, scalar stochastic
process.

Theshort rateis a limit of the spoforward rate(LIBOR) and theyield. We have

rt) =limr(t, T;t) = lim L(t, T;t).
() =lim r(t T;0) = lim L(L T )
This short rateis the interest rate for the infinitesimal periddt[+ dt], as seen ir.

Remark 105 (Forward forward): The term “forward” is used ambiguously: In Definiti®
and100we define stochastic processes for interest rates, i.e. for a given observatiomeéme
definelL(Ty, To; t) andr(Ty, To; t) as rates for the period{, To] as seenirt. If T, > t, then
these rates are calletbtward’ (i.e. forward LIBOR forward Yield, since the rate is associated
with a future period, lying forward in time. If; = t we would use the attributespot’ instead.
However, on the other hand, the r&i 1, T,; T1) (notet = T,) is often denoted a®rward
rate, since it is an interest rate for an interval upTfta This is in contrast to thehort rate
which is defined for an infinitesimal period. Being precise, terms like “forward forward rate”
should be used.
There is a similar ambiguity for volatilities. The term forward volatility may be interpreted
as the volatility of a forward rate or as a volatility of some process considered at a future period
in time.

Remark 106 (Interest Rate Models): The various definitions of interest rates (as stochastic
processes) are the starting point for the corresponding interest rate modeling. The correspond-
ing models are

| Interest Rate | Model \
Forward Ratd. LIBOR Market Model— Chapterl9.1
Instantaneous Forward Rate HJIM Framework— Chapter21
Short Rate Short Rate Models» Chapter22

Table 8.1.: Interest Rate Models.

Although the models above do not model the bond prices directly, we view zero-bond prices
as the basic building blocks.

Remark 107 (Bond prices as a function of interest rates): The bond prices may be
calculated from the interest rates. We have

P(T;t) = explr(t, T; )(T - 1))

P(T;t) = exp ftT f(t, 7)dr)

n-1
PT:t) = [ J@+ LT Tos O(Tia = T)™ fort=To<Ty<...<Tp=T
i=0
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CHAPTER 8. INTEREST RATE STRUCTURES

The short rate is an exception. Here the reconstruction of the bond prices is possible only if
the short rate process is known under the equivalent martingale med$w@responding to
the nungraireN(t) := exp(fot r(r) dr). Then we have

N T
P(T:t) = E"(exp( f (@) dr) | 7)

Tip (Discount factors as a basic market data object): We consider

the price of zero bonds as given and view interest rates as derived quantities. It
is natural to take this view in the implementation as well. If we want to provide
information on market interest rates througiCkas$, then we store internally

a discretization of the Bond price cunje— P(Tj; 0) (also calleddiscount factors The

class then provides the various interest rates under various conventions thretigius This

design reduces the errors of misinterpretation of the stored data (especially if more than one
developer works on the class), since the data stored is free of market conventions and the
convention used to calculate the rates is explicit in the implementation of the corresponding
method. This also reduces the documentation overhead folathemodel

i L
| |
| |
| |
L J

DiscountFactors DiscountFactor

discountFactors maturity
value

getDiscountFactor(double maturity)
getForwardRate(double periodStart, double periodEnd, double periodLength)
getYield(double maturity)

Figure 8.3.: UML diagram: The clas®iscountFactors internally stores discount factors and
provides various interest rates through corresponding methods.

A problem of this design is that discount factors are usually not the quantities that are ob-
servable in the interest rate market. The market quotes the prices of varitarerdiinterest
rate products (e.g. futures swap$, from which discount factors have to be calculated. This
calculation is callebootstrapping Under some conditions, it might be useful to store the
original market data. One such application is the numerical calculation of partial derivatives
with respect to a change in these input prites. N

8.3. Interest Rate Curve Bootstrapping

Since bootstrapping of discount factors from market prices involves the inversion of a pricing
formula, we have to discuss the interest rate products and their pricing. We will do so in
Chapter9, but give an anticipatory abstract description of the bootstrap algorithm here:
LetO=To < Ty < T2 < ... denote a time discretization. For given discount factbfis=
P(T;;0),j =0,1,...,i we assume the existence of an interpolation funddiéf@ fo, . . ., d f;; t),

6 See Chapte??.
7 The importance of the partial derivative with respect to the price efraferlyinghas been discussed in Chapter
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8.4. INTERPOLATION OF INTEREST RATE CURVES

having the property that an additional sample point beygndill not change the interpolation
int<T,i.e.

df(df,....df;t) = df(dfy,....df.df,;t)  Vi<T Vi=123....

Let Vima”‘e‘ denote given market prices of interest rate products for which the price may be
expressed as a functidf of the discount factors in< Tj, i.e.

Vi = Vi({df(t) [t < Ti}).
We further assume that the discount faald(T;) enters into the pricing, i.e. I%Vi # 0.
Then the bootstrap algorithm is given by:
Induction start ( To):

e dfy:=df(Ty) = P(To; 0) = P(0;0) = 1.0;

Induction step ( Ti_1 — Tj):

e Calculated f; := d f(T;) such that, using the discount factor interpolation, we have
Vi({df(dfo,....df; ) [t < Tj}) = vmaket (8.3)

In some cases the Equatiod.d may be directly solved fod f;, especially if it does not
depend on the interpolation method used. Normally, a numerical solution is possible (see
AppendixA.5).8

8.4. Interpolation of Interest Rate Curves

We consider, as before, a family of bond prides»> P(T;0), i.e. the discount factor curve, as
the basic representation of the interest rate curve. If the pdges- P(T;; 0) are known for
times 0= Tp < T1 < T, <..., we seek a meaningful interpolation method to calculate interest
rates for sub-periods. The interpolation method should fulfill two basic requirements:

e The interpolation method should befciently smooth, at least continuouslyfigiren-
tiable. This is desirable, because the calculation of an interest rate corresponds to a finite
difference, i.e. converges to a derivative for decreasing period lengths.

e The interpolation method should preserve the monotonicity of discount factors, i.e. if we
have monotone decreasing sample points then the interpolation should be a monotone
decreasing curve.

The following additional requirement is also desirable:

¢ If the sample points correspond to a set of constant rates, then their interpolation should
give constant rates. In other words: The interpolation of sample points from a flat interest
rate curve should be flat (where flat means flat with respect to a rate).

8 |f interest rates are positive, a simple interval bisection likeGb&len Section Searatorks, sinced f; € [0, d fi_1].
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CHAPTER 8. INTEREST RATE STRUCTURES

The linear interpolation of bond prices fulfills the second, but neither the first, nor the third
requirement. The linear interpolation of forward rates fulfills the first and third requirement, but
not necessarily the second. A simple interpolation method, which is also popular in practice,
is the linear interpolation of the logarithm of the discount factors, i.e. the linear interpolation
of r(O, Tj) : TJ'I

T —t t—T;
df(t) = exp(=——— - log(d f(T;)) + =——— - log(d f(T}+1)))-
(0 = exp(3-—"— +10g(d1(T))) + 7~ +10g(d(T;.1))

This interpolation fulfills the second and the third requirement.
A more complete discussion of various interpolation methods for interest rate curves may

be found in /2.

8.5. Implementation

We extend the design of tHeiscountFactors class of FigureB.3 by an interpolation
algorithm and a bootstrap algorithm.

If the interpolation method is realized as part of tigetDiscountFactor()
method, and if the methods which calculate interest rates from discount factors (like

getForwardRate() orgetYield() ) only usegetDiscountFactor() (and not the
internal data model), then the interpolation method is available in all derived interest rates once
it has been implemented getDiscountFactor() 9

The bootstrapper is then realized through one additional method
appendDiscountFactor(ProductSpecification productSpec, double
marketPrice) , whereproductSpec contains the description of the financial product
for which an additional discount factor has to be calculated from the given market price
marketPrice

DiscountFactors DiscountFactor

discountFactors maturity
value

getDiscountFactor(double maturity)
getForwardRate(double periodStart, double periodEnd, double periodLength)
getYield(double maturity)

appendDiscountFactor(DiscountFactor discountFactor)
appendDiscountFactor(ProductSpecificaton productSpec, double price)

Figure 8.4. UML Diagram: The classDiscountFactors internally stores discount
factors and provides various interest rates through corresponding methods. The method
appendDiscountFactor(ProductSpecification productSpec, double

marketPrice) implements one induction step of a bootstrap algorithm.

9 This is one reason faencapsulationf the internal data model, which should only be accessible to a small set of
methods (even within the same class!).
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CHAPTER 9

Simple Interest Rate Products

So far we have defined a single interest rate productzéte coupon bondP(T). In the
following, we give the definitions of some basic interest rate products. Many definitions use
Definition 99 of the forward rate (which, of course, is based on the definition of the zero bond).

9.1. Interest Rate Products Part 1: Products without
Optionality

9.1.1. Fix, Floating and Swap
We define a trivial generalization of tlzero bond

Definition 108 (Coupon Bond): 1
A coupon bond with coupo@;,i = 1,...,n-1andtenor structure 7,i = 1,..., nand maturity
T, pays

0 ifi+l<n

C-(Tix1—T inT,
i+ (Tisa |)+{1 ifitl=n In riz

(n -1 payments). a

Theorem 109 (Value of a Coupon Bond): The Coupon Bond consists of- 1 guaranteed
payments with dferent payment dates. Clearly, the value of the coupon bond as seein
is given by
n-1
Ci - (Tiyr —Ti) - P(Tiyp;t) + P(Th;t). (9.2)
1

Remark 110 (Dirty Price, Clean Price, Accrued Interest): The value of a coupon bond as
given by Equationg.1) is calleddirty price. The dirty price is sometimes split into two parts,
called theClean PriceandAccrued Interest
If Ty <t < Ty, i.e. the bond is evaluated within the first interest rate period, then the accrued
interest is defined by
t—Ty

ATy, Tost) = o7 C1-(T2—Ty).
— 11
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CHAPTER 9. SIMPLE INTEREST RATE PRODUCTS

Remember that in Definitiod09 it is assumed that < T,. A(Ty, T2;t) is calledaccrued
interest Dirty price and clean price are now related through

n-1

DG (Tia=Ti) - P(Tia ) + P(To; ),
i=1

Pcieart) = Poirty(t) — A(Ty, To; ).

PDirty (t)

The accrued interestepresents the fraction of the future coupon payment that relates to the
past fraction of the period. This stems from the interpretation of the coupon payment as equally
distributed. The price of a bond is often quoted only bydtsan Price

The decomposition inlean priceandaccrued interesiay appear useless, since upon trad-
ing their sum, i.e. the dirty price, has to be paid. However, quoting the clean price has an
advantage: The clean price evolves continuouslyaoross period end dates, while the dirty
price exhibits a jump at the end of a period, due to the paid coupon.

The zero bondP(Ty;t) is the timet value of a guaranteed payment of 1. It thus
represents a fixed interest rate payment. A product with variable interest rate payments is the
floater.

Definition 111 (Floater): B
LetT;,i =1,...,ndenote a given time discretization (a tenor structure). A floater pays
N-L(Ti, Tisg; T)) - (Tisa = Ti)  InTigq
fori=1,...,n—1(n- 1 payments). Ny
Theorem 112 (Value of a Floater): Attimet < T the value of a floater (as in Definitidri 1)

is given by

n-1
Vroate(t) = N« > L(Ti, Tize; 1) - (Tiva = Ti) - P(Tisq; 1)
io1
N - (P(T1) = P(Tn)).

Proof: Variant 1 of the proof From the definition of the forward rate we have for a single
payment of the floater in tim&;;

' f. P(T; T) - P(Tis; T
VipatelTi+1) := N - L(Ti, Tizy; Ti) - (Tisa — Ti) Def L\ . (Ti; Ti) ( iv1 Ti)

This payment is &v,-measurable random variable. The interest ratéiF%gterwas fixed inT;
and is no longer stochastic when observed®nT]i.1]. As seen ifl; the value of this payment
is thus a multiple oP(Ti,1; Ti), namely

VioaedTi) = VioateTist) - P(Tixg; Ti) = N - (P(Ti; Ti) = P(Tiz1; Ti)).

Thus we see that the ting value of the floater is given by a portfolio of bonds. The titne
value of this portfolio is known. Thus we have

V|i2|oa1e;(t) =N- (P(Ti; t) - P(Ti+1; t)) =N- L(Ti,Ti+l; t) : (Ti+l - Ti) : P(Ti+1; t)-
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9.1. INTEREST RATE PRODUCTS PART 1: PRODUCTS WITHOUT OPTIONALITY

-N %N'L'AT %N-L-AT %N'L-AT §N~L-AT

T, T, T

n

Figure 9.1.: Cash-flow of a floater with exchange of notional N.

This is the value of a single floater payment. The claim follows by summationi over
Variant 2 of the proof We have to valu®/! (Ti+1). ChooseN(t) = P(Ti,1; t) as nunéraire

Floate
and letQN denote a corresponding martingale measure. ™@&p,1) = 1 and

Vi oate Tiv ) N
%'ﬁ) = N(t) - E® (Vi pate(Ti+1)IFD)

P(Ti; Ti) = P(Tiy1; Ti)
P(Tiz1; Ti)
~ N BN P(Ti; Ti)N_(_:_DigTHl;Ti)
P(Ti; t) — P(Ti.1; t)
N(t)
=N-(P(Ti;t) = P(Tiz1; 1)) = N- L(Ti, Tisns 1) - (Tizs = Ti) - P(Tiz1s 0).

Vli:Ioatel(t) = N() - EQN(

= N(t) - EQN(N )

Ft)

1)

=N()-N-

This is the value of a single floater payment. The claim follows by summationiover 0O

Definition 113 (Floating Rate Bond): 1
LetT;, i = 1,...,ndenote a given time discretization (a tenor structure). A floating rate bond
pays
0 ifi+l<n
N-L(Ti, Tivr; Ti) - (Tisa = Ti) + N- . inTiy
1 ifi+1l=n
fori=1,...,n-1 (n- 1 payments). 4

The value of a floating rate bond i - P(T,), because it is just the sum of a floater (value
N - P(T1)) — N - P(T2)) and a zero coupon bond with maturify (valueN - P(T2)).

7‘ Interpretation: Definition 111 considers only the coupon payments of a
i floater. Normally an exchange of notional takes place at the beginning and end
= J‘ of the product: A payment 6fN is made inT; (receive notional) and a payment
of N is made inT, (pay notional). Since from Theoreli2the value of the pure
coupon payments i - P(T1) — N - P(T,), the value of a floater with exchange of notional is 0.
Figure9.1 shows a cash-flow diagram for a floater with exchange of notional. At Time
the notionalN is invested over the period’{, T,] with an interest raté.(T1, To; T1), fixed at
the beginning of the period. [, the interest is paid and the notiordlis reinvested over the

r
|
|
|
L
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CHAPTER 9. SIMPLE INTEREST RATE PRODUCTS

following period (with a newly fixed rate). At the e, the interest for the last period is paid
together with the notional. <

As shown, there are two flierent ways to derive the value of the floater. The first method
uses the fact that the paymetL(T;, Tiz1; Ti) - (Tiz1—Ti) is aft,-measurable random variable
paid inTi;1. Thus, its value as of tim&; is given by multiplication withP(T;,1; T;). Since
this value could be expressed as a portfolio of bonds we know itsttiralele. Essentially, we
derive a replication portfolio for each cash-flow. The second method considers relative prices
and applies Theorer®.

In this context, the timd; is calledfixing dateand the timeT;, is called payment date.

Definition 114 (Fixing Date, Payment Date): B
LetT, > T1 andVr,(T2) be aFt,-measurable random variable defining a payment madie.in
ThenT; is calledFixing DateandT, is calledPayment Datef Vr, (T,). See also Figur8.2

|

Lemma 115 (Moving the payment date): Lett > T1. The value of a paymenr, (T2) with
fixing date T, andpayment date Fcorresponds to the value of a paymen¥gf(T2) - P(Ty; t)
int fort < T, and the value of a payment vt (T>) - ﬁ intfort> T,.

Proof: The first part follows as in the proof of Theoreh?, the second part follows from
exchanging andTs,. Ol

7:Tl - measurable

) fixing date
N T
E% (N(le) WTI)

T— evaluation date
payment date

Figure 9.2.: Fixing date, payment date and evaluation date

Remark 116 (On the additivity of cash flowswith di fferent payment dates The value of
a financial product or a single cash flow depends on its evaluation time, the time we select to
observe it. Two payments with the same payment date may be added to create a single one.
For two payments with diierent payment dates a summation is not meaningful. To calculate
the total value of several products or cash flows at timve have to move all cash flows as in
Lemmall5 However, Lemmall5 applies only to timeg larger than the fixing dates. The
lemma is not applicable for times before the fixing date. Here, a risk-neutral evaluation has to
be performed.

Relative prices behave ftigrently: Relative prices are additive (independent of the fixing
date) Let Vy, denote aft,-measurable random variable defining the value of a financial
product in timeT,. Then we have:

e Fort < T EQN(%W) is the N(t)-relative value ofVr, at timet. This follows from
Theorem79.
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9.1. INTEREST RATE PRODUCTS PART 1: PRODUCTS WITHOUT OPTIONALITY

V”ﬁgz;t) is the N(t)-relative value of

V-
o Fort> Ty E¥ (g5 170) = Vr, - E¥ (r5171) =
Vr, attimet. This follows from Lemmal15

The additivity of relative prices follows from the linearity of the expectation operator.

Definition 117 (Swap (Payer Swap)): B
A swap is an exchange payment of fixed rate for a floating rate. EeT<T1<T2<...<
T, denote a given tenor structure. A swap pays

N-(L(T, T Ti) = S) - (Tisa = Ti)  inTia

fori =1,...,n-1(n—1payments), wherg; € R denotes the fixegwap rateandL(T;, Ti,1; T;)
denotes the forward rate from Definiti@®, andN denotes thaotional The swap defined
here is gpayer swapsee Definitiorl18 a

Definition 118 (Payer Swap, Receiver Swap): 7
The swap defined in Definitiohl7with payments

N (L(Ti, Tisg; T)) = Si) - (Tiea = Ti)  inTisg
is calledpayer swapIn contrast, the swap with reversed payments
N-(Si— L(Ti, Tiva; Ti)) - (Tiva = Ti)  inTina

is calledreceiver swapThe term payefreceiver indicates whether the holder of the swap has
to pay the fixed coupon (it enters negative) or receives the fixed coupon (it enters positive).

Definition 119 (Floating Leg, Fixed Leg): 1
The payments of a swap may be decomposed into
N-L(Ti, Tisr; Ti) - (Tisa = Ti)  inTiya (9.2)
and
N-Si-(Tiza—Ti) inTia. (9.3)
The payments9.2) of the variable rates are calléidating leg the payments of the constant
rates 0.3) are calledixed leg J

Theorem 120 (Value of a Swap): Attimet < T; the value of sswapis given by

n-1
Vswadl) = N- Z (L(Ti, Tixns ) = Si) - (Tigr = Ti) - P(Tizp; ).
i=1

Proof: The swap consists of a floater (floating 1€9.%) and fixed paymentsN-S;-(Ti,1—T;)
in Ti;; for which their timet value is the corresponding multiple &(T;.1;t). The claim
follows by applying Theorem12to the floating leg. ]

Remark 121 (Swap rate): LetTy,..., T, be a given tenor structure. Consider a swap as in
Definition 117. Thepar swap rate (in t) is the unique rate for which a swap wig := S
has the time value 0, i.e. the total timevalue of the payments

N-(L(Ti, Tier; TN) = S) - (Tisa = Ti)  inTiyg
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CHAPTER 9. SIMPLE INTEREST RATE PRODUCTS

is 0. Since the timévalue of such a swap is given by

n-1
N> (LT3, Tias ) = S) - (Tiea = Ti) - P(Tiva; 1),
i=1

then
_ Ztll L(Ti7 Ti+1; t)(Ti+1 - Ti) : P(Ti+1; t)
SN Tia = Ti) - P(Tisast)
_ P(T1;t) — P(Tn; t)
Y (T = Ti) - P(Tiggs 1)
Definition 122 (Par swap rate): B

LetT; < T2 < ... < Tn. Thepar swap rate(often just calledswap ratg¢ S(T4,...,Tn) is
defined by
P(T1;t) — P(Tn; 1)

ST = Ti) - P(Tiagst)

S(Ty,..., Ty t) =

.

‘F - W‘ Interpretation:  Since the par swap rate is the rate for which a corresponding
| V i swap has value 0, we may see the par swap$gje= S(T;,...,T;) as some
‘L -] J‘ mean of the forward ratels,, k = i,...,j — 1. Indeed, the par swap rag;

is a convex combination (and thus a weighted average) of the forwardLigted
k=1i,...,j—1as shown in the following lemma. <

Lemma 123 (Swap rate as convex combination of the forward rates): LetT; < Tj;1 <
... < Tj denote a given tenor structure. Then we have

j-1 j-1
Si,j = Za'kLk, with o >0, Zak =1.
k=i k=i

The weightsy, are given by := ——keTeaTd_ - The weights are stochastic.
Z|:i P(TI+1)'(TI+1_TI)

Proof:  With P(Ty:1)(Tke1 — Tk) - Lk = P(Tk) — P(Tk+1) we have

-1
D P(Tk)(Thea = T - Lic = P(T) = P(Ty),
k=i
and thus
-1
P(Ti1)(Tier = Ti) L= P(Ti) - P(T)) _s
i1 T - S
=Y P(Th) - (T =) 2 P(Tisa) - (Tiea = T)
I=i I=i
ol
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9.1. INTEREST RATE PRODUCTS PART 1: PRODUCTS WITHOUT OPTIONALITY

7‘ Interpretation (Usage of the term  bond and swap): The termsbond
 andswapare also used in a much broader sense than given. A financial product
B J with coupon payments and final notional payments at maturity is cabbend A
financial product where coupon payments are exchanged (and no notional is paid)

is called aswap The terms are used independently of the specific structure of the coupons.
A coupon may be a constaritq), a variable rateffpat) or a complex function of one or more
interest ratesstructured. In the last case, the coupon is calledteuctured couporand the
corresponding bond and swap are call&dictured bondandstructured swap

A swap may be interpreted as a portfolio of a bond long (i.e. with positive cash-flow) and
a bond short (i.e. with negative cash-flow), where the two notional payments cancel. In Sec-
tion 12.2.1we will consider the relationship between bonds and swaps. N

r
|
|
|
L

9.1.2. Money-Market Account

If we invest at timeT, = 0 a unit currency over the period{, T1], then we receive af; the
amount 1+ L(Tg, Ty; To) - (T1 — To). If this amount is reinvested for another period and if this
process is continued for periodg;[ T;.1] with j = 1,2,.. ., then we have at tim&; a value of

i-1
[ J@+ LT Thn T (T - T))). (9.4)
j=0

Equivalently, we may write this with the instantaneous forward rate as

i-1

Tl i1 AT
[ Jexn( fT f(Tj, 7)dr) = exp( )| fT f(T;, 7)d). (9.5)
i =0 vTi

j=0

If we consider a continuum of infinitesimal periods, i.e. we consider continuously compound-
ing with the short rate, then the corresponding value will evolve as

t
B(t) = exp( f; r(r)dr). (9.6)

Definition 124 (Rolling Bond): 1
The financial product
m(t)
R®) = P(Tme2i)- | [+ LT3, Tjaai T) - (Tiaa = T),
j=0

wherem(t) := maxi : T, <t}, is called(single period) rolling bond 4
Definition 125 (Savings Account, Money Market Account): 1
The financial producB in (9.6) is calledsavings accourtr money market account a

- 7‘ Interpretation:  The financial produdB has to be interpreted as an idealization

i (like the short rate itself), since infinitesimal periods are an idealization.

J‘ Note that 0.4) and Q.5) are equivalent, wheredXT;) does not coincide with
the value of 9.4) generally. The expression8.4) and 0.5 depend on the choice

of the periods and if evaluatedn, they arefr,_, measurable random variables, wherBgE)

is 1. measurable only. <|

r
|
|
|
L
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CHAPTER 9. SIMPLE INTEREST RATE PRODUCTS

9.2. Interest Rate Products Part 2: Simple Options
9.2.1. Cap, Floor, Swaption

Definition 126 (Caplet): B
A Capletis an option on théorward rate(LIBOR) and pays

Vcaple(TZ) =N- maX(L(Tl’ To; Tl) -K, O) ' (TZ - Tl) in T2 (9-7)
whereK is thestrikerate,L(T1, T»; t) the LIBOR andN thenotional Payment date and fixing
date O< T; < T, coincide with the LIBOR periodT, T>]. Ny
Definition 127 (Cap): T

A capis a portfolio of caplets. Let& To < T1 < T2 < ... < T, denote a given tenor
structure. A cap pays

N-max(L(T;, Tizy; Ti) = Ki, 0)- (Tisa = Ti) inTiya (9.8)

fori = 1,...,n—1(n—1 payments), wherk; are thestrikeratesL(T;, Ti.1; T;) are the LIBOR
rates andN denotes th@otional a

Remark 128 (Floorlet, Floor): Ifin (9.8) or correspondingly inq.7) the paydr is
N - max(Ki - L(Ti, Tisg; Ti) , 0) - (Tier = Ti) i Tisg,
then the product is calleloor or Floorlet, respectively.

Remark 129 (Caplet, Cap): The name caplet (and thus cap) seems counter-intuitive. A cap
is usually an upper bound, a floor a lower bound. Indeed, thetpayo

[L]¥ := min(L, K)

is calledcappedand the payfy
[L]k := max(, K)

is calledfloored The counter-intuitive name caplet fd.7) stems from its application as a
swap that exchanges a floating ratagainst a capped coupol][:

L - [L]¥ = max( - K, 0),

—[L]¥ = -L + max( - K, 0).

If we have the obligation to pay a variable interest rate)( buying a cap £ max({L — K, 0))
will cover the risk of an increasing interest rate, i.e. the payment is capppei). The cap is
the product one has to buy to have floating payments capped.

1seepl, p. 12.
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9.2. INTEREST RATE PRODUCTS PART 2: SIMPLE OPTIONS

Payoff L L
4 "
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l' 4
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.
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T T T Ll
0 K Underlying
< 2e—>

Figure 9.3.: Call spread approximation of a digital option by two call options.

Definition 130 (Swaption): 1
A swaptionis an option on @wap Let Vsyadt) denote the timévalue of a swap as defined by
Definition 117. Then the value of awaption(with underlying\4yap is given by the payout

Vwaptiof T1) := Max(VewaT1) . 0) in Ty

Definition 131 (Digital Caplet): 1
A digital capletpays

Viigital(T2) = N - L(L(T1, T2; T1) = K) - (T2 = T1)  in Ty,

whereK is thestrikerate,L(T1, T»; t) is the LIBOR,N denotes the@otionalandl1 denotes the
indicator function (withl(x) := 1 for x > 0 and1(x) := O else). 4

Lemma 132 (Digital Caplet valuation, Call-Spread): For the valueVqigirai(K, 0) of a digital
caplet with strikeK we have

0
VdigitaI(K; 0) = _6_chaple(K; 0)-

The approximation of the ffierential using finite dferences

Veaple(K + €;0) — Veaple(K — €; 0)
2e

Vaigital(K; 0) = —
is calledcall spread

Proof: The proof follows the lines of the proof in Lemng4. ]

9.2.1.1. Example: Option on a Coupon Bond

Consider the option to receive @&t a coupon bondn exchange for a notional payment. A
coupon bond with tenor structufig, i = 1,...,n, coupon<C; and maturityT, pays

0 ifi+l<n .
Ci-(Tisa—Ti) + . in Tisa.
1 ifi+l=n
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CHAPTER 9. SIMPLE INTEREST RATE PRODUCTS

The timet value of a forward starting coupon bond with an initial notional paymentT, iis

n-1

Viwacpnend®) = ). Ci+ (Tiew = Ti) - P(Tiast) + P(To ) = P(T1;0),
i=1

fort < Ty, see 0.1). SinceP(Ty;t) — P(Ty; t) is the value of dloating rate bondsee Defini-
tion 113 this is just a swap

n-1
= > (G- L(T0, Ties ) - (Tiva = T) - P(Ti3 1),
i=1

Consequently, an option on forward starting coupon bond is just a swaption.

9.2.2. Foreign Caplet, Quanto

Definition 133 (Foreign Caplet): K
A foreign capletis a caplet in a foreign currency. From the domestic investor’s point of view
it pays

N max(£(T1, T2 T1) =K, 0) - (T2 = Ta) - FX(T2) in Ty,

whereK € R is the strike rate[ (T, T2; t) is theforeign LIBOR, FX(T>) is the exchange rate
andN denotes the notional in foreign currertcy. 4

Remark 134 (Units): It is useful to consider units, just as one would do in physics. A
domestic bond® has the unit of one domestic currencl] [= dom. Interestateshave the
dimensiontﬁe, e.g. for the forward rate (LIBOR) we have([Ti, Ti;1) - (Tiz1 — Ti)] = 1, since

it is the quotient of two bonds. The unit of the stochastic pro€esss [FX] = df%“ i.e. FX(t)
is the timet value of a foreign currency unit in domestic currency. In Definil@3 we have

[N] = for. For the following product it is crucial to consider units.

Definition 135 (Quanto, Quanto Caplet): B
A quantois a financial product for which a payout will be converted from a foreign currency to
a domestic currency without use of the exchange rate. Instela¥ @f it uses .%’ or another
conversion factor (thguanto rat¢ fixed apriori.

Let 0 < T1 < T, denotdfixing andpayment daterespectively. Aguanto caplepays

K- max((To, Tz Ty) — K, 0)- (T2 = Ta) - 1%" inT,,

whereK is the strike rate (dimensiOﬂHLe), L(Ty, To; t) is theforeign LIBOR (dimensionless)
andN denotes the notional iforeign currency ¥

Further Reading:  An introduction to the basics of interest rates products may
be found in p] (in German). <

2 FX = Foreign eXhange.
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CHAPTER 10

The Black Model for a Caplet

We consider a caplet as defined by Definitib?6 as an option on the forward ratg :=
L(T4, T,) for given times O< Ty < T».

The Black model for the valuation of a caplet postulates a lognormal dynamic of the under-
lying LIBOR*

dLy(t) = gF(O)L1()dt + o(t)Li()AWE (L), o(t) > 0, underP. (10.1)
We seek the pric¥(0) of the paydr profile
V(T2) := max((Ly(T1) = K) - (T2 - Ty),0),

wherel; - (T2 —Ty) := P(T1)/P(T2) -1, i.e.L; = L1(T4, T2) denotes the forward rate (the (for-
ward) LIBOR) of the periodT3, T2]. Without loss of generality we assume that the notional is
1. We choose th&,-Bond as Nurdraire

N(t) := P(Ty; t).
This choice of the nukraire is the crucial trick in the derivation of a risk-neutral pricing
formula. Since
1 1 P(T1) - P(T2)
=———  (P(T)/P(Ty) - 1) = .
(T2—Ty) (P(T)/P(T2) = 1) (T2-Ti) P(T2)
A (P(TY) - P(T)
= N ,
L; is the N-relative price of a traded assetErom Theorenv74 we have the existence of an

equivalent martingale measu@" such that allN-relative prices of traded assets are martin-
gales. Thud,; is drift-free (see Lemm&2), i.e.

Ly

dLy(t) = o)Ly )dw (t),  underQV.

For the proces¥ := log(L;) we have it from Lemmd9 that

d(log(La(t)) = —%a-(t)zdt + o()dW?" (1),

1 The lognormal Process is often written in the fo%ﬁ% = F(O)dt + o ()dWF(t).

2 The traded asset is the portfolf%fﬁ - (P(T1) - P(T2)) consisting ofﬁ fractions of aT1-bond (long) and
To-bond (short).
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CHAPTER 10. THE BLACK MODEL FOR A CAPLET

i.e. log(Ls(T)) is normal distributed with mean log{(0)) — %FT and standard deviation

VT, witho = (4 fOT o2(tydt)?, see Sectiod.
For the option value we now have

V(T2) = max((L1(T1) - K) - (T2 = T1),0) in Tz
and fromN(T,) = 1 we havé

YO _ g (1)
N(0) N(T2)

|sfo) = E¥ (V(T2) | 7o)

= E2" (max(L1(T1) = K) - (T2 = T1),0) | Fo)

V(0) = P(T2;0) - EX" (max((L1(T1) — K),0)) - (T2 - T).

Knowing the distribution of_; underQN this expectation may be represented as
V(0) = P(T2; 0) - [L1(0)®(d,) — Kd(d-)] - (T2 - Ta), (10.2)

In(29)s 1521,
aVTL
Remark 136 (Implied Black Volatility): Similarly to Remark80on page’8we have: Equa-
tion (4.3 gives us the price of the option under the modél.() as a function of the model
parameterr. In this contexto is called the Black volatility. Taking the other model and
product parameters,(K, Ty, T,) as constants, the pricing formulB(2 represents a bijection

whered(x) := % f_); exp(—y;)dy andd, = , see Sectiod.

o V(0)
[0, ) — [P(T2; 0) - max(L(0) — K,Q), P(T2;0)-L(0)].

The o calculated for a given pric¥(0) through inversion of the pricing formula is called the
implied Black volatility

Lemma 137 (Price of a digital caplet under the Black model dynamics): The price of a
digital caplet under the Black model is

Viigital(K; 0) = N - P(T2; 0) - ®(d-) - (T2 — Ty),

_ n(5)-3T

where®d(x) := % I exp(%)dy andd. = =<

3 This is the point where the specific choice of renaire comes in handy for the second time.
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CHAPTER 11

Pricing of a Quanto Caplet (Modeling
the FFX)

In this section all quantities related to a foreign currency are marked iithea Let 0< Ty <
T, denotefixing andpayment dateespectively. The paybprofile of a quanto caplet is given
by
- dom .
V(Tz) = max(E(To. T T) - K, 0) - (To = Ty) - 12— in Ty,
whereK is the given strike rate ani(T,, T;t) is the foreign forward rate. The notional and
quanto rate are assumed to be 1.
We assume a lognormal dynamic for the foreign LIBOR, i.e. we modetl it as

di(t) = pF(R)L() dt + op (H)L(t) dWE (D).

11.1. Choice of Num éraire

If we choose the foreigiT,-bond converted to domestic currency, iR(T.;t)FX(t), as

numeéraire, then fron (T, T; t) = 25 'S(T;)(*Tf)(Tz) = i ﬁ(Tl)FP>§$2;F§>EIt§)FX(t) (see Section0)
we find

di(t) = o ()L(t) dWs(t) underQPTFX,

Remark 138 (Foreign Market, Cross Currency Change of Nuréraire):  Note that the
foreign LIBOR isnot a martingale with respect 9”(™), since we are based in the domestic
market. For the domestic investor the foreign bifd;) is not a traded asset, but the foreign
bond converted to domestic currengT;) - FX is a traded asset. Although we have

dZ(t) = or(®L() dWs() underg™™,

we cannot use this change of measure, sk{@e) is not a traded asset and thus not a Braire
in the domestic market. Choosing the domestic bB(t:) (a traded asset) as nénaire, we
generally have

di(t) # o ()L(E)(t) dWs(t)  underQP(™),

1 We write L for £(T1, To).
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CHAPTER 11. PRICING OF A QUANTO CAPLET (MODELING THE FFX)

Since the payfd profile of the quanto caplet is
~ d .
V(T2) = max(E(To, T2 T) - K, 0) - (T~ Ty)- 1227 inTa,

itis advantageous to know the dynamic{()Tl, T,) under the measur@”(™, thedomestic }
terminal measureChoosingP(T2) as nunéraire, the nur@raire is 1 at payment date and will
not show up in the expectation operator above. This trick has already been used in Chapter
where we were lucky that additionally the underlying was a martingale under this measure.

By the change of measure fro@™("9"FX® to QP(T2) we have a change of the drift, see
Theoremb8 (Girsanov, Cameron, Martin), i.e.

di(t) = L") dt + o (OL(E) dWFT2()  underQ™™.

With other words: The dynamics of the underlying is known under the me@sird FX®
From the shape of the paffdunction a change of nuémaire fromP(T;t) - FX(t) to P(T;1),
thus a change of measure frai(T9FX® to QP(TY js desirable. We thus define:

Definition 139 (Forward FX Rate): K
LetO<t < T. Theforward FX rate FFXT) is defined as

P(T; 1)

FEX(T;t) := BT D)

EX(0).

Remark 140 (Forward FX Rate): ~ The forward FX rate (also known as FX forward) is
a relative price of two domestic traded assets. It is dimensionless, $ni€et]] = 1for,
[P(T; )] = 1dom and FX(t)] = 192", Itis aQ™™ martingale.

We assume lognormal dynamics #0F X(T), i.e.
dFFX(T2; 1) = oeex(FFX(T2; 1) WS 72(1) - under@™ ™.
Since

1 B(T)-P(To) BTs)
To-Ti  Bers) P(T2)
_ 1 (B(Ty) - B(T2))FX()

T T-Th P(T2)
is a P(T,)-relative price of domestic traded assets (namely a portfolio of foreign bonds), we
have that (T1, T,) - FFX(T») is a martingale unded”™, i.e.

L(T1, T2) - FFX(T) =

FX(t)

Drift "2 (£(T1, To) - FFX(T2)) = 0. (11.1)
On the other hand
d(L - FFX)
dl-FFX + [ -dFFX+dL-dFFX
FFX-L-pP™dt + FFX - L - opdwi™
+ FFX- L oprxdWE™ + FFXoerydWE ™ - o CaWE™),
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11.1. CHOICE OF NUMERAIRE

and assuming an instantaneous correlatighfor dw}™ and avS(™

=FFX- |: ((‘UP(TZ) + pO';:FXO'[)dt + O'Ede(TZ) + O'FdeW;(TZ)) .

From (@11.1) we thus find
pFI(t) = —p(t)oerx(t)og (b).

We now know the dynamics df underQP(™)
dL = -p(Moerx o ML + o (LA (1)

and (as in Chaptet0) we know the distribution of (T1, T2) (underQP(™) is lognormal with
~ ~ T l
0gC(T) = A (1oaC(O) - [ ptOreexttocticn - 57T, 77
0
= N(|OQ(|:(O) .e fOTP(t)("FFx(t)fTE(t)dt) _ %EE T, EE . T) ,

where T
1 .
o= = f of(tdt  (mean variance).
0

Altogether it follows an (adjusted) Black formula, where in contrast to the Black formula from
ChapterL0 £(0) is replaced by (0) - e b POFexOot®t - The factor

& b POTEEx e (Dat

is called thequanto adjustment
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CHAPTER 11. PRICING OF A QUANTO CAPLET (MODELING THE FFX)
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CHAPTER 12

Exotic Derivatives

We have already introduced some simple interest rate derivatives. In this section we give a
selection of so calledxotic derivativesThe name “exotic” does not mean that these derivative
products are of less importance. With respect to evaluation models the converse is true: The
value of exotic derivatives usually depends on a multitude of model properties, which may not
even play a role in the pricing of simple derivatives. An example is the time structure(t)
of the volatility in the Black-(Scholes-)Mode(2), (10.1): Its distribution over time does not
play a role in the pricing of &uropean optiononly the integrated variance enters into the
pricing formula. It will however play a role for the pricing ofermudan option

Thus, in this sense we may view certain prototypical properties of exotic derivatives
(e.g. having more than one exercise date) as test functions for prototypical properties of (com-
plex) models (e.g. the term structure of volatility).

12.1. Prototypical Product Properties

The list of exotic interest rate derivatives we give in Secfi@r2does not claim to be complete
or representative. It is exemplary fprototypical product propertieand for applications of
the pricing models and methodologies which we will discuss later. We focus a bit on more
recent products, where we will discuss the relationshiprofotypical product propertieso
models and their implementation.

Some product properties, liggath dependencgr early exerciseeharacterize a whole class
of products. To evaluate a product of the respective class, the qigtitt.e. the history, for
path dependencgndconditional expectatiofior early exerciseare central. The path depen-
dency is best represented irpath simulation(forward algorithn). The conditional expecta-
tion is best represented instate lattice(backward algorithih See Table 2.1

Furthermore, some models have a preferred mode of implementation,pathasmulation
or asstate lattice Whether a model can be implemented cstate latticeis often decided by
it's Markov dimension, see TablE2.2

Thus, prototypical product properties impose requirements on model and implementation.

1 To clarify the meaning of this sentence we remind the reader that a digital option may be used to extract the model-
implied terminal distribution function of its underlying, see Chapbehus digital options may be viewed as test
functions of a model’s terminal distributions.
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CHAPTER 12. EXOTIC DERIVATIVES

Prototypical Product Property Model Requirementimplementation

Early Exercis¢ Bermudan, backward algorithm,
low Markov dimension coarse time discretization
— state lattice tree, Sectior13.3
Early Exercisg American, backward algorithm,
low Markov dimension fine time discretization
— PDE, Chaptefl4
Path Dependency, forward algorithm
high Markov dimension — path simulation, Sectioh3.1
Pfad Dependency, path simulation through a lattice
model: low Markov dimension — Sectionl3.4
product: high Markov dimension
Early Exercise, forward algorithm
high Markov dimension with estimator of conditional expectation
— Chapterl5
Pfad Dependency, backward algorithm
low Markov dimension with extension of state space
— Chapterl6

Table 12.1.: Prototypical product properties and corresponding model requirements and implementation
techniques.

[ Model | Property
Short Rate Models -6 Chapter22) low Markov dimension
Market Models © Chapterl9) high Markov dimension
Markov Functional Models - Chapter25) low Markov dimension

Table 12.2.:Markov dimension of some models.
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12.2. INTEREST RATE PRODUCTS PART 3: EXOTIC INTEREST RATE DERIVATIVES

12.2. Interest Rate Products Part 3; Exotic Interest
Rate Derivatives

‘f *’% Motivation (“Why exotic derivatives?”): A simple European option with
| + paydf max(L(T) — K,0) may be interpreted as an insurance against an increase
‘L / J of the interest raté& (T). It pays in case of an increasing interest rate the corre-
sponding compensation.
To interpret an exotic derivatives, e.g. one with péyo

Ci if L(T)) <KV j<i andi+1<n
C+1 if L(Ti21) < K< L(Ty) ori+1l=n
0 else.

as an insurance is not intuitive. The péiyabove constitutes @upon bondvhich matures if

L(T;) exceeds the raté. Such a structure is usuallyfered with an above average coupon

and below average coupo@s, i > 1.2 Thus, this product is appealing if the investor would

like to receive a high initial coupon (this could be done with a standard coupon bond) and at
the same time expects that the interest rate will rise faster than the market predicts. Since the
coupon will mature early if interest rates rise, the lower than average co@pans 1 do not

take dfect. Thus, in this case, the investor would have a coupon bond with an above average
coupon. Since the investor takes the risk that he will receive lower than average coupons
if interest rates do not rise, the product will be much cheaper than a standard coupon bond
paying a couporC; and maturing early. The investor is financing the initial above average
coupon by taking the risk of loosing his bet on rising interest rates. He is a risk taker. The
product is appealing to the investor since he hadfermint view on the future as the market

(i.e. the average).

Exotic derivatives interpreted as an investment usually link a guaranteed high initial payment
with a risky structure, which extracts the favorable case of the investor’s market view.

An exotic derivative may both reward for taking risk as well as cover risk (in the sense of an
insurance). Both interpretations jointly exist. For example the structure above has an insurance
against total loss of investment. The worst case scenario is a coupon bond with below average
coupons. <

12.2.1. Structured Bond, Structured Swap, Zero Structure

Exotic interest rate options mainly come in twdfdrent forms: as a (structured) bond or a
(structured) swap. The products bond and swap are closely related. For a given (coupon) bond
we may define a swap, such that the swap together with a floating rate bond replicates the
coupon bond. We consider this relationship first for the trivial case of a simple coupon bond,
then for the more tricky case of a zero coupon bond. All coupons may be structured coupons.
A structured bond is a bond for which the coup@jsare arbitrary complex functions of
interest rates or other market observaile this case the coupons are callsiuctured

2 A similar structure is given by thearget redemption note

3 Common coupons are options on interest rates, e.g. a guaranteed minimum rate in theCfoenmax(; (T;), K),
or even coupons which depend on the performance of one or more stocks, in which case the bond would be a hybrid
interest rate product.

Lizensiert fuer <ayonbd2000@yahoo.com> (Muntasir Hasan) 141 Comments welcome.
This work is licensed under a ©2004, 2005, 2006, 2007 Christian Fries
Creative Commons License Version 1.4.18 [build 20070403]- 1st May 2007
httpy/creativecommons.oficensegby-nc-nd2.5deed.en http://www.christian-fries.de/finmath/book


http://creativecommons.org/licenses/by-nc-nd/2.5/deed.en
http://creativecommons.org/licenses/by-nc-nd/2.5/deed.en
http://www.christian-fries.de/finmath/book

CHAPTER 12. EXOTIC DERIVATIVES

coupons A corresponding swap exchanges the structured coupon payments of the bond by
coupon payments of a corresponding floating rate bond, see FiQuteand 12.2 Taking

the swap and the floating rate bond (which just pays the current market rate on the notional)
together, we may hedge the structured bond. For the values of the produigtwénthus have

N1 + Vswap = Vbond

Coupon Bond N,;=N,=N;
o) S < o
Z\ ZN ZM, - ~ 2"'\
+ + + © © +
=z = | = = = = I = I =z
T, T, T, T, T, T, T, T,

Figure 12.1.: Cashflows for a coupon bond. Left: with imaginary exchange of notionals at the end of
each period; right: with gective cash-flow only.

Swap

L)\ A L)N A U’ﬁ
= = z
+ + +

z I = Iz” =z [2"‘ =z
é\ A éN‘ %M
+ + +
E? ?? Q?

Figure 12.2.: Cashflows for a swap whose fixed leg corresponds to the coupon bond in E@ydre
Left: with imaginary exchange of notionals at the end of each period; right: vfiitve cash-flow only.

The structured bond and its (hedge-)swap are separate products, since they aravédn o
by separate institutiorfs.

Zero Structures

Besides (structured) coupon paying bonds, another common type of bond is that for which the
coupon is accrued instead of paid. Then, as for the zero coupon bond, there will be a single
payment at maturity, see Figui®.3 right. An accruing product is calledzero structure A
bond with accruing coupons is sometimes called a zero coupon bond.

For an accruing zero coupon bond we may define a corresponding swap too. To do so we
consider the following (equivalent) representation of the bond: At the end of each coupon pe-

4 E.g. mortgage bank and investment bank.
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12.2. INTEREST RATE PRODUCTS PART 3: EXOTIC INTEREST RATE DERIVATIVES

riod the notional and the period’s coupon is paid. The amount defines the new notional for the
following period and is reinvested (this corresponds to accruing the coupon), see E2gRire
left. The swap is then defined such that it exchanges the structured coupon (on the various
notionals) by a corresponding coupon with a given market rate.

The swap will then allow to build up the bond’s payment at maturity using the starting
notional invested at market rates, see Figl2el

Zero Coupon Bond (Accruing Structured Coupon)

o
&
o~ e ~t A\N
= = = e
1] 1] ] Z
o) S < ~
.\. 3 .", D
= = = z
+ + + -
=z =z |2 = = = =
p = >
T, T, T, T, T, 7, T, T,

Figure 12.3.: Cashflows for a zero coupon bond. Left: with imaginary exchange of notionals at the end
of each period; right: with gective cash-flow only.

Swap 1
= 2”“‘ =
i i i
ot N o
=z =3 =z
+ + +
= ] =z |2 = =
A, A » =
y Y L
2\ y ZN 2"1
+ + +
z‘? =y ="
7 ,
[

¢

Figure 12.4.: Cashflows for a swap whose fixed leg corresponds to the zero coupon bond inTadkire
Left: with imaginary exchange of notionals at the end of each period; right: vfiltive cash-flow only.
For the valuation irTy we again have
N1 + Vswap = Vbona (12.1)

where the swap is interpreted as payer swap, i.e. it @aysL;. That Equation12.1) holds,
follows iteratively by considering a single period: The nomiNais invested at the market rate
like a floating rate bond. The floating rate bond pals+ N; - Ly in T,. The swap exchanges
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CHAPTER 12. EXOTIC DERIVATIVES

the couponN; - L; for the structured coupon. Thus we haNg+ N; - C; =: N, which is the
notionalN, which is used for the same construction for the following period.

Such a construction is especially meaningful if the zero coupon bond may be canceled at the
end of a coupon period. In this case it would pay the accrued notional up to this period. For a
cancelable bond the swap has the same cancellation right and is canceled simulténeously.

We repeat the notionstructured bondandstructured swapn a definition, although these
definitions difer only in one minor aspect from the ones for coupon bond or swap respectively:
the couporC; may be an arbitrarf, ,-measurable random variable:

Definition 141 (Structured Bond): K
Let0=Ty < Ty < T2 <...< T, denote a given tenor structure.

Fori = 1,...,n—1 letC; denote a (generalized) “interest rate” for the perioBsT.1],
respectively. LeC; be aft, ,-measurable random variable.

Furthermore lelN; denote a constant valuedtional). Thestructured bongays

0 (i#n)

Ni-Ci-(Tisa = Ti) + Ni'{l (i=n-1)

in Tiz1. The value of thestructured bondeen int < T, is

n-1
N Nq-Ck- (Tkrr =T
VeordTas - Toi) = NO 620 3 P800 7+ NPT
k=1 ( k+1)
.
Definition 142 (Structured Swap (Structured Receiver Swap)): 1

Let0=Ty < Ty < T2 <...< T, denote a given tenor structure.

Fori = 1,...,n -1 letC; denote a (generalized) “interest rate” for the periofsT,1],
respectively. LeC; be aft,,-measurable random variable.

Furthermore le denote a constant interest raspiead andN; a constant valuenptional).
Thestructured swappays

Xi=N-(Ci— (LM, Tieu T) +5)) - (Tisa = T).
in Tiy1. The value of thestructured swaeen int < T, is

Xk
N (Tk+l)

n-1
VsuadTe. .. Tui) = N(®) - EX'( D 7).
k=1

-

Remark 143 (Structured Coupon): By C; we denote an arbitrary, generalized interest rate.
In general it will be a function o (Ty, Tk.1) with fixing dateT;, and thus eveffr,-measurable.
We allow that the generalized interest r@alepends on events within the peridd,[T;,,] and
requiresfT,,-measurability only. An example &; is a constant rat€; = const., the forward
rateC; = L(T;, Tiy1; Ti), or aswap rateC; = S(Ti, ..., Ti; Ti)-

Remark 144 (Zero Structure): The swap in Definitiorl42is calledzero structureif the
notionalN; if given by

Ni+1Z=Ni~Ci~(Ti+1—Ti) i:l,...,n—l.

5 Other arguments for this construction are reduction of default and market risk.
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12.2. INTEREST RATE PRODUCTS PART 3: EXOTIC INTEREST RATE DERIVATIVES

Remark 145 (Structured Payer Swapy Structured Receiver Swap): The swap defined in
Definition 142is areceiver swapA swap with reversed payments

Xii=Ni- ((L(Ti,Ti+l; Ti) + S) - Ci) . (Ti+1 - Ti)

is calledstructured payer swapsee Definitiorl18

12.2.2. Bermudan Option

Definition 146 (Bermudan): 1

A financial product is calle®ermudan if it has multiple exercise dates (options), i.e. there
are timesT; at which the holder of a Bermudan may choose betwe&gardint payments or
financial products (underlyings). 4

A more formal definition of the Bermudan option, anticipating the result that the optimal
exercise is to choose the maximum of the exercise and non-exercise value, is given in the
following definition:

Definition 147 (Bermudan Option): 1
ings. The Bermudan option is the right to receive at one and only on€liithe corresponding
underlyingVungerii (With'i = 1,...,n) or receive nothing.

At each exercise dafg, the optimal strategy compares the value of the product upon ex-
ercise with the value of the product upon non-exercise and chooses the larger one. Thus the
value of the Bermudan is given recursively

Voerm(Ti, - . Ty Ti) := max(Voerm{Tists - - -» Tn; Ti) 5 Vunderi(Ti) ).
N—

Bermudan with Bermudan with Product
exercise dates exercise dates received upon
Ti,..., Th Tist,.. o, Th exercise in;

whereVperm(Tn; Tn) := 0 andVyngeni (Ti) denotes the value of the underlyiNghgeri at exercise
dateT,;. 1

An example is given by the Bermudan swaption. Here the option holder has the right to
enter a swap at severalfidirent times. The optimal exercise strategy chooses the maximal
value from either the swap or the Bermudan with the remaining exercise dates.

Definition 148 (Bermudan Swaption): 1
Let 0 = Tp < Ty < T, < ... < T, denote a given tenor structure. The value
Veermswp{ 11, - - -» Tn; To) Of a Bermudan swaption seen at tiffig is defined recursively by

Veermswpl Ti - - > Tni Ti)
= maX(VBermSwp(THL oo Ty Ti) P VSwa;{Th LT Ti)),
whereVeemswp(Tn; Tn) = 0 andVswadTi, ..., Tn; Ti) denotes the value of a swap wifitx-

ing dates T, ..., Tp-1 andpayment datesiIy, ..., Ty, Seen inT;. Furthermore, with a given
numéraireN and a corresponding equivalent martingale mea@lre

VBermSWp(Ti+1, B Tn; Ti+1)

(12.2)

N
VBermSwp(TiJrl, s T i) = N(T) - E® ( N(Tir1) |F7,)- (12.3)
i+1
|
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CHAPTER 12. EXOTIC DERIVATIVES

7‘ Interpretation:  TheBermudan swaptiongdmswp{ Tn-1, Tn) is simply aswap-
i tion (option on a swap) and since te@aphas only a single period_;, Tn] itis
J‘ actually acaplet TheBermudan swaption démswpf Tn-2, Tn-1, Tn) iS an option
which allows a choice in tim&,_, between a&waption(with later exercise date)

or a (longerswap Thus it is an option on an option. Iteratively the Bermudan swaption is an
option on an option (on an option, etc.).

Taking the underlyingswapas the defining object, we see that tBermudan swaption
Veermswp{T1, - - -» Tn) can also be interpreted as an option either to enter at fimes. , Tp_1
a swap with remaining periods up 1@, or to wait. Options with multiple exercise times are
calledBermudan Options with a single exercise time are call&gropean <

v
|

To T4 T, T3 T, T5 Tg

Figure 12.5.: Bermudan Swaption

Remark 149 (Bermudan Swaption): It is key to the evaluation of the Bermudan swaption
that by Equation 12.3 we have at each exercise daiean evaluation of a derivative product.
For this theconditional expectatiohas to be calculated. Depending on the model and the im-
plementation, the calculation of conditional expectations may be non-trivial. In CHdpher

give an in-depth discussion on how to calculate a conditional expectation in a path simulation
(Monte-Carlo simulation).

12.2.3. Bermudan Callable and Bermudan Cancelable
We will now define a product class that generalizes the structurdefmudan swaptian

Definition 150 (Bermudan Callable Structured Swap): B
Let0=To< Ty < Ty <... < T, denote a given tenor structure.

Fori = 1,...,n—1 letC; denote a (generalized) “interest rate” for the periofsT,1],
respectively. LeC; be aft,,-measurable random variable.

Furthermore le denote a constant interest raspiead, N; a constant valuenptional) and

Xi == Ni- (Ci = (L(Ti, Tisa) + 8)) - (Tiva = Ti).

Let Vunder(Tis - - - » Tn; Ti) denote the value of the product payiXgin Ty, fork=1i,...,n-1,
seen inT;. If N denotes a nugraire andQ" a corresponding equivalent martingale measure,

6 Compare $5).
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12.2. INTEREST RATE PRODUCTS PART 3: EXOTIC INTEREST RATE DERIVATIVES

then
Xk
N(Tk+1)

n-1
Vonder(Ti, - Tni Ti) = N(T) - E2'( | [7r)- (12.4)
k=i

The value of éBermudan callable swap with structured leg/ @ recursively defined by

VBermCaII(Ti, ceey Tn; Ti)

(12.5)
= max(Veermca Ti+1s - - -» Tn; Ti) » Vunder(Tis - - -» Tn; Ti)),
V Tivt,...s T T
Vaermcal(Tists - - -» T Ti) = N(T;) - E'( Bermcall Ti+1, - - -» Tn; Ti+1) ). (12.6)
N(Tis1)

-

Remark 151 (Bermudan Callable, structured Leg): ForC; = S; = const the product
defined in Definitionl50is aBermudan swaptian

The payments (cash flow®) consist of some paft}; - C; - (Tiz1 — T;) which is called the
structured legand another pait; - (L(Ti, Tiz1) + S) - (Ti+1 — T;) which is called thdloating leg

Theunderlying Vindger(Ti, - - - » Tn) IS @ Swap swapping the ra@z against_(T;, Ti+1) + S, with
fixing dates T, ..., Tn_1 andpayment dates;Iy, ..., Tp.

To evaluate a Bermudan option we need to calculate at most two conditional expecta-
tions (12.4), (12.6) at each exercise timg. Under the assumption of optimal exercise these
two values are linked byl@.5), going backward from exercise date to exercise date. In Chap-
ter 15 we give an in-depth discussion of the calculation of conditional expectation in a path
simulation (Monte-Carlo simulation).

The Bermudan swaption (or a Bermudan callable) allows an (eventually structured) swap to
be entered into at one single time the of predefined timel contrast to this, thBermudan
cancelableswap allows the cancelation a swap at one single time of the predefinedlimes

Definition 152 (Bermudan Cancelable Swap): 7
With the notation from Definitiori50let
v X
VeoupondTi; Ti) = N(T;) - EC (N(T|I<+1) |TTi)-

the value of the coupon payments (cash flows) for the pefiigd{, 1], seen inT;.
The value of 8Bermudan Cancelable with structured legi€recursively defined by

VBermCance(Th cees Tn; Ti)
= maX(VcouponéTi , Ti) + VBermCance(Ti+1» cees Tn; Ti) P O),

WhereVBermCanchn; Tn) = O and

Veermcance Ti+1s - - -» Tn; Tist)

' ‘T = ' QM
VBermCance(THla R I TI) = N(T|) -E ( N(T: |7:Ti)'
( |+1)
|
7 On the naming see Remat4.
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CHAPTER 12. EXOTIC DERIVATIVES

Remark 153 (Bermudan Cancelable): With the notation from Definitiori50and152we
have

Veermcancel Ti»---» Ty Ti) = Vunder(Ti, ..., T Ti) + VBermCaIIPaye(Ti, s Ty i), (12.7)

where Vgemcalrayerdenotes a Bermudan callable with reversed sign in the underlying. The
right to cancel the structured sw&fnqger COrresponds to the right to enter such a structured
swap with reversed cash-flow.

Likewise we have

VBermCaII(Ti, ceey Tn; Ti) = Vunder(Ti, e Tn; Ti) + VBermCanceIPayé;ria vy Tn; Ti)! (12-8)

whereVeemcancelPayeflenotes a Bermudan cancelable with reversed sign in the underlying.
From this we conclude that the problem of evaluati@eamudan cancelableorresponds
to the problem of evaluatingBermudan callable and vice versa.

Remark 154 (Bermudan Callable): Our definition of a Bermudan option is a general one:
for each exercise date the corresponding underlying can be specified arbitrarily. The Bermu-
dan callable is a special variant of a Bermudan option, where the underlyings share the same
cash-flow after exercise.The Bermudan callable is the right to enter a financial product at
some later time. The Bermudan cancelable is the right to terminate a financial product at
some later time. Bermudan callable and Bermudan cancelable are counterparts in the sense of
Equation (2.7).

For (structured) bonds it is usually the case that the issuer (i.e. the party that pays the
coupons) has the right to cancel the bénBue to the relationshipl@.7?) it is the case that
the issuer of a bond having the right to cancel the issued bond essentially has a callable bond.
Therefore the use of the wordallable andthe call rightare often used where our definition
would seem to point to a cancelable contract.

12.2.4. Compound Options

A compound optiolis an option on an option. Popular are a European call option on a Euro-
pean call option, a call on a put, a put on a call and a put on a put. The compound option is
closely related to the Bermudan option with two exercise dates. The compound option may be
viewed as a special variant of a Bermudan option.

As for the Bermudan option, the evaluation of a compound option requires the evaluation
of an option at a future time (the exercise date of the first option). The methods used for the
pricing of Bermudan options can thus be applied to the evaluation of compound options.

12.2.5. Trigger Products

For a Bermudan options and a Bermudan cancelable the exercise criterion is given by optimal
exercise: The option holder chooses the maximum value. Thus the recursive definition of the
product value uses the maximum function on the values of the two alternatives non-exercise
and exercise. For a trigger product the exercise is given by some criteriamigtier, which

does not necessarily represent an optimal exercise. An example of such a produeti®the
cap which we will define in Sectioii2.2.6.4below, or the following target redemption note.

8 Qur definition of a Bermudan callable is the same as for example in Pitei@frg |
9 Upon cancelation the notional is repaid.
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12.2. INTEREST RATE PRODUCTS PART 3: EXOTIC INTEREST RATE DERIVATIVES

12.2.5.1. Target Redemption Note

Definition 155 (Target Redemption Note): 1
Let0=To< Ty < T2 <...< T, denote a given tenor structure.

Fori = 1,...,n— 1 letC; denote a (generalized) “interest rate” for the periobsT;.4],
respectively. LeC; be afr,,-measurable random variable.

Furthermore lelN; denote a constant valuedtional). A target redemption notpays

N; - X; in Tisa

with

Ci fori =1,
X 1= : i1 _ structured coupon
min(C; ,K ->,7Co) fori>1

1 for 5 Ce <K <=3 Ceori=n, ,
+{0 e?gezkzl k<K <= Uy Gori=n (redemption

(target coupon guarantee).

.\ max(0, K- YI_,C¢) fori=n
0 else

-

Remark 156 (Target Redemption Note Coupon): The rule that defines the coup@in
Definition 155 may vary and Definitiorl55is only the framework of the product. With a
coupon, e.g., like

Ci=K-a-L- (Ti+1 - Ti) fori > 1. (12.9)

the product is also callegariable maturity inverse floater (VMIFWe will consider structured
coupons in Sectioh2.2.6

7‘ Interpretation: The holder of aarget redemption noteeceives the coupon
0/ Ci as long as the sum of the coupons has readfiethe target coupon. If the
B J accumulated coupon exceeds the target coupyn, Cx >= K), then the dier-
ence between the target coupon and the notional is paid. After this no coupon

payments will be made. The structure is canceled if the target coupon has been reached. If the
target coupon has not been reached over the full life time of the product, therfiérente
between the target coupon and the notional is paid at maturity.

Thus, the target redemption note guarantees the payment of a cugrmhthe redemption
of the notional. What is uncertain is the time of payment and the maturity, and thus the yield
of the product. The yield of the product depends on when the condition

r
|
|
|
L

i i-1
>Cc=K and > Cc<K (12.10)
k=1 k=1

is fulfilled.

It is normal to have an above average initial cougan The life time of the product varies
betweenl, andT,, giving yields betweelK/T, andK/T,. An investor would buy this product
if he assumed that the conditiof.10 would be fulfilled early, such that the yield of the
product (is expected to be) above average.
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CHAPTER 12. EXOTIC DERIVATIVES

An example of a target redemption note, actualfieed in 2004, is
Ci=75%-2-1;- (Ti+1 - Ti) fori> 1.

Here the option holder profits from the product if the interest rategecline faster than ex-
pected (and thus the product will be redeemed early). <

12.2.6. Structured Coupons

In the previous definitions we have defined geictured bondDefinition 141), thestructured
swap(Definition 142), the Bermudan optiorfDefinition 150), theBermudan cancelabl@®ef-

inition 152) and theTarget Redemption Not@efinition 155 without specifying the coupons

Ci. We now refine our definitions by defining some of the most common structured coupons
Ci. In the respective definitions we only give the characteristic that describes the coupon. The
characteristics defined in the following exist for bonds and swaps and for Bermudan callable
and Bermudan cancelables alike. For example, we define a coupo@MfSaspreadprod-

uct and the name of the corresponding Bermudan callable swaB&sraudan callable CMS
spread swap

12.2.6.1. Capped, Floored, Inverse, Spread, CMS

Definition 157 (Capped Floater): B
A product as in Definitior141, 142 1500r 152with

Ci == min(L(Ti, Tiz1) + S, C)
is called aCapped FloaterHerec; denotes a constantgp). y

Definition 158 (Floored Floater): B
A product as in Definitiori41, 142, 1500r 152with

Ci := max(Ti, Tis1) + s, fi)
is called aFloored Floater Here f; denotes a constaritdor). Ny

Definition 159 (Inverse Floater): B
A product as in Definitior141, 142 1500r 152with

Ci = min(max(k; — L(Ti, Tis1), f)) . c)
is called arinverse Floater Heref; < ¢; (Floor, Cap) andk; are constants. a

Definition 160 (Capped CMS Floater): 7
A product as in Definitiori41, 142, 1500r 152with

Ci := min(Sijism + S, G),

wheres, ¢; denote constantSpread Cap) andS; j.m = S(Ti, . . ., Tizm) denotes a swap rate as
in Definition 122, is called aCapped CM® Floater. The rateS; ;,m is calledconstant maturity

10 cMs stands fo€onstant Maturity Swap.e. the maturity of the underlying swap relative to the swap star(—
T;) is constant. For simplicity we assume here that the tenor structure is equidistant.
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12.2. INTEREST RATE PRODUCTS PART 3: EXOTIC INTEREST RATE DERIVATIVES
swap rate (CMS)since the maturity relative to the period st@t is constant Tiym — T IS
constant, i.e. independentidf assuming an equidistant tenor structure. 4

Definition 161 (Inverse CMS Floater): T
A product as in Definitiori41, 142, 1500r 152with

Ci = min(max(ki — Sij+ms fi),Ci),

wherek;, fi, ¢, denote constantsSS(rike Floor, Cap) andS;;;m = S(Ti,..., Tism) denotes a
swap rate as in Definitioh22, is called arinverse CMS Floater J

Definition 162 (CMS Spread): T
A product as in Definitiori41, 142, 1500r 152 with

Ci = min(max(S},y, - S&.m, fi).G).

Ji+mp?
where f;, ¢ denote constantsFloor, Cap) and Sijsm, = S(Ti,...,Tism), Siji+m, =
S(Ti, ..., Tizm,) denotes a swap rate as in Definitib®2, is called aCMS Spread a

12.2.6.2. Range Accruals

Definition 163 (Range Accrual): 1
Lettix € [T, Tiz1) denote given observation points for the peridd Ti.1). Furthermore lekK;
and b! < bih denote given interest rates (constants). A product as in Defiriddn142, 150
or 152with

1< :
Ci=Ki-— Z Ly gy (Lt tik + ATistin)) i T,
nl k=l Lt}

is called aRange AccrualHereAT; := Ti;1 — T;. a

7‘ Interpretation: The interval [J!, bih] describes an interest rate corridor. It is
0 calculated how often the reference rafe t + AT;; t) stays within this corridor at
$ J‘ the timest; . The product pays the corresponding fractional amount of the rate
Ki at the end of the period.
Since the interest rate corridor may be chosen as a function of the pehegroduct makes
it possible to profit from a specific evolution of the rate. <

r
|
|
|
L

12.2.6.3. Path Dependent Coupons

Definition 164 (Snowball/ Memory): E
A product as in Definitiori41, 142, 1500r 152 with

Ci = min(max(Ci_1 + X, fi), c),

is calledSnowball whereX; is some coupon as in Definiticdt67-163 and f;, ¢; denote con-

stants Floor, Cap) andC;_; denotes the coupon of the previous periods Wigh= 0. J
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CHAPTER 12. EXOTIC DERIVATIVES

Example: A coupon
Ci = min(max(Ci_y + ki — L(T;, Tiz1). fi) . G)

is called arinverse floater memory

Definition 165 (Power Memory): B
With the notation from the previous Definitidro4 the coupon

Ci = min(max(aCi_1 + X, fi),ci),
is called aPower Memory(for @ # 1). 4

Remark 166 (Snowball, Path Dependency): The snowball is called a path-dependent
product, since its coupon depends on the previous coupon, i.e. on the history.

Definition 167 (Ratchet-Cap): B
TheRatchet Cappays inTj;1

Xi = N-max(L(Ti, Tis; Ti) = Ki, 0) - (Tisa — Ti)
for timesTy,..., Ty, where
K := min (Ki—l +R, L(Ti,Ti+1; Ti)) fori>1

andKy, Rdenote constantstfikeandRatche}, L(T;, Ti,1; T;) denote the forward rate (LIBOR)
andN denotes thaotional a

Remark 168 (Ratchet Cap): The ratchet cap has an automatic adjustment of the dike
Since the adjustment depends on past realizations, the ratchet cap is a path-dependent product.

12.2.6.4. Flexi Cap

Theflexi capcomes in two variants: As an auto cap with a simple (automatic) exercise criterion
and as an chooser cap with an assumed optimal exercise (like for the Bermudan). Both caps
have in common that the maximum number of exercises is limited.

Definition 169 (Auto Cap): E
Let nmaxex € N. An Auto Cappays inTj,1

If[{j: ] <iundXj> 0} < Nmaxex

X = N-max(L(Ti, Tis; T)) = Ki, 0) - (Tizs = T)
or else:

Xi:=0

for timesTy, ..., Ty, whereK; denotes thatrike rate,L(T;, Ti;1; T;) denotes the forward rate
(LIBOR) andN denotes theotional The auto cap pays in the same way as a nocaphs

long as the number of past (positive) payments is belgyyex. Ny
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12.2. INTEREST RATE PRODUCTS PART 3: EXOTIC INTEREST RATE DERIVATIVES

Definition 170 (Chooser-Cap): k
Let nmaxex € N. A Chooser Capays inTj;1

If |{j: ] <iandX;j > 0} < nmaxexand payment is chosen:

X = N-max(L(Ti, Tisa; T) = Ki, 0) - (Tize = Ti)
otherwise:

Xi:=0

for timesTy, ..., Tn, whereK; denotes thatrike rate,L(T;, Ti,1; T;) denotes the forward rate
(LIBOR) andN denotes thaotional a

Remark 171 (Auto Cap): The auto cap is a path-dependent product, since at a future time
the number of exercises allowed depends on the history. It is also a trigger product, since the
exercise is not optimal, but triggered by a simple trigger. The corresponding optimal exercise
is given by the chooser cap.

Remark 172 (Chooser Cap (Backward Algorithm)):  Since the option holder chooses to

exercise optimally, we have that the va mggEs’;P’T”)(To) of the chooser cap is given by

V(“Ex,Ti,Tn)(Ti) = max(X; + V(nEx*l,TH-l,Tn)(Ti)) i V(nEx,Ti+1,Tn)(Ti)),

Chooser Chooser Chooser
where
Xi := N-max(L(T;, Tiy1; Ti) = Ki, 0)- (Tiza — Ti)
and
Vhaoser (M) =0 VGeeaa(Ti) =0,

whereVé”ﬁ;;)Ts"eTr”)(Tk) denotes the value of a chooser cap with at mggexercises i, ..., Ty,

seen inT.

Remark 173 (Chooser Cap as Bermudan): A chooser cap witthmaxex = 1 exercises is a
Bermudan cap

12.2.7. Shout Options

Definition 174 (Shout Option): 1
Assume that a financial product pays an Underh&(tj) at timeT, i.e.t* is the fixing date and
T the payment date. The owner of the financial product helwat righton the underlying, if
the holder of the right can determine once at any timth T; <t < T, < T the fixing datet*
ast* :=t. The holder determines tshoutingthat the underlying should be fixed. y

Remark 175: While for an American option or a Bermudan option, e.g.S{f) — K, the

fixing date and the payment date are both determined upon exercisg(ti)e- K is paid in

t*, for a Shout option the fixing date is determined upon exercise, while the payment date stays
predefined.
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CHAPTER 12. EXOTIC DERIVATIVES

Theorem 176 (Value of a Shout Right)): A shout right on a convex function of a sub
martingale (under terminal measure) is worthless.

Proof: LetT denote the payment date 6(S(t)), wheret is fixed ast = t* by shouting. For
the chosen nuéraireN we assuméN(T) = 1 (terminal measure). Left be convex and a
sub-martingale unde@N. Then we have:

S(t) < ES(T2) | 71) (sub-martingale property)
f(S(M) < E(f(S(T2)) | F0) (Jensen’s inequality)
E(f(SM) | F1,) < E(f(S(T2)) | F71,) (tower law)
E(f’EIS(_(rt;) |TT0) < E(% |TTO) (terminal measure)

Thus, to maximize the value the option holder will always exercise the shout rightat,.
ol

12.3. Product Toolbox

The terms used in the previous section, ik&pped Inverse Ratchet etc., describe properties
of the paydr function. In practice the terms are used less strictly and the name of a prod-
uct corresponds to its mathematical definition only loosely. Here marketing aspects are more
important. Key product features are, nevertheless, indicated by the name of a product.

The following Tablel2.3 gives a rough idea of some of the most common terms used to
denote properties of the product or p&yfoinction.

7‘ Experiment: At http://www.christian-fries.de/finmath/

i applets/LMMPricing.html several interest rate products can be priced,

J‘ among them aancelable swap The model used is &IBOR Market Model
implemented in a Monte-Carlo simulation. <

customer information service of some investment banks otetime sheetsf the
products. They contain descriptions of the product and definitions of thefpayo
similar to the definitions in this chapter, as well as a short discussion of product

7‘ Further Reading:  An overview of exotic derivatives can be obtained from the
|
|

properties.
Zhang’s book, 43], presents some of the most important exotic options, in particular, exotic
equity options. <
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12.3. PRODUCT TOOLBOX

Attribute Product Property

Bond (aka. Note) Receive coupons. At maturity receive the notional.
See DefinitioriL41

Swap Exchange coupons (usually agaifietif).
See Definitionl42

Bermudan Option Receive an underlying at one of multiple exercise dates.
See Definitionl46

Bermudan Cancelable Cancel product (e.g. bond or swap) at one of multiple cancelation
dates. See Definitioh52

Target Redemption min(C; ,K — Y4 Cy) with cancelation and notional redemption fat
(12.10 (trigger). See Definitiorl55

Chooser Receive an underlying at some of multiple exercise dates.
See DefinitioriL 70

Attribute Paydt Function

LIBOR / Floater Ci=L(T.TuuT)

CMS Ci is swap rate with constant time to maturity
Capped min(C; — K, ¢)

Floored maxC; — K;, f;)

Inverse Ki =G

Spread ct-c?

Ratchet Ki =min(Ki_; + R, C))

Snowball C(Ti) = C(Ti-1) + Ki — Li(Ty)

Range Accrual Ki - & Ziea el (Lt o + ATi tig)

Table 12.3.: Product Toolbox: Common attributes and their representation in product property and
payqf function.
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Part IV.

Discretization of Stochastic
Differential Equations and
Numerical Valuation Methods
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Motivation and Overview - Part |V
In Chapterd we presented thBlack-Scholes Modebf a stockS and a riskless accout

dS(t) = 4F(O)S()dt + o (t)S(t)dW (1),
dB(t) = r(t)B(t)dt.

In Chapterl0 we presented the correspondiBtack Modelfor a forward interest ratk; =
L(T1, T2)

dL(t) = £F (O)L1()dt + o (DL (AW (), o(t) > 0.

Using these models we could derive analytic pricing formulas for the corresponding European
options. An obvious generalization of these models consists in modeling multiple stocks, e.g.

dSi(t) = uf SOt + Ti()Si()AW (1),
dB(t) = r(t)B(t)dt,

respectively a model for multiple forward rates, d.g= L(T;, Ti;1) for T < T, < ... with
e.g.

dLi(t) = @F@OLiOdt + oy @LEQAWE(D), o (t) > O. (12.11)

The model 12.1]) is called theLIBOR Market Model
Such models may then be used for the evaluation of complex derivatives, e.g. a spread op-
tion, where the payout depends on two or more forward rates. The pricing, i.e. the calculation
of the expectation @(%I%), whereN is a chosen nugéraire andQN is a corresponding
martingale measure, often requires a numerical method, e.g. a Monte-Carlo integration
ho~
EQN(EI%) ~ }Z M
N(T) N < N(T, w;)
for a samplingws, ..., w,. Here,V andN denote approximations &f and N respectively,
since the corresponding Monte-Carlo samples are generally generated for an approximating
model, namely a time-discrete model.

In Chapterl3 we start by examining the approximation of time-continuous stochastic pro-
cesses through time-discrete stochastic processes. We then consider the approximation of the
random variables by a Monte-Carlo simulation or a discretization of the state space.

These discretizations allow us to calculate (approximate) expectations and thus derivative
prices. It turns out that within the discrete set-up some calculations fiitli In a Monte-

Carlo simulation the calculation of a conditional expectation is non-trivial. A conditional ex-
pectation may be required in the pricing of Bermudan products, see Cliaptara discretiza-

tion of a state space the calculation of path-dependent quantities is non-trivial. Path dependent
quantities appear in path-dependent options, see Chipter

The treatment of complex models, like thEBOR Market Mode| will be given in Partv.
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CHAPTER 13

Discretization of time and state space

In this chapter we present methods for discretization and implementatio® stdthastic
processes. We give an integrated presentation of “path simulation” (Monte-Carlo simulation)
and “lattice methods” (e.g. trees). Finally, we show how both methods can be combined, see
Section13.4

Throughout our discussion of the discretization and implementation we will repeat some of
the terms from Chapte, e.g. pathp-algebra, filtration, process ad-adapted. Thus, this
chapter will also serve as an illustration of some of the mathematical concepts from Chapter

The discretization and implementation should not be seen as a minor additional step after
the mathematical analysis and it should not be under estimated. The discretization and imple-
mentation allow us a second look, possibly providing further insights into a mModel.

In Figure13.1we give an overview of the steps involved in the discretization and implemen-
tation of Itd processes.

13.1. Discretization of Time: The Euler and the
Milstein Scheme

As a first step we shall consider the discretization of time and present the Euler scheme and
Milstein scheme.

13.1.1. Definitions

Definition 177 (Euler Scheme): 1
Given an |6 process
dX(t) = u(t, X@®)dt + o(t, X(6))dW(t),

and a time discrqtizatio(ti |1 =0,....,nfwith0 = tg < ... < t,, then the time-discrete
stochastic process defined by

X(tire) = X(t) + pti, XW))AGL + o(ti, X(6)AW()

is called arEuler schemef the procesX (whereAt; := ti,1 —ti andAW(t) := W(ti,1) — W()).

|

1 Indeed, it is common in mathematics to prove analytical results as a limit of a numerical, i.e. discrete, procedure.
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CHAPTER 13. DISCRETIZATION OF TIME AND STATE SPACE

Discretization Implementation

Time-Continuous It6-Process

dX = p(r,X(¢))dr + o(t,X (¢))dW (1)

Discretization of Time
- Euler Scheme
- Milstein Scheme

\/
Time-Discrete It6-Process L Path Simulation
1 - Monte-Carlo Simulation
AX(T) = (T3, X (T}))AT; + o(T;, X (T;)) AW (T;) - Weighted Monte-Carlo
o
Forward Algorithm
Discretization of State Space
\4
Time-Discrete Ito-Process L Lattice
with discrete State Space 1 - Binomial Tree
AX(T}) = u(T;, X () AT; + o(T;, X (1)) AB(Ty) - Lattice
Backward Algorithm
A Lattice with Path Simulation

Backward & Forward Algorithm

Figure 13.1.: Discretization and Implementation of 1td Processes
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13.1. DISCRETIZATION OF TIME: THE EULER AND THE MILSTEIN SCHEME

7‘ Interpretation (Euler discretization): The Euler scheme derives from a
i simple integration rule. From the definition of thé firocess we have
|
J

— = = ="

tiz1 tiv1
X(t1) = X(t) + f At XO)dt + f ot X)) W(Y).

Obviously, the Euler scheme is given by the approximation of the integrals

Q

fiv1 fiv1
f u(t, X(O)ct f Ut XA = ult, XE)AL
ti ti

X

f s or(t, X(1))dw(t) f " o(t, X(G)AW() = o(ti, X(4))AW().
t b

<
The following Milstein scheme improves the approximation of the stochastic intﬁgi\m.

Definition 178 (Milstein Scheme): 1
Given an |6 process
dX(t) = u(t, X@®)dt + o(t, X(1))dW(t),

and a time discreNtizatiotti |i=0,....,nfwith0 =t; < ... < t,, then the time-discrete
stochastic process defined by

X(ti1) = X(6) + pt, XO)AG + o(t, X(t)AW(t)
1 ~ -
+ 50t X))o ’(ti, X(6))(AW(t)* — At)
is called aMilstein Schemef the procesX (whereAt; := tj,; —t andAW(t;) := W(ti 1) —W(t)
ando’ = %0'). a

Remark 179 (Milstein Scheme): The Milstein scheme gives an “improvement” onlyoif
depends orX.

Let us consider another discretization scheme:

Definition 180 (Euler Scheme with Predictor-Corrector Step): 1
Given an |6 process
dX(t) = u(t, X@®)dt + o(t, X(1))dW(t),

and a time discre}izatiotti |i=0,....nfwith0 =ty < ... < t,, then the time-discrete
stochastic process defined by

X(tis1) = X(t) + %(u(ti,i(ti))+u(ti+1,>?*(ti+l)))Ati + o(ti, X(t))AW(t)
with
X (tis1) = X(6) + p(ti, XO)AG + o(ti, X(6))AW(E)

is called arEuler Scheme with Predictor-Corrector Stefthe procesX (whereAt; ;= ti,1 -t

andAW(t;) := W(ti;1) — W(t)). a
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CHAPTER 13. DISCRETIZATION OF TIME AND STATE SPACE

W‘ Interpretation (Predictor-corrector scheme): The predictor-corrector

i scheme improves the integration of the drift tefrdt, not of the stochastic inte-

J‘ gral f dW. Instead of approximating the mtegrﬁl”u(t X(t))dt by a rectangular
ruley(t., X(t)) - At; the method aims to use a trapezoidal rule. With a trapezoidal

rule the mtegraf % p(t, X(t))dt would be approximated au(ti, X(t)) + p(tiv1, X(ti1)) - At;.

Since the reahzatlob((tHl) and thusu(ti, 1, X(ti;1)) is unknown, it is approximated by an Euler

stepX*(ti.1) (predictor step) and the trapezoidal rule is applied with this approximation. This

corresponds to correcting'(t,1) (correctorstep). We have:

K(tirn) = X" (tier) — pti, X(4)) - At + %(ﬂ(ti, X(4)) + u(ticg, X' (ti:1))) - At

S 1 S v 13.1
= R (62) + 502, K (02) = 6 X)) - AL (13-4
correction term
<
Tip (Implementation of the predictor-corrector scheme): Note that for

an implementation the Formulag.1) is more éficient than the two Euler steps in
the original Definition {80) of the scheme. The second Euler step is replaced by
_acorrection term applied t&* (t;,.1) and requires only the additional calculation
of u(ti 1, X*(ti+1))- <

The schemes presented give a time-discrete stochastic pisash thaiX(t;) is an approx-
imation of X(t;). An in-depth discussion of numerical methods of approximating stochastic
processes can be found 2].

r [
[ [
[ [
[ [
L J

13.1.2. Time-Discretization of a Lognormal Process

Consider the process
dX = p(t, X(£)X(t)dt + o (t) X(t)dW(t), (13.2)

where €, X) — u(t, X) andt — o (t) are given deterministic functions. With Lemm@we have

dlog(X) = (u(t, X(t)) - %o-z(t))dt + o () dW(D). (13.3)

in the following we discuss several possible time-discretizations of the prxcéddse discus-
sion is of special importance since tB&ack-Scholes modgtheBlack modeland theLIBOR
Market Modelare all of the form 13.2).

13.1.2.1. Discretization via Euler scheme
The Euler scheme for the stochastiffeliential equation1(3.2) is given by
X(tis1) = X(t) + p(ti, X)X (G)AG + o (t) X(6)AW(E).

The random variableX(t) generated by this schemeffer from the random variableX(t)
of the time-continuous process by a discretization exy — X(t). This discretization error
might be relatively large. Take for example the even simpler case of a vanishing ekif.
ThenX(t) is normal distributed, whilé(t;) is lognormal distributed. Note that can attain
negative values, whilX cannot (this follows from13.3).
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13.2. DISCRETIZATION OF PATHS (MONTE-CARLO SIMULATION)

13.1.2.2. Discretization via Milstein scheme

One way of reducing the discretization error is to use the Milstein scheme (Defihit)n
~ ~ ~ 1 ~
X(tii1) = X(6) + (u(ti X(6)) - 50(6)*)X(6)AS
~ 1 ~
+ o(b)X(E)AW(L) + 57 (t)2X () AW(E)>.

13.1.2.3. Discretization of the Log-Process

A much better discretization than the two previous schemes is given by the Euler discretization
of the 11 process of logX). The Euler scheme ofi8.3 is given by

log(X(ti+1)) = log(X(t)) + (u(ti, X(t;)) - %U'(ti)z)Ati + o (t)AW(L), (13.4)
and applying the exponential we have
R(t2) = K(6) - exp((u(t, X(6)) ~ 37IA + o (E)AWCL))

Using this scheme will give a lognormal random variaki{,).

13.1.2.4. Exact Discretization

For the special case wheredoes not depend oK, e.g. if X is a relative price under the
corresponding martingale measure and thus even drift-free, then we can take the exact solution
as a discretization scheme. We then have:

X(ts2) = X0 - xp(( - 30DA + AW(Y), (135)

1 tit1 1 tiv1
i :=A—ti ti u(r)dr, o= At ti o2(r)dr.

13.2. Discretization of Paths (Monte-Carlo Simulation)

where

Consider the time-discrete stochastic process
X(tiz1) = X&) + u(ti, X(E)AL + o (i, X(4)AW(L). (13.6)
This is an Euler scheme. The considerations below apply to any other discretization scheme.

Furthermore, we do not apply a tilde to the procEssince we are only considering the time-
discrete process, and so do not have to distinguish it from the original time-continuous process.
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CHAPTER 13. DISCRETIZATION OF TIME AND STATE SPACE

13.2.1. Monte-Carlo Simulation

The random variableSW(t;) of the respective time steps are mutually independent, see Defini-
tion 28. At every time stefy a random number is drawn according to the distribution\dft;),
(i.e. a vector of random numbersAWV(t;) is vector valued), which we denote BYV(t;, wj).
Then
X(tiv1, wj) = X(ti, wj) + pti, X4, w))At + or(ti, X(4i, ) AW, wj)

determines the processon a path, which we denote hy,. HereAW(t;, w;) and AW(ty, w)

(i # k) are independent random numbers, following the definition of the Brownian motion. If
we follow this rule to generate paths, ..., wn,., WhereAW(t, w;) and AW(t;, wi) (j # K)

are independent, then we say that the set

{X(ti,wk) [i=0,1,...,Nimes, K=0,1,.. .,npaths}

is aMonte-Carlo simulatiorof the procesX. The generation of random numbers is discussed
/e\ Wy

\X/: ws3

w3

Wy

T T T T T T
Tog Ty Tp Tg T4 Tp

Figure 13.2.: Monte-Carlo Simulation

in SectionA.2.
An approximation of the expectation of some functioof the X(t;)’s is then given by
npaths 1
E(F(X(to), - Xltned) | F) & D F(X(t0, @), - .- Xllngper 0)) - ——
=1 Mpaths

13.2.2. Weighted Monte-Carlo Simulation

A generalization of the procedure is to generate the random numb¥éfs, ;) not accord-
ing to the distributio/AW(t;), which means that all paths; are generated with non-uniform
npaths

weightsp; (21:1 p; = 1). In this case we call the simulatieveighted Monte-Carlo simula-
tion. For the expectation we have

Npaths

Ep(f(x(t0)7 Tt X(tnumes)) | 7__to) ~ Z p] f(x(th 6&)]), cee X(tnumes’ wJ))
j=1

To summarize, the Monte-Carlo simulation consists of the time-discrete pr&ice$3.9),
represented over a discrete probability sp&eef(, P), where

Q = {(,U]_, R wnpams} - Q! ? = 0’({0)]}“ = 19 ey npathga P({w] }) = p]
Lizensiert fuer <ayonbd2000@yahoo.com> (Muntasir Hasan) 166 Comments welcome.
This work is licensed under a ©2004, 2005, 2006, 2007 Christian Fries
Creative Commons License Version 1.4.18 [build 20070403]- 1st May 2007

httpy/creativecommons.oficensegby-nc-ngd2.5deed.en http://www.christian-fries.de/finmath/book


http://creativecommons.org/licenses/by-nc-nd/2.5/deed.en
http://creativecommons.org/licenses/by-nc-nd/2.5/deed.en
http://www.christian-fries.de/finmath/book

13.2. DISCRETIZATION OF PATHS (MONTE-CARLO SIMULATION)

13.2.3. Implementation

The Figuresl3.3 13.4show an example for an object-oriented design. The Figures follow the
Unified Modeling Languag@JML) 1.3, see P8].

The generation of a Monte-Carlo simulation of a lognormal process is realized through the
abstract base classtNormarProcess. The class defines abstract methods for initial condi-
tions, drift and volatility. A specific model has to be derived from this class and implement the
three methods. The abstract base claggNormaLProcess provides the implementation of the
discretization scheme, using the methods for initial conditions, drift and volatility.

The calculation of the Brownian increments, i.e. the random numbers, is given by an addi-
tional class: BowNIANMoTION.

LogNormalProcess

BrownianMotion

getProcessValue(timelndex, component)

getlnitialValue(component) getBrownianincrement(timelndex, path, factor)
getDrift(timelndex, component)
getFactorLoading(time, component, factor)

Figure 13.3.: UML Diagram: Monte-Carlo SimulationLognormal Process.

13.2.3.1. Example: Valuation of a Stock Option under the Black-Scholes Model
using Monte-Carlo Simulation

Consider the model from Sectidnthe Black-Scholes model: We have to simulate the process

ds(t) = r()S(t)dt + o (t)S(t)dWF (t) under the measur@" S(0)=So
together with the nugraire
dN(t) = r(t)N(t)dt N(©) =1,

which is not stochastic here. For this example we have tXset (X, Xp) = (S, N) in the
previous section. We choos@ndo constant and apply the Euler scheme to &)gfollowing
Section13.1.2.3

S(tia) = S() - exp((r ~ 50k + CAW(E) S(0) = So
N(ti+1) = N(t) - exp(rAt). N(0) = 1.

In this example the time discretization does not introduce an approximation error, because we
are in the special situation of Sectid.1.2.4 If wy,...,Npansare paths of a Monte-Carlo
simulation, then we have for the priteof a European option with maturity and strikeK

Npaths
1 pz] max(S(tx, a)j) -K,0)

paths =1 N (tk)

V(0) ~ N(O)-

We can extend the object-oriented design from FiglBe3 to derive the class Bk Sc-
HoLesMopeL from the abstract base classdNormaLProcess. The class Back ScHoLEsM obEL
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CHAPTER 13. DISCRETIZATION OF TIME AND STATE SPACE

implements the methods providing the initial value (returri@)), the drift (returning) and
the factor loading (returningy). In this context the factor loading is identical to the volatifity.
In addition the class implements a method that returns the correspondirggaiten

LogNormalProcess

BrownianMotion

getProcessValue(timelndex, component)

getlnitialValue(component) getBrownianincrement(timelndex, path, factor)

getDrift(timelndex, component)
getFactorLoading(time, component, factor)

BlackScholesModel

«interface»
MonteCarloStockProcessModel

getlnitialValue(component)
getDrift(timelndex, component)
getFactorLoading(time, component, factor)

getProcessValue(timelndex, componentindex)
getNumeraireValue(timelndex)

I 2

StockOption BermudanStockOption
maturiy exerciseDates
strike notionals
strikes
getPrice(monteCarloStockProcessModel) getPrice(monteCarloStockProcessModel)

Figure 13.4.: UML Diagram: Evaluation under a Black-Scholes Model via Monte-Carlo Simulation.
This class hierarchy is realized in the J&¥acode.

13.2.3.2. Separation of Product and Model

The evaluation of a derivative product, in our case a simple European option, is realized in its
own class SockOption. This class communicates not directly with theaBkScHoLEsM oDEL.
Instead it expects aimterface MonTeCarLoSTOCKPROCESSMODEL and the model implements
thisinterface

The interface MonteCarLOSTOCKPROCESSMODEL Means, that the stock model makes the
stock process and the nénaire available to the stock product as a Monte-Carlo simulation.
All corresponding Monte-Carlo evaluations of stock products expect this interface only. All
corresponding Monte-Carlo stock models implement this interface. This produces a separation
of product and model. The model used to evaluate the products may be exchanged for another,
as long as the interface is respected.

We will use this principle in the object-oriented design of the LIBOR Market Model, a
multi-dimensional interest rate model. There we will reuse the classesNgnMorion and
LogNorMaLPRrocEss, see Sectiod9.2

2 |n a multi-factor model the factor loading is given by the square root of the covariance matrix.
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13.2. DISCRETIZATION OF PATHS (MONTE-CARLO SIMULATION)

13.2.3.3. Model-Product Communication Protocol

In designing a Monte-Carlo simulation, one of the first steps is the design of the core data
objects representing the realizations of the stochastic process. These are the data objects that
are sent from the model to the product (via call to a method of the model). They define the
communication protocddetween model and product.

If we think of a more complex model, e.g. a model for a family of forward rates
{L(T;, Tiz) |1 =0,1,2,...,n -1}, as given by the.IBOR Market Mode| then the product
needs access to a whole family of stochastic processes to process it.

The question we would like to briefly address here is how this data should be stored and
in what order it is usually accessed and processed. Of course, the favored solution may vary
with the specific application, so we shall remain on a fairly general level. More specifically
we would like to consider the order in which data objects are aggregated. For example: is it
better to store a family of stochastic processes, each being a family of one-dimensional random
variables (parametrized by simulation time), each being a set of realizations on a path, i.e.

{{Xitj,w) | k=0,1,2,..}1]=0,1,2...}i=0,12..},

or would we rather store a family of sample paths (with path ifdeof a function oft; (with
time indexj) each being vector values (with component indexe.

Xt wd1i=012..11j=012..}1k=012,...} (13.7)

Examples of such data objects are a family of forward r&tes L(T;, Ti;1), €.9. as modeled
by aLIBOR Market Mode] or a set of stock price processgs for example as underlyings of
a basket.

One is tempted to believe that for a Monte-Carlo simulation the pathere totally inde-
pendent objects and thus that it would be reasonable to have thekimhethe top-most level
of aggregatiory parametrization, as is the case i8(7). Indeed, this would make it easy to
parallelize the processing since the algorithm could be called wfferdnt subsets of paths.
However, this is only possible for simple (say European) options.

The solution we recommend is to aggregate the data (from outer to inner objects) as a family
of random variables parametrized fpyeach random variable being a vector consisting of one-
dimensional random variables parametrized,ach one-dimensional random variable being
represented by a vector of evaluations on sample paths parametrikedeby

LT, Tt wd Tk=0,1,2,...}1i1=0,1,2,..}|j=0,1,2,...}.

In other words: We build our data object or array (from inner to outer) as follows:

Core Object: Random Variable  The core object is a one-dimensional random variable
evaluated on given sample paths,
Xk = X(wy),

defining a vector of realization$ := (x, ..., Xm)". There are two major reasons for using this
vector as a basic object:

e Product payfis are functions of the underlyings, i.e. functions operating on random
variables. This makes it possible to define the functions as functions acting on vectors
(vector arithmetic), which greatly increases the readability of the code. Loops over the

Lizensiert fuer <ayonbd2000@yahoo.com> (Muntasir Hasan) 169 Comments welcome.
This work is licensed under a ©2004, 2005, 2006, 2007 Christian Fries
Creative Commons License Version 1.4.18 [build 20070403]- 1st May 2007
httpy/creativecommons.oficensegby-nc-nd2.5deed.en http://www.christian-fries.de/finmath/book


http://creativecommons.org/licenses/by-nc-nd/2.5/deed.en
http://creativecommons.org/licenses/by-nc-nd/2.5/deed.en
http://www.christian-fries.de/finmath/book

CHAPTER 13. DISCRETIZATION OF TIME AND STATE SPACE

paths are hidden inside the methods acting on the random variable objects. For example,
the paydf of an option max$r — X, 0) would appear as such in the code while the
pathwise evaluation is hidden in the implementation of the max-function.

e For Bermudan options itis necessary to calculate conditional expectations. To do so, one
needs access to the realizations on other paths, e.g. when using the regression method
(see Sectioi5.10.). To some extent, the pricing of Bermudan options breaks the naive
parallelization of pricings through subsets of sample paths. See the discussion of the
foresight bias in Sectioh5.9

Aggregation 1: Vector of Random Variables of same Simulation Time When
simulating multiple stochastic processes, like for example a basket of underlyings or a family
of forward rates, access to the whole family for a fixed simulation timaormally required.

So on the next aggregation level the basic object thus is a vector of random variables sharing
the same measurability property,

Xi whereX; is ¥y measurable.

This makes sense since we often build a new stochastic process by defining itsaione as
a function of the time value of other stochastic processes. We give two examples:

e Attimet, the value of a basket of stocks is the sum of the underlyigs

e Attimetthe swap rate is a function of forward ratgt).

Aggregation 2: Time-discrete Stochastic Process Aggregating these vectors of ran-
dom variables over all simulation times is finally the complete description of the Monte-Carlo
simulation.

Storage, Access and Processing To summarize, we say that for most applications the
storage should be allocated as a three dimensional array

T 1
| double [I00 process;

where
\ \

| double [] randomVariable = process[simulationTimelndex][stochasticProcessindex]; |
L |

results in a reference (!) to a vector containing the sample paths of a random viiigéple

If basic functionalities are implemented as methods acting on random variables, then we may
work directly with this reference. It may be convenient to define this as a class, eventually
endowing it with additional information, e.qg.

class RandomVariable {
double time; /I Corresponding filtration time in the context of stochastic processes.
double [] realizations;

}

Remark 181 (Counter Example): There are applications where other storage layouts are
advantageous. Path-dependent products such as Asian or lookback options, usually require to
apply a function to a path (parametrized ). In such cases it may be convenient to work

with (13.7).
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13.2. DISCRETIZATION OF PATHS (MONTE-CARLO SIMULATION)

Remark 182 (Performance and Readability of the Code): The storage layout has an im-

pact on the performance. Usually a large number of paths (10000-100000) for a few stochastic
processes (1-100) given at a modest number of time discretization points (50-500) are consid-
ered. Therefore, it is sensible to use the random variable as the core object so that one needs
to allocate only a few objects containing large continuous blocks of memory (which is more
efficient than doing it vice versa) and one can optimize core methods which iteraté often.

Last but not least, the entire mathematical theory is built on random variables as the central
modeling entity. Thus, using random variables as core objects will improve the readability of
the code. Whenever code is developed as a collabordtve,ehis should be considered as a
top priority.

13.2.4. Review

Through the Monte-Carlo simulation we can evaluate simple and pure path-dependent prod-
ucts. The Monte-Carlo evaluation of derivatives where an expectation has to be calculated that
is conditional to a future timg is non-trivial, e.g.

E(X(t) 1)

fortj > t; > to.* Why this is non-trivial becomes apparent when we consider the filtration:

In a path simulation in general no two paths will have a common past. The reason is that the
number of possible stateqt;) is much higher than the number of paths that are simulated. If
no two paths have a common past, then we have the following filtration

7y

F forall ti > tg and
Q.

The calculation of a condition expectation in a Monte-Carlo simulation is not straight forward,
since no suitable time discretization of the filtratip of X is given® The filtration of the
Monte-Carlo simulation depicted in Figut8.2is given by

Fro = (0,02}
?ih = o({{w:
Fro = o(l{wi), (w2}, (wa), {wa))
o = o({{ws

Fro = (

For the path simulation depicted in Figut8.5 the filtrations are not all the same. The

3 Consideration of a largsingle (one-dimensional) array and working on it might be the m@stient implemen-
tation, but it will make it dificult to comply with basic principles of object-oriented design (like data hiding) and
will most likely make the code dicult to maintain and extend.

4 Such a conditional expectation would be necessary for the evaluation of a Bermudan option.

5n Section15 we will present special methods for the evaluation of conditional expectation in a Monte-Carlo
simulation.
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CHAPTER 13. DISCRETIZATION OF TIME AND STATE SPACE

Figure 13.5.: Monte-Carlo Simulation

filtration is given by

Fro = 10,9

Fio = o({{w, w2}, (wa), (wa, ws, w)})

Fro = ({{wi), {w2), (w3}, (wal, (ws, we)})
Fro = o({{wi), (w2}, {ws), {wal, {ws), {we})).

To achieve a time-discretization of the filtration, we restrict the possible valuésmoéach
simulation time step. We thus assume a discretization of state space.

13.3. Discretization of State Space

13.3.1. Definitions

Instead of the time-discrete process
X(tiva) = X(t) + p(ti, X(6)AL + o (6, X(4)AW()
we will consider the time-discrete process

X(tiv1) = X(t) + pu(ti, X(6)) At + o (ti, X(t))AB(t;), (13.8)

where the incrementsB(t;) are random variables that take only a finite number of values and
are mutually independent. According to Theorg@@we can choose th&B(t;) such that in the
limit At; — O we recover a Brownian motion, i.e. f8rwe recover the original time-continuous
process.
Using the incrementaB(t;) the processX from (13.8 can take only a finite number of
values too _
X(t) € {thi [j=0,....,n; 1 =0,...,Nimeg}

We denote this set adattice. Let
{pijl’j2 [j1=0,....n; j2=0,....N41; 1 =0,..., Nimes— 1},

denote the transition probabilities of theB(t;)’s i.e. pi"l’j2 = P(X(tiy1) = xt"il|X(ti) = xtjll).
Depending on the probability distribution assumed for ARt;), the matrix of transitional
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13.3. DISCRETIZATION OF STATE SPACE

Figure 13.6.: Lattice

probabilities(pi“”z)jl’j2 from t; to t;,; is sparse. For a binomial tree, i.e. binomial distributed
AB(t;)’s, in each row only two entries are non zero.

In the given situation of a discretized state space, it is far mffreient to store transition
probabilities than to simulate all possible paths. For example the lattice in Eigusexhibits
9 states at each of the 4 time steps. In this lattice there ekist@561 paths, however there
are only 9+ 3- 9% = 252 transition probabilities. The amount of memory needed to store all
paths grows exponentially with time, whereas the amount of memory needed to store all states
and transition probabilities shows only linear growth over time.

If we use binomial distributed incrememi8(t;), then we obtain a binomial tree. Figut8.8
shows the paths that can be distinguished in the binomial tree depicted in E&jdré&or the

A A

X7a wl X7A (,l)l
X6 X6 w5
X5 W2, W3, Wy X5 w3
X4 X4 4
X3+ W5, We, W7 X3+ "
X5 X2 wg
X1 Wg X1 wg

T T T T | T T T T |

To T, Ty T3 Ty To Ty Ty Ty Ty
Figure 13.7.: Binomial tree Figure 13.8.: Paths of the binomial tree

binomial tree the filtration is no longer trivial. It exhibits a hierarchy of refinements. For the
binomial tree in Figurd 3.7the filtration is given by

Fro = {0,Q}

Fu. = oc({{lw1, w2, w3, ws}, {wa, we, W7, Ws}})

Tt = 0({{w1, w2}, {w3, ws}, {wa, we}, {w7, we}})

Fts = o({{wi), {w2}, {ws}, {wa}, {ws}, {we}, {w7}, {ws}}),

i.e. in addition we have a suitable time-discretization of the filtration. This allows for a calcu-
lation of conditional expectations.
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CHAPTER 13. DISCRETIZATION OF TIME AND STATE SPACE

13.3.2. Backward-Algorithm

Given alattice we may calculate the conditional expectation of a funcfiasf X(t,1), condi-
tion to X(t;) = x* as

r.lti-v»l

EF(F(X(t)) LX(6) = ) = > plol - £(2).

j2=1

A step by step application finally gives the expectati6ffEX(ti,1)) | {X(to) = X{,}). Assuming
thatX(tp) = const = xtlo i.e. that the lattice has a single stategirthis corresponds to

E7(f(X(ti+1)) | 7 (to))-

This procedure is calleBackward AlgorithmIf we consider the case of a né@naireN and
a derivative product given at timet;,; as a function of the stateqt;.1), then we find

V(i ) Z o Vi x?)
—_— : i  c—_—

Nt.) 2 Nt x?)

Thus, financial products which are functions of the statég, are evaluated in a lattice by
storing the nuréraire-relative prices at the nodxq%1 and calculating thé\-relative value in

nodextji1 via (13.9. The transition {3.9 is also calledollback

(13.9)

13.3.3. Review
13.3.3.1. Path Dependencies

If a lattice with statesq and transition probabilitieg/”* is set up, we are able to calculate
(certain) conditional expectations. However it is non-trivial to calculate path-dependent prod-
ucts, i.e. financial products that not only depend on the current state of the underlying, but
also on the history (the paths). Thackward algorithncarries information from the future
backward in time but cannot consider information from the past. In contrast the Monte-Carlo
simulation is &orward algorithmthat carries information forward in time.

13.3.3.2. Course of Dimension

A further problem of lattices becomes apparent for vector values proc¥s3ése number of
possible transitions (and thus the amount of transition probabilities that must be stored) grows
exponentially with the dimension of the vectérand already for dimensions like 3 or higher

the numerical calculation of the rollback3.9) is critical with respect to the resources required
(CPU time and memaory).

13.4. Path Simulation through a Lattice : Two Layers

To calculate a path-dependent product in a lattice we may create a Monte-Carlo simulation
according to the state-discretized procdss . This may be depicted as a “Monte-Carlo sim-
ulation through a lattice” or a second Monte-Carlo layer laid over the lattice. See Hig\@e

Lizensiert fuer <ayonbd2000@yahoo.com> (Muntasir Hasan) 174 Comments welcome.
This work is licensed under a ©2004, 2005, 2006, 2007 Christian Fries
Creative Commons License Version 1.4.18 [build 20070403]- 1st May 2007

httpy/creativecommons.oficensegby-nc-ngd2.5deed.en http://www.christian-fries.de/finmath/book


http://creativecommons.org/licenses/by-nc-nd/2.5/deed.en
http://creativecommons.org/licenses/by-nc-nd/2.5/deed.en
http://www.christian-fries.de/finmath/book

13.4. PATH SIMULATION THROUGH A LATTICE: TWO LAYERS

A\

Figure 13.9.: Lattice with overlaid Monte-Carlo Simulation

Further Reading:  An in-depth discussion of numerical methods to approxi-
mate stochastic processes is to be foun@ii.[ <
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CHAPTER 13. DISCRETIZATION OF TIME AND STATE SPACE
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CHAPTER 14

Numerical Methods for Partial
Differential Equations

The Feynman-Ké Theorencreates the link to partial flerential equations. The calculation
of an expectation, i.e. the pricing of a derivative, becomes equivalent to the solution of the PDE

d
— + > ui(t, x) + Yt X)s—— = 0 auf | x Q
= .Z 8x 6x,

uT,) = ¢() onRY.

Endowed with thericing PDEwe can apply the proven numerical methods for the solution of
partial diferential equations, likBnite diferencesandfinite elementsin the context of PDEs,
the binomial or trinomial tree is just a special variant of a finit@edence method (namely an
explicit Euler scheme). On the other hand, PDE implementations are just special version of
lattices.

The field of numerical methods for partialfidirential equations is huge. In this book we
focus more on Monte-Carlo methods, which, to some extent, have a much broader range of
application. Here is a brief reference to some literature.

Further Reading:  Numerical methods for partial érential equations in the
context of mathematical finance may be found iin@er & Jingel [L7], Seydel
[32], Wilmott [40]. A discussion of the implementation of the Cheyette model’'s

PDE is given in 80]. <
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CHAPTER 14. NUMERICAL METHODS FOR PARTIAL DIFFERENTIAL EQUATIONS
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CHAPTER 15

Pricing Bermudan Options in a
Monte-Carlo Simulation

15.1. Introduction

Let us first consider the simple case of a Bermudan optgn(T1, T2) with two exercise
dates only: The option holder has the right to receive an underWin@q. in T, or wait and
retain the right to either receive an underlyMgger2 in T, Or receive nothing. Put fierently,

the option holder has the choice of receiving the underlying vellug.r1(T1) or the value of

an optionVoption(T1) 0N Vunden2(T2). The Bermudan may be interpreted as an option on an
option. InT; the optimal exercise is given by choosing the maximum value

max(vunder(Tl), Voption(Tl)): (15- 1)
where (having chosen a n@maireN)

Voption(TZ)

W | 7:Tl)

max®underi2(T2), 0)
N(T2)

Voption(T1) = N(T1)EZ'(

= N(T1)EY(

| F1.). (15.2)

is the value of the option with exerciseTa, evaluated ifT;.

Thus, to evaluate the exercise criterid (]) it is necessary to calculate a conditional expec-
tation. The calculation of a conditional expectation within a Monte-Carlo simulation is a non
trivial problem. The two main issues acemplexityandforesight biaswhich we will illus-
trate in Sectiorl5.5and15.6 In the following section we will present methods tifigently
estimate conditional expectations amdthe Bermudan exercise criterion within Monte-Carlo
simulation. The application to the pricing of Bermudan options is exemplary.The methods
presented are not limited to Bermudan option pricing.

15.2. Bermudan Options: Notation

,,,,,

.....
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CHAPTER 15. PRICING BERMUDAN OPTIONS IN A MONTE-CARLO SIMULATION

exercise exercise

date date
(Hold) 0o —
Underlying — Underlying —
| T T >
To T, T,

Figure 15.1.: A simple Bermudan option with two exercise dates.

Bermudan option is the right to receive at one and only one Timbe corresponding under-
Iying Vungerii (With i = 1,. .., n) or receive nothing.

At each exercise dafg, the optimal strategy compares the value of the product upon ex-
ercise with the value of the product upon non-exercise and chooses the larger one. Thus the
value of the Bermudan is given recursively

Vberm(Ti, cees Tn; Ti) = max( Vberm(Ti+17 cees Tn; Ti) 5 Vunderli(Ti) )1 (15-3)
N————
Bermudan with Bermudan with Product
exercise dates exercise dates received upon
Ti,....Tn Tis1,.... T exercise ir;

whereVperm(Tn; Tn) := 0 andVyngeni (Ti) denotes the value of the underlyiNghgeri at exercise
dateT;.

15.2.1. Bermudan Callable

The most common Bermudan option is the Bermudan Caflatfer a Bermudan Callable
the underlyings consist of periodic paymed§sand difer only by the start of the periodic
payments. The value of the underlying then becomes

n-1
N Xk
Vunderti (Ti) = Vunder(Tis - - -» Tn; Ti) = N(T;)E? E Fr
underll( |) underl( i n |) ( |) [kZi N(Tk+1)| T.]

HereXy denotes a payment fixed i (i.e. 1, measurable) and paid Tx.;. This is the usual
setup for interest rate Bermudan Callables. Other payment dates are a minor modification, they
simply change the time argument of the renaire. For the value upon non exercise we have
as before

Voerm(Tis1s - - «» Tns Tis1)
N(Ti+1)

Voerm(Tiets - - Tny Ti) = N(THEL ( |7:T)-

If the value of the underlying cannot be expressed by means of an analytical famaula
conditional expectations have to be evaluated to calculate the exercise stidtedyy (

1 See Remarit540n the naming@ermudan Callable
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15.3. BERMUDAN OPTION AS OPTIMAL EXERCISE PROBLEM

15.2.2. Relative Prices

Since the conditional expectation of a nairaire relative price is a nugnaire relative price
the presentation will be simplified by considering the auaire relative quantities. We will
therefore define:

Vunderi(T}) Voerm(Ti, .., Ty Tj)

vunderli(Tj) = and \7bermi (Tj) =

N(T)) N(T)) '
thus we have
\7bermn =0,
\7bermi+1(Ti) = EQN (\7bermi+1(Ti+1) | 7:Ti)'
Vbermi(Ti) = maX(Vbermi+1(Ti) s Vunderli(Ti))y
and in the case of a Bermudan callable
N n-1 X
Y, (T.) = eQ v _ K (Tinq) = I
Vunderi(Tj) = E (Z Xi(Twsa) | F7;)  where Xi(Tii1) N(Tia)

k=i
The relative prices are marked by a tilde.

Remark 183 (Notation): The processes— Vynderi(t) andt - Vpermi(t) are#; conditional
expectations of/undem (D) and\7bermi (T;) respectively and thus martingales by definition. The
time-discrete processes- Vunder“(Ti), i \7bermi (T;) consist of diferent products at fferent
times and are thus not normally time-discrete martingales.

15.3. Bermudan Option as Optimal Exercise Problem

A Bermudan option consists of the right to receive one (and only one) of the underlyings
Vunderli &t the corresponding exercise ddte The recursive definition16.3 represents the
optimal exercise strategy in each exercise time. We formalize this optimal exercise strategy:

For a given patlw € Q let
T(w) := min{T; : Voermi+1(Ti» w) < Vunderi (Ti, w)},

and
. N ! if Ti > T(w)
n:{l,...,n=1}xQ —{0,1}, n(l,w).—{ 0 else.
The definitions ofT andn give equivalent descriptions of the exercise stratébfw) is the
optimal exercise time on a given pathn(-, w) is an indicator function which changes from 0
to 1 at the time index corresponding td; = T(w). The boundary{n = 1} of the set{n = 1}
is termed the exercise boundary. It should be notedrithdis F+, measurable.
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CHAPTER 15. PRICING BERMUDAN OPTIONS IN A MONTE-CARLO SIMULATION

15.3.1. Bermudan Option Value as single (unconditioned)
Expectation: The Optimal Exercise Value

With the definition of the optimal exercise stratefyor n) it is possible to define a random
variable which allows the Bermudan option value to be expressed as a single (unconditioned)
expectation. With B B

U(Ti) = Vunderli(Ti) i=1...,n

denoting the relative price of thieth underlying upon its exercise daig we have for the
Bermudan value

\7berm(TO) = EQ(U (T) | 7'_T0)-
For the Bermudan Callable we may alternatively write

n-1

Vherr(To) = EX( >~ Ri(Tien) - n(K) | F1,)-
k=1

The random variablél (T) can be calculated directly using thackward algorithm We will
look at this in the next section and conclude by givih@l') a name:

Definition 184 (Option Value upon Optimal Exercise): B
Let U be the stochastic process whose timelueU (t) is the (nunéraire relative) option value
received upon exercise inLet T be the optimal exercise strategy. The random varialfie),
where .

U(M[w] := U(T(w), w)

is the (nunéraire relativelpption value received upon optimal exerci§éne (nunéraire rela-
tive) Bermudan option value is given by*&J(T) | Fr,). a

Thus the value oWpem(T1, ..., Tn) can be expressed through a single expectation condi-
tioned toTy and does not need an expectation conditional to a later time to be calcifiated,
have the optimal exercise daléw) (and thus;(-, w)) for any pathw.

Remark 185 (Stopped Process): The random variablé&)(T) is termed astopped process

U is a stochastic process aifidis a random variable with the interpretation of a (stochastic)
time. Furthermordl is a stopping-time, see Definitiat®7. Here the stochastic proces

is the family of underlyings received upon exercise, parametrized by exercise time,iand
the optimal exercise time. Thu$(T) is the underlying received upon optimal exercise. All
quantities are stochastic.

15.4. Bermudan Option Pricing - The Backward
Algorithm

The random variablél (T) can be derived in a Monte-Carlo simulation through the backward
algorithm, giventhe exercise criterionl6.3, i.e. the conditional expectation. The algorithm
consists of the application of the recursive definition of the Bermudan valuisif) with a
slight modification. Let:
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15.5. RE-SIMULATION

Induction start:

Un1=0

Inductionstep i+1—ifori=n,...,L

g - |9 if Vunderi(Ti) < EX(Ual77)
I Vunderli (T|) 8|Se.

From theTower Law? E2(U;,1|77,) = E2(Vbermi+1(Ti)I77,) by induction and thus
Voerm(T. - . Tn. To) = EX(U1|F7,) (15.4)

andU; = U(T) with the notation from the previous section.

‘r - 7‘ Interpretation:  The recursive definition dfi; differs from the recursive defi-
| N i nition of Vpermi(T;). We have
9 ~ . -
G = Ui if Vunderti (Ti) < E¥(Uj;alF7)
' | Vandeni (Ti)  else,
and
Fnermi (1) = E2(Voermisa(Tis)l77) i Vundeni (Ti) < E2(Uial#)
ermi 1) — ~
" Vunderti (Ti) else.

There is a subtle but crucial filerence. While both definitions give the Bermudan option
value (through application ofl6.4)), the definition ofJ; requires the conditional expectation
operator only to calculate the exercise criterion.

Since a Monte-Carlo simulation requires advanced methods to obtain an (often not very
accurate) estimate for the conditional expectation it is important to reduce their use.

Note thatVpemi(T;) is 7, measurable by definition asfa, conditional expectation, while
all U; are at mos¥ T, measurable since they are defined pathwise ffgrmeasurable random
variablesVyngerk(Ty) fori < k < n. 4|

The pricing of a Bermudan option may thus be reduced to either the calculation of condi-
tional expectations or to the calculation of the optimal exercise strategy

As a motivation, in Section45.5 and 15.6 we will look at two methods which are not
suitable for calculating conditional expectations.

15.5. Re-simulation

Let us consider the simplified example of a Bermudan option as given in Sd&ianlf no
analytical calculation of the conditional expectatids @) is possible and if Monte-Carlo is the
numerical tool for calculating expectations the straightforward way to calculate the conditional
expectation is to create i, a new Monte-Carlo simulation (conditioned) on each path - see
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CHAPTER 15. PRICING BERMUDAN OPTIONS IN A MONTE-CARLO SIMULATION

W(t,w) A

Figure 15.2.: Brute-force calculation of the conditional expectation by (path-wise) re-simulation.

Figure15.2 This leads to a much higher number of total simulation paths needed. If one
considers more than one exercise date (option on option on option...) this method becomes
particularly impractical. The required number of paths, i.e. the complexity of the algorithm
and thus the calculation time, grows exponentially with the number of exercise dates. This
creates the need foffizient alternatives.

N 7‘ Interpretation: The calculation of conditional expectation in a path simula-
| N i tion requires further measures since the path simulation doedtieoteosuitable
|
J

‘L 8 discretization of the filtration. <

15.6. Perfect Foresight

If one refuses to use a full resimulation and sticks to the paths generated in the original simu-
lation then one fectively estimates the conditional expectation by a single path, namely by

V(T2)
= ( N(T) | ﬁ)

L V()
N(T2)

Basically, this is a limit-case of the resimulation where each resimulation consists of a single
path only, namely the one of the original simulation. If this estimate is used in the exercise
criterion the exercise will bsuper optimakince it is based on future information that would

be unknown otherwise.

The exercise criterion at tinie; may only depend on information availableTp, i.e. on¥+,
measurable random variables. The estin & is not ¥1, measurable.

For an illustration of the super-optimality, consider the simulation consisting of two paths,
see Figurel5.3 Both paths are identical on [04], i.e. 1, = {0,Q} = {0, {w1, w2}}. We
consider the optiotV to receive eitheiS(T;) = 2 at timeT; or S(Ty) € {1,4} at a later
time T,. The random variablg : Q — {0, 1} denotes the exercise strategy for. It is 1
on paths that exercise ify, otherwise 0. Withperfect foresighthe super optimal exercise
strategy isT(w1) = To, T(w2) = Ty, i.e.n(wy) = 0, n(wz) = 1 and an average value of

2 See Exercis@.
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15.7. CONDITIONAL EXPECTATION AS FUNCTIONAL DEPENDENCE

Pw,}) = 0.5
Pw,}) = 0.5

S(t,w)

Figure 15.3.: lllustration of perfect foresight.

V(To) = %(4+ 2) = g will be received. Note that thepis not¥+, measurable. The exercise
decision is made i, with knowledge of the future outcome. If we restrict the exercise
strategy to the set oft, measurable random variables we eithergéu 1) = g usingn =0
or %(2 +2)= % usingn = 1. Thus the optimalft, measurable (and thus admissible) exercise
strategy is7(w1) = n(w>2) = 0.

Perfect foresights not a suitable method for estimating conditional expectation and calcu-
lating the exercise criterion.

15.7. Conditional Expectation as Functional
Dependence

Let us reconsider the calculation of the conditional expectation through brute-force re-
simulation as described in Sectid®.5 and depicted in Figuré5.2 On each path of the
original simulation a re-simulation has to be created. These re-simulatifiasiditheir ini-

tial conditions (e.g. the valu8(T;) in a simulation of a stock price following a Black-Scholes
Model, or the values;(T,) in a simulation of forward rates following a LIBOR Market Model).
The initial conditions ar&+, measurable random variables (known a3 gf Thus the condi-
tional expectation is a function of these initial conditions (and possibly other model parameters
known inT,). If it is known that the conditional expectation is a function ofa measurable
random variabl& (we assume here that: Q — RY with somed) we have

N (V(T2) _ v (V(T2)
= (N(Tz) |ﬁ)_ = (N(Tz) |z). (15.5)

‘F ~—~ 7‘ Interpretation: If the random variabl& is such thatfr, is the smallestr
B A field with respect to whic is measurable (i.e. we haze*(B(R%) = ¥7,), then
equation 5.5 is merely the definition of an expectation conditioned on a random
S - B t 5 ly the definit f tat ditioned d
L J . " . . T
variable. If, however, the conditional expectation on the left hand sid ¥ )
is known to be measurable with respect to a smatléeld (e.g. because its functional depends
on a smaller set of random variables), then it might be advantageous to use the right hand side
representation. This representation is also useful for deriving an approximation, e.qg. if the
functional dependence with respect to one componerzt &f known to be weak and thus

neglectable.
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CHAPTER 15. PRICING BERMUDAN OPTIONS IN A MONTE-CARLO SIMULATION

~ Continuation versus Exercise Value (pathwise)
V(T,) 2,5 1

2,2 1 ~
2o (Zw), Ty )

1,8 - Each dot rep_resents a pair . E(G(TZ) 1Z) = f(©2)
of the predictor and the . .
realized value.

1,5 1
1,2
1,0
0,8
0,5
0,2 1
0,0
-0,2 1

~N

. u(r)
* .. (the valug of the underlying)

Realized Option Value upon Hold

-02 - O/ 949/ 0,1 0,2 0,3 0,4 0,5 0,6 0,7 0,8 097
Exercise boundary Predictor Value upon Exercise

given by the intersection
of the two curves

Figure 15.4.: Predictor variable versus realized value (conti~nuation value): A diagram showing the
path value of the predictor variable(2;) and the path value oV (T,; w;) = ﬁﬁ%?},i The conditional
expectation is a function of Z dividing the cloud of dots.

Example: Consider a LIBOR Market Model with stochastic processes for the forward rates
L1, Lo,... Lo In Ty we wish to calculate the conditional expectation of a derivative with a
nunméraire relative payfd that depends oh,, ..., Lk only (e.g. on a swap rate). While the fil-
tration¥, is generated by the full set of forward ralegT1), Lo(T1), ... La(T1) it is sufficient

to know Lp(T1), ..., Lk(T1) to describe the conditional expectation (i.e. the conditional value
of the product). N

We will now describe methods that derive the functional dependance of the conditional
expectation from a given set of random variables.

15.8. Binning

In a path simulation the approximation of (E% | Z) will be given by averaging all paths

for which Z attains the same value. For the simple example in FigGr8this would remove
the perfect foresighsinceS(T1)"(2) = Q. In general the situation will be such that there are
no two or more paths for which attains the same value - apart from the construction of the
unfeasible re-simulation. Thus this approximation will show a perfect foresight.

An improvement is given by Binningmethod, where the averaging will be done over those
paths for whichz lies in a neighborhoodofn). If the quantities are continuous we have:

V(T2) V(T2)
Q¥Yif2) ~ EQYA12)
%Ry 12) 1ol ~ E° (075 12 < Ua(zten)
whereU(Z(w)) = {y | IZ(w) - YII < €}.
Instead of defining a bibl.(Z(w)) for each pathw it is more dficient to start with a partition
of Z(Q) into a finite set of disjoint bin&J; c Z(Q2). The approximation of the conditional
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15.8. BINNING

expectation
V(T2)
Q
=N 12)
will then be given by
V(T2)
._ EQ _
Hi .=E (N(Tz) | Z € U,)

whereU; denotes the set with(w) € U;.

—_
3
=

W

Figure 15.5.: Calculation of the conditional expectation by binning: Neighbouring paths, i.e. paths
which belong to the same bin, are bundled. The bins are defined by meangef4easurable predic-
tor variable Z. The figure shows the special case W/(T,).

Example: Pricing of a simple Bermudan Option on a Stock

We illustrate the method in a simpRBlack-Scholes moddbr a stockS. In T; we wish to
evaluate the option of receivifg, - (S(T1) — K1) in T; or receivingN, - max(S(T,) — K», 0) at
later timeT, (whereN;, N, (notional),K;, K, (strike) are given). The optimal exerciseTin
compares the exercise value with the value offtheption, i.e.

£Q ( Nz - max(S(T2) — K»,0)
N(T2)

| F1. |-

From the model specification, e.g. herBlack-Scholes model
dS(t) = r - S(t)dt + oS(t)dW(t), N(t) = exp(t)

it is obvious that the price of th€, option seen ifT; is a given functiorS(T;) and the given
model parameters (o). Thus it is sificient to calculate

Nz - maxS(T2) - Ky, 0)

Q
. N(T2)

| S(Tl))-

In this example the functional dependence is known analytically. It is given by the Black-
Scholes formula4.3). Nevertheless we use the binning to calculate an approximation to the
conditional expectation. If we plot

N, - max(S(Tz, U.)i) - Ko, 0)

as a function of S(Ty, wi)

N(T2)
——
Continuation Value Underlying
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CHAPTER 15. PRICING BERMUDAN OPTIONS IN A MONTE-CARLO SIMULATION

we obtain the scatter plot in Figulé.g left. For a giver5(T;) none or very few values of the
continuation valuegxist. An estimate is not possible or else exhibits a foresight bias. For an
interval [S; — €, S + €] with sufficiently largee we have enough values to estimate

0 ( Nz - max(S(T2) — Kz,0)
N(T2)

|S(T1) €[S1—-€S + 6])

which in turn may be used as an estimate of

£Q ( N - max(S(T2) — Kz,0)
N(T2)

| S(Ty) = sl).

In Figure15.6 right, we calculate this estimate f8f = 1 ande = 0.05.

Exercise versus Continuation Value & Binning

Continuation Value

0,0 02 05 08 1,0 1,2 1,5 1,8 2M 50 100 150 200
Exercise Value Frequency

Figure 15.6.: The Continuation Value as a function of the Underlying (Spot Value) and the calculation
of the conditional expectation by a binning

15.8.1. Binning as a Least-Square Regression

Consider the binning again: As an estimate of the conditional expectaipiE} | Z(w)) we
calculated the conditional expectation

V(T2)
N(T2)

Hi = EQ( |Z e Ui) (15.6)

given abin U; with Z(w) € U;.
For the expectation operatof&n alternative characterization may be used:

Lemma 186 (Characterization of the Expectation as Least-Square Approximation): The
expectation of a random variab¥eis the numbenh for which X — h has the smallest variance
(i.e. Lo(2) norm).
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15.9. FORESIGHT BIAS

Proof. Let X be areal valued random variable. Then we have fortaaR
E((X - h)?) = E(X?) - 2- E(X) - h+ h? =: f(h).

Sincef’ =0 & h = E(X) andf” = 1 > 0 we have thaf attains its minimum irh = E(X).
For vector valued random variables this follows componentwise. The same result holds for
conditional expectations. ]

Using Lemmal86we can write {5.6) as a minimization problem:

E2 [(V(TZ) - Hi)2 |Z e Ui] = réweiﬂgEQ ((@ - G)2 |Z e Ui].

N(T>) N(T>)

For disjoint binsU; this may be written in a single minimization problem for the vector
(Hiiza.:

V(T,) 2 _ V(T>) 2
ZEQ[(WT;_Hi) |ZeUi] = giléngEQ((WTz)—G) |ZeUi]. (15.7)

This condition admits an alternative interpretatiéfi:represents the piecewise constant func-
tion (constant ortJ;) with the minimal distance froné,\(‘% in the least square sense.
Let H be the space of functiort$ : Q — R being constant on the bizs(U;).2 LetH € H

with H(w) := H; for w € Z7X(U;). Then (L5.7) is equivalent to

0 ((V(TZ) - H)2 |z] = minE® ((V(TZ) —0)2 |z). (15.8)

N(T2) N(T2)

Equation (5.8 is the definition of a regression: Find the functidrfrom a function space
H with minimum distance t E% in theL, norm. Binning is just a special choice of functional
space:

Lemma 187 (Binning asL, Regression): Binning is anL, regression on the space of
functions being piecewise constantidn

15.9. Foresight Bias

Definition 188 (Foresight Bias (Definition 1)): 1
A foresight biass a super optimal exercise strategy. a

A foresight bias arises due to a violation of the measurability requirements: If the exercise
decision inT; is based on a random variable which is figf measurable the exercise may
be super optimal, i.e. better than if based on the information theoretically avaifgp)e If
we use the same Monte-Carlo simulation to first estimate the exercise criterion and then use
this criterion to price the derivative we will definitely generate a foresight bias. In this case
the foresight bias is created by the Monte-Carlo error of the estimate, which is in general not
Fr, measurable. The existence of this problem becomes obvious if we consider a limit case of
binning where each bin contains a single path only. Here we wouldpefect foresight

3 Note that the bingJ; were defined as subsetsZ((2), whereas here we considdras a function om.
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CHAPTER 15. PRICING BERMUDAN OPTIONS IN A MONTE-CARLO SIMULATION

If our exercise criterion at tim&; uses onlyft, measurable random variables then there
is - in theory - no foresight bias. If, however, the exercise criterion is calculated within a
Monte-Carlo simulation, the Monte-Carlo error of the calculation represents &Hnanea-
surable random variable, thus it induces a foresight bias. In this case we can give an alternative
definition for the foresight bias:

Definition 189 (Foresight Bias (Definition 2)): B
Theforesight biads the value of the option on the Monte-Carlo error. Ny

As number of paths increases the foresight bias introduced by binning converges to zero
since the Monte-Carlo error with respect to a bin converges to zero.

A general solution to the problem of a foresight bias is given by using two independent
Monte-Carlo simulations: One to estimate the exercise criterion (for binning this is given by
theH; corresponding to the;’s), the other to apply the criterion in pricing. This is a numerical
removal of the foresight bias. I184] an analytic formula for the (Monte-Carlo error induced)
foresight bias is derived. It can be used to correct the foresight bias analytically.

15.10. Regression Methods - Least Square
Monte-Carlo

r *}"/ Motivation Disadvantage of Binning: The partition of the state spazéQ)
| -}‘ . .. . . . . . .
| i into a finite number of bins results in a piecewise constant approximation of the
‘L J conditional expectation. An obvious improvement would be to approximate the
conditional expectation by some smooth function of the state variable

The considerations in Sectidlb.8.1suggest a simple yet powerful improvement to the
binning: The function giving our estimate for the conditional expectation is defined by a least
square approximation (regression). <

15.10.1. Least Square Approximation of the Conditional
Expectation

Let us start with a fairly general definition of theast square approximatioof the conditional
expectation of random variablé.

Definition 190 (Least Square Approximation of the Conditional Expectation): T
Let (Q,F,Q, {#}) be a filtered probability space anda #r, measurable random variable
defined as the conditional expectation bf

vV =EYU | F7,),

whereU is at leastF measurable. Furthermore ¥t= (Y1,...,Yp) be a giveryT, measurable
random variable and : RP x RY a given function. Lef* = {ws, ... wmn} be a drawing fronQ2
(e.g. a Monte-Carlo simulation correspondingdpanda® := (ax, .. ., aq) such that

U = (Y, )l = rrLinIIU - (Y, D)l
m
where||U — f(Y, a,*)”Ez(Q*) = JZ}l(U(a),-) - f(Y(w)),a"))?. We set

VLS = f(Y, ).
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15.10. REGRESSION METHODS - LEAST SQUARE MONTE-CARLO

The random variabl®S is 7, measurable. It is defined overand aleast squareapproxi-
mation ofV on Q*. g

The approach of Carriere, Longftand Schwartzuses a functiorf with g = p and

p
F Y1 Yo @, ) 1= @i Y,
i=1

such thaty* may be calculated analytically as a linear regression.
Lemma 191 (Linear Regression): Let Q' = {wi,...,wm} be a given sample space,
V:Q* - RandY = (Yq,...,Yp) : Q" — RP given random variables. Furthermore let

fy,....¥p@1,...,ap) = Zaiyi.
Then we have for ang* with X"Xa* = XTv
IV = (Y, )@ = leinllV = F(Y, @)y,

where
Yi(w1) ... Yp(wi1) V(wy)
X:= : : , V= :

YVi(wm) ... Yolwm) Vi(wn)

If (XTX)™! exists them* := (XTX)"1XTv.

Proof: See AppendiA.1. ]
Definition 192 (Basis Functions): 1
The random variable¥,, . . ., Y, of Lemmal9lare calledBasis Functiongexplanatory vari-
ables. a

15.10.2. Example: Evaluation of a Bermudan Option on a Stock
(Backward Algorithm with Conditional Expectation
Estimator)

Consider a simple Bermudan option on a Stock. The Bermudan should allow exercise at times
T1 < Ty <...Th. Upon exercise iff; the holder of the option will receive

Ni - (S(Ti) - Ki)

once, but nothing if no exercise is made.

We will apply thebackward algorithnto derive the optimal exercise strategy. All payments
will be considered in their nuéraire relative form. Thus the exercise criterion is given by a
comparison of the conditional expectation of the payments received upon non-exercise with
the payments received upon exercise.

4 See B9, 82, 85].
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CHAPTER 15. PRICING BERMUDAN OPTIONS IN A MONTE-CARLO SIMULATION

Induction start: t> T, After the last exercise time we have:

e The value of the (future) paymentsU,; = 0

Induction step: t=T;,i=nn-1,n-2,...1 InT; we have:
¢ In the case of exercise iR the value is

Ni(S(T;) - K;)

Vinderi(Ti) := N(T)

(15.9)

¢ |n the case of non-exercise T the value is\7h0|di(Ti) = EQ(UM | 1,). This value is
estimated through a regression for given paths . ., wn:

— Let Bj be given 7, measurable) basis functiohd.et the matrixX consist of the
column vectorsj(wy), k= 1,...,m. Then we have

Vholdi(Ti, w1) Uira(wr)

: ~ X-(XT-X)txT. : . (15.10)
Vhotdi (Ti, wm) Ui1(wm)

e The value of the payments of the producflinrunder optimal exercise is given by

O = Vinderi(Ti)  if Vhoidi (Ti) < Vundeni (Ti)
"0 else.

Remark 193: Our example is of course just the backward algorithm with an explicit specifi-
cation of an underlyingl(5.9 and an explicit specification of an exercise criterion, here given
by the estimator of the conditional expectatid? (0.

15.10.3. Example: Evaluation of a Bermudan Callable

Consider a Bermudan Callable. The Bermudan should allow exercise atTymesT, <
... Tnh. Upon exercise if; the holder of the option will receive a payment6fin T, 4, i.e. the
relative valueX;(Ti,1) := rv&(_l

We will apply thebackward algorithnto derive the optimal exercise strategy. All payments
will be considered in their nuéraire relative form.

Induction start: t> T, After the last exercise time we have:

e The value of the (future) paymentsU,, = 0

5 Suitable basis functions for this example are 1 (const&{{;), S(T;)2, S(T;)3, etc., such that the regression
function f will be a polynomial inS(T;).
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15.10. REGRESSION METHODS - LEAST SQUARE MONTE-CARLO

Continuation versus Exercise Value (pathwise)

2,51
2,2 1
2,01

1,5 1 .
1,2 1
1,0 1
0,8 1
0,5 1
0,2 1
0,0
-0,2 1

Realized Option Value upon Hold

-02 -01 0,0 0,1 0,2 0,3 0,4 0,5 0,6 0,7 0,8 0,9
Predictor Value upon Exercise

Figure 15.7.: Regression of the conditional expectation estimator without restriction of the regression
domain: We consider a Bermudan option with two exercise datesIIO, T; = 2.0. Notional and strike

are as follows: N = 0.7, N, = 1.0, K; = 0.82, K, = 1.0. The model for the underlying S is a Black-
Scholes model with+ 0.05ando = 20% The plot shows the values received upon exercise depending
on the values received upon non-exercise in Each dot corresponds to a path. The regression poly-
nomial gives the estimator for the expectation of the value upon non-exercise. It is optimal to exercise if
this estimate lies above the value received upon exercise. The regression polynomial is a second order
polynomial in §T;).
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CHAPTER 15. PRICING BERMUDAN OPTIONS IN A MONTE-CARLO SIMULATION

Continuation versus Exercise Value (pathwise)

2,5 1
2,2
2,0 1
1,81 .
1,5 1 .
1,24
1,0
0,8 1
0,5 1
0,2 1
0,0 1
-0,2 1

Realized Option Value upon Hold

-02 -01 00 O01 02 03 04 05 06 07 08 09
Predictor Value upon Exercise

Figure 15.8.: Regression of the conditional expectation estimator with restriction of the regression
domain: Parameters as in Figurg5.7. The regression polynomial is a second order polynomial in
maxS(T,) — Ky, 0). Thus, values where($;) — K; < 0 are aggregated into a single point. For the
product under consideration this is advantageous since far5- K; < 0 exercise is not optimal with
probability 1. This restriction of the regression domain increases the regression accuracy over the re-
maining regression domain. Compare with Figdi® 7.

Induction step: t=T;,i=nn-1,n-2,...1 InT; we have:
e In the case of exercise iR the value is

n-1
~ Xk
Vunderi(T) = E'| S — 2% |7
underll( |) ; N(Tk+l)| i

This value is estimated by a regression for given paths. ., wm:

Let BJ-1 be given ¢, measurable) basis functions. Let the maitixconsist of the
column vectorsi(w), k = 1,...,m. Then we have

~ — Xi(w:
Vunderi (Ti, w1) fy N(Tkk(+1:10))1)

: ~ XL (XET . xhTxAT. : . (15.11)
vunderli(Ti,a)m) E;l%

¢ In the case of non-exercise T the value is\7ho|di (M) = EQ(UM | 1,). This value is
estimated by a regression for given paths. .., wm:

Let B‘J? be given ¢t measurable) basis functions. Let the matfkconsist of the
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15.10. REGRESSION METHODS - LEAST SQUARE MONTE-CARLO

Continuation versus Exercise Value (pathwise)

2,5 1
2,2 1
2,0 1
1,8 1 N
1,5 1 .
1,2 1
1,0 1
0,8 1
0,5 1
0,2 1
0,0 1
-0,2 1

Realized Option Value upon Hold

-02 -01 00 O01 02 03 04 05 06 07 08 09
Predictor Value upon Exercise

Continuation versus Exercise Value (pathwise)

2,5 1
2,2 1
2,0 1
1,8 1 N
1,5 1
1,2 1
1,0 1
0,8 1
0,5 1
0,2 1
0,0 1
-0,2

Realized Option Value upon Hold

-02 -01 00 O01 02 03 04 05 06 07 08 09
Predictor Value upon Exercise

Figure 15.9.: Regression of the conditional expectation estimator - polynomial of fourth (above) and
eighth (below) order imax(S(T1) — Ky, 0). Parameters as in Figur&5.7. A polynomial of higher order
shows wiggles at the boundary of the regression domain. However, only few pathgeatedaby the

wrong estimate. Restricting the regression domain may reduce the errors (compare the left end of the
regression domain with the right end).
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CHAPTER 15. PRICING BERMUDAN OPTIONS IN A MONTE-CARLO SIMULATION

column vectors8)(wi), k = 1,...,m. Then we have
Vhoiai (Ti, 1) Uisa(wi)

~ XO . (XO,T . XO)—l . xO,T .
Vhotdi (Ti, wm) Uis1(wm)

e The value of the payments of the productlirunder optimal exercise is given by

Ui =

~ ZE;.l ﬁ if \7hold,i(Ti) < vunderli(Ti)
Ui else.

Remark 194 (Bermudan Callable): The modification to the backward algorithm to price

a Bermudan callable consists of the use of two conditional expectation estimators: one for
the continuation value and (additionally) one for the underlying. As before, the conditional
expectation estimators are used only for the exercise criterion (and not for the payment).

Remark 195 (Longstdf-Schwartz):

e The estimator of the conditional expectation is used in the estimation of the exercise
strategy only.

e The choice of basis functions is crucial to the quality of the estimate.

Clément, Lamberton and Protter showed convergence of the Ldh§stavartz regression
method to the exact solution, se&f].

15.10.4. Implementation

MonteCarloConditionalExpectationLongstaffSchwartz

setBasisFunctionsEstimator(RandomVariable[] basisFunctionsEstimator)
setBasisFunctionsPredictor(RandomVariable[] basisFunctionsPredictor)

getConditionalExpectation(RandomVariable randomVariable)

Figure 15.10.: UML Diagram: Conditional Expectation Estimator. The method
setBasisFunctionsEstimator sets the basis functions which form the matrix X. The
methodsetBasisFunctionsPredictor sets the basis functions which form the matrix Xhese

are the same basis functions as for X, but possibly evaluated in an independent Monte-Carlo simulation
(to avoid foresight bias). The methagtConditionalExpectation calculates the regression
parametere® = (X"X)"1XT - v from a given vector v and returns the conditional expectation estimator
X* - a* of v. See Lemma9l
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15.10. REGRESSION METHODS - LEAST SQUARE MONTE-CARLO

The Longst#&-Schwartz conditional expectation estimator may easily be implemented in
a corresponding class, independent of the given model or Monte-Carlo simulation - see Fig-
ure15.1Q This class contains nothing more thalingar regressiorbut the methodology may
be replaced by alternative algorithms (e.g. non parametric regressions).

As pointed out in the discussion of the backward algorithm, it is not normally necessary
to explicitly calculate the exercise strategy in formToto n. It is suficient to calculate the
random variabledJ; in a backward recursion. Since finally onllj; is needed to calculate
the price of the Bermudan option, thi’s may be stored in the same vector of Monte-Carlo
realizations.

15.10.5. Binning as linear Least-Square Regression

We return once again to the binning. In Sectidn8.1it turned out thaBinningmay be inter-
preted as least square regression with a specific set of basis functions: The indicator variables
of the binsU; which we denote by

1 forw e U;
hi(w) = J 15.12
i(@) {O else. ( )

We now give an explicit calculation using the linear regression algorithm with the bin indicator
variables as basis functions.

Continuation versus Exercise Value (pathwise)

2,5 1
2,2
2,0 1
1,81
151
1,24
1,0
0,8 1
0,5 1
0,2 1
0,0 1
-0,2 1

Realized Option Value upon Hold

-0,2 -01 0,0 0,1 0,2 0,3 0,4 0,5 0,6 0,7 0,8 0,9
Predictor Value upon Exercise

Figure 15.11.: Binning using the linear regression algorithm with piecewise constant basis functions:
We use 20 bins (basis functions). Each bin consist of approximately the same number of paths. Model-
und product parameters are as in Figuté.7.

Let wi denote the paths of a Monte-Carlo simulation ahthe matrix(h;(wx)), j column
index, k row index. Since th&J;’s are disjoint we hav&X™X = diag(m, ..., mp), wherem; is
the number of paths for whidhy(wi) = 1. Thus we have for the regression parameter

o =(XTX)IXT.v= diag(i, e i) X7
. mp
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CHAPTER 15. PRICING BERMUDAN OPTIONS IN A MONTE-CARLO SIMULATION

It follows that the regression parameter gives the expectation on the corresponding bin

.1 .
aj=Hka for j=1,...,p.

J VkGUj

15.11. Optimization Methods

‘f ¥ | Motivation: In the discussion of thbackward algorithmit has become ob-

| ¥, vious that the conditional expectation estimator is needed to derive the optimal
L/’ exercise strategy only. Since a sub-optimal exercise will lead to a lower Bermu-
dan price the optimal exercise has an alternative characterization: it maximizes
the Bermudan value. A solution to the pricing problem of the Bermudan thus consists of max-
imizing the Bermudan value over a suitableffiently large space of admissiblexercise
strategies. <

15.11.1. Andersen Algorithm for Bermudan Swaptions

The following method was proposed for the valuation of Bermudan swaptions by L. Andersen
in [44]. We thus restrict our presentation to the evaluation of the Bermudan Callable and use
the notation of Sectio5.10.3 In [44] the method appears less generic than the Longjstra
& Schwartz regression. However, one might reformulate the optimization method in a fairly
generic way. As the optimization is a high dimensional one, the method then becomes less
useful in practice.

The exercise strategy is given by a parametrized function of the underlyings

li(2) = f(Munderi (Ti, ), - . . , Vunderin-1(Ti, w), 1)
where we replace the optimal exercise
\7underli (Ti) < EQ(OHl | 7:T‘)

by
l;(1) > 0.

Here the functiorf may represent a variety of exercise criteria, e.g.
li(w, 2) = Vunderi (Ti, w) — 4. (15.13)

We assume thdf is such that it may be calculated without resimulation, i.e. we assume that
the underlying®/undenj(T;) are either given by an analytic formula or a suitable approximation.
E.g. this is the case for a swap within a LIBOR Market Model. If we use the optimization
method within the backward algorithm, it now looks as follows:

6 By an admissible exercise strategy we denote one that respects the measurability requirements. As we noted, a
violation of measurability requirements, i.e. a foresight bias or even perfect foresight, will result in a super-optimal
strategy. The Bermudan value with a super-optimal strategy is higher than the Bermudan value with the optimal
strategy, however super-optimal exercise is impossible.
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15.11. OPTIMIZATION METHODS

Induction start: t> T, After the last exercise time we have:

e The value of the (future) paymentsU,; = 0

Induction step: t=T;,i=nn-1,n-2,...1 InT; we have:
e Inthe case of exercise ify the value i8Vunderi (Ti)

¢ In the case of non-exercise T the value is\7ho|¢i (i) = EQ(Ui+1 | 1,). This value is
estimated through an optimization for given paths. . ., wm:

= 1i(4, w) = F(Munderii(Ti, ), - . . , Vunderin-1(Ti, ), A).
Vindeni(Ti)  if li(2,w) > 0
Uit else.

- U4 w) :={

- \7bermi(TOa /l) = EQ(Ui(/l) | 7:To) ~ n%Zk LNJi(/L “)k)
- 2 =arg max(2 %, Gi(1 w))
A

e The value of the payments of the producflirunder optimal exercise is given by

\7underli(Ti) if Ii(/l*»w) >0
Uit else.

Ui(w) :={ } = Ui(1", w)

The exercise strategy is estimatedTinby choosing thel* for which I; gives the maximal
Bermudan option value. This is done by going backward in time, from exercise date to exercise
date.

15.11.2. Review of the Threshold Optimization Method
15.11.2.1. Fitting the exercise strategy to the product

Let us apply the optimization method to the pricing of a simple Bermudan option on a stock
following a Black-Scholes model. This shows that a too simple choice of the exercise strategy
will give surprisingly unreliable results.
The simple strategyl6.13 fails for the simplest type of Bermudan option. Consider the
option to receive
Nz - (S(T1) - Ky)

in T, or receive
maxN; - (S(T2) - Kz),0)

in T,, where - as beforeN; andK; denote notional and strike ar®ifollows a Black-Scholes
model. This gives us an analytic formula for the optiof jrand thus the true optimal exercise.
Figure15.12shows an example where the optimization of the simple stratiggy¢ § gives the
value of the Bermudan option.

A small change in notiona\l; and strikeK; changes the picture. If both are smaller tihgn
andK; respectively, we obtain two intersection points of the exercise and continuation value.
In Ty it is optimal to exercise in between these two intersection points. Our simple exercise
criterion cannot render this case. Optimizing the threshold parametieows two maxima:
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CHAPTER 15. PRICING BERMUDAN OPTIONS IN A MONTE-CARLO SIMULATION

1,50 A -0,470
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< 1,25 0,468
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S 1,00 - 0,465 2
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0 0,75 0,462 §
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% 0,50
o - 0,458
0,25
- 0,455
0,00 T T T T T : :
0,0 1,0 2,0 0,0 1,0 2,0 3,0 4,0 5,0
Spot Threshold

— exercise (1. option) — continuation (2. option) — bermudan

exercise criteria given by threshold

Figure 15.12.: Example of the successful optimization of the exercise criterion (intersection of the two
price curves, left). The graph on the right shows the Bermudan option value as a function of the exercise
thresholdA.

1,50 1
L 0,525
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0,00 i i . : i ; ;
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Spot Threshold

— exercise (1. option) — continuation (2. option) — bermudan

exercise criteria given by threshold

Figure 15.13.: Example of a failing optimization of the exercise criterion (intersection of the two price
curves, left)). The graph on the right shows the Bermudan option value as a function of the exercise
thresholdA.
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15.11. OPTIMIZATION METHODS

the value of the two European options “exercise never” and “exercise always”. Both values are
below the true Bermudan option value, see FiglBel3 right.

The conclusion of this is example is that the choice of the exercise strategy has to be made
carefully in accordance with the product. But this remark applies to some extent to any method.

15.11.2.2. Disturbance of the Optimizer through Discontinuities and local

Minima
The Monte-Carlo Bermudan price calculated from the backward algorithm is a discontinuous
function of the exercise criterion. The Bermudan price jumps if the exercise critigrion)
changes sign for a given pathh The price jumps by the fference ofexercise valueand
continuation value Even in the case of an optimal exercise criterion (l.e: 1ma) We see a
jump in price since even theaxercise valuandcontinuation valuavill generally be diferent
(at optimal exercise, only the expected (!) continuation value equals the exercise value).

As a function of1, the price will not only exhibit discontinuities, but also small local maxima
induced by them, see Figulé.12(right). These may prevent the optimizing algorithm from
finding the global maxima.

However, if there are a flicient number of paths, the local maxima appear only on a small
scale. The jumps in price will be of the orc@(r—l]), wheren denotes the number of paths. Thus
with a robust minimizer one would rarely encounter this problem. For example consider the
case that the limit function (fan — o) would satisfy an estimate of the foriax — V(1) >
C(A — Amax)?, i.e. without the Monte-Carlo discontinuities no other local maxima or saddle
point would exist. Then a bisection search on the disturbed function will miss the true maxima
only by the order of a jum@(2).

15.11.3. Optimization of Exercise Strategy: A more general
Formulation

There is a trivial generalization of the optimization method considered in Selciidd .1

e The exercise criterion will be given as a function of arbitrd&fy measurable random
variables.

e The exercise criterion will be given as a function of a parameter velctaR.

Thus we replace the "true”” exercise criterion used in the backward algorithm
\7underli (Ti) < EQ(lji+1 | ?-Ti)

by a function
li(A, w) = {(Bi1(w), ..., Bim(w), 1),

whereB; | is a set off7, measurable random variables ahd R¥.

15.11.4. Comparison of Optimization Method and Regression
Method
The diference between the optimization method and the regression method becomes apparent

in Figure15.715.9 While the regression method requires the regression functions to give a
good fit to the conditional expectations across the whole domain of the independent variable,
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CHAPTER 15. PRICING BERMUDAN OPTIONS IN A MONTE-CARLO SIMULATION

the optimization method only requires that the functidn@l) captures the exercise boundary.

In Figuresl15.7-15.9the conditional expectation estimator is a curve, but the exercise boundary
is given by two points only (the intersection of the conditional expectation estimator with the
bisector).

Thus the optimization method can cope with far fewer parameters than the regression. On
the other hand, as noted in the example above, it is far more important that the functional is
adapted to the Bermudan product under consideration.

It is trivial to choose the maf (1) such that the optimal* give the same or a better value
than the least-square regression.Bjf denote the basis functions used in the least-square
regression for exercise dafewe set

(A1, ..., An) = (41Bi1 + ... + 1Bim) — Vundeni (Ti).

Then fora = a*, wherea* is the regression parameter from the least-square regression, the
exercise criterion agrees with the one from the least-square regression. This result however is
rarely an advantage of the optimization method since in practice a high dimensional optimiza-
tion does not represent an alternative.

15.12. Duality Method: Upper Bound for Bermudan
Option Prices

‘F *% Motivation: So far, the ansatz to evaluate a Bermudan option has been to

| ¥ estimate the exercise strategy, i.e. the stopping-tim# this estimate is itself

L/ J‘ a stopping-time, i.e. no foresight bias is present, then the evaluation with the
estimated exercise strategy gives a lower bound for the true value of the Bermudan

option. The stopping-time maximizes the option price; all other stopping-times give lower

prices, because they are sub-obtimal. In order to decide if the given lower bouttiidestly

close to the optimal value, a corresponding upper would come in handy. <

In this section we present a method that gives, in the limit of a vanishing Monte-Carlo error,
an upper bound for the Bermundan option value. The upper bound itself converges to the true
option value as a given space of test functions converges to the whole space. Putting aside the
Monte-Carlo error, together with the lower bound methdds&- 15.11.) we then obtain an
interval for the true value of the Bermudan price.

The method was introduced by Roges3][ Haugh & Kogan 3], and originally by Davis
& Karatzas p1].

15.12.1. Foundations

Let us review some foundations:

Definition 196 (Super-martingale): B
The stochastic proce$X;, ¢ ; 0 < t < oo} is called asuper-martingalenith respect to the
filtration #; and the measur®, if

Xs = E(X{|Fs), Pa.ss., YO<s<t<oo.
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15.12. DUALITY METHOD: UPPER BOUND FOR BERMUDAN OPTION PRICES

Definition 197 (Stopping-time (time-discrete process)): B
LetT : Q — {Ty,..., Ty} denote a random variabl&.is called astopping-timeif

{T=Ti}er. (15.14)
J

Remark 198 (Stopping-Time): Equivalent to {5.19 is
(T<T}eFr, (15.15)

sincefT, c 1, for T; < T.

7‘ Interpretation: A stopping-time may be viewed as the mathematical repre-
vl sentation of an exercise strategy of a Bermudan option. If for a given¢gpath
-] J T(w) = T; denotes the time at which an event occurs (e.g. the decision to exercise
an option), then15.15 constitutes the requirement that the decision is based on
information that is available on or befofe - expressed through tis€r,-measurability.
The condition {5.19 precludes doresight bias Compare Sectiof5.6'. <

r
|
|
|
L

Given a stochastic process and a stopping-time, we may constrigtbfiyed process

Definition 199 (Stopped Process): 1
Let X denote a stochastic process aha stopping-time. The proces§ given throughX
stopped in Tis defined by

X(t, w) t< T(w)

XT(t,w) = {
X(T(w),w) t=T(w).

|

-~ 7‘ Interpretation: On every pathw the stopped process™ coincides withX
0 ,  for times before the stopping-time. For times on or after the stopping-time the
= J‘ stopped process takes the constant valug af the stopping-time. It is stopped.

This is similar to what happens for the (relative) price of a Bermudan option.
Before the exercise date, the option value is stochastic. Upon exercise the value is frozen to

the value upon exercise. <

r
|
|
|
L

Definition 200 (Snell Envelope): 1
Let Z denote a time-discrete adapted processlamifined by

U(Tn) = Z(Tn)
U(Ti) = max¢Z(Ti), EU(Tisa) | F1,)-

The proces$) is calledSnell envelopef Z. a

Lemma 201 (Snell Envelope): The Snell envelopef Z is the smallest super-martingale
which dominate&.

7 For the example discussed in Sectlidh6 T (w1) = T(w2) = T1 andT(w1) = T(wz) = T2 are both stopping-times
(check!), however the super-optimal exercise strafe@y,) = T1, T(w2) = T2 is not a stopping-time.
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CHAPTER 15. PRICING BERMUDAN OPTIONS IN A MONTE-CARLO SIMULATION

Theorem 202 (Doob-Meyer Decomposition): Let U denote a (time-discrete) super-
martingale. Then there exists a (unique) decomposition

U(Ti) = M(Ti) — A(T),

whereM is a (time-discrete) martingale ardis a (time-discrete) previsible non-decreasing
process (i.eA(Ti_1, w) < A(Ti, w)) whereA(Ty) = 0

Proof:

M(Ti) := M(Ti-1) + Ui — E(U; | F7..,) M(To) = U(To)
A(T) == A(Ti1) + Uiss — E(U; | F7y) A(To) =0

ol

15.12.2. American Option Evaluation as  Optimal Stopping
Problem

We repeat the Bermudan option evaluation as optimal stopping: EeT®< T1 < ... < Tp.
Let Vunder(Ti), 1 = 1,...,n— 1 denote a sequence Bt -measurable random variables, giving
the value of financial products at tinfe. We define recursively

N

Vberm(Ti) = max(vunderl(Ti)’ EQN (Vberm(Ti+l) N(T )

| 7)),
where \, QVN) denotes a given nu@naire-martingale measure pair. Furthermor&/|g(fT;) :=
Vi D) g (Ti) := Yl denote the correspondingrelative prices, i.e.

Va(T:) = max@u(Ty). E% (Va(Tia) | 71).

Theorem 203 (American Option Price - Dual Formulation (Rogers) (time-continuous ver-
sion)): Let B
Vame(0) = sup  E(Vu(T) | Fo).
T stoppingtime
Then B
Vame(0) = inf E(sup(Vu(t) - M(1)) | Fo),
MeH}  ost<T

WhereHl denotes the set of all martingalbwith sup [M(t)| € L1(©2) andM(0) = 0.
o<t<T
Since we consider only the evaluation of Bermudan options, i.e. options a finite number of
exercise dates, we give a time-discrete version of The@@2an

Theorem 204 (Bermudan Option Price - Dual Formulation (Rogers) (time-discrete ver-
sion)): Let B . B
Vg(Ti) := max(Vy(Ti), E(Ve(Ti+1) | F7,)).

Ve(To) = inf E(maxVy(Ti) — M(T))) | Fo). (15.16)
MeH} Ti
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15.12. DUALITY METHOD: UPPER BOUND FOR BERMUDAN OPTION PRICES

whereH? denotes the set of all (time-discrete) martingafesvith
M(To) =0
M(Ti) = EM(Ti,1)I7T,) M(Ti) € L1(Q)

and n;n}a>@\7U(Ti) — M(T))) has to be understood pathwise, i.e.
mTa><(\7u(Ti) - M(M))[w] = n‘lTa>(\7u(Ti,w) - M(Ti, )
(andnotas a maximum over all stopping-times).

Remark 205 (on Theorem204): First, it is worth noting that in Theore204the maximum
is applied pathwise. If the pathwise maximum is applie¥ fenthen max, (Vunder(Ti)) gives
the value of gerfect foresightAs we will show in Lemma&06, a foresight error is precluded
by the martingaleéM.

The expectation in1(5.19 is conditioned toFr, = Fo only, i.e. it is not required to calculate
a conditional expectation at a later time. However, the expectation has to be minimized over
all martingalesM. This is as complex as the calculation of the optimal exercise strategy (by
maximizing over all stopping-times. But Theoren204indeed gives an upper bound for the
value of the Bermudan option;

Vberm(TO) < EQN( ml_fixvunder(Ti) : % - M(Ti) | 770)), M e Hé,

and this upper bound may be arbitrarily close to the option pviga(To) if M is suitably
chosen.

Lemma 206 (Eliminating Foresighy):
Let Vy(Ti), Ve(T;) be as before, i.e.

Va(Ti) := max(Vu(Ti). E(Va(Ti1) | 77,)), (15.17)

andM as in the Doob-Meyer decomposition'd§(T;)
M(To) := 0,
M(T;) := M(Ti_1) + VB(Ti) = E(V(Tis1) | F7.)- (15.18)
LetTO': Q — (T4,..., Ty} denote the (optimal) stopping-time given by
TP(w) := min{T; : Vu(Tj, ) > EVa(Tje0) | 77)[wl])

(this impliesVg(To) = EVu(TP) | F7,)).
Then we have (pathwise!)

rqa>(\7u(Tj,w) - M(Tj, ) = V(TP (), w) - M(T, w).

Proof: We give the proof only withX5.17% and (15.18. Letw € Q. By definition we have

\ / \ / t

VB(Tj,a)) = E(VB(TJ'+1) | TTJ)[(U] for Tj < TOp (w) (15.19)

VB(T]',CL)) > E(VB(TJ'+1) | TTJ)[w] for Tj > TOpt(w) (15.20)
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CHAPTER 15. PRICING BERMUDAN OPTIONS IN A MONTE-CARLO SIMULATION

and
Ve (Ti, w) = Vu(Ti, w) for T, = TO"(w). (15.21)
1. ForT; = T°(w) andT; < T; we have
o Vy(Ti,w) - M(Ti, w) = Va(Ti, w) - M(Ti, w)
L4 VB(TJ+1, w) — M(Tj+1, w)

= Va(Tr1, @) — M(T), 0) - Va(Fr10) + E(Ve(Tji1 w) | Fr,)[w]

= Va(T}j,w) - M(T}, w)
o Vg(Tj,w) - M(Tj, w) = Vy(T}, ) - M(T}, w)
and thus forT; < T;:
W(Tj, w) = M(T}, w) < Vy(Ti, ) = M(Ti, )
2. ForT; = T%(w) andT; > T; we have
o (T, w) - M(Ti,w)
= Vu(Ti, ) = M(Tis1, ) + Va(Tja1, w) - EVa(Tjea) | F1,)[w]

= Va(Ti, w) = M(Tis1, w) + Va(Tjs1, 0) — E(Va(Tjs1) | Fr)lw]
> Vg(Tist, ©) = M(Tis1, 0)

[] \73(Tj,a)) — M(T,—,w)
= Va(Tj, w) = M(Tjs1, w) + Vg(Tjs1. ) — E(Va(Tj1) | Fr)lw]
> VB(Tji1, w) = M(Tji1, w)

. \73(Tj+1, w) — M(Tj+1, w) > \7U(Tj+1, w) — M(Tj+1a w)
and thus forT; > T;
Vu(Ti, ) = M(Ti, ) > Vy(Tj, w) — M(Tj, w).

Thus, for allT;
Vu(Ti, w) = M(Ti, w) 2 Vu(T}, w) = M(Tj, w).

]

Remark 207 (Foresight Bias): The Lemma206 shows that the martingaM eliminates the
foresight bias. We have

Vu(Ti) = M(T) > Vy(T;) - M(T)) v Tj,

however, in general

Vu(Ti) # Vu(T)) VT
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15.13. PRIMAL-DUAL METHOD: UPPER AND LOWER BOUND

Lemma 208 (Optimal Stopping): Itis

EVu(T) | F7,) = E(”}@(\N/U(Tj) = M(T)) | F1o)-

Proof: ltis

ECVU(T) [ 77) S E( sup  Vu(T) | F7,)

T stopping-time
=E( sup Viu(T)- M(T)|F7,)
T stopping-time

La.206 E(maxVy(Ti) - M(Ti) | 77,)

o

15.13. Primal-Dual Method: Upper and Lower Bound

The calculation of the exercise strategy and from it the price of the Bermudan option via an
(approximation) of the conditional expectation is calgninal. The calculation of the exercise
strategy via the stopping-time throu@b.12is calleddual.
With the result from Lemm&06 we can combine both methods. From Theor2®d and
Lemma206we have 3 y
Va(To) = E(maxVu(Ti) — M(Ti)) | 7o), (15.22)

with
M(T;) := M(Ti-1) + Ui = EU; | F7,.,) M(To) = U(To). (15.23)

The conditional expectation in%.23 can be estimated with grimal method. If the con-
ditional expectation has already been estimated in an calculation of the lower bound or the
Bermudan option price, thei%.22 immediately gives a corresponding upper bound.

Compare also49].

Further Reading: The books 16] and [L8] and the article $3] consider
Monte-Carlo methods for derivative pricing in general. 6@][the convergence
of the regression methods is proven. The optimization method for Bermudan
swaptions is given in44], a primal-dual method is given irp]. The discussion

.
\

\

. <-4 ‘
A

of the foresight bias is found ir6f]. <

‘F 4 7‘ Experiment: At http://www.christian-fries.de/finmath/

| . applets/BermudanStockOptionPricing.html the evaluation of a

‘L J Bermudan option on a stock following a Black-Scholes model may be studied.
There is a choice of dierent evaluation methods. <
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CHAPTER 16

Pricing Path Dependent Options in a
Backward Algorithm

A backward algorithm - e.g. as given by a model implemented as a lattice - allows the calcula-
tion of the conditional expectation

V(Ti1) = N(Tis) - E% (% | ﬁ_l) ,

and thus defines induction steps— T;_; backward in time. Path-dependent quantities cannot
be considered directly. One way of allowing for path-dependent quantities in a backward
algorithm is to eliminate the path-dependency by extending the state space.

16.1. State Space Extension
LetV denote a product whose tinig value depends on a quantiBy given by an update rule
Ci = f(Ti,Ci_1, X)), Cy = constant, (16.1)

wereX; is a random variable that is a function of the tifievalues of the model primitives,
i.e. non-path dependent. Th¥sand henc€; are¥t, measurable. Equatioi§.1) constitutes
the path-dependency @; it may not be written as a function of the tinTg values of the
model primitives. It depends on the past since it depends on the previouyalue

To remove the path-depencyVhwe addC; as an additional state. We consider the tifpe
value ofV as a function o€

V(T) = V(Ti,Cj), i=01,....n
Then backward algorithm is:
e GivenV(T;, G).
e Apply the update rule to define

V(Ti,Cio1, %) = V(Ti, f(Ci1, X)) (16.2)
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CHAPTER 16. PRICING PATH DEPENDENT OPTIONS IN A BACKWARD ALGORITHM

e Define -
V(Ti, Ci_1, Xi)

V(Ti-1,Cisg) = N(Tig) - EY N(T)

| 7:Til) . (163)

Note that conditional t¢t,_, the stateC;_; is a constant.

~~ 7‘ Interpretation (State Space Extension): The method is called state space
,  extension because the discrete stochastic pragessC(T;) := C; can be inter-
J‘ preted as an additional state of the model &l defines the evolution of this

process. Seen over this extended space the product is non-path dependent.

g
@

r
|
|
|
L

16.2. Implementation

In order to implement the state space extension we discretize the additional state random vari-
ablesC; into k; state values
Ci € {Ci,l, - ,CLK}.

For the implementation of the update rulé(2 an interpolation has to be used, e.g. a linear
interpolation

V(Ti,Cionj, X)) =

f(Ci—1j, X)) — iy V(TG a) + CiJje1 — F(Cinjs Xiva)
s ML+

—_— V(Ti, ciyy),
Cilj+1 — Ciy, CiJj+1 — Gy (Ti-Gu)

wherel; is such that;;; < f(ci-1j, Xi) < Cijj+1-
Then the conditional expectatiohid.3 is calculated for each state realization, ; giving
V(Ti-1,Ciz11), - - -, V(Tiz1, Gicak)-

Remark 209: For some products the valOgT;, ) is linear inc. In such cases two states

are stificient and the approximation of the update rule by the linear interpolation is exact.
Examples are zero structures, where the additional state is the accrued notional; the value of
the future cashflow is linear in the notional.

16.3. Examples

We illustrate the method of state space extension for the valuatiorSobwball/ Memory
(Definition 164) and for the evaluation of Blexi-Cap(Definition 169).

16.3.1. Evaluation of a Snowball ina Backward Algorithm

A Snowball/ Memory pays a coupoig; in T;,; which depends on the previous coupon. The
couponC; is given by an update rule

Ci = f(Ti,Ci_, X))

with an¥+,-measurable (the index), i.eC; is path-dependent.
We add the value of the coup@ as an additional state and write the product value as a
function of this state.
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16.3. EXAMPLES

The backward induction from6.1 gives the product valu¥/(Ty, Cp) as a function of the
initial (or past) coupoi€y, which is known.

Remark 210 (In Arrears Fixing):  Note that we assumed that the indgxis a function

of the timeT; values of the model primitives and th#s,-measurable. If the indeX;_; is a
function of the timeT; values of the model primitives, i.e. fixed in arrears, then the additional
state variable is the value of tipeeviouscoupon.

16.3.2. Evaluation of a Flexi Cap ina Backward Algorithm

An Auto Cappays at timeT;,; the amount

X := N-max(Li(Ti) - Ki, 0) - (Tiz1 — Ti)
) 1 if |{j . ] <iandL,-(T,-)—K,- > 0} < Nmaxex
0 else,

whereL;(t) := L(T;, Ti;1; t) denotes the forward rate for the peridq,[Ti,1] seen int < T;.

As a function of the processésthe paydt X; is path-dependent since the p#yfanction is
not given by the random variableg(T;) alone, but also by the past realizations of the processes
Lk (entering though.;(T;), j < i).

We extend the model by the stochastic process
nt):Q—1{0,...,n-1},
we (LT -K>0|T;j<t, j=1,....n-1}|.
Givenl,, n the paydts X; are a function of the realizations(T;), n(T;):

1 if 77(Tj) < NmaxEx

Xi == N-max(Li(Ti) - Ki, 0)- (Tix1 - Ty) { 0 else.
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CHAPTER 16. PRICING PATH DEPENDENT OPTIONS IN A BACKWARD ALGORITHM
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CHAPTER 17

Sensitivities (Partial Derivatives) of
Monte-Carlo Prices

17.1. Introduction

The technique of risk-neutral pricing, i.e. the change towards the martingale measure, allows
us to calculate the cost of a (self-financing) replication portfolio, to be expressed as an expecta-
tion. Determination of the replication portfolio itself is not necessary. However, once a pricing
formula or pricing algorithm (e.g. a Monte-Carlo simulation) has been derived, the replication
portfolio can be given in terms of the partial derivatives of the price with respect to current
model parameters (like the initial values of the underlyifgghe partial derivatives of the
price with respect to the model parameters are also called sensitivitieeeks They are
important to assess the risk of a financial product, see also Chapter

For complex products, like Bermudan options, an analytic pricing formula is usually not
available. The pricing has to be done numerically. Under a high-dimensional model, like the
LIBOR market model, the numerical method of choice is usually a Monte-Carlo simulation.
Given that, we will investigate the numerical calculation of sensitivities (partial derivatives) of
Monte-Carlo prices.

The simplest way of calculating a derivative is by applying finit@eences. Unfortunately,
this can lead to a Monte-Carlo algorithm giving unstable or inaccurate results.

17.2. Problem Description

Let us consider a pricing algorithm that uses Monte-Carlo simulation to calculate a price of a
financial product as the expectation of the raneire-relative value under an equivalent mar-
tingale measur@®
v(T)
V(to) = N(to) - E?[ == .
(to) (o) (N(T) |7:to)

We are interested in the calculation of a partial derivativ¥ @§) with respect to some model
parameter, e.g. the initial values of the underlyirg delta), the volatility & vega), etc.

1 Note that all market parameters enter into model parameters via the calibration of the model.
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CHAPTER 17. SENSITIVITIES (PARTIAL DERIVATIVES) OF MONTE-CARLO PRICES

Since we treat this problem as a general numerical problem, not necessarily related to deriva-
tive pricing, we do not adopt a specific model but use a notation that is slightly more general.
To fix notation, let us restate Monte-Carlo pricing first:

17.2.1. Pricing using Monte-Carlo Simulation

Assume that our model is given as a stochastic pro¥efs example an fi process
dX = pdt + o - dW(t)

modeling our model primitives like functions of the underlyings (e.g. financial products
(stocks) or rates (forward rates, swap rates, fx rates)). For example, for the Black-Scholes
model we would havX = (log(S), log(B)). Let X*(t;) denote an approximation &(t;) gener-

ated by some (time-)discretization scheme, e.g. an Euler scheme

X' (tiv1) = X'(ti) + p(t)At + o(t) - AW(H)

or one of the more advanced schefmé&¥e assume that our financial product depends only on
realizations ofX at a finite number of time points, i.e. we assume that the risk-neutral pricing of
the financial product may be expressed as the expectation (with respect to the pricing measure)
of a function f of some realizationy¥ := (X(to), X(t1), ..., X(tm)). This is true for many
products (e.g. Bermudan options). If these are approximated through the realizations of the
numerical scheme we have:

E(f(V)I7,) = E(F(Y)IF,) = E(F((X*(to), X*(ta), - - ., X* (tm))|F,)-

Here f denotes the nuéraire-relative pay function.
The Monte-Carlo pricing consists of the averaging over some (often equidistributed) sample
pathswi,i=1,...,n

1,0,
n 2 T @)

E(f(Y)IFR,) ~ EF(Y)FR,) :=

To summarize: we have two approximation steps involved: The first one approximates the
time-continuous process by a time-discrete process. The second one approximates the expec-
tation by a Monte-Carlo simulation af sample paths. This is the minimum requirement to
have the pricing implemented as a Monte-Carlo simulation.

17.2.2. Sensitivities from Monte-Carlo Pricing

Assume that denotes some model paraméter a parametrization of a generic market data
movement and leYy denote the model realizations dependent on that parameter. Let us further
assume thapy, denotes the probability density &f. Then the analytic calculation of the
sensitivity is given by

SECCOT) = 5 [ f0o o).

2 For alternative schemes see e6§,[21]
3 So fordeltad is an initial valueX(0), for vegad denotes a volatility, etc.
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17.2. PROBLEM DESCRIPTION

While the payd f may be discontinuous, the density in general is a smooth functiéniof
which case the expectation El,)|7:,) (the price) is a smooth function &f too. The price
inherits the smoothness ¢f,.

The calculation of sensitivities using finitefidirences on a Monte-Carlo based pricing algo-
rithm is known to exhibit instabilities, if the pagfdfunction is not smooth enough, e.g. if the
paydf exhibits discontinuities as for a digital option. Thefdiulties arise when we consider
the Monte-Carlo approximation. It inherits the regularity of the ga§onot that of the density

@:

E(f(Yo)lFr) = f(Yo(wi))-

Sl

n
i=1
So while E(f(Ys)|F,) may be smooth i@, the Monte-Carlo approximatioE(f(Yg)lﬁO) may

have discontinuities. In this case a finitéfdience approximation of the derivative applied to
the Monte-Carlo pricing will perform poorly.

17.2.3. Example: The Linear and the Discontinuous Payout

The challenge in calculating Monte-Carlo sensitivities becomes obvious if we consider two
very simple examples:

17.2.3.1. Linear Payout
First consider a linear payout, say
f(X(T)) =a- X(T) +b.

The (discounted) payout depends only on the timealization ofX (as one would have for
a European option). Lefy(w) := X(T, w,d), whered denotes some model parameter. The
partial derivative of the Monte-Carlo value of the payout with respeétiso

d . 19 1, 0
gt (DT = 10 g5 10l = £0 2 5¥(w)

Obviously the accuracy of the Monte-Carlo approximation depends on the variai—;Ygemfy.
When %Yg(wi) does not depend o, then the Monte-Carlo approximation gives the exact
value of the partial derivative, even if we use only a single path.

17.2.3.2. Discontinuous Payout

Next, consider a discontinuous payout, say

1 if X(T)>K
0 else.

f(X(T)) = {

Analytically we know fromYy, = Yy + 22 - h + O(h?) and

aY, 0
EXf (V) | 72) = QYo > K= S -h-0A) = [ dr, )y
a0 k-2 h-o(h?)
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CHAPTER 17. SENSITIVITIES (PARTIAL DERIVATIVES) OF MONTE-CARLO PRICES

that
1 aY,
lim = (E2(F (Youn) | Fip) = EX(F (Yon) | F)) = ¢YH(K)~8—;.

However, the partial derivative of the Monte-Carlo value of the payout is

. 13 . .
ﬁE(f(Yg)W—}o) = = ﬁf(Yg(wi)) = 0 assuming thaYy(w;) # K for all i.
06 n < 06

Thus, here, the partial derivative of the Monte-Carlo value is always wrong.

17.2.4. Example: Trigger Products

The two simple examples above suggest that a finifierdince approximation of a Monte-
Carlo price works well, if the payout is smooth, but fails if the payout exhibits discontinuities.
The problem becomes a bit more subtle if we consider products where the discontinuous be-
haviour is just one part of the payout which, in addition, may also be of more complex nature.
Consider for example thauto cap For given timesl4, ..., T, the auto cap pays at each pay-
ment dateT;, ; the payout of a caplet mdk(T;, Tiz1; Ti) — Ki, 0)-(Ti;1—T;), but does so only

if the number of non-zero payments uplids less than somemaxex. This latter condition rep-
resents a trigger which makes the otherwise continuoustpdigzontinuous, see Figuf&'.1

17.3. Generic Sensitivities: Bumping the Model

The finite diference approximation calculates the sensitivity by

E(f (Youn)IF,) — E(f (Yon)IF1,)
2h

This brute-force finite dferencecalculation of sensitivities is sometimes referred tdasp-

ing the model Bumping the model has a charming advantage: If you keep your model and
your pricing code separated (a design pattern one should always consider) then you may im-
plement a generic code for generating sensitivities by feeding the pricing code fatredtly
bumped models. In other words:

0
70 E(f(Yo)lFt,) =

Once the pricing code is written, all sensitivities are available. (17.0)

It seems as if you get sensitivities almost for free (i.e. without dfigriein modeling and
implementation) and the only price you pay is a doubling of calculation time compared to
pricing. However, it is known that applying such a finitéfeience approximation to a Monte-
Carlo implementation will often result in extremely large Monte-Carlo errors. Especially if the
payout function of the derivative is discontinuous, this Monte-Carlo error tends to infirtity as
tends to zero. And discontinuous payout is present whenever a trigger feature is present.
Sensitivities in Monte-Carlo are known as a challenge. Numerous methods have been pro-
posed for calculating sensitivities in Monte-Carlo, among them the likelihood afjcahd
the application of Malliavin calculus, which has attracted increased attention rec&sily, [
These methods improve the robustness of sensitivities, but require more information.
It appears as if the measures you have to take to improve Monte-Carlo sensitivities will
lose the advantage {.1) of bumping the modelLater, we will present a method (which is
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17.3. GENERIC SENSITIVITIES: BUMPING THE MODEL

Figure 17.1.: The payg of an auto cap paying a maximum of two out of three caplets, considered under

a parallel shift of the interest rate curve (black line). The strike rate is depicted by a blue dot, a positive
payout is marked in green: In scenarios a) and b) the first caplet does not lead to a positive payout while
the second and third caplet do generate a positive payout. The shift of the interest rate curve from a) to
b) changes the payout continuously. In scenario c) the first caplet leads to a positive payout. Since the
auto cap is limited to two positive payouts the payout of the third caplet is lost as soon as the first caplet
pays a positive amount. Thus, from scenario b) to c) the payout of the auto cap changes discontinuously.

Price impact of a shift of the interest rate curve (shift from -0.00010 to 0.00010)
0.0002 T T T

h 200 paths
own: 2000 hs
product=auto cap

start=1.0
0.00015 | eng-20.0
period=0.5
exercises=10 (of ZB

0.0001

Jump due to change
5e-05 - in‘exercise strategy

Price impact
o
T

-5e-05

/

-0.0001 / Sensitivity of the ]
/ underlying caplets
-0.00015 -
10,0002 . (<) Copyright 2003 Christian fries - www.christianfries.com .
-0.0001 -5e-05 0 5e-05 0.0001

Shift of interest rate curve

Figure 17.2.: The value of an auto cap as a function of the shift size of a parallel shift of the interest
rate curve. Using only a small number of paths, a small shift does not lead to a change of the exercise
strategy. The price change is driven by the sensitivity of the underlying caplets. Thus, for small shifts one
might be tempted to call the sensitivity stable. For a larger shift the exercise strategy changes on some
paths, leading to a jump in payo
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CHAPTER 17. SENSITIVITIES (PARTIAL DERIVATIVES) OF MONTE-CARLO PRICES

also an implementation design pattern) that makes it possible to calculate sensitivities through
bumping the modakhile providing the accuracy and robustness achieved by the likelihood
ratio or Malliavin calculus approach. The method is essentially a likelihood ratio reconsidered
on the level of the numerical scheme.

There are basically two fierent methods for calculating sensitivities in Monte-Carlo:
¢ the pathwise method, whichftérentiates the payout on every simulation path,1seb
¢ the likelihood ratio method, which filerentiates the probability density, SE26

Numerically, these two methods may be realized as
¢ (traditional) finite diterences, se&7.4
o finite differences applied to a proxy simulation scheme.

However, a proxy simulation scheme is a much more powerful design, see Chépleis
also possible to mix the two approaches by considering a partial proxy simulation scheme, see
Section18.4

In the following we will present the elierent methods for calculating sensitivities in Monte-
Carlo simulations. Each section starts with a short description of the approximating formula
and gives the method requirements and properties as bullet points. We assume that a Monte-
Carlo pricing algorithm has been implemented and we mention only requirements additional
to the pricing.
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17.4. SENSITIVITIES BY FINITE DIFFERENCES

17.4. Sensitivities by Finite Differences

The finite diference approximation is given by

SLEI00) 173)

Q

(BT (Vo) 1 72) ~ EX(1 (Vo) | 72)

< o E ) 1 73) ~ BT (Y0 1 72)

= % ; %(f(Y9+h(wi) - f(Yg_h(wi))

Requirements

e No additional information from the model sde
e No additional information from the simulation scheiXgt;, 1)
e No additional information from the payodit

e No additional information on the nature @{= generic sensitivities)

Properties

e Biased derivative folarge hdue to finite diference of ordeh
e Extremely large variance for discontinuous payouts smdll h(orderh?)

The most important feature of finiteftBrences is their genericity. Once the pricing code
has been written, all kinds of sensitivities may be calculated.

For smooth payouts, the finite fiirence approximation converges to the derivative for
h — 0. Thus, if the payout is smooth, small shift sizeare favourable. Using largethe
approximation of the derivative is biased.

For discontinuous payouts, &as— 0 the finite diference of the Monte-Carlo price does
not converge to the derivative of the Monte-Carlo price. The reason is that for discontinuous
payouts the Monte-Carlo approximation (- o) and the approximation of the derivative
(h — 0) are not interchangeable.

For discontinuous payouts finiteftirences with a fixed, small shift sibgperform poorly.

The contribution of a discontinuity to the sensitivity may be calculated analytically. It is the
jump size multiplied by the probability density at the discontinuity. Finiteténces resolve

this contribution only through those sample paths which fall into a neighbourhood around the
discontinuity, having the width of the shift size. Thus, if the shift size is small, the discontinuity
is resolved by a few points, ultimately resulting in a large Monte-Carlo error. For discontin-
uous payouts large shift sizes are preferable. However, if the shift size is large, the derivative
becomes biased by second ordieets (if present).

Since finite diference does not require anything more than a given pricing algorithm, we
are tempted to apply it to any product for which a Monte-Carlo pricing may be calculated. If
the product exhibits discontinuities in the payout, the finitetence approximation tends to
be unreliable, and a careful analysis of the Monte-Carlo error for a given shifh fias to be
performed.

Lizensiert fuer <ayonbd2000@yahoo.com> (Muntasir Hasan) 219 Comments welcome.
This work is licensed under a ©2004, 2005, 2006, 2007 Christian Fries
Creative Commons License Version 1.4.18 [build 20070403]- 1st May 2007
httpy/creativecommons.oficensegby-nc-nd2.5deed.en http://www.christian-fries.de/finmath/book


http://creativecommons.org/licenses/by-nc-nd/2.5/deed.en
http://creativecommons.org/licenses/by-nc-nd/2.5/deed.en
http://www.christian-fries.de/finmath/book

CHAPTER 17. SENSITIVITIES (PARTIAL DERIVATIVES) OF MONTE-CARLO PRICES

17.4.1. Example: Finite Differences applied to Smooth and
Discontinuous Payout

Let us consider a finite ffierence approximation of the partial derivative for the case of the
linear payoutf (X(T)) = a- X(T) + b from Sectionl7.2.3.1 We have

SEAT00)173)

Q

(BT (Your) | 72) ~ EX(1 (Vo) | 72)

< o E ) 173 — B (Y0 | 72)

= 1 20 g CGen) 1Y)

= 130 a0 2 (Vi) - Yorsfe)
n - 2h +h Wi 6-h\Wi)),
which is a good approximation, i§; Yo(wi)) ~ = (Yesn(wi) — Yo_n(wi)). This is usually the
case and throughout this chapter we assume that the model is such, that its realzétigns
are smooth in the model parametérs
For the discontinuous payo@itX(T)) = 1 if X(T) > K and f(X(T)) = O else, considered in

Sectionl7.2.3.2 we have

0

2 2—1h(EQ(f(Yg+h) | F20) = EX(f (Yor) | F2,))

EX(F(Yo) | F1o)

Q

Q

BT (Vo) | 72) ~ B (V) 1 72)

= 2 20 () = 1)

13 1 if Yo-n(wi) < K < Ygin(wi)
= n Z h =1 if Yon(wi) > K > Yon(wi)
=1 0 else.

This is a valid approximation, but it has a large Monte-Carlo variance, since the true value is
sampled by 0 an% occurring in the appropriate frequencyhlfets smaller, then we have to
represent true value by a sampling of 0 and a very large constant.

Simplified Example: Assume for simplicity thatyy is linear ing, i.e. we haveYy,, =
Yo + 2% - hand thus

%} if Yo_n(wi) < K < Yorn(wi)
f(Yorn(wi)) — f(Yo-n(wi))

= E—ﬁ if Yo_n(wi) > K > Ypin(wi)

0 else.
7
sign -7~ .
99
o if Yo(wi) € [K—¢€,K+ €]
0 else.
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17.5. SENSITIVITIES BY PATHWISE DIFFERENTIATION

wheree := | 22| - h. For the probability we have

6Y9 oh.

= UMK - e K +e) = oy (K)- 26 = py(K): |5

In other words: We are sampling the partial derivative of the expectation by a binomial exper-

iment:

a,
sign '

2h
The expectation of this binomial experiment is

with probability g and 0 with probability 1 .

sign2
2h

Y,
1q+0-(1-0) ~ ¢y (K)- S,

which is the desired analytic value for the finitefdrence approximation @5 — 0. The
variance of the binomial experiment is

(2—1h)2-q-<1—q) - 20 - 0(2—1h)

which explodes ak — 0.

17.5. Sensitivities by Pathwise Differentiation

The pathwise dferentiation method is given by

BECCOT) = 3 [ 1¥0.0) 62w = [ L1(¥w.0) dow)
aY(a)

f F(Y(w.6) - ‘W(”’ 9 do(w) = 2t ve)- D 7

aY(a) aY(w.,a)

f smooth

E2(F(Y(0)) | F) = Z £ (Y(w:, 0)) -

Requirements

Additional information on the model sad¢

No additional information on the simulation scheX 1)

Additional information on the payout (derivative off must be known)

Additional information on the nature &f(= no generic sensitivities)

Properties

e Unbiased derivative
e Discontinuous payouts may be dealt with (interpireas distribution, see below)
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CHAPTER 17. SENSITIVITIES (PARTIAL DERIVATIVES) OF MONTE-CARLO PRICES

The pathwise method requires the knowledge of the derivative of the pdyand the
derivative of the process realizations with respect to the parardeteas. BY(“" MNMwid 1t is thus

only applicable for a restricted class of models and model parameters, @ﬁ%gﬁé may be
calculated analytically.

It seems as if a discontinuity in the payout cannot be dealt with, since we réquarexist.
However, the impact of a discontinuity can be calculated analytically] 8é&e2

It is a major disadvantage of the method that it requires special knowledge of the payout
function and of model realizations.

17.5.1. Example: Delta of a European Option under a
Black-Scholes Model

We consider a Black-Scholes Model
S(t) = S(0)- exp(t — %Ft +oW(@®),  S() =

B(t) = B(0)- exp(t)
In this case we have, e.g.

(17.2)

S(T)
3So S( ) = 'Sy
Using the notation above, our model primitiveXs= (S, B). We assume that the payout of
our derivative depends ovi= X(T) = (S(T), B(T)) only, i.e. we are considering a European
option. Then we have

S EISM) 172) = BT L 172)
~ BAF(S(T)- S(T) 170)
: —Zf SR

17.5.2. Pathwise Differentiation for Discontinuous Payouts

In case that the payotitexhibits discontinuities the pathwise method may be applied, provided
that f allows for a decomposition

= g+ ) ail({Y(6) > i),
i
with g being smooth. In this case we have

GEC@175) = 3 [ (¥ 6w = [ Zi(¥w.0) dow)

f P (Y(w.6)) - ‘W(“’ Y o) = vy - 2O

g smooth S

| F10)

£ (V(6)) ‘9 (9) 770+ D00 o ‘9) AT

See [79, 89 for examples of how to use pathwisef@rentiation with discontinuous payouts
(there in the context ofthto default swaps, CDOs).
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17.6. SENSITIVITIES BY LIKELIHOOD RATIO WEIGHTING

17.6. Sensitivities by Likelihood Ratio Weighting

The pathwise method filerentiates the path vald§6) of the underlying process realizations
Y. Provided there is a probability densidy of Y(6) we may write the expectation as a
convolution with the density. The likelihood ratio weightirsg] 55, 16] is then given by

GEOOI7) = 5 [ (@) 62w = 5 [ 0 oo &

H#voV)
= Lm f(y)- W -¢Y(9)(y) dy = EQ(f(Y) W(O) | 7:to)

BTN W) 1 73) = = D H(Y(en) - w0, ),

i=1

Q

& v (Y()

wherew(0) := Pve(YO)

Requirements

e Additional information on the model sd€(— ¢v())

e No additional information on the simulation scheX{;1)

e No additional information on the payout

Additional information on the nature &f(= no generic sensitivities)

Properties

e Unbiased derivative
e Discontinuous payouts may be dealt with.

The Likelihood Ratio method requires no additional information on the payout function.
This is an advantage compared to the pathwisierintiation. However, it requires that the
density of the model sde’s realizatiogt) is known and furthermore, that its derivative is
known analytically with respect to the parameferThis is rarely the case and thus a major
drawback of the method.

The likelihood ratio method does not require the payout to be smooth. The method works
very well for calculating the impact of a discontinuity in the payout. However, the method has
its problems with smooth payouts: the Monte-Carlo error of the approximation using Likeli-
hood Ratio is larger than the Monte-Carlo error of the finitdedence approximation. We give
a simple example of thisfiect next.

17.6.1. Example: Delta of a European Option under a
Black-Scholes Model using Pathwise Derivative

Let us look again at a European Option using Biack-Schloes modg17.2. SinceB is
deterministic we need to consider the probability densityp ofSince logS(T)) is normally
distributed, see Chaptdy we have for the density &(T)

$sidnorm (=17 (109(8) + F(T) — 55°(T)? - log(So))

sy (s) = S ,
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CHAPTER 17. SENSITIVITIES (PARTIAL DERIVATIVES) OF MONTE-CARLO PRICES

wheredsianorm (X) = % exp(x?/2) is the density of the standard normal distribution.
Thus, the delta of a European option with (renaire-rebased) payo@i{S(T), B(T)), calcu-
lated by the likelihood ratio method, is given by

7254y (S(T))

E5|fsm. B #sm)(S(T))

7).

17.6.2. Example: Variance Increase of the Sensitivity when using
Likelihood Ratio Method for Smooth Payouts

For some smooth payouts, the Likelihood Ratio method may perform less accurately than the
pathwise method7.5o0r its finite diference approximatiofi7.4 A simple example illustrates

this dfect: Consider constant payotS(T), B(T)) = b. Then, the likelihood ratio method
gives the delta of this option as

755 s (S(T))
¢sm(S(T))

f=b=const. 0
= b'La—Sofﬁsm(S) ds

0
E2 | £(S(T). B(T) - [7a| = [ f(sBT): ¢-dsm(9 ds
R 0Sop
and indeed (using substituatigr= log(s), dy = %ds) we see that the delta is zero:

d
= Ra_&)¢()dy =0

The Monte-Carlo approximation is

Jil
a5 ¢sm)(S(T))
o s #sm(SM)
= {f(S(T), B(T) - S | 76
B | ZHST0) 18 AdST.w)
A PIC UL QRS oy D IL I AP

which is in general non zero. It is an approximation of zero, having some variance.
On the other hand, note that the pathwise method and even a fiffideedice approximation
thereof would give a delta of zero with zero Monte-Carlo variance.

17.7. Sensitivities by Malliavin Weighting

The Malliavin weighting is similar to the Likelihood Ratio method: the sensitivity is expressed
as the expectation of a weighted payout function.

0
5 EX(F(Y(60) | F) = E(F(Y(6)) - W(6) | F,)
1 n
~ E(F(Y(9)) - W(0) | ) = = 2 F(Y (. w) - Wi, wi)
i=1
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17.8. PROXY SIMULATION SCHEME

Requirements

Additional information on the model sd&(— w)

No additional information on the simulation scheX{;. 1)

No additional information on the payofit

Additional information on the nature &f(= no generic sensitivities)

Properties

e Unbiased derivative
¢ Discontinuous payouts may be dealt with.

Benhamou 47] showed that the Likelihood Ratio corresponds to the Malliavin weights
with minimal variance and may be expressed as a conditional expectation of all corresponding
Malliavin weights (we thus view the Likelihood Ratio as an example of the Malliavin weight-
ing method).

However, here the weights are derived directly through Malliavin calculus which makes this
method more general and applicable even if the density is not known. The derivation of the
Malliavin weights requires in-depth knowledge of the underlying continuous proceassl it
is heavily dependent on the naturegof

17.8. Proxy Simulation Scheme

The proxy simulation scheme defines a design of a Monte-Carlo pricing engine that has the
remarkable properties that the application of finitéetiences to the pricing will result in Like-
lihood Ratio weighted sensitivities without actually the need to know the depaitglytically.

Thus it combines the robustness of Likelihood Ratio or Malliavin weighting with the genericity
of finite differences.

Since the proxy simulation scheme method is not solely devoted to the calculation of sen-
sitivities it will be discussed in an own chapteri8. For a detailed discussion of the proxy
simulation scheme see als8p] 66]. Here, we will summarize the key properties.

The Monte-Carlo sensitivity under a proxy simulation scheme is given by

%EQ(f(Y*(H))Iﬂ) x Z—lh(E@(f(Y*(mh))mo)—EQ(f(Y*(e—h))m))
= a% fR i f(y) - 2—1h(¢v*(e+h)(Y) = Pvo-ny(y)) dy
2 (Bv- o0y (Y) = By-(o-n)(¥))
h
me 0 )

% ; f(Y°(wi)) - 2_1h(w(9 + h, wi) = w6 - h, wy))

“py-(y) dy

X

Requirements

e No additional information on the model s¥fe
e Additional information on the simulation schemé(ti;1), X°(tis1)
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CHAPTER 17. SENSITIVITIES (PARTIAL DERIVATIVES) OF MONTE-CARLO PRICES

e No additional information on the payofit
¢ No additional information on the nature @{= generic sensitivities)

Properties

e Biased derivativdbut small shifth possible)
e Discontinuous payouts may be dealt with.
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CHAPTER 18

Proxy Simulation Schemes for
Monte-Carlo Sensitivities and
Importance Sampling

In this chapter we describe the proxy simulation scheme technique as it is gives| enfd

[65].

18.1. Full Proxy Simulation Scheme

We take the notation of the previous chapter, 582and17.3and considetwo time-discrete
schemes for the stochastic proc&ss

Xt X)) 1=0,1,2,... time discretization scheme &f
— target scheme

X i X°(t) 1=0,1,2,... any other time-discrete stochastic process (as-
sumed to beloseto X*)
— proxy scheme

Let ¢v-(y) denote thelensityof Y° andgy-(y) thedensityof Y*. We require

Vy:¢'(y) = 0= ¢"(y) = 0. (18.1)

Using the additional schem¥° the pricing of a payout functiorf is now performed
in the following way: LetY = (X(t1),...,X(tm)), Y* = (X*(t2),...,X*({tm)), Y° =
(X°(ta), - .., X°(tm)). We have E(f(Y(0)) | Fr,) ~ EX(f(Y*(6)) | F,) and furthermore

EOrO) 7)) = [ 1@ da@ = [ 16)-sro) &

_ Pve) ] — Qv .
= [ o) S g dy = EXHC)-w0) 75,

wherew(g) = 2re®)

) . . .. .
For the Monte-Carlo approximation this implies that the sample paths are generated from
the schemeX® while the probability densities are corrected towards the target sckéme
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CHAPTER 18. PROXY SIMULATION SCHEMES FOR MONTE-CARLO SENSITIVITIES AND IMPORTANCE SAMPLING

Notes

e ForX° = X*we havew(d) = 1, and in this case the proxy simulation scheme corresponds
to the ordinary Monte-Carlo simulation of.

e The proxy schem&° and thus its realization vectd¥ are seen as being independent of
6. This has important implications on the calculation of sensitivities, see Se@i@n

e The requirementy : ¢"'(y) = 0 = ¢  (y) = O corresponds to the non-degeneracy
condition of the difusion matrix as it appears in the application of the likelihood ratio
and Malliavin weights. However, here this requirement is far less restrictive since we
are free to choose the proxy schekife

18.1.1. Calculation of Monte-Carlo weights

For the most common numerical schemes the densjtiegs¢¥ and thus the Monte-Carlo
weights may be calculated numerically. Consider for example the schemes

target scheme: X*(ti;1) = X*(t) + X (t)AG + 2(t) - T(t) - AU(L)
proxy scheme: X°(ti,1) = X°(t) + @ (H)At + Z°(t) - T°(t;) - AU(t)

whereX denotes an invertible volatility matrix arid denotes a projection matrix, the factor
matrix which defines the correlation structiRe- I'T".

Assume for simplicity that (t;)) depends orX*(t;), X*(ti.1) only (and similar for’ (t;))
(this holds for, e.g. Euler Scheme, Predictor Corrector), then we have for the transition proba-
bility densities

¢X* (ti, X|*1 ti+l9 Xi:.]_) =
1

1 - - * * *
(ZHAt‘)n/Z exp( - 2At: (A l/ZFTZ 1(Xi+l - X _ﬂx (ti)Ati))z)
i i

¢X° (tl 1) xio; ti+1’ Xio+]_) =
1

1 o— o o— o o ° 2
W eXp( - Kt, (A 1/2F TZ 1(Xi+l - Xi —MX (t|)At|)) )

And the proxy scheme weights are given by
L (5, X5 81, X5, )

W(tis1) I, = > — —,
k ljj! ¢X (tja X]- ’ tj+ZI., Xj+1)

see p6] for details.

Notes

e We used the factor decomposition (PCA)x F - VA whereA = diag(ly, ..., Am) are
the non-zero eigenvalues Bf I'".

¢ A change of market dafecalibration d@ects only the transition probabilities.
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18.2. SENSITIVITIES BY FINITE DIFFERENCES ON A PROXY SIMULATION SCHEME

18.2. Sensitivities by Finite Differences on a Proxy
Simulation Scheme

%EQ(f(Y*(G)) | F,) ~ 2—1h(EQ(f(Y*(9 +h) | ) — EX(F(Y*(6 - ) | F,))

3% Lm o) 2_1h(¢Y*("+h) V) = dv-e-n(y)) dy
3 (@v-@m (Y) = dv--n(Y))

Pv-(y)

LS ) = )= W@ - h.w,
2 TV @) 5 (W0 + ) = w6 b )

- py-(y) dy

f(y) -
-

Q

Requirements

No additional information on the model site

Additional information on the simulation scher®é(t;,1), X°(ti+1)

No additional information on the payofit

No additional information on the nature @{= generic sensitivities)

Properties

e Biased derivativdbut small shifth possible)
e Discontinuous payouts may be dealt with.

Notes

We noted above that additional information on the simulation scheme is required, that is, the
densities of the two schemes. Note however that we require these densities to setup the pricing
algorithm. For the sensitivity calculation no additional information is needed. Note also that
the required densities are densities of numerical schemes, which can usually be calculated from
known transition probability densities (see Sectiénl.]).

18.2.1. Localization

If the payout functionf is smooth then ordinary finite fierences perform better than the
weighting techniques. The latter shows an increase in Monte-Carlo variance of the sensitivity.
This dfect is not only visible for smooth payouts but also for large finite dierence shifts.

A solution that has been proposed @8] is localization. Here the weighting is applied only
to a region where the paffas discontinuous.

Let g denote the localization function, i.e. a smooth functiog § < 1 such thag = 1 at
discontinuities off. Consider the decomposition

f=1-9)-f +9g-f.
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CHAPTER 18. PROXY SIMULATION SCHEMES FOR MONTE-CARLO SENSITIVITIES AND IMPORTANCE SAMPLING

We define the pricing of the payoftitas

EF(Y)IF) = E(Q-9(Y)) - F(Y)IF) + E@Q(Y) - £(Y°)- %Iﬂ,)-
In other words: We use a pricing based on a proxy simulation schente fbiand a pricing
based on direct simulation for @g) - f.

It should be noted that localization is carried out by a redefinition of the payout. The product
is split into two parts, where one is priced by a direct simulation scheme and the other is priced
by a proxy simulation scheme method. This allows us to implement localization on the product
level, completely independent of the actual simulation properties. In addition, localization does
not reduce the ability to calculate generic sensitivities.

18.2.2. Object-Oriented Design

The proxy scheme simulation method may in part also be viewed as an implementation design.
In Figure 18.1(a)we depict the object-oriented design of a standard Monte-Carlo simulation
where a change in market data results in a change of simulation path. In Egd(g)we
contrast the proxy scheme simulation method where a change in market data results in a change
of Monte-Carlo weights. In practice, we propose that the model driving the generation of the
proxy schemes paths is calibrated to market data used for pricing while a market data scenario
used for sensitivity calculation, i.e. by bumping the model, only impacts the Monte-Carlo
weights. A method should befered to reset the proxy simulation’s market data to the target
simulation’s market data.

18.3. Importance Sampling

The key idea of importance sampling is to generate the paths according to their importance
to the application, not according to their probability law, and in doing so, adjust towards their
probability by a suitable Monte-Carlo weight (the change of measure).

Using a proxy simulation scheme, the paths are generated according to the proxy scheme
while a Monte-Carlo weight adjusts their probability towards the target scheme. Actually,
once the proxy simulation scheme framework has been established, the Monte-Carlo weights
are calculated automatically from the two numerical schemes.

Thus, choosing the proxy scheme such that it creates paths according to their importance to
the application is a form of importance sampling. It has the advantage that specifying a suitable
process might come easier than calculating the optimal sampling and the corresponding Monte-
Carlo weights.

18.3.1. Example

Let us look at the pricing of an out-of-the-money option under a lognormal model (like the
Black-Scholes model or the LIBOR market model):

Log Euler Scheme: dlo)(tj+1) = log(X)(tj.1) + p(t)dt + cdW
OTM option: maxi(T) — K, 0),
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18.3. IMPORTANCE SAMPLING

InputData InputData
Market Data 6+h Market Data 8-h
Model Simulation Product

Calibrated Model Equally weighted
Parameters o “aualywelg

=
Paths of Simulation Scheme * z f(Y((.L)

ERL
[ Price | [ Price |
Sensitivity as Finite
Difference
(a) Standard Monte-Carlo Simulation
InputData InputData
Market Data 8+h Market Data 8-h
Model Simulation Product
Calibrated Model f
P:rlarr:eteers odel ——_¢| Monte Carlo weights
Paths of P h
aths of Proxy Scheme ’ z f(Y((DI)) . Wi
Proxy Model —,

Model Parameters l \

[ Price | | Price ]

LR like Sensitivity as
Finite Difference

(b) Proxy Scheme Monte-Carlo Simulation

Figure 18.1.: Object-oriented design of the Monte-Carlo pricing engine: We depict the impact of a
change of dferent market data scenari@s+ h andd — h on the pricing code of a standard Monte-Carlo
simulation and a proxy scheme simulation.
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CHAPTER 18. PROXY SIMULATION SCHEMES FOR MONTE-CARLO SENSITIVITIES AND IMPORTANCE SAMPLING

whereX(0) = Xp andK >> Xo. The drift of the model is determined by the specific pricing
measure. However, in our application we would prefer that the med¢{Tof is close to the
option strikeK rather than being exdog Xo + fOT,u(t)dt). To achieve this, simply use a proxy
scheme with artificial drift:

Proxy Scheme: dlog{)(tj1) = log(X)(tj+1) + wdt + odW

Target Scheme: dloX((tj+1) = log(X)(tj+1) + u(t)dt + ocdW

This will bring the paths to the region that is important for the pricing of the option, while
the proxy simulation scheme framework automatically adjusts probabilities accordingly. Fig-
ure 18.2shows a comparison of distribution of Monte-Carlo prices obtained from direct sim-
ulation compared to the prices obtained from importance adjusted proxy scheme simulation.

Importance Sampling using Proxy Simulation Scheme

Frequency
o o o
(= [ N
o (8] o

2

[=)

a
)

0,00 - _-..IIIIIIIIIIIIIIIIIIIIIIII.-.III--II -

0,000000  0,000025  0,000050 0,000075 0,000100 0,000125
Prices

I Standard Euler Scheme
Proxy Scheme with Importance Adjusted Drift

Figure 18.2.: Importance sampling using a drift adjusted proxy scheme. The example was created using
a LIBOR market model to price a caplet with strike=<0.3, the initial forward rate being X= L;(0) =
0.1.
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18.4. PARTIAL PROXY SIMULATION SCHEMES

18.4. Partial Proxy Simulation Schemes

The (full) proxy simulation scheme method requires the density of the target scheme realization
to be zero if the density of the proxy scheme is zeld®.7). In other words, it is required
that the paths simulated under the proxy scheme comprise all paths possible under the target
scheme. If the property is violated, then the Monte-Carlo expectation using the weighted paths
of the proxy scheme will leave out some mass. This limits the application of the full proxy
simulation scheme. For the calculation of sensitivities the limitation means that we cannot
calculate the sensitivity with respect to all possible perturbations.

However, in order to improve the calculation of sensitivities of trigger products it is not
necessary to keep all underlying quantities rigid (as for a full proxy simulation); ifficisunt
to keep the quantity that induces the discontinuity rigid. This gives rise to the notion of a partial
proxy simulation schemeg§)].

Let KO denote the unperturbed scheme &idsome perturbation df°, e.g. a scheme with
different initial data. We will calK® the reference scheme aKd the target scheme.

The usual procedure of bump-and-revalue for computing Greeks would simulate paths of
K* having Monte-Carlo weight. The proxy simulation schemes would simulate pathk%f
using Monte-Carlo weightﬁ . 2—;. Instead, here we consider a third schette the (partial)
proxy simulation schem&here paths are such that the path-wise values of some (but not all)
components oK?! (or a function thereof) agree with the corresponding pathwise quantities
underk®.

18.4.1. Linear Proxy Constraint

Let I1(t)) denote a projection operator of rakkLet v(t;) be defined as
v(t) = (- T() ™ - (I K*(tisa) — TT- KO(tira)), (18.2)
where (I -T(t))! is the quasi inverse di - I'(t), i.e.vis the solution of
ITT - KO(ti41) =TT+ (K" (tis2) — D@V, — min. (18.3)

We define the&k-dimensional partial proxy schemeé Iés:

K(to) :
Kl(ti+1) .

K*(to)

(18.4)
K*(tis1) — I (t) - v(t).

The schemé&* has the following properties:

e It coincides withK® on thek-dimensional sub-manifold defined b¥; i.e. I - K1(t;) =
IT - KO(t).

e It is given through a mean shifi(t;) on the Brownian incrememW(t;) of the target
schemeK*.

Consequently, the Monte-Carlo weight of the partial proxy scheme is given by

R (L, KA, ti, KX (tira))

w(t) = .
K1(t. 1(t.) t. 1(t.
¢ (tn K (t|), tiv1, K (t|+1))
Lizensiert fuer <ayonbd2000@yahoo.com> (Muntasir Hasan) 233 Comments welcome.
This work is licensed under a ©2004, 2005, 2006, 2007 Christian Fries
Creative Commons License Version 1.4.18 [build 20070403]- 1st May 2007

httpy/creativecommons.oficensegby-nc-nd2.5deed.en http://www.christian-fries.de/finmath/book


http://creativecommons.org/licenses/by-nc-nd/2.5/deed.en
http://creativecommons.org/licenses/by-nc-nd/2.5/deed.en
http://www.christian-fries.de/finmath/book

CHAPTER 18. PROXY SIMULATION SCHEMES FOR MONTE-CARLO SENSITIVITIES AND IMPORTANCE SAMPLING

In the case of a linear proxy constraint, the mean siffy is 7, measurablé. Then, using
simple Euler schemes, the transition probabilities are

¢ (6, KH(t); tian, KX(te1) = oW (t WCE), iz, W(E11))
o (b, KAt tia, KH(tisn)) = o™ (6, W), tivs, W(tie1) — V(1))

From this we can derive(t;) as a simple analytic formula, see Sectigh4.4.2

We would like to note that in18.3 we may replace the projection operator by a general non-
linear function, if necessary. We will discuss this case in Sedtir.3and we will consider
this case in our example in Secti@B.4.7

(18.5)

18.4.2. Comparison to Full Proxy Scheme Method

The proxy simulation scheme proposed @@][corresponds t&* = K°. Thus, it is a special
case of 8.2, (18.4 if ITis the identity and if

TtV() = K (tia) — KO(tia) (18.6)

has a solution(t;) (not only in the sense of a closest approximation). If howet8rg has no
solution, v(t;) from (18.2) still defines a valid mean shift for the schefté. The schemé?!
will be the closest approximation & fulfilling the measure continuity condition with respect
to K*.

A major advantage of the partial proxy scheme is that the projetlioray be chosen such
that (18.2 has an exact solution with respect to the sub-manifold defined,bso K* and
KO coincide on &-dimensional sub-manifold. We will make use of this in our example in
Sectionl18.4.6

18.4.3. Non-Linear Proxy Constraint

An obvious (and commonly required) generalization is to replace the linear projection operator
I1 by a general, possibly non-linear functibn R" — R¥ and defines(t;) as the solution of

f(tis1, KO(tis1)) = F(tien, K*(tirn) — T(t) - V(8)). (18.7)

Thus we havef (ti,1, KO(ti,1)) = f(ti.1, KX(tir1)). An example of an application of this gen-
eralization is a LIBOR Market Model, whererepresents a certain swap rate or function of
swap rates (e.g. a CMS spread). The condition will then ensure that the path values of the swap
rate(s) are the same und€? andK?.

18.4.3.1. Linearization of the Proxy Constraint

While a constraint like 18.7) will be the general application, its numerical implementation
may be expensive, since one has to solve the non-linear equation on every path in every time-
step. However, iK*(t;,1) is a small perturbation df°(t;,1), we may linearize Equatioh8.7.
In other words we would set

O = f/(Kt1)). (18.8)

Note that the proxy simulation method is constructed such that a fifiiegelce using small
perturbation will remain stable, i.&*(ti,1) may be chosen to be arbitrarily closek8(t.1).

1 We will later consider the general case of non-linear proxy constraint§"amdeasurable mean shifts, see Sec-
tion 18.4.3and18.4.4
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18.4. PARTIAL PROXY SIMULATION SCHEMES

18.4.3.2. Finite Difference Approximation of the Non-Linear Proxy Constraint

The linearization 18.8 of f may still result in relatively large computational costs, because
the projection operator has to be calculated on every path. Note that we linearize around
KO(ti;1, w). Thus the quasi-inverse Bi” has to be calculated on every path in every time-step.
If we want to implement a faster calculation of the mean skift w;) we can calculate an
approximate solution of18.7) by guessing the directional shifft)) and finite diferences to
determine the shift size:

Assume we knew that the directional shift ) does not lie in Kerfi’T". Then for some > 0
calculate

A—er\”/(t.)f = %(f(tprl, K*(tiz1) — e - T(t) - W(t;)) — f(tisa, Ko(ti+1))) (18.9)
and set
- v(t) = (A_ag)) - W(t) (18.10)

in the definition of the partial proxy scherké, (18.4).

This solution has the desirable property, that its implementation allows the constraint func-
tion f to be specified exogenously by the user; this constraint function may vary with the
application.

Example: If Kis the log of the forward rates under a LIBOR Market Model dns a swap
rate, i.e. we would like to keep a swap rate rigid, then we can achieve this by modifying the first
factor. This corresponds it = (1,0,...,0). From (8.9 we can calculate the impact of a
shift of the first factor on the swap rate; from8(1Q we can calculate the required magnitude
of this shift (it is scalar equation with a scalar unknowy(t;)).

We will consider a constraint likel8.7) next, in our benchmark application, a trigger option
on an index like a CMS swap rate considered under the LIBOR Market Model.

18.4.4. Transition Probability from a Nonlinear Proxy Constraint
18.4.4.1. The Proxy Constraint Revisited

There is subtle but crucial detail in the definition of the mean slfif): It is defined by
comparingK*(ti;1) to K°(ti11)

f(tien, KO(tian)) = F(tiva, K (tivn) — T(t) - V()), (18.11)

not by comparind* (t;) to K°(t;). Thus, in general(t;) is a¥y,,-measurable random variable,
but not# . -measurablé.If we would definev(t;) through

i+1
f(tive, KO(t)) = f(tiva, K (6) — T(t) - v(t)),
then it is not guaranteed that

f(tie1, KO(tisn)) = f(tien, K*(tien) — T(E) - V(E)),

2 In the following we will sayv(t;) is 75, -measurable onlyif it is 7, -measurable but nof; -measurable.
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CHAPTER 18. PROXY SIMULATION SCHEMES FOR MONTE-CARLO SENSITIVITIES AND IMPORTANCE SAMPLING

holds, after the drift and the filision fromt; to tj,; has been applied. To account for the drift
we could define(t;) through

f(tisr, KOt) + £2(t)AL) = f(tieg, K () + 17 (6)AG — T() - (1)), (18.12)

which makesv(t;) a #,-measurable random variable, but there is still no guarantee that the
proxy constraint holds after theftlision has been applied. However, it will be the case for
linear constraints.

From this consideration it becomes obvious that for the linearization of the proxy constraint,
we would have to linearize arourkP(ti,1) and not around (t;}). As a solution of this lin-
earizationv(t) will be #¢,,-measurable only.

If the mean shift(t;) is defined by 18.1]) as afy,,-measurable random variable it means -
using Euler schemes - th&(t;) depends non-linearily on the increme¥W(t;) and the formula
for the corresponding transition probability involves inverting this dependence. Here are two
examples:

18.4.4.2. Transition Probabilities for General Proxy Constraints

If the proxy constraint on timé; is linear, then it may be realized by &) measurable
mean-shif(t;). In this case the calculation of the transition probabilities that form the Monte-
Carlo weight leads to very simple formulas. Fro8® we find that for anf-measurable
mean-shift

m S (t1N2 4 w2
w(ti) = 1_[ exp[——(xk V;(Atlt) U
k=1 !

If the mean shift/(t;) is only 7, ,-measurable, then it is still possible to obtain a simple an-
alytic formula for the transition probability; however, this formula requires tlfiedintiation
of the functional dependence ;) on the incremendW(t;).

Consider the general case where the mean sijjtdepends on the Brownian increment

AW(L), i.e.

] wherex, := AW(t). (18.13)

v(ti) = v(ti, AW(t)).

DefinexX'= g(x) := x— v(t;, X). Obviously we have

o(X)dx. (18.14)

vt ¥ 9(ge))det(*52)
)= g

Here x denotes the (realization of the) Brownian incremé&w and¢ denotes its probability
density. Evaluating functions af= g(x) corresponds to pricing under the partial proxy scheme
K*; evaluating functions ok corresponds to the pricing under the target sch&he From
(18.19 we can read fb the Monte-Carlo weights for the pricing under the schétheas

p(Rdx <L ¢>(g(x))det(

. m _ ti 2 >
i) = de1 - 202 [ g LR

24t ) wherexy ;= AW(tj)). (18.15)

k=1

Obviously this result is not limited to the case of Euler schemes. The only requirement with
respect to the scheme is that it is generated by the Brownian incremiéf(ty (e.g. as for a
Milstein scheme). We summarise our result in a theorem:
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18.4. PARTIAL PROXY SIMULATION SCHEMES

Lemma (partial proxy): Let K*(tj), i = 0,1,2,..., denote a numerical scheme generated
from the Brownian incrementsW(t;),i = 0,1, 2, ... (target scheme), i.e.

K(tiva) = K*(tiea, K*(t), AW(E) — (b))

Let KO(t),i = 0,1,2,... denote another numerical scheme, also generated from the Brownian
incrementsAW(t;) and close td<*.
For a given functiorf (the proxy constraint) lef(tj) denote a solution of

F(tive, K (ten, K*(6), AW(E) = V() = f(tisr, K*(tia))
and - assuming a solution exists - define the schifmiay
Ki(tiia) = K (tiva, K*(5), AW(E) — (t)).

Then the Monte-Carlo pricing under the scheldies, in the Monte-Carlo limit, equivalent to
the pricing under the schenké using the Monte-Carlo weighfg w; with w; given by (18.15.
We call the schemeK! the (partial) proxy scheme satisfying the proxy constraint

f(tia, Kl(ti+1)) = f(tia, Ko(ti+1))-

18.4.4.3. Example

Since we desire an implementation that is both generic and fast, we would like to discuss
a special case, fiiciently general for all our applications and simple enough to give direct
formulas for the transition probabilities:

Assume that(t;) is linearly dependent on the increme\(t;), i.e.

v(t) := A(ti) - AW(t) + b(ti),
with A andb being¥:,-measurable. Then we have for the mean-shiftéaision
AW(t) - v(t) = (1 - A(t)) - (AW(t) — b(t;)).

Thus the corresponding transition probability is normal distributed with nbéignand stan-
dard deviation (1 A(t;))) VAt. Note that if the target scheme is a small perturbation of the
reference scheme, théyt;) is small and (X A(t;)) is non singular.

So here, thefy,,-measurable mean shift is given by @&p-measurable mean shiftand a
scaling of the “factor’AW. We will make use of this in our next example: A proxy constraint
stabilizing the calculation of vega, the sensitivity with respect to a change in flusidn
codficient.

18.4.4.4. Approximating an ¥,,-measurable proxy constraint by an
Fr,-measurable proxy constraint

To allow rapid calculation of the transition probability we propose to approximate the proxy
constraint {8.17) by (18.12. Thuswv(t;) is a ¥,-measurable mean-shift and the ratio of the
transition probabilities is given byl 8.13.

In addition we propose to linearize this constraint arob¥t;) + 1°(t)At;, defining the
linear proxy constraint byl := f/(K°(t;) + u°(t)At;).

All of our benchmark examples are based on the approximative constt&irit( or its
linearization.
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CHAPTER 18. PROXY SIMULATION SCHEMES FOR MONTE-CARLO SENSITIVITIES AND IMPORTANCE SAMPLING

18.4.5. Sensitivity with respect to the Diffusion Coefficients —
Vega

If we consider only anf,-measurable mean shift applied to the Brownian incremanmt;),

then the method is not applicable to the calculation of a sensitivity with respect tdfinsiah
codficientI'(t;) - a.k.a.vega The reason is simple: There is fig-measurable mean shift that

will ensure that the proxy constraint holdstag after adifferent (7, ,-measurable) diusion

has been applied — not even if the proxy constraint is a linear equation. Neglecting the Brown-
ian increment, as suggestedli®.4.4.4 is a step in the wrong direction, since we are interested

in the sensitivity with respect to thefflision codicient.

Of course, in our general formulatiof§.11), a #,,-measurable mean shift applied to the
diffusion AW(t;) will ensure that the proxy constraint holds at titng, even if the difusion
codficient has changed. However, to obtain a simple formula for the transition probability and
thus the Monte-Carlo weight(t;), it is helpful to take an alternative view to the problem: The
idea is similar to what is done in the case of a full proxy scheme @& [We modify the
diffusion of the proxy scheme to match th&uwion of the reference scheme and calculate the
corresponding change of measure. In other words, we use the unpertufhedicodicient
for the (partial) proxy scheme. This adjustment is made prior to the calculation of the mean
shift v(t;) for the corresponding proxy constraint, which will correct addition&ledénces in
the drift, if any.

From the previous section it is clear that this is equivalent to specifyifg,ameasurable
mean shift, being linear in the Brownian incremant/(t;).

18.4.6. Example: LIBOR Target Redemption Note

We are going to calculate delta and gamma for a TARN swap. The coupon for the period
[Ti, Tiz1] is an inverse floater maK(- 2 - L(T;, Ti;+1), 0) and it is swapped against floating rate
L(T;, Ti;1) until the accumulated coupon reaches a given target coupon. If the accumulated
coupon does not reach the target coupon, then tiiereince to the target coupon is paid at
maturity.

Thus the coupon of the tarn is linked to a trigger feature, similar to the digital caplet. How-
ever, here, the trigger depends on more than one rate, so it isffiotent to set up a proxy
constraint for a single forward rate, unlike for the digital caplet.

Our unperturbed scheme is the LIBOR market model with the initial yield curve, evolving
the log-LIBOR with an Euler scheme. The natural perturbed scheme is then the same, except
for a different initial condition. We will use the following proxy constraint:

LYT}, Tiapst) = LOT, Tist)  Vite (Tig, Ty,

for all periods of the model to obtain the preferred proxy scheme. The constraint is realized by
a mean shift of the diusion of the first factor, and since the forward rate follows a lognormal
process, we have= (vy,0,...,0) with

log(L°(T;, Tj+a; 1)) = log(L* (T, Tjsa; 1)

vi(t) = oy
J

where f, j denotes thg-th component of the first factor. We assume here faat# 0. A
non-zero factor loading exists as long as the forward Iréfg, Tj,1 has a non-zero volatility.
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18.4. PARTIAL PROXY SIMULATION SCHEMES

The results can be improved if the factor having the largest absolute factor loading is chosen
(factor-pivoting).

Figure 18.3shows the delta and gamma of a TARN swap fdfedent shift sizes of finite
differences applied to standard re-simulation and partial proxy scheme simulation. For this
example the interest rate curve was upward sloping from 2% to 10% and for the TARN we
took K = 10% and a target coupon of 10%.

Gamma of TARN Swap (5000 paths)

-10,00

gamma

-20,00

-30,00 - 3’

20,00 S ool
0,0 5,0 10,0 15,0 20,0 25,0 30,0 35,0 40,0 45,0 50,0
shift in basis points

Figure 18.3.: Dependence of the TARN gamma on the shift size of the fiffiteedice approximation.

Finite difference is applied to a direct simulation (red) and to a (partial) proxy scheme simulation (green).
Each dot corresponds to one Monte-Carlo simulation with the stated number of paths. The red and green
corridors represent the corresponding standard deviation.

The proxy scheme simulation shows no variance increase for small shift sizes while giving stable expected
values for the sensitivity.

With small shifts the variance of the delta and gamma calculated under full re-evaluation
increases and the mean becomes unstable, while the mean for delta and gamma calculated
under partial proxy scheme remains stable and the variance small. For increasing shift size
full re-evaluation stabilizes, but higher orddfexts give a significant bias. Very high shift
increases the Monte-Carlo variance of the likelihood ratio and thus increases the variance of
the delta and gamma calculated under the partial proxy scheme simulation.

18.4.7. Example: CMS Target Redemption Note

Next we will kook at a target redemption note with a coupon fax(2 - 1(T;), 0), where the
index|(T;) is a constant maturity swaprate, il€T;) = S;;.«(Ti) with

P(Ti)
P(Ti) — P(Ti1x) _ PTg — +

DT -T)PTh) S (T - T g
L+ LT (T - T) - 1
S (T = T I+ LT)(Tra = T))

Sij+k =

The swaprats; ;.«(t) is a non-linear function of the forward rate cutvgt), j =i,...,i +
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CHAPTER 18. PROXY SIMULATION SCHEMES FOR MONTE-CARLO SENSITIVITIES AND IMPORTANCE SAMPLING

k — 1 which we denote b:
Sii+k(t) = S(Li(), - - -, Lisk-1(t)).

From the proxy simulation scheme we requBeunderL! to matchS under the reference
scheme.®. Our proxy constraint is therefore

S(LEE). - .. Ly a®) = SLP), ..., Lo 4 (1))

We solve this equation by modifying the first factor, i.e. in each time gteye determine a
single scalaw(t;) such that

S(L(tjn) + valty) - foi, oo L () + Val(ty) - Trik-a)

(18.16)
= S(Lio(thrl), cees Li0+k_1(tj+l))
and defind_il(t,-+1) = Li*(tj+1) + Vl(tj) - foi.
To simplify and speed up the calculation, we (numerically) linearize equati®i§ and
get an explicit (first order) formula for;, see 18.10.

18.4.7.1. Delta and Gamma of a CMS TARN

The result of the calculation of delta and gamma is depicted in FigBire Using the simple
linearized proxy constraint we see a small increase in Monte-Carlo variance for the gamma
with very small shifts.

Gamma of CMS TARN Swap (5000 paths)
10,00 L

5,00 |+
0,00
5,00 |-

-10,00

-15,00 |

20,00

25,00 1]~

-30,00 H{ISESEEE

gamma

0,0 5,0 10,0 15,0 20,0 25,0 30,0 35,0 40,0 45,0 50,0
shift in basis points

Figure 18.4.: Dependence of the CMS TARN gamma on the shift size of the fifétendte approxima-
tion. Finite difference is applied to a direct simulation (red) and to a (partial) proxy scheme simulation
(green). The proxy constraint used was a simple (numerical) linearizati¢h®1.9.

The linearized constraint remains stable for small shifts. However, using a few Newton
iterations on the linearization solves the non-linear constraint and further improves the result
for the gamma, see Figufie3.5
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18.4. PARTIAL PROXY SIMULATION SCHEMES

Gamma of CMS TARN Swap (5000 paths)

gamma

0,0 50 100 150 20,0 25,0 30,0 35,0 40,0 45,0 50,0
shift in basis points

Figure 18.5.: Dependence of the CMS TARN gamma on the shift size of the fjfétenice approxima-

tion. Finite djfference is applied to a direct simulation (red) and to a (partial) proxy scheme simulation
(green). The proxy constraint is given by applying a few Newton iterations to the (numerical) lineariza-
tion of (18.16.

18.4.7.2. Vega of a CMS TARN

We will calculate the vega of a CMS TARN, i.e. the sensitivity of the CMS TARN with respect
to a parallel shift of all instantaneous volatilities. The result is depicted in Fig8i@ For
medium and large shift size the vega calculated from finttedinces applied to a partial proxy

is similar to the vega calculated from finiteffidirences applied to direct simulation. However,
note that for very small shift sizes (around 1 bp), the vega calculated from fiffiezetices
applied to direct simulation converges to an incorrect value and that this result occurs with a
very small Monte-Carlo variance.

The reason for thisfeect is that the shifts are too small to trigger a change in the exercise
strategy. Hence, the vega calculated is the sensitivity conditional on no change in exercise
strategy, which is of course aftirent thing, see Sectidtv.2.4

This dfect is also present for delta and gamma and for all trigger products, but it has not
been visible in the figures so far due to the scale of the shift sizes and the number of paths used
there.
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CHAPTER 18. PROXY SIMULATION SCHEMES FOR MONTE-CARLO SENSITIVITIES AND IMPORTANCE SAMPLING

Vega of CMS TARN Swap (5000 paths)

0,20% -
0,10% -
0,00%
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-0,40%
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Figure 18.6.: Dependence of the CMS TARN vega on the shift size of the fifigedce approximation.
Finite difference is applied to a direct simulation (red) and to a (partial) proxy scheme simulation (green).
The proxy constraint was given by applying a few Newton iterations to the (numerical) linearization of
(18.19.
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Part V.

Pricing Models for Interest Rate
Derivatives
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CHAPTER 19

Market Models

The pure and simple truth
is rarely pure and never simple.

Oscar Wilde
The Importance of Being Earnest, [39].

Up until now we have been considering models of a single scalar stochastic process and
options on it: TheBlack-Scholes modédbr a stockS, or theBlack modelfor a forward rate
L. The true challenge in evaluation of interest rate products lies in the modeling of the whole
interest rate curve (instead of a scalar) and in the evaluation of complex derivatives, which
depend on the whole curve.

Historically the path to modeling the interest rate curve started with the modeling of the short
rate, from which we may calculate the whole interest rate curve, see Ra®éarihe initial
motivation for considering the short rate derived from the wish to model a scalar quantity, thus
to be able to apply familiar numerical methods from stock models, e.g. binomial trees.

For didactic reasons we are not going to present things chronologically. Instead, we con-
sider the LIBOR Market Model first. It is a high dimensional model, which discretizes the
interest rate curve into a finite number of forward rates. It is highly flexibly due to its huge
number of free parameters. It will allow us to study model propertiesrtikan reversion
number of factordChapter24), instantaneous volatilityinstantaneous and terminal correla-
tion (Chapter20). Despite its presumed complexity, the LIBOR Market Model is essentially a
very simple model: It is nothing more than the simultaneous consideration of mubligubé
modelsunder a common measure. So we are carrying on from Cha@ter

For theShort Rate modelthe modeled quantity is thehort rate a quantity not directly
observable. Here we model quantities which are observable as market quotes, LikeQiie
or theSwaprate The class of models that model quantities which are directly observable on
the market are called “Market Models”. We will look at thEBOR Market Modefirst:

19.1. LIBOR Market Model

We assume a time discretizatideror structurg
0=To<T1<...<Th

We model theforward ratesl; := L(T;, Ti;1) fori = 0,...,n— 1, see Definitior®9. This
represents a discretization of the interest rate curve, where the continuum of maturities has
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CHAPTER 19. MARKET MODELS

been discretized.
TheLIBOR market modeissumes a lognormal dynamic tdBORs L; := L(T;, Ti,1), i.e2

dL"_;(g) = E(Odt + oy (AWE (D) fori=0,...,n— 1, underp, (19.1)

with initial conditions
Li(0) = Lo, with Ljg € [0,0),i =0,...,n—1,
whereW denote (possibly instantaneously correlatdrownian motionswith
dWE (t)dW () = pi j(t)ct.

Leto; : [0,T] = R andp;; : [0,T] — R be deterministic functions ang the Drift as

.....

‘*f'/‘ Motivation:  Equation (9.]) is a lognormal model for théorward ratesL;. If
* we consider only a single equation, i.e.ifix {1, ..., n—1}, it represents thBlack
/ J‘ modelconsidered in Sectiob0: Equation (9.1) is identical with Equation(0.1).
If we change the measure such thais drift-free (see Sectiof0), we see that
the terminal distribution oL, is lognormal.

Thus, the LIBOR market model is equivalent to the consideratianBifick modelsunder
a unified measure.

As was discussed in Sectidf, to evaluate a caplet under this model it is not relevant that
o is time dependent (we have assumed time-dependenagy iof Section10 for didactical
reasons). However, for the value of complex derivatives the time dependency matters. A fur-
ther degree of freedom introduced &B(1) is theinstantaneous correlatiop; ; of the driving
Brownian motions. For the value of a caplet the instantaneous correlation is insignificant (in-
deed, it does not enter in the Black model). For the evaluati@waptionshe correlation of
the forward rates is significant.

For further generalizations of the model, consider non-deterministid.e. stochastic
volatility models. In this case the terminal LIBOR distributions no longer correspond to the
Black model ones, which is, of course, intended. Equati¢h]j is to be seen as a starting
point of a whole model family. The model9.1) has been chosen as the starting point, because
(historically) the lognormal (Black) model is well understood, especially by traders. <|

r
|
|
|
L

Remark 211 (Interest Rate Structure): Equation (9.1) models the evolution of the LIBOR

L(T;, Ti;1)- Without further interpolation assumption, these are the shortest forward rates that
can be considered in our time discretizatitenpr structurg. The equation systeni9.1) thus
determines the evolution of all bond prices with maturifigsand all forward rates for the

L n practice it is normal to model semi-annual or quarterly rdtges — T; = 0.25 and to consider these up to a
maturity of 20 or 30 years, giving 80 or 120 interest rates to model.

2 We denote the simulation time parameter of the stochastic procdss by

3 Caplet prices are quoted by traders by the implied Black volatility. This is of course just another unit of the price,
since the Black model is a one-to-one map from price to implied volatility.
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19.1. LIBOR MARKET MODEL

periods [T, Ty], since

_P(T) ﬁ P(T})

HH T = By =1 e

k-1
= l_[(l + L(Tj, Tisa)(Tjez = T)).
j=i

To shorten notation we writ§ := Tij,; — T;,i =0,...,n— 1 for the period length.

19.1.1. Derivation of the Drift Term

As in Chapterd0and11, our first step is to choose some nerraireN and derive the drift under
a martingale measur@". If the processes have been derived under the martingale measure
QN, then the (discretized) interest rate curve may be simulated numerically and a deiative
may be prices througWi(0) = N(O)EQN(%VTO) (see Chaptet3).

We fix a nunéraireN. Let the assumptions of Theorerd hold, such that there exists a
corresponding equivalent martingale meastesuch thatN-relative prices are martingales.
From Theoren58 underQN the processl(9.1) has a changed drift, namely

L)

o " p2 Mdt + oW (t)  fori=0,...,n-1. (19.2)

19.1.1.1. Derivation of the Drift Term under the Terminal Measure

We fix the T,-Bond N(t) = P(Ty; t) as nunéraire. From Theorerf8 underQ”(™ the process
(19.7) has a changed drift:

P(Tn)

O _ @™ gt + @@ fori=0,...,n-1, (19.3)

Li(t)

We need to determin«qQP(T"). The martingale measuf@”™ corresponding tiN(t) = P(T,; t)
is also callederminal measurésinceT, is the time horizon of our time discretization).

As in Chapter 0, we will construct relative prices with respectRT,) and obtain equations
from which we will derive the driftg;. From Definition99

3 P(Ty)  P(Ty) . B
l_'[(1+pik)L) [_[P(TM) = T fori=0,...,n—1. (19.4)

T P(Tke)

Since we have &(T,)—relative price of a traded product on the right hand sidd 44, we
have for the drifts:

Drift
QP Tnh)

n-1
1—[(1+6kLk)} =0, i=0,...,n-1.
k=i
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CHAPTER 19. MARKET MODELS

We apply Theore7 and obtainv/ i =0,...,n-1

n-1 n-1n-1 n-1n-1
d[n(l+6kLk)] l_[(l+6kLk)-6jdLl (1 + kL) - 6;dLj5dL,

k=i j=i =i k=i

i j=i ]l J| k¢1ll

n— n-1 n-1
sidL; gjdLj iy
= | [@+aL + '
D( ki) - Z (L+6iL)) JZ|::. (I+65L)) (@+aLy)
1>

n-1
B sidL; 6;dL; adLy
= ﬂ(1+5k"k) Z @+o,L) + @+o,L) @+aly|

1>j+1

I<n-1
Since¥i=0,...,n-1
n-1
gpr(p:g ];[(1+5k|_k)} =0 (19.5)
it follows thatvi=0,...,n-1
n-1
SidL;
+ by _adu | (19.6)
= QF’(Tn) (l+6 L) S (l+5ij) (1+6|L|)
Isn—l
andthusy j=0,...,n-1
Dri (5jdLj + 5'dLj ) 6|dL| -0 (19 7)
o | (L+oL) G4 L+6iLy) (1+aL) '
I<n-1
If we now use
dLj = LJ,u(JQ a n)dt + LjO’de(jQP(Tn) and CLJ' -dL, = LleO’jO'ij,ldt
in (19.7), then we have
P 0j |;1/ 6jl;l/ &1L
: Noutox 0,
Hi oL |>Z+141/‘5 L) @+oLy) T17PH=
I<n-1
i.e. siLi(0)
QP(Tn) 1L
t i(t toi(t). 19.8
®) = I; Tranm C10m0k0 (19.8)
I<n-1

The procedure above may be summarized as follows: To derive dhniés we write down
n independent traded assets as a function of the model quantities. By considering the drifts of
their relative prices we obtaimequations for the drifts of the modeled quantities.
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19.1. LIBOR MARKET MODEL

19.1.1.2. Derivation of the Drift Term under the Spot LIBOR Measure

We fix therolled over one period bonds nunéraire, i.e. the investment of 1 at tinig into
the T1-Bond and after its maturity the reinvestment of the proceeds into the bond of the next
period, i.e. inT; the reinvestment inf th&;,,-Bond. It is

m(t)+1 1 m(t)
N(®) = P(Tw+1 ) | | BT~ P [ ]a+vLim) -6, (19.9)
= jr -1 j=0
_ P(Tj-14;Tj-1)

PCT;T,) = (1+Lj_a(Tj-1)8j-1)

m(t) := maxi : T; <t}andd; := T;,1 — T; The corresponding equivalent martingale measure
QN is called thespot measure

As before, we consider the processeslafelative prices of traded products (from which we
know that they have drift 0 und€™). We consider thé\-relative prices of the bondB(T;).
Itis

P(Ti;t)  P(Ti;t) .m(t) PR
N(t) - P(Tn](t)+1,t) 1]:(1(1-’- LJ(TJ)(;I)

i-1 m(t)
=[] @y Ja+Limen™, (19.10)

j=m(t)+1 j=0

thus
i—-1
Drift ]_[ 1+ Lk(sk)-l} =0. (19.11)
k=m(t)+1

Since

i-1 m(t)
d . 1+ Lj(t)§j)_l : 1_[(1+ Lj(Tj)éj)_l]

j=m()+1 j=0
i-1 m(t)
— ) -1 (TS )1
=d 1_[ L+ L) |- l_[(l +Li(T))é))
j=m(t)+1 j=0
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CHAPTER 19. MARKET MODELS

we consider

d

[ o)
kem()+1 (1 + kL)
i-1 i-1 1 [ —5;dL; 612dLjdLj ]

A g A0 @roiL)2 " @+ojL)?
k#j
. -1 il 1 oLy 2dLjdL; ( sidLy szdLydLy ]
LI+ 1 ka1 (1 + kL) (l+(5ij)2 (1+(5ij)3 1+ L|)2 (:|.+6|L|)3
I<j ket jyl
_ ﬁ 1 o oL N sfdLjdL; o -odLy —gd
_k:m(t)+1 L+ | 4d., A+oiLy) @+l ah  (L+oiL) (L+ail)
I<j
_ ﬁ 1 'i SidL; Lo sdy s
RS TR R (S T & @roL) @voL) |
With (19.1) we haveY i =0,...,n-1
i-1 i
dL; oidL; o dL
Drlft—JJ+ el B N
=1 1+ 5L I:m(t)+1(1+6ij) Q+a6Ly)
andthusy j=0,...,n-1
-5;dL; L gL SdL
Drif Iy (i B e (19.12)
(1+(5L) I=m(t)+1(1+6ij) (1+5|L|)
If we now use
dLj = Ljﬂ?th-‘r LjO’dej and d_j -dL, = LjL|0'jO'|pj’|dt
in (19.7), then we have
5L I siL— el
+ iopj) =0,
- Z17+5 L) . n% ATl @raL) T
i.e. )
J
QN oLy (t)
1) = —E (0o (Do ().
l I=n%+ll+5ll'l(t)
19.1.1.3. Derivation of the Drift Term under the  Ty-Forward Measure
Exercise: (Drift under theT,-forward measurg Consider
P(T«; 1), t< Tk
P(Tmg+1:1) ——, (>Ty
Jl;[l P(Tj; Tj-1)
wherem(t) :=maxi : T; <t}.
4 Since the cofficient of ¢ equals 0.
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19.1. LIBOR MARKET MODEL

1. Give an interpretation dfi(t) as traded product.

2. Derive the drift of the modell(9.1) under theQN measure with the nuémaireN.

Solution:
it Z —_giopy forj<k-1 andt<Tg
i) = |11(1+6L) TP, J
uity=0 forj=k-1 andt< Tk
j
oLy .
M=) ————ojop, forj>k  andt<T
wi(t) 24T+ o) joIpjl J k
j
oL
uj(t) = Z m@j(ﬂp“ fort > Ty.
l=m(D+1 1=l
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CHAPTER 19. MARKET MODELS

19.1.2. The Short Period Bond  P(Ty+1; t)

Fort ¢ {Ty,..., Tn} neither the nuraraireN(t) of the terminal measure nor the nanaire of the
spot measure is not fully described by the process@gs The unspecified bonB(Twy.+1; )
occurs in both nur@raires. We will now discuss the relevanceR¢T mq)+1; t).

19.1.2.1. Role of the short bond in a LIBOR Market Model

For the modeling of the forward ratég(t) := L(T;, Ti;1;t) on the tenor periodsTf, Ti1], i =
0,...,nthe specification oP(m(t) + 1;t) is irrelevant. For the derivation of the corresponding
drift terms it was not relevant to specify the stochasti®(f)-1; t), since the term canceled
for the relative prices considered.

Conversely, the LIBOR Market Model does not describe the stochastic of the short bond
P(Tm+1; ), Since it is not given as a function of the processés.

19.1.2.2. Link to continuous time tenors

The specification of the short borf(Ty.1;t) becomes relevant if the model has to de-
scribe interest rates of interest rate periods which are not part of the tenor structure. The
specification ofP(m(t) + 1;t) will determine how the fractional forward rate§T, Te; t) with

Ts ¢ {T1,..., Tn} andor Te ¢ {Ty,..., Tn} will evolve (see Sectiod9.1.5. It is the link from

a model with discrete tenors (LIBOR Market Model) to a model with continuous time tenors
(Heath-Jarrow-Morton Framework). In the special case wRémgt) + 1;t) has zero volatility,

the LIBOR Market Model under spot measure coincides with a Heath-Jarrow-Morton Frame-
work with a special volatility structure under the risk-neutral measure (see Se&tign

19.1.2.3. Dirift of the short bond in a LIBOR Market Model

Within the LIBOR Market Model there is no constraint on the drifRfm(t) + 1;t), because
in 2Q2D the term cancels out. The relative pri€€\:= is always a martingale for any
choice ofP(m(t) + 1;t). This might come as a surprise, but we have already encountered this
behavior: In the Black-Scholes model the drifof B(t) is a free parameter, because it is the
drift of the nunéraire. The parameteris determined by calibration to a market interest rate.
In a short rate model the drift is a free parameter. It is determined by calibration to the market
interest rate curve, see Sectidd Here, similarly,P(m(t) + 1;t) determines the interpolation
of the initial interest rate curve.

The trivial fact that the nuiraire relative price of the nuenaire, i.e.%, is always a mar-
tingale plays a role in Markov functional models. There, the @raine Is postulated to be a
functional of some Markov process.
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19.1. LIBOR MARKET MODEL

19.1.3. Discretization and (Monte-Carlo) Simulation

In this section we will discuss the discretization and implementation of the model. Let us there-
fore assume that the free parameterso; ; andLig (i, j = 1,...,n) are given. Together with

the drift formula obtained in the previous section the model is fully specified. In Selidm

will then discuss how the parameter, o, p; ; are obtained.

19.1.3.1. Generation of the (time-discrete) Forward Rate Process

As discussed in Chaptéi3, we choose the Euler discretization of thé ptrocess of lodg).
From Lemmad9we have

d(ogLi(V) = (" - 32Ok + o OME (19.13)
and the correspondiriguler schemef (19.13 is
log(Li(t + AY) = log(Ci(®) + (ui(t) - %a?(t))m + Fi()AW(),. (19.14)
Applying the exponential gives us the discretization schernig a

Ci(t + At) = Li() - exp((ui(t) — %a'iz(t))At + oi(D)AWL(L)). (19.15)

In the special case that the procésss considered under the meas@&'+), i.e./,l;QP(T”“ ) =

0, and that the givea(t) is a known deterministic function, then we may use the exact solution
for a discretization scheme:

Li(t + At) = Li(t) - exp( — %(ﬂz(t,w ADAL + ai(t, t+ ADAW),

_ 1 t+At
oi(t,t + At) ;= A o-iz(‘r)d‘r.
t

In the case wherk; is not drift-free, we choose instead df9 15 the discretization scheme

where

Li(t + At) = Li(t) - exp((i(t) - %(ﬁ(t,t +ADDAL + ai(t,t+ ADAW(D)) (19.16)

(we write L in place ofL, although 19.16 is an approximation of19.1)). The difusion dV
is discretized by exact solution; the driftid discretized by an Euler scheme. The discretiza-
tion error of this scheme stems from the discretization of the stochasticugiaftly. This
discretization error results in a violation of the-arbitragerequirement of the model (the dis-
cretized model does not have the correct, arbitrage-free drift). Methods which do not exhibit
an arbitrage due to a discretization error are called arbitrage-free discretizatiod9j3ee [

The volatility functionso; are usually assumed to be piecewise constant functions on
[T}, Tj«1), such thatri(t, t + At) may be calculated analytically. Itis(f,t + At) = oi(t).

Lizensiert fuer <ayonbd2000@yahoo.com> (Muntasir Hasan) 253 Comments welcome.
This work is licensed under a ©2004, 2005, 2006, 2007 Christian Fries
Creative Commons License Version 1.4.18 [build 20070403]- 1st May 2007

httpy/creativecommons.oficensegby-nc-nd2.5deed.en http://www.christian-fries.de/finmath/book


http://creativecommons.org/licenses/by-nc-nd/2.5/deed.en
http://creativecommons.org/licenses/by-nc-nd/2.5/deed.en
http://www.christian-fries.de/finmath/book

CHAPTER 19. MARKET MODELS

19.1.3.2. Generation of the Sample Paths

Equipped with the time discretizatiod4.16, realizations of the process are calculated for
a given number of path&j, w,, ws,.... To do so, normal distributed random numbers
AWi(tj)(wk), correlated according tR = (p; j), are generated (see Appendi@ andA.3).
These are used in the scheni®.(l§. The result is a three dimensional tendoft;, wy)
parametrized by

i : Index of the interest rate period (tenor structure),
j : Index of the simulation time,

k: Index of the simulation path.

19.1.3.3. Generation of the Num éraire

Given a simulated interest rate curvgt;, wi), we can calculate the nugraire. Of course we
have to use the nuenaire that was chosen for the martingale measure under which the process
was simulated (form of the drift inl@.13). For theterminal measureve would calculate

n-1
N(Ti, wk) = 1_[(1 +Lj(Tiw) - (T = T)

j=i

Note: The nurdraire is given only at the tenor timés: T;, since fort # T; we did not define
theshort period bond®(Tmy+1; t).> An interpolation is possible, see Sectib®.1.5and Pa].

19.1.4. Calibration - Choice of the free Parameters

We are now going to explain how the free parameters of the model can be chosen. The free
parameters are

e the initial conditiond,; g, i=0,....,n-1,
o the volatility functions or volatility processés, i=1...,n-1,
e the (instantaneous) correlatipn;, i,j=1,...,n-1.

The determination of the free parameters is also caliitbration of the model

Motivation (Reproduction of Market Prices versus Historical Estima-

tion): With the LIBOR Market Model we have a high-dimensional model
framework. The main task is the derivation or estimation of the huge amount of
free parameters. Two approaches are possible:

¢ Reproduction of Market Prices: The parameters are chosen such that the model repro-
duces given market prices.

¢ Historical Estimation: The parameters are estimated from historical data, e.g. time
series of interest rate fixings.

5 See Section9.1.2
6 The parameters; may well be stochastic processes. In this casds called a stochastic volatility model.
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19.1. LIBOR MARKET MODEL

It may be surprising at first, but the second approach is not meaningful, being in the context
of risk-neutral evaluation. The model is considered under the martingale me@a¥uaad
its aim is the evaluation andedging(!) of derivatives. An expectation of the relative value
under the martingale measure corresponds to the relative value of the replication portfolio.
This replication portfolio has to be setup from traded products, traded at current (!) market
prices. If the model did not replicate current market prices, then it would not possible to buy
the replication portfolio of a derivative at the model price of the derivative. The model price
would inevitably be wrong.

This remark applies to all free model parameters. In practice, however, it mayhioeldi
or impossible to derive all parameters from market prices. This could be because for a specific
product no reliable price is known (low liquidity). It could also be that a corresponding product
does not exist. This is often the case for correlation sensitive products from which we would
like to derive the correlation parameters. If a parameter cannot be derived from a market price
a historical estimate becomes an option. If in such a case complete hedge is not possible, the
residual risk has to be considered, e.g. by a conservative estimate of the parameter.

For the LIBOR market model a parameter reduction is usually applied first, based on his-
torical estimates of rough market assessment. An example of such parameter reduction is the
assumption of a family of functional forms for the volatility(t) or the correlatiom; ;(t). The
remaining degrees of freedom are then derived from market prices. <

19.1.4.1. Choice of the Initial Conditions

Reproduction of Bond Market Prices Let PMake{(T,) € [0, 1] denote a market observed
(i.e. given) price of &;-bond. If we set
Lo PMarket(Ti) _ PMarket(Ti+1)

O PR )Ty~ T))

then the model reproduces the given market prices of the HOWIE. This is ensured by the
model having the “right” drift and it is independent of the other parameters.

19.1.4.2. Choice of the Volatilities

Reproduction of Caplet Market Prices  We assume here that the's are deterministic
functions (i.e. not random variables or stochastic processes). The forwald faliews the
Itd process

dLi(t) = 2 (OLi(Odt + o)L )dW ()  underQ := QN.
Thus the model corresponds to tBeck modeldiscussed in Chaptei0. UnderQP(+) we

haveuiQP(T“) = 0, the distribution oL;(T;) is lognormal and there exists an analytic evaluation
formula for caplets. The only model parameters that enter the caplet pritg(@reand

Ti
O_iBIack,ModeI = (Tif O_IZ(t)dt)l/z (1917)
i Jo

If the market price/Ma et of a caplet on the forward ratg(T;) is given, then the corresponding

Capleti
implied Black volatility oM™ may be calculated by invertiigEquation (0.2. If then

7 For inversion of pricing formula we may use a simple numerical algorithm. For the Black forau® the price
is increasing strictly monotone in the volatility.
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CHAPTER 19. MARKET MODELS

oi(t) is chosen such that
O_iBIack,ModeI — O_:Black,Marketl (19.18)

then the model reproduces the given caplet p¥i ’:‘eet} A possible trivial choice is, e.g.,
o (t) — O_iBIacKMarketv t.

Remark 212 (Caplet Smile Modeling): The fact that the LIBOR Market Model calibrates to
the cap market by a simple boundary condition is one reason for its initial popularity. However,
since the model restricted to a single LIBOR is a Black model, the implied volatility does not
depend on the strike of an option. Thus, in this form, the model may calibrate to a single caplet
per maturity only. It cannot render a caplet smile, yet.

For extensions of the model that try to remove this restriction 28e |

Reproduction of Swaption Market Prices If the correlationR = (p; ;) is given and
fixed, then we influence swaption prices through the time structure of the volatility function
t — oj. We consider swaptions that correspond to our tenor structure, i.e. option on the
Swaprates

S(Ti,...,TJ;Ti), O<i<j<gn

From the definition of the swap and swap rate it is obvious that the price of a corresponding
swaption withexercise dat@n or beforeT; and periodsT;, Tis1]., . ... [Tj-1, Tj] depends only
on the behavior of the forward rategt), .. ., Lj-1(t) until thefixing t < T;, see Figure 9.1

} | Swap(Ti,...Tj)
I L <+ |
f I-|+1 <A =_|
: Li+2 v: ’_l
f LJ1 <A |_|
—t----- —tt - ——
To Ty b T B B T T
Figure 19.1. Swaption as a function of the forward rates: The swap with periods

[Ti, Tizal, ..., [Tj-1, T;] is afunction of the forward rates(IL;, Ti.1; Ti), ..., L(Tj-1, Tj; Ti) (all with fixing

in T;). The corresponding swaption depends only on the joint distribution of these forward rates. Under
our model, with given initial conditions; k. and correlation R= (p; ;), the swaption price depends on
oi(t),...,oj-1(t), t € [0, Ti] only. The dynamic of these forward rated beyond theT; and all other
forward rates do not influence the swaption price.

If we discretize the volatility function corresponding to the tenor structure and define

Okl = (; f " o2(Hdt)*’?,
T|+1 - T| T

the price of an option on the swap r&€T;, ..., Tj; T;) depends only ooy fork =1i,..., j—1

andl = 0,...,i — 1. This allows an iterative calculation ofi; from given swaption market
prices:
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19.1. LIBOR MARKET MODEL

Fori=1,...,n-1:

Forj=i+1,...,n

Calculaterj_1-1 from the price of an option 08(T;, ..., Tj; T;) by consider-
ing the already calculatedy withk =1i,...,j—1andl =0,...,i — 2 from
the previous iterations.

To deriveoj_1 ;-1 from the market pricelgvag'gggrﬂi, ..., Tj) we have to invert the mapping

Tj-1i-1— V;“Vf;’pi!or(Ti, [ TJ').
In principle this mapping may be realized by a Monte-Carlo evaluation of the swaption. To al-
low for faster pricing, and thus faster calibration, analytic approximation formulas for swaption
prices within a LIBOR Market Model have been derived, see also Setfidn4.4

Remark 213 (Bootstrapping): The above procedure of calculating a piecewise constant
instantaneous volatility from swaption prices is ca@diatility bootstrapping

Remark 214 (Review: Overfitting): The calculation of a piecewise constant volatility func-
tion o j from swaption prices bears the risk of amerfitting of the model. Note that if this
procedure is applied, then we accept completely the validity of every single given swaption
price, i.e. that the prices are offgiently good quality with respect tmpicality (fixing time
of the price) andiquidity. If not all prices are of the same quality, then some have to be
interpolated, smoothed or corrected by hand. In this case, the calibration problem has been
replaced by an interpolation problem. If the interpolation and maintenance of the market data
is not done with care, a calibration that fits to these prices exactly may be useless. See for
example Chaptes.

In addition, the bootstrapping of the instantaneous volatility from swaption prices does not
allow for a weighting of the swaption prices according to their importance.

A solution to this is the reduction of the free parameters by a reduction of the family of
admissible volatility functions with consequent loss of the perfect fit.

Functional Forms  To reduce the risk abverfitting the admissible volatility functions may

be restricted to a parametrized family of volatility functions. For example, a functional which
is empirically motivated by the historical shapes of the volatility and which is common in
practice is

oi(t) :=(a+b-(Ti—t))-expc- (T; - t)) +d.

Given a functional form, the calibration of the model consists of a selection of (liquid)
market prices of caps and swaptions and an optimization of the remaining parameteas (e.g.
b, ¢, d above) to fit the model prices to the market prices.

For a detailed discussions of a robust calibration to cap and swaption prices we refer to the
literature, especiallyg, 30].
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CHAPTER 19. MARKET MODELS

19.1.4.3. Choice of the Correlations

Factors We assumed inl©.1) a model in which (potentially) each forward rateBrownian
motionW;. The model is driven by an-dimensiona Brownian motion

Wo
w=| W
Wn—l
The efective number ofactors i.e. the number of independent Brownian motions, that are

driving the model is determined by the correlation

Pt = dWE) - AW (0.

By an eigenvector decomposition (PCA) of the correlation ma®ix (i j)ij=1.n We may
represent &/ as

dW(t) = F(t)dU (t),

whereU := (Uy,...,Uy)" andUsy, ..., Uy, denote independent Brownian motions @hd=
(fi,;) denotes a x m-matrix. In other words, we have

dWi() = D" fiOdUiM), M) = > fikd®) - ko).
j=1 k=1

A proof of this representation is in the Append3. Note that here we can hame< n. The
columns of the matri¥ are calledactors

Functional Forms A full rank correlation matrixR is hard to derive from market instru-
ments. As before a common procedure is to reduce the family of admissible correlation ma-
trixesR. One ansatz consists of functional forms, for example

pij(t) = expta i - jl). (19.19)

Factor Reduction  The specification of the correlation matrix as a functional form is usu-
ally followed by a reduction of the number of factors. This is done in what is known as factor
reduction (PCAPrincipal Component Analysis There only the eigenvectors corresponding
to the largest eigenvalues B are considered and a new correlation matrix is formed from
these selected factors. For a discussion of the factor reduction see Appefdix

The advantage of the factor reduction is that afterwards onlyra@imensional Brownian
motion has to be simulated (and not mdimensional Brownian motion). Oftem > 40 is
required (e.g. a 20 year interest rate curve with semi-annual periods), howevenofteh
is suficient. The choice of the actual numbmrof factors depends on the application, see
Chapter24.

8 An n — 1-dimensional Brownian motion is ficient here, since we can chodag = 0, because the forward rate
Lo is not stochastic. Itis fixed ifip = 0. Formally we achieve this by setting = 0.
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19.1. LIBOR MARKET MODEL

Calibration  The correlation model, e.g. the free paramatier(19.19, may be chosen such
that the fit of model prices to given market prices is improved. Alternatively it may be chosen
to give more realistic interest rate correlations. See also Regiatk

It should be stressed that we calibrateitisantaneousorrelation, i.e. the correlation of the
Brownian increments\W, and not the terminal correlation, i.e. the correlations of the distribu-
tion of the interest rates at a fixed time. We will consider the relation of the two in Chz(pter

19.1.4.4. Covariance Matrix, Calibration by Parameter Optimization

In the previous sections we considered volatility and correlation separately. This is not neces-
sary, as both can be considered together in the form of the correlation matriy(;). Thus
the calibration problem consists of the calculation of the (market implied) covariance matrix
(or covariance matrix function).

Defining the parametrized functional forms for volatility and correlation, e.g. as

oi(t) == (a+b-(Ti-t))-exptc- (Ti—1)) +d, pi;(t) := expla- i - j))

reduces the number of degrees of freedom of the covariance model and thus the possible num-
ber of products for which an exact fit is possible. This might be a desired feature, e.g. to avoid
an overfitting. A disadvantage is the lack of transparency of the parameters. To derive the pa-
rameters a numerical optimization has normally to be used, e.g. the minimization of a suitable
norm of the error vector of some selected product prices as a function of the model parameters.
The optimization of volatility parameters and correlation parameters may occur jointly, i.e. we
consider a functional form of the covariance structure.

19.1.4.5. Analytic Evaluation of Caplets and Swaptions

To calculate the calibration error we need to calculate the corresponding model prices. Since
a numerical calculation of the model price (e.g. by a full Monte-Carlo simulation) is time
consuming, and since the optimization requires many calculation of model prices, there is a
need for fast analytical pricing formulas of specific calibration products.

Analytic Evaluation of a Caplet in the LIBOR Market Model The analytic evaluation
of caplets in the LIBOR market model by the Black formul® ) using (L9.17 to calculate
the Black volatility.

Analytic Evaluation of a Swaption in the LIBOR Market Model The analytic evalu-
ation of swaption in the LIBOR market model is possible by an approximation formula only.
An approximation formula can be derived by expressing the volatility of the swap rate as a
function of the volatility and correlation of the forward rates. Assuming a lognormal model
for the swap rate, which is already an approximation, we can then apply the Black formula for
Swaptions’ Corresponding approximation formulas may be foundin [

19.1.5. Interpolation of Forward Rates in the LIBOR Market Model

9 Assuming lognormal processes for the forward rates, the swap rate is not a lognormal process in general.
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CHAPTER 19. MARKET MODELS

] "’”/ Motivation:  An implementation of the LIBOR Market Model (e.g. as Monte-

| Carlo simulation) allows us to calculate the forward raf€;, Ty; t;) for interest

‘L ~ J‘ rate periods Tj, Te], T < Tk and fixing timest;.!° Using these rates we can
evaluate almost all interest rate derivatives that can be represented as a function

of these rates.

The discretization of the simulation tinjg} determines at which times we may have inter-
est rates fixings. The discretization of the tenor structilifé determines for which periods
forward rates are available and, since the &taire is only defined dt= Tj, it determines at
which times we may have payment dates. The tenor structure imposes a significant restriction
since a change of the tenor structure is essentially a change of the model.

In practice, it is desired to calculate as many financial products as possible with the same
model. First, the aggregation of risk measures, i.e. of sensitiit@fsproducts to the sen-
sitivity of a portfolio, is correct only if the product sensitivities have been calculated unsing
the same model. Second, the setup of a pricing model (calibration, generation of Monte-Carlo
paths) usually requires much more calculation time than the evaluation of a product, i.e., is is
possibly gficient to reuse a model.

Thus, it is desirable to know how to calculate from a given LIBOR market model the quan-
tities L(TS, T€;t) for TS, T® ¢ {To, T1,..., Tn} (unaligned period) andort ¢ {to,t1,...,tn}
(unaligned fixing). <

19.1.5.1. Interpolation of the Tenor Structure  {T;}

Let us look at how to interpolate the tenor structure. We will derive an expression for
L(TS, TS t) for TS ¢ {To, T1,..., Tn}andor T® ¢ {To, Tq,..., Tp). LetTS < TE,
The forward rate&. (TS, T; t) may be derived from corresponding borR{J ; t). We have

P(TS; 1)
P(Te 1)

1+ L(TS TS -(TE-T9) =
For arbitraryT > t the bondP(T;t) is given by

PTi0) =N - E7 (17

The definition of the nui@raire of the LIBOR Market Model shows that the specification of
the short period bon®(Twy.1; t) is suficient (and necessary) to determine all boR(S; t)
and thus all forward rate'.

Assumption 1: No stochastic shortly before maturity. We assume tha®(Tp+1; t)
is afr,,,-measurable random variable, i.e. the bond has no volatility atttinith Ty <t <
Tm+1, i.€. shortly before its maturity. With other wordsi» P(Tnyy+1; t) is a deterministic
interpolation functions on quantities known at the period Stag. In this case for the bond

10|n a Monte-Carlo Simulation the rates carry, of course, an approximation error of the time discretization scheme.

11 A sensitivity is a partial derivative of the product price by a model- or product-parameter (e.g. volatility or strike).

12 Note that the considerations on interpolation given in this section do not assume a LIBOR Market Model. They
are valid in general.
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19.1. LIBOR MARKET MODEL

with maturityt, seen at times with Ty < S <t < Tyyy+1 we have:

1

P(t:s) = N(9E (5179
= N(9EY" (P(T;l]](é)t;l;t) . P(Tm(:lt-)Jrl; ) |Fs) (19.20)
- MO R e = B
Especially fors = Tyt
" Pt Trgy) = —m+Li o) (19.21)

P(Tm(t)+l; t)
Thus we see that (under Assumption 1), the interpolation fundtien P(t; Tryy) (interpo-
lation of the maturityt) is derived directly from the interpolation functian— P(Tw+1;1t)
(interpolation of the evaluation tint¢ and vice versa. The functions are reciprocal.

Assumption 2: Linearity shortly before maturity. If the chosen interpolation function
T = P(T; Tw) is linear, then the interpolation of bond pride@d’; s) seen ins < Tpyy is linear
too. This follows directly from the linearity of the expectation:

P(T; Tmy)
N(Trm)

In this way the linear interpolation takes a distinct role. WRTy; Tm) = 1 and
. _ 1 . . . .
géTm(t)ﬂ,Tm(t)) = Tl ) (o) the linear interpolation of — P(t; Tyyy) follows

P(T; s) = N()EZ'( ). (19.22)

t-— Tm(t)

Tm+r —t
M BT Tig) + — 0
T+ — Ty (T Trty) Tm+1 — T

L4 Ly (M) - (Tegyea — 1)
1+ L1,y (Tmio) - (T — i)

P(t; Trgy) P(Tmy+1; Tmir))

(19.23)

The corresponding interpolation for the short period bB(iByy+1; t) thus with (9.2])

1
P(T, )= .
(T2 1+ L1 (M) - (Tmy+2 — 1)

Applying (19.29 to the (int) linear interpolation19.23 we find for all s < Ty

P(t; ) 1+ L7, (9 (T — 1)

PMmw;S) 1+ L1y (9 - (Tmper — Tmip)

and thus
P(t; s)

P(Tm+1: S)
From (19.20 we have forTyy < s<'t

1+ Ly (Try) - (Try+1 — 1)

=1+ LTrr(I)(S) : (Tm(t)+l - t)'

P(t;s) =
y .

1+ Ly (Tr) - (Try+1 = 9)
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CHAPTER 19. MARKET MODELS

We summarize this result in a theorem:

Theorem 215 (Interpolation of Forward Rates on unaligned Periods):  Given a tenor
structureTo < T1 < To < ...}. For allt let the short bondP(Ty+1;t) be given by the
interpolation

1
P(T, 1) = . 19.24
(Tm+1:1) T+ Lrog () - (o1 = 0 ( )
Then we have for arbitrary< T with k = m(t), | = m(T)
I
P(Tjz1)  P(T;t)
P(T;t) = P(Tks1; 1) - :
M0 =) | | “Bery B
I
1 1
= . A+ L) - (Tiea = T)),
T (0 L T oy @) M)
wheret* = min(t, T)). ForTg < Te with Ty < Tg < Tyyq andT, < Te < Ty We have
1+ L(Ts, Teit) - (Te = Ty)
_PTsH PO oy PTG Pt
P(Tet)  P(Tiest) L5 P(Tivast)  P(Tert) (19.25)
= (14 L") - (T —T))‘lL[(1+L<(t)~(T» -T))- 1
= k k+1 s, Ll i i+1 i 1+ LI (t*) - (T|+1 — Te).
‘F Yy W‘ Experiment: At http://www.christian-fries.de/finmath/
| . applets/LMMPricing.html several interest rate products can be priced us-
‘L J ing a LIBOR market model. <
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19.2. OBJECT ORIENTED DESIGN

19.2. Object Oriented Design

Figure19.2and19.3shows an object-oriented design dflante-Carlo LIBOR Market Model
The following important aspects are considered in the design:

¢ Reuse of Implementation
e Separation of Product and Model
e Abstraction of Model Parameters
e Abstraction of Calibration

We will describe these aspects in the following.

LogNormalProcess

BrownianMotion

getProcessValue(timelndex, component)

getlnitialValue(component) getBrownianincrement(timelndex, path, factor)
getDrift(timelndex, component)
getFactorLoading(time, component, factor)

JAN

SimpleLIBORMarketModel -
«interface»

AbstractLIBORMarketModel

getlnitialValue(component)
getDrift(timelndex, component)
getFactorLoading(time, component, factor)

getLIBOR(timelndex, liborindex)
getNumeraire(timelndex)

Y 2

L
Bond Caplet
maturity maturity

strike

getPrice(AbstractLIBORMarketModel model) getPrice(AbstractLIBORMarketModel model)

-

Figure 19.2.: UML Diagram: Evaluation of LIBOR related products in a LIBOR Market Model via
Monte-Carlo Simulation.

19.2.1. Reuse of Implementation

For the Monte-Carlo simulation of the lognormal process we use the same classes as in the
example of the Black-Scholes model, see FiglBelon Pagel68 To do so the classexBw-
niaNMotion and LogNormarProcess were from the beginning designed for vector-valued,

i.e. multi-factorial processes, although the Black-Scholes model does not require it. Improve-
ments to the classeskBwnianMotion and LogNormaLProcess will result in improvement of

both applications.
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CHAPTER 19. MARKET MODELS

19.2.2. Separation of Product and Model

The interface AstracTLIBORM arkerMopkL defines how LIBOR related products communi-
cate with a Monte-Carlo LIBOR model. Through this interface the model serves to make the
process of the underlyings (the forward rates) and theanaire available to the product as a
Monte-Carlo simulation. All corresponding Monte-Carlo evaluations of interest rate products
expect this interface. All corresponding Monte-Carlo LIBOR models implement this interface.
This realizes a separation of product and model. The sp&tBIOR Market Models realized
through the classi@pLELIBORMarkeTMopEL. Model extensions may be introduced without
the need to change classes that realize LIBOR related Monte-Carlo products.

19.2.3. Abstraction of Model Parameters

SimpleLIBORMarketModel LIBORCovarianceModel

getlnitialValue(component) getCovariance(time, componentl, component2)
getDrift(timelndex, component)
getFactorLoading(time, component, factor)

getFactorLoading(time, component, factor)
getFactorLoadingQuasilnverse(time, factor,component)

setCalibrationData(calibrationData)

LIBORCovarianceModelXXX

getCovariance(time, component1, component2)

getFactorLoading(time, component, factor)
getFactorLoadingQuasilnverse(time, factor,component)

Figure 19.3.: UML Diagram: LIBOR Market Model: Abstraction of model parameters.

The model parameters, i.e. the covariance structuregrazaepsulateth their own classes.
The model parameter classes implement a sirmpéfaceLIBORCovariancEMobeL. A spe-
cific covariance modeli(j,t) — v ;(t) = oi(t)oj(t)ei;(t) is realized through a class that im-
plements the interface LIBORariaNceEMobeL. This class is then served to the model. The
interfaces are designed such thaf,¢) — v j(t) may be stochastit® See Figurel9.3

This abstraction of model parameters makes it easy to exchafigeedt modelings of co-
variance, i.e. volatility and correlation.

§ 1 Warning: In cases where the covariance structure is modeled by volatility

! I and correlation it seems reasonable to define corresponding interfaces LIBOR-

g . VoratiLiryMopeL and LIBORGRRELATIONMopEL. A simple class LIBORG-
varIANCEM obeLFroMV oLATILITYANDCORRLEATION Calculates the factor loadings and covariances
from given volatility and correlation models. See Figd'®@4 However, the separation of
volatility and correlation into their own classes will bring some disadvantages for a joint cali-
bration and general covariance modeling. The corresponding code may become over-designed.

13 A stochastic volatility model would result in a stochastic covariance model.
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19.2. OBJECT ORIENTED DESIGN

SimpleLIBORMarketModel LIBORCovarianceModel

getlnitialValue(component) getCovariance(time, componentl, component2)
getDrift(timelndex, component)
getFactorLoading(time, component, factor)

(2

getFactorLoading(time, component, factor)
getFactorLoadingPsydolnverse(time, factor,component)

setCalibrationData(calibrationData)

LIBORCovarianceModelFromVolatiltiyAndCorrelation

getCovariance(time, component1, component2)

getFactorLoading(time, component, factor)
getFactorLoadingPsydolnverse(time, factor,component)

LIBORVolatilityModel LIBORCorrelationModel
getVolatility(time, component) getCorrelation(time, componentl, component2)
LIBORVolatilityModelXxx LIBORCorrelationModelXxx
getVolatility(time, component) getCorrelation(time, component1, component2)

Figure 19.4.: UML Diagram: LIBOR Market Model: Abstraction of model parameters as volatility and
correlation. Introducing separate classes for volatility and correlation has some disadvantages for joint
calibration and general covariance modeling. The design above might be considered over-designed.

The design in Figuré9.4would make sense if one whished to explore many combinations of
different volatility and correlation models. <

19.2.4. Abstraction of Calibration

The abstraction of model parameters allows for the abstraction of calibration. The algorithm
calibrating the covariance model is clearly a part of the covariance model. Thus each co-
variance model object can carry calibration data (e.g. market data) that, once set, is used to
calibrate the model. The calibration data itself may be anything from given correlation and
volatility parameters to a list of products with associated target values.
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CHAPTER 19. MARKET MODELS

SimpleLIBORMarketModel LIBORCovarianceModel

getlnitialValue(component) getCovariance(time, componentl, component2)
getDrift(timelndex, component)
getFactorLoading(time, component, factor)

getFactorLoading(time, component, factor)
getFactorLoadingQuasilnverse(time, factor,component)

setCalibrationData(calibrationData)

LIBORCovarianceModelParametric

getParameters()
setParameters(parameters)

LIBORCovarianceModelVol[HumpAndCorExpDecay

getCovariance(time, component1, component2)

getFactorLoading(time, component, factor)
getFactorLoadingQuasilnverse(time, factor,component)

getParameters()
setParameters(parameters)

Figure 19.5.: UML Diagram: LIBOR Market Model: Abstraction of model parameters: Parametric
covariance models.

19.3. Swap Rate Market Models (Jamshidian 1997)

Motivation:  TheLIBOR Market Modelpostulates as lognormal dynamic for

theforward ratel; := L(T;, Ti;1). In other words, each single forward rate follows

a Black model This allows an easy calibration of the IBOR market model to
Caplet prices. We only have to fulfill condition4.18.

If, however, swap options (i.e. swaption or swaption related products like Bermudan swap-
tions) are in the focus, then a model that simulates the swap rate directly might be a better
choice!? If, for example, the swap rate follows a lognormal process, then the corresponding
swaptions may be calibrated by a simple condition involving the implied Black-Volatility of
the swap rate. <

Instead of a lognormal dynamic for thierward rateL(T;, Ti;1), which is the starting point
of the LIBOR Market Mode] we postulate here a lognormal dynamic of sheap rate
P(Ti;t) — P(T; 1)

Sik(®) = S(Ti, T 1) = ST 0= T) P20 k> i. (19.26)

Since the set of swap rates defined for a given tenor strugiire T, < ... < Ty is a two
parametric family of(“‘% rates which are related by functional dependencies, a meaningful

14 Later, we will explain why a forward rate based model might be the choice even for swap rate related products,
see RemarR17.
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19.3. SWAP RATE MARKET MODELS (JAMSHIDIAN 1997)

dynamic can be given only for a subset of swap rates.

When choosing a system of swap ragg, for which we wish to specify the dynamics, we
have to take care that the system is neither over-determined or, with respect to the given tenor
structure, under-determined. The system of rates has to considvadip rates since on the
tenor structure & Tg < T; < ... < T, we haven degrees of freedom in terms of bond prices.

Two common variants are given by the setcofslidingswap rates ando-terminalswap
rates, see Tabl&9.1 When specifying co-sliding swap rates it is necessary to close the system.

Co-SIiding: Si,min(i+k,n) i=01....,.n-1

Co-Terminal: S, i=02...,n-1

Table 19.1.:co-sliding and co-terminal swap rates

Our definition achieves this by first considering the swap r&tes with k periods (co-sliding,
i < n-1-Kk)and starting with = n — k we consider co-terminal swap rates.

If the selection of swap rates is made, we model éagtfrom the selection as a lognormal
process:

dSi(t) = 4 (OSikt)dt + oik(t)Sik(t)dWE () underPp, (19.27)

with initial conditions

Sik(0) = Siko-
‘F - 7‘ Interpretation: The modeling of co-terminal swap rates is a suitable choice
A if, e.g., we have to price Bermudan swaptions, which have these swap rates as
‘L B J underlying. The modeling of co-sliding swap rates is a suitable choice if we
have to price products relying on swap rates with constant time to maturity (CMS
rate'®). q|

19.3.1. The Swap Measure
If we consider the Definition of the swap rate £9(29, it is apparent tha®; x is a martingale
under the martingale measu@®' corresponding to the nuenaire
k-1
N() = A(Ti,..., T t) == Z(Tj+1 -T))-P(Tji1;t), k>i,t < Tija. (19.28)
=i
The right hand side in10.29 is a portfolio of zero bonds and thus a traded product and the
swap rate is thé&l-relative price of a traded product.

Definition 216 (Swap Measure, Swap Annuity): 1
The equivalent martingale meas@® corresponding to the nuenaireN in (19.2§ is called

15 For example, the swap raB;. 4 is a function of the swap rate;.2 andS;, 2.4, which in turn are functional for
the swap rateS; .1, ... Si+3j+4. The swap rates with one period are forward rates S;.1.
16 See Definitionl 60
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CHAPTER 19. MARKET MODELS

swap measureorresponding to the swap ra&8€T, ..., Tx). The expression on the right hand
side in (L9.28 is also calledswap annuity 4

The nuntraire is, so far, defined for< T;,; only, since at = Tj, 1 the first bondP(T;, 1) is at
its maturity and we have to specify how its payment has to be reinvésiaontinuation of
the nunéraire definition td > T;,; can be given by a re-investment into the next swap annuity.
This is the analog to the nuamaire (9.9 of the Spot MeasuresFori = 1,...,k— 1 we have

i-1
AT, .., Tig Tiea)
N() = AT, ..., Tk t) - ,
®) = A Y BA(Tj+l,~~~,Tk;Tj+l)

Tio1 <t<T;

whereTy := 0. The swap rates we are considering here are co-terminal. Of course we may
consider co-sliding swaps in a similar way, using the swap annul&s ..., Tj.;t). The
corresponding nu@raire of re-investment in co-sliding swap annuities, ixlling co-sliding

swap annuitygthen is

i-1
_ AT T Ti)
N(t) - A(Tl’ o TH'k’ t) ' D A(Tj+1, sy Tj+1+k; Tj+l) ’

Tii<t<T;.
Fork =i + 1 this corresponds td.9.9.

19.3.2. Derivation of the Drift Term

For the swap rate market model we have multiple sets of swap rates, which may be modeled
and (as in the LIBOR Market Model) multiple possible choices of ataites. This section

does not give a detailed derivation of the drift terms. The derivation is done similarly to the
derivation of the drift in the LIBOR Market Model by expressing a martingale through the
elementary swap rate processgg. If for exampleAy, is the nunéraire, we consider the

QA-martingale(S; ; - %).

19.3.3. Calibration - Choice of the free Parameters
19.3.3.1. Choice of the Initial Conditions

Reproduction of Bond Market Prices or Swap Market Prices If we sett to the
preset time in the definition of the swap ral®(26, i.e.t = 0 following our convention, then

we get an equation relating today’s bond prices to today’s swap $até3) and the latter are

just the initial conditions of the chosen swap rate processes. Thus the initial conditions of the
processes are given b$9.26 with t = 0 and today’s bond prices, i.e. today’s interest rate
curve.

Although we regard the family of zero bonds as the natural description of the interest rate
curve and we see swap rates and swap prices as derived quantities, it is in this case natural to
calculate today’s swap rates directly from today’s swap prices (assuming they are given). In
this case the initial conditions are given by today’s swap prices. With this choice, the model
will reproduce these prices.

17 The reinvestment determines the evolution of the ewaite fort > Ti,1: For example, if we compare the
investment of the paid 1 |r}ﬁ parts of aTg-bond with the investment |rm parts of aTyy1-

bonds, then the evolution of the nénaire will differ by the evolution of thd forward rate, i.e. by the factor
P(Ty;t) / PMeait) T+l T 1) (Tie1 = Til)
P(TiiTi+1) / P(MkeiTivn) — T+L(Ti Tt Tiea) (T =T ©
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19.3. SWAP RATE MARKET MODELS (JAMSHIDIAN 1997)

19.3.3.2. Choice of the Volatilities

Reproduction of Swaption Market Prices The calibration of the model to swaption
prices is analog to the calibration of the LIBOR Market Model to caplet prices. Let the dynamic
of the swap rat&; , be given by £9.27. Furthermore let,2*"***! denote the market prices

of an option orfS;x given as implied Black-volatility. If we calculate

1 (T 2
O_iBJI(acKModel = (? f afk(t)dt)l/ ,
1JO

then the model reproduces the given swaption market prices if

BlackModel _ _BlackMarket
Tik =0k :
This statement is trivial since, if we consider only a single swap $atethen (9.27 is
a Black model for this swap rate and under this model the implied volatility is defined by
inverting the pricing formula. The inversion of the pricing formula is what a calibration should
achieve.

Remark 217 (LIBOR Market Model versus Swaprate Market Model): The question of
whether one should choose a LIBOR Market Model or a Swaprate Market Model seems to
depend on the application only, to be precise, on whether the model should calibrate to caplets
or swaptions - and whether or not one sees a lognormal forward rate or a lognormal swap rate
as realistic model®

Therefore, the criterion that defines the choice of the model thus is the quality of the model
calibration to the specific application.

However, the swap rate market model has a disadvantage compared to the LIBOR market
model: If we calculate a forward ratg in a swap rate market model, then the forward rate
tends to stfer from numerical instabilities. Conversely the calculation of a swap rate from
forward rates models in a LIBOR Market Model is generally much more stable.

" <™ | [Interpretation: The reason lies in the representation of the swap rate as a
'y 1 convex combination of the forward rates. From Lemt2@we have
| |
- 9 1 . i1
Sij=) )L, with o)>0 and Y o) =1,
k=i k=i
i b P(Met) (Tiea=Ti)
with ey = S P(Tea) (T =T

If we calculate a forward rate; froms (e.g. co-terminal) swap rat8sg, we have

1 1
Li = =5 Sin = —gn Sivlnel
i i
1 1 1
= F(Si,n = Sis1n) + (ﬁ - m)8i+1’n.

18 |n general both assumptions cannot hold and it is necessary to modify the models with respect to their distribution
assumption. Such a modification of the model is cafietdle modeling
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CHAPTER 19. MARKET MODELS

n—

1 n-1
Sin=——— > L
i,n n—|—1; k

Li=(=i-1)-(Sin—Sii1n) + Sisin.

Assuming for simplicityaij’n = —=, which is Wich’j‘;il a'J“ = 1 plausiblé®, then we have

This shows:

e The calculation of a swap rat , from forward rated, corresponds to the calculation
of an average (rate) - the swap rate can be interpreted as an integral of the forward rates.
Errors inLy are averaged and thus smoothed. The variance of an unsystematic error is
reduced.

e The calculation of a forward ratg from swap rates; ,, Si;1., consists of a finite dif-
ference term - this part of the forward rate may be interpreted as a derivative. The
calculation of a dterence is very sensitive to errors in the swap rates (e.g. small jumps)
and the error is scaled up by the factor-(i — 1) for n large and small. Thus forward
rates for short periods in a model of long period swap rates have a tendency to numerical
instability.

<

Tip: Ifthere is no strong reason for a swap rate market modgnaricLIBOR
Market Model with calculation of the corresponding swap rates from forward
rates is preferable. This provides a single, thus consistent model for multiple
applications (products), which allows the aggregation of risk paramedeia(
Gamma. The diterence in the distributional properties is often negligible (88e [ <

r l
| |
| |
| |
L J

Further Reading:  The original articles on the LIBOR market model as@]
and B4]; for the swap rate market model se&f[; for the calibration of the LI-
BOR Market Model seeg, 30]; for the arbitrage-free discretization se&9]; for
the interpolation of forward rates se&0]. The evaluation of Bermudan options
in Monte-Carlo is considered in ChaptEs; see also44, 45].

We will use the LIBOR Market model as foundation for further investigations into general
interest rate model properties. In Chag@8mwe will investigate the instantaneous correlation
pi.j and volatility o and their éfect on terminal correlation. In Chapt24 we will investigate
the mean reversion and multi-factoriality on the shape of interest rate curve. <

19 Indeed we havef; = %(a;}m +1).
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CHAPTER 20

Excursus: Instantaneous Correlation
and Terminal Correlation

In this chapter we will use thelBOR Market Modelto discuss the influence of instantaneous
volatility and instantaneous correlation on option prices. Although our study is based on the
LIBOR market model, the intuition gained from our experiments is universally valid.

We will experiment with diferent (extreme) parameter configurations and we will see how a
single-factor model, in which all interest rate;, Ti,1) move (instantaneously) perfectly cor-
related may, however, exhibit at tirhe- O (terminal) perfectly de-correlated random variables
L(Tj, Tj+1s 1), L(Tw, Tiass B).

We will start by repeating some basic concepts:

20.1. Definitions

Definition 218 (Covariance, Correlation): _ _ B
Let X, Y denote two (numeric) random variablés= E(X), Y = E(Y). Then

Cov(X,Y) := E(X=X)- (Y -Y))
is called thecovarianceof X andY, Var(X) := Cov(X, X) is called the variance of and

E(X-X)-(Y-V))

VWar(X) - vyVar(Y)

is called thecorrelationof X andY. a
LetL = (Ly,...,Ly) denote am-dimensionam-factorial 1t6-process of the form

Cor(X,Y) :=

m
dLi = pdlt + oW, where  dV = > fixdUx (20.1)
k=1

andUy denote independent Brownian motions. Furthermoref; keguch that

i,j=1,...n
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CHAPTER 20. EXCURSUS: INSTANTANEOUS CORRELATION AND TERMINAL CORRELATION

is a correlation matrix (i.exy., f3 = 1). We have

< dW(t), dW(t) > = Rdt.

Definition 219 (Instantaneous Covariance, Instantaneous Correlation): B
With the notation above we call

i,j=1,...,n

m
Pijs defined by Pi,j(t) = (Z fi,kfj,k] ,
k=1

theinstantaneous correlatioof the processels; andL;, and we calbrojp; ; theinstantaneous
covarianceof the processels; andL ;. 4

Definition 220 (Terminal Covariance, Terminal Correlation): T
With the notation above we call

ple™,  defined by pf®™() := Cor(Li(t), L;(t)),

the terminal correlation of the processed; and Lj. Correspondingly we calt —
Cov(Li(t), Lj(t)) theterminal covariancef the processels; andL ;. ¥

20.2. Terminal Correlation examined in a LIBOR
Market Model Example
We are considering BIBOR Market Modelwith semi-annual tenor structufig := 0.5-i and

investigating the behaviour of the two rateg = L(5.0,5.5) andL;; = L(5.5,6.0). Under the
numeraireN = P(T12) = P(6.0) we have for the dynamic of these rates (s&23), (19.9)

dLi(t) = m®Li Bt + oL O 1) (i =10, 11) (20.2)
H10 = —% ~o10(t) - or11(t) - p1011(1), 011:=T11—Tio
11 = 0.

If we neglect the drift (i.e. setiyp = 0) and assume a constant instantaneous covariance
01001101011 = const, then it follows from g0.1) that the terminal correlation is

Term

pij () =pronn YVt

As one might have expected, the terminal correlation is given by the choice of the instantaneous
correlation. In this case, to achieve a terminal correlatidieidint from zero we need at least

a two-factor model. Figur20.1shows a scatter plot for a one-factor and a five-factor model

of the interest ratekg(t), L11(t) at timet = T30 = 5.0.

1 The exact model specification ikj o = 0.1, o = 0.1, andpj j = exp(-0.5|i - j|), followed by a factor reduction
as given in Sectioi.4. For the five-factor model we haygg11 = 0.94.
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20.2. TERMINAL CORRELATION EXAMINED IN A LIBOR MARKET MODEL EXAMPLE

20%
18%

15% g

N\,

12%

10%

8%

LIBOR(5.5,6.0)

5%

N,

2%

0% T T T T T T
0% 5% 10% 15% 20%0% 5% 10% 15% 20%

LIBOR(5.0,5.5) LIBOR(5.0,5.5)

Figure 20.1.: The two (adjacent) rates;b. = L(5.0,5.5) and Ly; = L(5.5,6.0) in a one- and a multi-
factor model for constant instantaneous volatilityo(t) = o14(t) = const In a one-factor model both
random variables are perfectly correlated (left). In a five-factor model both random variables show a
correlation djferent froml1. This is a consequence of the instantaneous correlatign being djferent

from 1.

20%
18%

15%

12%
10%

8%

LIBOR(5.5,6.0)

5%

2%

0% T T T T . .
0% 5% 10% 15% 20%0% 5% 10% 15% 20%

LIBOR(5.0,5.5) LIBOR(5.0,5.5)

Figure 20.2.: The two (adjacent) rates;b = L(5.0,5.5) and Li; = L(5.5,6.0) in a one-factor model.

Left: The two random variables exhibit a correlation closdtperfect de-correlation). Right: The two
random variables exhibit a very gitrent variances. The covariance is close to zero since the variance
of Ly, is close to0. Both scenarios are the consequence of a very special choice for the instantaneous
volatility.
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CHAPTER 20. EXCURSUS: INSTANTANEOUS CORRELATION AND TERMINAL CORRELATION

20.2.1. De-correlation in a One-Factor Model

It is possible to achieve a terminal de-correlation for processes which have perfect instanta-
neous correlation. Consider

>0 fort<25 =0 fort<25
t ' t ' 20.3
710t {z 0 fort>25, D {> 0 fort>25, ( )

i.e. the processes receive the Brownian increméf(tpat different timeg, thus the increments
received are independent. Since in this case we hayve ui; = 0in (20.2), the two random
variablesl1¢(5.0), L11(5.0) are given by

1_ _
log(L10)(5.0) = =550 2.5 + T10(Wi0(25) ~ Wio(0))
1_ _
log(L11)(5.0) = ~57%; - 25 + T12(War(5.0) - Waa(25)),
whereo?; = & [Z°02 () dt ando?, = & 1o o2,(t) dt.

Since, even for a one-factor model, the incremeWg§2(5) — W(0)), (W(5) — W(2.5)) are
independentl.14(5.0), L11(5.0) are independent as well, see FigRfe2 left.

20.2.2. Impact of the Time Structure of the Instantaneous
Volatility on Caplet and Swaption Prices

The previous example of the de-correlation of the ratgsl 1, in a one-factor model shows the
importance of the time structure of the instantaneous volatility for the (terminal) distribution
of (L1o, L11) at timet = 5.0. Now we will look at the corresponding caplets and a swaption
with maturity 50 and payment dates3, 6.0, which is dependent doyg andL;:

Caplet Caplet Swaption

Scenario o(t

cenario ai(t) P11 5055 5560  50-60
1 01 10 026% 0.26% 0.51%
2 01 094  0.26% 0.26% 0.50%
3 asin 0.3 10  0.26% 0.26% 0.36%
4 07exp(@9(T, -1)) 1.0  0.26% 0.26% 0.27%

Table 20.1.: Caplet and swaption prices for ferent instantaneous correlations and volatilities.

In all scenarios we havgTi oi(t)? dt = 0.05 fori = 10, thus all caplet prices are the safme.
The Figure=0.1, 20.2are generated with these parameters.

20.2.3. The Swaption Value as a Function of Forward Rates

To interpret these results we analyze the dependency of the swaption value from thggates
L11.

Ti
2We have [ (b- exp-c- (Ti —1)))? dt = kg—i(l —exp(2-c-Tj). ForTi = 50,b = 0.7, c = 49 we thus have
0

Jo" oi(®?2 it = 0.05(1— exp(-49)) = 0.05(1- 5- 10-22).
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20.2. TERMINAL CORRELATION EXAMINED IN A LIBOR MARKET MODEL EXAMPLE

For the value of a swaptiofiswaptiof To) With fixed swap rate (strikek we have

maxS(Ti) - K, 0) - A(Ti)

Vsuapior(To) = N(O)E®"( NT) | F7.)
with
n-1
A(T) = Z(Tm - TpPP(Tj+1; Th) (swap annuity
=i
S(Ty) = % (par swap raté.

With the nunéraireN = P(T,) we have

A(Ti) A(Ti) P(Tj+1; Ti)
N(T) ~ P(Tm T Z(T”l i) F>(TJ T

n-1
= Z(THl =Ty l_l (1 + Li(Ti)(Tira — Ti))

j=i k=j+1
and
. _ LT n-1
ST = “prrry = | @+ LT =T -
i n li j=i
i.e.itis
VSwaptior(TO) =P(Tn; TO) EQP(Tn)(maX((S(TiI)D(;—:(;?r; )A(Ti) > 0) | TTO)
with

(S(Ti) - K) - A(Ty)
P(Tn; Ti)

n-1
= ﬂ(l F LT = Ty) - 1-

K- Z(m -T)) 1‘[ (1+ L(Ti)(Tiea = Ti)-

k=j+1

If we apply this to the special case of a swaption with a two period t€hRor.., T} =
{T10, T11, T12} = {50, 5.5, 60} we get

= max((1+ LloAT)(l + L]_]_AT) - K(AT(l + LllAT) + AT), 0)
= max((l_lo - K)AT + (Lll - K)AT + Lll('—lO - K)(AT)Z), 0) (204)

From 0.4 we can derive the following observations for the value of the swaption:
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CHAPTER 20. EXCURSUS: INSTANTANEOUS CORRELATION AND TERMINAL CORRELATION

e If L11(T10) = K, then the value of the swaption corresponds to the value of a caplet
paying max(io — K, 0). If L;; has at timeT;p ho or small variance and If;1(T10) is
close toK, then the value of the swaption is close to the value of a caplet withfppayo
max(Lio — K, 0).

o Neglecting the tern11(T10)(L1o(T10) — K)(AT)?, which is justified for small rates and
short periods\T, and considering thus only

(L10(T10) - K)AT + (Lll(TlO) - K)AT
= (L10(T10) + L11(T10) — 2K)AT,

we see that the option price is determined by the variandg¢f,0) + L11(T10). For
this we have

Var(L1o(T10) + L112(T10))
= Var(L1o(T10)) + Var(L11(T10)) + 2 - Cov(L10(T10), L11(T10))

e From the previous we know that the option value is maximalof§f(T1) = 1 and
minimal (even 0) forpIg’fﬂ(Tlo) = -1 (still neglecting the term.11(T10)(L10(T10) —
K)AT?).

From these remarks the results in taBe.1 become plausible. In Scenario 4 the rate
L11(T10) has a negligible small variance (compare Fig@€e2 right). The swaption value
is close to the caplet value. The caplet on the periag, [T12] however has the same price as
in the other scenarios, since the high instantaneous volatilityddi 1o, T11] will give the rate
L11(T44) the required (terminal) variance.

While for the swaption the ratie;1(T1p) is relevant, for the caplet it is the raltes(T1g).

‘f 4 7‘ Experiment:  The influence of the instantaneous volatility and instantaneous
| i correlation on terminal correlation, caplet and swaption prices may be investi-
‘L J‘ gated at

http://www.christian-fries.de/finmath/applets/
LMMCorrelation.html . <

20.3. Terminal Correlation is dependent on the
Equivalent Martingale Measure

The terminal correlation is dependent on the martingale measure and thus theimamsed.

The whole (terminal) probability density is of course measure dependent, see also B&inma
Chapter5. Thus an interpretation of terminal correlation and other terminal quantities should
be made with caution.

How the chosen martingale measure influences the terminal distribution, especially the ter-
minal correlation, may easily be seen in a LIBOR Market Model. Consider the processes
Li = L(Ti, Tiz1) andLi;1 = L(Tis1, Tis2), i.€. two adjacent forward rates, under the martingale
measureé)™(™ corresponding to the nuenaireP(T,) (terminal measutg Itis

oiL;(t) P(Tn)
R vt A S j n
dlog(L) = Z - ai(t)oj (t)pi i (t)at + a', (t)2dt + o ()W
(1+6;L;(1) 5iL;(1)

i<j<n
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20.3. TERMINAL CORRELATION IS DEPENDENT ON THE EQUIVALENT MARTINGALE MEASURE

. . SiL(t
With dK;(t) := ﬁdt we thus have

dlog(Li) =ai- ( = 0i41p1i+10Ki1 = Y ojpisajdK; +%a’i(t)dt + dV\/iQP(T"))

i+1<j<n
P(Tn)
d|09(|-i+1)=0'i+1'( - 12_ TipijdKj +ioiadt + AW, )
i+1<j<n

The terminal correlation is influenced by the common drift tgfm, ., dK; and this influence
can be increased arbitrarily through the factgiin front of K;. If and how this term is present
depends on the chosen martingale measure:nFeri + 2 the sum is empty and the term is
=0, forn> i+ 2the termis> 0. In theory it might be possible thaf andL;,; appear almost
perfectly correlated unde€p”(T+2) and perfectly uncorrelated undgf(T+2).

20.3.1. Dependence of the Terminal Density on the Martingale
Measure

How the chosen martingale measure influences the terminal distribution function is shown in
the following examples. In Figur20.3we look at the density of a forward rate under a one-
factor LIBOR Market model with constant instantaneous volatility, equal for all rates. Under
different martingale measures (spot measure, terminal measure) the distribution is slightly dif-
ferent. If, however, the volatility of thetherrates is increased, then, depending on the chosen
martingale measure, the distribution will change, see FigRoed As before, the change in

the distribution function stems from the drift of the LIBOR Market Model.

Terminal distribution of L(5.0,5.5) seen at t=5.0 (fixing)

3,0%

2,5% -

2,0% -

1,5% -

Frequency

1,0% -

0,5% - /

0,0% T - /./ T T T T T
-4,0 -35 -3,0 =25 -2,0 = i[5 -1,0 -05 0,0

Log of Forward Rate

Terminal measure T=20.0 Terminal measure T=10.0
Terminal measure T=5.5 Spot measure

Figure 20.3.: The terminal distribution function of a forward rate undejfdient martingale measures.
Shown is the rate (5.0, 5.5) upon its fixing at t= 5.0. All rates are simulated in a one-factor LIBOR
market model with constant instantaneous volatiity 10%
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CHAPTER 20. EXCURSUS: INSTANTANEOUS CORRELATION AND TERMINAL CORRELATION

Terminal distribution of L(5.0,5.5) seen at t=5.0 (fixing)

3,0%

2,5% A

2,0% -

1,5% -

Frequency

1,0% -

0,5% -

0,0% T = T T T T .
-4,0 -35 -3,0 22,5 -2,0 155 -1,0 -05 0,0

Log of Forward Rate

Terminal measure T=20.0 Terminal measure T=10.0
I Terminal measure T=5.5 Spot measure

Figure 20.4.: The terminal distribution function of a forward rate undeffdient martingale measures.
Shown is the rate (5.0, 5.5) upon its the at fixing £ 5.0. In contrast to Figure20.3the rates I(T;, Ti,1)

for T; < 5.0 are simulated dferently. They are simulated with a high volatility 0% All other rates
are simulated as in Figur@0.3with volatility o = 10% The change of the simulation of the other rates
has an significant impact on the distribution gBl0, 5.5) under the spot measure.

Tip (Terminal Quantities Independent of the Martingale Measure): In

place of martingale measure dependent quantities, like the terminal distribution
of the terminal correlation, we can define meaningful alternatives. The implied
(Black-)volatility is an example of a martingale measure independent quantity.
Apart from the scaling with the square root of the maturfy it corresponds to the terminal
standard deviation under tfg,1-forward measure. If, for example,

r L
[ [
[ [
[ [
L J

dlog(Li(t) = (...)dt + o (L)W (t)
dlog(L;()) = (...)dt + o (t)aW; (t)

are given processes, then theegrated instantaneous covariance
T T
f dlog(Li(t))dlog(L;(t)) = f ait)ojt)eij(t)dt
0 0

is independent of the chosen martingale mea%utevould correspond to the covariance of
log(Li(t)) and log((t)), if both were martingales. N

3 This is clear, because a change of martingale measure is a change of drift only.
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CHAPTER 21

Heath-Jarrow-Morton Framework:
Foundations

The Heath-Jarrow-Morton Framework4] postulates an & process as a model for thestan-
taneous forward rate

df(t,T) = & (t, T)dt + o(t, T) - dWE (1)

(21.1)
f(0,T) = fo(T)

for0 <t < T, whereWF = (WE,...,W:) is an m-dimensionalP-Brownian motion
with instantaneously uncorrelated componéntdzurthermore we assume thait,T) =
(o1(t, T),...,om(t, T)) andeF (t, T) are adapted processes.

In case of its existence, 1€ denote theisk-neutral measurei.e. the martingale measure
Q = QB corresponding to the nuenaireB with

t t
B(t) := exp( fo f(r, 7)dr) = exp( fo r(r)dr), (21.2)

wherer denotes thehort rate see Definitionl03
Girsanov’s TheoreniTheoremb8), gives the proces2(.1) underQ as

df(t, T) = «%(t, T)dt + o(t, T) - dW(t)
£(0,T) = fo(T).

Equation 21.3 represents a family of stochastic processes parametriz&d Wwhich give

a clor(n Ie))te description of the interest rate curve: From Definitidii)(we havef(t,T) =
dlog(P(T;1))
- =" je.
aT !

(21.3)

P(T;t) = exp( - fOT f(t, 7)dr).

Apart from the requirement that the processes érpribcesses, we do not consider a specific
model or its implementation. Apecific modewould be given, if we had specified the form
of (t, T) — o(t, T). With a specific choice of(t, T) (21.3 may become a known short rate
model or the LIBOR market model, see Chaér

In this chapter we will discuss the no-arbitrage conditions2df.g and discuss how other
models fit into thiframework

1 Definition 1010n Pagel 18
2|.e.that VT - dW = I dt, see SectioR.7.
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CHAPTER 21. HEATH-JARROW-MORTON FRAMEWORK: FOUNDATIONS

21.1. Short Rate Process in the HIM Framework

The specification of the families of procesdgs T) implies a process for thehort rater. We
write Equation 21.3 in integral forn?

t

t
f(t, T) = fo(T) +f a(s, T)ds+f o(sT)-dW(s). (21.4)
0 0
With T — t we find for the short rate(t) ;= ¥r{1t f(t, T) that

t t
r(t) = f(t,t) = fo(t) + f a(s t)ds+ f o(st) - dW(s) (21.5)
0 0
and thus the short rate process is iffetiential notation given as

t

t
dr(t)=[g—¥)(t)+a(t,t)+ f g—_CF(&t)ds+ f Z;Tr(at)-dW(s)]dt

J J (21.6)

+or(t, t)-dW(L).

Remark 221 (Notation): Equation 21.6) follows from (21.5 by differentiating with respect

to t. Sincet enters into the second argumentofind o, we have to calculate the partial
derivative ofa ando- with respect to their second argument. In accordance with the notation
in (21.1) we denote the partial derivative afwith respect to its second argument %/and

the partial derivative of- with respect to its second argument%/. Likewise we denote the
(partial) derivative offy with respect to its argument byﬁ

21.2. The HJIM Drift Condition

Theorem 222 (Heath, Jarrow, Morton - HIM Drift Condition): For the family of bond
price processeB(T) the following holds: TheB-relative price@ is aQB-martingale, if and

only if
T 1 T T
f a(s, S)dS = Ef o(s, S)dS - f o (s, S)ds.
S S S

From this we have: All bond price processes of the bond clirve P(T) areQB-martingales,
i.e. the model is arbitrage-free, if and only if

- T
A tT) =0, T)- f ot,r)dr VT. (21.7)
t

Equation 21.7) is called the HIM drift condition.

3 We are dropping the superscripB on the drifte and the difusionW for a while.
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21.2. THE HIM DRIFT CONDITION

Proof (of the HIM drift condition): Let T denote a fixed maturity. WittB(t) =

exp(fot r(s)ds) andP(T;t) = exp(- ftT f(t, S)dS) it follows for the B-relative price of the bond
P(T) that:

P(T;1)
B(t)

= expX(t)) with X)) = - ft ! f(t,S)dS - fo t r(s)ds.

From 1.4 and 1.5 follows

X(t) = - ftT f(t,S) dS — fotr(s)ds

- ft ' fo(S)dS — ft ' fo ta(s,S)dst— ft ! fo to-(s,S)dW(s)dS
- fo t fo(S)dS — fo t fo " (s u)dsdu - fo t fo " (s WAW(Sdu

With fotfou dW(s)du = fotfst dudw(s) and the interchange of the integrals this is

-- [ " fo(S)ds - [ t [ " (s S)sds - | t | ' (s S)dSaW(9
_fot fo(S)dS—j: fsta(s u)duds—j: fstrr(s, u)dudW(s)
- [ " f(S)ds - [ t [ " a(s S)dsds - | t | ' (s S)dSaW(9

:X(O)+fot A(s)ds+j:2(s)dW(s),

thus
dX(t) = A(t)dt + X(t)dW(t),

where
X(0) = — fo T (S)dS
AS) = - fs ! (s, S)dS
x9-- " (s S)0s.

Let theB-relative price ofP(T) be a martingale undep®?, i.e. the process exj(t)) is drift-
free. From 16’'s Lemma we have d exj(t)) = X(t)dX(t) + %X(t)dX(t)dX(t), i.e.

dexpX(t)) = X(t) - ((A(s) + %Z(S)Z(s))dt + Z(t)dW(t)).
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CHAPTER 21. HEATH-JARROW-MORTON FRAMEWORK: FOUNDATIONS
That expi(t)) is drift-free thus impliesA(s) + $Z()2(s) = 0, i.e.

fST a(s, S)dS = %f: o (s, S)dS - fST (s, S)dS.

If this equation is valid for alll, we get by dﬁferentiationaiT the HJM drift condition

alt,T)=0oc(t,T)- fT o(t, S)dS.
t

ol
‘f ~ 7‘ Interpretation (Bond Volatility): The expressiox(t) = — ftT o(t,S)dS
B A corresponds to the volatility of the bond price procegg) at timet (bond volatil-
'@ ! ity), since we have
L J
dP(T; 1) = d(B(t) exp(X(t))) = B(t)d exp(X(t))
= B(t) exp(X(t)) - (dX(t) + %dX(t) -dX(t))
= P(T;t)- ((...)dt + Z(t) - dW(t))
=P(T;t)- (...)dt+ P(T;t) - Z(t) - dW(1).
<
‘f Motivation (Embedding other Models): If an interest rate model is
| arbitrage-free and if the processes of the instantaneous forwardf(at€} are
‘L Itd processes, then the model has to fulfill the HIM drift condith?). Thus,

these interest rate models may be derived as a special case of the HIM framework.
Since the volatility structurel(T) — o (t, T) and the initial condition$ (0, T) are the only free
parameters of the HIM framework, this embedding of arbitrage-free interest rate models can
be achieved by choosing the HIM volatility structure and the initial interest rate curve. We will
show in Chapte23 how short rate modeland theLIBOR market modetan be interpreted as

special HIM volatility structures. <
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CHAPTER 22

Short Rate Models

22.1. Introduction

At a fixed pointt in time theshort rateis given by

re) = _w T=t'

see DefinitiorL03 Thusr : t + r(t) is a real valued stochastic process. We make the following
assumptions:

1. Given is a model for (short rate modél e.g. in the form of an & process
dr = uF(t,r)dt + o(t, r)dWE (), r(0) = ro, (22.1)
whereP denote the real probability measure.

2. Thecontinuously compounding money market accoy(tit,B
t
dB(t) = r(t)B(t)dt, B(0)=1, d.h B(t) = exp( f r(r)dr),
0

is a traded assét.

3. Corresponding to the nugnaireN(t) = B(t) there exists a martingale meas@e= QB
equivalent tdp.

From theGirsanov’s Theorefithe process of underQ is
dr = p2(t, r)dt + o(t, r)dWe(t), r(0) = ro. (22.2)

with u(t,r) = 4F(t,r) + C(t). Since undef all B-relative prices of traded assets are martin-
gales, all bond prices are given by

1 T
P(T; ) = BOE (g | 70 = EX(expt- ft "(@)dn) 1 72).

1 The short rate is, as an interest rate for an infinitesimal periadah idealized quantity. Correspondingly the
productB is an idealized quantity: The continuous re-investment of an initial value of 1 over infinitesimal periods
[t,t + dt] with rater(t).

2 Theorem58 on page4s.
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CHAPTER 22. SHORT RATE MODELS

From the bond priceB(T;t) we can calculate all derived quantities such as forward rates or
swap rates, see Secti@2 Thus, theshort rate mode(22.2) gives a complete description of
the interest rate curve dynamic.

Short rate models were and are popular, since the underlying stochastic pricesse-
dimensional (i.e. scalar valued). Thus many techniques that are known from the modeling of
(also one-dimensional) stock price processes can be used (e.g. fifétentie implementa-
tions). Depending on the specific model (i.e. the form®ando), analytic formulas for bond
prices or simple European interest rate options may be derived, similar to the Black-Scholes
formula for European stock options under a Black-Scholes model.

Instead of specifying the mode2Z.1) of the short rate process under the real meaBure
and applying the measure transformatior@tas is usual to specify the mode2Z.2) directly
underQ and calibrate given model parameters.

22.2. The Market Price of Risk

Consider a bond with maturify. Under a short rate model its price price procegB) : t
P(T;t) is a function of {, r(t)) and if Itd’s Lemma is applicable we hate

dP(T) = o5 (t, r)P(T)dt + o1 (t, r)P(T)dWF (1), (22.3)

where the price process is considered under the real measure

Let P(T,) andP(T,) denote two bonds with fierent maturitiedl; # T,. We construct a
portfolio processdy, 1) for a self-financing portfolio oB andP(T;), which replicate$(T,).
The portfolio process#, ¢1) has to satisfy the following equations:

¢oB + ¢1P(T1) = P(T>) (“replicating”) (22.4)
d(¢oB + ¢1P(T1)) = ¢odB + ¢1dP(T7) (“self-financing”). (22.5)

From 22.4 we find dP(T,) = d(¢#oB + ¢1P(T1)) and with
d(¢#oB + 6:1P(T1)) ®27 (gorB + g1, P(T1))dlt + gaorr, PT1)AWE ()
dP(T2) 23 &% P(T,)dt + or, P(To)dWP (1).
we have, by comparing cfiicients,

ok P(T2) = ¢orB + ¢1a, P(T1) (22.6)
o1,P(T2) = ¢101,P(T1). (22.7)

While (22.7) and @2.4) uniquely determine the portfolio procesgy ¢1), (22.6 is a con-
sistency condition for, at, ander,. If (22.6 were violated, then the model would not be

3 At this point, it is not obvious that &s Lemma is applicable, especially if the functional dependend®(Bft)
from r(t) is suficiently smooth. However, for the short rate models presented this is the case. &mbeihma

2 p
SP(T)+u & P(T)+ 02 25 P(T) o £P(T)

we then haver = a2~ andor = = o & 1og(P(T)).

P(T)
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22.3. OVERVIEW: SOME COMMON MODELS

arbitrage-free. We rewrite the consistency conditi®?.§) as:

e ay, P(T2) = ¢o -1 - B+¢1-af, - P(T1)
e o, P(To) = o1 B+¢y-1-P(T) +¢1- (aF, = 1) - P(Ty)
(22.4
i ay, P(T2) =1 - P(T2) + ¢y - (of, — 1) - P(T1)
& (a7, — 1) P(T2) = ¢1- (a7, — 1) - P(T)
(22 ar, =1 oy =T
= —Z = .
0T, o1,

It follows that there exists &%, such that forll bond price processes
dP(T) = a4 (t,r) - P(T) - dt + o (t, r) - P(T) - dWF (1)

we have
ak -

= AF
oT

Sincec” is the local rate of return of the bond, we may interpréts the local excess return
rate over per risk unitor.

Definition 223 (Market Price of Risk): 1
P_
The quantityA® := “;—Tr which is independent df, is called theMarket Price of Risk a

If we consider the bond price process
dP(T) = a/g(t) P(T)dt + o1 (Y)P(T)dW(t)

under the measur®, it is obvious thatag = r for all T, since allB-relative prices ar&-
martingales. Thus, undér the Price of Riski? = 0. It follows that

pgz/lQ'O'T+r=0+r=/1p-a'-r+r—/lp'a'-|—=,u$—/lp‘a'-|—,

and we find thaMarket Price of Risk* appears in the change of drift to the measgyee. we
haveC(t) = —AF - o1 in Theorenbs.

Definition 224 (Risk Neutral Measure): 1
Let r(t) denote the short rate. The martingale meagpffecorresponding to the nuenaire
B(t) = exp( fot r(r)dr) is called therisk-neutral measure J

Remark 225 (Risk Neutral Measure): The continuously compounding money market ac-
count Bis locally risk free, since the procesB(d) = r(t)B(t)dt does not exhibit a\d/(t) term.
However,r(t) may be stochastic. if were not stochastic, theéBwould be globally risk free.

22.3. Overview: Some Common Models

Table22.3gives a selection of the most common short rate models.
The Hull-White model is sometimes callextended Vasicek modeThe Vasicek, Hull-
White and Ho-Lee models allow for negative short rates. The Black-Derman-Toy (BDT) and
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CHAPTER 22. SHORT RATE MODELS

Name Model

Vasicek Model d = (b - ar)dt + cdW®
Hull-White Model d = (¢(t) — ar)dt + o (t)dW?
Ho-Lee Model d = a(t)dt + o (t)dw?
Dothan Model d = ardt + ordw?

Black-Derman-Toy Model  dImj = ¢(t)dt + o (t)dW?
Black-Karasinski Model din = (¢(t) — aln(r))dt + o (t)dW?

Cox-Ingersoll-Ross Model  rd= (b — ar)dt + o (t) vrdw?

Table 22.1.:Selection of Short Rate Models

Black-Karansinski (BK) models use a lognormal process and the Cox-Ingersoll-Ross model
uses a square-root process. Neither of these two processes allow for negatifre rates.

22.4. Implementations

22.4.1. Monte-Carlo Implementation of Short-Rate Models

A short-rate model gives a description of the dynamic of the short rate. To obtain a complete
interest rate curve at a given simulation timeve have to calculate the bond prices fraz2.()
asconditional expectatianTo calculate a conditional expectation in a Monte-Carlo simulation
numerically requires additional, numerically expensive methods, see CHaptéo obtain a
Monte-Carlo simulation of the full interest rate curve from a Monte-Carlo simulation of the
short rate, analytic formulas for bond-prices are indispensable. The popularity of short rate
models is thus partly due to the need for a simple dfidient implementation.

For a fast calibration to a given interest rate curve it is also required to calculate bond prices
analytically.

22.4.2. Lattice Implementation of Short-Rate Models

If the short rate model is Markovsch in low dimensions, then it is best to implement the short
rate model on a lattice, allowing for a backward algorithifdepending on the model, imple-
mentations using binomial or trinomial trees or general finiteedénces for pde’s are used.
See B5] for a detailed discussion.

Further Reading:  Bjorg’s book [7] contains a discussion of short rate model
with affine term structure. Tavella and Randal’'s bo8¥][gives an introduction
to finite difference methods, also with applications to interest rate modelsq|

4 This result holds for the time-continuous process. A time-discretization of the process may allow for negative
rates. See for example Sectib®.1.2
5 See Section3.3.2
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CHAPTER 23

Heath-Jarrow-Morton Framework:
Immersion of Short Rate Models and
LIBOR Market Model

You're going to find that many of the truths we cling to
depend greatly on our own point of view.

Obi-Wan Kenobi / George Lucas
Star Wars: Episode VI, (Wikiquote).

23.1. Short Rate Models in the HIM Framework

The Heath-Jarrow-Morton framework
df(t, T) = a(t, T)dt + o(t, T)dW(t)

21.
£0,T) = fo(T) (was21.3
implies the short rate process
t t
| dfo oa oo
dr(t)_[a—T(t)+a(t,t)+0f6—T(s,t)ds+Ofa—T(s,t)dW(s)]dt (Was21.

+o(t, Y)dW(t),
both under the measur@® - see £1.3, (21.4, (21.5, (21.6 on Page280. The short rate
model is thus given by the specific choice of the HIM volatility structtftet) (— short rate
volatility) and initial conditionsf, (— short rate drift).
23.1.1. Example: The Ho-Lee Model in the HIM Framework
Consider the simple case of a constant volatility function
o(t, T) = o = const

From 21.7) we havex(t,T) = o - ftT ocdr=0?-(T-1t), ie.

df(t,T) = o - (T - t)dt + cdW(t), f(0, T) = fo(T).
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CHAPTER 23. HEATH-JARROW-MORTON FRAMEWORK: IMMERSION OF SHORT RATE MODELS AND LIBOR MARKET MODEL

For the short rate it follows that
t t
r(t) = f(t,t) = fo(t) + f o2 (T- S)ds‘ + f odW(s)
0 T=t 0

= fo(t) + %o-ztz + oW(b),

dfo 5
dr(t) = (ﬁ(t) + ot)dt + odW(t).
Using the notation from the Ho-Lee modet(f = ¢(t)dt + o-dW(t), itis

o(t) = d—T(t) + 0t

W‘ Interpretation: The Equation 23.1.9 allows a calibration of the Ho-Lee
i model to a given curve of bond pric®T) by settings(t) = —%(t) +02.
J‘ With this choice the model reproduces the given bond prices.

If we consider the interest rate curég(T) := f(T1,T1 + T), T > 0 at a later
time Ty > 0, then from

dfy,
T
we find thatfr, (t) = fr,(0) + fo(T1 +1) — fo(t) + o2(Ty1 - t + 1t2).

So to summarize, the model reproduces all bond prices, but in the evolution the interest rate
curve gets steeper and steeper - a rather unrealistic behavior. <

Q

r
|
|
|
L

)+t =¢(Ty+1) = %(Tl +1) + ATy + 1),

23.1.2. Example: The Hull-White Model in the HIM Framework
Consider the case of an exponentially volatility function
oct,T)=0c-e?TY  (@>0).

Then we havel?(t, T) = —a- o - €29 = —ag(t,T). For the driftu(t) of the short rate
process dt) = u(t)dt + o (t, t)dW(t) we get

eLe oo ‘ da oo
uo =0 TEO+ay+ | Frsndst | SE(s 00w

t t
= Z—_fl?(t)+a(t,t)+f0 g%(st)ds—ﬁa-a(st)dW(s)

5 Of Lo t
CLY 200 4ot 1) + f K (st)ds—a-r(t) +a- folt) + f ao(s )ds,
oT o OT 0
ie.
dr(t) = ((t) — ar(t) dt + cdW(t)
with
of 'O ‘
o(t) = —O(t) +a- fo(t) + a(t,t) + —a(s, t)ds + f a- a(s t)ds.
oT o OT 0
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23.2. LIBOR MARKET MODEL IN THE HIM FRAMEWORK

With the HIM drift condition 21.7) it follows thata(t, T) = o2 - €0 . 1(1 - ga(T-0) =
o2 L(e®(T) — g22(T-0) and thus

o) = g—fl?(t) +a- fo(t) + a(t,t) + j: Z—?(st)ds+ fotaﬂ(at)ds

_ dfo ' 2 —2a(t-s)
_ﬁ(t)+a'f°(t)+foae ds

%
oT

Altogether we have

(t) +a- fo(t) + g—:(l — et

dfo o? ~2at
dr(t) = (a—_l_(t) +a-folt) + 2-(1 - €%) — ar(p) dt+ AW

Note that this equation allows a calibration of the Hull-White model to a given curve of bond
prices. From the bond price curve we can calcu%tet) +a- fo(t).

7‘ Interpretation (Mean Reversion): The derivation of a Hull-White model
i from a Heath-Jarrow-Morton model gives an important insight to the relevance
J‘ of the timer structure of the volatility function:

B
®

r
|
|
|
L

A volatility function of the instantaneous forward raité, T), which is exponentially
decaying in T —t) (time to maturity)i.e.o(t, T) = exp(a(T - t)), corresponds to a
mean reversioterm for the short rate procesf) with mean reversion speed

Correspondingly, thisféect is visible in the LIBOR Market Model, see Chap2r <

23.2. LIBOR Market Model in the HIM Framework

23.2.1. HIM Volatility Structure of the LIBOR Market Model

In the specificationX9.1) of the LIBOR Market ModeldW denoted the increment of &
dimensional Brownian motion with instantaneous correlaRoin the specificationZ1.3 of

the HIM FrameworkdW denoted the increment of m-dimensional Brownian motion with
instantaneous uncorrelated components. To resolve this conflict we employ the notation of
Section2.7: Let U denote am-dimensional Brownian motion with instantaneous uncorrelated
components antly denote am-dimensional Brownian motion withWI(t) = F(t) - dU(t),

i.e. the instantaneous correlationwfis R := FF'. Consider the HIM model

df(t, T) = o%(t, T)dt + or(t, T)dU(t)

(23.1)
f(0,T) = fo(T)
with dU = (dU,,...,dUy). From
T
P(T;t) = exp( - f f(t, 7)dr).
t
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CHAPTER 23. HEATH-JARROW-MORTON FRAMEWORK: IMMERSION OF SHORT RATE MODELS AND LIBOR MARKET MODEL

(see Remark02) it follows that the forward Rate;(t) := L(T;, Ti;1;t) is given by

P(Ti;t) T
P(T|+1, t) Xp( f(t, 7)dr).

1+ Li(t) - AT, =

Note that for X(t) := T'“

frT'” df(t, 7)dr, thus we flnd fromltd’s Lemmathat within the HIM framework the process
of the forward rate;(t) is

f(t,7)dr we have by the linearity of the integral thaXd=

dLi(t) - AT; = dexp(X) = exp(X) - (dX + %dx -dX)

Tiv1

Tiv1
—exp( [ )d)- [ fT (@f( D)

T
+% fT i“(df(t, ) - f "t T))df}

= (1+Li(t)- AT) - [(A@®) + }za) -Z(t))dt + X - dU?]

T|+l

whereA(t) = fr'“ a?(t, 7)dr undZ(t) = [ o(t, 7)dr.
(%) . ’ Tiv1
dLi(t) = % -((A(t)+ EZ(t) - 3(t))dt + f o(t, 7)drdu (1)) (23.2)
i T

We will now choose the volatility structure such thaB(2 corresponds to the process of a
LIBOR market model: LeW = (W4,...,W,) denote am-dimensional Brownian motion as
given in SectiorR.7.

dw(t) = F(t) - dU(t), with correlation matrixR := FFT,

F1
dWi(t) = Fi(t) - dU(t), withF =
Fn
Let the volatility structure be chosen as

_ L)
oty = | Tmoar 0 - R fort<T, (23.3)
©,...,0) fort > T,
wherei is such that € [T, Ti;1). Then we have
1+Li(t)- ATy (T Li(t)oi(tydw(t) fort<T;,
i(t) i f o(t, 7)drdU = i(t)ori (H)dW(t) = i
AT; T 0 fort > T,
The forward rate then follows the process
B
dLi = i (OLi()dt + i (OLi (A (D),
where
Tis1 Tis1
1+ Li(t) - AT;
p? = C (t()iT. L f a%(t, 7)dr + = f o(t, 7)dr - f o(t, 7)dr).
Ti
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23.2. LIBOR MARKET MODEL IN THE HIM FRAMEWORK

- structures(t, T) of f(t, T) as piecewise constantin The factol;(t) results from
the requirement to have a lognormal processlforThe factorm results

from the discretization of the tenor structure. This shows that the LIBOR Market Model can

be mterpreted aldlJM framework with discrete tenor structura the limit AT; — 0 the factor

m vanishes and we obtain (apart from the restriction to a lognormal model) the HIM

framework. <|

‘f - 7‘ Interpretation (LIBOR Market Model as HIM Framework with discrete
¢ 1 Tenor Structure):  Apart from the factor. %, (23.3 gives the volatility
| |

L J

23.2.2. LIBOR Market Model Drift under the QB Measure

The HJIM drift condition states that

-
Q° =0 . o(t, 7)dr.
(t,T) (t,T) ft (t,7)d

Since for fixedt o(t, T) is a piecewise constant functionTn- namely constant orf, Ti,1) -,
we have fofT € [Tj, Ti;1)

i-1
FUT) = o T) (Y Tmper — )+ >, o THAT) + ot T)(T - Ti)
T j=m)+1

=0

wherem(t) := maxi : T; <t}. Thus we have

i+1 i-1
f ! Pt 1)dr = oL TIAT - (D) ot TAT; + o-(tT)AT)
Ti j=m(t)+1

With o(t, Ti) - or(t, Tj) = 795 -2 Tp,J we find

T+LAT; 1+LA
( ) Tisa Tis1 Tis1
QB_1+Lit~ATi Q8 1
U= = W . ( a* (t,7)dr + > ot,n)dr- | ot T)dT)
Ti Ti Ti
1+ Li(®)-ATi  oiLAT, & ol AT, , aiLiAT, )
Li(D)AT; 1+ LiAT; = 1+1L AT 1+ LiAT;
1+ L) AT oiLiAT; ( S OjLAT; o)
Li(D)AT; 1+ LiAT; = 1+L; AT]
i
gj LJ'ATJ'
=i ( 7 AT P
A 1+ LiAT,
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CHAPTER 23. HEATH-JARROW-MORTON FRAMEWORK: IMMERSION OF SHORT RATE MODELS AND LIBOR MARKET MODEL

Interpretation:  Surprisingly, we find that the drift und€r® is identical to the
drift under thespot LIBOR measurésee Sectior9.1.1.3)

— = = ="
- - - — O

m(t)
N(t) = P(Trys1; ) ]_[(1 +Lj(T))-AT;)), (SpotLIBOR Measure, 49.9
j=0

The reason is simple: Under the assumed volatility structure thérairasB(t) andN(t) are
identical. To be precise, it is the assumption

ot,T)=0 forTmpy <t<T < Tt (23.4)
which implies that the two nuéraires coincide. By this the HIM drift implies
dP(tT)=0 forTupy <t<T < Tmya

and thus forTyy < T < Tiygy+1:
t 5 t
f(t7T)= f(th),T)+W+W'
Ti i
-0 =0

From f(t,T) = f(Tm, T) we have

BO _ exp( t f(r, 7)dr) = exp( t f(Ti, 7)dr)
B(Tmy) P Toy - P Ty v
_ P(Mwei) _ N(Y)
© P(Tm+t; Tm)  N(Tmgy)
with B(0) = N(0) = 1 i.e. B(t) = N(t). 4

We will summarize this result as a theorem:

Theorem 226 (Equivalence of the risk-neutral measure and the spot LIBOR measure):
Given a tenor structure © To < Ty < ... < Ty, Under the assumption tfg,1-bondP(Ti1; t)
has volatility 0 ort € [T;, Tjy1] foralli = 0,1,2,..., we have

B(t) = N(t)
for B(t) as in 1.2 andN(t) asin (L9.9.

Proof: The claim follows from the considerations above, since the assumption in the theorem
is equivalent toZ3.4. O

23.2.3. LIBOR Market Model as a Short Rate Model

In 23.2.1we have given the volatility structure fot,T) — f(t,T) under which the for-
ward ratesL; evolve as in a LIBOR market model. Since the short rate is giver{(tas=
limr f(t,T), the volatility structure also implies a short rate model. Furthermore, the
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23.2. LIBOR MARKET MODEL IN THE HIM FRAMEWORK

numéraireB(t) = exp(fot r(r)dr) is fully determined by the short rate, thus the short rate process
underQ?® gives a complete description of all bond prices (and all derivatives):

g, 1
) — QB+
P(T; 1) = BOEY (g5 7
The short rate processmplied by the volatility structure23.3 generates a LIBOR market
model. The short rate process un@étis given by 1.6:

t

t
_ ofg B 80@8 do B
dr(t) = a—T('t)Hv(Q (t,t)+ofa—T(3t)ds+ofa_T(S’t)dWQ (5) |t (was21.6
+or(t, AW (1),

The drift of this short rate model is, as a function{ofs)|0 < s < t}, path-dependent. Only
in high dimensions, namely as a function{€f(t)|i = 0, ..., n}, will the model be Markovian
(i.e. the drift is no longer path-dependent).
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CHAPTER 23. HEATH-JARROW-MORTON FRAMEWORK: IMMERSION OF SHORT RATE MODELS AND LIBOR MARKET MODEL
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CHAPTER 24

Excursus: Shape of the Interest Rate
Curve under Mean Reversion and a
Multi-Factor Model

In this chapter we are considering the influence of model propertiemidan reversiomum-
ber of factors instantaneous correlationnd instantaneous volatilityn the possible future
shapes of the interest rate curve.

As in Chapter20, which discussed the relation ofstantaneous correlatioandinstanta-
neous volatilityto the terminal correlation our goal is to develop an understanding of the
significance of the model properties rather than looking at them rigorously in abstract math-
ematical terms. We thus pose the question of how the interest rate ciiess dualitatively
under diferent model configurations.

24.1. Model

As a model framework we will use tHdBOR Market Model Due to its many parameters it
gives us enough freedom to play with. We will restrict the set of parameters and concentrate
on three (important) parameters that arffisient to create the interesting phenomena we are
interested in.

Let us restrict the model to a simple volatility structure, namely

oi(t) = o - exp( - a- (T; - ) (24.1)

with * = 0.1 anda = 0.05. We will choose an equally simple correlation model, namely
dVV|dWJ =pi,jdt with
pPij = exp(—r . |Ti - Tj|). (24.2)

To this correlation model we apply a factor reduction (Principal Component Analysis), see
AppendixA.4. The number of factors is the number of independent Brownian motidies{e
tively) entering the model, see Definiti®0. Upon a factor reduction tha largest eigenvalues
of the correlation matrix are determined. Together with the corresponding eigenvectors a new
correlation matrix is constructed, having at moshon-zero eigenvalues. This process guar-
antees that the resulting correlation model defines a valid correlation matrix.

We simulate under the terminal measure and start with an initially flat interest rate curve
Li(0)=0.1,i=0,12,....
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CHAPTER 24. EXCURSUS: SHAPE OF THE INTEREST RATE CURVE UNDER MEAN REVERSION AND A MULTI-FACTOR MODEL

To summarize, our model framework consists of three degrees of freedom which will be
varied in our analysis:

| Parameter Effect \

a Damping of the exponentially decaying
time-homogenous volatility

=
1

r Damping of the exponentially decaying if
stantaneous correlation

m Number of factors extracted from the car
relation matrix

Table 24.1.: Free parameters of the LIBOR Market Model considered.

24.2. Interpretation of the Figures

The Figures24.1, 24.2 24.3and 24.4 show 100 paths of a Monte-Carlo simulation of the
interest rate curve. The simulation was frozen at a fixed point in tiraer(5 in 24.2, 24.3and
24.4andt = 17.5 in 24.1). To the left of this point the forward rates(T;) are shown, each
upon their individual maturity, - this is a discrete analog of shert rate To the right of this
point the future forward rate curdg(t) is drawn.

The figures dfer only in the parameters used to generate the paths. The same random
numbers are used, thus the simulated paths depend smootalgratr.

To improve the visibility of the individual paths, each path is givenféedént color, where
the hue of the color depends smoothly on the level of the lastligte! This makes its it
very easy to check if the interest rate curves are parallel or exhibit some regular structure, see
Figure24.2

24.3. Mean Reversion

We will consider the example of a simple one-factor Brownian motign € 1, i.e.r = 0).
Figure24.1shows the simulated forward rates foffdrent parameteigsin (24.1).

From the derivation of the Hull-White-Model from the HIM-Framework it became obvious
that an exponentially decreasing volatility structure of the forward rate correspondseara
reversionof the short rate see pag@89. We rediscover this property qualitatively here. Fig-
ure24.1shows 100 paths of a Monte-Carlo simulation of a LIBOR market model wifarént
values for the parameter a = 0, a = 0.05 in the upper and = 0.1, a = 0.15 in the lower
row (left to right). Observe the fixed ratég(T;) left from the simulation time. They may be
interpreted as a direct analog of the short rate. In Figdré&it becomes obvious that with an
increasing parameterthe paths develop a tendency to revert to the mesa reversion)

1 The choice of the last rate is arbitrary.
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24.4. FACTORS

LIBOR Market Model forward rate curves LIBOR Market Model forward rate curves
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15% 15%
b 2
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E 8% | S 8% |
5% 5% -
2% 2% +
0% T T T 0% T T T
0,0 5,0 10,0 15,0 20,C 0,0 5,0 10,0 15,0 20,(
time (fixing date of forward rate) time (fixing date of forward rate)
LIBOR Market Model forward rate curves LIBOR Market Model forward rate curves
% 20%
18% 18% -
15% 15%
2 2
T 12% S 12% 1 /A
T 10% T 10%
E 8% g 8% |
5% 5% -
2% 2% -
0% T T T 0% T T T
0,0 5,0 10,0 15,0 20,C 0,0 5,0 10,0 15,0 20,C
time (fixing date of forward rate) time (fixing date of forward rate)

Figure 24.1.: Shape of the fixed rates(I[;) and the interest rate curve for ftrent instantaneous
volatilities (corresponds to ffierent mean reversion) frozen at time t17.5 using a one-factor mode. We
used a= 0 (upper left), a= 0.05 (upper right), a= 0.10 (lower left) and a= 0.15 (lower right). For
interpretation see Sectidzd.3

24 .4. Factors

Figure24.2shows a Monte-Carlo simulation with the parameters above and varying numbers
of factorsm. The possible shapes of the interest rate curve are given by combinations of the
factorsparallel shift tilt, bendand oscillations with increasing frequencies, see also Figyure

on Page364.
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CHAPTER 24. EXCURSUS: SHAPE OF THE INTEREST RATE CURVE UNDER MEAN REVERSION AND A MULTI-FACTOR MODEL
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Figure 24.2.: Shape of the interest rate curve withffdient factor configurations, seen at time 7.5:
One, two, three and five factors (from upper left to lower right). For interpretation see Seetidn
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24.5. EXPONENTIAL VOLATILITY FUNCTION

24.5. Exponential Volatility Function

LIBOR Market Model forward rate curves LIBOR Market Model forward rate curves
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18% 18% -
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i} L
© 12% g 12%-
T 10% S 10%
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5% 5% -
2% 2% -
0% T T T 0% T T T
0,0 5,0 10,0 15,0 20,C 0,0 5,0 10,0 15,0 20,C
time (fixing date of forward rate) time (fixing date of forward rate)
LIBOR Market Model forward rate curves LIBOR Market Model forward rate curves
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Figure 24.3.: Shape of the fixed rates(I[;) and the interest rate curve withfirent instantaneous
volatilities (corresponds to mean reversion) at time 7.5 in a one-factor model (upper row and lower
left) with a = 0.0, a = 0.05and a = 0.1 and a three-factor model (lower right) with & 0.1. For
interpretation see Sectid.5

As in Figure24.1we consider the Monte-Carlo simulation undeffefient parametera.
Firsta = 0, a = 0.05 anda = 0.1 in a one-factor modef(= O,m = 1), and lasa = 0.1 in a
three-factor model. We are observing this at simulation timse7.5 and concentrate here on
the section right of the simulation time, i.e. the interest rate cup¢@ for j > m(t).

It is apparent that the curvg(t) | j > m(t)} shows a shape similar to an exponentiaj,in
depending on the parametersee Figur@4.3 lower left @ = 0.1) to the right of the simulation
time. If we consider a one-factor model (as used in the figure), we have:

t t
L;(t) = L;(0)-exp fo‘pj(‘r)d‘r + ﬁoj(r)dT-W(t) .

For a fixed point in timd (and a state (path)) the interest rate curve shows the following

dependence on
t
f o-%(r)d‘r
0

t
j Lj(O)-eXp(f ,uj(‘r,w)d‘r)~exp k-
0

wherek := W(t, w).
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CHAPTER 24. EXCURSUS: SHAPE OF THE INTEREST RATE CURVE UNDER MEAN REVERSION AND A MULTI-FACTOR MODEL

For the volatility structureZ4.1) particularly, we find

t t
L o%(x) = f; exp2a(T; - 7))dr
= él(exp(—Za(Tj ~ 1)) - exp(-2a(T; - 0)))

1
= oa" (exp(2-t) - 1) - exp(-2aT;)

i > L;(0)- exp( fo t it w)d‘r) -exp(k- exp-aT))), (24.3)

wherek = k- \/z—la(exp(a- t) - 1).

The driftfotyj(r, w)dr is monotone increasing if see 19.8. This explains the shape of
the interest rate curve in Figugl.3upper left. With increasing parametthe interest rate
curve is multiplied by the double exponential(3 with increasing steepness. This explains
the shape of the interest rate curve in Figede3upper right and lower left. Only the addition
of more driving factors allows for a richer family of possible curves. If the parallel movement
(level) remains the dominant factor, then the sh&ded] still dominates the interest rate curve,
Figure24.3lower right.
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24.6. INSTANTANEOUS CORRELATION

24.6. Instantaneous Correlation
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Figure 24.4.: Shape of the fixed rates(I[;) and the interest rate curve withfirent instantaneous
correlations, seen at time=t 7.5. We used a correlation matrix with (all) 40 factors ane10.01 (upper
left, high correlation), r= 0.1 (upper right) and r= 1.0 (lower left, high de-correlation). In the lower
right we used a correlation matrix with £ 1.0 (the same as in lower left), but reduced the number of
factors to three. For interpretation see Sectih 6

We fix a slightly decreasing volatility structur24.1) with a = 0.1 and vary the parameter
of the correlation function24.2). We do not apply a factor reduction, thus keep all 40 factors.
The parameter = 0.01 corresponds to an almost perfect correlation of the processes. Thus
the possible shapes of the curve are almost parallel, the curve is very smooth since we started
from a smooth (namely flat) curve. If the correlation parameter is increased 100, then the
distribution of rates within the curve is almost independent. See FRyureupper left, upper
right and lower left.

It should be noted that this (terminal) de-correlation is also achievable urd6101 by an
appropriate choice of the volatility structure, see Chapeihe instantaneous de-correlation
introduces aradditional terminal de-correlation. The statement that a model with perfect
instantaneous correlation exhibits perfect terminal de-correlation of the forward rates is wrong.

Finally we have chosen in Figut.4lower right the parametar = 1.0 again (as for the
lower left with strong de-correlation), but have applied a reduction to the three largest factors.
It is obvious that this strongly reduces the possibility of de-correlation. The three factors only
allow that the beginning, the middle and the end of the curve attéiiereit values. Adjacent
rates are still on similar levels.
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CHAPTER 24. EXCURSUS: SHAPE OF THE INTEREST RATE CURVE UNDER MEAN REVERSION AND A MULTI-FACTOR MODEL

4 W‘ Experiment: At http://www.christian-fries.de/finmath/
. applets/[LMMSimulation.html a simulation of an interest rate curve with
J the model framewaork above is to be found. The parameters may be chosen at will
to study the dierent shapes of the interest rate curve. <
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CHAPTER 25

Markov Functional Models

25.1. Introduction

options and the probability distribution function (or probability density) of the
underlying (under the martingale measure). If we consider a European option on
some underlying, say the forward rdte := L(T;, Ti41; Ti) (i.e. a caplet), then
Lemma81 allows us to calculate the probability densitylgffrom the given market prices. It
seems as if this allows perfect calibration of a “model” to a continuum of given market prices.
However, the terminal distribution alone does not determine a pricing model. What is missing
is the specification of the dynamics, i.e. the specification of transition probabilities, and, of
course, the specification of the namaire. This is the motivation for thiglarkov functional
modeling There we postulate a simple Markov process, exg=do(t)dW(t) for which the
distribution functions — P(x(T) < £) is known analytically. Then we require the underlying

L;i to be a function of(T;). Let us denote this function ky, i.e. letL;(w) = gi(X(T;, w)) for

all pathsw. If the functionalg; is strictly monotone, then witK = g;(£)

r /' Motivation:  From Chapteb we have a relation between the prices of European
2
|
|
J

L

FL(K) := P(Li < K) = P(gi(X(T)) < K)

= P(X(T) < &) =: Fxry(@) = Fxm)(g(K))

With a given distribution functionF;, of L; (e.g. extracted from market prices through
Lemmaa8l), the choice of the functional; allows the calibration to the distribution @f,
while the procesg (and the sequence of functiongds}) describe the dynamics. To achieve a
fully specified pricing model we further require the specification of the énaime as function
of the Markov procesg. To achieve this we may use Theor&s) if

e Xis given under the equivalent martingale measiend
e X generates the filtration.
<

Given afiltered probability spac®(B(R), Q, {#}). Consider a time-discretization9T, <
T1 < ... < Th. Financial products beyonf, are not considered.
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CHAPTER 25. MARKOV FUNCTIONAL MODELS

Lett —~ N(t) denote the price process of a traded asset, which we choose asainenand
let Q denote the corresponding equivalent martingale measure. Then for any replicable asset
price proces¥(t) (see Definition73and TheorenT9)

V() _ QN(V(Tk)

N(T) N(Tx)

In particular for every zero coupon bof{Ty), paying 1 inTy
P(Tk;Ti) _ EQN( 1

|F7,)-

N(T) NeT T
P(T Ty = N(Ti)EQ“(ﬁﬁ).

Let x denote gf-adapted stochastic process with
dx(t) = oc(t)dW(t) , x(0) = Xo.

The filtration should be generated By On this space we consider time-discrete stochastic
processes, hamely those for which thBirealization is a function of{(Ty), ..., x(T;)) , for

all i. We particularly consider processes for which their timeealization is a function of
X(T;) alone (i.e. independent of the process’s history).

25.1.1. The Markov Functional Assumption (independent of the
model considered)

We assume that the tinTg-realization of the nureraire process is a function gfT;), i.e.
N(Ti, w) = N(Ti, X(Ti, w)), (25.1)

where we use the same lettérfor the (deterministic) functiona — N(T;, &).

Then, for any payfd V(Ty) that is itself a function ok(Ty) for somek, the value process
V(T;) fori < kis
V(Tk) V(Tk, X(Tx))
N(Ty) N(Tk, X(Tk))
Thus, the timeT; realization of the value proce$HT;) is also a functional ok(T;) which we
denote by the same letter The functionak — V(T;, &) of the value process is

V (T, X(Tw))
N(Tk, X(Tx))
Note: The markov functional assumptio2b(1) may be relaxed such that the néraire is

allowed to depend oR(Ty), ..., X(T;)). This relaxation is used in the LIBOR Markov Func-
tional Model in spot measure.

v(T) = N(Ti)E( ) - N(Ti,x(Ti))E( |o—(x(Ti))).

& N(Ti,f)E( I{x(Ti) = §})-

25.1.2. Ouitline of this Chapter

In 25.2we consider a Markov Functional Model for a stock (or any other non-interest rate
related (single) asset). B6.3we will then consider a Markov Functional Model for the for-
ward ratel (T;, Ti;1; Ti), which may be viewed as a time-discrete analog of the short rate. Both
sections are essentially independent of each other. In SeZhighwe will discuss how to
implement a Markov functional model using a lattice in the state space.
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25.2. EQUITY MARKOV FUNCTIONAL MODEL

25.2. Equity Markov Functional Model

25.2.1. Markov Functional Assumption

Consider a simple one-dimensional Markov process, e.g.
dx(t) = o (t) - dW2(t), x(0) = Xo, (25.2)

whereo is a deterministic function an@/? denotes aD-Brownian motion. Without loss of
generality we may assumg = 0. Equation 25.2) is the most simple choice of a Markovian
driver process. We will consider the addition of a drift term 2%.9) in our discussion of
model dynamics in Sectio?5.2.5

Let S(t) denote the timévalue of some asset for which we assume that we have a continuum
of European option prices. LatandS be adapted stochastic processes definedQ (),
where({#¢} denotes the filtration generated Y.

We assume that the timevalue of the asse$ is a function ofx(t), i.e. we assume the
existence of a functionat,¢) — S(t,¢) such that

S(t,w) = S(t, X(t, w)),

where the left hand side denotes our asset value atttiomepathw and the right hand side
denotes some functional of our Markovian drivekvhich we ambiguously nante. We allow
some ambiguity in notation here. From here ®will also denote a deterministic mapping
(the functional)

(t.&) — S(t, ).
It will be clear from the arguments & if we speak of the functional,¢) — S(t,¢) or of the

procesg — S(t).
Fort; < t, we trivially have that

S(t) _
S(t1)

S(tz)
EQ(@ | F1,)-

We now postulate thaQ is the equivalent martingale measure with respect to the@aimeS
and that a universal pricing theorem holds for all other traded products, i.e. theb ttedétive
price is aQ-martingale.
This implies that the zero coupon boR{T;t) having maturityT and being observed in
t < T fulfills
P(T:t) _

1
so © Gsm !

Using the functional representation fwe find thatP(T;t) is represented as a functional of
X(t) too, namely

(t.5) = P(T:1)

with
P(T;t,¢)

- -
sto =X [ X = ). (25.9

S(T, x(T))
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CHAPTER 25. MARKOV FUNCTIONAL MODELS

25.2.2. Example: The Black-Scholes Model

Let us assume a Markovian driver with constant instantaneous volati{i)y= o. For the
Black-Scholes Model we have

S(t.£) = S(0) - exp(r - t+ %aést + % ), (25.4)
whereogs denotes the (constant) Black-Scholes volatility. Plugging this %03 we find
P(T;t,&) = expr(T —t)),

so that interest rates are indeed deterministic here.
This is the Black-Scholes model: From the definition of the Markovian driver we have
1. x(t) = W(t) and thus

S(t, x(t)) = S(0) - exp(r - t + %o’ést + ogs - W(L)).

In other words, th€ dynamics ofS ist

dS(t) = rS(t)dt + o3sSH)dt + oasS(t) - AW(t).
Introducing a new Nur@raire
dB(t) = rB(t)dt, B(0)=1

we find for the change of Nuéamaire proces% that

dg = 03S(tdt + opsS(t) - AWC(t).
For £ to be a martingale unde® it has to be #v(t) = AW’

- 03,0t and thus

rS(t)dt + ogs- S(t) - AW (t)
rB(t)dt.

ds(t)
dB(t)

Note: dVQ(t) is aQ Brownian motion, wher€) is the equivalent martingale measure with re-
spect to the NuréraireS, while dwW2°(t) is aQB Brownian motion, wher@?® is the equivalent
martingale measure with respect to the NuaireB.

25.2.3. Numerical Calibration to a Full Two-Dimensional European
Option Smile Surface

As for the interest rate Markov functional model we are able to calculate the functionals nu-
merically from a given two-dimensional smile surface. Our approach here is similar to the
approach for the one-dimensional LIBOR Markov functional model under spot mea&tre, [
Consider the following tim& payout:

S(T) if S(T)>K
V(T,K;T) := , (25.5)
0 otherwise.
1 Note thatQ is the equivalent martingale measure with respect to the@aineS.
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25.2. EQUITY MARKOV FUNCTIONAL MODEL

Obviously
1 if S(T)>K
V(T,K;T) = T)-K0)+K-
( ) = maxS(T) )+ {o else.

i.e. the value oW is given by the value of a portfolio of one call option alkdligital options,
all having strikeK. This is our calibration product.
25.2.3.1. Market Price

Let ogs(T, K) denote the Black-Scholes implied volatility surface given by market prices.
Then the market price of is

vmarkel T K:0) = S(0)D(d,) — exprT)Kd(d)

call option part

dogs(T, K)

+ K exprT)(d(d.) + S(0) VT’ (d,) )
digital part
= S(O(,) + KSO) VTw(d,) 27X TI0,
1 (X V2 _ In(2REB0) 152 (T K)T
whered(x) := - [ exp%)dy andd. = TR
25.2.3.2. Model Price
Within our model the price of the produ@g.5 is
S(T,x(T)) -1 >
V(T k;0) = 5(0)- B XL SOAmEN ) -

S(T)
S(0) - EX(Lis(rxmy=k; | {X(0) = Xo})

Assuming that our functionall( &) — S(T, £) is monotonely increasing itwe may write

VMOU(T K;0) = S(0)- E%(Lixrysx) | {X(0) = Xo}), (25.6)

wherex* is the (unique) solution 08(T, x*) = K. Note that 25.6 depends orx* and the
probability distribution ofx(T) only and thatx(T) is known due to the simple form of our
Markovian driver. It does not depend on the functio8aThus for givenx* we can calculate

VMOU(T, x;0) = S(0) - EX(Lix(mysxy | {X(0) = Xo}).
25.2.3.3. Solving for the Functional
For givenx* we now solve the equation
Vmarket-l—’ K*: 0) — Vmodel(-l—, X 0)

to find S(T, x*) = K* and thus the functional formrl(¢) — S(T,£). This can be done very
efficiently using fast one-dimensional root finders, e.g. Newton’s method.
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CHAPTER 25. MARKOV FUNCTIONAL MODELS

25.2.4. Interest Rates
25.2.4.1. A Note on Interest Rates and the No-Arbitrage Requirement

Functional models for equity option pricing have been investigated before, se&#@.gn{l
references therein. However, the approach considered there chooses deterministic interest rates
and the bank account as Nénaire. As suggested in Secti@b.2.2 this will impose a very

strong self-similarity requirement on the functionals (which is fulfilled by the Black-Scholes
model). Such models may calibrate only to a one-dimensional sub-manifold of a given implied
volatility surface, seeq8]. For the Markov functional model this follows directly frorgg.3.
Assuming that the Markovian driveris given and that the interest rate dynarR{@ ;t, &) is

given, we find from 25.3 that

P(T;t,€)
E sy | X = &)

S(t.¢) =

So once a terminal tim& functionalé — S(T,£) has been defined, all other functionals are
implied by the interest rate dynamiBsand the dynamics of the Markovian driver.

Sticking to prescribed interest rates, the only way to allow for more general functional is to
violate the no-arbitrage requireme6(3 or change the Markovian driver. The latter will be
considered in Sectiok5.2.5

25.2.4.2. Where are the Interest Rates?

Our model calibrates to a continuum of options®nWe do not even specify interest rates.
This is not necessary, since the specification of the interest rates is already contained in the
specification of a continuum of options @& Consider options o%(T), i.e. options with
maturity T. First note that from a continuumd Vgﬁ”‘e'(T, K;0) of market prices for call
option payouts

vmaket T K:T) = maxS(T) - K, 0)

call

we obtain prices for the corresponding digital payouts

1 SM>K
k -
g =3 50
by
0
Vagta (1> K; 0) = == VEI(T, K; 0).

Thus the value of the zero coupon bond with matufitis

0 vmarke(T K- 0). (25.7)

. — i marke . — i
P(T;0) = ILITOVdigi (T.K;0) = _lLIToa_K cal

tal
Note that this argument is model-independent.
Within the functional model, Equatior25.7) holds locally in each state. Given that we are
at timet in statex(t) = ¢ we have for the corresponding bond

P(T;t,&) = I|<iq1ov(;?gﬂ?;'(T, K;t,&).
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25.2. EQUITY MARKOV FUNCTIONAL MODEL

From this it becomes clear why specifying interest rates would represent a violation of the
no-arbitrage requirement.

In the next section we show that the model implied interest rate dynamics are likely to be
undesirable. However, as is known from interest rate hybrid Markov functional m@&ig| [
is possible to calibrate to fiierent model dynamics by changing the Markovian drier

25.2.5. Model Dynamics
25.2.5.1. Introduction

Markov functional models calibrate perfectly to a continuum of option prices, i.e. to the market
implied probability density of the underlying, cb2]. Indeed, the functionalt(¢) — S(t, &)

is nothing more than the transformation of the measure from the probability densitt) td

the market implied probability density of the underlyig¢f).

While calibration to terminal probability densities is a desirable feature, it is not the only
requirement imposed on a model, specifically if the model is used to price complex derivatives
like Bermudan options. Here the transition probabilities play a role, i.e. the model dynamics.
The most prominent aspects of model dynamics are

¢ Interest Rate Dynamics For an equity Markov functional model the joint movement
of the interest rate and the asset has to be analysed. It is possible to calibrate to given
interest rate dynamics by adding a drift to the Markovian driver, see Sez5i@5.2

e Forward volatility : This is the implied volatility of an option with maturifiy and strike
K, given we are in statd, ), i.e.

max@S(T, x(T)) — K, 0)
S(T)
Obviously it will play an important role for compound options and Bermudan options.

The forward volatility may be calibrated by changing the instantaneous volatility of the
Markovian driver, see Sectid?b.2.5.3

S(t.£) - EX( L {x(t) = &)).

e Auto correlation / Forward spread volatility: The auto correlation of the proceSs
impacts the forward spread volatility. This is the implied volatility of an option on
S(Ty) — S(T1) with maturity T, given we are in statd,¢), i.e.

max©(T2, X(T2)) - S(T1. X(T1)). 0)

S(t.€) - E¥( S(T2 X(T2))

H{x(t) = &}).

Markov functional models allow limited calibration toffirent model dynamics by chang-
ing the dynamics of the Markovian driver For our choice

dx = or(t) - dW(t)

we can change the auto-correlatiorxddy choosing dferent instantaneous volatility functions

o. Since the calibration of the functionals is scale invariant with respect to the terminal stan-
dard deviatioro(t) of x(t), the calibration to the terminal probability densities is independent
of the choice ofr. See the Black-Scholes example in Sect#&n2.2for an example of this
invariance.

2 This is precisely the reason why the model%]|[allows for arbitrage.
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CHAPTER 25. MARKOV FUNCTIONAL MODELS

Time Copula

The specification of the auto-correlation »fthrougho) is sometimes calletime copula
[57], since it may be specified through the joint distribution xft{), x(t)). For this reason
similar functional models are sometimes caltmmpula modelsa term that is more associ-
ated with credit models, where joint default distribution is constructed from marginal default
distributions.

In addition to a specification of the instantaneous volatility, the Markovian driver may be
endowed with a drift.

Time-Discrete Markovian Driver

We assume a given time discretizatih= ty < t; < t, < ...} and consider the realizations
X(t;) of the Markovian drivetx given by incrementax(t)) = x(ti;1) — x(t;). It is natural that a
practical implementation of the model will feature a certain time discretization. Thus, speaking
of calibration of a specific time-discretized implementation, it is best to consider the Markovian
driver given by an Euler scheme (as #5(8), (25.9)

X(tiv1) = X(t) + u(ti, X(6))AG + or(ti, X(4))AW(E).

25.2.5.2. Interest Rate Dynamics
Example: Black-Scholes Model with a Term Structure of Volatility

Let us first assume that the Markovian driver is given by
X(tiv1) = X(4) + o AW(L). (25.8)

Consider a term structure of Black-Scholes implied volatilities, i.eslg{t;)) denote the im-
plied volatility of an option with maturityt;. With the simple Markovian driver26.8), the
corresponding functionals that calibrate to these options are

S(ti,€) = S(0) - exp(r - ti + %OTBS(ti)Zt + O_-B;(ti) -8,

whereg? := & 374 oAt
Within this model a stochastic interest rate dynamic is already implied. F2618) fve find

Pl ) = S(.8)- Eggy ;| X0) = €)
1_ o? —
=expir - (i — ) — E(O'Bs(tnl)z - (tiv1 — =—At) — oBs(t)? - 1)
Oiv1
B (0_'Bs(ti+1) _ O_'Bs(ti)) &),

Ti+1 i

If the volatility of the Markovian drivex decays faster than the implied Black-Scholes volatil-
ity, then the interest rate will move positively correlated with the stock. If the volatility of the
Markovian driverx decays slower than the implied Black-Scholes volatility, then the interest
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25.2. EQUITY MARKOV FUNCTIONAL MODEL

rate will move in a negatively correlated wayf we choose the instantaneous volatility sof
such thatr; = oas(t;),
Pt ti, ) = exper - (tiva — 1),

i.e. we have recovered a model with deterministic interest rates. Reconsidering the case of
a continuous driver x = o (t)dW(t), we see that foffl fOtO_(T)sz = ogs(t)? the functionals
above define a Black-Scholes model with instantaneous volatility

However, we do not need to sacrifice the instantaneous volatiligtofmatch the interest
rate dynamics. A much more natural choice is to add a suitable drift to the Markovian driver
X. Consider a Markovian drivet such that

X(tiv1) = X(6) + aix(t)AL + o AW(EG),  X(to) = X0 = 0. (25.9)

Note that thex(tj)'s are normally distributed with mean 0 (assumixg= 0) and standard
deviationsy; v where
yi2+1ti+1 = }/izti -(1+ aiAL) + O'izAti.

Together with the functionals

S(1.8) = S(O)-expt -1+ 2rast)? + 725 g
S(t:1.€) = S(0)- expl -t + Sras(hon)? + 20D g
2 Yi+l
we have
1
ot £) = St £) . EQ N =
P(ti+1;t,8) = S(ti.¢)-E (S(ti+1, x(6.2) | {X(t) = £1)
1 2 ot = (12
= exp(-r - At - E(O'BS(tHl) “(tiva — 5 At) — ogs(t) - )
i+1
B (O'B;(tnl) (1+mAL) - U'BS(ti)) £
i+1 i
1 v 2_ = 2
= exper - At — E(U'Bs(tnl)z -5 (1+ aiAt)” - ops(t)” - 1)
i+1
_ (O'Bs(ti+1) (1+ oAt — UBs(ti)) ).
Yi+1 Yi
Choosingy; such that _ _
(%(uam)— “%(t‘)) -0 (25.10)
i+1 i

we have
P(tic1; ti,8) = explr - (tiv —t)).

Interestingly, the Markov functional mode2%.9—-(25.10 does not necessarily need to be a
Black-Scholes model having ti*-dynamics

B
dsS(t) = rS(t)dt + oas(t) - S(t) - AW (1)
(25.11)
dB(t) = rB(t)dt,
3 Note that on average the interest rate is still
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CHAPTER 25. MARKOV FUNCTIONAL MODELS

whereogs(ti)? = %fot‘ ogs(t)?dt. The two models are not the same, although their terminal
probability densities (European option prices) and their interest rate dynamics agree. The
difference lies in the forward volatility, which may be changed for the Markov functional model
by the instantaneous volatility of Only for o-(t) = ogs(t) we have the dynamic25.1]). In

this case the; in (25.10 will be zero, i.e. we are in the situation of the previous example.

Calibration to arbitrary Interest Rate Dynamics

Within the no-arbitrage constraints, it is possible to calibrate the model to a given arbitrary
interest rate dynamics by choosing the appropriate drift. To do so, we have jdffidd such

that
S(ti, €)
S(ti+l, X(ti+1))

This can be done numerically by means of a one-dimensional root finder. The fun&{tngl
has to be re-calibrated in every iteratibn.

P(ti1; i, 8) = EX( | {X(t) = & — u(ti, )AL)).

25.2.5.3. Forward Volatility

The calibration to European option prices (Sectn2.3 and joint movements of asset and
interest rates (SectioR5.2.5.2 still leaves the instantaneous volatility of the Markovian
driver x a free parameter. It may be used to calibrate the forward volatility, i.e. the volatility of
an option, conditionally we are at tinte- 0 in statef.

Example: Black-Scholes Model with a Term Structure of Volatility

Consider the simple Black-Scholes-like example from Sec#b:12.5.2 For simplicity we
consider a Markovian driver without drift, i.e.

X(tiry1) = x(t) + o AW(Y;).

together with functionals

&)

S(t.4) = S(0)- eXp( -t + HTas(i)t+ @ '

calibrating to European options with implied volatilityss(t;).
Then we have that the standard deviation of the incremgit— x(t;) is o 1, - V(tk — ti),

wheretk%ti Z‘j‘;il U']-zAtj. It follows that the implied volatility of an option with maturity, given

we are in statety, &), is B
_ O'ti Rt
oes(tk) - —=—-

O'tk

Thus a decay in the instantaneous volatility of the driver process will result in a forward volatil-
ity decaying with simulation timg (for fixed maturityty).

4 The procedure is the same as in the calibration of the FX forward within the cross currency Markov functional
model, B7]. _
5 As before we use the notatiarf = ¢ 3|25 oAt
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25.3. LIBOR MARKOV FUNCTIONAL MODEL

Example: Exponential Decaying Instantaneous Volatility

Consider the case of a time continuous Markovian driveedr(t)dW with decaying instan-
taneous volatility
o(t) = exp(a-t), a+0.

Thenoy,y, := \/ﬁ ftIZ o(t)dt = \/Tl_m(exp(—Zatg) — exp(-2at;)). Assuming functionals

oes(t)
0.0

S(t, &) = S(0) - exp(r -t + %O_'Bs(t)zt + &)

the forward volatility for an option with maturity, given we are ir, is

oes(T) -

ot.T)  — M- T exp(2at) — exp(2aT)
a(0,T) 78S T-t 1-exp2aT)

25.2.6. Implementation

The model may be implemented in the same way as is done for a one-dimensional Markov
functional LIBOR model. The basic steps for a numerical implementation are, see Eiglire

e Choose a suitable discretization afX(t)), i.e. set up a gridt{, x; ;).
e Foreachx’ = xj:

— CalculateV™ode(T, x*; 0).
— Find K* such thalvVmake{T K*;0) = VMode(T x*; 0).
- SetS(xi,,-) =K.

See Sectio5.4

25.3. LIBOR Markov Functional Model

We postulate that the forward rate viewed on its reset date (fixing) may be given as a function
of the realization of the underlying Markov process

The forward rate (LIBOR)(Tk) = Lu(Ti) = oo

seen on its reset dalg) is a (deterministic) function of(Ty),
( R)isa( ) ) (25.12)

wherex is a Markov process of the form
dx = o(t)dW underQV, X(0) = Xo.

At that point we leave the choice of the namairesN and the corresponding martingale mea-
sureQ open. We will make this choice now, and depending on this we obtain a Markov
functional model iterminal measur¢Section25.3.] or in spot measuréSection??).
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CHAPTER 25. MARKOV FUNCTIONAL MODELS

25.3.1. LIBOR Markov Functional Model in Terminal Measure

We choose as nuenaire theT,-bondN := P(T,). The measur& should denote the corre-
sponding martingale measuterfminal measure From assumptio@5.12we have:

Lemma 227 (Nunéraire of the Markov Functional Model under Terminal Measure):
The nungéraire N(T;) = P(Ty; Tj) is a (deterministic) function oi(T;), i.e. N(Tj) =
N(T;, X(T;)). For the functiona¥ — N(T;, £) we have the recursion

N(Th, &) =1
-1 (25.13)

N(Ti.é) = (EQ( I{x(Ti) = f}) L+ Li(T, (T = T))

N(Tiz1, X(Ti41))

Remark 228 (Notation for the Functionals): Here and in the following we denote the
functionals by the same symbol as the corresponding random variables they are representing.
In the equation
N(Ti) = N(Ti, x(T7))
theN(T;) on the left hand side denotes the random variable, on the right hangsidd(T;, £)
denotes a function. If we usediirent symbols it would reduce the readability of the following
text. The diference between the two will be obvious from the additional argugentx(T;)
in its place.

Proof:  SinceQ is the corresponding martingale measure we can usprtbieg theorem
Thus for the zero coupon boriR(Ty) (maturity inTy)

P(T; Ti) _ EQN 1

N(T) (Nerg 77
P |
P(Tk; T;) = N(T;)E¢ (—N ™ |F7,)-

Since the procesg generates the filtratiofiFt,} and sincex is Markovian, it is séficient
to know the¥+,-measurable random varialdTy; T;) on the se{x(T;) = £}. Thus the bond
P(Ty) seen at tim&@; may be given as a function &fT;), namely a®>(Ty; T;) = P(Tk; Ti, X(T;))
with

P(Ti; Ti, &) == N(T;, &)EY( (X(Ti) = &) (25.14)

N(Tx, X(Tk))
Since (compare Definitiof9)

P(T;;Ti) 1
P(Tii:Ti)  P(Tip; T’

1+ Li(Ti)(Tisa = Ti) =

we have

1 -1
N(Tis1, X(Ti+1)|{X(Ti) B f})) ,

and thus 25.13. O

With N(Tp) = P(T; Tn) = 1 we have from25.13 a recursion to determine the functionals
N(T;, ¢) from the functionald ;(T;, £).

With the specification of the nuenaire the model is fully described. The functionéls»
Li(T;, &) are the free quantities that may be used to calibrate the model.

1+ Li(T,8)(Ti - Ti) = (N(Ti,g;‘)EQ(
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25.3. LIBOR MARKOV FUNCTIONAL MODEL

25.3.1.1. Evaluation within the LIBOR Markov Functional Model

As preparation for the discussion of the calibration of the model we consider the evaluation of
acapletand adigital capletusing the LIBOR Markov functional model.

Valuation of a Caplets within the LIBOR Markov Functional Model

Let T; denote the fixing andlj,; the payment date of caplet with notional 1 and stikeThen
for its valueVeapie(To) in the LIBOR Markov functional model

maxC(Ti, x(Ti)) - K, 0)- (Tiza — Ti)
N(Tis+1, X(Tiz1)
= N(To) - EX(max(L(T;, X(Ti)) = K, 0)- (Tizs — Ti)
- P(Tiva; Tis X(Ti)) 1HX(To) = o)),

Vcaple(TO) = N(TO) : EQ(

| {X(To) = Xo})
(25.15)

whereP(Ti,1; Ti, &) = EQ(m HX(Ti) = &}).

Valuation of a Digital Caplets within the LIBOR Markov Functional Model

Let T; denote the fixing and;,; the payment date of digital caplet with notional 1 and strike
K. Then for its valu&/gigitai(To) in the LIBOR Markov functional model

LL(Ti, X(T7)) = K) - (Tiya = Ti)
N(Ti+l, X(Ti+1))
= N(To) - EQU(L(T;, X(T})) = K) - (Tisa = T)
- P(Ti1; T X(Ti) 1 {X(To) = Xo)),

Vaigital(To) = N(To) - E¥( [ {X(To) = Xo})

(25.16)

where P(Ti,1; Ti, &) = EQ(m | {X(Ti) = &}). A detailed description of how the
given expectations may be numerically calculated, i.e. how to implement the model, is given
in Section25.4

25.3.1.2. Calibration of the LIBOR Functional

The LIBOR functionals may be derived from the market pricesayflets One possibility

is to give a parametrization of the functional and optimize the parameters by comparing the
model prices to given market prices. Another possibility is to derive the functional point-wise
from a continuum of given market prices. For this we have to know the market prices of the
caplets with periodsT[, Ti,1] and strikesK € [0, ). If the prices are known only for a finite
number of strike;, then we require a corresponding interpolation of the caplet prices. This
is non-trivial, see Chapte:.

Calibration of parametrized LIBOR Functionals

If we assume a parametrized functional form EgT;), then we can calculate the model prices

of caplet onL(T;) from a known functional foN(T;,1). This allows us to optimize the param-
eters of a parametrized functional form to achieve the replication of given market prices. Thus
we have the following backward induction:
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CHAPTER 25. MARKOV FUNCTIONAL MODELS

Induction start:

o N(Ty) = 1.

Induction step ( Ti;1 — Tj):
« CalculateP(Ti,1; Ti, &) = E%(rrrryry | X(T) = €)).
e “Optimize” L(T;) by comparing 25.19 with given market prices.
e CalculateN(T;) from L(T;) and 5(Ti+1; T;) via (25.13.

If L(T;) should be almost lognormally distributed, then a good starting point for the
parametrization is an exponential. Bf] the following parametrization is discussed:

Li(¢) = exp@+b¢ + c(¢ - d)?).

Calibration of discretized LIBOR Functionals (point-wise)

The evaluation of a digital caplet allows us to calculate the va(dg x*) of the functional for
an arbitrary poini*. We make the following additional assumption;

The LIBOR functionak — L(T;, &) is

, : o (25.17)
strictly monotone increasing i

With this assumption we can provide a simple algorithm to derive the functlgfi@l from
a given curve of caplet market pricesWe assume that for any; and any strikeK we
have a market caplet pridé.apie(Ti, K; To).”. Then we can calculate all digital caplet prices

V&‘;{';f(ﬂ, K*; To). We have

i)
Vaigiar (Ti- K; To) = = Veapiet (Ti, K; To). (25.18)

Let x* denote a given state point. We wish to derive the functignal L(T;, &), i.e. K* :=

L(Ti, x'). The model pric&/gioe(T;, K*; To) for a digital caplet with strike<* is given by

Vaigital(To) = N(To) - EX(L(L(Ti, X(T7)) = K) - (Tisr — Ti)
- P(Tiv1; Tis X(Ti)) | (X(To) = O),
= N(To) - EX(L(X(T}) = X*) - (Tiza = Ti)
- P(Tiv1; Tis X(Ti)) | (X(To) = O),

(25.19)

thus, from the monotony assumptidn(X(T;)) > K < x(T;) > x*) it follows that the product
may be evaluated without the knowledge of the LIBOR functidu{@|). We thus write in brief
Vmode( T, "y To). By solving the equation

digital
markek : . _ \/modelT. *.
Vdigital Ti,K; To) = Vdigita|(TIs X*; To) (25.20)
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25.3. LIBOR MARKOV FUNCTIONAL MODEL

Market Model
L(x)

Digital

»
'

State x

Christian Fries, 2004

Price V A

Figure 25.1.: Calibration of the LIBOR functional (x) within the Markov functional model: For a
given x we calculate the model price of a digital caplet with strike K L(x*) (payqgf profile in black).
This is possible without knowing the functional L. For the given model pricé)\(grey surface) we
find the corresponding strike*Kby looking it up on the (inverse) of the market price curve (green). This
determines the LIBOR functional (blue).

to K we obtainK*, i.e. L(x*), for the givenx*. Compare Figur@5.1

The LIBOR functional obtained from this procedure replicates the given market price curve
of the digital caplets and thus the market price curve of the caplets. Using backward induction
we can calibrate the model to caplets dfelient maturities:

Induction start:

o N(Ty) = 1.

Induction step ( Tiz1 — Tj):
o Caleulat®(Tiy; Ti.€) = By | OX(Ti) = €D
e For any given({x}:

— Calculate the model pric‘ég?;;’;ﬁi, x*; To) from (25.19.

— CalculateK* = L(x*) from (25.20 and £5.19.

e If required, calculate an interpolation from sample poiitd (x*) obtained in the pre-
vious step.

e CalculateN(T;) from L(T;) andP(T;,; T;) through @5.13.

6 See also the considerations in Sectiinom Page79, where we showed how to derive the probability density of
the underlying from market prices of European options.

7 A complete price curve is usually not available. It has to be constructed by interpolating on given market prices.
This interpolation procedure has to be understood as part of the model, see Section
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CHAPTER 25. MARKOV FUNCTIONAL MODELS

25.4. Implementation: Lattice

Consider an implementation which relies on functionals discretized in the state space (in con-
trast to parametrized functionals). In addition to the time discretizdfloa To < ... < Ty}
we consider a discretization of the state space

X eXT)Q=R j=1....m, i=0,....n (25.21)

For any given time discretization poiiif and any given space discretization pokit= X; ;
we calculate the model price of the digital capl%’t;?;'(ﬂ, X*; To) and calculate from it the
value of the LIBOR functional (T, x; ;) and from there the nuéraire functionaN(T;, x; ;). It
remains to specify how we interpolate the functiorg@als: L(T;, &), £ — N(T;, &) for & # x;

and calculate the conditional expectations, i.e. how we perform the numerical integration

EQ(; | (X(T) = >q,,-}) - fo L s

N(Tis1, X(Ti41)) o N(Tis1,€)
where ¢(¢ — p, o) = ﬁmexp(—(‘f{;ﬁ) denotes the (transition) probability density of

X(Tir1) = X(Ti)lxcry=p With o = (fT”1 o?(t)dt)*’.

25.4.1. Convolution with the Normal Probability Density

A main part of the implementation of the model is the numerical integration, i.e. the convolu-
tion of a functional with the density of the normal probability

E2 (F(x(Tien)) | 1X(T) = %)) = f £©) - ¢ — %, 01) dé = | (25.22)
with ¢(¢ — p,09) = \inm expi (52:53)2). In the literature one can find many methods for

numerical integration. Sinckis given only at the state space sample points (latfiGe)klj =
1,...,m}, but the density is given analytically, it is natural to make use of this.

25.4.1.1. Piecewise constant Approximation

Let X, 1 = 221k denote the center point of the intervalf . Xi+1k1] and let f :=
f(Xi+1x)- Then an approximation of the integialrom (25.22 is given by

k=n

I ) i (D0, (e d) = Py i 1)),

k=1
where®, ,(X) = f_to ¢(¢ — p,0) dé. For the cumulative normal distribution functi@p), .-
there are very accurate approximations using rational functions.
25.4.1.2. Piecewise polynomial Approximation

If we approximate the integranfiby a piecewise polynomial, then we have to calculate inte-
grals of the form

hy
] EM-p(& - X j, o) OE.

Lizensiert fuer <ayonbd2000@yahoo.com> (Muntasir Hasan) 318 Comments welcome.
This work is licensed under a ©2004, 2005, 2006, 2007 Christian Fries
Creative Commons License Version 1.4.18 [build 20070403]- 1st May 2007

httpy/creativecommons.oficensegby-nc-ngd2.5deed.en http://www.christian-fries.de/finmath/book


http://creativecommons.org/licenses/by-nc-nd/2.5/deed.en
http://creativecommons.org/licenses/by-nc-nd/2.5/deed.en
http://www.christian-fries.de/finmath/book

25.4. IMPLEMENTATION: LATTICE

Xy g f(T3,%) - @x-x; )
°
°
)
° e e U e
X0,0=0 e ey e
) X, o
. Y
Qxl,n1 77777777777
To T T, T3 -

Figure 25.2.: Calculation of the conditional expectation (numerical integration) within a “lattice”.

These may be given recursively in terms of the cumulative distribution fundtiofve have
Lemma 229 ( Convolution of a monomial with the normal distribution function®):

hy hy
i EM e —po)dé = p- i EMp(E - o) de

hy
+Hm-1)- i EM2p(E - o) dE

h
o [e™ g6 - )|
Proof: FormeN

9 m 1 &—po
az o= 557
= (=17 enp( - 5(2EY) 4 e tenp( - 527N

25

K oem1
+ 5t exp( - 5

i.e.
nexn( - 5, 7)
= (=167 exp( ~ (L) et enp( - )

_9 o2t exp( - %(é‘%‘_u 2).

8 Compare 26].
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CHAPTER 25. MARKOV FUNCTIONAL MODELS

. Lo 1 : Y
The claim follows after multiplication W|thm and mtegratlonfhl . O

To calculate the interpolating polynomials manyfelient methods may be used (eGQu-
bic Spline Interpolatiopn The Neville algorithm gives a simple recursion by which we can
calculate a piecewise polynomial interpolation function:

Lemma 230 (Neville Algorithm - Piecewise polynomial interpolation function):  Let x;
denote given sample points aridthe corresponding values. Fi_y, ., iS a polynomial of
degreek; + ky interpolating the pointsx|, f;), j =i —ki,...i + ko, i.e.

Fi—kl,i+k2(xj) = fj for j =i- kl, L+ kg,
then
(€ = Xiky) * FickprLivko+1(€) + Xikor1 — &) - Fickpivk
Xi+k2+1 - Xi*kl
defines an interpolating polynomial of degige- k; + 1 for the pointsX;, f;), j =i —k¢,...i+

ko + 1. With the trivial interpolating polynomidF;; = f; having degree 0, induction gives a
construction of the desired interpolating polynomial.

Fickyivkor1(€) =

Proof: A polynomial of degreé; + ko + 1 is uniquely determined blg + ko + 2 points.
The claim follows then by induction, evaluating the approximations polynoRig];.k,+1 at
the sample pointS;.,+1, Xi—k, @nd the sample points which are commorFto, ;1+k,+1 and
Fikyitke- |

The algorithm is called thieville algorithm The polynomiaF;_, j.«,(X;) will then be used
as an interpolating polynomial on the intervalx,1.° Using Lemma229the corresponding
integral part is calculated.

The interpolation function is (for degree 0) continuous, but is not fierentiable at the
interval bounds, as would be the case with a cubic spline interpolation.

25.4.2. State space discretization

The rule for choosing the state space discretization pajnfg = 1,..., m (the lattice) for the
realization of the Markovian drivex(T;) has a major impact on the accuracy of the model.

25.4.2.1. Equidistant discretization

A simple rule gives an equidistant discretization of the inteneahil, Xi max, Where the interval
has been chosen such that the neglected ar@aX; min) U (Ximax ) supports only a small
probability measur@(x(Ti) ¢ [Xi.min, Ximad) = €, see Figure€5.3 The bounds min, Xi.max
may be derived from the definition of the proces®.g. in terms of the standard deviation of
X(Ti:

Ti
Ximax= —Ximin = K- 0, 0= (f O'Z(t) dt)l/z.
0

The factork has to be chosen ficiently large (e.gk > 3).
Instead of an equidistant discretization one may choose the interya[j.1] such that all
intervalls support the same probability mass, i.e.

1-€
Q(x,j < X(Ti) < X j+1) = —
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25.4. IMPLEMENTATION: LATTICE

A
X
o ©
o 9
; QXmin(O<X(t)<Xnax(t) = 1-€
—0 oS S S —>
i (@] o
° %

Figure 25.3.: State space discretization for the Markov functional model: A simple rule to choose the
discretization points;x.

Further Reading: The LIBOR and Swaprate Markov Functional Model in
terminal measure is discussed in the bodk4 p6] as well as in the original
article [75]. A LIBOR Markov functional model in spot measure and a hybrid
Markov functional model is discussed ia1]. <

9 Itis natural to choose the sample point symmetrically, i.e kasek; + 1.
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CHAPTER 25. MARKOV FUNCTIONAL MODELS
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Part VI.

Extended Models
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CHAPTER 26

Hybrid Models

In this chapter we introduce several kinds of hybrid models. A hybrid model is a model that
models multiple (diferent) assets in a single unified model. In general one combines several
well known models into a single unified model. Sincéelient models usually come under
different pricing measures, the essence of a hybrid model is the question “How do these models
look under a common pricing measure?”. So apart from the prerequisite that the models are
compatible, the construction of a hybrid model is just a change of measure.

In this sense, we have already encountered the basic technique required for a hybrid model
in the discussion of thelBOR Market Model There we wrote down multiple individu8lack
models(Chapterl0) and asked ourself how they look under a common pricing measure. The
result was thé.IBOR Market Model

26.1. Cross Currency LIBOR Market Model

For two currencies, “domestic” and “foreign”, we model the interest rate curves, each with
a LIBOR Market Modelas was discussed for an interest rate curve in a single currency in
Section19.1

In addition we model the foreign exchange r&(t). In Chapterll we presented the
pricing of aquanto capleby modeling the=X forward as a lognormal process. Here the spot
exchange rat& X(t) is modeled directly, also as a lognormal process. RX(t) denote the
amount (in domestic currency) that has to be paid bpmestidnvestor at time for one unit
of foreign currency (for). Thud; X(t) has the (physical) unifX(t)] = 11"],‘;{“.

We assume that for the chosen renaireN that there exists a corresponding equivalent mar-
tingale measur@V. By thechange of measure theord@irsanov theorenf8) the modeled
guantities are again lognormal processes uderi.e.

dLit) = Lit) - w(®at + Lie@aw® ) (O <i<n-1)
dFX(t) = FX() - g™X@)dt + FXO* WS 1)
dii(t) = Li(r) - m(tdt + Cit)a, (t)d\7\4@“ () (O<i<n-1)

with initial conditions

L(0)=Lio,  FX0)=FXy,  Li0)=Lip.
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CHAPTER 26. HYBRID MODELS

As before, this is the starting point for
o Determination of the drift termg;, x™* und; for a chosen nugraireN(t) using the
QN-martingale property o-relative prices.

e Determination of the initial conditionk; g, FXo, I:i,o using the bond and foreign-bond
prices observed at tinte= 0.

¢ Determinatioychoice of the volatility and correlation to reproduce given option prices.

26.1.1. Derivation of the Drift Term under Spot-Measure

As nuneraire we chose thelled over one period bonde had already made use of in Sec-

tion19.1.1.2
m(t)

N(t) = P(Tmy+1; t) l_[(1+ Li(T;) - 6j).
j=0

wherem(t) := maxi : T; < t},§; := Tjz2— T; We will now derive the corresponding
processes (i.e. the drifts) under the corresponding equivalent martingale m@&stie spot
measure

26.1.1.1. Dynamic of the domestic LIBOR under Spot Measure
For the drifty; we have, exactly as in Sectid®.1.1.2

o L (t)

uilt) = @L+aL (D)

l=m(H)+1
This is the already known LIBOR Market Model dflomesticcurrency.

ai(®)o(Vpi (D).

26.1.1.2. Dynamic of the foreign LIBOR under Spot Measure

We derive the driff(t) of the foreign LIBOR by considering financial product from the foreign
market. The foreign bonB(Ti,1), converted to domestic currency, i{T;,;) - FX is a traded

asset for the domestic investor. Thbfl’g,‘*“‘()%w is aQN-martingalel

o (P(Tis ) - FX(®)
Likewise ~ ~
L P(Ti1) - FX = PM) — P(Tia) | FX (26.2)

T =T
is a traded asset for the domestic investor, because it is a portfolio of (foreign) bonds converted
to domestic currency. Thus,

P(Ti;t) - FX(@®))

Drift [ ; - =0.
A ( | N (D 0

1 n the view of the domestic investor the foreign bond is not a traded asset. Only after conversion to the domestic

currency by the applicable conversion r&té(t) does the product becomes tradable for the domestic investor. This
is also apparent from the fact that relative prices are dimensionless: VAthi 'R;FX(O is dimensionless, we find

that P03 has the (physical) uniffor.
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26.1. CROSS CURRENCY LIBOR MARKET MODEL

From theproduct rulewe find

P(Tiss;t) - FX()

d(Li(t) - N ) (26.3)
(PO FXO g, g P FXO

S T i A S T (26.4)
+di, ~d(w)

from which we derives after calculation of N(T‘*}\jt()t')FX(t) by comparing drift terms.
We have

d( P(Tii1t) - FX(t)) _ d( P(Tmgy+1; 1) Hij:m(t)+1 1+ Limepn™ .

N(t) = O\ P(Tmoesi D) ng‘jg(uLj(Tj)d,-) FX()

Remark 231 (Interpolation of Bond Prices): At this point we encounter an interesting
difference to the single currency LIBOR Market Modell (see Sedtd): While for the case

of the domestic currency the corresponding t@%&—ig vanishes, it is necessary to provide

an interpretation of21)  See also Sectioh9.1.2.3
(Trmy+1:t)

We have not yet defined the value of the short period bd¥@s,1;t) and P(Ti,1;t) for
t#Tj, j=0,12.... We do this now and define fdr; <t < Tj,1

P(Tm+1 ) = (1 + Loy (T - (T — )7
B(Tmy1: 1) = (L + Loty (Teogy) - (Trmyz — )

This concludes the definition of the nénaire.

From this we find

P(Twye1it) 0 (1+ Liy(Tiy) - (Trngye1 — 1)

P(To+2:t) 0t \ 1+ Loy (Tty) - (Trmye1 — 1)

i.e. the term% has no difusion part & for T; < t < Tj1. This is suficient for the

following derivation: the specific form of the drift does not need to be known.

Indeed, it would be dficient to require thaP(Ti,1;t) and P(Ti,1;t) have zero volatility,
i.e. no difusion part, in the short periade (Tj, Ti.1]. No specific interpolation is required.
The zero volatility assumption fd?(T;,1;t) andP(T;.1;t) ont € (T;, Ti;1] closes the definition
of the LIBOR Market Model for alt € {To, T4, ...}.2

2 See p4).
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CHAPTER 26. HYBRID MODELS
Continuing with the derivation of the drift, we have

B(Tiu1t) - FX(0)
x5 )
B(Tiert) [T (1 + Li0)s) ™

- (P(Ti+1;t) HI:lo (1+Lj(Ty)s;) ' FX(t))
=(...)dt N(t) A (1+6j|:j)0-]d (1)
P00 exgan

If we plug this into 6.4 and compare drift terms (the d@ieients of d) we get, together
with (26.1) and @6.2),

P(Tis1; 1) - FX(1)
N(t)
B(Tis1;t) - FX(t)
N(t)

0= Ly - m+0

. ! 5L w N o N
L - — L 5iGdW ()dW (1)
( i=%+1 @+ o) :

+ GOV AW (©)).
Denoting the interest rate correlation within the foreign currency;byi.e.
AR O (@) = (et
and denoting the correlation of the foreign currency and the foreign exchange yats biye.
AW (AWES (1) = prex (D),

gives

| 5iL;(t)

— A FHM)F i) — Fit)oT ()
j=)+1 @+ 0,00 1 W710PO = G0 Orex.

Ai(t) =
26.1.1.3. Dynamic of the FX Rate under Spot Measure

For a givert € [Ty, Tmy+1) consider the foreign bond with maturifyyg.1 — the next possi-
ble maturity in our tenor discretization. Converting it to domestic currendy-itslative value
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26.2. EQUITY HYBRID LIBOR MARKET MODEL

FXOPTw-1) g martingale. Furthermore we have

N(t)
P(Tmp+1; 1)
d(FX(t)~$)
m(t) 5 .
Def.N P(Tm(t)+1y t)
o L+ Li(T))s;) - d(FX(t) - mmm 2
H o) - o P(Try+1: 1)
P(Trm1; t
- drx(. P00y K‘l(?t)l )
m(t) 5 .
3 (P(Tmp+1:t)
+ FX®) | [(1+Li(T;)dj)= (—
g BT 6t \ P(Tnge: )
P(T t) P(T, t) & ( ﬁngm;tg )
Def. N m(t)+1s m(t)+1; 1) 9t \ P(Tmeys13t
= dFX(t) - ————= + FX(1) - =
O —No PO~ BTmyor)
P(Tm+1:t)
and thus
9 [ P(ayait) .
FX(t) _ ot \ P(Tm+1:t) B 0 o P(Tm(t)Jrl;t)
K - PTmper) Ot P(Tm(t)+1;t)

P(Trmty+1:t)
_ 9 (P(Tm(t)+l;t))
ot P(Tmg+1; 1)

The drift 7% (t) thus depends on the chosen interpolation of the bond prices, see Ré®dark
However, for its use in an implementation via a time-discretization scheme it is not necessary
to calculate the corresponding derivative aftesince only the integrated drift enters the time-

discretization scheme. For the integﬁs{l+1 uFX(t)dt we have

T\+1
f uFX ()t
Ti

Og(F:(THl; Ti+1)) B Iog( P(Ti.1; Ti)) _ Iog( P(Tis1; Ti))
P(Tis1; Tiv) P(Ti 1, Ti) P(Tis1; Ti)
1+ LT, Ti; )
(1+ L(Ti,Ti+1;Ti))’

i.e. itis independent of the interpolation of the bond prices. See also S@étidr2

26.1.2. Implementation

We will discuss the implementation together with tbguity Hybrid LIBOR Market Modeh
Section26.3.2

26.2. Equity Hybrid LIBOR Market Model

In Section4 we introduced the Black-Scholes Modell for a (single) stock. The s®uakas
modeled as a lognormal process

ds(t) = uSFO)S()dt + oSH)SH)AWSF(t)  under the real measuke
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CHAPTER 26. HYBRID MODELS

We had assumed interest rates to be non-stochastic and constant and the chésamewas
thenB(t) := exp( - t). Under the corresponding martingale measifeve could then derive
an analytic formula for the price of a European stock option.

The pricing of products exhibiting optionalities related to both stock and interest rates re-
quires joint stochastic modeling of the stock and the interest rates. If we chose as the inter-
est rate model theIBOR Market Modeland as the stock process model Bilack-Scholes
Modell, then the construction of the joint model is simply the derivation of the drifts under a
common measure.

26.2.1. Derivation of the Drift Term under Spot-Measure
As before, we choose as nénaire theolled over one period bond
m(t)
N(t) = P(Tmoa: ) | @+ Ly(Ty) - 6y),

i=0

wherem(t) :=maxi : T; <t} andd; :==Tj1 - Tj.

26.2.1.1. Dynamic of the Stock Process under Spot Measure

The stockS is a traded assed, tht%is a martingale under the equivalent martingale measure
QN. From theproduct rulewe have

S 1 1 1
d(ﬁ) —ds- o+ Sd(N) + de(N)'
ForT; <t < Tj;1 let the bond pricé>(T;,1;t) defined (interpolated) as in Remé&tR1l,i.e.

P(Tiast) i= L+ Li(T) - (Tia — 1)) for Ty < t < Tiys.

In this case
1 1 s
d=) = (=———— ] [@@+L(T)s;
o )
1 m(t)
=d=—— [ [@+Lims
(P(Tm(t)+1;t) E([)( J( J) l))
m(t)
= d((L+ Ly (Trmo) - (T2 = ) - | [ @+ Li(T))s))
j=0
m(t)
= —Lmy(Tm)elt - | [(X+ Lj(T))5)
j=0
__ Loy (T a. L
1+ Loy (Tm) - (T =) N
0 1
= — 109 (1 + Ly (Tmgy) - (Tmgy+1 — )t .
ot N
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26.3. EQUITY-HYBRID CROSS-CURRENCY LIBOR MARKET MODEL

Remark 232 (on the nuneraire processﬁ): Under the assumption thal(t) does not have
a diffusion (i.e. &V) term, which is the case for the above definition of the short period bond,
then d(%) = (4 &) dt. Nothing else has been calculated above. See also retark

Assuming thatN does not have a flusion (i.e. d&V) term, ch(ﬁ) = 0 and from
Drifton (%) = 0 we find

0= 15 +| 51001+ Ly (Toy) - (Tmea = )| 5 +0,
thus
s 0
po(t) = 5% log (1 + Loty (Trety) - (Try+1 — 1))
_ Lty (Tmey) (26.5)
1+ Loy (Try) - (T2 = 1)
‘F - 7‘ Interpretation (Comparison to the Dynamic of the Black-Scholes
B A Model): Using the nuréraireB(t) := exp( - t) used in the Black-Scholes
‘L B J model (see Sectiod) we had derived the drift of the stock process under the

martingale measur@® as;S%° = r. Equation 26.5 is simply a discrete (and
stochastic) version of this drift: For the average drift over one pefigdT,4]

Tiv1
% f #52 (Odt = log(1) - log(1+ Li(T)) - (Tiva = T3))
i+1 = i JT
__log(1+ Li(Ti)) - (Tisa — Ti))
- T =T
and for infinitesimal period lengthg,; — T; we find — see Definitiod03— that
—log(1+ Li(Ti)) - (Tisa = Ti))
T =T Tis1—>Ti

r(T) = 15,

SV (¢ S.Q°
P o e

<

26.2.2. Implementation

We discuss the implementation together with the previously discu3sess Currency LIBOR
Market Modelin Section26.3.2

26.3. Equity-Hybrid Cross-Currency LIBOR Market
Model

The models given in Sectio®6.1and26.2may be combined. This is now trivial since the
numéraire and thus the martingale measure are the same in both models. Thus we have a
unified model for interest rates, foreign exchange rates, foreign interest rates and equity. We
will now add the model of a foreign stock. L&t denote another stock process, modeling a
stock from the foreign market, i.e. the proc&shas the dimension (currency unit) 1for.
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CHAPTER 26. HYBRID MODELS

26.3.0.1. Dynamic of the Foreign Stock under Spot-Measure
We assume that the foreign sta8Kollows a lognormal process
dS() = SEOSOdt + oSO)SOAWSE()  under the real measufe

As in the previous Sectior%6.1and26.2 we chose as nuénaireN(t) := P(Tmp-1; t) 1‘[ () (1+

L;(Tj) - 6;). As for theCross-Currency LIBOR Market Modgthe foreign stocls has to be

converted to domestic currency to be a traded asset for the domestic investeix 1.8.is a

traded asset and ti-relative pnceis aQN-martingale. From theroduct rule

d(w)_d(FX §)- —+FX §.d(= )+d(FX SEES 1

and
d(FX-S)=dFX-S+FX-dS+dFX-dS.

With the definition of the num@raire from RemarR31und232

dx )_(atN)dt_(N atlog( L))ot
and thus
Dr|ft (w)
=—FXNS (X 4+ 1 + X QAW (1) - S (WS 0+ Iog( ))

If we denote the instantaneous correlation of the stock proBemsd the foreign exchange
N N

rate processX by peys, i.e. we have W (1) - dWZ (1) = pexsdt, then we get with

Drift g (Fﬁ's) =0

~ a 1 ~
1S = = = 2 log (1) — O Dpexs 0).
With
P(T, it
FX(t) — g( ~( m(t)+1 ))
(9t P(Tm(t)+1; t)
and
1
Io = TS
9N ) (P(Tm(t>+1, t))
we get
5_0 5 . FX(1), S
w=a 0g(P(Tr)+1; 1)) — o () (Vpex 5(1))
0 - ~
== Iog(l + Loty (Tengty) - (T2 — t)) - X () (Dpexs(1))-
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26.3. EQUITY-HYBRID CROSS-CURRENCY LIBOR MARKET MODEL

26.3.1. Summary

Under the nuraraire
m(t)

N(t) := P(Tm+1: 1) 1_[(1“‘ Li(Tj) - 6)),
i=0

wherem(t) := maxi : T; <t}, and the assumption thhili(t) does not have a flusion part, as
would be the case for

Cn e (TY (T . 1)L
lz’(THla t) - (1 + I:I(TI) (Tl+l t)) ) } for Ti <t< Ti+1, (26.6)
P(Tizy;t) := (1 + Li(Ty) - (Tiz1 — 1))~

the dynamic of th&quity-Hybrid Cross-Currency LIBOR Market Modeider the correspond-
ing martingale measu@" (spot measuies given by
dLi(t) = Li(t) - w(®)dt+  Li(t)or (t)dV\/iQN (t) fori=0,...,n-1,
dFX(t) =FX(t) - X (t)dt+ FX(t)o-':x(t)dWS: ()
dliy = L) m®d+  LoFEmaw () fori=o0,...,n-1,
as(t) = StS@t)dt+  S(t)o® (t)dWSN ()
d® = SoLdmd+  SOSHAE ©

where

=
—~
N2
i
M- 2
T
i
>
—

o~ ~ _FX
————=—Gi0ipij — Tio " (OprEx
i L+ 65L)

P(T, it
LX) = 9 lo (M)
ot P(Tmgy+1: 1)

0
po(t) = 7t log(P(Trm+1; 1)

K30 = 5 100(B(Tr: ) - 0O Opexs(®.

If we choose foP(Ty)+1; 1) andﬁ’(Tm(t)+1; t) the interpolation given in26.6), then it follows
that

1+ Loty (Tenty) - (Trny1 — t))

0
= 1o (
©o ot g 1+ Loy (Trngy) - (Try+2 — 1)

S) = 2 Iog( - )
K ot 1+ Ly (Tm(t)) : (Tm(t)+1 -t)
- 0 1 &
St:—lo( - )—O'Fxta'st 5().
w(t) ot g 1+ Loy (To) - (Tt = 1) (> Opexs(®)
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CHAPTER 26. HYBRID MODELS

26.3.2. Implementation

Due to the many state variables, i.e. the high Markov dimension, it is natural to consider an
implementation to be path simulation (Monte-Carlo simulation). The first step towards an
implementation is the discretization of the simulation tinfiy suitable discretization scheme.
Since the processes are lognormal processes, we use the Euler-scheme for the log-process, see
Section13.1, 13.1.2.3

The discretization of the interest rate procedsesas been presented in Sectith 1.3 the
interest rate processes of the foreign currency riatase discretized likewise. FétX we find

FX(t + At)
= FX(t)~exp(I

= FX(t) - exp((u™*(t) - %EFX(I)Z)AI + o X ()AWFX(D)

t+At

FXy L FXgy2 A e FX
u(r) 20‘ (r) dT+ft‘ o M (r)dW (7))

with AWFX(t) := WFX(t + At) - WFX(t) and
t+At Ex
A t u(r)dr

1 [t
I f oFX(r)2dr
t

If we especially choose the time discretization of the Monte-Carlo Simulation to match the
tenorstructureTy, T1, T», .. ., then we have

H()

ot

FX(Tia) = FX(T) - exp(ﬁFX(Ti)ATi - %EFX(Ti)ZATi + EFX(Ti)AWFX(Ti)),
with AT; := Ti,1 — Ti andAWRX(T)) := WPX(Ti,1) - WFX(T;) and

Ti+1
- [ e
1 (1+Ei(Ti)~(Ti+1—t))

AT, 1+ Li(T) - (Tisa = 1) /|-y,

=i|0 (1+Ei(Ti)'(Ti+l_Ti))
AT; 1+ Li(T) - (Tisa = T)

Fx 1 Tiv1
- A FX ()2
o () = AT fTi oFX(1)%dr.

This Euler discretization is exact. The discretization of the proc&seslS follows likewise.
With “discrete drift term”

Tisa

BT = ﬁ log(L+ Li(T) - (Tiur = T)),

- Tiva ~
2. 1 ~ FX (1) S <
p>(Ti) = = log(1+ Li(Ti) - (Tixa — Ti)) — o (> (Deex s(t)dt.
AT; T
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Part VII.

Implementation

Lizensiert fuer <ayonbd2000@yahoo.com> (Muntasir Hasan) 335 Comments welcome.
This work is licensed under a ©2004, 2005, 2006, 2007 Christian Fries
Creative Commons License Version 1.4.18 [build 20070403]- 1st May 2007

httpy/creativecommons.oficensegby-nc-nd2.5deed.en http://www.christian-fries.de/finmath/book


http://creativecommons.org/licenses/by-nc-nd/2.5/deed.en
http://creativecommons.org/licenses/by-nc-nd/2.5/deed.en
http://www.christian-fries.de/finmath/book




CHAPTER 27

Object-Oriented Implementation in
Java™

From early on, we wanted a product that would seem so
natural and so inevitable and so simple, you almost
wouldn’t think of it as having been designed.

Jonathan lve
iPod™ Design Team, Apple Computer, [37].

27.1. Elements of Object Oriented Programming:
Class and Objects

First we define the two conceptlassandobject

Definition 233 (Class): 1
A class consists of

e A description of edata structure

¢ A description of a set of functions, tieethodghat act on the data structures and other
data (given as arguments). The description of the methods consists of

— A description of the calling convention of the methods, thierface see Sec-
tion 27.1.3and Definition236.

— A description of how the method (function) actually acts on the dataintipée-
mentation

Definition 234 (Object): 1
We say thai is an object of the class,Kf

e X provides memory to store data according to the structure (layout) descriecubg

e the methods described K may be applied to the data K

In this caseK is also called théypeof X. J
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CHAPTER 27. OBJECT-ORIENTED IMPLEMENTATION IN JAVA™

7‘ Interpretation: A class is the blue print of an object, while an object is a real

g instanceof the class.

) J‘ Considering how a classes and objects are realized in a computer, it becomes
apparent that an obje#t of classk merely stores the data according to the stor-

age layout inK, while the algorithms (code) that operate Xrare given byK. The class is

a description of the storage layout and the functionality, while the object represents the corre-

sponding data record. The definition of a class exists only once, while object of a class (data

records) may exists multiple timesClass and object distinguish between logic (code) and

data. Obviously, the logic, i.e. the class, has to know the layout (structure) of the data.

To illustrate the relation of classes and objects some authers use an analogy likeyneamn,
is a class while thepecific individual “Christian Fries”is an object of the cladsuman Such
analogies do not hold very far. For example it does not become apparent that an object is just
a data storage, dis-functional without the class and that the code, i.e. the algorithm that acts
on the data exists only once, namely inside the class. However, each individual has its own
experiences (data) and patterns of (re-)action (code processing experiences).

That the code is stored only inside the class also becomes apparent in the memory require-
ments: If we add a data field to a class and create 100 objects (instances) of this class, then, of
course, this consumes 100 times the memory of the new data field. If a new method is added
to a class then its code is stored only once and the memory requirement is totally independent
of the number of objects created.

As well as the data described in the class, an object carries another data item, namely its
type. Thistypespecifies the class of the objects. Thus there is a link back from the object to
the class and thus to the methods that may be invoked on the objects’ data. N

r
|
|
|
L

27.1.1. Example: Class of a Binomial Distributed Random
Variable

Let B denote a binomial distributed random variable defined over a probability sRage P)
with Q = {w1,ws}. Probability space and random variable may be characterized by three
valuesby, by, p e R:

B(w1) = by, Plw1) = p

B(wz) =bp,  P(wz)=1-p. (27.1)

Equation 27.1) describes the class of “binomial distributed random variables” while the ran-
dom variableC with

C(a)]_) = 1, P((/.)l) =05

C(u)z) = —1, P(u)g) =0.5. (272)

is a (specific) object, i.e. an instance of the class “ binomial distributed random variable”. Of
course, operators that may be applied to this random variable have to be defined only on the
class level. For example, the calculation of the mean is defined by

E*(B) = fQBdP - pBw)+(@-p) Bw) = p-bit(@-p) b (273)

That EC) =0.5-1.0+ 0.5 (-1.0) = 0.0 follows from 27.3.
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27.1. ELEMENTS OF OBJECT ORIENTED PROGRAMMING: CLASS AND OBJECTS

In JavdM a corresponding class could look as follows: The class definition starts (af-
ter a comment) with the description of the data layout, hestiel , value2 and

pobabilityOfState1 for by, b, andp respectively.
Listing 27.1: BinomialDistributedRandomVariable : A class for binomial distributed random
variables
I 1
| package com.christianfries.finmath.tutorial.example1; | 1
| 2
e | 3
| * @author Christian Fries | 4
| * @version 1.0 | 5
| < | 6
| class  BinomialDistributedRandomVariable { |7
\ | 8
| private double valuel; |9
| private double value2; | 10
| private double probabilityOfState1; | 1
followed by theconstructor
| = | 13
\ * This class implements a binominal distributed random variable \ 14
| * @param valuel The value in state 1. | 15
| * @param value2 The value in state 2. | 16
| * @param probabilityOfStatel The probability of state 1. | 17
| * | 18
| public  BinomialDistributedRandomVariable( double valuel, double value2, | 19
| double  probabilityOfState1) { | 20
| this .valuel = valuel; | 21
| this .value2 = value2; | 22
| this .probabilityOfStatel = probabilityOfStatel; | 23
L |
and the description of the methgeétExpectation
80
ld 81
* @return The expectation of the random variable 82
*/ 83
public double getExpectation() { 84

+ (1-probabilityOfStatel) * value2; 86
return  expectation;
88

| \

| \

\ \

| |

| double expectation = probabilityOfStatel * valuel | 85
| |

| \

| | 89
L I

27.1.2. Constructor

The constructor of a class is a (special) method that is called upon the instantiation (construc-
tion) of an object (there may be manyfdrent constructors and then it is possible to choose
which constructor is called). With a constructor it is possible to do additional initializations
beyond the allocation of the memory - in our case the initializations are setting the vdiye of
b, andp.

The code of the above constructor of the class
BinomialDistributedRandomVariable may be confusing: The arguments of
the constructor have the same names as the data fields of the class. This is allowed, and is
often used for data initialization in constructors, but is dangerously confusing in other methods
with longer code. In this case the corresponding name always denotes the argument of the
constructor (or method). To access the data field with the corresponding name the prefix
this. hasto be added. So the constructor above sets the data fields of the object to the values
given by the arguments.
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CHAPTER 27. OBJECT-ORIENTED IMPLEMENTATION IN JAVA™

27.1.3. Methods: Getter, Setter, Static Methods
27.1.3.1. Calling Convention, Signatures

The calling convention of a method is the name of the methods together with the list of its
argument types, i.e. the calling convention defines which name and argument type have to
be used to call a method. The list of argument types is calledigmatureof a method. Two
methods of the same name but witffeient signature are seen affelient methods. Providing
another method with the same name butfiedént signature is calleaverloadingthe method.

27.1.3.2. Getter, Setter

If the data fields of an object are made accessible, then they may be accessed through
objectName.dataFieldName , i.e. they may be read or modified. The access to the data
fields of an object may be allowed or denied, see dia hidingin Section27.2.1

After an object has been constructed data fields may still be changed by means of methods.
We may set the data or get the data. Methods that do this are caltegtor getter It is a
convention that all getter methods start with the prgix and all setter methods start with
the prefixset , both followed a name of the entity they modify, starting with a capital letter.

We add a setter for the value bof to the class definition:

o
* @param valuel The value of state 1.
¥
!

| 45
| 46
| a7
| a8
| a9
| 50

public void setValuel( double valuel) {
this .valuel = valuel;
}

The method only changes the state of object and thus does not return a value. This is indicated
by the keywordvoid .

27.1.3.3. Static Methods

Methods that do not require knowledge of the data fields of an object, i.e. that do not read or
modify data from an object, are callstatic methodsPut diferently: The method does not
need an object, it is $licient to have the class definition.

Definition 235 (static method): B
A method of clasK which keeps objects of the claksnvariant and is independent of its data
is calledstatic. A static method is also calleddtass method 4

In JavdM method is declared static by the keywaitdtic

To apply the (non-static) method to data we (have to) create objects. A corresponding code,
demonstrating how to work with object of the toy class above by doing some tests is given in
themain -method.

26
27
28
29

public static void main( String args[] ) { |
e \
\
\
‘ 30
\
\
\

* Test of class BinominalDistributedRandomVariable
*/

31
32
33

System.out.printin(“Creating _random _variable.");
BinomialDistributedRandomVariable randomVariable =
new BinomialDistributedRandomVariable(1.0,-1.0,0.5); /I Create object

1 within a class there can not be two methods with the same name and the same signature. The return value may not
be changed by overloading.

2 Themain -method may be called from outside without requiring a corresponding objectstittis Thus (espe-
cially since it does not require the existence of an object) it may function as a possible entry point to a program.
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27.2. PRINCIPLES OF OBJECT ORIENTED PROGRAMMING

\ | 3
| double expectation = randomVariable.getExpectation(); | 35
\ System.out.printin(“Expectation _is: " + expectation); \ 36
\ %
| System.out.printin("Changing _value _of state _1_to 0.4."); | 38
| randomVariable.setValue1(0.4); | 39
\ |40
| expectation = randomVariable.getExpectation(); | 41
| System.out.printin("Expectation _is: _" + expectation); | 42
[ | a3

In line 33we create a new object of the tyBmomialDistributedRandomVariable

by using the keyworahew (reserving the memory corresponding to the data layout) followed
by the specification of the constructor to use (note that the constructor is essentially a method
having the same name as the class) (right side€) o he result is stored in an object reference

of type BinomialDistributedRandomVariable (left side of=).
7‘ Further Reading: In [12, 36]: primitive types, object references, static
i1 methods (the keywordtatic ), return values (the keywonebid ), themain -
' method, comments and the JavaDoc standard. <

27.2. Principles of Object Oriented Programming: Data
Hiding, Abstraction, Inheritance, Polymorphism

27.2.1. Encapsulation and Interfaces

To access the data of an object there are two possible ways: One is to provide two (or more)
methods that allow us to read and modify the datagettersandsettersare implemented. In

our example clasBinomialDistributedRandomVariable we provide an example of

this for the data fielghrobabilityOfStatel

Listing 27.2: Getter and setter

L 52
* @return Returns the probability of state 1. 53
* 54

public double getProbabilityOfState1() { 55

return  probabilityOfStatel; 56

} 57

58

Ll 59
* @param probabilityOfStatel The probability of state 1. 60
* 61

public void  setProbabilityOfState1( double  probabilityOfState1) { 62

this .probabilityOfStatel = probabilityOfStatel; 63

} 64

The use of these methods could look as follows:

BinomialDistributedRandomVariable randomVariable =
new BinomialDistributedRandomVariable(1.0,-1.0,0.5);

| \
| |
| double p = randomVariable.getProbabilityOfState1(); /I Get probability of state 1 |
| \
\ \
\ \

System.out.printin( "Current _value _of p_is: "+ p);
randomVariable.setProbabilityOfState1(0.3); /I Change probability of state 1 to 0.3

Another possiblily is to use the direct access to the corresponding data field:

BinomialDistributedRandomVariable randomVariable =
new BinomialDistributedRandomVariable(1.0,-1.0,0.5);

| \
| |
\ double p = randomVariable.probabilityOfStatel; /I Get probability of state 1 \
| |
\ \

System.out.printin( "Current _value _of p_is: "+ p);

randomVariable.probabilityOfStatel = 0.3; /I Change probability of state 1 to 0.3
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CHAPTER 27. OBJECT-ORIENTED IMPLEMENTATION IN JAVA™

The last variant works without special methddK.is the direct access to the internal data of
the object.

This kind of access to the data structure appears to be more convenient for both the developer
who does not need to implement spegjatterandsettermethods as well as for the user of
the class. Direct access to the internal data structure of a class has to be allowed explicitly. To
allow direct access to a data field the keywprblic  has to be used:

class  BinomialDistributedRandomVariable {

public double value2;

|

\ .

| public double  valuel;

\

\ public double probabilityOfState1;

27.2.1.1. Encapsulation

Hiding the internal data structure and implementation and thus denying direct access to the
data structure is calleencapsulationThe fundamental advantage of encapsulation is that the
data structure and the way the methods process that data may be changed. Users of the class,
having access to methods on the objects only, may be left untouched by such changes. From
“outside” the class behaves as before.

The advantage of encapsulation may be illustrated with the very simple example of a bino-
mial distributed random variable. We give two examples:

Example of Encapsulation: Offering alternative methods Like thegetterandsetter
for the probabilityP({w1}) of the stateu; we dfer agetterandsetterfor the probabilityP({w,})
of the stateu,:

Ll 66
* @return Returns the probability of state 2. 67
* 68

public double getProbabilityOfState2() { 69

return 1.0 - probabilityOfStatel; 70

} 71

72

I 73
* @param probabilityOfState2 The probability of state 2. 74
* 75

public void setProbabilityOfState2( double probabilityOfState2) { 76

this .probabilityOfStatel = 1.0 - probabilityOfState2; 77

} 78

Previously, the state;; was distinguished by the methods available (only its probabjity
could be read) and the probability of the statgwas a derived quantitP({w2}) = 1 - p.

Now both states are equally represented. How the properties of a binomial distributed random
variable are represented internally, i.e. how the data is store, cannot be inferred from outside.
It is possible to change the data layout and keep the specification (behaviour) of the methods
unchanged by adapting their implementation.

Example of Encapsulation: Performance improvement by adding a

cache to the internal data modell The data model described in List-
ing feflst:BinomialDistributedRandomVariable consist8¢d,) (valuel ), B(w,) (value2 )
andP({w1}) (probabilityOfStatel ). As a consequence we have to calculate the expec-
tation as

E(B) := p- (B(w1) + (1 - p) - B(w2)) = p- (B(w1) - B(w2)) + B(w2).

3 As long as access to the data is allowed, in Dvhis is done by adding the keywopdiblic  before the data.
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27.2. PRINCIPLES OF OBJECT ORIENTED PROGRAMMING

This is done by the methogetExpectation() . If this method is called very often we
may improve performance by calculating the result once and storing it in a cache. We add a
data fieldmean ascache

| class  BinomialDistributedRandomVariable { |

} private double valuel; }

| private double value2; |

| private double probabilityOfState1; |

\ \

\ \

private double mean; /I Cache for the mean

which is updated to the mean by the methupdlateMean
| private void updateMean() { |

mean = probabilityOfStatel * valuel + (1-probabilityOfStatel) * value2; |
\ } \

In addition we add a call tapdateMean() at the end of the constructor as well as at the
end of any setter modifying the state of the object, i.e. modifying the data. This ensures that
the fieldmean contains the valid mean. The methgdtExpectation does not do any
calculations, but merely returns the value from the cankan:

e

* @return The expectation of the random variable
*

\ \
| |
| public double getExpectation() { |
| return  mean; |
\ } \

A multiply call to getExpectation does not result in a multiple calculation of the (same)
mean.
Obviously, the user must not gain access to the fieddn of a corresponding mean. This
would be fatal. The lines
System.out.printin("Creating _random _variable.");
BinomialDistributedRandomVariable randomVariable =

| |
| new BinomialDistributedRandomVariable(1.0,-1.0,0.5); /I Create object |
| |

randomVariable.mean = 0.2;

would put the objectandomVariable  into an inconsistent state. The user must neither
assume the existence of a cache nor manipulate it. Thusnbedim andupdateMean are
declaredprivate All other data fields also have to be declaptvate If they are changed,
thenmean has to be recalculated. This is ensured by adding a calpttateMean to any
setter A direct manipulation of the data fields would disable this.

27.2.1.2. Interfaces

The advantage of encapsulation is that the internal data layout may be changed if required. By
adapting the implementation of the methods which is also hidden it is ensured that the methods
offer the same functionality as before. For the user of (the objects of) a class it is only relevant
to know the calling convention of the methods, thierface

Definition 236 (Interface): 7
The description of the calling convention of methods is calledritexface Similar to Defini-
tion 233an interface consists of

e Adescription of the calling convention of a set of functions, itiethods

|

Definition 237 (Encapsulation): 1
If a class dfers its functionality only through anterface then we call the classncapsulated
This is calledencapsulation a
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CHAPTER 27. OBJECT-ORIENTED IMPLEMENTATION IN JAVA™

An example of an interface for an discrete real valued random variable, i.e. a real valued
random variable defined over a spate- {w;, ..., wn}, IS given by

Listing 27.3: DiscreteRandomVariableInterface . Interface description of a discrete random
variable

1
* Created on 04.12.2004
*

* (c) Copyright Christian P. Fries, Germany. All rights reserved. Contact: email@christian-fries.de.
*

package com.christianfries.finmath.tutorial.randomVariables;

e

* This is the interface for a discrete real valued random variable.
B

* @author Christian Fries

*

/

public interface DiscreteRandomVariablelnterface {
int  getNumberOfStates();
double getProbabilityOfState( int  statelndex);
double getValueOfState(  int statelndex);

double  getExpectation();
double getVariance();

Further Reading: In [12, 36]: The keywordspublic , private  and
protected for data fields and interfaces. N

27.2.2. Abstraction and Inheritance

Interface and class are two extremes and something in between may be considered, namely
classes in which some methods have an implementation, while others are given only through
their calling convention (i.e. as an interface). Methods for which the implementation is not yet
specified are calledbstract methods

An example may be given by considering the interface
DiscreteRandomVariablelnterface above: The implementation of expecta-
tion and variance may be added without the knowledge of the internal data layout of the class.
It is possible to add a partial implementatibn.

Listing 27.4: DiscreteRandomVariable : Abstract base class for a discrete random variable

P
* Created on 05.12.2004
B

* (c) Copyright Christian P. Fries, Germany. All rights reserved. Contact: email@christian-fries.de.
*

package com.christianfries.finmath.tutorial.randomVariables;

e

* @author Christian Fries
x
/

public abstract class DiscreteRandomVariable implements  DiscreteRandomVariableInterface {
public double getExpectation() {
double expectation = 0.0;
for (int statelndex=0; statelndex< this .getNumberOfStates(); statelndex++) {
expectation += this .getValueOfState(statelndex) * this .getProbabilityOfState(statelndex);

}

return  expectation;

}
public double  getvariance() {

/I Calculate second moment

double  secondMoment = 0.0;

for (int statelndex=0; statelndex< this .getNumberOfStates(); statelndex++) {
double value = this .getValueOfState(statelndex);
secondMoment += value * value * this .getProbabilityOfState(statelndex);

}

4 An abstract class does not need to have any data layout.
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27.2. PRINCIPLES OF OBJECT ORIENTED PROGRAMMING

/I Calculate expectation
double expectation = this .getExpectation();
return  secondMoment - expectation*expectation;

}

| \
| \
| ) \
| /I Return variance |
| \
| \
\ \
L I

To define a class which provides an implementation to the interface
DiscreteRandomVariablelnterface is is only necessary toextend the class
DiscreteRandomVariable with the implementations of the remaining abstract methods.
This is possible in an elegant way by specifying that the new class shthddt the already
defined properties frorDiscreteRandomVariable . By doing so we may define a (new)
class for the binomial distributed random variable:

Listing 27.5: BinomialDistributedRandomVariable : derived from
DiscreteRandomVariable

G
* Created on 05.12.2004
*

* (c) Copyright Christian P. Fries, Germany. All rights reserved. Contact: email@christian-fries.de.
X
/

package com.christianfries.finmath.tutorial.randomVariables;

e
* @author Christian Fries
* @version 1.0
*

class BinomialDistributedRandomVariable extends DiscreteRandomVariable {

double valuel;
double value2;
double probabilityOfStatel;

class ChangeOfMeasureException extends Exception {
String cause;

Jx

* @param cause The reason for this exception.
*

public  ChangeOfMeasureException(String cause) {
super (cause);
this .cause = cause;

This class implements a binominal distributed random variable

@param valuel The value in state 1.

@param value2 The value in state 2.

* @param probabilityOfStatel The probability of state 1.
¥

!

public  BinomialDistributedRandomVariable( double valuel, double value2, double probabilityOfStatel) {
this .valuel = valuel;
this .value2 = value2;
this .probabilityOfStatel = probabilityOfStatel;

}

public int getNumberOfStates() {
return  2;

}

public double getProbabilityOfState( int statelndex) {
if (statelndex ==
return  probabilityOfState1;
else
return 1.0 - probabilityOfStatel;
}

public double getValueOfState( int statelndex) {
if (statelndex == 0)
return  valuel;

else
return  value2;
}
public void changeMeasureToMatchGivenExpecation( double expectation)
throws  ArithmeticException, ChangeOfMeasureException {
/I Check if we have anything to do
if (expectation == this .getExpectation()) return ; // Noting to do here
/I Check if change of measure is possible: check if random variable is stochastic
if (valuel == value2)
throw new ArithmeticException("Random _variable _is _not _stochastic.");
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/I Calculate candidate for new measure
double quasiProbability = (expectation - value2) / (valuel - value2);

| \
| \
| |
| if (quasiProbability < 0 || quasiProbability > 1) |
\ throw new ChangeOfMeasureException("Given _expectation _out _of _possible _range."); \
| |
| \
\ \
| \
L |

/I Check if change of measure is possible
probabilityOfStatel = quasiProbability;
}
}

Inheritance is not limited to the implementation of abstract methods, i.e. inheriting from
abstract classes. Itis also possible to inherit from a class (not necessarily abstract) and to extend
this class by a new data layout, new methods or new implementation of existing methods.

Definition 238 (Inherited Class): B
Let AandB denote classe® is called inherited from, if Bimplements (at least) the interface
of A. Bis also calledderived classA is calledbase classalsosuper class

If class B is inherited fromA, then all objects of typ® are simultaneously objects of the
type A, they are polymorph, see Definiti@40. y

A convenient element of inheritance is the possibility of using the implementation of the
base class by default. If the derived class does not provide an implementation for a base class
method, then the implementation is inherited from the base class. To be precise, a call to a
method on an object of the derived class is routed automatically to the base class object if the
derived class does not provide an implementation. The method then works on the data fields
of the base class object.

Definition 239 (Overwriting (a method)): T
Supplying a new implementation to a method of a base class in a derived class ioualied
writing the method 4

27.2.3. Polymorphism

The property that objects of a derived class are of multiple types is very important. Since the
derived class implements the interface defined by the super class, objects of the derived class’s
type may be used equally well in all applications of base class objects. This is possible and
meaningful because these objects may simultaneously be seen as objectsdftyygeeof the

super class) and as objects of typétype of the derived class). We say that these objects are
polymorph® If a base class is itself a derived class, then objects of the derived class have all
types of all base classes.

Definition 240 (Polymorph): B
An object is callecpolymorph if it is of multiple type and behaves according to its derived
type, even if it is used in a context (originally) expecting a base class. 4

The importance of polymorphism becomes apparent in the method call of polymorphic ob-
jects. Method calls on polymorphic objects use what is cdlgel binding There a method
call on a polymorphic object is routed to the implementation of the derived class even if the
call is invoked in a context originally expecting a base class.

Remark 241 (Interface, The Message Paradigm): The concept of an interface is a central
concept of object-oriented programming. Inheritance is to some extent only a short way of
saying that a classfters a super-set of the interface of another class, where the shortening is

5 Objects are polymorph, i.e. of multiple types, not classes.
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27.3. EXAMPLE: A CLASS STRUCTURE FOR ONE DIMENSIONAL ROOT FINDERS

that for methods that do not have an implementation in the derived class the implementation in
the base class is used as a proxy.

For inheritance (in Ja¥#) there is also the concept of the type of an object (and thus the
concept of polymorphism). In JatMit is possible that two objects of twofierent classes
providing methods with identical calling conventions, i.e. providing the same interfaces, are
not interchangeable in their use since they are fieknt types. If this additional restriction
(type safetyis left out, then the only characteristic of a class is the interface provided. The
calling convention of a method is often interpreted as a “message which may be received by an
object”. Some programming languages do not have the concept of type safety and distinguish
objects only by the messages they may receive. Nice examples are Smalltalk and Objective-C.

27.3. Example: A Class Structure for One Dimensional
Root Finders

We consider the problem of finding a réaif a functionf : R — R. The algorithm for seeking

the root is realized in a class that does not know the special shape of the function. Instead
we realize a question-answer-pattern: In each iteration the class proposes = (thfoegh a
getter) for which it awaits the function value to be set, i.e. the class questions the function value
f(x) for a (chosenk and develops a strategy for approaching the solution from the answers.

27.3.1. Root Finder for General Functions
27.3.1.1. Interface

Such a class has to provide a method that returns the suggested xpddduble
getNextPoint() ) and a method that receives the corresponding vdi(»¢ (void
setValue(double) ). Together with some methods for controling the iteration (counting,
accuracy achieved) we have to provide the following interface:

Listing 27.6: RootFinder : interface for a one-dimensional root finder

G
* Created on 30.05.2004
*

* (c) Copyright Christian P. Fries, Germany. All rights reserved. Contact: email@christian-fries.de.
X

!

package net.finmath.rootFinder;

o
* This is the interface for a one dimensional root finder
* implemented as an question-and-answer algorithm.

*

* @author Christian Fries

*

public interface RootFinder {
o

* @return Next point for which a value should be set
* using <code>setValue</code>.
*

public double getNextPoint();
rx
* @param value Value corresponding to point returned
* by previous <code>getNextPoint</code> call.
¥
1
public void setValue( double value);
o

* @return Returns the numberOfiterations.
*

6 xis a root off if f(x) = 0.
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public int getNumberOfiterations();

prex
* @return Best point optained so far
¥

/
public double getBestPoint();
o

* @return Returns the accuracy.
*

public double getAccuracy();

pox
* @return Returns the isDone.
*

public boolean isDone();

We still have no data layout and no specific implementatitootFinder  only describes the
interface Obviously, a class implementing a root finder according to this interface has to have
some storage on the current state of the search (say a data field for the gutoederive a
strategy for seeking the root, Which strategy is used (the implementation) and which informa-
tion is needed for the strategy (the data layout) is not required in order to use it. fii¢sesu

to know the interface. Thus we may write a method that tests a gReentFinder  against
some test functiori without actually having a specific class implementingReetFinder

Listing 27.7: Test forRootFinder  classes

public static void testRootFinder(RootFinder rootFinder) {
System.out.printin(“Testing _" + rootFinder.getClass().getName() + ":");

/I Find a solution to X3 + x2 + x + 1 =0
while (rootFinder.getAccuracy() > 1E-11 && !rootFinder.isDone()) {
double x = rootFinder.getNextPoint();

double y = x*X*X + X*X + X + 1; /I Our test function. Analytic solution is -1.0.

rootFinder.setValue(y);

}

/I Print result:

DecimalFormat formatter = new DecimalFormat("0.00E00");

System.out.print("Root......: " + formatter.format(rootFinder.getBestPoint()) +" wu b
System.out.print("Accuracy..: " + formatter.format(rootFinder.getAccuracy() ) +" )
System.out.print("lterations: _" + rootFinder.getNumberOfiterations() +"\n");

27.3.1.2. Bisection Search

A simple root finding algorithm is theisection search

Definition 242 (Bisection Search): B
Given a continuous functioh : R — R andxq, o with f(x;) - f(x2) < 0. The sequence

Yoon = e, for f(xio1) - f(x) <0
* Xthz o else.
is calledbisection search a

The classBisectionSearch realizes this algorithm by implementing the interface
RootFinder . A corresponding code is given in Appendixl.
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27.3. EXAMPLE: A CLASS STRUCTURE FOR ONE DIMENSIONAL ROOT FINDERS

27.3.2. Root Finder for Functions with Analytic Derivative:
Newton Method

Some root finding methods, like the Newton method, require knowledge of the derifative
%. The “search strategy” of the Newton method is

SPRR (6]
Xiy1 = X f'(Xi).

27.3.2.1. Interface

Obviously a corresponding class has to implement a slightly modified interface. Instead of
a methodsetValue(double value) the interfaceRootFinderWithDerivative

provides a method setValueAndDerivative(double value, double

derivative)

27.3.2.2. Newton Method

The classNewtonsMethod implements the interfacRootFinderWithDerivative
using a Newton method. For the Newton method the corresponding implementation looks
as follows:

Listing 27.8: NewtonsMethod : implementing thé&kootFinderWithDerivative interface

o
* @param value
* The value corresponding to the point returned by previous
* <code>getNextPoint</code> call.

* @param derivative
* The derivative corresponding to the point returned by previous
* <code>getNextPoint</code> call.

*

public void setValueAndDerivative( double value, double derivative) {

if (Math.abs(value) < accuracy)
accuracy = Math.abs(value);
bestPoint = nextPoint;

}

/I Calculate next point
nextPoint = nextPoint - value/derivative;

numberOfiterations++;
return ;

27.3.3. Root Finder for Functions with Derivative Estimation:
Secant Method

27.3.3.1. Inheritance

The power of inheritance and interfaces becomes apparent in the following realization of the
secant methadlhe search strategy of the secant method is

o f(x)
Xt =X TR0
Xi—Xi-1
From that, two aspects become apparent:
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) 'If'(ht)e fs(ec()':mt methoid a Newton method with an estimate for the derivativié(x,) ~
Xi)—T(Xi-
Xi—Xi-1 =
¢ |n each iteration the secant method only required knowledge of the function ffadQie
for the proposed poin;.

For the class, these properties translate to:

e The secant methoektendghe classNewtonsMethod by an estimator for the deriva-
tive.

e The secant methaddplementshe RootFinder interface.

Thus, a corresponding class would look as follows:

Listing 27.9: SecantMethod : implementing thé&kootFinder interface

I*

*
*

*

package net.finmath.rootFinder;

public class SecantMethod  extends NewtonsMethod implements  RootFinder {

Created on 19.02.2004

(c) Copyright Christian P. Fries, Germany. All rights reserved. Contact: email@christian-fries.de.

This class implements a root finder as auestion-and-answer algorithm using
the secant method.

@author Christian Fries
@version 1.1

/I We need a second guess for the inital secant
double secondGuess;

/I State of the solver

double currentPoint; /I Actually the same as NewtonsMethod.nextPoint
double lastPoint;

double lastValue;

o
* @param firstGuess The first guess for the solver to use.

* @param secondGuess A second guess for the solver to use (has to be different from first guess).
*

public  SecantMethod( double firstGuess, double secondGuess) {
super (firstGuess);
this .secondGuess = secondGuess;

}

public double getNextPoint() {
/I Ask NewtonsMethods for next point and rember it as current point
currentPoint = super .getNextPoint();
return  currentPoint;

}

e

* @param value The value corresponding to the point returned by previous <code>getNextPoint</code> call.
*

public void setValue( double value) {

/I Calculate approximation for derivative

double derivative;

if (getNumberOfiterations() == 0) {
/I This is a trick: This derivative will let Newton's method propose the second guess as next point
derivative = value / (secondGuess - currentPoint);

} else {
derivative = (value - lastValue) / (currentPoint - lastPoint);

}

/I Remember last point
lastPoint = currentPoint;
lastvalue = value;

super .setValueAndDerivative(value, derivative);

return

@param value
The value corresponding to the point returned by previous
<code>getNextPoint</code> call.

@param derivative
The derivative corresponding to the point returned by previous
<code>getNextPoint</code> call.
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27.3. EXAMPLE: A CLASS STRUCTURE FOR ONE DIMENSIONAL ROOT FINDERS

*

public void setValueAndDerivative( double value, double derivative) {
/I Remember last point
lastPoint = nextPoint;
lastvalue = value;

super .setValueAndDerivative(value, derivative);

retun ;
}

|
\
\
\
\
\
\
\
\
|
[}
L

Remark 243 (SecantMethod ): Note thatin our implementation of the secand method we
stored the current point of each iteration in a fieldurrentPoint . This is not necessary,

as we could have used the figiextPoint  from the base clasSewtonsMethod . How-

ever, then we have to make the field visible to the derived ¢lddsing the additional field
currentPoint makes the derived class independent of the data model of the base class (but
also a bit lessféicient since the point is stored twice).

27.3.3.2. Polymorphie

The classSecantMethod shows how polymorphism works. Objects of the class
SecantMethod are simultaneously objects of the clagdewtonMethod , since
SecantMethod inherits from NewtonMethod and thus €fers the corresponding inter-
face. Thus the clasSecantMethod not only implements the interfadeootFinder , but
also implements the interfadeootFinderWithDerivative as a Newton method. It

is truly polymorphic. With respect to the interfa&ootFinderWithDerivative be-
haves like a&NewtonMethod (by routing calls to the base class), with respect to the interface
RootFinder itimplements the secant method. That the cBssantMethod may act like
aNewtonMethod is not surprising: We have not change a method of the interface of the base
class (no method has been overwritten). This is also apparent in out test program27stiig
testing all the root finders, se27.11

Remark 244 (Inheritance: Specialization and Extension): The construct B inherits from

A’ is often interpreted asB is an A. For example & discrete random variable is a random
variable’ or “a binomially distributed random variable is a discrete random variablEhe
motivation for this “mnemonic trick” is the conception that the derived ckssa specializa-
tion of the base clasA. This interpretation may help us to design a class hierarchy, but it is
not universal. For exampldle secant method is a Newton methagpears to be wrong. The
use of “.. extends ... in place of “... is a(n) ..” is much more universal. For example:
“The secant method extends the Newton method by an approximation for the dénaaties

sense. And in Ja¥¥ the corresponding keyword éxtends .

We test the implementation of our root finders with the clesstRootFinders . Since
there are only two dierent interfaces we have to write only twdfdrent test routines:

Listing 27.10: Test forRootFinder andRootFinderWithDerivative classes

[ ]
[ \
| * Created on 02.12.2004 |
| * \
| * (c) Copyright Christian P. Fries, Germany. All rights reserved. Contact: email@christian-fries.de. |
| |
\
\
\

| package net.finmath.rootFinder;

\ import  java.text.DecimalFormat;

7 It would be sificient to declare the fieldrotected , a weaker form opublic  making it visible only to derived
classes.
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e
* @author Christian Fries
¥
/
public class TestRootFinders {
public static void main(String[] args) {
System.out.printin("Applying _root _finders _to X3 _+_2%2 _+ x_+_1_=0\n");
System.out.printin("Root _finders _without _derivative:");
System.out.printin("- ");
RootFinder rootFinder;
rootFinder = new BisectionSearch(-10.0,10.0);
testRootFinder(rootFinder);
rootFinder = new RiddersMethod(-10.0,10.0);
testRootFinder(rootFinder);
rootFinder = new SecantMethod(2.0,10.0);
testRootFinder(rootFinder);
System.out.printin("");
System.out.printin(“"Root _finders _with ____derivativ
System.out.printin(*----------------zzzzzzzzeeeeoo ");
RootFinderWithDerivative rootFinderWithDerivative;
rootFinderWithDerivative = new NewtonsMethod(2.0);
testRootFinderWithDerivative(rootFinderWithDerivative);
rootFinderWithDerivative = new SecantMethod(2.0,10.0);
testRootFinderWithDerivative(rootFinderWithDerivative);
}
public static void testRootFinder(RootFinder rootFinder) {
System.out.printin(“Testing " + rootFinder.getClass().getName() +
/I Find a solution to X3 + X2 + x + 1 =0
while (rootFinder.getAccuracy() > 1E-11 && !rootFinder.isDone()) {
double x = rootFinder.getNextPoint();
double y = X**x + X*x + X + 1; /I Our test function. Analytic solution is -1.0.
rootFinder.setValue(y);
}
/I Print result:
DecimalFormat formatter = new DecimalFormat("0.00E00");
System.out.print("Root......: _" + formatter.format(rootFinder.getBestPoint()) +"
System.out.print("Accuracy..: " + formatter.format(rootFinder.getAccuracy() ) +"
System.out.print("Iterations: " + rootFinder.getNumberOfiterations() +"\n");
}
public static void testRootFinderWithDerivative(RootFinderWithDerivative rootFinder) {
System.out.printin(“Testing " + rootFinder.getClass().getName() + ":");
/I Find a solution to X3 + X2 + x + 1 =0
while (rootFinder.getAccuracy() > 1E-11 && !rootFinder.isDone()) {
double x = rootFinder.getNextPoint();
double y = X**X + X*x + x + 1;
double p = 3*%*x + 2*x + 1;
rootFinder.setValueAndDerivative(y,p);
}
/I Print result:
DecimalFormat formatter = new DecimalFormat("0.00E00");
System.out.print(“Root......: " + formatter.format(rootFinder.getBestPoint()) +"
System.out.print("Accuracy..: _" + formatter.format(rootFinder.getAccuracy() ) +"
System.out.print("Iterations: _" + rootFinder.getNumberOfiterations() +"\n");
}
}

Listing 27.11: Output of the tes?7.10

Applying root finders to x'3 + 2*y2 + x + 1 = 0

Root finders without derivative:

Testing net.finmath.fdml.rootFinder.BisectionSearch:

Root....... -1,00E00  Accuracy... 9,09E-12 Iterations: 43
Testing net.finmath.fdml.rootFinder.RiddersMethod:
Root......: -1,00E00 Accuracy..: 3,33E-16 Iterations: 22

Testing net.finmath.fdml.rootFinder.SecantMethod:
Roof -1,00E00 Accuracy..: 0,00E00 Iterations: 15

Root finders with derivative:

Testing net.finmath.fdml.rootFinder.NewtonsMethod:
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27.4. ANATOMY OF A JAVA™ CLASS

\ Root....... -1,00E00  Accuracy..: 1,33E-15 Iterations: 10 \
| Testing net.finmath.fdml.rootFinder.SecantMethod: |
| Root......: -1,00E00  Accuracy..: 1,33E-15 lterations: 10 |
L |

27.4. Anatomy of a Java™ Class

In Figure27.1on Page356we show (part of) a Ja¥d class with the most important elements.

Before the declaration of the class the name of the packet to which the class belongs is
specified. The full class name is the concatenation of the packet name and the class nhame and
it should be unique. To achieve this, the packet name is often derived from the internet address
of its creator.

This is followed by the specification of other classes used in the declaration of this class by
means of the keywortinport  followed by the full class name.

The declaration of the class starts with the keywolass followed by the class name
and introduced by the keyworéxtends andimplements the optional specification of a
base class and the implementaterfaces If the specification of a base class is missing, then
java.lang.Object is used as a base class. Thus all objects inherit directly or indirectly
from java.lang.Object

Following is the declaration of the data layout by a list of data fields, also called attributes.
An attribute is defined by the specification of its type (primitive types, dkeble , int |,
etc., or a class) and its name. To determine its visibilyc@psulationit may be preceded
by the keywordgprivate , protected  or public . Without such a keyword the visibility
private  is assumed.

The remainder of the class declaration consists of the declaration and implementation of the
constructorandmethods The method name is preceded by the type of the return value (or
void for a method without return value). This may be preceded by further keywords (visi-
bility: public , private , declaration aslass methodstatic , prevention of overwriting:
final ). A constructor is a method for which the name corresponds to the class name. It is
public and has no return value (the keyworaid is missing however.

Further Reading:  The Jav& keywordsprivate , protected |, public
void , static ,final ,implements ,extends ,package andimport in
[12, 36]. <

1
|
|

7

]

27.5. Libraries

A major advantage of Jalis its rich set of class libraries, which may easily be incorporated
due their unique package name and clear interfaces and often coming with a JavaDoc docu-
mentation. Not only basic data management tiklectionsare available, but also numerical
libraries with algorithms from linear algebra, statistic and stochastic.

27.5.1. Java™ 2 Platform, Standard Edition (j2se)

The packetgava.*  of the Javé™ 2 Platform, Standard Editionffer basic functionalities,
especially for the management of lists, strings and files.

8 Actually, the object created should be viewed as the return value of the constructor.
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CHAPTER 27. OBJECT-ORIENTED IMPLEMENTATION IN JAVA™

Packet(s) ...: java.*

Manufacturer :  Sun Microsystems

Source ......: http://java.sun.com/j2se/
Licence .....: free, se®ttp://java.sun.com/j2se/

27.5.2. Java™ 2 Platform, Enterprise Edition (j2ee)

The packetgavax.*  of the Javd™ 2 Platform, Enterprise Editioprovide functionalities
for the graphical user interface Swing and internet communication.

Packet(s) ...: javax.*

Manufacturer :  Sun Microsystems

Source doffill:  http://java.sun.com/j2ee/

Licence .....: free, selttp://java.sun.com/j2ee/
27.5.3. Colt
The Colt library dfers in the packetgern.colt.* functionalities from linear alge-
bra (matrix multiplication, matrix inversion, eigenvector decomposition) and in the packets
cern.jet.* functionalities from stochastics (random number generators, distribution func-
tions).

Packet(s) ...: cern.colt.* , cern.jet.* , cern.clhep

Manufacturer:  Wolfgang Hoschek.
Copyright (c) 1999 CERN - European Organization for Nuclear Research.

Source ......: http://dsd.Ibl.gov/"hoschek/colt/

Licence .....: The packetsern.colt* , cern.jet* |, cern.clhep  are free for
commercial use, seéttp://dsd.Ibl.gov/"hoschek/colt/
license.html

27.5.4. Commons-Math: The Jakarta Mathematics Library

Manufacturer :  Various (Open Source), The Apache Software Foundation.

Source ......: http://jakarta.apache.org/commons/math/
Licence .....: Apache License, http://jakarta.apache.org/commons/
license.html

27.6. Some Final Remarks

27.6.1. Object Oriented Design (OOD) / Unified Modeling
Language (UML)

Two key advantages of object-oriented programming are the modularization of the solution of
a problem by encapsulation and abstraction and the reuse and extensibility of the solution of
a problem by inheritance and polymorphism. Clean interfaces allow the independent develop-
ment, refinement and optimization of parts, independent both in time and personal.

Working out an object-oriented solution starts with the definition of the interfaces. These
should provide anf@cient communication of the objects. The design of the interfaces (and
from that the classes) is called object-oriented des@®@), [15]. For the design of more
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27.6. SOME FINAL REMARKS

complex solutions a graphical language may be used (a convention of symbolshifibd
modeling languagéUML), [28].

7‘ Further Reading: On the object-oriented design: Design patternslig,
1
|

UML in [28]. <
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CHAPTER 27. OBJECT-ORIENTED IMPLEMENTATION IN JAVA™

package com.christianfries.finmath.tutorial.example2; < ‘ EaCkaée name I
import net.finmath.fdml.rootFinder.RootFinder; imported (used) classes
import net.finmath.fdml.rootFinder.NewtonsMethod;
,+ comment in JavaDoc format
* This class implenfents a root finder as auestion-and-answer algorithm using
* the secant metho
* . .
* @author Christian Fries base class implemented interfaces
* @version 1.0
*/ -
public class SecantMethod extends NewtonsMethod implements RootFinder { é;
double secondGuess; 3
double lastPoint; <—‘ data model / attributes of the class I o
double lastValue; (QD-
e —
* @param guess —
* initial guess where the solver will start 0
*/ g
public SecantMethod(double firstGuess, double secondGuess) { a
super(firstGuess); c
this.secondGuess ~ secondGuess; | call of a constructor of the base class | 5
} o
4 4 S
l attribut of the class M argument of the method (here the constructor) | -
* The value corresponding to the point returned by previous
* <code>getNextPoint</code> call.
* @param derivative 4 comment in JavaDoc format
* The derivative corresponding to
* <code>getNextPoint</code> call.
*/ 3
public void setValue(double value) { g
>
double nextPoint = this.getNextPoint(); Ei
wn
// Calculate approximation for derivative =
double derivative = derivativeApproximation(nextPoint, value); g_
. 5
// Remember last point 4 call to a local method —
lastPoint = nextPoint;
lastValue = value;
super.setValueAndDerivative(value, derivative);
return;
1 e of the return value —
private double derivativeApproximation(double point, double value) { 3
[
double derivative; E}
[arguments | &
// Calculate approximation for derivative arguments w
if (getNumberOfIterations() == @) { =2
derivative = value / (secondGuess - point); 3.
} else { é
derivative = (value - lastValue) / (point - lastPoint); EE
¥ -_—
return derivative] return value
}
3
Figure 27.1.: Anatomy of Jav@! class.
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Part VIII.

Appendix
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APPENDIX A

Tools (Selection)

A.l. Linear Regression

Lemma 245 (Linear Regression): Let Q* = {w1,...,wn} be a given sample space, :
Q- RandY :=(Yy,...,Yp) : @ — RP given random variables. Furthermore let

fy,....¥p,@1,...,ap) = Zaiyi.
Then for anye* with X™Xa* = XTv
IV = (Y, &)@ = leinHV = (Y, @)l

where
Yi(w1) ... Yp(wi) V(w1)
X = : : , V.= :

Yawn) ... Yo(wn) V(wn)

If (XTX)~* thena* := (X"X)"1XTv. TheYi,...,Y, are calledbasis function®r explanatory
variables

Proof: We have to solve the minimization problem
9(@) = IV - (Y a)f o) = (V=X )"+ (V=X @) —» min.

The quadratic function on the right hand side attains its minimum where the partial derivatives
with respect tay; are zero. We have

99
Z =X (v=X-a)=2Xv-X"X- )
o
and thus
99
= =0 Xv=X"X-a.
oo
o
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APPENDIX A. TOOLS (SELECTION)

A.2. Generation of Random Numbers

This section will consider the generation of (pseudo-)random numbers and shows how to con-

struct a Monte-Carlo simulation from these. There are numerous methods to generate random
numbers and Monte-Carlo simulations and a discussion of the various aspects of the quality of
random numbers will not be discussed. We will give only an example based on the Mersenne-

Twister. However, the methods presented af@cant for most applications.

A.2.1. Uniform Distributed Random Variables
A.2.1.1. Mersenne Twister

A very popular (and also very good) random number generator faj4€qui-distributed ran-
dom numbers is the Mersenne Twister (MT 19937). The random number generator has a
period length of 2937 1, i.e. the random numbers generated repeat for the first time after
219937 samples. The random numbers are also equi-distributed in high dimensions (up to 623),
see B3]. Based on the MT 19937 we may thus generat@-@mensional stochastic process
by drawingn sequencial random numbers in each time step to calculate the increments of the
stochastic process.

Many libraries contain an implementation of the MT 19937. For the most popular languages
it is available as source code.

A.2.2. Transformation of the Random Number Distribution via the
Inverse Distribution Function

If Z is an [Q 1]-equi-distributed random variable add a cumulative distribution function
thenX := ®~1(2) is a random variable with a distribution given By If a random number
generator for equi-distributed random numbers is given (e.gVidrsenne Twistgr then we
draw realizationZ(w;), i = 1,2, ... and obtain fromd~1(Z(w;)) realizations ofX. Thus, in
addition to an [01]-equi-distributed random number generator, we only require an inverse
distribution function.

A.2.3. Normal Distributed Random Variables
A.2.3.1. Inverse Distribution Function

The density of the standard normal distributio(x) := % exp( — Xé), the (cumulative)
distribution function isb(x) := f_ Xw #(£)dé. The algorithm described i®]l] gives an approx-
imation®1 of ®1 with a relative error o% <1015,

A.2.3.2. Box-Muller Transformation

The Box-Muller transformation transforms two independentl[@&qui-distributed random
numbers into two independent normally distributed random numbers.

Lemma 246 (Box-Muller Transformation):  If z; andz, are two independent [Q]-equi-

1 See also the remark at the end of SectioR.5.
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A.2. GENERATION OF RANDOM NUMBERS

distributed random variables, then
X1 :=pcosf), X :=psin@)

with p := 4/-2log(z) andé := 2rz, two independent normally distributed random variables
with mean 0 and standard deviation 1.

A.2.4. Poisson Distributed Random Variables
A.2.4.1. Inverse Distribution Function

The cumulative) distribution function of the Poisson distributio@(s) := 1—exp(—f0T A(t)dt),
where denotes théntensity If 1 is constant then

_Iog(l— 2)

1 _
(2 = y

If gis the probability that an event will occur in the interval [ T,] and if A is constant then

12 _log1-9)
T,-T1

A.2.5. Generation of Paths of an n-dimensional Brownian Motion

LetTo < T; <... < Ty denote a given time discretization. We wish to generate the realization
of an N-dimensional Brownian motiokV := (Wi, ..., W,) on sample path&;,...wx. Fora
single path we have to draw- m random numbers. To generate them-tuples we use the
Mersenne Twister and apply a transformation.

Let {z}i-12. . denote the sequence of, [J-equi-distributed random numbers drawn from
the Mersenne Twister. Thef®%(z)}i-12.. is a sequence of standard normally distributed
random variables. I[hormalDistribution.nextDouble() is a method returning a
new element of the sequent®%(z)}i-12.. upon each call, then a time-discrete Brownian
motion is generated by the code in ListiAdL.

Listing A.1: Generation of an n -dimensional Brownian motion

o

* This class represents a multidimensional brownian motion W = (W(1),...,W(n))
* where W(i),W(j) are uncorrelated for i not equal j.
* Here the dimension n is called factors since this brownian motion is used to
* generate multi-dimensional multi-factor Ito processes and there one might use
* a different number of factors to generate Ito processes of different dimension.
*

* @author Christian Fries

* @version 1.1

*

public class BrownianMotion {
double [  brownianincrement;

double [] timeDiscretization;
int numberOfFactors;
int numberOfPaths;

int seed;

\
private void doGenerateBrownianMotion() { \
/I Create random number sequence generator \
AbstractDistribution normalDistribution = new Normal( 0,1, new MersenneTwister64(seed) ); \

\

\

\

/I Allocate memory

brownianincrement = new double [(timeDiscretization.length-1)][numberOfFactors][numberOfPaths];
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APPENDIX A. TOOLS (SELECTION)

/I Precalculate square roots of deltaT
double [] sqrtOfTimeStep = new double [timeDiscretization.length-1];
for (int timelndex=0; timelndex<timeDiscretization.length-1; timelndex++) {
sqrtOfTimeStep[timelndex]
= Math.sqrt(timeDiscretization[timeIndex+1]-timeDiscretization[timelndex]);

}

/I Set increments
for (int path=0; path<numberOfPaths; path++) {
for (int timelndex=0; timelndex<timeDiscretization.length-1; timelndex++) {
double sgrtDeltaT = sqrtOfTimeStep[timelndex];
/I Generate uncorrelated Brownian increment
for (int factor=0; factor<numberOfFactors; factor++) {
brownianincrement[timelndex][factor][path] = normalDistribution.nextDouble() * sqgrtDeltaT;

Tip (Generation of paths of time-discrete stochastic processes):

The Mersenne Twister is equi-distributed in 623 dimensions. How well this
property is preserved in higher dimensions is not clear. Fon-dimensional
Brownian motion with independent increments we have first the requirement that
the increments are derived through a transformation of independent equi-distributed random
variables. For this reason it is advisable to generate the random numbersiahtimements
of then-dimensional processes in a sequence (i.e. astaple). Furthermore we have the re-
guirement of the temporal independence oftthiacrements of the stochastic process, here the
incrementAW(T;) := W(Ti,1) — W(T;) of the Brownian motion. Thus, a pathcorresponds
to the realization of an - m-dimensional random variable, here

i L
| |
| |
| |
L J

In other words: If we have to generate paths ohatimensional process wittmtime steps,
then we draw am - mtuple for every paths. This requires the random number generator to
create the desired distribution in m dimensions. Thus, the high dimension of the Mersenne
Twister is of interest to our application. With the Mersenne Twister we may, e.g., generate a
7-dimensional Process with 89 time steps §8 = 623)?

Thus, the order of the loops in Listifg 1 has been chosen deliberately. <

Further Reading: For the generation of random numbers, especially in
the context of Monte-Carlo simulations and derivative pricing, 4% [Back-
ground information on the Mersenne Twister and references to its source code
and libraries may be found in the Wikipedia article “Mersenne Twisteit]):
/lde.wikipedia.org/wiki/Mersenne_Twister . <

2 Not all 623 dimensions have to be used, although in this example this would be the case.
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A.3. FACTOR DECOMPOSITION - GENERATION OF CORRELATED BROWNIAN MOTION

A.3. Factor Decomposition - Generation of Correlated
Brownian Motion

Lemma 247 (Factor decomposition): LetR = (o j)i j-1..n denote a given correlation matrix.
ThusR is symmetric and positive semi-definite. This implies tRdtas real eigenvaluel >
... > 4y = 0 and that a corresponding ortho-normal basis of eigenveetors , v, of Rexists,
i.e.

A 0
AV: VIRV=D:=| g .. ol  whereV=(v,...,v).
0 /ln

andR=VDV'T aswell asv™V = I.
LetUs,..., U, denote independent Brownian motioks;= (U, ..., U,)". ThenW with

dW := (dW4,...,dW,)" := V VDdU
is ann-dimensional Brownian motion with
< dW, dW; >= pj jdt.
With F := (v1 VA4, ..., Vh VAn) we thus haveW = FdU.

Proof. Obviously, a correlation matrix is symmetric and thus its eigenvalues are all r&al. If
is the correlation matrix of the random variable vectoe (X1, ..., X,)" with Var(X;) = 1 and
E(X) = 0, thenR = E(X - X"). If v; denotes the eigenvector corresponding to the eigenvalue
Ai, then ,

E(IX™Vill,) = E(v X-Xvi)) = VR = Ai[IvlIf

and thus 5
T
EIX"villi,) S
I
Thus,R s positive semi-definite andM := V vDdU is well defined. O
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APPENDIX A. TOOLS (SELECTION)

A.4. Factor Reduction

Using the construction of correlated Brownian motion discussed in Se&t®)mve may reduce
the number of relevant factors (i.e. the number of non-zero eigen values), while keeping the
correlation structure close to the original correlation structureR_&t D be as in SectioA.3
andm < n. Using
(f....f) = F = VvVD,  fi=(f),
define

f..
"= ). = r L = #
F - (fl )|=1 ..... m (f],l) _j=1 ,,,,, n’ fJ‘| . (Zk ffk)l/z,

i.e. then x m-matrix F" is calculate from then x m-Matrix (vi VAg,...,VmV4m) by re-
normalizing then rows.
Let Uy, ..., Uy, denote independent Brownian motiots,:= (U4, ...,Umn)". ThenW de-
fined by
dW := (dW4, ..., dW,)" := F'dU

is ann-dimensionam-factorial Brownian motion.
The factor reduction corresponds topacipal component analysiollowed by a re-
normalization of the components.

Remark 248 (Factor Reduction): The magnitude of the absolute value of the eigenvalue of
Aj represents the importance of the corresponding fafgtdr may be used to decide upon the
number of factors to use. A simple example is given by the limit case of perfect correlation
pi.j = 1. The corresponding correlation matrix has one eigenvaluerresponding to the
eigenvector (1 ..,1) and am — 1-fold eigenvalue 0 corresponding to the orthogonal space.
This implies that the dynamic of thedimensional Brownian motion may be explained by a
one-dimensional Brownian motion (one factor).

100% - 100% |
5 50% | 5 50% |
()] (]
S 0% P s o >i
S S
(8] (8]
S -50% - g -50% -
- 100% ' ' : . - 100% - ' 4 : i
0 25 50 75 100 0 25 50 75 100
LIBOR LIBOR

Figure A.1.: Factor reduction in the case of high correlation: The factorgeigenvectors) of the
correlation matrixp; ; = exp(-0.005x|i — j) (left) and a reduction to the three factors having the largest
eigenvalues (right).

In FigureA.1 we depict a reduction to the first three factors for the case of a high correlation
pi.j = exp0.005« |i — j|). However, if many factors with relatively high weight (eigenvalues)
are neglected, then the factor reduction has a significant impact on the correlation structure
(see FiguréA.3) as well as on the shape of the remaining factors (see Figy@e
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A.4. FACTOR REDUCTION

100% 1 100% -
£ 5% £ 50%-
= =
= 0% 2 0%-
8 : =}
Q = (8]
g -50% 8 -50% -
- 100% , , , , -100% - , : , ,
0 25 50 75 100 0 25 50 75 100
LIBOR LIBOR

Figure A.2.: Factor reduction in the case of low correlation: The factorgefgen values) of the correla-
tion matrixp; ; = exp(0.1x|i — j|) (left) and a reduction to the two factors having the largest eigenvalues
(right).

1,0
c
IS 0,5
© z 2
o 0,0 9] S
S
S 05
a0

-1,0 -

0 25 50 75 0 25 50 75
column column

Figure A.3.: Factor reduction in the case of low correlation: The original correlation majix =
exp(0.1 = |i — j|) (left) and the correlation matrix corresponding to the reduction to two factors (right).
This case corresponds to the factor reduction in Figlrg
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APPENDIX A. TOOLS (SELECTION)

‘F 4 W‘ Experiment:  The impact of a factor reduction on the correlation matrix may
| ,  be studied for dferent correlation structures at
‘L J http://www.christian-fries.de/finmath/applets/

FactorReduction.html . <
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A.5. OPTIMIZATION (ONE-DIMENSIONAL): GOLDEN SECTION SEARCH

A.5. Optimization (one-dimensional): Golden Section
Search

Given a functionf : [a,b] — R. Furthermore lett € (0,1) andmg = 1a + (1 — A)b such

that f(mg) < min{f(a), f(b)}. Then the sequenden};?, defined by the following algorithm

converges to a local minimum df (and thus to a global minimum om,b], if f is strictly

convex on &, b)):

Iteration start :
a = a, my ;= da+ (1 - A)b, bp:=b

Iteration step:
e If bj—m >m - a then setz:= Am + (1 - A)b; and
diy1 =G iyl =M
if f(m)<f(@:q My =m else my1 =z .
b =z bisi =D

e If bj—m <m - g then setz:= 1a + (1 - A)m, and

8t1 =@ &1 =2
if f@<f(m):{ My =2 else:y{ myq1 .
bi,1 =Dh

biig =m

f(x) f(x)

Figure A.4.: Golden Section Search

The algorithm places a point)(into the larger of the two intervalg[m], [m, b] and from the
resulting three intervals it rejects the one that is adjacent to the larger vafiiepff (2).
For the division ratiol the value
~3-15

2
is optimal in the following sense: In the worst case, in which the algorithm rejects the smaller

intervall and retains the larger interval at every iteration step, then the )laiuea’T*/E will
result in the fastest convergence rate. Since this ratio igdleen sectionthe algorithm is
called theGolden Section Search

A
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APPENDIX A. TOOLS (SELECTION)

A.6. Convolution with Normal Density

Lemma 249 (Integration ofexp@ - X), X normally distributed):  Itis

h, _ 2 - 2 2,2
fh X g(xy, o) dx = [clb(h2 ():ag ))—d)(hl ({:a‘r)) eV

)2
whereg(&; u, o) = ﬁ .e%% denotes the density are(x) := f_io #(£;0,1)d¢ denotes the
distribution function of the normal distribution. In particular:

32(7'2

fooea'x~¢(x;y,o-)dx = e,

Proof: ltis

hy A hy A 1 ()2
(XY, o) dx = g2t e ) dx
ﬁl V2ro Jn
1 f“z 1x-y.,
= — exp@- x— =(—=)°) dx.
V2ro Jn 2" o
Since

expa-x- 3(4)
= exp@- X- 55 0¢ -~ 2x-y +y?)
20
= exp(—%rz(x2 —2X-y+Yy? - 2a0? - X))
= expl 5 (8 - 24y + @) + )

1
= exp(—ﬁ(x2 - 2X(y + ac?) + (y + ao?)? - 2a0’y — a0 ™))

1 5 2 2\2 a’o?
= exp(—ﬁ(x = 2X(y + aor”) + (Y + ac©)?) - exp@y + T)

X — (Y + ac?))? alo?
= exp(—((yz—z)) -exp@y + —-),
g

it follows that

hy
f % p(x;y, o) dx
hy

h: 2\\2 2 2
a 2 , (x=(y+ac)) a‘o
= fh 1 exp( oz dx - exp@y + — )

h, 2 2
= (X y + ao?, o) dx - exp@y + aT(T).

h
ol
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APPENDIX B

Exercises

In this chapter we give a small selection of exercises. The points are a rough indication of the
complexity of the solution.

Exercise 1 (Probability space, random variable [15 points]): Let (Q,F,P) denote a
probability space andl : Q — R a random variable.

1. Give an example of a (false) modeligy #, X of some random experiment, such that
Xis not (F, B(R))-measurable (give the definition of the mathematical objects and their
interpretation).

2. Now let X be (F, B(R))-measurable.

a) Show that
XA IA € B(R))

is ao-algebra and a subset &t (sube-algebra offF). Give a possible an inter-
pretation of the object?

b) Show that
Px(A) := P(XY(A) YA€ B(R))

defines a probability measure (the image measure).

Exercise 2 (Conditional Expectation [20 points]): Let X denote ary -measurable (numer-
ical) random variable ang a o-algebra withG c ¥ (i.e. G is a sube-algebra ofF). Prove
the following properties of the conditional expectation:

1. If Xis ag-measurable random variable, therXi) = X (P-almost surely).
2. If X >0, then EK|G) = 0.
3. (Tower Law If H is ano-algebra withH c G, then E(EK|G)|H) = E(X|H).

4. (Taking out what is knowrif Z is a bounded;-measurable random variable, then

E(ZXG) = ZE(X|G). (B.1)
1 See p1).
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APPENDIX B. EXERCISES

Exercise 3 (Distribution Function [10 points]?: Let X : Q — R denote a random variable
andF the distribution function ok, i.e. F(X) := Px((—o0, X)). Show that:

1. Fis left continuous, i.eF(X) = limp » F(X + h).

2. If g: R — R is measurable with B(X)[) < oo, then

EQ(X) = f " gOdF(x),

where the integral is interpreted as Lebesgue-Stieltjes integral{gpe [

Exercise 4 (Brownian Scaling [10 pointsf): Let W denote a Brownian motion arah> 0.
Show that with

- 1
W(t) := EW(czt)
W is also a Brownian motion. Are the two proces¥ésnd\W equal in any sense (c.f. Defini-

tion 20)?

Exercise 5 (Quadratic Variation [10 points]y: Let X denote a continuous stochastic pro-
cesS. For p > 0 let thep-th variation process be defined as

<X, X >0 (t,w) = lmz IX(tir 1, @) — X(tir 1, w)IP,
<t

where{t;}°, is a strictly monotone sequence with= 0, limy_,«, tx = co, At := SUR, [tks1 — til.
The process: X, X >0 is called theotal variationof X and the process X, X >:=< X, X >
is called thequadratic variationof X.

Let W denote a (one-dimensional) Brownian motion.

1. Show that
<WW > (t,w) =t P-almost surely.

2. Show that
<WW>!(t,w) =0 P-almost surely.

Note that these properties hold pathwise for almost all paths and not only just in an averaged
sense.

Exercise 6 (I Integral [10 points])®: Show by direct use of the definition of thedlt
integrals, that

1 [ tdw) = T-W(T) - [ W) dt,

2. [T WL dW(t) = SW(T)3 — [T W(t) dwi(p).

2 see 7).
3 See P7].
4 See p7].
5 A continuous stochastic processes is a stochastic process for which each path is a continuous function in time.
6 See p7].
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Exercise 7 (Stratonovich Integral [10 points]f: LetT® := {ty,...,t,} WithO =1ty <t; <

. <ty = T denote adecompositiorof the interval [QT] and AT®™ := sup|t — t_4| its
fineness Furthermore lef : [0, T] x Q — R be of theclass of integrands of the 1t integral
(on[0,T]) andt — f(t, w) continuous for (almost) ailb. Then

T n
fo f(t, w) dW(t, w) = A'II'I(E)ILOJ.Z:; f(tj-1, @)(W(tj, w) — W(tj_1, w))
is in Lo(P) (proof?). TheStratonovich Integrais defined correspondingly as

n
fo "t 0) o Wt o) = AT'EEJLOE F(ty-3, @)(W(tj, @) — W(tj 1, )
witht;_; := Lt Calculate
1. [T W(t, w) o dW(t, ) and
2. [ Wt w) o dW(t, w) - f7 W(t, ) dW(t, o).

Solution:ltis

T n
fo W(t @) o Wt w) = T|i([)rloj; Wt 3. w) (W @) = W(tj1. )

and
W(t;_ 1, w)(W(tj, w) — W(tj-1, w))
= W(tj_, )Wt @) = Wt 0)) + Wt )WL 3. 0) = W(t-1, )
1
= SO ) + W3 )W, @) = W(E_3. )
1
=5 (W(tj, ) = W(tj_3, w))(W(L, ) = W(tj_, w))
1
+§(W(t1—% 5 0.)) - W(tj,l, (A)))(W(tj_% s (l.)) - W(tj,l, (IJ))
1
+5 Wty w) + W(tj-2, 0))(W(E_3. ) = W(tj-1, w))
1 1
= SOV ) - Wl @)?) + 5 (W(k5:0)” - W(tj-1. 0))
1
~S (Wt ) = WG ) (WG, ) = Wy 0)
1
2 Wt @) = W(t-1 0) W3, @) = W(E-1,0)
1 2 2
= E(W(tj’w) - W(tj_l, w)?)
1 2 1 2
—E(W(tj, w) - W(tj_1, w))" + E(W(t,;%, w) = W(tj-1, w))".
7 See P7].
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APPENDIX B. EXERCISES

Thus, from

n n
i ) _ . 2_ ) _ ) 2
) T'EHLOJZ;(W“J’“’) WG . 0) = T'EHLO;(W“J—%"“) W(tj-1, w))

we have .
f W(t, w) o dW(t, w) = %W(tn, w)?.
0

Exercise 8 (1t Product Rule, Itd Quotient Rule [15 points]): Use the 16 formula and prove

1. The product rule: LeX andY denote 16 processes. Then

d(X-Y) = Y-dX+ X-dY +dX - dY

2. The quotient rule: LeK andY denote 16 processesy > ¢ for somec € (0, ). Then

XY x' v°©

B-3F-5-% 55

3. The drift adjustment of a lognormal process: IS§t) > 0 denote an & process of the
form
ds(t) = u(t)S(t)dt + o (t)S(t)dwi(t),

dY() = (u(t) - %o-z(t))dt + o () AW().

Exercise 9 (Martingale: 1td formula [15 points])®:  Use the I6 formula and show that the
following processes arg;-martingales:

1. X(t) = exp(t) cosiv(t))
2. X(t) = exp@t) sin(W(t))
3. X(t) = (t+ W(1)) expE 3t — W(t))

(WI(t) is a one-dimensional Brownian motion).

Exercise 10 (Black-Scholes partial dferential equation in the coordinatest, N(t), S(t) [20
points]): Show that the function

V(t.n,9) = sb(d,) - n——a(d.)

N(T)
with
d 1 [Iog(s N(T))+52(T—t)]
e — - = .
cVT-1 -n K 2
8 See P7].
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and®’(x) = ¢(x) = Cexp(=x?/2) solves the partial fierential equation

AV(t) dts 162V(Y) ”2 =

ot 2 0s0s 0

with thefinal time condition

V(T,N(T), s) = max(s— K, 0).

Exercise 11 (Black 76 Formula for Swaption [30 points]): LetT; < ... < T, denote
given times. LeWsyap denote s swap as in Definitidil7 with constant swap rate§; = K,
i=1...,n=1(Ty,...,Ty1 are fixing dates andl,, ..., T, are payment dates). L8tdenote
the correspondingar swap rateas in Definition122 (c.f. Remark121). Derive the formula
for the valueVsyaption Of @an European option onVsyap (With exercise datd ), assuming the
S has lognormal dynamics

dS(t) = p()S)dt + o(t)S(t)dW(t) unterP.

Hint: First rewrite the value of the swayap as a function ofS andK by transforming
cash-flow:L(T;, Tiz1) — K = (L(Ti, Tiz1) - S) + (S — K), note the definition 08. Then consider
the value of the swap at exercise date of the optionVig.dT1) and try to choose a suitable
numéraire (compare with the evaluation of a caplet). Say why theanaime chosen is a traded
product.

Solution (sketched):From Definition117a swap pays
(L(Ti, Tiey; T) = Si) - (Tiva = Ti) - in T (B.2)
Lett < T1. The value of the paymenB(2) int is
(L(Ti, Tieas Ti) = Si) - (Tiva = Ti) - P(Tis15 1).
Thus, the value of the value of the swapt is given by
n-1
Vowart) = > (LT, Tiea; T) = S) - (Tiea = i) - P(Tio; 1),

i=1
By Definition 122the par swap ratds given by

P(T1;t) — P(Tn; t)

Spat) :=
pant/ - n-1 .n’
Zi:l (Ti+l - Ti) . P(Ti+l. t)

so that

n-1

> (LTi Tieas Ti) = Spad®) - (Tiea = Ti) - P(Tiaa; 1) = O,

i=1
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APPENDIX B. EXERCISES

Thus

Vswadt) = ' (L(Ti, Tisrs T)) = Si) - (Tiga = Ti) - P(Tiz1s1)

=}
[y

:,_
] 1}
AN

(L(Ti, it Ti) = Spad®)) - (Tiva = Ti) - P(Tiaas )

]
=

=}
[N

+

(Spadt) = Si) - (Tiea = Ti) - P(Tis13 )

1]
=

=}
[N

= ) (Spal® = Si) - (Tisr = Ti) - P(Tisas ).

[y

For a swap witls5; = K this implies

n-1

Vswadt) =(Spadt) - K) - Z(Th-l =T - P(Tiq;t)
i=1

:(Spar(t) - K) . A(t),

whereA(t) := 2{‘;11(Ti+1 —T;) - P(Tis1;t) is calledswap annuity SinceA(t) > 0 we have for
the value of the option on this swap

szaptior(t) = maX(Spar(t) -K, O) ' A(t)-

Now choseA as nunéraire. Under the corresponding martingale meagfreS is an A-
relative price, thus a martingale and thi&( = O'(t)S(t)dV\IQA(t). The evalation formula for
a swaption now follows as in the derivation of the Black formula for a caplet.
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APPENDIX C

List of Symbols

Symbol Interpretation

0 Empty set.
1 f 0
1 Indicator function.1(x) = orx=>=%,
0 else.
. . 1 forxe(ahb],
Lap (X Indicator function.l g (X) =
@0 (¥ @n(X) {0 else.

N(u,0?)  Normal distribution with meap and variancer?.

w Brownian motion. See DefinitioR8.
P Real measure.
QN Martingale measure corresponding to the euareN. N-relative price pro-

cesse% of traded asset¢ areQN-martingales. Exists (as a measure equivalent
to P) under certain assumptions.

[X] Gaul bracket. Largest integer, being less than or equal fa] := maxn €
{0,1,2,...}|n<x

[1Xl1 ¢;-norm of a vecto = (g, . .., Xp). [IXlly = XiL; 1%]-

[1XIl, £o-norm of a vecto = (Xg, ..., %y). [IXIl3 = X, [%[%.

P(T) Zero-coupon bond with maturity. P(T) (in general) is a stochastic process.
Evaluated at timé on pathw we write P(T; t, w). See DefinitiorD7.

L(Ty,T,) Forward rate for the period], T,]. See Definitior99.

Sij Sij = S(Ti,...,T;). Swap rate for the tenor structufe ..., T;. See Defini-
tion 122
B Money market account. See Equatic® 6.
m(t) m(t) := maxXi : T; < t}. Projection to last fixing in tenor structure. See
Definition 124
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APPENDIX C. LIST OF SYMBOLS
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APPENDIX D

Java™ Source Code (Selection)

D.1. Java™ Classes for Chapter

Listing D.1: BinomialDistributedRandomVariable
cepts of “classes”, “data” and “methods”.

27

: A toy sample class to illustrate the con-

package com.christianfries.finmath.tutorial.examplel;

o
* @author Christian Fries
* @version 1.0

*

class  BinomialDistributedRandomVariable {
private double valuel;
private double value2;

private double probabilityOfState1;

prx
* This class implements a binominal distributed random variable
* @param valuel The value in state 1.

* @param value2 The value in state 2.

* @param probabilityOfStatel The probability of state 1.

*
public  BinomialDistributedRandomVariable(

double probabilityOfStatel) {

this .valuel = valuel;

this .value2 = value2;

this .probabilityOfStatel = probabilityOfStatel;
}

double valuel, double value2,

public static void main( String args[] ) {
P

* Test of class BinominalDistributedRandomVariable
System.out.printin(“Creating _random _variable.");
BinomialDistributedRandomVariable randomVariable =

new BinomialDistributedRandomVariable(1.0,-1.0,0.5); I

double expectation = randomVariable.getExpectation();
System.out.printin("Expectation _is: " + expectation);

System.out.printin("Changing
randomVariable.setValue1(0.4);

_value _of state _1 to _0.4.");

expectation = randomVariable.getExpectation();
System.out.printin(“Expectation _is: " + expectation);

}
ek

* @param valuel The value of state 1.
¥
!

public void setValuel(
this .valuel = valuel;
}
rx
* @return Returns the probability of state 1.
*/
public double
return
}

double valuel) {

getProbabilityOfStatel() {
probabilityOfStatel;

Create object
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APPENDIX D. JAVA™ SOURCE CODE (SELECTION)

Jrx

* @param probabilityOfStatel The probability of state 1.
¥
i/

public void setProbabilityOfState1( double probabilityOfStatel) {
this .probabilityOfStatel = probabilityOfStatel;

}

o

* @return Returns the probability of state 2.
*
public double getProbabilityOfState2() {
return 1.0 - probabilityOfStatel;
}

i

* @param probabilityOfState2 The probability of state 2.
*

public void setProbabilityOfState2( double probabilityOfState2) {
this .probabilityOfStatel = 1.0 - probabilityOfState2;

}

pox

* @return The expectation of the random variable

¥

]

public double getExpectation() {
double expectation = probabilityOfStatel * valuel
+ (1-probabilityOfStatel) * value2;
return  expectation;

Listing D.2: BisectionSearch : Root finder implementing thRootFinder -interface using the

bisection method.

I*
* Created on 16.02.2004
*

package net.finmath.rootFinder;

e
* This class implements a Bisection search algorithm,

* implemented as a question-and-answer search algorithm.
*

* @author Christian Fries - http://www.christian-fries.de
* @version 1.1
*

while (search.getAccuracy() > 1E-13 && !search.isDone()) {
double x = search.getNextPoint();

double y = (x - 0.656);

search.setValue(y);

}

System.out.printin(search.getBestPoint());
}
o

* @param leftPoint left point of search interval
* @param rightPoint right point of search interval
*

public  BisectionSearch( double leftPoint, double rightPoint) {
super ();
points[0] = leftPoint;
points[1] = rightPoint;

nextPoint = points[0];
accuracy = points[1]-points[0];

* (c) Copyright Christian P. Fries, Germany. All rights reserved. Contact: email@christian-fries.de.
X
/

public class BisectionSearch implements  RootFinder {
/I We store the left and right end point of the intervall
double [] points = new double [2]; // left, right
double [] values = new double [2]; // left, right
G
* State of solver
*
double  nextPoint; 1l Stores the next point to return by getPoint()
int numberOfiterations = 0; /I Number of numberOfiterations
double  accuracy; /I Current accuracy of solution
boolean isDone = false ; // Will be true if machine accuracy has been reached
public static void main(String[] args) {
I Test
BisectionSearch search = new BisectionSearch(-1.0, 5.0);
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D.1. JAVA™ CLASSES FOR CHAPTER 27

o
* @return Best point optained so far
%
/
public double getBestPoint() {
/I Lazy: we always return the middle point as best point
return  (points[1] + points[0]) / 2.0;

o
* @return Next point for which a value should be set using <code>setValue</code>.
¥
!
public double getNextPoint() {

return  nextPoint;

}
-

* @param value Value corresponding to point returned by previous <code>getNextPoint</code> call.
*

public void setValue( double value) {
if (numberOfiterations < 2) {
o

* Initially fill values
*/
values[numberOfiterations] = value;
if  (numberOfiterations < 1) {
nextPoint = points[numberOfiterations + 1J;
} else
nextPoint = (points[1] + points[0]) / 2.0;
pox

* @todo Check if values[O]*values[l] < O here
*
!

}
}
else {
rx
* Bisection search update rule
if (values[1l] * value > 0) {
P
* Throw away right point
*
!
points[1] = nextPoint; /I This is not yet the nextPoint, it is the point corresponding to value.
values[1] = value;
} else {
I*
* Throw away left point
*
points[0] = nextPoint; Il This is not yet the nextPoint, it is the point corresponding to value.
values[0] = value;
}

/I Calculate next point (bisection)
nextPoint = (points[1] + points[0]) / 2.0;

/I Savety belt: check if still improve or if we have reached machine accuracy
if (points[1]-points[0] >= accuracy) isDone = true ;

/I Update accuracy
accuracy = points[1]-points[0];

}

numberOfiterations++;
return ;
}
rx
* @return Returns the numberOfiterations.
*
public int getNumberOfiterations() {
return  numberOfiterations;

}

o

* @return Returns the accuracy.
*

public double getAccuracy() {
return  accuracy;

}
ok

* @return Returns the isDone.
*

public boolean isDone() {
return  isDone;
}
}
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