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CHAPTER 1

Introduction

1.1. Theory, Modeling and Implementation

This book tries to give a balanced representation of the theoretical foundations of mathemat-
ical finance, especially derivative pricing, state of the art models, which are actually used in
practice, and their implementation.

In practice, none of the three aspectstheory, modelingandimplementationcan be considered
alone. Knowledge of the theory is worthless if it isn’t applied. Theory provides the tools
for consistent modeling. A model without implementation is essentially worthless. Good
implementation requires a deep understanding of the model and the underlying theory.

With this in mind, the book tries to build a bridge from academia to practice and from theory
to object-oriented implementation.

1.2. Interest Rate Models and Interest Rate Derivatives

The text concentrates on the modeling of interest rates as stochastic (undetermined) quantities
and the evaluation of interest rate derivatives under such models.However, this is not a spe-
cialization! Although the mathematical modeling of stock prices was the historical starting
point and interest rates were assumed to be constant, some important theoretical aspects are
significant only for stochastic interest rates (e.g. the change of numéraire-technique). So for
didactic reasons it is meaningful to start with interest rate models. Another reason to start with
interest rate models is that interest rate models are the foundation of hybrid models. Since
the nuḿeraire, the reference asset, is most likely an interest rate related product, a need for
stochastic interest rates implies the need to build upon an interest rate model, see Figures1.1
and1.2. We will do so in Chapter26. Nevertheless, the first model studied will be, of course,
theBlack-Scholes modelfor a single stock, after we will move to stochastic interest rates.

1.3. How to Read this Book

The text may be read in anon-linearway, i.e. the chapters have been kept as free-standing
as possible. Chapter2 provides the foundations in the order of their dependence. The reader
familiar with the concepts of stochastic processes and martingales may skip the chapter and
use it as reference only. To get a feeling for the mathematical concepts one should read the

This work is licensed under a
Creative Commons License.
http://creativecommons.org/licenses/by-nc-nd/2.5/deed.en

15 Comments welcome.
©2004, 2005, 2006, 2007 Christian Fries

Version 1.4.18 [build 20070403]- 1st May 2007
http://www.christian-fries.de/finmath/book

http://creativecommons.org/licenses/by-nc-nd/2.5/deed.en
http://creativecommons.org/licenses/by-nc-nd/2.5/deed.en
http://www.christian-fries.de/finmath/book


CHAPTER 1. INTRODUCTION

Interest Rate Model Numéraire

Equity 
Model

FX
Model

Foreign Interest 
Rate Model

Default 
Model

Figure 1.1.: The numéraire, the reference asset in the modeling of price processes, is most likely an
interest rate product. This choice is not mathematically necessary, but common for almost all models.
Interest rate processes are the natural starting point for the modeling of price processes.

special sectionsInterpretationandMotivation. Readers familiar with programming and im-
plementation may prefer Chapter13as an illustration of the basic concepts.

The appendix gives a selection of the results and techniques from diverse areas (linear al-
gebra, calculus, optimization) which are used in the text and in the implementation, but which
are less important for understanding the essential concepts.

1.3.1. Abridged Versions

For acrash coursefocusing on particular aspects some chapters may be skipped. What follows
are a few suggestions in this direction.

1.3.1.1. Abridged version “Monte-Carlo pricing”

Foundations (Ch.2) → Replication (Ch.3) → Black-Scholes Model (Ch.4)
→ Discretization/ Monte-Carlo Simulation (Ch.13)

1.3.1.2. Abridged version “LIBOR Market Model”

Foundations (Ch.2) → Replication (Ch.3) → Interest Rate Structures (Ch.8)
→ Black Model (Ch.10) → LIBOR Market Model (Ch.19)
→ Instantaneous and Terminal Correlation (Ch.20)
→ Shape of the Interest Rate Curve (Ch.24)

1.3.1.3. Abridged version “Markov Functional Model”

Foundations (Ch.2) → Replication (Ch.3) → Interest Rate Structures (Ch.8)
→ Black Model (Ch.10) → The Density of the Underlying of a European Option (Ch.5)
→ Markov Functional Models (Ch.25)

1.3.2. Special Sections

The text contains special sections giving notes on interpretation, motivation and practical as-
pects. These are marked by the following symbols:
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1.3. HOW TO READ THIS BOOK

dB = r B dt

dS = μ S dt + σ S dW(t)

Black-Scholes Model

Interest Rate Model

Equity Model

dLi = μi Li dt + σi Li dWi(t)

dS = μ S dt + σ S dW(t)

Equity Hybrid LIBOR Market Model

Interest Rate Model

Equity Model

Figure 1.2.: TheBlack-Scholes modelmay be interpreted as a hybrid model with deterministic interest
rates. The solution ofdB(t) = rB(t)dt is B(0) · exp(r · t), i.e. it is deterministic and given in closed form.
Thus the interest rate component is trivial. Within aLIBOR Market Modelthe interest rate is a stochastic
quantity. This also changes properties of the stock process.

Interpretation: Provides an interpretation of the preceding topic. Casts light
on purposes and practical aspects. C|

Motivation: Provides motivation for the following topic. Sometimes notes
deficiencies in the previous results. C|

Further Reading: Suggested literature and associated topics. C|

Experiment: Guide for a software experiment where aspects of the preceding
topic can be explored. C|

Tip: Hints for practical use and software implementation of the preceding
topics. C|
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CHAPTER 1. INTRODUCTION

1.3.3. Notation

We will model the time evolution of stocks or interest rates with random variables parametrized
through a time parametert. Such stochastic processes may depend on other parameters like
maturity or interest rate period. We will separate these two different kinds of parameters by a
semicolon - see Figure1.3.

F(T; t, ω) F(T; t) F(T) F

Observation time
State

Value Random 
Variable

Stochastic 
Process

Interest Rate 
Curve

Maturity

Figure 1.3.: On the notation
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Part I.

Foundations: Probability
Theory, Stochastic Processes
and Risk Neutral Evaluation
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CHAPTER 2

Foundations

2.1. Probability Theory

Definition 1 (Probability Space,σ Algebra): q
LetΩ denote a set andF a family of subsets ofΩ. F is aσ-algebraif

1. ∅ ∈ F

2. F ∈ F ⇒ Ω \ F ∈ F

3. F1, F2, F3, . . . ∈ F ⇒
∞

∪
i=1

Fi ∈ F .

The pair (Ω,F ) is ameasurable space. A functionP : F → [0,∞) is aprobability measureif

1. P(∅) = 0, P(Ω) = 1,

2. For F1, F2, F3, . . . ∈ F mutually disjoint (i.e.i , j =⇒ Fi ∩ F j = ∅), we have

P

 ∞⋃
i=1

Fi

 = ∞∑
i=1

P(Fi).

The triple (Ω,F ,P) is calledprobability space(if instead of1 we require onlyP(∅) = 0 then
P is calledmeasureand (Ω,F ,P) is called measure space). y

Interpretation: The setΩ may be interpreted as the set of elementary events.
Only one such event may occur. The subsetF ⊂ Ωmay then be interpreted as an
event configuration, e.g. as if one asked only for a specific property of an event,
a property that might be shared by more than one event. Then the complement

of a set of events corresponds to the negation of the property in question, and the union of
two subsetF1, F2 ⊂ Ω corresponds to combining the questions for the two corresponding
properties with an “or”. Likewise the intersection corresponds to an “and”: only those events
that share both properties are part of the intersection. Aσ-algebra may then be interpreted as
a set of properties, e.g. the set of properties by which we may distinguish the events or the set
of properties on which we may base decisions and answer questions. Thus theσ-algebra may
be interpreted as information (on properties of events).
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CHAPTER 2. FOUNDATIONS

Thus a probability space (Ω,F ,P) may be interpreted as a set of elementary events, a family
of properties of the events and a map that assigns a probability to each property of the events,
the probability that an event with the respective properties will occur. C|

Since conditional expectation will be one of the central concepts, we remind the reader of
the notions ofconditional probabilityandindependence:

Definition 2 (Independence, Conditional Probability): q
Let (Ω,F ,P) denote a probability space andA, B ∈ F .

1. We say thatA andB areindependent, if

P(A∩ B) = P(A) · P(B).

2. For P(B) > 0 we define theconditional probability of A under the hypothesis Bas

P(A|B) :=
P(A∩ B)

P(B)
.

y

The Borelσ-algebraB(R) or B(Rn) plays a special role in integration theory. We define it
next.

Definition 3 (Borel σ Algebra, Lebesgue Measure): q
Let n ∈ N andai < bi (i = 1, . . . ,n). By B(Rn) we denote the smallestσ-algebra for which

(a1,b1) × . . . × (an,bn) ∈ B(Rn).

B(Rn) is called theBorelσ-algebra. The measureλ defined onB(Rn) with

λ
(
(a1,b1) × . . . × (an,bn)

)
:=

n∏
i=1

(bi − ai)

is called aLebesgue measureonB(Rn). y

Remark 4 (Lebesgue Measure):Obviously the Lebesgue measure isnot a probability mea-
sure on (Rn,B(Rn)) sinceλ(Rn) = ∞. It will be needed in the discussion of Lebesgue integra-
tion and we give the definition merely for completeness.1

Definition 5 (Measurable, Random Variable): q
Let (Ω,F ) and (S,S) denote two measurable spaces.

1. A mapT : Ω 7→ S is called (F ,S)-measurable if2

T−1(A) ∈ F for all A ∈ S.

If T : Ω 7→ S is a (F ,S)-measurable map we write more concisely

T : (Ω,F ) 7→ (S,S).

1 The Lebesgue measure measures intervals (n = 1) according to their length, rectangles (n = 2) according to their
area and cubes (n = 3) according to their volume.

2 We defineT−1(A) := {ω ∈ Ω | T(ω) ∈ A}.
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2.1. PROBABILITY THEORY

2. A measurable mapX : (Ω,F ) 7→ (S,S) is also called arandom variable. A random
variableX : (Ω,F ) 7→ (S,S) is called an-dimensional real-valued random variableif
S = Rn andS = B(Rn).

y

We are interested in the probability for which a given random variable attains a certain value
or range of values. This is given by

Definition 6 (Image Measure): q
Let X : (Ω,F ) 7→ (S,S) denote a random variable andP a measure on the measureable space
(Ω,F ). Then

PX(A) := P(X−1(A)) ∀A ∈ S

defines a probability measure on (S,S) which we call theimage measureof P with respect
to X. y

Interpretation: A real-valued random variable assigns a real value (or vector
of values) to each elementary eventω. This value may be interpreted as the result
of an experiment, depending on the events. In our context the random variables
mostly stand for payments or values of financial products depending on thestate

of the world. How random a random variable is depends on the random variable itself. The
random variable that assigns the same value to all eventsω exhibits no randomness at all. If we
could observe only the result of such an experiment (random variable) we would not be able to
say anything about the state of the worldω that led to the result.

The image measure is the probability measure induced by the probability measureP (a
probability measure on (Ω,F )) and the mapX on the image space (S,S).

The property of being measurable may be interpreted as the property that the distinguishable
events in the image space (S,S) are not finer (better distinguishable) than the events in the pre-
image space (Ω,F ). Only then it is possible to use the probability measureP on (Ω,F ) to
define a probability measure on (S,S). C|

ω2
ω3
ω4

ω1

ω5
ω6

ω7
ω8

ω9
ω10

!Ω X Z

F1

F2

F3

Figure 2.1.: Illustration of Measurability: The random variables X and Z assign a grey value to each
elementary eventω1, . . . , ω10 as shown. Theσ-algebraF is generated by the sets F1 = {ω1, ω2, ω3},
F2 = {ω4, ω5, ω6}, F3 = {ω7, . . . , ω10}. The random variable X is measurable with respect toF , the
random variable Z is not measurable with respect toF .

Exercise: Let X be as in Definition6. Show that

{X−1(A) | A ∈ S}
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CHAPTER 2. FOUNDATIONS

is aσ-algebra. What would be an interpretation ofX−1(A)?

Motivation: We will now define theLebesgue integraland give an interpreta-
tion and a comparison to the (possibly more familiar) Riemann integral.

The definition of the Lebesgue integral is not only given to prepare the defini-
tion of the conditional expectation (definition15). The definition will also show

the construction of the Lebesgue integral and we will later use similar steps to construct the Itô
integral. C|

Definition 7 (Integral, Lebesgue Integral): q
Let (Ω,F , µ) denote a measure space.

1. Let f denote a (F ,B(R))-measurable real valued, non-negative map.f is called an
elementary functionif f takes on only a finite number of valuesa1, . . . ,an. For an
elementary function we define∫

Ω

f (ω)dµ(ω) :=
n∑

i=1

aiµ(Ai)

whereAi := f −1({ai}) (⇒ Ai ∈ F )3 as the(Lebesgue) Integralof f .

2. Let f denote a non-negative map defined onΩ, such that a monotone increasing se-
quence (uk)k∈N of elementary maps withf := sup

k∈N
uk exists. Then

∫
Ω

f (ω)dµ(ω) := sup
k∈N

∫
Ω

uk(ω)dµ(ω)

is unique and is called the (Lebesgue) integral off .

3. Let f denote a map onΩ such that we have forf + := max(f ,0) and f − := max(− f ,0)
respectively a monotone increasing sequence of elementary maps as in the previous def-
inition. Furthermore we require that

∫
Ω

f ±dµ < ∞. Then f is calledintegrablewith
respect toµ and we define ∫

Ω

f dµ :=
∫
Ω

f +dµ −
∫
Ω

f −dµ

as the (Lebesgue) integral off .

y

Remark 8 (
∫

f (x) dx,
∫

f (t) dt): If the measureµ is theLebesgue measureµ = λ we use the
shortend notation ∫

A
f (x) dλ(x) =:

∫
A

f (x) dx.

In this caseΩ = Rn and we denote the elements ofΩ by latin leters, e.g.x (instead ofω). If
the elements ofΩ = R have the interpretation of a time we usually denoted them byt.

3 We have (ai −
1
n ,ai +

1
n ) ∈ B(R) by Definition. Then{ai } =

∞
∩

n=1
(ai −

1
n ,ai +

1
n ) ∈ B(R).
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2.1. PROBABILITY THEORY

Theorem 9 (measurable⇔ integrablefor non-negative maps): For a non-negative mapf
onΩ a monotone increasing sequence (uk)k∈N of elementary maps withf = supk∈N uk exists if
and only if f isF -measurable.

Proof: See [1], §12. �|

Interpretation: To develop an understanding of the (Lebesgue) integral we
consider its definition for elementary maps∫

Ω

f (ω)dµ(ω) =
n∑

i=1

aiµ(Ai), Ai := f −1({ai}).

6
4
2

0.3
0.4
0.3

2 •
4 •
6 •

∑ = 4

f-1({4}):
f-1({6}):

f-1({2}):

The Lebesgue integral of an (elementary) mapf is
the weighted sum of the function valuesai of f , each
weighted by the measureµ(Ai) of the set on which this
value is attained (i.e.Ai = f −1({ai})).

If in addition we haveµ(Ω) = 1, whereΩ is the do-
main of f , then the integral is a weighted average of the
function valuesai of f .

For a real valued (elementary) function of a real val-
ued argument, e.g.f : [a,b] 7→ R, and the Lebesgue
measure the integral corresponds to the naive concept of

an integral as being the sum all rectangles given by

base area (Lebesgue measure of the interval)× height (function value)

which is also the concept behind the Riemann integral.
Part 2 and 3 of Definition7 extend this concept via a limit approximation to more general

functions. C|

Excursus: On the difference between Lebesgue and Riemann integrals 4

The construction of the Lebesgue integral differs from the construction of the Riemann integral
(which is perhaps more familiar) in the way the setsAi are chosen. The Riemann integral
starts from a given partition of the domain and multiplies the size of each subinterval by a
corresponding functional value of (any) chosen point belonging to that interval (e.g. the center
point). The Lebesgue integral chooses the partition as pre-imagef −1({ai}) of given function
valuesai . In short: the Riemann integral partitions the domain off , the Lebesgue integral
partitions the range off . For elementary functions both approaches give the same integral
value, see Figure2.2. For general functions the corresponding integrals are defined as the limit
of a sequence of approximating elementary functions (if it exists). Here, the two concepts are
different: In the limit, all Riemann integrable functions are Lebesgue integrable and the two

4 An understanding of the difference between the Lebesgue and Riemann integrals does not play a major role in the
following text. The excursus can safely be skipped. It should serve to satisfy curiosity, e.g. if the concept of a
Riemann integral is more familiar.

This work is licensed under a
Creative Commons License.
http://creativecommons.org/licenses/by-nc-nd/2.5/deed.en

25 Comments welcome.
©2004, 2005, 2006, 2007 Christian Fries

Version 1.4.18 [build 20070403]- 1st May 2007
http://www.christian-fries.de/finmath/book

http://creativecommons.org/licenses/by-nc-nd/2.5/deed.en
http://creativecommons.org/licenses/by-nc-nd/2.5/deed.en
http://www.christian-fries.de/finmath/book


CHAPTER 2. FOUNDATIONS

6
4
2

6
4
2

0.2
0.2
0.1
0.1
0.1
0.1
0.2

6 •
4 •
4 •
2 •
4 •

2 •
6 •

0.3
0.4
0.3

2 •
4 •
6 •

∑ = 4

∑ = 4

Riemann Integral Lebesgue Integral

Figure 2.2.: On the difference of Lebesgue and Riemann integral

limits give the same value for the integral. However, there exist Lebesgue integrable functions
for which the Riemann integral is not defined (its limit construction does not converge).

Definition 10 (Distribution): q
Let P denote a probability measure on (R,B(R)) (e.g. the image measure of a random variable).
The function

FP(x) := P( (−∞, x) )

is called thedistribution function5 of P.
If P denotes a probability measure on (Rn,B(Rn)) the n-dimensional distribution functionis
defined as

FP(x1, . . . , xn) := P( (−∞, x1) × . . . × (−∞, xn) ).

The distribution function of a random variableX is defined as the distribution function of its
image measurePX (see Definition6). y

Definition 11 (Density): q
Let FP denote the distribution function of a probability measureP. If FP is differentiable we
define

φ(x) :=
∂

∂x
FP(x)

as thedensityof P. If P is the image measure of some random variableX we also say thatφ is
thedensityof X. y

Remark 12 (Integration using a known density/ distribution): To calculate the integral
of a function of a random variable (e.g. to calculate expectation or variance) it is sufficient to
know the density or distribution function of the random variable. Letg denote a sufficiently
smooth function andX a random variable on (Ω,F ,P); then we have∫

Ω

g(X(ω))dP(ω) =
∫ ∞

−∞

g(x)dFPX(x) =
∫ ∞

−∞

g(x)φ(x)dx,

5 We have (−∞, x) ∈ B(R) since (−∞, x) = ∪∞i=1(x− i, x) - see Definition1.
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2.1. PROBABILITY THEORY

whereFPX denotes the distribution function ofX andφ the density ofX (i.e. ofPX). In this case
it is neither necessary to know the underlying spaceΩ, the measureP, nor howX is modeled
(i.e. defined) on this space.

Definition 13 (Independence of Random Variables): q
Let X : (Ω,F ) 7→ (S,S) andY : (Ω,F ) 7→ (S,S) denote two random variables.X andY are
called independent, if for all A, B ∈ S the eventsX−1(A) andY−1(B) are independent in the
sense of Definition2. y

Remark 14 (Independence): For i = 1, . . . ,n let Xi : Ω 7→ R denote random variables with
distribution functionsFXi and letF(X1,...,Xn) denote the distribution function of (X1, . . . ,Xn) :
Ω 7→ Rn. Then theXi are pairwise independent if and only if

F(X1,...,Xn)(x1, . . . , xn) = FX1(x1) · . . . · FXn(xn).

Definition 15 (Expectation, Conditional Expectation): q
Let X denote a real valued random variable on the probability space (Ω,F ,P).

1. If X is P-integrable we define

EP(X) :=
∫
Ω

XdP

as theexpectationof X.

2. Furthermore, letFi ∈ F with P(Fi) > 0. Then

EP(X|Fi) :=
1

P(Fi)

∫
Fi

XdP

is called theconditional expectation of X under (the hypothesis) Fi .

y

Theorem 16 (Conditional Expectation6): Let X denote a real valued random variable on
(Ω,F ,P), either non-negative or integrable. Then we have for eachσ-algebraC ⊂ F a non-
negative or integrable real valued random variableX|C onΩ, unique in the sense of almost sure
equality7, such thatX|C is C-measurable and

∀ C ∈ C :
∫

C
X|C dP =

∫
C

X dP , i.e. EP(X|C) = EP(XC|C).

We will discuss the interpretation of this theorem after giving a name toXC:

Definition 17 (Conditional Expectation (continued)): q
Under the assumptions and with the notation of Theorem16we define:

1. The random variableX|C is called theconditional expectation of X under (the hypothesis)
C and is denoted by

EP(X|C) := X|C. (2.1)

6 See [2], §15
7 A property holdsP-almost surely, if the set ofω ∈ Ω for which the property does not hold has measure zero.
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CHAPTER 2. FOUNDATIONS

2. Let Y denote another random variable on the same measure space. We define:

EP(X|Y) := E(X|σ(Y)), (2.2)

whereσ(Y) is theσ-algebra generated byY, i.e. the smallestσ-algebra, with respect to
whichY is measurable, i.e.σ(Y) := σ(Y−1(S)).

y

Interpretation: First note that the two concepts of expectations from Defi-
nition 15 are just special cases of the conditional expectation defined in Defini-
tion 17, namely:

• LetC = {∅,Ω}.
ThenE(X|C) = X|C whereX|C(ω) = E(X) ∀ω ∈ Ω.

• ForC = {∅, F,Ω \ F,Ω} we haveX|C(ω) =

E(X|F) if ω ∈ F

E(X|Ω \ F) if ω ∈ Ω \ F
,

with E(X) = P(F) · E(X|F) + (1− P(F)) · E(X|Ω \ F)

The conditional expectation is a random variable that is derived fromX such that only events
(sets) inC can be distinguished. In the first case we have a very coarseC and the image of
X|C contains only the expectationE(X). This is the smallest piece of information onX. As C
becomes finer more and more information aboutX becomes visible inX|C. Furthermore: IfX
itself isC-measurable thenX andX|C are (P-almost surely) indistinguishable.

ω2

ω3

ω4

ω1

ω5
ω6

ω8
ω9

ω10ω7

X C E(X|C)

C1

C2

C3

Figure 2.3.: Conditional Expectation: Let theσ-algebraC be generated by the sets C1 = {ω1, ω2, ω3},
C2 = {ω4, ω5, ω6}, C3 = {ω7, . . . , ω10}.

In this senseC may be interpreted as an information set andX|C as afiltered version ofX.
If it is only possible to make statements about events inC then we can only make statements
aboutX which could also be made aboutX|C. C|

2.2. Stochastic Processes

Definition 18 (Stochastic Process): q
A family X = {Xt | 0 ≤ t < ∞} of random variables

Xt : (Ω,F )→ (S,S)
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2.2. STOCHASTIC PROCESSES

is called (time continuous) stochastic process. If (S,S) = (Rd,B(Rd)), we say thatX is a d-
dimensional stochastic process. The familyX may also be interpreted as aX : [0,∞)×Ω→ S:

X(t, ω) := Xt(ω) ∀ (t, ω) ∈ [0,∞) ×Ω.

y

If the range (S,S) is not given explicitly we assume (S,S) = (Rd,B(Rd)).

Interpretation: The parametert obviously refers to time. For fixedt ∈ [0,∞)
we view X(t) as the outcome of an experiment at timet. Note that all random
variablesX(t) are modeled over thesamemeasurable space (Ω,F ). Thus we do
not assume a family (Ωt,Ft) of measurable spaces, one for eachXt. The stochastic

processX assigns apathto eachω ∈ Ω: For a fixedω ∈ Ω thepath X(·, ω) := {(t,X(t, ω)) | t ∈
[0,∞)} is a sequence of outcomes of the random experimentsXt (a trajectory) associated with
a stateω. Knowledge aboutω ∈ Ω implies knowledge of the whole history (past, present and
future)X(ω).

To model the different levels of knowledge and thus distinguish between past and future we
will define in2.3the concept of a filtration and an adapted process. C|

Definition 19 (Path): q
Let X denote a stochastic process. For a fixedω ∈ Ω the mappingt 7→ X(t, ω) is called the
path ofX (in stateω). y

Definition 20 (Equality of Stochastic Processes): q
We define three notions of equality of stochastic processes:

1. Two stochastic processesX andY are calledindistinguishable, if

P(Xt = Yt : ∀ 0 ≤ t < ∞) = 1.

2. A stochastic processY is amodificationof X, if

P(Xt = Yt) = 1 : ∀ 0 ≤ t < ∞.

3. Two stochastic processesX andY have the same finite dimensional distributions, if

∀ n : ∀ 0 ≤ t1 < t2 < . . . < tn < ∞ : ∀ A ∈ B(Sn) :

P((Xt1, . . . ,Xtn) ∈ A) = P((Yt1, . . . ,Ytn) ∈ A).

y

Remark 21 (on the equality of stochastic processes): While in Definition 20.3 only the
distributions generated by the processes are considered, the Definitions20.1 and20.2 consider
the pointwise differences between the processes. The difference between20.1 and20.2 will
become apparent in the following example:

Let Z : (R,B(R)) → ([−1,1],B([−1,1])) be a random variable on (Ω,F ,P) = (R,B, λ) and
t 7→ X(t) := t · Z be a stochastic process.8 Let P({Z ∈ A}) = P({−Z ∈ A}) ∀ A ∈ B([−1,1]) and

8 An interpretation of this process would be the position of a moving particle, having at time 0 the position 0 and
the random speedZ.
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CHAPTER 2. FOUNDATIONS

P({Z = x}) = 0∀ x ∈ [−1,1], e.g. an equally distributedZ. Furthermore let∀ (t, ω) ∈ [0,∞)×R

Y1(t, ω) :=

 X(t, ω) for t , ω

−X(t, ω) for t = ω
, Y2(t, ω) := −X(t, ω).

TheY1 is a modification ofX, sinceY1(t) differs fromX(t) (for fixed t) only on a set with proba-
bility 0. However,X andY1 are not indistinguishable, sinceP(X(t) = Y1(t) : ∀ 0 ≤ t < ∞) = 1

2
(the two processes are different on 50% of all paths).Y2 is neither indistinguishable nor a mod-
ification of X, but due toP({Z ∈ A}) = P({Z ∈ −A}) ∀A ∈ B([−1,1]) it fulfills condition 20.3.

To summarize,20.1 considers the equality of the processesX, Y, 20.2 considers equality of
the random variablesX(t), Y(t) for fixed t, and20.3 considers the equality of distributions. In
our applications we are interested only in the distributions of processes.

2.3. Filtration

Definition 22 (Filtration): q
Let (Ω,F ) denote a measurable space. A Family ofσ-algebras{Ft | t ≥ 0}, where

Fs ⊆ Ft ⊆ F for 0 ≤ s≤ t,

is called aFiltration on (Ω,F ). y

Definition 23 (Generated Filtration): q
Let X denote a stochastic process on (Ω,F ). We define

F X
t := σ(Xs; 0 ≤ s≤ t)

:= the smallestσ-algebra with respect to whichXs is measurable∀ s ∈ [0, t].

y

Definition 24 (Adapted Process): q
Let X denote a stochastic process on (Ω,F ) and{Ft} a filtration on (Ω,F ). The processX is
called{Ft}-adapted, ifXt isFt-measurable for allt ≥ 0. y

Interpretation: In Figure2.4 we depict a filtration of fourσ-algebras with
increasing refinement (left to right). The black borders surround the generators
of the correspondingσ-algebra. If a stochastic process maps a grey value for each
elementary event (or path)ωi of Ω (left), then the process is adapted if it takes

a constant gray value on the generators of the respectiveσ-algebra. If at timet2 the process
depicted were to assign toω7 the dark grey ofω8, then the process would be adapted, otherwise
it is not.

By means of the conditional expectation (see Theorem16 and the interpretation of Fig-
ure 2.3) we may create an adapted process from a given filtration{Ft | t ≥ 0} and anF -
measurable random variableZ:

Lemma 25 (Process of the Conditional Expectation): Let {Ft | t ≥ 0} denote a filtration
Fs ⊆ Ft ⊆ F andZ anF measurable random variable. Then

X(t) := E(Z | Ft)
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2.4. BROWNIAN MOTION
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Figure 2.4.: Illustration of a filtration and an adapted process

is a{Ft}-adapted process.

This lemma shows how the filtration (and the corresponding adapted process) may be viewed
as a model forinformation: The random variableX(t) in Lemma25 allows with increasingt
more and more specific statements about the nature ofZ. Compare this to the illustrations in
Figure2.1and2.3. C|

The concepts of an adapted process only links random variablesX(t) to σ-algebrasFt for
any t. It does not necessarily imply that the stochastic processX (interpreted as a random
variable on [0,∞) ×Ω) is measurable. A stronger requirement is given by:

Definition 26 (Progressively Measurable): q
An (n-dimensional) stochastic processX is calledprogessively measurablewith respect to the
filtration {Ft} if for eachT > 0 the mapping

X : ([0,T] ×Ω , B([0,T] ⊗ Ft)) → (R,B(Rn))

meßbar ist. y

Remark 27: Any progressively measurable process is measurable and adapted. Conversly a
measurable and adapted process has a progressively measurable modification, see [20].

2.4. Brownian Motion

Definition 28 (Brownian Motion): q
Let W : [0,∞) ×Ω→ Rn denote a stochastic process with the following properties:

1. W(0) = 0 (P-almost surely)

2. The mapt 7→W(t) is continuous (P-almost surely)
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CHAPTER 2. FOUNDATIONS

3. For givent0 < t1 < . . . < tk the incrementsW(t1) − W(t0), . . . , W(tk) − W(tk−1) are
mutually independent.

4. For all 0≤ s ≤ t we haveW(t) −W(s) ∼ N(0, (t − s)In), i.e. the increment is normally
distributed with mean 0 and covariance matrix (t−s)In, whereIn denotes then×n identity
matrix.

ThenW is called(n-dimensional) P-Brownian motionor a(n-dimensional) P-Wiener process.
y

We have not yet discussed the question of whether a process with such properties exists (it
does). The question for its existence is non-trivial. For example if we want to replace normally
distributed by lognormally distributed in property4 there would be no such process.9 If we set
s= 0 in 4 we see that we have prescribed the distribution ofW(t) as well as the distribution of
the incrementsW(t) −W(s).

Remark 29 (Brownian Motion): The property4 is less axiomatic than one might assume:
The central requirement is the independence of the increments together with the requirement
that increments of the same time step sizet − s have the same non negative variance (here
t − s) and mean 0. That the increments are normal distributed is more a consequence than an
requirement, see Theorem30. This theorem also gives a construction of the Brownian motion.

ω  - (path)

T1 T2 T3T0 T4

W(t) ΔW
(T1 ) = W

(T2 )-W
(T1 )

ΔW
(T2 ) = W

(T3 )-W
(T2 )

ΔW
(T3 ) = W

(T4 )-W
(T3 )

Figure 2.5.: Time discretization of a Brownian motion: The transition∆W(Ti) :=W(Ti+1)−W(Ti) from
time Ti to Ti+1 is normal distributed. The mean of the transition is0, i.e. under the condition that at time
Ti the state W(Ti) = x∗ was attained, the (conditional) expectation of W(Ti+1) is x∗:

E(W(Ti+1) |W(Ti) = x∗) = x∗.

Tip (time-discrete realizations): In the following we will often consider
the realizations of a stochastic process at discrete times 0= T0 < T1 < . . . < TN

only (e.g. this will be the case when we consider the implementation). If we need
only the realizationsW(Ti) we may generate them by the time-discrete increments

∆W(Ti) :=W(Ti+1)−W(Ti) since from Definition28we haveW(Ti) =
∑i−1

k=0∆W(Tk), W(T0) :=
0. See Figure2.5. C|

9 Note that the sum of two (independent) normal distributed random variables is normally distributed, but the sum
of two lognormal distributed random variables is not lognormal.
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2.5. WIENER MEASURE, CANONICAL SETUP

2.5. Wiener Measure, Canonical Setup

The following theorem gives a construction (or approximation) of a Brownian motion. It de-
fines theWiener measureand shows that the properties of a Brownian motion are less axiomatic
than one might assume from Definition28; rather they are consequences of independence.

Theorem 30 (Invariance Principle of Donsker(1951), see. [20] §2):
Let (Ω,F ,P) denote a probability space and (Yj)∞j=1 a sequence of independent identically

distributed random variables (not necessarily normal distributed!) with mean 0 and variance
σ2 > 0. DefineS0 := 0 andSk :=

∑k
j=1 Yj . Let Xn denote a stochastic process defined as the

(scaled) linear interpolation of theSk’s at time steps of size1n:

Xn(t) :=
1

σ
√

n

(
(t · n− [t · n])S[t·n]+1 + ([t · n] + 1− t · n))S[t·n]

)
,

where [x] denotes the largest integer number less or equalx.
A path Xn(ω), ω ∈ Ω, defines a continuous map [0,∞) 7→ R and Xn is (Ω,F ) 7→

(C([0,∞)),B(C([0,∞))))-measurable10. Let Pn denote the image measure ofXn defined on
(C([0,∞)),B(C([0,∞))). Then we have:

• {Pn}
∞
n=1 converges on (C([0,∞)),B(C([0,∞)))) to a measureP∗ in the weak sense11.

• The processW defined on (C([0,∞)),B(C([0,∞)))) by

W(t, ω) := ω(t)

is aP∗ Brownian motion.

Proof: See [20] §2. �|

Definition 31 (Wiener Measure): q
The measureP∗ from Theorem30 is calledWiener measure. y

Definition 32 (Canonical Setup): q
The space

(C([0,∞)),B(C([0,∞)),P∗)

(as defined in Theorem30) is called thecanonical setupfor a Brownian motionW defined by
W(t, ω) := ω(t), ω ∈ C([0,∞)). y

Remark 33: A more detailed discussion of Theorem30may be found in [20]. A less formal
discussion of properties of the Brownian motion may be found in [14].

10 With C([0,∞)) denoting the space of continuous maps [0,∞) 7→ R endowed with the metric of equicontinuous
convergenced( f ,g) =

∑∞
i=1

1
2n

dn( f ,g)
1+dn( f ,g) with dn( f ,g) = sup0≤t≤n | f (t) − g(t)| (then (C([0,∞)),d) is a complete

metric space) andB(C([0,∞))) denoting the Borelσ-algebra induced by that metric, i.e. the smallestσ-algebra
containing thed-open sets.

11 A sequence of probability measures{Pn}
∞
n=1 converges in the weak senseto a measureP∗, if

∫
f dPn →

∫
f dP∗

for all continuous bounded mapsf : Ω 7→ R.
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CHAPTER 2. FOUNDATIONS

2.6. Itô Calculus

Motivation: The Brownian motionW is our first encounter with an important
continuous stochastic process. The Brownian motion may be viewed as the limit
of a scaledrandom walk.12 If we interpret the Brownian motionW in this sense
as a model for the movement of a particle, thenW(T) denotes the position of the

particle at timeT andW(T + ∆T) −W(T) the position change that occurs fromT to T + ∆T;
to be precise,W(T) models the probability distribution of the particle position.

The model of a Brownian motion is that position changes are normal distributed with mean
0 and standard deviation

√
∆T. Requiring mean 0 corresponds to requiring that the position

change has no directional preference. The standard deviation
√
∆T is, apart from a constant

which we assume to be 1, a consequence of the requirement that position changes are indepen-
dent of the position and time at which they occur.

To motivate the class of Itô processes we consider the Brownian motion at discrete times
0 = T0 < T1 < . . . < TN. The random variableW(Ti) (position of the particle) may be
expressed through the increments∆W(Ti) :=W(Ti+1) −W(Ti):

W(Ti) =
i−1∑
j=0

∆W(T j).

Using the increments∆W(T j) we may define a whole family of discrete stochastic pro-

0 t

W(t,ω)

Figure 2.6.: Paths of a (discretization of a) Brownian motion

cesses. We give a step by step introduction and use the illustrative interpretation of a particle
movement: First we assume that the particle may lose energy over time (for example). Then
the increments may still be normal distributed but their standard deviation no longer will be√

T j+1 − T j . Instead it might be a time-dependent scaling thereof, e.g.e−T j ·
√

T j+1 − T j where
the standard deviation decays exponentially. Multiplying the increments∆W(T j) by a factor
gives normal distributed increments with arbitrary standard deviations. Thus we consider a
process of the form

X(Ti) =
i−1∑
j=0

σ(T j)∆W(T j),

where in our example we would useσ(T j) := e−T j .

12 In a (one-dimensional) random walk a particle changes position at discrete time steps by a (constant) distance (say
1) in either direction with equal probability. In other words, we have binomial distributedYi in Theorem30.
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2.6. ITÔ CALCULUS

0 t

X(t,ω)

Figure 2.7.: Paths of a (discretization of a) Brownian motion with time dependent instantaneous volatil-
ity

0 t

X(t,ω)

Figure 2.8.: Paths of a (discretization of a) Brownian motion with a drift

Next we consider the case where the particle has a preference for a certain direction, i.e. a
drift. This is modeled by increments having a mean different from zero. The addition of a con-
stantµ to a normal distributed random variable with mean zero will give a normal distributed
random variable with meanµ. We wantµ to be the drift per time unit and allow thatµ may
change over time. Thus we addµ(T j) · (T j+1 − T j) to the corresponding increment over period
T j to T j+1. If we also consider the starting point to be random, modeled by a random variable
X(0) we then consider processes of the form

X(Ti) = X(0)+
i−1∑
j=0

µ(T j) (T j+1 − T j)︸       ︷︷       ︸
=:∆T j

+ σ(T j)∆W(T j)

︸                                      ︷︷                                      ︸
Normal distributed with meanµ(T j)∆T j and stan-
dard deviationσ(T j)

√
∆T j

,

i.e.

X(T j+1) − X(T j) = µ(T j) (T j+1 − T j)︸       ︷︷       ︸
=:∆T j

+ σ(T j)∆W(T j).

Our next generalization of the process is that the parametersµ(T j) andσ(T j) could depend on
the paths, i.e. are assumed to be random variables. This might appear odd since then one could
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CHAPTER 2. FOUNDATIONS

createany time-discrete stochastic processes.13 However, it would make sense to allow the
parametersµ(T j) and/orσ(T j) (used in the increment fromX(T j) to X(T j+1)) to depend on the
current state ofX(T j) as in

X(T j+1) − X(T j)︸              ︷︷              ︸
=:∆X(T j )

= X(T j) (T j+1 − T j)︸       ︷︷       ︸
=:∆T j

+ σ(T j)∆W(T j).

Here we would haveµ(T j) = µ(T j ,X(T j)) = X(T j), i.e. a drift that is a random variable. It is
an important fact that the drift for the increment fromT j to T j+1 is known inT j . More general
we allowµ andσ to be stochastic processes if they are{Ft}-adapted.14

The continuous analog to the time-discrete processes considered above are Itô processes,
i.e. processes of the form

X(T) = X(0)+
∫ T

0
µ(t) dt +

∫ T

0
σ(t) dW(t), (2.3)

i.e.

X(T) − X(0) =
∫ T

0
µ(t) dt +

∫ T

0
σ(t) dW(t)

and as a short-hand we will write

dX(t) = µ(t)dt + σ(t)dW(t).

While the dt part of (2.3) may be (and will be) understood pathwise as a Lebesgue (or even
Riemann) integral, we need to define the dW(t) part (as we will see), theItô Integral.15 C|

2.6.1. Itô Integral

In this section we define the Itô integral
∫ T

S
f (t, ω) dW(t, ω). We do not present the math-

ematical theory in full detail. For a more detailed discussion of the Itô integral see, e.g,
[14, 27, 20, 21]).

Definition 34 (The Filtration {Ft} generated byW): q
Let (Ω,F ,P) denote a probability space andW(t) a Brownian motion defined on (Ω,F ,P)
(e.g. by thecanonical setup). We defineFt as theσ-algebra generated byW(s), s ≤ t, i.e. the
smallestσ-algebra, which contains sets of the form

{ω; W(t1, ω) ∈ F1, . . . ,W(tk, ω) ∈ Fk, } =

k⋂
i=1

W(ti)
−1(Fi)

13 If Ti 7→ S(Ti ) is an arbitrary time-discrete stochastic process we setσ(T j ) := 0 andµ(T j ) := (S(T j+1) −
S(T j ))/(T j+1 − T j ) and haveX(Ti ) = S(Ti ).

14 The increment∆W(T j ) is notFT j -measurable. It is onlyFT j+1-measurable. The requirements thatµ(T j ) is FT j -
measurable excludes the example in footnote13.

15 The dW(t) part may not be interpreted as a Lebesgue-Stieltjes integral through
∑

f (τ j )(W(t j+1) − W(t j )), τ j ∈

[t j , t j+1], since t 7→ W(t, ω) is not of bounded variation. Thus the limit will depend on the specific choice of
τ j ∈ [t j , t j+1], see Exercise7.
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2.6. ITÔ CALCULUS

for arbitraryti < t andFi ⊂ R, Fi ∈ B(R) ( j ≤ k) and arbitraryk ∈ N. Furthermore we assume
that all sets of measure zero belong toFt. Then{Ft} is a filtration which we call thefiltration
generated by W. y

Remark 35: W is a{Ft}-adapted process.

Definition 36 (It ô integral for elementary processes): q
A stochastic processφ is called elementary, if

φ(t, ω) =
∑

j∈N∪{0}

ej(ω) · 1(t j ,t j+1](t),

where{t j | j ∈ N∪{0}} is a strictly monotone sequence in [0,∞) with t0 := 0 and{ej | j ∈ N∪{0}}
a sequence ofFt j -measurable random variables and 1(t j ,t j+1] denotes the indicator function16.17

For an elementary process we define the Itô integral as∫ ∞

0
φ(t, ω)dW(t) :=

∑
j∈N∪{0}

ej(ω) · (W(t j+1, ω) −W(t j , ω)),

∫ T

S
φ(t, ω)dW(t) :=

∫ ∞

0
φ(t, ω) · 1(S,T](t)dW(t).

y

Remark 37 (on the one sided continuity of the integrand): In some textbooks (e.g. [27])
the elementary integral is defined using the indicator function 1[t j ,t j+1) in place of 1(t j ,t j+1] . For
continuous integrators, as we consider here (W(t)), it makes no difference which variant we
use. However, if jump processes are considered (see e.g. [29]), and also with respect to the
interpretation of the integral as a trading strategy (see page63), our definition is the better
suited.

Lemma 38 (Itô Isometry): Letφ denote an elementary process such thatφ(·, ω) is bounded.
Then we have

E
[( ∫ T

S
φ(t, ·)dW(t)

)2]
= E

[ ∫ T

S
φ(t, ·)2dt

]
.

Definition 39 (It ô Integral): q
Theclass of integrands of the Itô integralis defined as the set of maps

f : [0,∞) ×Ω 7→ R,

for which

1. f is aB × F -measurable map,

2. f is anFt-adapted process,

3. f is P-almost sure of finite quadratic variation, i.e. we have E
[ ∫ T

S
f (t, ω)2dt

]
< ∞.

16 We define 1(t j ,t j+1] (t) = 1, if t ∈ (t j , t j+1] and= 0 else.
17 Note that by this definition every path is elementary in the sense of Definition7.
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CHAPTER 2. FOUNDATIONS

If f belongs to this class then there exists an approximating sequence{φn} of elementary pro-
cesses with

EP[ ∫ T

S
( f (t, ω) − φn(t, ω))2dt

]
→ 0 (for n→ ∞),

and theItô integral is defined as the (unique)L2 limit∫ T

S
f (t, ω)dW(t) := lim

n→∞

∫ T

S
φn(t, ω)dW(t).

y

Remark 40: For a proof of the statements made in this definition (e.g. the existence and
uniqueness of the limit) see [27].

2.6.2. Itô Process

Definition 41 (It ô Process): q
Let σ denote a stochastic process belonging to the class of integrands of the Itô integrals
(see39) with

P

(∫ t

0
σ(τ, ω)2dτ < ∞ ∀t ≥ 0

)
= 1

andµ an{Ft}-adapted process with

P

(∫ t

0
|µ(τ, ω)|dτ < ∞ ∀t ≥ 0

)
= 1.

Then the processX defined through

X(t, ω) = X(0, ω) +
∫ t

0
µ(s, ω)ds+

∫ t

0
σ(s, ω)dW(s, ω),

whereX(0, ·) is (F0,B(R))-measurable is calledItô process(Remark:X isFt-adapted). y

This definition is generalized by them-dimensional Brownian motion as

Definition 42 (It ô Process (m-factorial, n-dimensional)18): q
Let W = (W1, . . . ,Wm)T denote anm-dimensional Brownian motion defined on (Ω,F ,P). Let
σi, j (i = 1, . . . ,n, j = 1, . . . ,m) denote stochastic processes belonging to the class of integrands
of the Itô integral (compare Definition39) with

P

(∫ t

0
σi, j(τ, ω)2dτ < ∞ ∀t ≥ 0

)
= 1 i = 1, . . . ,n, j = 1, . . . ,m,

andµi (i = 1, . . . ,n) an{Ft}-adapted process with

P

(∫ t

0
|µi(τ, ω)|dτ < ∞ ∀t ≥ 0

)
= 1 i = 1, . . . ,n.

18 Compare [27], §4.2
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2.6. ITÔ CALCULUS

Then the (n-dimensional) processX = (X1, . . . ,Xn)T with X(0, ·) being (F0,B(Rn))-measurable
and

Xi(t, ω) = Xi(0, ω) +
∫ t

0
µi(s, ω)ds+

m∑
j=1

∫ t

0
σi, j(s, ω)dWj(s, ω) (i = 1, . . . ,n),

is called(n-dimensional) (m-factorial) Itô process.19 We will write X in the shorter matrix
notation as

X(t, ω) = X(0, ω) +
∫ t

0
µ(s, ω) ds+

∫ t

0
σ(s, ω) · dW(s, ω),

with

X =


X1
...

Xn

 µ =


µ1
...
µn

 σ =


σ1,1 . . . σ1,m
...

...
σn,1 . . . σn,m

 .

y

Remark 43 (Itô Process, differential notation): For an It̂o process

X(T, ω) = X(0, ω) +
∫ T

0
µ(t, ω) dt +

∫ T

0
σ(t, ω) · dW(t, ω),

as defined by Definition41and42we will use the shortened notation

dX(t, ω) = µ(t, ω) dt + σ(t, ω) · dW(t, ω).

The stochastic integral ∫ t2

t1

X(t) dY(t)

was defined pathwise for integratorsY that are Brownian motions (dY = dW) and for inte-
grandsX belonging to the class of integrands of the Itô integral. We extend the definition of
the stochastic integral to integrators that are Itô processes:

Definition 44 (Integral with It ô Process as Integrator): q
Let Y denote an It̂o process of the from

dY = µdt + σdW

and X a stochastic process such thatX(t)µ(t) is integrable with respect tot and X(t)σ(t) is
integrable with respect toW(t). Then we define∫ t2

t1

X(t) dY(t) :=
∫ t2

t1

X(t)µ(t) dt +
∫ t2

t1

X(t)σ(t) dW(t).

As in Remark43we will write

X(t) dY(t) := X(t)µ(t) dt + X(t)σ(t) dW(t).

y

19 The dimensionn denotes the dimension of the image space. The factor dimensionm denotes the number of
(independent) Brownian motions needed to construct the process.
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CHAPTER 2. FOUNDATIONS

2.6.3. Itô Lemma and Product Rule

Theorem 45 (Itô Lemma (1 D)20): Let X denote an It̂o process with

dX(t) = µdt + σdW.

Let g(t, x) ∈ C2([0,∞] × R). Then

Y(t) := g(t,X(t))

is an It̂o process with

dY =
∂g
∂t

(t,X(t))dt +
∂g
∂x

(t,X(t))dX +
1
2
∂2g
∂x2

(t,X(t)) · (dX)2, (2.4)

where (dX)2 = (dX) · (dX) is given by formal expansion using

dt · dt = 0, dt · dW = 0,

dW · dt = 0, dW · dW = dt,

i.e.

(dX)2 = (dX) · (dX) = (µdt + σdW) · (µdt + σdW)

= µ2 · dt · dt + µ · σ · dt · dW+ µ · σ · dW · dt + σ2 · dW · dW = σ2dt

Theorem 46 (Itô Lemma21): Let X denote ann-dimensional,m-factorial Itô process with

dX(t) = µdt + σdW.

Let g(t, x) ∈ C2([0,∞] × Rn;Rd), g = (g1, . . . ,gd)T. Then

Y(t) := g(t,X(t))

is and-dimensional,n-factorial Itô process with

dYk(t) =
∂gk

∂t
(t,X(t))dt +

n∑
i=1

∂gk

∂xi
(t,X(t))dXi(t)

+
1
2

n∑
i, j=1

∂2gk

∂xi x j
(t,X(t)) · (dXi(t) · dX j(t)),

where dXi(t)dX j(t) is given by formal expansion using

dt · dt = 0, dt · dWj = 0,

dWi · dt = 0, dWi · dWj =

{
dt i = j
0 i , j

.

20 Compare [27] §4.1.
21 Compare [27] §4.2.
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2.6. ITÔ CALCULUS

Theorem 47 (Product Rule): Let X, Y andX1, . . . ,Xn denote It̂o processes. Then we have

1. d(X · Y) = Y · dX + X · dY+ dX · dY

2. d

 N∏
i=1

Xi

 = N∑
i=1

N∏
k=1
k,i

Xk · dXi +

N∑
i, j=1
j>i

N∏
k=1
k,i, j

Xk · dXidX j

Proof: We prove only1 since2 follows from 1 by induction. We apply the Itô lemma to the
map

g : R × R × R→ R, g(t, x, y) := x · y.

We have

∂g
∂t
= 0

∂g
∂x
= y

∂g
∂y
= x

∂g2

∂x2
= 0

∂g2

∂y2
= 0

∂g2

∂xy
= 1

∂g2

∂yx
= 1

and thus
d(X · Y) = d(g(X,Y)) = Y · dX + X · dY+ dX · dY.

�|

Theorem 48 (Quotient Rule): Let X andY andY1, . . . ,Yn denote It̂o processes where,Y > c
for a givenc ∈ R. Then we have

1. d
(X
Y

)
=

X
Y

dX
X
−

dY
Y
−

dX
X
·

dY
Y
+

(
dY
Y

)2
2. d

(
1
Y

)
= −

1
Y2

dY+
1
Y3

dYdY

3. d

 N∏
i=1

1
Yi

 = N∏
i=1

1
Yi
·

N∑
i=1

−dYi

Yi
+

N∑
j≥i

dYi

Yi

dYj

Yj


Lemma 49 (Drift Adjustment of Lognormal Process): Let S(t) > 0 denote an It̂o process
of the form

dS(t) = µ(t)S(t)dt + σ(t)S(t)dW(t),

andY(t) := log(S(t)). Then we have

dY(t) = (µ(t) −
1
2
σ2(t))dt + σ(t)dW(t).

Proof: See Exercise8. �|
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CHAPTER 2. FOUNDATIONS

Interpretation: The Itô lemma and its implications like Lemma49 may ap-
pear unfamiliar. They state that a non-linear function of a stochastic process will
induce a drift of the mean. This may be seen in an elementary example: Consider
the time-discrete stochastic processX(ti) constructed from binomial distributed

increments∆B(ti) (instead of Brownian increments dW(t)), where∆B(ti) are independent and
attain with probabilityp = 1

2 the value+1 or−1, respectively. AssumingX(t0) = 10 we draw
the process

X(ti+1) = X(ti) + ∆B(ti)

in Figure2.9(left), i.e.∆X(ti) = ∆B(ti). This process does not exhibit a drift. We have

X(ti) = E(X(ti+1) | Fti ).

In other words: In each node in Figure2.9 the processX attains the mean of the values from
the two child nodes.

t

X(t,ω)

9

11

1010
+1

X(ti+1) = X(ti) + ΔB(ti)

12

8

-1

-1

+1

-1

+1

t

Y(t,ω)

81

121

100100
+21

Y(ti) = f(X(ti)) = X(ti)2

144

64

-19

-17

+23

-21

+19

t1 t2t0t1 t2t0

Figure 2.9.: Non-linear functions of stochastic processes induce a drift to the mean.

As in Figure2.9(right) we then consider the processY(ti) = f (X(ti)) = X(ti)2. This process
exhibits in each time step a drift of the mean of+1. One can easily check that the increments
of the processY are given by

Y(ti+1) = Y(ti) + 1+ 2 · X(ti) · ∆B(ti)

(check this in Figure2.9). This corresponds to the result stated by Itô’s lemma (see Theorem45
with g(t, x) = f (x) = x2). Indeed we have

Y(ti+1) = (X(ti+1))2 = (X(ti) + ∆X(ti))
2

= X(ti)
2 + ∆X(ti)

2 + 2 · X(ti) · ∆X(ti)

= Y(ti) + ∆B(ti)
2 + 2 · X(ti) · ∆B(ti)

= Y(ti) + 1+ 2 · X(ti) · ∆B(ti)

= Y(ti) +
1
2
∂2 f
∂x2

(X(ti)) · (∆X(ti))
2 +

∂ f
∂x

(X(ti))∆X(ti).

Obviously we may interpret Itô formula (2.4) in Itô’s lemma as a (formal) Taylor expansion
of g(X + dX) up to the order (dX)2. For the continuous case the higher order increments are
(almost surely) 0. For the discrete case this is not the case. E.g. consider (X(ti) + ∆X(ti))3 in
the example above. C|
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2.7. BROWNIAN MOTION WITH INSTANTANEOUS CORRELATION

2.7. Brownian Motion with Instantaneous Correlation

In Definition 28 Brownian motion was defined through normal distributed incrementsW(t) −
W(s), t > s having covariance matrix (t − s)In. In other words, forW = (W1, . . . ,Wn) the
components are one-dimensional Brownian motions with pairwise independent increments,
i.e. for i , j we have thatWi(t) −Wi(s) andWj(t) −Wj(s) are independent (thus uncorrelated).

We define theBrownian motion with instantaneously correlated incrementsas a special It̂o
process:

Definition 50 (Brownian Motion with instantaneous correlated Increments): q
Let U denote anm-dimensionalBrownian motionas defined in Definition28. Let fi, j (i =
1, . . . ,n, j = 1, . . . ,m) denote stochastic processes belonging to the class of integrands of the
Itô integral (see Definition39and Definition42) with

P

(∫ t

0
fi, j(τ, ω)2dτ < ∞ ∀t ≥ 0

)
= 1 i = 1, . . . ,n, j = 1, . . . ,m,

furthermore let

F(t) := ( f1, . . . , fm) :=


f1,1(t) . . . f1,m(t)
...

...
fn,1(t) . . . fn,m(t)


denote ann×mmatrix with

m∑
j=1

f 2
i, j(t) = 1, ∀ i = 1, . . . ,n.

Then the It̂o process
dW(t) = F(t) · dU(t), W(0) = 0

(see Definition42) is calledm-factorial, n-dimensional Brownian motion with factors fj , j =
1, . . . ,m. With R := FFT we callR the instantaneous correlationandW a Brownian motion
with instantaneous correlation R. F is called thefactor matrix. y

Interpretation: For simplicity let us consider a constant matrixF =

( f1, . . . , fm). Then we have for time-discrete increments

∆W(Tk) = F · ∆U(Tk) = f1∆U1(Tk) + . . . + fm∆Um(Tk). (2.5)

Note that∆Ui(Tk) and∆U j(Tk) are independent. They may be interpreted as
independent scenarios. Ifω is a path with∆Ui(Tk;ω) , 0 and∆U j(Tk;ω) = 0 for
j , i, then we have from (2.5) that∆W(Tk;ω) = fi ·∆Ui(Tk;ω), i.e. on the pathω
the vectorW will receive increments corresponding to the scenariofi (multiplied

by the amplitude∆Ui(Tk;ω)). If, for example,f1 = (1, . . . ,1)T then the scenario corresponds
to a parallel shift ofW (by the shift size∆U1(Tk)).

Our definition of a factor matrix does not allow arbitrary scenarios since we require that∑m
j=1 f 2

i, j(t) = 1, i.e. thatR := FFT is a correlation matrix. By this assumption we ensure that
the components ofWi of W are one-dimensional Brownian motions in the sense of Defini-
tion 28.

By means of the factor matrixF we may interpret the implied correlation structureR in a
geometrical way. The calculation ofF from a givenR is a Cholesky decomposition.
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CHAPTER 2. FOUNDATIONS

We will make use of this construction in the modeling of interest rate curves (Chapter19:
LIBOR Market Model). Here the interpretation of the factors is given by movements of the
interest rate curve. The possible shapes of an interest rate curve will then be investigated
(Chapter24)). The question of how to obtain a set of factors or reduce a given set of factors to
the relevant ones is discussed in AppendixA.3 andA.4. C|

2.8. Martingales

Definition 51 (Martingale): q
The stochastic process{X(t),Ft ; 0 ≤ t < ∞} is called amartingalewith respect to the filtration
{Ft} and the measureP if

Xs = E(X(t) | Fs) P almost sure, ∀0 ≤ s< t < ∞. (2.6)

If (2.6) holds for≤ in place of=, thenX is called sub-martingale. If (2.6) holds for≥ in place
of =, thenX is called super-martingale. y

Lemma 52 (Martingale It ô-Processes are drift-free): Let X denote an It̂o process of the
form

dX = µdt + σdW underP

with EP
(( ∫ T

0
σ2(t) dt

)1/2
)
< ∞. Then we have

X is aP martingale ⇔ µ = 0 (i.e.X is drift-free).

2.8.1. Martingale Representation Theorem

Theorem 53 (Martingale Representation Theorem22): Let W(t) = (W1(t), . . . ,Wm(t))T

denote anm-dimensional Brownian motion,Ft the corresponding filtration. LetM(t) denote a
martingale with respect toFt with

∫
Ω
|M(t)|2dP < ∞ (∀ t ≥ 0).

Then there exists a stochastic processg (with g(t) belonging to the class of integrands of the
Itô integral) with

M(t) = M(0) +
∫ t

0
g(s)dW(s) P almost sure,∀ t ≥ 0.

22 See [27], §4.3 and [20], Theorem 4.15.
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2.9. CHANGE OF MEASURE (GIRSANOV, CAMERON, MARTIN)

2.9. Change of Measure (Girsanov, Cameron, Martin)

Definition 54 (Measure with Density): q
Let (Ω,F ,P) denote a measure space andφ a P integrable non-negative real valued random
variable. Then

Q(A) :=
∫

A
φ dP

defines a measure on (Ω,F ) which we callmeasure with densityφ with respect to P. y

Definition 55 (Equivalent Measure): q
Let P andQ denote two measures on the same measurable space (Ω,F ).

1. Q is calledcontinuous with respect to P⇔
(
P(A) = 0⇒ Q(A) = 0∀A ∈ F

)
.

2. P andQ are calledequivalent ⇔
(
P(A) = 0⇔ Q(A) = 0∀A ∈ F

)
.

y

Theorem 56 (Radon-Nikod́ym Density): Let P andQ denote two measures on a measur-
able space (Ω,F ). Then we have

Q is continuous with respect toP ⇔ Q has a density with respect toP.

Proof: See [1]. �|

Definition 57 (Radon-Nikodým Density): q
If Q is continuous with respect toP then we call the density ofQ with respect toP theRadon-
Nikodým densityand denote it bydQ

dP . y

Theorem 58 (Change of Measure (Girsanov, Cameron, Martin)): Let W denote a (d-
dimensional)P-Brownian motion and{Ft} the filtration generated byW fulfilling the usual
conditions23. Let Q denote a measure equivalent toP (w.r.t. {Ft}).

1. Then there exists a{Ft}-previsible processC with

dQ
dP

∣∣∣∣∣
Ft

= exp

(∫ t

0
C(s) dW(s) −

1
2

∫ t

0
|C(s)|2ds

)
. (2.7)

2. Let T > 0 fixed. Reversed, ifρ denotes a strictly positiveP-martingale with respect to
{Ft | t ∈ [0,T]} with EP(ρ) = 1, thenρ(t) has the representation (2.7) and defines (as a
Radon-Nikod́ym process) a measureQ = QT which is equivalent toP with respect to
FT , given by

Q(A) :=
∫

A
ρ(T) dP ∀A ∈ FT . (2.8)

23 Given a complete, filtered probability space (Ω,F , {Ft |t ∈ [0,T]},P), the filtration{Ft |t ∈ [0,T]} satisfies the
“usual conditions”, if it is right-continuous (i.e.Ft = ∩ε>0Ft+ε ) andF0 (and thusFt for everyt ∈ [0, t]) contains
all P-nullsets ofF .
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CHAPTER 2. FOUNDATIONS

In any given case

W̃(t) := W(t) −
∫ t

0
C(s) ds (2.9)

is aQ-Brownian motion (with respect to{Ft}) (and fort ≤ T in the second case).

Remark 59 (Change of Measure - Change of Drift): Equation (2.9) may be written as

dW̃(t) = −C(t)dt + dW(t) (2.10)

and we see that thechange of measure(2.7) corresponds to achange of drift(2.10). The second
case has a restriction on a finite time horizonT, which will be irrelevant in the following
applications.

Remark 60 (Radon-Nikod́ym process): Note that

ρ(t) := exp

(∫ t

0
C(s) dW(s) −

1
2

∫ t

0
|C(s)|2ds

)
.

is aP-martingale. From this we have that forA ∈ Ft

Q(A) :=
∫

A
ρ(T) dP = EP (1A · ρ(T)) = EP

(
EP (1A · ρ(T) | Ft)

)
(B.1)
= EP

(
1A · E

P (ρ(T) | Ft)
)
= EP (1A · ρ(t)) =

∫
A
ρ(t) dP.

Thus,ρ definies a process of consistent Radon-Nikodým densitiesdQ
dP

∣∣∣
Ft

on (Ω,Ft).

Exercise: (Change of Measurein a binomial tree): Calculate the probabilities (the measure)
such that the processY depicted in Figure2.9 is a martingale.

Interpretation: The form of the change of measure (2.7) may be motivated
via a simple calculation and derived for a time-discrete Itô process

∆X(Ti) = µ(Ti)∆Ti + σ(Ti)∆W(Ti)

by elementary calculations.
At first: Let Z denote a normal distributed random variable with mean 0 and standard devi-

ationσ on a probability space (Ω,F ,P). Under which measure willZ be normal distributed
with meanc and standard deviationσ? The density of a normal distributed random variable
with meanc and standard deviationσ is z 7→ 1

√
2πσ

exp(− (z−c)2

2σ2 ). Thus we seek a change of

measuredQ
dP such that

1

2
√
πσ

exp(−
(z− c)2

2σ2
)︸                       ︷︷                       ︸

dQ
dz =desired density underQ

dz = dQ =
dQ
dP

dP =
1

2
√
πσ

exp(−
z2

2σ2
)︸                  ︷︷                  ︸

dP
dz=known density underP

dQ
dP︸︷︷︸
= ?

dz.

With

exp(−
(z− c)2

2σ2
) = exp(−

z2 − 2cz+ c2

2σ2
) = exp(−

z2

2σ2
) exp(

cz− 1
2c2

σ2
)
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2.9. CHANGE OF MEASURE (GIRSANOV, CAMERON, MARTIN)

it follows that the desired change of measure is

dQ
dP
= exp(

cz− 1
2c2

σ2
). (2.11)

This corresponds to the term in (2.7).
To illustrate this we consider the time-discrete process

∆X(Ti) = µ
P(Ti)∆Ti + σ(Ti)∆W(Ti) underP.

Under which measure isX a (time-discrete) martingale? We have:

X is aQ-martingale⇔ µQ(Ti) = 0 ⇔ EQ(∆X(Ti) | FTi ) = 0

⇔ EQ(
1

σ(Ti)
∆X(Ti) | FTi ) = 0

First consider a single increment: The random variable

1
σ(Ti)

∆X(Ti) =
µ(Ti)
σ(Ti)

· ∆Ti + ∆W(Ti)

is (underP) normal distributed with meanµ(Ti )
σ(Ti )
· ∆Ti and standard deviation

√
∆Ti . For the

conditional (!) expectation underQ we have

EQ(
1

σ(Ti)
∆X(Ti) | FTi ) =

µ(Ti)
σ(Ti)

· ∆Ti + EQ(∆W(Ti) | FTi )

Then EQ( 1
σ(Ti )
∆X(Ti) | FTi ) = 0 if EQ(∆W(Ti) | FTi ) = C(Ti)∆Ti whereC(Ti) = −

µ(Ti )
σ(Ti )

(we
correct for the drift). Given the considerations above we have to apply a change of measure

dQ
dP

∣∣∣∣
∆Ti

:= exp(C(Ti)∆W(Ti) −
1
2

C(Ti)
2∆Ti)

for the time step∆Ti (apply (2.11) with Z = ∆W(Ti), c = C(Ti)∆Ti andσ =
√
∆Ti).

This is just the change of measure needed to make the increment∆X(Ti) drift-free. Since
the increments∆W(Ti) are independent we get the change of measure for the processX from
T0 to Tn by multiplying the Radon-Nikodym densities, i.e.

dQ
dP

∣∣∣∣
Tn

:=
n−1∏
i=0

dQ
dP

∣∣∣∣
∆Ti

=

n−1∏
i=0

exp(C(Ti)∆W(Ti) −
1
2

C(Ti)
2∆Ti)

= exp(
n−1∑
i=0

C(Ti)∆W(Ti) −
1
2

n−1∑
i=0

C(Ti)
2∆Ti).

(2.12)

The change of measuredQ
dP

∣∣∣∣
Tn

will make all increments∆X(Ti) drift-free for i = 0, . . . ,n − 1.

Due to the independence of the increments∆W(Ti) we obtain independence of thedQ
dP

∣∣∣∣
∆Ti

and

thus

EQ(∆W(Ti)) = EP(∆W(Ti) ·
n−1∏
j=0

dQ
dP

∣∣∣∣
∆T j

) =
∏
j,i

EP(1 ·
dQ
dP

∣∣∣∣
∆T j

)︸            ︷︷            ︸
=1

·EP(∆W(Ti) ·
dQ
dP

∣∣∣∣
∆Ti

).
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CHAPTER 2. FOUNDATIONS

The term (2.12) is a discrete version of (2.7). To some extent we have just proven a version of
the change of measure theorem for time-discrete Itô processes.

The term−C(t)2dt in (2.7) (or−C(Ti)2∆Ti in (2.12)) may also be motivated as follows: The
random variable

Z(t) :=
dQ
dP

∣∣∣∣
Ft

represents a density of the measureQ|Ft with respect to the measureP|Ft . SinceQ|Ft should be
a probability measure we must have

Q|Ft (Ω) = EP|Ft (Z(t)) = 1 (2.13)

and withZ(0) = 1 this follows if Z is a martingale. Thus thedrift correction−C(t)2dt follows
from Lemma49, becauseZ is a lognormal process. C|

This work is licensed under a
Creative Commons License.
http://creativecommons.org/licenses/by-nc-nd/2.5/deed.en

48 Comments welcome.
©2004, 2005, 2006, 2007 Christian Fries

Version 1.4.18 [build 20070403]- 1st May 2007
http://www.christian-fries.de/finmath/book

http://creativecommons.org/licenses/by-nc-nd/2.5/deed.en
http://creativecommons.org/licenses/by-nc-nd/2.5/deed.en
http://www.christian-fries.de/finmath/book


2.10. STOCHASTIC INTEGRATION

2.10. Stochastic Integration

In the previous sections the following integrals were considered:

Maps:

•

∫ t2

t1

f (t) dt – Lebesgue or Riemann integral.
Integral of a real valued function with respect tot.

Random Variables:

•

∫
Ω

Z(ω) dP(ω) – Lebesgue integral.
Integral of a random variableZ with respect to a
measureP (cf. expectation).

Stochastic Processes:

•

∫
Ω

X(t1, ω) dP(ω) – Lebesgue integral.
Integral of a random variableX(t1) with respect to a
measureP.

•

∫ t2

t1

X(t) dt – Lebesgue Integral or Riemann integral.
The (pathwise) integral of the stochastic processX
with respect tot.

•

∫ t2

t1

X(t) dW(t) – Itô integral.
The (pathwise) integral of the stochastic processX
with respect to a Brownian motionW.

0 t

X(t,ω)

t1

Z

Ω
X(t1,ω) dP(ω)

ω1

T

Z T

0
X(t)dW (t)[ω1]

Figure 2.10.: Integration of stochastic processes

The notion of a stochastic integral may be extended to more general integrands and/or more
general integrators. For completeness we mention:

Definition 61 (Previsible Process): q
Let X denote a (real valued) stochastic process on (Ω,F ) and{Ft} a filtration on (Ω,F ). The
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CHAPTER 2. FOUNDATIONS

processX is called{Ft}-previsible, if X is {Ft}-adapted and bounded with left continuous paths.
y

Definition 62 (Integral with respect to a semi-martingale as integrator24): q
Let Y denote a semi-martingale of the form

Y(t) = A(t) + M(t),

whereA(t) is a process with locally bounded variation andM(t) a local martingale. LetX(t)
denote a previsible process. Then we define∫ t2

t1

X(t) dY(t) :=
∫ t2

t1

X(t) dA(t) +
∫ t2

t1

X(t) dM(t).

y

Remark 63 (Stochastic Integral): The class of processes (integrands) for which we may
define a stochastic integral depends on the properties of the integrators (and vice versa). For
continuous integrators (as the Brownian motion) the integrands merely have to be adapted
processes. To allow more general integrators one has to restrict to a smaller class of integrands,
e.g. previsible processes. Compare Example 4.1 and Remark 4.4 in [14]. For more detailed
discussion of the stochastic integral see [6], §5.5 and (especially for more general integrators)
[14], §4 and [20], §3.

Further Reading: On stochastic processes: As introduction: [27]. For an
in-depth discussion: [20], [29] and [31].

C|

2.11. Partial Differential Equations (PDE)

We considerpartial differential equationsonly marginally. In Section7.2.2 we derive the
Black-Scholes partial differential equation. The bridge fromstochastic differential equations
(SDE) topartial differential equations(PDE) is given through the following Feynman-Kač
theorem.

2.11.1. Feynman-Ka č Theorem

Theorem 64 (Feynman-Kǎc): Let X denote ad-dimensional It̂o process,X = (X1, . . . ,Xd),
following the stochastic differential equation (SDE)

dXi(t) = µi(t,X)dt + σi(t,X)dWQi (t) on [0,T] underQ.

Furthermore letV denote the solution of the parabolic partial differential equation (PDE)

∂V
∂t
+

d∑
i=1

µi(t, x)
∂V
∂xi
+

d∑
i, j=1

γi, j(t, x)
∂2V
∂xi∂x j

= 0 on I ×Ω

V(T, ·) = φ(·) onRd

24 For a more detailed discussion and a definition of a semi-martingale see Remark63.
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2.11. PARTIAL DIFFERENTIAL EQUATIONS (PDE)

with γi, j = σiσ jρi, j and dWi(t)dWj(t) = ρi, jdt.

V(t, x) = EQ (φ(X(T)) | X(t) = x) for (t, x) ∈ [0,T] × Rd (2.14)

Remark 65 (solving backward in time): Note that the PDE solvesV backward in time.V is
given at the final timeT and the PDE describedV for t < T. The meaning of this will become
apparent in the following interpretation, however, to fully understand the interpretation in our
context the knowledge of the next chapter is helpful.

Interpretation: A stochastic differential equation decribes how a stochastic
processX changes fromX(t) to X(T). The change is the increment∆X =

∫ T

t
dX

– a random variable. The increment decribes how values change and give the
probability for such a change.

If we now look at a stochastic process that is a function ofX, sayV(t) = V(t,X(t)) thenItô’s
Lemmaallows us to derive the stochastic differential equation forV, i.e. we have a formula
for dV. The change fromV(t) to V(T) is the increment∆V =

∫ T

t
dV, and again, the increment

decribes how values change and give the probabilties for such a change. However, the proba-
bilities do not change. IfX moves fromX(t) = x to X(T) = y with some (transition) probability
densityφ(t, x; T, y), thenV moves fromV(t, x) =: u to V(T, y) =: v with the same (transition)
probability densityφ(t, x; T, y).

So forV just the attained values change. The underlying transition probabilities are the ones
of X. These are of course just the direct consequences our assumption thatV is a function
of X. This assumption “splits” the definition of the stochastic processV into two parts: The
transition probabilites are given byX. The values that are attained are given by (t, x) 7→ V(t, x).

Now, if we consider the functionV to be the conditional expectation operator in (2.14), then
it is not surprising that there is a rule of how to calculateV(t) from V(T) using the coefficients
of the SDE ofX, because these coefficients essentially contain the transition probabilties ofX.
This rule for calculatingV is a partial differential equation.

The theorem makes two restrictive assumptions on the processV, namely

• V(t) is a function of some underlying state variablesX(t), and

• V(t) is the conditional expectation ofV(T).

However, as we will learn in the next chapter, under suitable (and meaningful) assumptions
all the stochastic processes describing the prices of financial derivatives will fullfil these as-
sumptions. Thus, the theorem allows us to derive the prices of a financial derivativeV as a
function of some other quantityX through a PDE, given we know that function at some fu-
ture timeT. For financial derivatives, the timeT functionV(T) is often known (e.g. for a call
option onX we know that at timeT its value is maxX(T) − K,0). Solving the PDE gives the
functionV(0) from V(T). If today’s valuex0 := X(0) of X is known, then the functionV(0)
gives today’s value ofV asV(0, x0). C|

Further Reading: In [34] a short proof of the Feynman–Kač theorem is
given. The instructive books of Wilmott, e.g. [40], give, besides an introduction
to mathematical finance, an overview on PDE methods. The numerical methods
for pricing derivatives by PDEs are discussed, e.g., in [11, 35, 40]. C|
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CHAPTER 2. FOUNDATIONS

2.12. List of Symbols

The following list of symbols summarizes the most important concepts from Chapter2:

Symbol Object Interpretation

ω element ofΩ State. In the context of stochastic processes:
path.

Ω set State space.

X random variable Map which assigns an event/ outcome (e.g. a
number) to a state. Example: the payoff of a
financial product (this may be interpreted as a
snapshot of the financial product itself).

X stochastic process Sequence (in time) of random variables
(e.g. the evolution of a financial product
(could be its payoffs but also its value)).

X(t), Xt stochastic process eval-
uated at timet (≡ ran-
dom variable)

see above

X(ω) stochastic process eval-
uated in stateω

Path ofX in stateω.

W Brownian motion Model for a continuous (random) movement
of a particle with independent increments (po-
sition changes).

F σ-algebra (set of sets) Set of information configurations (set of sets
of states).

{Ft | t ≥ 0} filtration Ft is the information known at timet.
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CHAPTER 3

Replication

Nowadays people know the price of everything
and the value of nothing.

Oscar Wilde
The Picture of Dorian Gray, [38]

3.1. Replication Strategies

3.1.1. Introduction

We motivate the important principle ofreplicationby considering the simplest financial deriva-
tive, theforward contract. Consider the following products:

A (Forward Contract on Rain): At time T1 > 0 the amount of rain fallenR(T1) is mea-
sured (in mm) at a predefined place and the $ amount

A(T1) := (R(T1) − X) ·
$

mm

is paid. Here,X denotes a constant reference amount of rain.

B (Forward Contract on IBM Stock): At time T1 > 0 the valueS(T1) of an IBM stock
is fixed and the $ amount

B(T1) := (S(T1) − X)

is paid. Here,X denotes a constant reference value.

These products may be interpreted as a guarantee or insurance.1 The product A is aweather
derivative, the productB is anequity derivative. What is a fair value for the product A and the
product B? What do we expect to pay inT0 (today) for such a guarantee?

Consider the product A: It appears that the determination of its fair value requires an exact
assessment of the probability of rain at timeT1. So letRT1 : Ω → R denote a random variable

1 The productB is a guarantee to buy the stockS at timeT1 for the amountX, since the productB pays the difference
required to buy the stock at its valueS(T1). The productA is an insurance against a change in rain quantity, which
would be sensible for the operator of an irrigation system supplying water to farmers. If he suffers from a loss of
earnings during a rainy season, he gets paid back a quantity proportional to the rain fallen.
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CHAPTER 3. REPLICATION

(rain quantity at timeT1, modeled over a suitable probability space – forω ∈ Ω the RT1(ω)
denotes the quantity of rain that falls in stateω. Then, the random variableA(T1) := RT1 − X
defines the payoff of productA. We wish to determine the valueA(T0) of this product at time
T0.

For the trivial case of a single-point distribution, i.e.

RT1(ω) = R∗ = const. ∀ ω ∈ Ω,

i.e. the amount of rain at timeT1 is R∗ with probability 1, in other words: it is certain that inT1

the amount of rain falling isR∗. Then the product A pays at timeT1 the amountA∗ := R∗ − X
with probability 1. In this case, the product corresponds to a savings account. LetP(T0) denote
the value that has to be invested at timeT0 (into a savings account) to receive inT1 (including
interest) the amount 1 (=: P(T1)), then the product A pays inT1 the valueA∗-times the value
of P. SinceA is equivalent toA∗ timesP, we have

A(T0) = A∗ · P(T0)

(we assumed that the interest rate paid is independent of the amount invested, i.e. the interest
is proportional to the amount invested). WithP(T1) = 1 this may be written as

A(T0)
P(T0)

=
A∗

P(T1)
.

For the (quite unrealistic) case of a one-point distribution (i.e. a deterministic payment) we
may derive the value of the product A by comparing it to the value of another product with
deterministic payoff (the savings account).

In the general case, where a probability distribution ofR(T1) is known, it is questionable
that we can replace the valueA

∗

P(T1) by - e.g. - the expectation –

A(T0)
P(T0)

?
= E

(
A(T1)
P(T1)

)
– if so, this would imply that the risk (for example the variance ofA(T1)) does not influence the
value. Since the product A is an insurance against the risk of variations in rainfall, this appears
to be nonsense.

Product B is very similar to product A. Instead of the amount of rainR(T1) the value of a
stockS(T1) determines the payout. The considerations of the previous section apply accord-
ingly. However, for B it is possible to determine its value inT0 = 0 independent of the specific
probability distribution ofS(T1):

In time T0 we take a credit with fixed interest rate such that the amount to be repaid at time
T1 is X. This credit pays us inT0 the amountX · P(T1; T0).2 In addition we acquire the stock
at its current market priceS(T0). In total we have to pay inT0 the amount

V(T0) = S(T0) − XP(T1; T0). (3.1)

At time T1 this portfolio (stock+ credit) (replication portfolio) will have the value

V(T1) = S(T1) − X,
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3.1. REPLICATION STRATEGIES

T1T0

∑

Credit

Aktie

Portfolio

buy stock
pay S(T0)

sell stock
receive S(T1)

borrow money
receive X·P(T0)

redeem credit
pay X·1

pay
S(T0) - X·P(T0)

receive
S(T1) - X

Figure 3.1.: Buy and Hold-replication strategy

i.e. it matches exactly the value of the product B at timeT1.
Thus, we have found a strategy (replication strategy) to construct a portfolio for which its

value in T1 matches our product B exactly. This property is fulfilled in any stateω ∈ Ω
independent of the probability distribution ofS(T1). Furthermore, the cost to acquire the
portfolio in T0, i.e. V(T0), is known. As a random variableB(T1) is indistinguishable from
V(T1). Thus we have (valuing on a fair basis), that the priceB(T0) of product B is equal to the
cost of the portfolioV(T0). To determineV(T0) it is only required to knowtoday’sprice for
the stock andtoday’sprice for a credit (see Equation (3.1)).

The replication strategy used in this example is calledbuy-and-hold, since all parts of the
product required for replication are bought at timeT0. See Figure3.1.

The essential difference between product A and product B is that for product B the quantity
that carries the insecurity (the stock) can be bought. In other words, it is possible to buy (and
sell) “risk”. We assume that we may buy and sell parts of stocks (and other traded products) in
arbitrary (real valued) quantities.

Th key for the construction of the replication portfolio is that:

• It is possible to express today’s value of a deterministic future payment and thus there is
a vehicle to transfer a deterministic future payment to an earlier time:P(T1; t) is a traded
product.

• It is possible to buy or sell the underlying (the risk carrier) at any time in any quantity:
S(t) is a traded product.

It is a surprising consequence of the construction of a replication portfolio that:

• The real probabilities do not enter into the current value of the replication portfolio.

Our strategy is to construct a portfolio at timeT0 and wait until timeT1 (buy-and-hold
strategy). Obviously the strategy may be refined by restructuring the portfolio at other times.
Dynamic (infinitesimal) restructuring will allow the replication of arbitrary (continuous) pay-
outs, given that the underlying random variables (the underlyings) are traded products. It is

2 We denote here byP(T1; T0) the amount paid by a credit inT0, which has to be repaid inT1 by the amount
1 =: P(T1; T1) and such a credit is acquiredX-times. See1.3.3on the notationP(T1; T0).

This work is licensed under a
Creative Commons License.
http://creativecommons.org/licenses/by-nc-nd/2.5/deed.en

55 Comments welcome.
©2004, 2005, 2006, 2007 Christian Fries

Version 1.4.18 [build 20070403]- 1st May 2007
http://www.christian-fries.de/finmath/book

http://creativecommons.org/licenses/by-nc-nd/2.5/deed.en
http://creativecommons.org/licenses/by-nc-nd/2.5/deed.en
http://www.christian-fries.de/finmath/book


CHAPTER 3. REPLICATION

this condition that prevents the replication of product A: We can not buy or sell the random
variable “rain”.3

Consider again the equation

B(T0)
P(T1; T0)

= EP
(

B(T1)
P(T1; T1)

)
.

This equation would reduce the pricing (i.e. the calculation ofB(T0)) to the calculation of an
expectation. The equation holds, if

S(T0)
P(T1; T0)

= EP
(

S(T1)
P(T1; T1)

)
.

Obvisously this equation cannot hold in general (or only the expectation ofS(T1) would enter
into the pricing and we would be ignorant of any risk). However, it is possible to change the
measure such that the corresponding equation holds, i.e. there is a measureQ such that

S(T0)
P(T1; T0)

= EQ
(

S(T1)
P(T1; T1)

)
.

A change of measure is indeed an admissible tool when considering replication portfolios,
since - as we have seen - the real probabilities (the measureP) do not enter into the calculation.
To motivate this important concept let us consider the following (simple) example:

3.1.2. Replication in a discrete Model

3.1.2.1. Example: two times (T0,T1), two states (ω1, ω2), two assets (S,N)

Let S andN denote stochastic processes defined over a filtered probability space (Ω,F ,P,Ft)
with Ω = {ω1, ω2}. HereS(t, ω) denotes the value of a financial product “S” andN(t, ω)
denote the value of a financial product “N”. We consider two points in timeT0 (present) and
T1 (future). We assume that “S” and “N” are traded at these times. Let the filtration be given
by FT0 = {∅,Ω} andFT1 = {∅, {ω1}, {ω2},Ω}, i.e. inT0 it is not possible to decide which of the
statesω1, ω2 we are in, but inT1 this information is known. Assume that the processesS and
N are{Ft}-adapted, i.e. inT0 we haveS(T0, ω1) = S(T0, ω2) andN(T0, ω1) = N(T0, ω2). So,
independent of the (unknown) state, the products have a defined value inT0.

Given a derivative product (with the stochastic value processV) depending inT1 on the
attained stateωi . We seek to determine the value ofV in T0. Our setup is illustrated in
Figure3.2.

To have the derivative productV replicated by a portfolio we seekα, β such that

V(T1, ω1) = αS(T1, ω1) + βN(T1, ω1),

V(T1, ω2) = αS(T1, ω2) + βN(T1, ω2).
(3.2)

This system of equations has a solution (α, β), if

S(T1, ω1)N(T1, ω2) , S(T1, ω2)N(T1, ω1). (3.3)

3 Under certain conditions it would be possible to replicate the product A: If there were a company whose stock
value is perfectly correlated to the amount of rain falling, then the product may be replicated using stocks of that
company. Of course, such a stock will only exist in some approximate sense, but then it might be possible to
replicate the product A in an approximate sense.
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3.1. REPLICATION STRATEGIES

T1

ω1

ω2

p = P({ω1})

1-p = P({ω2})

T0

S(T1, ω1)
N(T1, ω1)

S(T1, ω2)
N(T1, ω2)

S(T0)
N(T0)

V(T1, ω1)

V(T1, ω2)

V(T0)

Figure 3.2.: Replication: The two-times-two-states-two-assets example

With this solution the value of the replication portfolio (and thus the cost of replication) is
known inT0, and thus the “fair” value of the derivative product “V” inT0 as

V(T0) = αS(T0) + βN(T0). (3.4)

As before, the probabilitiesP({ω1}), P({ω2}) do not enter into the calculation of the cost of
replication and thusV(T0). Let us investigate now whetherV(T0) may be expressed in terms
of an expectation. Assume thatN , 0 and consider (3.2), (3.3), (3.4) for N-relative prices.
Equivalent to (3.2), (3.3), (3.4) the portfolio satisfies inT1

V(T1, ω1)
N(T1, ω1)

= α
S(T1, ω1)
N(T1, ω1)

+ β
V(T1, ω2)
N(T1, ω2)

= α
S(T1, ω2)
N(T1, ω2)

+ β (3.5)

with the solvability condition being

S(T1, ω1)
N(T1, ω1)

,
S(T1, ω2)
N(T1, ω2)

(3.6)

and inT0 we have
V(T0)
N(T0)

= α
S(T0)
N(T0)

+ β. (3.7)

Obviously we have

V(T0)
N(T0)

= E
(V(T1)
N(T1)

|FT0

)
⇔

S(T0)
N(T0)

= E
( S(T1)
N(T1)

|FT0

)
.

Now letq ∈ R such that

S(T0)
N(T0)

= q ·
S(T1, ω1)
N(T1, ω1)

+ (1− q) ·
S(T1, ω2)
N(T1, ω2)

,

i.e.

q =

S(T0)
N(T0) −

S(T1,ω2)
N(T1,ω2)

S(T1,ω1)
N(T1,ω1) −

S(T1,ω2)
N(T1,ω2)

(c.f. (3.6)). If in addition to (3.6), we have

0 ≤ q ≤ 1, (3.8)
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CHAPTER 3. REPLICATION

thenQN({ω1}) := q, QN({ω2}) := 1− q defines a probability measure and underQN we have

S(T0)
N(T0)

= EQ
N( S(T1)

N(T1)
|FT0

)
d.h

V(T0)
N(T0)

= EQ
N(V(T1)

N(T1)
|FT0

)
. (3.9)

So instead of calculating the parameters (α, β) for the replication portfolio we may alternatively
calculate the measureQN, i.e. the parameterq. At first it appears to be equally complex to
calculateQN as it is to calculate the replication strategy. However, determiningQN has a
striking advantage: The calculation ofQN is independent of the derivativeV, but the pricing
formula (3.9) is valid for all derivativesV. If QN has been determined once, all derivativesV
may be priced as aQN-expectation.

In Equations (3.5) to (3.9) we have consideredN-relative prices, i.e. the value of any prod-
uct V was expressed in fractions ofN, i.e. by V

N . As long asS , 0, we may repeat these
considerations withS-relative prices, i.e. we have

V(T1, ω1)
S(T1, ω1)

= α + β
N(T1, ω1)
S(T1, ω1)

V(T1, ω2)
S(T1, ω2)

= α + β
N(T1, ω2)
S(T1, ω2)

(3.10)

with the same (α, β) and we obtain the same value for the replication portfolioV(T0), namely

V(T0)
S(T0)

= α + β
N(T0)
S(T0)

. (3.11)

If we determine the measureQS, such that

N(T0)
S(T0)

= EQ
S(N(T1)

S(T1)
|FT0

)
d.h

V(T0)
S(T0)

= EQ
S(V(T1)

S(T1)
|FT0

)
, (3.12)

then the measureQS is different fromQN - we have for example

QS({ω1}) =
N(T0)
S(T0) −

N(T1,ω2)
S(T1,ω2)

N(T1,ω1)
S(T1,ω1) −

N(T1,ω2)
S(T1,ω2)

.

However, the measureQS also allows us to calculate the value of all derivativesV as aQS-
expectation via (3.12).

We conclude this section with some remarks:

• Under the measureQN the relative priceS
N is a martingale: This is the defining property

for the measureQN.

• Under the measureQN the relative priceV
N of any replication portfolioV is a martingale:4

This allows the calculation of the price ofV asQN-expectation ofN-relative payout.

• The choice of the product that functions as reference (numéraire) is arbitrary (as long as
it is non-zero). The measureQ, under which any nuḿeraire-relative replication portfolio
becomes a martingale, depends on the chosen numéraire. This makes it possible to
change the nuḿeraire-measure-pair (N,QN), e.g. if this simplifies the calculation of the
expectation.

• It is necessary to consider relative prices, such that

4 This follows since the replication portfolio is a linear combination of martingales and the expectation is linear.
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3.1. REPLICATION STRATEGIES

T1

P({ω1}) = p11 ⋅ p21 ⋅ p31

1-p11

T0

S(T1, ω8)
N(T1, ω8) V(T1, ω8)

V(T1, ω1)

V(T0)
•
•
•

S(T1, ω1)
N(T1, ω1)

p11

1-p22

p22

p21

1-p21

p34
1-p34

1-p33

p33

1-p32

p32

1-p31

p31

•
•
•

T2 T3

P({ω2}) = p11 ⋅ p21 ⋅ (1-p31)
etc.

S(T0)
N(T0)

Figure 3.3.: Replication: Generalization to multiple states

– QN is independent ofV,

– QN is a probability measure, i.e.QN(Ω) = 1.

Exercise: Change of Measure

1. Reconsider the above under the numéraireS, calculateQS and show (e.g. for an exam-
ple) thatQN , QS.

2. Instead of relative prices consider absolute prices, i.e. choose as numéraire 1 and deter-
mine the measureQ1 for which

V(T0) = EQ
1(

V(T1)|FT0

)
.

Show thatQ1 depends on the specificV(T1) and is thus not universal for all replication
portfolios.

In case we wish to replicate a payoff X(T), which depends on multiple statesω1, . . . , ωn,
then the above may be extended either by considering multiple time stepsT0, T1, . . . ,Tn−1 = T
(dynamic replication) or multiple assetsN, S1, . . . ,Sn−1 - see Figure3.3.
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CHAPTER 3. REPLICATION

3.2. Foundations: Equivalent Martingale Measure

3.2.1. Challenge and Solution Outline

Motivation: According to the previous example, the evaluation of a product
through the value of a corresponding replication strategy may be given as theQN-
expectation of theN-relative price (whereN denotes the chosen reference asset -
thenuméraire).

How can we determine the measureQN, given that we know the price processes under the
real measureP? Note that under the measureQN, the N-relative prices are martingales, i.e.
as It̂o-processes they are drift-free (Lemma52) - this is the defining property ofQN -, and a
change of measureP→ QN implies a change of drift for It̂o processes (Theorem58).

Thus, if we know the price processes under the real measureP (i.e. given a “model”), first
we can derive theN-relative price processes under the real measureP by using thequotient
rule. Then we can derive the equivalent martingale measureQN from the change of drift by
usingGirsanov’s theorem(Theorem58) (see Figure3.4).

V (T1) = EP
(
V (T2) · N(T1)

N(T2)
· dQdP

∣∣∣∣
FT2

| FT1

) V (T1)
N(T1)

= EQN
(
V (T2)
N(T2)

|FT1

)
⇒ V (T1) = EQN

(
V (T2) · N(T1)

N(T2)
|FT1

)

d
(
S
N

)
=

(
µ1
N
− µ2
N
S
N
− ρ12σ1σ2

N2
+

S
N3

σ22

)
dt

+
σ1
N
dWP

1 −
σ1
N
S
N
dWP

2

d
(
S
N

)
=
σ1
N
dWQN

1 − σ1
N
S
N
dWQN

2

dS=µ1dt + σ1dWP
1

dN=µ2dt + σ2dWP
2

dQ
dP

∣∣∣∣
Ft

= exp
(Z t

0
C(s)dW (s)− 12

Z t

0
|C(s)|2ds

)
WQ(t) =WP(t)−

Z t

0
C(s)ds

Real Measure Martingale Measure

Itô Lemma

Girsanov Theorem

PricingPricing

Figure 3.4.: Real Measure versus Martingale Measure.

Surprisingly, in our applications weneverneed to calculate the equivalent martingale mea-
sure: Since we know the processes underQN (we know their drift underQN and only the drift

This work is licensed under a
Creative Commons License.
http://creativecommons.org/licenses/by-nc-nd/2.5/deed.en

60 Comments welcome.
©2004, 2005, 2006, 2007 Christian Fries

Version 1.4.18 [build 20070403]- 1st May 2007
http://www.christian-fries.de/finmath/book

http://creativecommons.org/licenses/by-nc-nd/2.5/deed.en
http://creativecommons.org/licenses/by-nc-nd/2.5/deed.en
http://www.christian-fries.de/finmath/book


3.2. FOUNDATIONS: EQUIVALENT MARTINGALE MEASURE

changes under a change of measure), we know the conditional probability densities underQN

and these are enough to calculate expectations (see Definition10).
What remains is to clarify under which conditions a given payoff function may be replicated

and under which conditions an equivalent martingale measure exists. In this chapter we give
a short overview of the corresponding mathematical foundations. In our later applications we
will not discuss the existence of the equivalent martingale measure. C|

Problem description:

Given:M = {X1, . . . ,Xn}, whereXi denotes price processes under the (real) measureP, and a
contingent claim (payoff profile)V(T), whereV(T) is aFT measurable random variable.
Wanted: Price indication, i.e. the valueV(t) of V(T) at timet < T, especiallyV(0), whereV is
a {Ft}-adapted stochastic process.

Solution (sketched):

• Choice of numéraire: Let N ∈ M denote a price process that may function as reference
asset (numéraire). Without loss of generality letN = X1.

• Existence of a martingale measure for N-relative prices: By Theorem74 there exists a
measureQN, such thatXi

N is a martingale with respect toFt, ∀ i = 1, . . . ,n.

• Definition of the (candidate) of a value process of the replication portfolio: Define

V(t) := N(t) · EQ
N( V(T)

N(T)
|Ft

)
.

Then V(t)
N(t) is aQN-martingale with respect toFt (tower law).

• Martingale representation theorem gives trading strategy: Since the processesXN =
( X1

N , . . . ,
Xn

N ) and V
N are martingale underQN, there exists aφ = (φ1, . . . , φn) such that

V(t)
N(t)

=
V(0)
N(0)

+

∫ t

0
φ(s) · d

(
X(s)
N(s)

)
(3.13)

(Martingale Representation Theorem).

• The portfolio processφ may be chosen to be self-financingby setting

φ1(t) :=
V(0)
N(0)

+

n∑
i=2

∫ t

0
φi(s)d

(
Xi(s)
N(s)

)
−

n∑
i=2

φi(t)
Xi(t)
N(t)

.

Note: d
(

X1
N

)
= d

(
N
N

)
= 0, i.e. (3.13) holds unchanged.

• The portfolio processφ describes a replication portfolio for V(T): We have

V(T) =

n∑
i=1

φi(T)Xi(T) =
n∑

i=1

φi(0)Xi(0)+
∫ T

0
φ(s) · dX(s).
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CHAPTER 3. REPLICATION

• The evaluation does not require to explicit determination of the replication portfolio:
V(t) is the value of the replication portfolio at timet and we have

V(t)
N(t)

= EQ
N( V(T)

N(T)
|Ft

)
. (3.14)

3.2.2. Steps towards the Universal Pricing Theorem

We will now list the central building blocks of risk-neutral pricing, towards theUniversal
Pricing Theorem(3.14):

• Trading Strategiesand characterization ofself-financingof a trading strategy - in the
following in Number66-72.

• Equivalent Martingale Measure, to obtain a trading strategy from the martingale repre-
sentation theorem, as a candidate for the replication strategy - in the following in Num-
ber73-74.

• Replication of given payoff functionsandUniversal Pricing Theoremfollowed by defi-
nition of a martingale processt 7→ EQ

N
( V(T)

N(T) | Ft) for the given payoff functionVT - in
the following in Number76-79.

This program is found in this order in most of the literature, some being less technical ([3]),
some being more technical ([6, 27]). We will usually sketch the theory without technical
proofs, but include references to the literature.

Basic Assumptions (Part 1 of 3)

LetM = {X1, . . . ,Xn} denote a family of (It̂o) stochastic processes, defined over the filtered
probability space (Ω,F ,P, {Ft})

dXi = µ
P
i dt +

m∑
j=1

σi, jdWj ,

where{Ft} is the (augmentation of the) filtration generated by the (independent) Brownian
motionsWj and the coefficientsµP andσ fulfill the integrability conditions∫ T

0
|µPi (s)| ds < ∞

∫ T

0

m∑
j=1

|σi, j(s)|
2 ds < ∞ P-almost surely.

The elements ofM are price processes of traded assets (M represents the market). We consider
these only upto a finite time horizonT and thus assume furthermoreF = FT .

3.2.2.1. Self-financing Trading Strategy

Definition 66 (Portfolio, Trading Strategy, Self-financing): q
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3.2. FOUNDATIONS: EQUIVALENT MARTINGALE MEASURE

1. An n-dimensional{Ft}-progressively measurableprocessφ = (φ1, . . . , φn) with∫ T

0
|φiµ

P
i (s)| ds < ∞

∫ T

0

m∑
j=1

|φiσi, j(s)|
2 ds < ∞ P-almost surely.

is calledportfolio processor trading strategy.

2. Thevalue of the portfolioφ at timet is given by the scalar product

Vφ(t) := φ(t) · X(t) =
n∑

i=1

φi(t)Xi(t).

The processVφ is calledwealth processof the portfolioφ.

3. Thegain processof the portfolioφ is defined by

Gφ(t) :=
∫ t

0
φ(τ) · dX(τ) =

n∑
i=1

∫ t

0
φi(τ) · dXi(τ).

4. The portfolio processφ is calledself-financing, if

Vφ(t) = Vφ(0)+Gφ(t) ∀ t ∈ [0,T] P-almost surely, (3.15)

i.e.
dVφ = φ · dX. (3.16)

y

Remark 67: The integrability condition in Definition66.1 ensures that theItô integral∫ t

0
φ(s) dX(s) exists.

Interpretation: We interpret{Xi | i = 1, . . . ,n} as a family of stock price
processes andφ(t) := (φ1(t), . . . , φn(t)) as a stock portfolio, i.e.φi denotes the
number of stocksXi in the portfolio.

The relation (3.16) may be interpreted as following: A change in the portfolio
valueVφ comes only from changes in the stocksX, as if the portfolio remained unchanged,
i.e. we hold a portfolio ofφ stocks and gain over dt the amountφ · dX. On the other hand, ifφ
is an It̂o-process we have from theproduct rule

dVφ = d(φ · X) = X · dφ + φ · dX + dφ · dX = φ · dX + dφ · (X + dX)

and thus we find from (3.16) the equivalent characterization of self-financing

dφ · (X + dX) = 0

and with dφ · dX = 0 thus
dφ · X = 0. (3.17)

In other words, the portfolio may change, but such a change must not change the value. The
portfolio change does not produce any cost: it finances itself.

The interpretation of condition (3.17) becomes clear if we consider the time-discrete variant
of a self-financing strategy:
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CHAPTER 3. REPLICATION

• At time Ti there exists aφ(Ti) of the productsX(Ti). Its value isVφ(Ti) = φ(Ti) · X(Ti).

• At time Ti the productsX are traded at pricesX(Ti) and the portfolio is rearranged in
a self-financingmanner. The portfolio changes by∆φ(Ti+1) = φ(Ti+1) − φ(Ti). This
change does not imply a change in value:∆φ(Ti+1) · X(Ti) = 0. This corresponds to the
continuous case:

dφ · X = 0.

• Over the interval∆Ti := Ti+1 − Ti the value of the productsX changes by∆X(Ti) :=
X(Ti+1) − X(Ti). The value of the portfolio thus changes byφ(Ti+1) · ∆X(Ti), i.e.

∆Vφ(Ti) = φ(Ti+1)X(Ti+1) − φ(Ti)X(Ti)

= φ(Ti+1)∆X(Ti) + ∆φ(Ti)X(Ti)︸         ︷︷         ︸
=0

.

This corresponds to the continuous case:
dVφ = φ · dX.

Note that this interpretation is consistent with the definition of the elementary Itô inte-
gral, see also Remark37.

• The first step of the rearrangement of the portfolio is done (conditionally) indepen-
dent of future changes in the product prices. The portfolio cannot anticipate future
changes of the product prices. This information does not exist at the time of the
portfolio rearrangement; we have considered the two time-discrete changes∆φ(Ti)
and∆X(Ti) as being consecutive. This independence corresponds to the continuous case:

dφ · dX = 0.

• (repeat)

Remark: We will discuss this time-discrete variant of a trading strategy (which does not result
in a complete replication) in Chapter7. C|

3.2.2.2. Relative Prices

Definition 68 (Numéraire): q
A price-processN ∈ M is callednuméraire(on [0,T]), if

P( {N(t) > 0 | ∀ t ≤ T} ) = 1.

y

Basic Assumptions (Part 2 of 3)

For the remainder of this chapter we assume thatX1 is a nuḿeraire and we will use the symbol
N := X1. Furthermore we require that the chosen numéraire is such that the integrability
condition formulated in Definition66is equivalent to the corresponding integrability condition
under the normalized system of the relative price processesX̃ = ( X2

N , . . . ,
Xn

N ), i.e. with

dX̃ = µ̃ dt + σ̃ dW
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3.2. FOUNDATIONS: EQUIVALENT MARTINGALE MEASURE

we require that for all{Ft}-progressively measurablẽφ = (φ2, . . . , φn), φ = (0, φ2, . . . , φn)∫ T

0
|φ(s) · µ(s)| + ‖φ(s) · σ(s)‖22 ds < ∞ P-almost surely,

⇔

∫ T

0
|φ̃(s) · µ̃(s)| + ‖φ̃(s) · σ̃(s)‖22 ds < ∞ P-almost surely.

Remark 69 (Assumptions on the Nuḿeraire): We pose an additional assumption on the
numéraire, namely that it is such that the known integrability condition can be equivalently
formulated with respect to the normalized systemX

N , i.e. the relative price processes. In many
cases this follows from a more specific choice for the numéraire, e.g. for a locally riskless
numéraire dN = r(t)N(t) dt or for dN = r(t)N(t) dt+

∑m
j=1σ1, j(t)N(t)dWj with boundedσ1, j .

Thus, in many works the requirement on the normalized system does not appear in this form
since it is implied by the specific choice of the numéraires.

Lemma 70 (Condition of self-financing is invariant under a move to relative prices): Let
φ = (φ1, . . . , φn) denote a portfolio. Then we have

dVφ =

n∑
i=1

φidXi ⇔ d
Vφ

N
=

n∑
i=1

φid
Xi

N
.

In other words,φ is self-financing if and only if

d
Vφ

N
=

n∑
i=1

φid
Xi

N
.

Proof: Let

dVφ =

n∑
i=1

φidXi . (3.18)

Then we find from dXi · ( 1
N + d( 1

N )) + Xi · d( 1
N ) = dXi

N

d
Vφ

N
= dVφ · (

1
N
+ d(

1
N

)) + Vφ · d(
1
N

)

(3.18)
=

n∑
i=1

φidXi · (
1
N
+ d(

1
N

)) +
n∑

i=1

φiXi · d(
1
N

)

=

n∑
i=1

φid
Xi

N
=

n∑
i=2

φid
Xi

N
.

Conversely we have from

d
Vφ

N
=

n∑
i=1

φid
Xi

N
(3.19)
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CHAPTER 3. REPLICATION

with dXi

N · (N + dN) + Xi

N · dN = dXi , that

dVφ = d(
Vφ

N
· N) = d

Vφ

N
· (N + dN) +

Vφ

N
· dN

(3.19)
=

n∑
i=1

φid
Xi

N
· (N + dN) +

n∑
i=1

φi
Xi

N
· dN

=

n∑
i=1

φidXi .

�|

Remark 71: Note that due to the choice of the numéraire,φ1 does not enter into the sum
over dXi

N . We will use this in the following Lemma to construct a self-financing replication
portfolio.

The move to relative prices makes it possible to construct a self-financing portfolio from a
partial portfolioφ2, . . . , φn which fulfills for a given processV the relation

d
V
N
=

n∑
i=2

φid
Xi

N
. (3.20)

Note that in (3.20) V stands for an arbitrary process, not limited toVφ (the value process of
the portfolio). This process becomes the value process of a self-financing portfolio by the
following choice ofφ1 (replication):

Lemma 72 (Self-financing strategy for given partial portfolio and given initial value):
Let φ̃ = (φ2, . . . , φn) be{Ft}-progressivly measurableand such that∫ t

0
|φ̃(s)µ̃(s)| + ‖φ̃(s) · σ̃(s)‖22ds < ∞ P-almost surely.

Then we have thatφ = (φ1, . . . , φn) where

φ1(t) :=
V0

N(0)
+

n∑
i=2

∫ t

0
φi(s)d

(
Xi(s)
N(s)

)
−

n∑
i=2

φi(t)
Xi(t)
N(t)

(3.21)

defines a self-financing strategy withVφ(0) = V0.

Proof: To show thatφ is self-financing it is sufficient to show that (Lemma70)

d
Vφ

N
=

n∑
i=1

φid
Xi

N
. (3.22)

From equation (3.21) it follows (note thatX1
N = 1 and dX1

N = 0) that

n∑
i=1

φi(t)
Xi(t)
N(t)

=
V0

N(0)
+

n∑
i=1

∫ t

0
φi(s)d

(
Xi(s)
N(s)

)
and thus (3.22). The initial conditionVφ(0) = V0 follows from settingt = 0. �|

The relation (3.20) would follow from the martingale representation theorem, if the cor-
responding processes were martingales. It thus becomes natural to ask for a measure under
which the relative pricesXi

N become martingales.
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3.2. FOUNDATIONS: EQUIVALENT MARTINGALE MEASURE

3.2.2.3. Equivalent Martingale Measure

Definition 73 (Equivalent Martingale Measure): q
Let N denote a nuḿeraire. A probability measureQN defined on (Ω,F ) is calledequivalent
martingale measure with respect to N(equivalent N-martingale measure) (onM), if

1. QN andP are equivalent, and

2. theN relative price processesXi

N (i = 1, . . . ,n) areFt-martingales with respect toQN.

y

Theorem 74 (Equivalent Martingale Measure, Existence and Uniqueness): Let X̃ =
( X2

N , . . . ,
Xn

N ) with
dX̃ = µ̃dt + σ̃dW(t).

Suppose that there exists a progressively measurable processC : [0,T] × Ω → Rn−1 such that∫ T

0
‖C(s)‖2 ds < ∞ and

µ̃ = σ̃ ·C λ × P-almost surely on [0,T] ×Ω.

Let Z(t) := exp(
∫ t

0
C(s)dW(s) − 1

2

∫ t

0
‖C(s)‖2ds.

1. (Existence) If EP (Z(T)) = 1 then the measureQN defined through

dQN

dP

∣∣∣∣∣∣
Ft

= Z(t) (3.23)

is an equivalent martingale measure.

2. (Uniqueness) If further the processC defined in (74) is unique, thenQN is the unique
equivalent martingale measure.

Remark 75 (State Price Deflator): If EP (Z(T)) < 1 then (3.23) does not define a Radon-
Nikodým process of a probability measure. Then it is not possible to define an equivalent
martingale (probability) measure through (3.23). However, it is still possible to define an
universal pricing theorem through

V(t)
N(t)

= EP
(

V(T)

N(T)
Z(T)

∣∣∣ Ft

)
.

The processZN is calledstate price deflator.

3.2.2.4. Payoff Replication

Given the existence of an equivalent martingale measure we can define a self-financing trading
strategy replicating a given contingent claimVT .

Definition 76 (Admissible trading strategy): q
A self-financing trading strategyφ is calledadmissible, if

Vφ ≥ −K
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CHAPTER 3. REPLICATION

for some finiteK. y

Definition 77 (Attainable contingent claim,complete): q
Let T > 0. A FT-measurable random variableV(T) is calledattainable contingent claim(or
replicable payoff ), if there exists (at least one) admissible trading strategyφ such that

Vφ(T) = V(T).

The marketM is calledcompleteif any contingent claim (payoff function) is attainable (repli-
cable). y

Basic Assumptions (Part 3 of 3)

Using the martingale representation theorem on EQN( V(T)

N(T)

∣∣∣ Ft
)
we find a representatioñθdWQ

N
.

In order to find the replication portfoliõφ such that̃θdWQ
N
= φ̃dX̃ = φ̃ · σ̃dWQ

N
we need to

solveφ̃·σ̃ = θ̃. We assume that for anỹθ,
∫ T

0
‖θ̃(s)‖

2
2ds < ∞ there exists ãφ,

∫ T

0
‖θ̃(s)‖

2
2ds < ∞

such that
φ̃ · σ̃ = θ̃.

What follows is

Theorem 78 (self-financing replication portfolio of a given payoff function): Let QN

denote an equivalent martingale measure andV(T) a given payoff function (contingent claim)

with EQ
N
(∣∣∣ V(T)

N(T)

∣∣∣2) < ∞. Furthermore let

V(t) := N(t) · EQ
N( V(T)

N(T)

∣∣∣ Ft
)
.

From that it follows thatVN is aQN-Martingal. Furthermore letφ2, . . . , φn be as in themartin-
gale representation theorem, i.e.

d
V
N
=

n∑
i=2

φi d
Xi

N
.

For the portfolioφ = (φ1, . . . , φn) let φ1 be chosen as in Lemma72with Vφ(0) := V(0).
Thenφ is a self-financing replication portfolio ofV, i.e. we have

V(t) = Vφ =

n∑
i=1

φiXi .

In other words:V(T) is an attainable contingent claim.

Proof: That V
N is aQN-martingale follows immediately from the definition and thetower

law5. From the definition of the martingale measure,Xi

N areQN-martingales and themartingale
representation theoremgives the existence ofφ2, . . . , φn with

d
V
N
=

n∑
i=2

φi d
Xi

N
.

5 See Exercise2 on Page369
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3.2. FOUNDATIONS: EQUIVALENT MARTINGALE MEASURE

Choosingφ1 as in Lemma72will makeφ self-financing.
For the value processVφ we find from Lemma70 that

d
Vφ

N
=

n∑
i=2

φid
Xi

N

and thus dVφN = dV
N , so together withVφ(0) = V(0)

V(t) = Vφ(t) =
n∑

i=1

φidXi .

�|

Since the definition of the martingale measureQN was totally independent ofV we have

Theorem 79 (Risk-Neutral Valuation Formula, Universal Pricing Theorem): Let φ de-
note an admissible self-financing trading strategy andQN an equivalent martingale measure

with respect to the nuḿeraireN with EQ
N
(∣∣∣Vφ(T)

N(T)

∣∣∣2) < ∞. Then

Vφ(t)

N(t)
= EQ

N

(
Vφ(T)

N(T)

∣∣∣ Ft

)
. (3.24)
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CHAPTER 3. REPLICATION

3.3. Excursus: Relative Prices and Risk Neutral
Measures

3.3.1. Why relative prices?

In our simple example from Section3.1.2, using time-discrete processes with discrete states, it
became apparent that the useful martingale measure may be chosen independently of the payoff

function only if we consider relative prices. However, looking at the continuous time theory
from Section3.2.2, the consideration of relative prices seems to be less motivated. To motivate
therelative priceswe repeat steps of the continuous time theory by considering absolute prices:

Let
dXi = µi · dt + σi · dWPi , i = 1, . . . ,n

denote the price processes ofn traded assets. We assume thatσi > 0, ∀ i. The processes are
given under the real measureP. Sinceσi > 0, we have fromGirsanov’s Theoremthat there
exists a measureQ1, such that the processes areQ1-martingales, i.e.

dXi = σi · dWQ
1

i , i = 1, . . . ,n.

If VT denotes a given payoff function, then

V(t) := EQ
1
(V(T) | Ft) (3.25)

is aQ1-martingale and from themartingale representation theoremwe get the existence of a
portfolio process (φ1, . . . , φn) with

dV(t) =
n∑

i=1

φi · dXi .

At this point we have to ask ourselves whether (φ1, . . . , φn) is a self-financing replication
portfolio, i.e. whether

V(t) =
n∑

i=1

φi · Xi .

Without this identityV(t) − V(0) is just the gain process of the trading strategy (φ1, . . . , φn).6

The key in the construction of the self-financing replication portfolio was the ability to use
one asset as storage, here e.g.X1. We divided by this asset and applied the representation
theorem only to the remainingn− 1 processesX2

X1
, . . . , Xn

X1
. After that we could useφ1 to ensure

self-financing sinceX1
X1

(= 1) did not carry any risk (see Lemma70). So:

• If we use the representation theorem on (X1, . . . ,Xn) we find a representation of the gain
process, but it is not clear if the portfolio (φ1, . . . , φn) is self-financing and replicating.

• If we use the representation theorem on (X2, . . . ,Xn) and setφ1 through Lemma70, then
the portfolio (φ1, . . . , φn) is self-financing, but it is not clear if the portfolio replicates
V(T).

6 Reconsider the definition of self-financing: The required condition is d(
∑n

i=1 φi Xi ) =
∑n

i=1 φidXi .
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3.3. EXCURSUS: RELATIVE PRICES AND RISK NEUTRAL MEASURES

In order to construct a self-financing replicating trading strategy there has to be an assets
that (locally) does not carry any risk. Then processesX1, . . . ,Xn have to be driven byn − 1
brownian motions, i.e. then − 1 processesX2

X1
, . . . , Xn

X1
have to be driven byn − 1 brownian

motions.
We consider price processes as before, however now letσ1 = 0 and, e.g.,µ1 = r · X1 with

r > 0 andX1(0) > 0. In this caseX1 corresponds to the value of a riskless (σ1 = 0) asset with
continuously compounded interest rater:

dX1 = r · X1 · dt, i.e. X1(t) = X1(0) · exp(r · t).

Obviously, there exists no measure under whichX1 would be a martingale. The product is
riskless, i.e.X1 is not stochastic and the expectation is thus independent of the probability
measure. To make all processes martingales via a change of measure we have to move to
relative prices. Dividing all processes byN := X1 we have X1

N = 1, which trivially is a
martingale (under any measure). The remaining processesXi

N are either risky (i.e. with non-
zero volatility) or martingales (i.e. if they are riskless they are constant), since the presence of
a risklessN-relative process with drift different from 1 would imply arbitrage.7

It is not necessary to chose the riskless asset as numéraire. We could have divided by any
asset. EitherX1

N is stochastic (i.e. has non zero volatility) and can be turned into a martingale
by a change of measure, orX1

N is drift-free.8

Interpretation: The transformation to relative prices corresponds to the trans-
formation of the riskless rate of return (drift) to 0. This corresponds to the change
of the frame of reference in physics. Since there is onlyoneriskless asset, there is
only one measure under whichall processes become martingales. With this mea-

sure we can use themartingale representation theoremto derive theuniversal pricing theorem.
C|

3.3.2. Risk Neutral Measure

For each nuḿeraireN there usually exists a different equivalent martingale measureQN. As
risk-neutral measurewe denote the equivalent martingale measureQB corresponding to the
(locally) riskless assetB with

dB = r · B · dt.

The namerisk-neutral measurestems from the following considerations: Under the measure
QB we have for any financial assetS that S

B is a martingale. Thus, relative toB, S does not have
any additional drift. So underQB the assetS has the same local rate of return as the riskless
assetB, i.e. we have (written as a lognormal process)

dS = r · S · dt + σ · S · dWQ
B
.

If QB had been the real measure, then this would imply that the real local rate of return ofS
would be the same asB. In such a market all assets would have the same local rate of return,

7 If there were two riskless assets with different local rates of return, then we could construct a portfolio with zero
initial cost having a positive payout with probability one. This portfolio is constructed by buying the high yield
asset and financing this by (short) selling the low yield asset.

8 This statement does not hold globally, it holds locally.
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CHAPTER 3. REPLICATION

namelyr, independent of their riskσ. In other words: On average, the market participants are
neutral with respect to risk: they are neither risk-affine, nor risk-averse.

In general one would expect that under the real measure all risky assets (σ > 0) have a local
rate of return, i.e. drift,> r, since investors like to get rewarded for the risk they take. There
are however counter examples: For a lottery the expected payoff is usually much less than the
initial investment, since the lottery pays out only a part of the total investments.
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Part II.

First Applications:
Black-Scholes Model, Hedging

and Greeks
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CHAPTER 4

Pricing of a European Stock Option
under the Black-Scholes Model

We assume here that interest rates are deterministic and that a bank account exists which may
be used to invest or draw cash at acontinuously compoundedrater(t), i.e. the investment of
B(0) = 1 in t = 0 evolves as

dB(t) = r(t)B(t)dt,

i.e.

B(t) = exp
( ∫ t

0
r(τ)dτ

)
(4.1)

(herer denotes a known real valued function of time, not a random variable). Furthermore we
assume that the stockS(t) follows

dS(t) = µP(t)S(t)dt + σ(t)S(t)dWP(t) under the real measureP, (4.2)

(if σ is a constant, thenσ is called Black-Scholes volatility). The measureP denotes thereal
measure. Let K ∈ R. We wish to derive the valueV(0) of the contract paying

V(T) = max(S(T) − K,0)

in t = T.

We use the techniques from Chapter3 (the following steps will be repeated similarly in other
applications): As a NuḿeraireN(t), i.e. as reference quantity, we choose the bank account
N(t) := B(t). From Theorem74 we have the existence of a measureQN, equivalent toP, such
that S(t)

N(t) and V(t)
N(t) are both martingales.1 From Theorem58S is givenQN with a changed drift,

i.e.

dS(t) = µQ
N
(t)S(t)dt + σ(t)S(t)dWQ

N
(t) underQN,

1 By V(t) we denote the value of the replication portfolio consisting ofS(t), B(t) such thatV(T) = max(S(T)−K,0).
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CHAPTER 4. PRICING OF A EUROPEAN STOCK OPTION UNDER THE BLACK-SCHOLES MODEL

(whereWQ
N

denotes aQN-Brownian motion).2 From the quotient rule48we find

d

(
S(t)
B(t)

)
=

S(t)
B(t)

[
µQ

N
(t)dt + σ(t)dWQ

N
(t)

]
−

S(t)
B(t)

[
r(t)dt

]
−

S(t)
B(t)

[
µQ

N
(t)dt + σ(t)dWQ

N
(t)

][
r(t)dt

]
−

S(t)
B(t)

[
r(t)dt

][
r(t)dt

]
and by formal expansion, see Theorem45

=
S(t)
B(t)

[
(µQ

N
(t) − r(t))dt + σ(t)dWQ

N
(t)

]
underQN.

From Lemma52 it follows thatµQ
N
(t) = r(t). For the processY := log(S) we then have by

Lemma49

d(log(S(t)) = (r(t) −
1
2
σ2(t))dt + σ(t)dWQ

N
(t) underQN,

i.e. log(S(T)) has normal distribution with mean ¯µ := log(S(0)) + r̄T − 1
2σ̄

2T and standard
deviationσ̄

√
T, where we define ¯r andσ̄ as

r̄ =
1
T

( ∫ T

0
r(t)dt

)
σ̄ =

( 1
T

∫ T

0
σ2(t)dt

)1/2
.3

That the distribution of log(S(T)) is normal follows from the definition of the Itô process: By

d(log(S(t)) = (r(t) −
1
2
σ2(t))dt + σ(t)dWQ

N
(t)

we have just stated that

log(S(T)) = log(S(0))+
∫ T

0
(r(t) −

1
2
σ2(t))dt +

∫ T

0
σ(t)dWQ

N
(t)

= log(S(0))+ r̄T −
1
2
σ̄2T +

∫ T

0
σ(t)dWQ

N
(t)

= log(S(0))+ r̄T −
1
2
σ̄2T + σ̄WQ

N
(T).

We thus know the dynamics ofS(t) andB(t) and more importantly the distribution ofS(T)
under the measureQN. Furthermore we know that the value ofV(0) satisfies

V(0)
B(0)

= EQ
N(V(T)

B(T)

)
,

2 SinceB has no stochastic component, i.e. does not depend on the path parameterω ∈ Ω, (4.1) holds underQN,
too.
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thus (withB(0) = 1, B(T) = exp(r̄T ))

V(0) = B(0) · EQ
N(V(T)

B(T)

)
= 1 · EQ

N(max(S(T) − K,0)
exp(r̄T )

)
= exp(−r̄T ) · EQ

N(
max(S(T) − K,0)

)
= exp(−r̄T ) · EQ

N(
max(exp(log(S(T))) − K,0)

)
= exp(−r̄T ) ·

∫ ∞

−∞

max(exp(y) − K,0) ·
1

σ̄
√

T
φ
( y− µ̄

σ̄
√

T

)
dy,

whereφ(x) := 1
√

2π
exp(−x2/2) denotes the density of the standard normal distribution. The

above integral may be represented as

V(0) = S(0)Φ(d+) − exp(−r̄T )KΦ(d−), (4.3)

whereΦ(x) := 1
√

2π

∫ x

−∞
exp(−y2

2 )dy andd± = 1
σ̄
√

T

[
log(S(0)

K ) + r̄T ± σ̄2T
2

]
.4

To derive this formula we consider for givenK, µ, σ ∈ R (σ > 0)∫ ∞

−∞

max(exp(y) − K,0) ·
1
σ
φ
(y− µ
σ

)
dy

=

∫ ∞

log(K)
(exp(y) − K) ·

1
√

2πσ
exp

(
−

(y− µ)2

2σ2

)
dy

=
1
√

2πσ

∫ ∞

log(K)
exp(y) · exp

(
−

(y− µ)2

2σ2

)
dy

−
1
√

2πσ
K

∫ ∞

log(K)
exp

(
−

(y− µ)2

2σ2

)
dy.

It is

1
√

2πσ

∫ ∞

log(K)
exp(y) · exp

(
−

(y− µ)2

2σ2

)
dy

=
1
√

2πσ

∫ ∞

log(K)
exp

(
−

(y− µ)2 − 2σ2y
2σ2

)
dy

with (y− µ)2 − 2σ2y = (y− (µ + σ2))2 − 2µσ2 − σ4

=
1
√

2πσ

∫ ∞

log(K)
exp

(
−

(y− (µ + σ2))2

2σ2
+ µ +

1
2
σ2)dy

=
1
√

2πσ
exp(µ +

1
2
σ2)

∫ ∞

log(K)
exp

(
−

(y− (µ + σ2))2

2σ2

)
dy

and with the substitutiony−(µ+σ2)
σ

7→ y

=
1
√

2π
exp(µ +

1
2
σ2)

∫ ∞

log(K)−(µ+σ2)
σ

exp
(
−

y2

2
)
dy.

4 We denote the cumulative normal distribution function byΦ. In some books, especially in connection with the
Black-Scholes model, it is denoted byN (which we usually use for the nuḿeraire). Instead ofd+, d− one often
uses the symbolsd1, d2.
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CHAPTER 4. PRICING OF A EUROPEAN STOCK OPTION UNDER THE BLACK-SCHOLES MODEL

Similarly we have with the substitutiony−µ
σ
7→ y

1
√

2πσ
K

∫ ∞

log(K)
·exp

(
−

(y− µ)2

2σ2

)
dy

=
1
√

2π
K

∫ ∞

log(K)−µ
σ

exp
(
−

y2

2
)
dy

DefiningΦ(x) := 1
√

2π

∫ x

−∞
exp

(
−

y2

2

)
dy we thus get from 1

√
2π

∫ ∞
x

exp
(
−

y2

2

)
dy = Φ(−x) that

∫ ∞

−∞

max(exp(y) − K,0) ·
1
σ
φ
(y− µ
σ

)
dy

= exp
(
µ +

1
2
σ2)Φ(µ + σ2 − log(K)

σ

)
− KΦ

(µ − log(K)
σ

)
.

Remark 80 (Implied Black-Scholes Volatility): From Equation (4.3) and the definition of
d± we see that under the model (4.2) the price of an option depends onS(0), r̄ and σ̄ only
(apart from product parameters likeT andK). The parameter

σ̄ =
( 1
T

∫ T

0
σ2(t)dt

)1/2

is called the Black-Scholes volatility, whileσ(t) is called the instantaneous volatility of the
model (4.2). The Black-Scholes volatility is the square root of the average instantaneous vari-
ance (which is the square of the instantaneous volatility)5.

For fixedS(0), r̄ the pricing formula (4.3) is a bijection

σ̄ 7→ V(0)

[0,∞)→ [max(S(0)− exp(−r̄T )K,0) , S(0)]

and thus we may calculate the Black-Scholes volatility corresponding to a given priceV(0).
This volatility is called the implied Black-Scholes volatility.

5 Note: The variance of the sum of two independent normal distributed random variables is the sum of their respec-
tive variances.
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CHAPTER 5

Excursus: The Density of the
Underlying of a European Call Option

Lemma 81 (Probability density of the underlying of a European call option): Let S
denote a price process andN a nuḿeraire on the probability space (R,B(R),QN). Let K ∈ R
andT0 < T1 ≤ T2, whereT1 denotes afixing dateandT2 apayment dateof a European option
with payout

V(K; T2) := max(S(T1) − K,0).

Let us further assume that the numéraireN has been chosen such thatN(T2) = 1. Then we
have for the probability density1 φS(T1)(s) of S(T1) underQN

φS(T1)(s) =
1

N(T0)
·
∂2V(K,T0)

∂K2

∣∣∣∣∣∣
K=s

,

i.e.
∂2V(K,T0)

∂K2
= N(T0) · φS(T1)(K) =

dQN

dS
({ω : S(ω) = K}).

Remark 82 (Application): We may apply Lemma81 to European stock options (T1 = T2

andN(t) = exp(r · (T1 − t)), see Section4, or to Caplets, see Section10.
If a model is given (e.g. as a “black box” through some pricing software) and if the model

allows the pricing of arbitrary European options, then we can use this Lemma to infer the
probability distribution ofS(T) created by this model. This allows for some simple model
tests: If the probability density is 0 in any region, then the model should be discarded if these
regions play any role in the pricing. If the model exhibits regions with negative probability
density, then the model is not arbitrage-free. It is easy to set up interpolatory models that fail
when tested by this lemma. See Chapter6.

Proof: Under the measureQN, N-relative prices are martingales. Thus we have

V(K; T0)
N(T0)

= EQ
N

(
V(K; T2)

N(T2)

)
1 To be precise,φS(T1)(s) is the conditional probability density, conditioned onFT0 . For simplicity we assume that

FT0 = {∅,Ω} and write EQ
N

(·) for EQ
N

(· |FT0).
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CHAPTER 5. EXCURSUS: THE DENSITY OF THE UNDERLYING OF A EUROPEAN CALL OPTION

i.e.

V(K; T0) = N(T0) · EQ
N

(
V(K; T2)

N(T2)

)
= N(T0) ·

∫
Ω

max(S(T1;ω) − K,0) dQN(ω)

= N(T0) ·
∫ ∞

−∞

max(s− K,0) · φS(T1)(s) ds,

and thus

∂

∂K
V(K; T0) = N(T0) ·

∫ ∞

−∞

−1[0,∞)(s− K)φS(T1)(s) ds

= N(T0) ·
∫ ∞

K
−φS(T1)(s) ds,

i.e.

∂2

∂K2
V(K; T0) = N(T0) · φS(T1)(K).

�|

As a direct consequence we have

Lemma 83 (Prices of European options are convex): Prices of European options are a
convex function of the strike.
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CHAPTER 6

Excursus: Interpolation of European
Option Prices

Insufficient facts always invite danger.

Spock
Space Seed, stardate 3141.9, (Wikiquote).

6.1. No-Arbitrage Conditions for Interpolated Prices

We consider the priceV(K; 0) of a European option with payoffmax(S(T)−K,0) as a function
of the strikeK. We assumeS(T) ≥ 0. Let P(T; 0) denote the value of the zero-coupon bond
with nominal 1.1 From Lemma83, the mapping

K 7→ V(K)

(we write shortlyV(K) for V(K; 0)), which maps a strikeK to the corresponding option price
V(K) (for fixed, given maturityT and notional 1), has to satisfy the following conditions:

• V(0) = P(T; 0) · S(0) (sinceS(T) ≥ 0)

• V(K) = V(0)− P(T; 0) · K for K < 0 (sinceS(T) ≥ 0), i.e.V(K) is linear forK < 0,

• lim
K→∞

V(K) = 0,

• d2V
dK2 ≥ 0 (from Lemma81), i.e.V(K) is convex.

Given strikesK1 < K2 and corresponding option pricesV(K1) andV(K2) respectively, we
find geometric conditions for the possible (arbitrage-free) strike-price-points (K,V(K)). The
price pointsc = (K1,V(K1)) andd = (K2,V(K2)) as well asa = (−1,V(0) − P(T; 0)), b =
(0,V(0)) ande = (0,V(K2)) define linesab, bc, cd anddewhich are boundaries of the set of
admissible strike-price points. As depicted in Figure6.1we have:

• For K < K1 < K2:

– V(K) ≥ V(0)− P(T; 0) · K ((K,V(K)) ≥ ab).

1 See1.3.3on the notationP(T; 0).
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K

V(K)
a b

c
d

K1 K20

e

Figure 6.1.: Arbitrage-free option prices for European options (payoff max(S(T) − K,0)) with strike
K < K1 or K1 < K < K2 or K > K2; assuming that two option prices V(K1) > V(K2) (for K1 < K2) are
given.

– V(K) ≥ V(K1) K2−K
K2−K1

+ V(K2) K−K1
K2−K1

((K,V(K)) ≥ cd).

– V(K) ≥ V(0)+ (V(K1) − V(0)) K
K1

((K,V(K)) ≤ bc).

• For K1 < K < K2:

– V(K) ≥ V(K0) + (V(K1) − V(0)) K
K1

((K,V(K)) ≥ bc).

– V(K) ≥ V(K2) ((K,V(K)) ≥ de).

– V(K) ≤ V(K1) K2−K
K2−K1

+ V(K2) K−K1
K2−K1

((K,V(K)) ≤ cd).

• For K1 < K2 < K:

– V(K) ≥ V(K1) K2−K
K2−K1

+ V(K2) K−K1
K2−K1

((K,V(K)) ≥ cd).

– V(K) ≤ V(K2) ((K,V(K)) ≤ de).

6.2. Arbitrage Violations through Interpolation

In this section we give some examples to show that simple interpolation of prices or implied
volatilities may lead to arbitrage.

6.2.1. Example (1): Interpolation of four Prices

Consider a stockS with a current value ofS(0) = 1.0 and a European option onS having
maturityT = 1.0 and strikeK, i.e. we consider the payoff

max(S(1.0)− K,0).

Assume that for strikesK = 0.5,0.75,1.25,2.0 the following prices were given:
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6.2. ARBITRAGE VIOLATIONS THROUGH INTERPOLATION

i StrikeKi PriceV(Ki) Implied Volatility σ(Ki)

1 0.50 0.5277 0.4
2 0.75 0.3237 0.4
3 1.25 0.1739 0.6
4 2.00 0.0563 0.6

The given implied volatility is theσ of aBlack-Scholes Modelwith assumed interest rate (short
rate) ofr = 0.05. Note however that we start with given prices which are model-independent.

We will now discuss several “obvious” interpolation methods applied to this data. One ap-
proach consists of the interpolation of prices, the other approach consists of the interpolation of
implied volatilities and calculating interpolated prices from the interpolated volatilities. These
interpolations are not model-independent. The interpolation method itself constitutes a model.
This is obvious with the second approach, where a model is involved in the calculation, but
also applies to the first approach. From Lemma81we have that the interpolation method con-
stitutes a model for the underlying’s probability density. It does not model the underlying’s
dynamics.

6.2.1.1. Linear Interpolation of Prices

In Figure6.2 we show the linear interpolation of the given option prices. The prices do not
allow arbitrage, which is obvious from the convexity of their linear interpolation.
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Figure 6.2.: Linear interpolation of option prices.

However, the linear interpolation of prices has severe disadvantages: The linear interpolation
of option prices implies a model under which the underlying may not attain valuesK , Ki ,
the corresponding probability density is zero for these values. For values corresponding to the
given strikesKi a point measure is assigned, see Figure6.2, right. In addition the corresponding
implied volatilities look strange.

6.2.1.2. Linear Interpolation of Implied Volatilities

In Figure6.2 we show the linear interpolation of the corresponding implied volatilities (cen-
ter), while the corresponding prices are re-calculated via the Black-Scholes formula (left).
The linear interpolation of implied (Black-Scholes) volatilities may lead to prices allowing
for arbitrage: At the edgesK = 0.75 andK = 1.25 we have a point measure, the measure
for S(T) = 1.25 being negative. Thus the implied measure is not a probability measure, see
Figure6.2, right. From Lemma81 we have: There is no arbitrage-free pricing model that
generates this interpolated price curve.
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Figure 6.3.: Linear interpolation of implied volatilities.

On the other hand, linear interpolation of implied volatilities also has a nice property: If the
given prices correspond to prices from a Black-Scholes model, i.e. if the implied volatilities are
constant, then, trivially, the interpolated prices correspond to the same Black-Scholes model.

6.2.1.3. Spline Interpolation of Prices and Implied Volatilities

To remove the disadvantage of degenerated densities (i.e. the formation of point measures) as
it appears for a linear interpolation, we move to a smooth (differentiable) interpolation method,
e.g. spline interpolation. Figure6.4shows the spline interpolation of the given data. The upper
row shows the spline interpolation of the option prices. The lower row shows the spline inter-
polation of the implied volatilities. Using (cubic) spline interpolation the probability densities
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Figure 6.4.: Spline interpolation of option prices (upper row) and implied volatilities (lower row).

are continuous functions. However, it shows large regions with negative densities (Figure6.4
right), thus the density is not a probability density and arbitrage possibilities exist. The strike-
price-curve is not convex (Figure6.4, left).

A spline interpolation of prices generates negative densities, because the spline interpolation
of convex sample points is not convex.
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6.2. ARBITRAGE VIOLATIONS THROUGH INTERPOLATION

6.2.2. Example (2): Interpolation of two Prices

The example from Section6.2.1of a linear interpolation of implied volatilities may suggest
that the problem arises at the joins of the linear interpolation, i.e. the behavior atK2 = 0.75
andK3 = 1.25. One could hope that a local smoothing would solve this problem. Instead we
will give an example showeing that a linear growth of implied volatility may be inadmissible
alone, although the interpolated prices are admissible.

We consider two pricesV(K2) > V(K3). The monotony ensures that these two prices alone
do not allow for an arbitrage.

6.2.2.1. Linear Interpolation for decreasing Implied Volatilities

Consider the following prices

i StrikeKi PriceV(Ki) Implied Volatility σ(Ki)

2 0.75 0.4599 0.9
3 1.25 0.0018 0.1

The implied volatility decreases with the strikeK. Figure6.5shows the linear interpolation of
the implied volatilities (center). The density (see Figure6.5, right) shows a large region with
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Figure 6.5.: Linear interpolation for decreasing implied volatility.

negative values, thus it is not a probability density. The reason is a too fast decay of the implied
volatility.

Conclusion: An arbitrarily fast decrease of implied volatility is not possible.

6.2.2.2. Linear Interpolation for increasing Implied Volatilities

For the example of increasing implied volatility we consider the prices

i StrikeKi PriceV(Ki) Implied Volatility σ(Ki)

2 0.75 0.2897 0.2
3 1.25 0.2532 0.8

Figure6.5shows the linear increasing interpolation of the implied volatilities.
At first sight the density implied by the linear interpolation of the implied volatilities exhibits

no flaw (positive, no point measure). However, it is not a probability density. The integral
below the segment is larger than 1. That this is inevitable is obvious from the price curve.

This work is licensed under a
Creative Commons License.
http://creativecommons.org/licenses/by-nc-nd/2.5/deed.en

85 Comments welcome.
©2004, 2005, 2006, 2007 Christian Fries

Version 1.4.18 [build 20070403]- 1st May 2007
http://www.christian-fries.de/finmath/book

http://creativecommons.org/licenses/by-nc-nd/2.5/deed.en
http://creativecommons.org/licenses/by-nc-nd/2.5/deed.en
http://www.christian-fries.de/finmath/book


CHAPTER 6. EXCURSUS: INTERPOLATION OF EUROPEAN OPTION PRICES

Interpolated prices

0,75 1,00 1,25

strike

0,00

0,10

0,20

0,30

0,40

0,50

p
ri

ce

Interpolated volatlities

0,75 1,00 1,25

strike

0,25

0,50

0,75

vo
la

ti
lit

y

Probability density

0,75 1,00 1,25

underlying value

0,0E0

5,0E-3

1,0E-2

1,5E-2

d
e

n
si

ty

Figure 6.6.: Linear interpolation for increasing implied volatility.

The price curve is convex (and thus the density positive), but not monotone. The arbitrage
is obvious, since the option with strike 1.0 is cheaper than the option with strike 1.25. If the
prices should converge to 0 for increasing strike, then it is inevitable that the convexity will be
violated. Thus it is inevitable that the density will exhibit a region with negative values beyond
the interpolation region (this however will make the integral of the density to 1).

Conclusion: An arbitrarily fast increase of implied volatility is not possible.

6.3. Arbitrage-Free Interpolation of European Option
Prices

The examples of the previous sections bring up the question for arbitrage-free interpolation
methods.

Every arbitrage-free pricing model defines an arbitrage-free interpolation method, if it is
able to reproduce the given prices. However, this insight is almost useless, since:

• Most models are not able to reproduce arbitrarily given prices exactly.

– TheBlack-Scholes model(Chapter4) and (in its simplest form) theLIBOR Market
model(Chapter19) allow, by the choice of their volatility, the perfect fit for only
one European option per maturity.

– Extended models (e.g. models with stochastic volatility), which allow for a calibra-
tion to more than one option price per maturity, do this in an approximative way,
i.e. the residual error of the fitting is minimized, but not necessarily 0. However,
this may also be a desired effect, since such a fitting is more robust against errors
in the input data.

• Extended models, that fit more than one option price per maturity usually require great
effort to find the corresponding model parameters. These models are intended for the
pricing of complex derivatives (which justifies the effort), but not primarily as an in-
terpolation method to price European options. Examples of such model extensions are
stochastic volatilityor jump-diffusionextensions of theLIBOR Market Model, [23].

• Some models even require a continuum of European option pricesK 7→ V(T,K) as
input. Then they require an interpolation. An example for such a model is theMarkov
Functional Model, see Chapter25.
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6.3. ARBITRAGE-FREE INTERPOLATION OF EUROPEAN OPTION PRICES

Thus, special methods and models have been developed to specifically achieve the interpola-
tion of given European option prices. Often they reproduce given prices only approximately in
the sense of a “best fit” – they are not an interpolation in the original sense. The construction
of an (interpolating or approximating) price function (T,K) 7→ V(T,K) of European option
prices with maturityT and strikeK is calledmodeling of the volatility surface.

Definition 84 (Volatility Surface): q
Given a continuum (T,K) 7→ V(T,K) of prices of European options with maturityT and strike
K. Let σ(T,K) denote theimplied volatility of V(T,K), i.e. the volatility for which a risk-
neutral pricing with a lognormal model dS = rSdt + σ(T,K)SdW, S(0) = S0 (Black-Scholes
model) will reproduce the pricesV(T,K). Then (T,K) 7→ σ(T,K) is calledvolatility surface.

y

The modeling of a volatility surface may be viewed as important post processing of market
data. On the other hand it may be viewed as an integral part of the pricing model. A detailed
discussion of volatility surface modeling is beyond the scope of this little excursus and we
restrict ourself to citing a few methods:

Further Reading: The mixture of lognormalapproach [54] uses the fact
that if the probability densityφS(T) of the underlyingS(T) is given as convex
combination

φS(T) =

n∑
i=1

λiφσn,
n∑

i=1

λi = 1, λi ≥ 0

of lognormal densitiesφσi , then the price of a European option is given as a convex com-
bination (using the same weightsλi ’s) of corresponding Black-Scholes formulas.2 In some
cases this allows for a choice of theφσi ’s andλi ’s that exactly reproduces given option prices.
However, the method is not able to reproduce arbitrary arbitrage-free prices.

In [62] Fengler applies a cubic spline interpolation with an additional shape constraint to
given option prices. This leads to an arbitrage-free smoothing algorithm for the implied volatil-
ity.

TheSABRmodel [71] is a four parameter model (σ, α, β, ρ) for European interest rate op-
tions (the underlying is an interest rate, see8). It reproduces given prices only approximately,
but models a more realistic behavior of the dependency of the volatility surface from the spot
value of the underlying. C|

Experiment: At http://www.christian-fries.de/finmath/
applets/OptionPriceInterpolation.html several interpolation
methods may be applied to a user-defined configuration of European option
prices. The figures in this chapter were produced with this software. C|

2 This follows directly from the linearity of the integral with respect to the integrator dQ = φ(S)dS.
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CHAPTER 7

Hedging in Continuous and Discrete
Time and the Greeks

7.1. Introduction

The evaluation theory we have presented so far relies on the possibility of replicating a financial
derivative by a portfolio of traded assets (replication portfolio) and a self-financing strategy.

If we assume a perfect replication, we can evaluate a derivative product without explicitly
deriving the replicating strategy. This is made possible by the introduction of the equivalent
martingale measure and the universal pricing theorem. However, in practice the price calcu-
lated by this risk-neutral evaluation theory makes sense only if the corresponding replication
is conducted. Thus, it is necessary to explicitly determine the replication portfolio in order to
do the replication.

In the first part of this chapter we will show that the replication strategy may be derived from
the risk-neutral evaluation surprisingly simply.

Depending on the state space modeled, the following basic requirement has to hold in order
to replicate arbitrary payoff functions:

• To replicate arbitrary payoff functions modeled over a continuous state space it is in
general necessary to trade continuously and in infinitesimal amounts of the underlyings.
The existence of such a replicating trading strategy is ensured by themartingale repre-
sentation theorem, see Theorem53, Page44.

• To replicate arbitrary payoff functions modeled over a finite, discrete state space, it is
only necessary to trade at discrete times. However, the number of traded assets (un-
derlyings) has to match the number of possible state transitions over one time step, see
Section3.1.2, Page56.

Both modelings (continuous or discrete replication) do not represent reality exactly: On the
one hand it is not possible to trade continuously in infinitesimal amounts; On the other hand
the number of possible states is usually much larger than the number of traded assets.1

Apart from the question of how to derive the replication strategy for time-continuous trading,
we are especially interested in the replication when trading takes place at discrete points in time

1 At a stock exchange the prices that can be attained by a stock are in fact discrete.
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CHAPTER 7. HEDGING IN CONTINUOUS AND DISCRETE TIME AND THE GREEKS

only. In this case, which is closer to reality, a complete replication is not possible. A residual
risk remains.

Definition 85 (Hedge): q
A replication portfolio (almost) replicating a derivative product and thus, if considered to-
gether with the derivative product neutralizing (reducing) the total risk, is called a (partial or
incomplete)hedge. The corresponding trading strategy is calledhedging. y

First we will derive the delta hedge, delta-gamma hedge and vega hedge from the risk-neutral
evaluation theory (Section7.2). We will then transfer these hedges to the case of trading in
discrete time, these being incomplete hedges, and analyse the residual error (Section7.4).

Bouchaud-Sornette method (Section7.5) determines the replication portfolio that minimizes
the residual risk. The residual risk has to be measured in the real measureP. There is a real risk
of a loss due to incomplete hedging. The real measure is no longer irrelevant since a complete
replication is no longer possible.

7.2. Deriving the Replications Strategy from Pricing
Theory

LetM := {S0,S1, . . . ,Sn} denote a set of Itô price processes, representing a complete market
of traded assets. Let the processN = S0 be a nuḿeraire andQN the corresponding martingale
measure. Lett 7→ V(t) denote the price process of a derivative product, i.e.

V(t) = N(t) · EQ
N(V(T)

N(T)
|Ft

)
.

We assume that the value of the derivative productV can be written as a function of
(t,S0(t),S1(t), . . . ,Sn(t)), i.e. we have

V(t) = V(t,S0(t),S1(t), . . . ,Sn(t)). (7.1)

If V(t) is given by an evaluation theory - i.e. an analytic formula or pricing algorithm - as a
function of the underlyings, then the self-financing replication portfolio

Π(t) := φ0(t)S0(t) + φ1(t)S1(t) + . . . + φn(t)Sn(t) (7.2)

with Π(t) = V(t) (replication) may be determined as follows:
The property thatΠ is self-financingmay be written as (see Definition66)

dΠ(t) = φ0(t)dS0 + φ1(t)dS1(t) + . . . + φn(t)dSn(t) =
n∑

i=0

φidSi .

Furthermore we find fromItô’s Lemma(Theorem46) applied to (7.1)

dV(t) =
∂V(t)
∂t

dt +
n∑

i=0

∂V(t)
∂Si

dSi +
1
2

n∑
i, j=0

∂2V(t)
∂Si∂S j

dSidS j︸  ︷︷  ︸
=(...)dt

.
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7.2. DERIVING THE REPLICATIONS STRATEGY FROM PRICING THEORY

From dΠ(t) = dV(t) (replication), we findφ0, . . . , φn by comparing coefficients. It is

φ0(t) =
∂V(t)
∂S0

, φ1(t) =
∂V(t)
∂S1

, . . . , φn(t) =
∂V(t)
∂Sn

(7.3)

∂V(t)
∂t

dt +
1
2

n∑
i, j=0

∂2V(t)
∂Si∂S j

dSidS j︸  ︷︷  ︸
=(...)dt

= 0. (7.4)

Conclusion: Under a model, which permits the evaluation ofV through a martingale mea-
sure and universal pricing theorem, i.e. without explicit construction of the replication portfo-
lio, the replication portfolio may be calculateda posteriori from the partial derivative of the
price after the underlyings.

Interpretation: Comparing coefficients of dV and dΠ we find the equa-
tions (7.3) for the replication portfolio processφ. Thepartial differential equa-
tion (7.4) is just a reformulation that

V(t) = V(t,S0(t),S1(t), . . . ,Sn(t))

is the value process of a self-financing portfolio in thecoordinates(S0(t),S1(t), . . . ,Sn(t))).
The Equation (7.4) may be used together with thefinal condition

V(T,S0(T),S1(T), . . . ,Sn(T)) = VT

to determineV(t) for t < T from the given payoff profile VT . This is the entry point to the
pricing of derivatives by partial differential equations, see Chapter2.11. C|

7.2.1. Deriving the Replication Strategy under the Assumption of
a Locally Riskless Product

The ansatzV(t) = V(t,S0(t),S1(t), . . . ,Sn(t)) is just one possible way of interpretingV as a
function of the underlyings. It is a specific choice of the coordinate system leading to very
natural equations for the portfolio parameters and the partial differential equations forV. If
N = S0 is locally riskfree we may easily giveV in the coordinates (t,S1(t), . . . ,Sn(t)) alone.
A special case which we consider now: LetN = S0 denote a locally risk free nuḿeraire,
i.e. assume that the processN (i.e.S0) is of the form

dN =
∂N
∂t

dt, (7.5)

i.e. we assume that dN does not have a dW-component.2 For N > 0 (N is a nuḿeraire) we
haver := ∂ log(N)

∂t

dN =
∂N
∂t

dt =
∂ log(N)

∂t
Ndt = rNdt. (7.6)

2 The property is local, since∂N
∂t may very well be stochastic. An example would be dN = r · N · dt, as it was

considered for theBlack-Scholes modelin Section4.
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CHAPTER 7. HEDGING IN CONTINUOUS AND DISCRETE TIME AND THE GREEKS

We assume that for a givenN V(t) is given as a function in the coordinates (t,S1(t), . . . ,Sn(t))
and denote this function byV again, i.e.

V(t) = V(t,S1(t), . . . ,Sn(t)). (7.7)

In other words:N is no longer a modeled free quantity.3

If V(T) is given in this from, we may derive the self-financing replication portfolio (7.2)
with Π(t) = V(t) as follows: From It̂o’s Lemma (Theorem46), applied toV(t,S1(t), . . . ,Sn(t))
we have

dV(t) =
∂V(t)
∂t

dt +
n∑

i=1

∂V(t)
∂Si

dSi +
1
2

n∑
i, j=1

∂2V(t)
∂Si∂S j

dSidS j︸  ︷︷  ︸
=(...)dt

.

With dΠ(t) =
∑n

i=0 φidSi = dV(t) self-financing ofΠ, replication ofV) we findφ0, . . . , φn by
comparing the coefficients of dt und dSi , i ≥ 1 as

φ1(t) =
∂V(t)
∂S1

, . . . , φn(t) =
∂V(t)
∂Sn

φ0(t)
∂N
∂t

dt =
∂V(t)
∂t

dt +
1
2

n∑
i, j=1

∂2V(t)
∂Si∂S j

dSidS j︸  ︷︷  ︸
=(...)dt

.
(7.8)

The equation forφ0 seems unnaturally complex when compared to the equation forφ1, . . .,
φn. This is a consequence of the representation (7.7) which we had assumed forV, see Sec-
tion 7.2.3. However, since the portfolio is self-financing it is not necessary to calculateφ0

from (7.8); φ0 follows from the condition of self-financing portfolios:
∑n

i=0(dφi) · Si = 0.

7.2.2. The Black-Scholes Differential Equation

Writing ∂N
∂t =

∂ log(N)
∂t · N =: rN the equation forφ0 in (7.8) becomes

φ0(t)r(t)N(t)dt =
∂V(t)
∂t

dt +
1
2

n∑
i, j=1

∂2V(t)
∂Si∂S j

dSidS j︸  ︷︷  ︸
=(...)dt

.

SinceV = φ0N +
∑n

i=1 φiSi
(7.8)
= φ0N +

∑n
i=1

∂V(t)
∂Si

Si we also haveφ0N = V −
∑n

i=1
∂V(t)
∂Si

Si and
denoting the instantaneous correlations byρi, j , i.e. dSidS j = σiσ jρi, jdt we arrive at

∂V(t)
∂t
+ r(t)

n∑
i=1

∂V(t)
∂Si

Si +
1
2

n∑
i, j=1

∂2V(t)
∂Si∂S j

σiσ jρi, j = r(t)V(t).

This is a variant of the Black-Scholes partial differential equation in the coordinates
(t,S1, . . . ,Sn).

7.2.3. The Derivative V(t) as a Function of its Underlyings Si(t)

The representation of the portfolio process componentsφi as a partial derivative ofV as well as
the partial differential equation forV depend of course on the chosen coordinate system of the

3 An example is the Black-Scholes model, whereN(t) = exp(r · t) andr is a fixed model parameter.
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7.2. DERIVING THE REPLICATIONS STRATEGY FROM PRICING THEORY

underlyings. Instead of comparing coefficients of dSi , i ≥ 1 and dt (as above), in general it is
possible to compare the coefficients of dt and the differentials of the driving Brownian motions
dWi .

To illustrate that we have just considered a change (or rather substitution) of coordinates, let
us reconsiderV written in the two different coordinate systems above, i.e

V(t) = Vn+1(t,S0(t),S1(t), . . . ,Sn(t))

V(t) = Vn(t,S1(t), . . . ,Sn(t)).

With S0 = N and dN(t) = r(t)N(t)dt (this assumption makes it possible to replace the depen-
dence onS0 by a dependence ont) it is

Vn(t,S1, . . . ,Sn) = Vn+1(t,N(t),S1, . . . ,Sn),

thus
∂Vn

∂t
=
∂Vn+1

∂t
+
∂Vn+1

∂N
·
∂N
∂t
=
∂Vn+1

∂t
+ φ0 ·

∂N
∂t

,

i.e.
∂Vn

∂t
− φ0 ·

∂N
∂t
=
∂Vn+1

∂t
.

Together with dSidS j = 0 if i = 0 or j = 0 in (7.4) this gives

∂V(t)n+1

∂t
dt +

1
2

n∑
i, j=0

∂2Vn+1(t)
∂Si∂S j

dSidS j︸  ︷︷  ︸
=(...)dt

= 0

⇔
∂Vn(t)
∂t

dt − φ0 ·
∂N
∂t

dt +
1
2

n∑
i, j=1

∂2Vn(t)
∂Si∂S j

dSidS j︸  ︷︷  ︸
=(...)dt

= 0

⇔
∂Vn(t)
∂t

+ r(t)
n∑

i=1

∂Vn(t)
∂Si

Si +
1
2

n∑
i, j=1

∂2Vn(t)
∂Si∂S j

σiσ jρi, j = r(t)Vn(t) (7.9)

7.2.3.1. Path-dependent options

Our assumption thatV(t) is a function ofSi(t) excludes path-dependent options. However, our
considerations may be easily extended to the case of path-dependent options by writingV as
a function of the corresponding path quantities. For example, considering a path-dependent
option of the formV(t) = V(t,S(t),

∫ t

0
S(τ)dτ) with I (t) =

∫ t

0
S(τ)dτ we derive dV(t) =

∂V(t)
∂t dt + ∂V(t)

∂S dS + ∂V(t)
∂I dI and substitute dI (t) = S(t)dt. For the replication portfolio we thus

getφ1 =
∂V(t,S,I )

∂S .

7.2.4. Example: Replication Portfolio and Partial Differential
Equation of a European Option under a Black-Scholes
Model

As an illustration we reconsider these calculations for a simple model, theBlack-Scholes
model, with price processesN for the savings account andS for the stock

dN(t) = rN(t)dt, N(0) = 1,

dS(t) = µS(t)dt + σS(t)dW(t), S(0) = S0.
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CHAPTER 7. HEDGING IN CONTINUOUS AND DISCRETE TIME AND THE GREEKS

For a European option with strikeK and maturityT, i.e. Payoutmax(S(T) − K,0))
!
= V(T),

the Black-Scholes-Merton formula (4.3) for the valueV at timet

V(t,S(t)) = S(t)Φ(d+) − exp(−r̄(T − t))KΦ(d−),

d± = 1
σ̄
√

(T−t)

[
log(S(t)

K ) + r̄(T − t) ± σ̄2(T−t)
2

]
, see (4.3) on Page77 in Chapter4.

This givesV as a function oft undS(t), sincer is seen as constant and thusN(t) is known as a
deterministic function oft. With N(t) = exp(r · t) we may writeV as a function of (t,N(t),S(t)),
namely

V(t,N(t),S(t)) = S(t)Φ(d+) − N(t)
K

N(T)
Φ(d−), (7.10)

where

d± =
1

σ̄
√

(T − t)

[
log(

S(t)
N(t)

·
N(T)

K
) ±

σ̄2(T − t)
2

]
.

It is

∂V
∂S(t)

= Φ(d+) + S(t)φ(d+)
1

S(t)
1

σ
√

T − t
− N(t)

K
N(T)

φ(d−)
1

S(t)
1

σ
√

T − t

= Φ(d+) +
1

S(t)
1

σ
√

T − t
·
(
S(t)φ(d+) − N(t)

K
N(T)

φ(d−)
)

= Φ(d+) +
1

S(t)
1

σ
√

T − t
·
(
S(t)φ(d+) − N(t)

K
N(T)

φ(d−)
)

With

φ(d±) = C · exp(−
1
2

d2
±)

= C · exp
[
−

log(S(t)
N(t) ·

N(T)
K )2 ± 2 log(S(t)

N(t) ·
N(T)

K ) · σ̄
2(T−t)

2 +
σ̄4(T−t)2

4

2σ̄2(T − t)

]
= C · exp

[
±

1
2

log(
N(t)
S(t)

·
K

N(T)
) −

log(S(t)
N(t) ·

N(T)
K )2 +

σ̄4(T−t)2

4

2σ̄2(T − t)

]
=

(N(t)
S(t)

·
K

N(T)
)±1/2

·C · exp
[
−

log(S(t)
N(t) ·

N(T)
K )2 +

σ̄4(T−t)2

4

2σ̄2(T − t)

]
we getφ(d−) =

S(t)
N(t) ·

N(T)
K · φ(d+) and thus

∂V
∂S(t)

= Φ(d+) +
1

S(t)
1

σ
√

T − t
·
(
S(t)φ(d+) − N(t)

K
N(T)

φ(d−)︸                              ︷︷                              ︸
=0

)
= Φ(d+).

Similarly, we can derive

∂V
∂N(t)

= −
K

N(T)
· Φ(d−).

To sum up, we haveV(t,N(t),S(t)) = φ0(t)N(t) + φ1(t)S(t) with

φ0(t) = −
K

N(T)
· Φ(d−), φ1(t) = Φ(d+).

This work is licensed under a
Creative Commons License.
http://creativecommons.org/licenses/by-nc-nd/2.5/deed.en

94 Comments welcome.
©2004, 2005, 2006, 2007 Christian Fries

Version 1.4.18 [build 20070403]- 1st May 2007
http://www.christian-fries.de/finmath/book

http://creativecommons.org/licenses/by-nc-nd/2.5/deed.en
http://creativecommons.org/licenses/by-nc-nd/2.5/deed.en
http://www.christian-fries.de/finmath/book


7.2. DERIVING THE REPLICATIONS STRATEGY FROM PRICING THEORY

Indeed, we might simply have read off the representation of the replication portfolio
from (7.10).

For the function

V(t,n, s) = sΦ(d+) − n
K

N(T)
Φ(d−)

with

d± =
1

σ̄
√

(T − t)

[
log(

s
n
·

N(T)
K

) ±
σ̄2(T − t)

2
]
.

it is

∂V(t)
∂t

dt +
1
2
∂2V(t)
∂n∂n

dNdN +
∂2V
∂n∂s

dNdS +
1
2
∂2V(t)
∂s∂s

dSdS = 0

dNdN = 0
dNdS = 0
⇐⇒

∂V(t)
∂t

dt +
1
2
∂2V(t)
∂s∂s

σ2 = 0.

See Exercise10. Furthermore, the final condition

V(T,N(T), s) = max(s− K,0)

holds.

7.2.4.1. Interpretation of V as a Function in (t,S)

For the Black-Scholes model, the classical way is to writeV as a function oft andS(t) only.
In this case we get (see (7.8))

φ1 =
∂V(t)
∂S

= Φ(d+)

φ0rN =
(∂V(t)
∂t
+

1
2
σ2S2∂

2V(t)
∂S2

)
,

In addition we have fromV = φ0N + φ1S

φ0N = V − φ1S,

which brings us once again to the Black-Scholes partial differential equation

rV = rφ0(t)N(t) + rφ1S(t)

=
∂V(t)
∂t
+

1
2
σ2S2∂

2V(t)
∂S2

+ r
∂V(t)
∂S

S

and thus
∂V(t)
∂t
+ r

∂V(t)
∂S

S +
1
2
σ2S2∂

2V(t)
∂S2

= rV.

Definition 86 (Delta Hedge): q
This choice of the replication portfolio given in (7.2), (7.3) is calledDelta hedge y
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CHAPTER 7. HEDGING IN CONTINUOUS AND DISCRETE TIME AND THE GREEKS

Interpretation: Considering the derivative productV as a function of the
underlyingsS, then the portfolioΠ given by the delta hedge is the local linear
approximation ofV, see Figure7.2. For a fixed pathω the mapt 7→ S(t, ω)
is almost surely continuous (a property of Itô processes) and on that path we

haveV(T) =
∫ T

0
dV =

∫ T

0
dΠ. This corresponds to the main theorem of ordinary calculus:

f (T) =
∫ T

0
d f =

∫ T

0
f ′(t)dt (e.g. for differentiablef ). This illustrates, why the portfolioΠ

is only required to coincide withV upon their first derivative byS, i.e. the so calleddelta:
∂V
∂S =

∂Π
∂S . C|

7.3. Greeks

The partial derivatives of the valueV(t) of a derivative product upon product- or model-
parameters are important quantities. They describe how the product reacts to infinitesimal
changes and are essential for the construction of the replication portfolios. These quantities
are usually denoted by Greek letters and therefore calledGreeks. Here we give definitions of
the most important greeks:

Definition 87 (Delta): q
The first order partial derivative of the price of a derivative product with respect to the under-
lyings is calleddelta. It is the first order sensitivity of the derivative product to price changes
of the market traded assets (or market quotes). y

Definition 88 (Gamma): q
The second order partial derivative of the price of a derivative product with respect to the
underlyings is calledgamma. It is the second order sensitivity of the derivative product to
price changes of the market traded assets (or market quotes). y

Definition 89 (Vega4): q
The first order partial derivative of the price of a derivative product with respect to the under-
lyings log-volatility is calledvega. It is the first order sensitivity of the derivative product to
log-volatility changes of the market traded European options. y

Definition 90 (Theta): q
The first order partial derivative of the price of a derivative product with respect to time is
calledtheta. It is the first order sensitivity of the derivative product to time. y

Definition 91 (Rho): q
The first order partial derivative of the price of a derivative product with respect to the interest
rate (r) is calledrho. It is the first order sensitivity of the derivative product to a change in
interest rate.

The definition ofrho is only used for models with non-stochastic interest rates. For interest
rate derivatives (evaluated under a model of stochastic interest rates), as will be considered in
the later chapters, the interest rates are underlyings andrho is just adelta. y

4 Vega is not a greek letter.
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7.4. HEDGING IN DISCRETE TIME: DELTA AND DELTA-GAMMA HEDGING

7.3.1. Greeks of a european Call-Option under the Black-Scholes
model

Given theBlack-Scholes modelwith price processes for the savings accountN and the stock
S

dN(t) = rN(t)dt, N(0) = 1,

dS(t) = µS(t)dt + σS(t)dW(t), S(0) = S0,

consider a european stock option withpayoutmax(S(T) − K,0))
!
= V(T). From Chapter4 the

priceV(0) of the option under this model is given by the Black-Scholes-Merton formula (4.3):

V(0) = S0Φ(d+) − exp(−rT )KΦ(d−),

whereΦ(x) := 1
√

2π

∫ x

−∞
exp(y

2

2 )dy andd± = 1
σ
√

T

[
log(S(0)

K ) + rT ± σ2T
2

]
. Thus, the price is a

function ofS0, r, K, σ andT.

From the Black-Scholes-Merton formula we may derive the Greeks analytically. They are
given in Table7.1.

Greek Definition within the Black-Scholes model

Delta (∆) ∂V
∂S0

= Φ(d+)

Gamma (Γ) ∂2V
∂S2

0
=
Φ′(d+)

S0σ
√

T

Vega ∂V
∂σ

= S0

√
TΦ′(d+)

Theta (Θ) − ∂V
∂T = −

S0Φ
′(d+)σ

2
√

T
− rK exp(−rT )Φ(d−)

Rho (ρ) ∂V
∂r = KT exp(−rT )Φ(d−)

Table 7.1.: Greeks within the Black-Scholes model.

7.4. Hedging in Discrete Time: Delta and Delta-Gamma
Hedging

If a delta hedge is applied continuously, then it achieves a perfect replication. At any time, the
portfolio V−Π is neutral with respect to infinitesimal changes in the underlyingsSi . However,
if the delta hedge is applied only at discrete timestk, i.e. the portfolio process (φ0, φ1, . . . , φn)
is kept constant on time intervals [tk, tk+1), then the replication is no longer exact.5 While in

5 See also the discussion ofself-financing(Definition66).
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CHAPTER 7. HEDGING IN CONTINUOUS AND DISCRETE TIME AND THE GREEKS

continuous time

dV(t) =
∂V(t)
∂t

dt +
n∑

i=0

∂V(t)
∂Si

dSi +
1
2

n∑
i, j=0

∂2V(t)
∂Si∂S j

dSidS j ,

=

n∑
i=0

∂V(t)
∂Si

dSi +
∂V(t)
∂t

dt +
1
2

n∑
i, j=0

∂2V(t)
∂Si∂S j

dSidS j︸                                    ︷︷                                    ︸
=0

,

is exact byItô’s Lemma(and (7.4)), we have for the time-discrete case (∆V = V(t+∆t)−V(t))

∆V(t) =
∂V(t)
∂t
∆t +

n∑
i=0

∂V(t)
∂Si
∆Si +

1
2

n∑
i, j=0

∂2V(t)
∂Si∂S j

∆Si∆S j︸   ︷︷   ︸
,(...)∆t

(7.11)

=

n∑
i=0

∂V(t)
∂Si
∆Si +

1
2

n∑
i, j=0

∂2V(t)
∂Si∂S j

(∆Si∆S j − γi, j∆t)︸                ︷︷                ︸
,0

+h.o.t., (7.12)

whereγi, j is given by dSidS j = γi, jdt and h.o.t.= O(|∆t|2, |∆t∆Si |, |∆Si |
3).6 For comparison,

for the replication portfolio we have in the time-discrete case

∆Π(t) =
n∑

i=0

φi∆Si . (7.13)

Assuming we have an exact replication at timet (V(t) = Π(t)), then there is no choice for the
replication portfolioφ such that∆V(t) = ∆Π(t) in general. An exact replication at timet + ∆t
is not guaranteed.

To ensure that the replication portfolio is self-financing, we have to re-formulate the re-
quirement in the time-discrete setting. Trading at discrete timestk the self-financing property
is

n∑
i=0

(
φi(tk) − φi(tk−1)

)
Si(tk) = 0.

This may be ensured, e.g., by the choice ofφ0 according to

φ0(tk) = φ0(tk−1) −
1

S0(tk)
·

 n∑
i=1

(
φi(tk) − φi(tk−1)

)
Si(tk)

 (7.14)

(we haveS0 , 0 since we assumed thatS0 is a nuḿeraire). While in continuous timeV may
be replicated exactly with a self-financing portfolio, there is a choice whetherφ0 is chosen to
reduce the replication error orφ0 is chosen to keep the portfolio self-financing.

The restriction to a self-financing portfolio leads to an error propagation of the replication
error via (7.14), see Section7.4.2.

7.4.1. Delta Hedging

A delta hedgedetermines the replication portfolio such that thedeltaof the replication portfolio
Π matches thedeltaof V. In other words, thedeltaof the replication errorV − Π is zero. The
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7.4. HEDGING IN DISCRETE TIME: DELTA AND DELTA-GAMMA HEDGING

replication error to first-order insensitive to movements of the underlyings. If we consider the
requirement of self-financing to be ensured by the choice ofφ0, then we chose

φi(tk) =
∂V(tk)
∂Si

φ0(tk) = φ0(tk−1) −
1

S0(tk)
·

 n∑
i=1

(
φi(tk) − φi(tk−1)

)
Si(tk)

 .

For the error∆V(t) − ∆Π(t) we get from (7.12) and (7.13)

∆V(t) − ∆Π(t)

=

n∑
i=0

(∂V(t)
∂Si

− φi
)
∆Si +

1
2

n∑
i, j=0

∂2V(t)
∂Si∂S j

(∆Si∆S j − γi, j∆t)︸                ︷︷                ︸
,0

+h.o.t.

and withφi =
∂V(t)
∂Si

for i , 0

= (
∂V(t)
∂S0

− φ0)∆S0 +
1
2

n∑
i, j=0

∂2V(t)
∂Si∂S j

(∆Si∆S j − γi, j∆t)︸                ︷︷                ︸
,0

+h.o.t.,

where h.o.t.= O(|∆t|2, |∆t∆Si |, |∆Si |
3).

7.4.2. Error Propagation

The choice ofφ0 at timet = 0 is determined by the initial conditionΠ(0) = V(0) and at later
timest = tk, k = 1,2, . . . by the requirement for a self-financing trading strategy

n∑
i=0

φi(tk)Si(tk) =
n∑

i=0

φi(tk−1)Si(tk). (7.15)

This results in an error propagation. Assuming that at timetk the replication error due to the
previous choice ofφi(tk−1) is V(tk) −

∑n
i=0 φi(tk−1)Si(tk) =: e(tk), then we have with

V(tk) =
n∑

i=0

∂V(tk)
∂Si

Si(tk), Π(tk) =
n∑

i=0

φi(tk)Si(tk) (7.16)

andφi(tk) =
∂V(tk)
∂Si

for k , 0 (delta hedge), that

e(tk) = V(tk) −
n∑

i=0

φi(tk−1)Si(tk)
(7.15)
= V(tk) − Π(tk)

(7.16)
= (

∂V(tk)
∂S0

− φ0(tk)) · S0.

Thus the requirement for a self-financing portfolio implies

φ0(t) =
∂V(t)
∂S0

−
1
S0

(V(t) − Π(t)).

This shows how the replication error at timetk is propagated over the time step∆t by the
requirement for a self-financing strategy throughφ0.
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CHAPTER 7. HEDGING IN CONTINUOUS AND DISCRETE TIME AND THE GREEKS

Summarising, we have for the delta hedge

∆V(t) − ∆Π(t)

= (V(t) − Π(t)) ·
∆S0

S0
+

1
2

n∑
i, j=0

∂2V(t)
∂Si∂S j

(∆Si∆S j − γi, j∆t)︸                ︷︷                ︸
,0

+h.o.t.,

where h.o.t.= O(|∆t|2, |∆t∆Si |, |∆Si |
3).

7.4.2.1. Example: Time discrete delta hedge under a Black-Scholes model

We consider a Black-Scholes model with the notation as above. For the replication portfolio
φ0(t)N(t) + φ1(t)S(t) we haveφ1(t) = ∂V(t)

∂S(t) = Φ( 1
σ
√

T−t

[
log(S(t)

K ) + r(T − t) + σ2

2

]
).

We use this choice to trade within the replication portfolio at discrete timestk, k = 0,1, . . ..
The size of the “cash position” is chosen such that the portfolio remains self-financing, i.e.

φ1(tk) =
∂V(tk)
∂S(tk)

= N

(
1

σ
√

T − tk

[
log(

S(tk)
K

) + r(T − tk) +
σ2

2
])

φ0(tk) =
1

N(tk)
(
φ(tk−1)N(tk) + φ1(tk−1)S(tk) − φ1(tk)S(tk)

)

At time t0 = 0 the portfolio is set up according to the option value known from the evaluation
formula.7

φ0(t0) =
1

N(t0)
(
V(t0) − φ1(t0)S(t0)

)

Figure7.1shows the result of a weekly delta hedge.

7 Eventually, the initial investment in the replication portfolio is not sufficient, see Figure7.1, right.
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7.4. HEDGING IN DISCRETE TIME: DELTA AND DELTA-GAMMA HEDGING

Hedge Portfolio versus Payoff
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Figure 7.1.: Samples of the value of the replication portfolio using weekly delta hedging. The market
(N,S) follows a Black-Scholes modeldN(t) = rN(t)dt, dS(t) = µS(t)dt+σS(t)dW(t) with (N(0),S(0)) =
(1.0,1.0), r = µ = 0.05 andσ(t) = 0.5. We aim to replicate the payout X(T) = max(S(T) − K,0)) with
K = 1.0 and T = 6.0 (green line). The replication portfolioΠ = φ0N + φ1S is chosen according to a
delta hedge at times tk = k · 1

52. Shown are the realized valuesΠ(T) (red dots) over S(T). In the figure
on the left the delta hedge uses the correct model parameters. In the figure on the right the portfolio is
constructed assuming a volatility of0.4 (instead of0.5). As a result the option value is under-estimated
and the replication portfolio is set up without enough initial value, such that at maturity T= 6.0 the
mean of the replication portfolio is systematically below the option payout. In addition, the variance of
the replication portfolio is increased, since the delta hedge used is wrong.
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CHAPTER 7. HEDGING IN CONTINUOUS AND DISCRETE TIME AND THE GREEKS

7.4.3. Delta-Gamma Hedging

Motivation (The delta hedge again): A delta hedge applied in time-
discrete steps∆t j = t j+1 − t j is not exact since the option value is, in general,
a non-linear function of the changes of the underlyings∆Si = Si(t j+1) − Si(t j).
However, the replication portfolio is linear in the underlyings.

For motivation reconsider a market con-
V(T1,S)

S

Π = Φ0N + Φ1S
(linear in S)

S(T1,ω)

V , Π
ΔS(T1)

Figure 7.2.: Delta Hedge

sisting of a stock S and some other
numéraire assetN (as in the Black-Scholes
model) and a derivative productV as a func-
tion of (t,S): V = V(t,S). At fixed timet j V
will be a non-linear functionS 7→ V(t j ,S)
of S in general. However, the replication
portfolioΠ = φ0N + φ1S is linear inS. Lo-
cally, for a fixed pointS(t j , ω) the replica-
tion portfolio may match the value and the
first derivative inS (the delta) of V: For in-

finitesimal changes dS the infinitesimal changes of derivative (dV) and replication portfolio
dΠ agree. If the movements ofS are within in a larger (non-infinitesimal) range∆S(t j), then
derivative and replication portfolio may deviate significantly. C|

The error given by the only linear approximation of the derivative product may be reduced
by adding products to the replication portfolio which are itself non-linear, e.g. options. This
is possible if such products are traded and may be used for replication: Some standardised
options are traded in sufficient quantities and may be used to replicate derivative products that
are not traded in liquid quantities. An example of such a case would be options traded at
standardized maturities, which could be used to build a replication portfolio for an option with
a non-standard maturity (and/or strike).

We consider a portfolio consisting ofS0,S1, . . . ,Sn and additional (derivative) products
C1, . . . ,Cm

Π(t) = φ0(t)S0(t) + . . . + φn(t)Sn(t) + ψ1(t)C1(t) + . . . + ψm(t)Cm(t)

Assuming that, likeV(T), theCk(t)’s may be written as functionsCk(t,S0, . . . ,Sn) of the
Si ’s, we have for the replication portfolioΠ(t) instead of (7.13) that

∆Π(t) =
n∑

i=0

φi∆Si +

m∑
k=1

ψk∆Ck

=

n∑
i=0

(
φi +

m∑
k=1

ψk
∂Ck

∂Si

)
∆Si +

m∑
k=1

ψk
∂Ck

∂t
∆t

+

n∑
i, j=1

m∑
k=1

ψk
∂2Ck

∂Si∂S j
∆Si∆S j + h.o.t.

=

n∑
i=0

(
φi +

m∑
k=1

ψk
∂Ck

∂Si

)
∆Si +

n∑
i, j=1

m∑
k=1

ψk
∂2Ck

∂Si∂S j
(∆Si∆S j − γi, j∆t) + h.o.t.
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7.4. HEDGING IN DISCRETE TIME: DELTA AND DELTA-GAMMA HEDGING

where again h.o.t.= O(|∆t|2, |∆t∆Si |, |∆Si |
3). Let us compare this with the expansion ofV

from (7.12):

∆V(t) =
n∑

i=0

∂V(t)
∂Si
∆Si +

1
2

n∑
i, j=0

∂2V(t)
∂Si∂S j

(∆Si∆S j − γi, j∆t)︸                ︷︷                ︸
,0

+h.o.t.

If the portfolio process (φ0, . . . , φn, ψ1, . . . , ψm) solves the equations

n∑
k=1

∂2Ck

∂Si∂S j
·ψk =

∂2V
∂Si∂S j

i ≤ j = 1, . . . ,n (7.17)

φi+

n∑
k=1

∂Ck

∂Si
·ψk =

∂V
∂Si

i = 1, . . . ,n, (7.18)

then the residual risk is∆V(t) − ∆Π(t) = O(|∆t|2, |∆t∆Si |, |∆Si |
3). To neutralize the gamma of

a derivative productV it requires at most as many hedge derivativesCk, as partial derivatives
∂2V

∂Si∂S j
i ≤ j = 0, . . . ,n (gamma) are non-zero. It requires at mostm = n · (n− 1)/2 additional

derivative products.

Remark 92 (linear product, static hedge): If a derivative productV is a linear function of
the underlyings, then the delta hedge replicates the product globally. In this case, not only is a
gamma hedge unnecessary (gamma and all higher order derivatives are zero), but neither is the
dynamic adjustment of the replication portfolio is not required. In this case the hedge is called
staticand the derivative product is calledlinear product.

7.4.3.1. Example: Time discrete delta-gamma hedge under a Black-Scholes
model

We consider a Black-Scholes model with the notation as above. LetC1 denote an option with
maturity T∗ and payoff profile max(S(T∗) − K∗,0). We aim to replicate an optionV with
maturity T < T∗ and payoff profile max(S(T) − K,0). We allow trading at discrete times
0 = t0 < t1 < . . ..

For the option to be replicatedV we have

∆V(tk) =
∂V(tk)
∂t
∆tk +

∂V(tk)
∂S
∆S(tk) +

1
2
∂2V(tk)
∂S2

(∆S(tk))
2

+O(|∆tk|
2, |∆tk∆S(tk)|, |∆S(tk)|

3).

For the replication portfolioΠ we have

∆Π(tk) = φ0(t)∆N(tk) + φ1(tk)∆S(t) + ψ1(tk)∆C(tk)

= φ0(t)∆N(tk) + φ1(tk)∆S(t) + ψ1(tk)
∂C(tk)
∂t
∆tk

+ ψ1(tk)
∂C(tk)
∂S
∆S(tk) + ψ1(tk)

1
2
∂2C(tk)
∂S2

(∆S(tk))
2

+O(|∆tk|
2, |∆tk∆S(tk)|, |∆S(tk)|

3)
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CHAPTER 7. HEDGING IN CONTINUOUS AND DISCRETE TIME AND THE GREEKS

For the replication portfolioΠ(t) = φ0(t)N(t) + φ1(t)S(t) + ψ1(t)C(t) we findφ1(t) = ∂V(t)
∂S(t) =

Φ( 1
σ
√

T−t

[
log(S(t)

K ) + r(T − t) + σ2

2

]
).

We chose this to trade within the replication portfolio at discrete timestk. The size of the
“cash position” is chosen such that the portfolio remains self-financing, i.e.

φ1(tk) =
∂V(t1)
∂S(t1)

= N

(
1

σ
√

T − tk

[
log(

S(tk)
K

) + r(T − tk) +
σ2

2
])

φ0(tk) =
1

N(tk)
(
φ(tk−1)N(tk) + φ1(tk−1)S(tk) − φ1(tk)S(tk)

)
At time t0 = 0 the portfolio is set up according to the option value known from the evaluation
formula.8

φ0(t0) =
1

N(tk)
(
V(t0) − φ1(t0)S(t0)

)

Hedge Portfolio versus Payoff
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Figure 7.3.: Samples of the value of the replication portfolio using monthly hedging: delta versus delta-
gamma hedge.

Interpretation (role of the hold period ∆t): The delta hedge neutralizes
the first order error inS, the delta-gamma hedge neutralizes the first and second
order error inS. The residual error of the delta gamma hedge is of the order

O(|∆t|2, |∆t∆Si |, |∆Si |
3).

A question arises:

• Why is the error in∆t not considered?

8 Eventually the initial investment into the replication portfolio is not sufficient, see Figure7.1, right.
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Hedge Portfolio versus Payoff
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Figure 7.4.: Samples of the value of the replication portfolio using weekly hedging with wrong interest
rate.

First, the answer is given in the interpretation of the hedge-strategies: They aim to minimize
the risk in the underlyingsSi , i.e. the dependence ofV(t) − Π(t) on Si(t). The interpretation
is, that the length of the hold period∆t is not known a priori. In our considerations we thus
assume∆t → 0. Then the residual error isO(∆S2

i ) for the delta hedge andO(∆S3
i ) for the

delta-gamma hedge.
Furthermore: An error in∆S j is stochastic, i.e. a risk. An error in∆t is deterministic. If the

hold period∆t is known a priori, then the error in∆t may be compensated for if the portfolio
is not required to match the derivative value initially, i.e.Π(0) = V(0). The derivative value
V(0) corresponds to the replication portfolio for infinitesimal hold periods∆t → 0. We will
consider a known hold period∆t > 0 in the following Section7.5. C|

7.4.4. Vega Hedging

As in the delta-gamma hedging, where in addition to a hedge of the option’s delta a hedge of the
option’s gamma is considered, we may consider further dependencies of the pricing function.
If the dependence on the log-volatility of the underlyings, i.e.∂V

∂σi
for dSi = µiSidt +σiSidWi ,

is neutralized, then this calledvega hedging.
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CHAPTER 7. HEDGING IN CONTINUOUS AND DISCRETE TIME AND THE GREEKS

Hedge Portfolio versus Payoff
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Figure 7.5.: Value of the replication portfolio without re-hedging. The replication portfolio is set up in
t = 0.0 corresponding to a delta- or delta-gamma hedge and kept fixed until option maturity T (model
and option parameter are as in Figure7.1).
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7.5. HEDGING IN DISCRETE TIME: MINIMIZING THE RESIDUAL ERROR (BOUCHAUD-SORNETTE METHOD)

7.5. Hedging in Discrete Time: Minimizing the
Residual Error (Bouchaud-Sornette Method)

The delta hedge transfers the optimal trading strategy for trading in continuous time to the time-
discrete case, for which the strategy is not necessarily optimal. A more adequate calculation
of a risk minimizing trading strategy may be derived from the residual risk: We look for a
trading strategy that minimizes9 the residual risk. This is the idea of the method of Bouchaud-
Sornette [49]. Since for the time-discrete case the replication portfolio does not give an exact
replication, we have yet to clarify in which sense a replication portfolio is optimal, i.e. in which
norm the hedge error is measured. The optimal replication portfolio derived from this criterion
is not necessarily identical with the replication portfolio of the delta hedge and depends on the
norm that is used to measure the residual risk.

At time T a payoff profile V(T) has to be replicated as closely as possible by a replication
portfolio t 7→ Π(t)|t=T . We consider the mean squared error, i.e. the variance ofV(T) − Π(T):

Var(V(T) − Π(T)).

We also wish to minimize the variance in a conditional sense and repeat the required definitions
and a lemma:

Definition 93 (Conditional Variance): q
Let C ⊂ F denote twoσ algebra andX anF -measurable random variable over a probability
space (Ω,P,F ). Then

Var(X|C) := E(X2|C) − (E(X|C))2

is theconditional varianceof X underC. y

Remark 94 (Conditional Variance): The conditional variance is aC-measurable random
variable.

Lemma 95 (Conditional Variance): Let C ⊂ F denote twoσ algebras,X aF -measurable
random variable andY aC-measurable random variable over the probability space (Ω,P,F ).
Then

Var(X + Y|C) = Var(X|C)

Proof: The proof is elementary. From E(X · Y|C) = Y · E(X|C) and E(Y2|C) = Y2 we get

Var(X + Y|C)
Def.
= E((X + Y)2|C) − (E(X + Y|C))2

= E(X2|C) + 2 · E(X · Y|C) + E(Y2|C)

− E(X|C)2 − 2 · E(X|C) · E(Y|C) − E(Y|C)2

= E(X2|C) +((((((2 · Y · E(X|C) +@@Y
2 − E(X|C)2 −((((((2 · Y · E(X|C) −@@Y

2

= E(X2|C) − E(X|C)2 = Var(X|C)

�|

Let 0 = t0 < t1 < . . . < tm = T denote a time discretization andφ(t) =
(
φ0, . . . , φn

)
a

portfolio processΠ(t) = φ(t) ·S(t) =
∑n

i=0 φi(t)Si(t), with piecewise constantφi , i.e. we assume
that trading takes place only at discrete times (φi(t) = φi(t j) für t j ≤ t < t j+1).

9 In contrast to neutralizes.
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CHAPTER 7. HEDGING IN CONTINUOUS AND DISCRETE TIME AND THE GREEKS

7.5.1. Minimizing the Residual Error at Maturity T

Trading strategy: At time tk the self-financing portfolioφ(tk) is chosen such that the residual
risk is minimized, i.e.

Var(V(T) − Π(T) | Ftk) → min ,

where{Ft} denote the filtration generated byS.

To simplify notation letS0 := P(T) denote thebond with maturity T, i.e. the financial
product that guarantees a payment of 1 at timeT, P(T) : t 7→ P(T; t) with P(T; T) ≡ 1.
This product will later lay the foundation for the theory of interest rates, see Definition97
in Chapter8. It is not required that one of the products is theBondwith maturity T, but it
simplifies the notation since

Var(V(T) − Π(T)) = Var
( V(T)
S0(T)

−
Π(T)
S0(T)

)
and instead

Π(T) = Π(0)+
m−1∑
l=0

φ(tl) · ∆S(tl)

we may equivalently write

Π(T) =
Π(T)
S0(T)

=
Π(0)
S0(0)

+

m−1∑
l=0

m−1∑
i=0

φi(tl) · ∆
Si(tl)
S0(tl)

=
Π(0)
S0(0)

+

m−1∑
l=0

m−1∑
i=1

φi(tl) · ∆
Si(tl)
S0(tl)

– note thatφ0 does not enter in the last sum. Thusφ0 may be chosen such that the condition of
self-financing is fulfilled andφi , i ≥ 1 determines the “optimal hedge”.

With the notationS̃ = S
S0

we have

V(T) − Π(T) = V(T) − Π(0)−
m−1∑
l=0

φ(tl) · ∆S̃(tl)

= V(T) − Π(0)−
k−1∑
l=0

φ(tl) · ∆S̃(tl)

−

m−1∑
l=k+1

φ(tl) · ∆S̃(tl) − φ(tk) · ∆S̃(tk)
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7.5. HEDGING IN DISCRETE TIME: MINIMIZING THE RESIDUAL ERROR (BOUCHAUD-SORNETTE METHOD)

and with Lemma95

Var(V(T) − Π(T)|Ftk)

= Var
(
V(T) −

m−1∑
l=k+1

φ(tl) · ∆S̃(tl)|Ftk
)
− φ(tk) · ∆S̃(tk)

= Var
(
V(T) −

m−1∑
l=k+1

φ(tl) · ∆S̃(tl)|Ftk − φ(tk) · ∆S̃(tk)|Ftk
)

= Var
(
V(T) −

m−1∑
l=k+1

φ(tl) · ∆S̃(tl)|Ftk |Ftk
)

− 2 · Cov
(
V(T) −

m−1∑
l=k+1

φ(tl) · ∆S̃(tl), φ(tk) · ∆S̃(tk)|Ftk
)

+ Var
(
φ(tk) · ∆S̃(tk)|Ftk

)
.

Finally we ge from
1
2

∂

∂φ(tk)
Var(V(T) − Π(T) | Ftk) = 0

the equation forφ(tk)

φ(tk) · Cov(∆S̃(tk),∆S̃(tk)|Ftk) · φ(tk)
T

− Cov
(
V(T) −

m−1∑
l=k+1

φ(tl) · ∆S̃(tl),∆S̃(tk)|Ftk
)
= 0.

(7.19)

7.5.2. Minimizing the Residual Error in each Time Step

The strategy described in the previous Section7.5.1focusses at each timetk on the minimiza-
tion of the residual risk at maturityT. An alternative trading strategy is to require at each time
tk that the residual risk at timetk+1 is minimized by the choice of the portfolioφ(tk).

Var(V(tk+1) − Π(tk+1) | Ftk) → min .

Obviously (consider the last time stepk = m−1 in (7.19)) the equation forφ(tk) then follows
as

φ(tk) · Cov(∆S̃(tk),∆S̃(tk)|Ftk) · φ(tk)
T − Cov

(
V(tk+1),∆S̃(tk)|Ftk

)
= 0.

Remark 96 (Measure): The measure under which the minimization, and thus the covariance
in (7.19), has to be considered is the real measureP. A consideration under a martingale
measure essentially corresponds to a measuring of the risk under a different norm.

Experiment: At http://www.christian-fries.de/finmath/
applets/HedgeSimulator.html a hedge simulatorcan be found. There,
in a Monte-Carlo simulation, pathst 7→ (N(t, ω),S(t, ω)) are generated corre-
sponding to a given model. Along each path a self-financing trading strategy is

applied to a replication portfolio. At maturityT the value of the replication portfolio is com-
pared to the option valueV(T). It is possible to choose the model parameters assumed in the
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CHAPTER 7. HEDGING IN CONTINUOUS AND DISCRETE TIME AND THE GREEKS

construction of the replication portfolio independent from the model parameters, which deter-
mine the evolution of the market. A mismatch in the parameters results in an increased residual
risk (see Figure7.1). C|
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Part III.

Interest Rate Structures,
Interest Rate Products and
Analytic Pricing Formulas
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Motivation and Overview - Part III

PartIII will consider the interest rate structures and the analytical pricing of interest rate deriva-
tives. The methods for pricing financial products may roughly be classified into three groups.
These are

• Model-independent analytic pricing: The financial product can be separated into a
portfolio of traded assets. The value of the derivative product is then given by the value
of the portfolio. The portfolio represents a replication portfolio, i.e. a static hedge.

• Model-dependent analytic pricing: The replication of the financial product requires
dynamic hedging, i.e. a continuous adjustment of the portfolio, and thus requires a model
for the underlying stochastics. The value of the replication portfolio depends on the
model. However, the product and the choosen model is simple enough to derive an
analytic pricing formula.

• Model-dependent numeric pricing: The replication of the financial product requires
dynamic hedging and thus requires a model for the underlying stochastics. The value of
the replication portfolio depends on the model. The complexity of the product or of the
model requires a numerical calculation of the price.

In Chapter8 we will define some elementary products and interest rates. In Section9.1
simple interest rate products will be presented which allow model-independent analytic pric-
ing. Here, the corresponding pricing is discussed right after the definition of the product. In
Section9.2we define some simple options. In Chapter10 and11 we will show how to derive
some analytic pricing formulas using some simple standard models. In Chapter12more exotic
options will be presented, for which pricing requires generally numerical methods.

Numerical pricing methods and complex pricing models will be considered in PartIV andV.

This work is licensed under a
Creative Commons License.
http://creativecommons.org/licenses/by-nc-nd/2.5/deed.en

113 Comments welcome.
©2004, 2005, 2006, 2007 Christian Fries

Version 1.4.18 [build 20070403]- 1st May 2007
http://www.christian-fries.de/finmath/book

http://creativecommons.org/licenses/by-nc-nd/2.5/deed.en
http://creativecommons.org/licenses/by-nc-nd/2.5/deed.en
http://www.christian-fries.de/finmath/book


This work is licensed under a
Creative Commons License.
http://creativecommons.org/licenses/by-nc-nd/2.5/deed.en

114 Comments welcome.
©2004, 2005, 2006, 2007 Christian Fries

Version 1.4.18 [build 20070403]- 1st May 2007
http://www.christian-fries.de/finmath/book

http://creativecommons.org/licenses/by-nc-nd/2.5/deed.en
http://creativecommons.org/licenses/by-nc-nd/2.5/deed.en
http://www.christian-fries.de/finmath/book


CHAPTER 8

Interest Rate Structures

8.1. Introduction

In previous sections we have considered a one-dimensional stochastic process as the underly-
ing, representing a stock for example. We will now turn to the modeling of interest rates and
later the pricing of interest rate derivatives. Interest rates potentially offer a richer structure
than a single stock, since at each timet we have to consider an interest ratecurve F(T; t), T ≥ t
instead of a scalar stock priceS(t).

Let F(T; t) denote the interest earned on an investment made over the period [t,T], if the
contract is written at the beginningt of the period, i.e. we assume thatN · (1+ F(T; t) · (T − t))
is the amount one receives at timeT, if one invests the amountN at time t, and the contract
is fixed at the beginning of the period, i.e. int.1 For different timesT1 < T2 two such interest
ratesF(T1; t) andF(T2; t) may be different, the reason being the different interest earned on the
two sub-periods [t,T1] and [T1,T2], e.g. if interest rates are expected to rise or fall in future.
Thus, if one decomposes the time-axis into small interest rate periods [Ti ,Ti+1] and defines

(1+ F(Tk; t)(Tk − t)) =: (1+ L(T0,T1; t)(T1 − T0)) · . . . · (1+ L(Tk−1,Tk; t)(Tk − Tk−1)), (8.1)

then it is rational to represent each interest rateL(Ti ,Ti+1; t) by its own stochastic process. Here
we assumeT0 = t andL(Ti ,Ti+1; t) denotes the interest rate earned over the period [Ti ,Ti+1]
as given by a contract which is fixed int.2 See Figure8.1. It is common to have interest
rate derivatives that depend on more than one interest rate and in this sense depend on the
movement of the whole curve.

8.1.1. Fixing Times and Tenor Times

If the interest ratesF(Ti ; t) for periods [t,Ti ] for i = 1, . . . , k are known, then we can derive
from Equation (8.1) the rates for the sub-periods [Ti−1,Ti ]. It is

L(Ti−1,Ti ; t) =
1

Ti − Ti−1

(
1+ F(Ti ; t)(Ti − t)

1+ F(Ti−1; t)(Ti−1 − t)
− 1

)
. (8.2)

1 We will comment below on the fact that the contract may be fixed at an earlier time than the start of the interest
rate period.

2 Equation (8.1) represents the relationship between interest earned over the period [t,Tk] and interest earned from
smaller sub-periods, including compounding. Since all rates are fixed in timet, the difference is only interpretation.
Thus the two sides in (8.1) must agree.
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CHAPTER 8. INTEREST RATE STRUCTURES

T1T0 T2 T3 T4 T5 T6

Figure 8.1.: Modeling an interest rate curve by a family of stochastic processes.

The rateL(Ti−1,Ti ; t) is the interest rate for thefuture periodTi−1,Ti , that has been derived
from the interest rate curve as of timet. The interest rate has been fixed at timet, i.e. the
stochastic process is evaluated int. The timet is the simulation time of the stochastic process,
it thus determines that the random variableL(Ti−1,Ti ; t) has to be (at least)Ft-measurable. The
timesTi mark the start and the end of the periods. The period structure{T0,T1, . . . ,Tk} is also
called thetenor structure.

8.2. Definitions

All of the following random variables and stochastic processes are assumed to be defined over
the same probability space (Ω,F ,P). As the building block of all interest rates we define the
Bond:

Definition 97 (Bond3): q
Assume that a guaranteed payment of a unit currency4 1 in time T2 is a traded product at
any earlier timet < T2 and its value in stateω ∈ Ω is uniquely determined by (t, ω). The
value of this product is called the price of theT2 bond as seen in(t, ω) and will be denoted by
P(T2; t, ω). It defines a stochastic process on [0,T2] which we denote byP(T2) :

P(T2) : [0,T2] ×Ω 7→ R.

y

Interpretation: The value of the bondP(T2; t, ω) is the amount we have to
invest at a given timet and a given stateω to receive 1 inT2. Thus for a (riskless)
investment of 1 at timet we get a guaranteed payment of 1/P(T2; t, ω) at time
T2, because we simply buy 1/P(T2; t, ω) times the bond. Note that we assume

that all products may be traded in arbitrary fractions and that the price is unique, the same for
selling and buying. ThusP(T2; t, ω) not only implies the interest earned on an investment, it
also implies the interest to be paid for a corresponding credit. C|

3 The term defined is thezero-coupon bond(there are no intermediate payments (coupons) until maturity). We give
the trivial extension to acoupon bondin Definition108.

4 See Remark134.
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Figure 8.2.: Cash-flow for a forward bond.

Definition 98 (Forward Bond): q
Let 0≤ T1 ≤ T2 < ∞. As forward bondwe denote the stochastic process

P(T1,T2) :=
P(T2)
P(T1)

,

defined on [0,T1]. y

Interpretation: Theforward bond P(T1,T2; t) corresponds to the amount that
has to be invested at timeT1 to receive a guaranteed payment of 1 inT2, if that
contract is finalized at timet in stateω. To receive 1 inT2 one has to invest
P(T2; t) in t. This investment is financed by borrowing untilT1, i.e. we borrow

P(T2; t) · 1/P(T1; t)-times the value of aP(T1) bond (compare Figure8.2).
It is important to understand thatP(T1,T2; t) is not the value of a forward bond at timet.

The value of that contract is simply 0. What is denoted byP(T1,T2; t) is the amount that has
to be paid inT1 as part of a contract written int. The subject of the contract is a bond which
lies forward in time.

Obviously we haveP(T2; t) = P(t,T2; t). C|

Often the bond (or forward bond) will be represented by a rate (or forward rate). However,
the interest rate that corresponds to a bond depends on how we think of interest earned, e.g. if

This work is licensed under a
Creative Commons License.
http://creativecommons.org/licenses/by-nc-nd/2.5/deed.en

117 Comments welcome.
©2004, 2005, 2006, 2007 Christian Fries

Version 1.4.18 [build 20070403]- 1st May 2007
http://www.christian-fries.de/finmath/book

http://creativecommons.org/licenses/by-nc-nd/2.5/deed.en
http://creativecommons.org/licenses/by-nc-nd/2.5/deed.en
http://www.christian-fries.de/finmath/book


CHAPTER 8. INTEREST RATE STRUCTURES

compounding, i.e. interest paid on interest received, is considered. Thus, there are many dif-
ferent definitions of interest rates. For that reason we see an interest rate as a derived quantity.
We define some interest rates:

Definition 99 (Forward Rate ((Forward) LIBOR)): q
Let T1 < T2. The (forward) LIBOR5 L(T1,T2) is defined by

P(T1)
P(T2)

=
1

P(T1,T2)
=: (1+ L(T1,T2) · (T2 − T1)) , i.e.

L(T1,T2) :=
1

T2 − T1
·

P(T1) − P(T2)
P(T2)

.

y

Definition 100 ((continuously compounded) Yield): q
Let T1 < T2. The (continuously compounded) (forward) yieldr(T1,T2) is defined by

P(T1)
P(T2)

=
1

P(T1,T2)
=: exp(r(T1,T2) · (T2 − T1)) , i.e.

r(T1,T2) :=
− log(P(T1,T2))

(T2 − T1)
= −

log(P(T2)) − log(P(T1))
(T2 − T1)

.

y

Definition 101 (Instantaneous Forward Rate): q
The instantaneous forward rateis defined by

f (t,T) := lim
T2↘T

L(T,T2; t).

It may be interpreted as the interest rate for the infinitesimal period [T,T + dT]. y

Remark 102 (Instantaneous Forward Rate): We have

f (t,T) = lim
T2↘T

L(T,T2; t) = lim
T2↘T

1
P(T2; t)

P(T; t) − P(T2; t)
T2 − T

= −
1

P(T; t)
∂P(T; t)
∂T

= −
∂ log(P(T; t))

∂T
.

Definition 103 (Short rate): q
Let t ≥ 0. The short rater(t) is defined by

r(t) := lim
T↘t

r(t,T; t) =
∂

∂T
− log(P(T; t))

∣∣∣∣
T=t

=
−
∂P(T;t)
∂T

P(T; t)

∣∣∣∣
T=t
= −

∂P(T; t)
∂T

∣∣∣∣
T=t

.

y

5 LIBOR = London Inter Bank Offer Rate. The acronym LIBOR is often used for a rate following the Definition99,
because the inter-bank rate follows this convention.
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8.2. DEFINITIONS

Remark 104 (Short rate): Note that in Definitions99, 100 and101 we define families of
stochastic processes, while the short rate from Definition103 is a single, scalar stochastic
process.

Theshort rateis a limit of the spotforward rate(LIBOR) and theyield. We have

r(t) = lim
T↘t

r(t,T; t) = lim
T↘t

L(t,T; t).

Thisshort rateis the interest rate for the infinitesimal period [t, t + dt], as seen int.

Remark 105 (Forward forward): The term “forward” is used ambiguously: In Definition99
and100we define stochastic processes for interest rates, i.e. for a given observation timet we
defineL(T1,T2; t) andr(T1,T2; t) as rates for the period [T1,T2] as seen int. If T1 > t, then
these rates are called “forward” (i.e. forward LIBOR, forward Yield), since the rate is associated
with a future period, lying forward in time. IfT1 = t we would use the attribute “spot” instead.

However, on the other hand, the rateL(T1,T2; T1) (notet = T1) is often denoted asforward
rate, since it is an interest rate for an interval up toT2. This is in contrast to theshort rate,
which is defined for an infinitesimal period. Being precise, terms like “forward forward rate”
should be used.

There is a similar ambiguity for volatilities. The term forward volatility may be interpreted
as the volatility of a forward rate or as a volatility of some process considered at a future period
in time.

Remark 106 (Interest Rate Models): The various definitions of interest rates (as stochastic
processes) are the starting point for the corresponding interest rate modeling. The correspond-
ing models are

Interest Rate Model

Forward RateL LIBOR Market Model→ Chapter19.1
Instantaneous Forward Ratef HJM Framework→ Chapter21
Short Rater Short Rate Models→ Chapter22

Table 8.1.: Interest Rate Models.

Although the models above do not model the bond prices directly, we view zero-bond prices
as the basic building blocks.

Remark 107 (Bond prices as a function of interest rates): The bond prices may be
calculated from the interest rates. We have

P(T; t) = exp(−r(t,T; t)(T − t))

P(T; t) = exp(−
∫ T

t
f (t, τ)dτ)

P(T; t) =
n−1∏
i=0

(1+ L(Ti ,Ti+1; t)(Ti+1 − Ti))
−1 for t = T0 < T1 < . . . < Tn = T

.
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CHAPTER 8. INTEREST RATE STRUCTURES

The short rate is an exception. Here the reconstruction of the bond prices is possible only if
the short rate process is known under the equivalent martingale measureQN corresponding to
the nuḿeraireN(t) := exp(

∫ t

0
r(τ) dτ). Then we have

P(T; t) = EQ
N(

exp(−
∫ T

t
r(τ) dτ) | Ft

)

Tip (Discount factors as a basic market data object): We consider
the price of zero bonds as given and view interest rates as derived quantities. It
is natural to take this view in the implementation as well. If we want to provide
information on market interest rates through aClass6, then we store internally

a discretization of the Bond price curvej 7→ P(T j ; 0) (also calleddiscount factors). The
class then provides the various interest rates under various conventions throughmethods. This
design reduces the errors of misinterpretation of the stored data (especially if more than one
developer works on the class), since the data stored is free of market conventions and the
convention used to calculate the rates is explicit in the implementation of the corresponding
method. This also reduces the documentation overhead for thedata model.

getDiscountFactor(double maturity)
getForwardRate(double periodStart, double periodEnd, double periodLength)
getYield(double maturity)

discountFactors

DiscountFactors

maturity
value

DiscountFactor

Figure 8.3.: UML diagram: The classDiscountFactors internally stores discount factors and
provides various interest rates through corresponding methods.

A problem of this design is that discount factors are usually not the quantities that are ob-
servable in the interest rate market. The market quotes the prices of various different interest
rate products (e.g. futures orswaps), from which discount factors have to be calculated. This
calculation is calledbootstrapping. Under some conditions, it might be useful to store the
original market data. One such application is the numerical calculation of partial derivatives
with respect to a change in these input prices.7 C|

8.3. Interest Rate Curve Bootstrapping

Since bootstrapping of discount factors from market prices involves the inversion of a pricing
formula, we have to discuss the interest rate products and their pricing. We will do so in
Chapter9, but give an anticipatory abstract description of the bootstrap algorithm here:

Let 0 = T0 < T1 < T2 < . . . denote a time discretization. For given discount factorsd f j =

P(T j ; 0), j = 0,1, . . . , i we assume the existence of an interpolation functiond f(d f0, . . . ,d fi ; t),

6 See Chapter27.
7 The importance of the partial derivative with respect to the price of anunderlyinghas been discussed in Chapter7.
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8.4. INTERPOLATION OF INTEREST RATE CURVES

having the property that an additional sample point beyondTi will not change the interpolation
in t ≤ Ti , i.e.

d f(d f0, . . . ,d fi ; t) = d f(d f0, . . . ,d fi ,d fi+1; t) ∀ t ≤ Ti ∀ i = 1,2,3, . . . .

Let Vmarket
i denote given market prices of interest rate products for which the price may be

expressed as a functionVi of the discount factors int ≤ Ti , i.e.

Vi = Vi( {d f(t) | t ≤ Ti} ).

We further assume that the discount factord f(Ti) enters into the pricing, i.e. let ∂
∂d f(Ti )

Vi , 0.
Then the bootstrap algorithm is given by:

Induction start ( T0):

• d f0 := d f(T0) = P(T0; 0) = P(0; 0)= 1.0;

Induction step ( Ti−1→ Ti):

• Calculated fi := d f(Ti) such that, using the discount factor interpolation, we have

Vi( {d f(d f0, . . . ,d fi ; t) | t ≤ Ti} )
!
= Vmarket

i . (8.3)

In some cases the Equation (8.3) may be directly solved ford fi , especially if it does not
depend on the interpolation method used. Normally, a numerical solution is possible (see
AppendixA.5).8

8.4. Interpolation of Interest Rate Curves

We consider, as before, a family of bond pricesT 7→ P(T; 0), i.e. the discount factor curve, as
the basic representation of the interest rate curve. If the pricesd fi := P(Ti ; 0) are known for
times 0= T0 < T1 < T2 < . . ., we seek a meaningful interpolation method to calculate interest
rates for sub-periods. The interpolation method should fulfill two basic requirements:

• The interpolation method should be sufficiently smooth, at least continuously differen-
tiable. This is desirable, because the calculation of an interest rate corresponds to a finite
difference, i.e. converges to a derivative for decreasing period lengths.

• The interpolation method should preserve the monotonicity of discount factors, i.e. if we
have monotone decreasing sample points then the interpolation should be a monotone
decreasing curve.

The following additional requirement is also desirable:

• If the sample points correspond to a set of constant rates, then their interpolation should
give constant rates. In other words: The interpolation of sample points from a flat interest
rate curve should be flat (where flat means flat with respect to a rate).

8 If interest rates are positive, a simple interval bisection like theGolden Section Searchworks, sinced fi ∈ [0,d fi−1].
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CHAPTER 8. INTEREST RATE STRUCTURES

The linear interpolation of bond prices fulfills the second, but neither the first, nor the third
requirement. The linear interpolation of forward rates fulfills the first and third requirement, but
not necessarily the second. A simple interpolation method, which is also popular in practice,
is the linear interpolation of the logarithm of the discount factors, i.e. the linear interpolation
of r(0,T j) · T j :

d f(t) = exp
( T j+1 − t

T j+1 − T j
· log(d f(T j)) +

t − T j

T j+1 − T j
· log(d f(T j+1))

)
.

This interpolation fulfills the second and the third requirement.
A more complete discussion of various interpolation methods for interest rate curves may

be found in [72].

8.5. Implementation

We extend the design of theDiscountFactors class of Figure8.3 by an interpolation
algorithm and a bootstrap algorithm.

If the interpolation method is realized as part of thegetDiscountFactor()
method, and if the methods which calculate interest rates from discount factors (like
getForwardRate() or getYield() ) only usegetDiscountFactor() (and not the
internal data model), then the interpolation method is available in all derived interest rates once
it has been implemented ingetDiscountFactor() .9

The bootstrapper is then realized through one additional method
appendDiscountFactor(ProductSpecification productSpec, double
marketPrice) , whereproductSpec contains the description of the financial product
for which an additional discount factor has to be calculated from the given market price
marketPrice .

getDiscountFactor(double maturity)
getForwardRate(double periodStart, double periodEnd, double periodLength)
getYield(double maturity)

appendDiscountFactor(DiscountFactor discountFactor)
appendDiscountFactor(ProductSpecificaton productSpec, double price)

discountFactors

DiscountFactors

maturity
value

DiscountFactor

Figure 8.4.: UML Diagram: The class DiscountFactors internally stores discount
factors and provides various interest rates through corresponding methods. The method
appendDiscountFactor(ProductSpecification productSpec, double
marketPrice) implements one induction step of a bootstrap algorithm.

9 This is one reason forencapsulationof the internal data model, which should only be accessible to a small set of
methods (even within the same class!).
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CHAPTER 9

Simple Interest Rate Products

So far we have defined a single interest rate product, thezero coupon bondP(T). In the
following, we give the definitions of some basic interest rate products. Many definitions use
Definition99of the forward rate (which, of course, is based on the definition of the zero bond).

9.1. Interest Rate Products Part 1: Products without
Optionality

9.1.1. Fix, Floating and Swap

We define a trivial generalization of thezero bond:

Definition 108 (Coupon Bond): q
A coupon bond with couponCi , i = 1, . . . ,n−1 andtenor structure Ti , i = 1, . . . ,n and maturity
Tn pays

Ci · (Ti+1 − Ti) +

0 if i + 1 < n

1 if i + 1 = n
in Ti+1

(n− 1 payments). y

Theorem 109 (Value of a Coupon Bond): The Coupon Bond consists ofn− 1 guaranteed
payments with different payment dates. Clearly, the value of the coupon bond as seen int < T2

is given by
n−1∑
i=1

Ci · (Ti+1 − Ti) · P(Ti+1; t) + P(Tn; t). (9.1)

Remark 110 (Dirty Price, Clean Price, Accrued Interest): The value of a coupon bond as
given by Equation (9.1) is calleddirty price. The dirty price is sometimes split into two parts,
called theClean PriceandAccrued Interest.

If T1 < t < T2, i.e. the bond is evaluated within the first interest rate period, then the accrued
interest is defined by

A(T1,T2; t) :=
t − T1

T2 − T1
·C1 · (T2 − T1).
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CHAPTER 9. SIMPLE INTEREST RATE PRODUCTS

Remember that in Definition109 it is assumed thatt < T2. A(T1,T2; t) is calledaccrued
interest. Dirty price and clean price are now related through

PDirty(t) =
n−1∑
i=1

Ci · (Ti+1 − Ti) · P(Ti+1; t) + P(Tn; t),

PClean(t) = PDirty(t) − A(T1,T2; t).

The accrued interestrepresents the fraction of the future coupon payment that relates to the
past fraction of the period. This stems from the interpretation of the coupon payment as equally
distributed. The price of a bond is often quoted only by itsClean Price.

The decomposition inclean priceandaccrued interestmay appear useless, since upon trad-
ing their sum, i.e. the dirty price, has to be paid. However, quoting the clean price has an
advantage: The clean price evolves continuously int across period end dates, while the dirty
price exhibits a jump at the end of a period, due to the paid coupon.

The zero bondP(T1; t) is the timet value of a guaranteed payment of 1 inT1. It thus
represents a fixed interest rate payment. A product with variable interest rate payments is the
floater.

Definition 111 (Floater): q
Let Ti , i = 1, . . . ,n denote a given time discretization (a tenor structure). A floater pays

N · L(Ti ,Ti+1; Ti) · (Ti+1 − Ti) in Ti+1

for i = 1, . . . ,n− 1 (n− 1 payments). y

Theorem 112 (Value of a Floater): At time t ≤ T1 the value of a floater (as in Definition111)
is given by

VFloater(t) = N ·
n−1∑
i=1

L(Ti ,Ti+1; t) · (Ti+1 − Ti) · P(Ti+1; t)

= N · (P(T1) − P(Tn)).

Proof: Variant 1 of the proof: From the definition of the forward rate we have for a single
payment of the floater in timeTi+1

Vi
Floater(Ti+1) := N · L(Ti ,Ti+1; Ti) · (Ti+1 − Ti)

Def. L
= N ·

P(Ti ; Ti) − P(Ti+1; Ti)
P(Ti+1; Ti)

.

This payment is aFTi -measurable random variable. The interest rate ofVi
Floaterwas fixed inTi

and is no longer stochastic when observed on [Ti ,Ti+1]. As seen inTi the value of this payment
is thus a multiple ofP(Ti+1; Ti), namely

Vi
Floater(Ti) = Vi

Floater(Ti+1) · P(Ti+1; Ti) = N · (P(Ti ; Ti) − P(Ti+1; Ti)).

Thus we see that the timeTi value of the floater is given by a portfolio of bonds. The timet
value of this portfolio is known. Thus we have

Vi
Floater(t) = N · (P(Ti ; t) − P(Ti+1; t)) = N · L(Ti ,Ti+1; t) · (Ti+1 − Ti) · P(Ti+1; t).
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9.1. INTEREST RATE PRODUCTS PART 1: PRODUCTS WITHOUT OPTIONALITY

t

N • L • ΔT-N N • L • ΔT N • L • ΔT N • L • ΔT

N 

T1 T2 Tn

Figure 9.1.: Cash-flow of a floater with exchange of notional N.

This is the value of a single floater payment. The claim follows by summation overi.
Variant 2 of the proof: We have to valueVi

Floater(Ti+1). ChooseN(t) = P(Ti+1; t) as nuḿeraire
and letQN denote a corresponding martingale measure. ThenN(Ti+1) = 1 and

Vi
Floater(t) = N(t) · EQ

N(Vi
Floater(Ti+1)

N(Ti+1)
|Ft

)
= N(t) · EQ

N
(Vi

Floater(Ti+1)|Ft)

= N(t) · EQ
N(

N ·
P(Ti ; Ti) − P(Ti+1; Ti)

P(Ti+1; Ti)
|Ft

)
= N(t) · EQ

N(
N ·

P(Ti ; Ti) − P(Ti+1; Ti)
N(Ti)

|Ft
)

= N(t) · N ·
P(Ti ; t) − P(Ti+1; t)

N(t)

= N · (P(Ti ; t) − P(Ti+1; t)) = N · L(Ti ,Ti+1; t) · (Ti+1 − Ti) · P(Ti+1; t).

This is the value of a single floater payment. The claim follows by summation overi. �|

Definition 113 (Floating Rate Bond): q
Let Ti , i = 1, . . . ,n denote a given time discretization (a tenor structure). A floating rate bond
pays

N · L(Ti ,Ti+1; Ti) · (Ti+1 − Ti) + N ·

0 if i + 1 < n

1 if i + 1 = n
in Ti+1

for i = 1, . . . ,n− 1 (n− 1 payments). y

The value of a floating rate bond isN · P(T1), because it is just the sum of a floater (value
N · P(T1)) − N · P(T2)) and a zero coupon bond with maturityT2 (valueN · P(T2)).

Interpretation: Definition 111 considers only the coupon payments of a
floater. Normally an exchange of notional takes place at the beginning and end
of the product: A payment of−N is made inT1 (receive notional) and a payment
of N is made inT2 (pay notional). Since from Theorem112the value of the pure

coupon payments isN ·P(T1)−N ·P(Tn), the value of a floater with exchange of notional is 0.
Figure9.1 shows a cash-flow diagram for a floater with exchange of notional. At timeT1

the notionalN is invested over the period [T1,T2] with an interest rateL(T1,T2; T1), fixed at
the beginning of the period. InT2 the interest is paid and the notionalN is reinvested over the
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CHAPTER 9. SIMPLE INTEREST RATE PRODUCTS

following period (with a newly fixed rate). At the endTn the interest for the last period is paid
together with the notional. C|

As shown, there are two different ways to derive the value of the floater. The first method
uses the fact that the paymentN ·L(Ti ,Ti+1; Ti) ·(Ti+1−Ti) is aFTi -measurable random variable
paid in Ti+1. Thus, its value as of timeTi is given by multiplication withP(Ti+1; Ti). Since
this value could be expressed as a portfolio of bonds we know its timet value. Essentially, we
derive a replication portfolio for each cash-flow. The second method considers relative prices
and applies Theorem79.

In this context, the timeTi is calledfixing dateand the timeTi+1 is called payment date.

Definition 114 (Fixing Date, Payment Date): q
Let T2 ≥ T1 andVT1(T2) be aFT1-measurable random variable defining a payment made inT2.
ThenT1 is calledFixing DateandT2 is calledPayment Dateof VT1(T2). See also Figure9.2.

y

Lemma 115 (Moving the payment date): Let t ≥ T1. The value of a paymentVT1(T2) with
fixing date T1 andpayment date T2 corresponds to the value of a payment ofVT1(T2) · P(T2; t)
in t for t < T2 and the value of a payment ofVT1(T2) · 1

P(t;T2) in t for t > T2.

Proof: The first part follows as in the proof of Theorem112, the second part follows from
exchangingt andT2. �|

9.1. ZINSPRODUKTE TEIL 1: PRODUKTE OHNE OPTIONALITÄT

von VT1 (T2) · 1
P(t;T2) in t für t > T2.

Beweis: Der erste Teil folgt wie im Beweis des Satzes 103, der zweite durch Tauschen
von t und T2. !|

Bemerkung 107 (Zur Additivität von Cash Flows mit unterschiedlichem Payment
Date): Der Wert eines Finanzprduktes oder Cash Flows hängt vom Zeitpunkt ab, an
dem er gesehen wird. Zwei Zahlungen mit gleichem Payment Date können addiert
werden. Für Zahlungen mit unterschiedlichem Payment Date ist eine addition nicht
sinnvoll. Zur Berechnung des Gesamtwertes mehrere Produkte oder Cash Flows zu
einem Zeitpunkt t müssen alle Cash Flows entsprechend Lemma 106 translatiert wer-
den. Jedoch erlaubt das Lemma 106 diese Transformation nur für Zeitpunkte größer
des Fixing Dates. Für Zeitpunkte kleiner als das Fixing Dates ist Lemma 106 nicht
anwendbar. In diesem Fall muss eine (risko neutrale) Bewertung erfolgen.

Ganz anders verhalten sich relative Preise: Relative Preise sind additiv (unabhängig
vom Fixing Date). Es sei VT1 eine FT1 -meßbare Zufallsvariable die den Wert eines
Finanzproduktes zum Zeitpunkt T2 beschreibt. Dann:

• Für t < T1 ist EQN ( VT1
N(T2) |Ft

)
der N(t)-relative Wert von VT1 zum Zeitpunkt t nach

Satz 72.

• For t > T1: EQN ( VT1
N(T2) |Ft

)
= VT1 · EQ

N ( 1
N(T2) |Ft

)
=

VT1 ·P(T2;t)
N(t) is the N(t)-relative

value of VT1 at time t. This follows from Lemma 106.

Die Additivität relativer Preise folgt aus der Linearität des Erwartungswertes.

Definition 108 (Swap (Payer Swap)): "
Ein Swap ist eine Austasuchzahlung einer festen Zinsrate gegen eine variable Zinsrate.
Der Swap zahlt

N · (L(Ti,Ti+1; Ti) − S i) · (Ti+1 − Ti) in Ti+1

für Zeiten T1, . . . ,Tn aus (n−1 Auszahlungen), wobei S i ∈ R die festgelegte swap rate
und L(Ti,Ti+1; Ti) der LIBOR gemäß Definition 90, sowie N der Notional (Nennwert)
ist. Der hier definierte Swap ist ein Payer Swap, siehe Definition 109. #

Definition 109 (Payer Swap, Receiver Swap): "
Der in Definition 108 definierte Swap mit Zahlungen

N · (L(Ti,Ti+1; Ti) − S i) · (Ti+1 − Ti) in Ti+1

wird als Payer Swap bezeichnet. Im Gegesatz dazu wir der umgekehrte Swap mit Zah-
lungen

N · (S i − L(Ti,Ti+1; Ti)) · (Ti+1 − Ti) in Ti+1
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9.1. ZINSPRODUKTE TEIL 1: PRODUKTE OHNE OPTIONALITÄT

von VT1 (T2) · 1
P(t;T2) in t für t > T2.

Beweis: Der erste Teil folgt wie im Beweis des Satzes 103, der zweite durch Tauschen
von t und T2. !|

Bemerkung 107 (Zur Additivität von Cash Flows mit unterschiedlichem Payment
Date): Der Wert eines Finanzprduktes oder Cash Flows hängt vom Zeitpunkt ab, an
dem er gesehen wird. Zwei Zahlungen mit gleichem Payment Date können addiert
werden. Für Zahlungen mit unterschiedlichem Payment Date ist eine addition nicht
sinnvoll. Zur Berechnung des Gesamtwertes mehrere Produkte oder Cash Flows zu
einem Zeitpunkt t müssen alle Cash Flows entsprechend Lemma 106 translatiert wer-
den. Jedoch erlaubt das Lemma 106 diese Transformation nur für Zeitpunkte größer
des Fixing Dates. Für Zeitpunkte kleiner als das Fixing Dates ist Lemma 106 nicht
anwendbar. In diesem Fall muss eine (risko neutrale) Bewertung erfolgen.

Ganz anders verhalten sich relative Preise: Relative Preise sind additiv (unabhängig
vom Fixing Date). Es sei VT1 eine FT1 -meßbare Zufallsvariable die den Wert eines
Finanzproduktes zum Zeitpunkt T2 beschreibt. Dann:

• Für t < T1 ist EQN ( VT1
N(T2) |Ft

)
der N(t)-relative Wert von VT1 zum Zeitpunkt t nach

Satz 72.

• For t > T1: EQN ( VT1
N(T2) |Ft

)
= VT1 · EQ

N ( 1
N(T2) |Ft

)
=

VT1 ·P(T2;t)
N(t) is the N(t)-relative

value of VT1 at time t. This follows from Lemma 106.

Die Additivität relativer Preise folgt aus der Linearität des Erwartungswertes.

Definition 108 (Swap (Payer Swap)): "
Ein Swap ist eine Austasuchzahlung einer festen Zinsrate gegen eine variable Zinsrate.
Der Swap zahlt

N · (L(Ti,Ti+1; Ti) − S i) · (Ti+1 − Ti) in Ti+1

für Zeiten T1, . . . ,Tn aus (n−1 Auszahlungen), wobei S i ∈ R die festgelegte swap rate
und L(Ti,Ti+1; Ti) der LIBOR gemäß Definition 90, sowie N der Notional (Nennwert)
ist. Der hier definierte Swap ist ein Payer Swap, siehe Definition 109. #

Definition 109 (Payer Swap, Receiver Swap): "
Der in Definition 108 definierte Swap mit Zahlungen

N · (L(Ti,Ti+1; Ti) − S i) · (Ti+1 − Ti) in Ti+1

wird als Payer Swap bezeichnet. Im Gegesatz dazu wir der umgekehrte Swap mit Zah-
lungen

N · (S i − L(Ti,Ti+1; Ti)) · (Ti+1 − Ti) in Ti+1
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fixing date

payment date
evaluation date

Figure 9.2.: Fixing date, payment date and evaluation date

Remark 116 (On the additivity of cash flowswith different payment dates): The value of
a financial product or a single cash flow depends on its evaluation time, the time we select to
observe it. Two payments with the same payment date may be added to create a single one.
For two payments with different payment dates a summation is not meaningful. To calculate
the total value of several products or cash flows at timet we have to move all cash flows as in
Lemma115. However, Lemma115 applies only to timest larger than the fixing dates. The
lemma is not applicable for times before the fixing date. Here, a risk-neutral evaluation has to
be performed.

Relative prices behave differently: Relative prices are additive (independent of the fixing
date). Let VT1 denote aFT1-measurable random variable defining the value of a financial
product in timeT2. Then we have:

• For t < T1: EQ
N
( VT1

N(T2) |Ft

)
is theN(t)-relative value ofVT1 at timet. This follows from

Theorem79.
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9.1. INTEREST RATE PRODUCTS PART 1: PRODUCTS WITHOUT OPTIONALITY

• For t > T1: EQ
N
( VT1

N(T2) |Ft

)
= VT1 · E

QN
(

1
N(T2) |Ft

)
=

VT1 ·P(T2;t)
N(t) is theN(t)-relative value of

VT1 at timet. This follows from Lemma115.

The additivity of relative prices follows from the linearity of the expectation operator.

Definition 117 (Swap (Payer Swap)): q
A swap is an exchange payment of fixed rate for a floating rate. Let 0= T0 < T1 < T2 < . . . <
Tn denote a given tenor structure. A swap pays

N · (L(Ti ,Ti+1; Ti) − Si) · (Ti+1 − Ti) in Ti+1

for i = 1, . . . ,n−1 (n−1 payments), whereSi ∈ R denotes the fixedswap rateandL(Ti ,Ti+1; Ti)
denotes the forward rate from Definition99, andN denotes thenotional. The swap defined
here is apayer swap, see Definition118. y

Definition 118 (Payer Swap, Receiver Swap): q
The swap defined in Definition117with payments

N · (L(Ti ,Ti+1; Ti) − Si) · (Ti+1 − Ti) in Ti+1

is calledpayer swap. In contrast, the swap with reversed payments

N · (Si − L(Ti ,Ti+1; Ti)) · (Ti+1 − Ti) in Ti+1

is calledreceiver swap. The term payer/ receiver indicates whether the holder of the swap has
to pay the fixed coupon (it enters negative) or receives the fixed coupon (it enters positive).y

Definition 119 (Floating Leg, Fixed Leg): q
The payments of a swap may be decomposed into

N · L(Ti ,Ti+1; Ti) · (Ti+1 − Ti) in Ti+1 (9.2)

and
N · Si · (Ti+1 − Ti) in Ti+1. (9.3)

The payments (9.2) of the variable rates are calledfloating leg, the payments of the constant
rates (9.3) are calledfixed leg. y

Theorem 120 (Value of a Swap): At time t ≤ T1 the value of aswapis given by

VSwap(t) = N ·
n−1∑
i=1

(L(Ti ,Ti+1; t) − Si) · (Ti+1 − Ti) · P(Ti+1; t).

Proof: The swap consists of a floater (floating leg, (9.2)) and fixed payments−N·Si ·(Ti+1−Ti)
in Ti+1 for which their timet value is the corresponding multiple ofP(Ti+1; t). The claim
follows by applying Theorem112to the floating leg. �|

Remark 121 (Swap rate): Let T1, . . . ,Tn be a given tenor structure. Consider a swap as in
Definition 117. Thepar swap rate S(in t) is the unique rate for which a swap withSi := S
has the timet value 0, i.e. the total timet value of the payments

N · (L(Ti ,Ti+1; Ti) − S) · (Ti+1 − Ti) in Ti+1
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CHAPTER 9. SIMPLE INTEREST RATE PRODUCTS

is 0. Since the timet value of such a swap is given by

N ·
n−1∑
i=1

(L(Ti ,Ti+1; t) − S) · (Ti+1 − Ti) · P(Ti+1; t),

then

S =

∑n−1
i=1 L(Ti ,Ti+1; t)(Ti+1 − Ti) · P(Ti+1; t)∑n−1

i=1 (Ti+1 − Ti) · P(Ti+1; t)

=
P(T1; t) − P(Tn; t)∑n−1

i=1 (Ti+1 − Ti) · P(Ti+1; t)
.

Definition 122 (Par swap rate): q
Let T1 < T2 < . . . < Tn. The par swap rate(often just calledswap rate) S(T1, . . . ,Tn) is
defined by

S(T1, . . . ,Tn; t) :=
P(T1; t) − P(Tn; t)∑n−1

i=1 (Ti+1 − Ti) · P(Ti+1; t)
.

y

Interpretation: Since the par swap rate is the rate for which a corresponding
swap has value 0, we may see the par swap rateSi, j := S(Ti , . . . ,T j) as some
mean of the forward ratesLk, k = i, . . . , j − 1. Indeed, the par swap rateSi, j

is a convex combination (and thus a weighted average) of the forward ratedLk,
k = i, . . . , j − 1 as shown in the following lemma. C|

Lemma 123 (Swap rate as convex combination of the forward rates): Let Ti < Ti+1 <
. . . < T j denote a given tenor structure. Then we have

Si, j =

j−1∑
k=i

αkLk, with αk ≥ 0,
j−1∑
k=i

αk = 1.

The weightsαk are given byαk := P(Tk+1)·(Tk+1−Tk)∑ j−1
l=i P(Tl+1)·(Tl+1−Tl )

. The weights are stochastic.

Proof: With P(Tk+1)(Tk+1 − Tk) · Lk = P(Tk) − P(Tk+1) we have

j−1∑
k=i

P(Tk+1)(Tk+1 − Tk) · Lk = P(Ti) − P(T j),

and thus
j−1∑
k=i

P(Tk+1)(Tk+1 − Tk)
j−1∑
l=i

P(Tl+1) · (Tl+1 − Tl)

· Lk =
P(Ti) − P(T j)

j−1∑
l=i

P(Tl+1) · (Tl+1 − Tl)

= Si, j .

�|
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9.1. INTEREST RATE PRODUCTS PART 1: PRODUCTS WITHOUT OPTIONALITY

Interpretation (Usage of the term bond and swap ): The termsbond
andswapare also used in a much broader sense than given. A financial product
with coupon payments and final notional payments at maturity is called abond. A
financial product where coupon payments are exchanged (and no notional is paid)

is called aswap. The terms are used independently of the specific structure of the coupons.
A coupon may be a constant (fix), a variable rate (float) or a complex function of one or more
interest rates (structured). In the last case, the coupon is called astructured couponand the
corresponding bond and swap are calledstructured bondandstructured swap.

A swap may be interpreted as a portfolio of a bond long (i.e. with positive cash-flow) and
a bond short (i.e. with negative cash-flow), where the two notional payments cancel. In Sec-
tion 12.2.1we will consider the relationship between bonds and swaps. C|

9.1.2. Money-Market Account

If we invest at timeT0 = 0 a unit currency over the period [T0,T1], then we receive atT1 the
amount 1+ L(T0,T1; T0) · (T1 − T0). If this amount is reinvested for another period and if this
process is continued for periods [T j ,T j+1] with j = 1,2, . . ., then we have at timeTi a value of

i−1∏
j=0

(1+ L(T j ,T j+1; T j) · (T j+1 − T j)). (9.4)

Equivalently, we may write this with the instantaneous forward rate as

i−1∏
j=0

exp
( ∫ T j+1

T j

f (T j , τ)dτ
)
= exp

( i−1∑
j=0

∫ T j+1

T j

f (T j , τ)dτ
)
. (9.5)

If we consider a continuum of infinitesimal periods, i.e. we consider continuously compound-
ing with the short rate, then the corresponding value will evolve as

B(t) = exp
( ∫ t

T0

r(τ)dτ
)
. (9.6)

Definition 124 (Rolling Bond): q
The financial product

R(t) := P(Tm(t)+1; t) ·
m(t)∏
j=0

(1+ L(T j ,T j+1; T j) · (T j+1 − T j)),

wherem(t) := max{i : Ti ≤ t}, is called(single period) rolling bond. y

Definition 125 (Savings Account, Money Market Account): q
The financial productB in (9.6) is calledsavings accountor money market account. y

Interpretation: The financial productB has to be interpreted as an idealization
(like the short rate itself), since infinitesimal periods are an idealization.

Note that (9.4) and (9.5) are equivalent, whereasB(Ti) does not coincide with
the value of (9.4) generally. The expressions (9.4) and (9.5) depend on the choice

of the periods and if evaluated inTi , they areFTi−1 measurable random variables, whereasB(Ti)
isFTi measurable only. C|
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CHAPTER 9. SIMPLE INTEREST RATE PRODUCTS

9.2. Interest Rate Products Part 2: Simple Options

9.2.1. Cap, Floor, Swaption

Definition 126 (Caplet): q
A Capletis an option on theforward rate(LIBOR) and pays

Vcaplet(T2) = N ·max(L(T1,T2; T1) − K , 0) · (T2 − T1) in T2 (9.7)

whereK is thestrikerate,L(T1,T2; t) the LIBOR andN thenotional. Payment date and fixing
date 0< T1 < T2 coincide with the LIBOR period [T1,T2]. y

Definition 127 (Cap): q
A cap is a portfolio of caplets. Let 0= T0 < T1 < T2 < . . . < Tn denote a given tenor
structure. A cap pays

N ·max(L(Ti ,Ti+1; Ti) − Ki , 0) · (Ti+1 − Ti) in Ti+1 (9.8)

for i = 1, . . . ,n−1 (n−1 payments), whereKi are thestrikerates,L(Ti ,Ti+1; Ti) are the LIBOR
rates andN denotes thenotional. y

Remark 128 (Floorlet, Floor): If in (9.8) or correspondingly in (9.7) the payoff is

N ·max(Ki − L(Ti ,Ti+1; Ti) , 0) · (Ti+1 − Ti) in Ti+1,

then the product is calledFloor or Floorlet, respectively.

Remark 129 (Caplet, Cap): The name caplet (and thus cap) seems counter-intuitive. A cap
is usually an upper bound, a floor a lower bound. Indeed, the payoff

[L]K := min(L,K)

is calledcappedand the payoff
[L]K := max(L,K)

is calledfloored. The counter-intuitive name caplet for (9.7) stems from its application as a
swap that exchanges a floating rateL against a capped coupon [L]K :

L − [L]K = max(L − K,0),

i.e.

−[L]K = −L +max(L − K,0).

If we have the obligation to pay a variable interest rate (−L), buying a cap (+max(L − K,0))
will cover the risk of an increasing interest rate, i.e. the payment is capped (−[L]K). The cap is
the product one has to buy to have floating payments capped.1

1 See [8], p. 12.
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9.2. INTEREST RATE PRODUCTS PART 2: SIMPLE OPTIONS

Underlying

Payoff

K0
2 ε

2 
ε

Figure 9.3.: Call spread approximation of a digital option by two call options.

Definition 130 (Swaption): q
A swaptionis an option on aswap. Let Vswap(t) denote the timet value of a swap as defined by
Definition117. Then the value of aswaption(with underlyingVswap) is given by the payout

Vswaption(T1) := max
(
Vswap(T1) , 0

)
in T1.

y

Definition 131 (Digital Caplet): q
A digital capletpays

Vdigital(T2) = N · 1(L(T1,T2; T1) − K) · (T2 − T1) in T2,

whereK is thestrikerate,L(T1,T2; t) is the LIBOR,N denotes thenotionaland1 denotes the
indicator function (with1(x) := 1 for x > 0 and1(x) := 0 else). y

Lemma 132 (Digital Caplet valuation, Call-Spread): For the valueVdigital(K,0) of a digital
caplet with strikeK we have

Vdigital(K; 0) = −
∂

∂K
Vcaplet(K; 0).

The approximation of the differential using finite differences

Ṽdigital(K; 0) = −
Vcaplet(K + ε; 0)− Vcaplet(K − ε; 0)

2ε

is calledcall spread.

Proof: The proof follows the lines of the proof in Lemma81. �|

9.2.1.1. Example: Option on a Coupon Bond

Consider the option to receive atT1 a coupon bondin exchange for a notional payment. A
coupon bond with tenor structureTi , i = 1, . . . ,n, couponsCi and maturityTn pays

Ci · (Ti+1 − Ti) +

0 if i + 1 < n

1 if i + 1 = n
in Ti+1.
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CHAPTER 9. SIMPLE INTEREST RATE PRODUCTS

The timet value of a forward starting coupon bond with an initial notional payment 1 inT1 is

VfwdCpnBnd(t) =
n−1∑
i=1

Ci · (Ti+1 − Ti) · P(Ti+1; t) + P(Tn; t) − P(T1; t),

for t ≤ T1, see (9.1). SinceP(T1; t) − P(Tn; t) is the value of afloating rate bond, see Defini-
tion 113, this is just a swap

=

n−1∑
i=1

(Ci − L(Ti ,Ti+1; t)) · (Ti+1 − Ti) · P(Ti+1; t).

Consequently, an option on forward starting coupon bond is just a swaption.

9.2.2. Foreign Caplet, Quanto

Definition 133 (Foreign Caplet): q
A foreign capletis a caplet in a foreign currency. From the domestic investor’s point of view
it pays

Ñ ·max
(
L̃(T1,T2; T1) − K , 0

)
· (T2 − T1) · FX(T2) in T2,

whereK ∈ R is the strike rate,̃L(T1,T2; t) is theforeignLIBOR, FX(T2) is the exchange rate
andÑ denotes the notional in foreign currency.2 y

Remark 134 (Units): It is useful to consider units, just as one would do in physics. A
domestic bondP has the unit of one domestic currency, [P] = dom. Interestrateshave the
dimension 1

time, e.g. for the forward rate (LIBOR) we have [L(Ti ,Ti+1) · (Ti+1 − Ti)] = 1, since
it is the quotient of two bonds. The unit of the stochastic processFX is [FX] = dom

for , i.e.FX(t)
is the timet value of a foreign currency unit in domestic currency. In Definition133we have
[Ñ] = for. For the following product it is crucial to consider units.

Definition 135 (Quanto, Quanto Caplet): q
A quantois a financial product for which a payout will be converted from a foreign currency to
a domestic currency without use of the exchange rate. Instead ofFX(t) it uses 1dom

for or another
conversion factor (thequanto rate) fixed apriori.

Let 0< T1 < T2 denotefixingandpayment date, respectively. Aquanto capletpays

Ñ ·max
(
L̃(T1,T2; T1) − K , 0

)
· (T2 − T1) · 1

dom
for

in T2 ,

whereK is the strike rate (dimension1
time), L̃(T1,T2; t) is theforeignLIBOR (dimensionless)

andÑ denotes the notional inforeign currency. y

Further Reading: An introduction to the basics of interest rates products may
be found in [5] (in German). C|

2 FX = Foreign eXchange.

This work is licensed under a
Creative Commons License.
http://creativecommons.org/licenses/by-nc-nd/2.5/deed.en

132 Comments welcome.
©2004, 2005, 2006, 2007 Christian Fries

Version 1.4.18 [build 20070403]- 1st May 2007
http://www.christian-fries.de/finmath/book

http://creativecommons.org/licenses/by-nc-nd/2.5/deed.en
http://creativecommons.org/licenses/by-nc-nd/2.5/deed.en
http://www.christian-fries.de/finmath/book


CHAPTER 10

The Black Model for a Caplet

We consider a caplet as defined by Definition126 as an option on the forward rateL1 :=
L(T1,T2) for given times 0< T1 < T2.

The Black model for the valuation of a caplet postulates a lognormal dynamic of the under-
lying LIBOR1

dL1(t) = µP(t)L1(t)dt + σ(t)L1(t)dWP(t), σ(t) ≥ 0, underP. (10.1)

We seek the priceV(0) of the payoff profile

V(T2) := max((L1(T1) − K) · (T2 − T1),0) ,

whereL1 · (T2−T1) := P(T1)/P(T2)−1, i.e.L1 = L1(T1,T2) denotes the forward rate (the (for-
ward) LIBOR) of the period [T1,T2]. Without loss of generality we assume that the notional is
1. We choose theT2-Bond as Nuḿeraire

N(t) := P(T2; t).

This choice of the nuḿeraire is the crucial trick in the derivation of a risk-neutral pricing
formula. Since

L1 =
1

(T2 − T1)
· (P(T1)/P(T2) − 1) =

1
(T2 − T1)

·
P(T1) − P(T2)

P(T2)

=

1
(T2−T1) · (P(T1) − P(T2))

N
,

L1 is theN-relative price of a traded asset.2 From Theorem74 we have the existence of an
equivalent martingale measureQN such that allN-relative prices of traded assets are martin-
gales. ThusL1 is drift-free (see Lemma52), i.e.

dL1(t) = σ(t)L1(t)dWQ
N
(t), underQN.

For the processY := log(L1) we have it from Lemma49 that

d(log(L1(t)) = −
1
2
σ(t)2dt + σ(t)dWQ

N
(t),

1 The lognormal Process is often written in the formdL1(t)
L1(t) = µ

P(t)dt + σ(t)dWP(t).
2 The traded asset is the portfolio 1

(T2−T1) · (P(T1) − P(T2)) consisting of 1
(T2−T1) fractions of aT1-bond (long) and

T2-bond (short).
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CHAPTER 10. THE BLACK MODEL FOR A CAPLET

i.e. log(L1(T)) is normal distributed with mean log(L1(0)) − 1
2σ̄

2T and standard deviation

σ̄
√

T, with σ̄ :=
( 1

T

∫ T

0
σ2(t)dt

)1/2, see Section4.
For the option value we now have

V(T2) = max((L1(T1) − K) · (T2 − T1),0) in T2

and fromN(T2) = 1 we have3

V(0)
N(0)

= EQ
N

(
V(T2)
N(T2)

| F0

)
= EQ

N
(V(T2) | F0)

= EQ
N

(max((L1(T1) − K) · (T2 − T1),0) | F0)

i.e.
V(0) = P(T2; 0) · EQ

N
(max((L1(T1) − K),0)) · (T2 − T1).

Knowing the distribution ofL1 underQN this expectation may be represented as

V(0) = P(T2; 0) · [L1(0)Φ(d+) − KΦ(d−)] · (T2 − T1), (10.2)

whereΦ(x) := 1
√

2π

∫ x

−∞
exp(− y2

2 )dy andd± =
ln(

L1(0)
K )± 1

2 σ̄
2T1

σ̄
√

T1
, see Section4.

Remark 136 (Implied Black Volatility): Similarly to Remark80on page78we have: Equa-
tion (4.3) gives us the price of the option under the model (10.1) as a function of the model
parameter ¯σ. In this context ¯σ is called the Black volatility. Taking the other model and
product parameters (r, K, T1, T2) as constants, the pricing formula (10.2) represents a bijection

σ̄ 7→ V(0)

[0,∞)→ [P(T2; 0) ·max(L(0)− K,0) , P(T2; 0) · L(0)].

The σ̄ calculated for a given priceV(0) through inversion of the pricing formula is called the
implied Black volatility.

Lemma 137 (Price of a digital caplet under the Black model dynamics): The price of a
digital caplet under the Black model is

Vdigital(K; 0) = N · P(T2; 0) · Φ(d−) · (T2 − T1),

whereΦ(x) := 1
√

2π

∫ x

−∞
exp(−y2

2 )dy andd− =
ln(

L1(0)
K )− 1

2 σ̄
2T1

σ̄
√

T1
.

3 This is the point where the specific choice of numéraire comes in handy for the second time.
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CHAPTER 11

Pricing of a Quanto Caplet (Modeling
the FFX)

In this section all quantities related to a foreign currency are marked with at̃ilde. Let 0< T1 <
T2 denotefixing andpayment daterespectively. The payoff profile of a quanto caplet is given
by

V(T2) = max
(
L̃(T1,T2; T1) − K , 0

)
· (T2 − T1) · 1

dom
for

in T2,

whereK is the given strike rate and̃L(T1,T2; t) is the foreign forward rate. The notional and
quanto rate are assumed to be 1.

We assume a lognormal dynamic for the foreign LIBOR, i.e. we model it as1

dL̃(t) = µP(t)L̃(t) dt + σL̃(t)L̃(t) dWP3 (t).

11.1. Choice of Num éraire

If we choose the foreignT2-bond converted to domestic currency, i.e.P̃(T2; t)FX(t), as
numéraire, then from̃L(T1,T2; t) = 1

T2−T1

P̃(T1)−P̃(T2)
P̃(T2)

= 1
T2−T1

P̃(T1)FX(t)−P̃(T2)FX(t)
P̃(T2)FX(t)

(see Section10)
we find

dL̃(t) = σL̃(t)L̃(t) dW3(t) underQP̃(T2)·FX.

Remark 138 (Foreign Market, Cross Currency Change of Nuḿeraire): Note that the
foreign LIBOR isnot a martingale with respect toQP̃(T2), since we are based in the domestic
market. For the domestic investor the foreign bondP̃(Ti) is not a traded asset, but the foreign
bond converted to domestic currencyP̃(Ti) · FX is a traded asset. Although we have

dL̃(t) = σL̃(t)L̃(t) dW3(t) underQP̃(T2),

we cannot use this change of measure, sinceP̃(T2) is not a traded asset and thus not a numéraire
in the domestic market. Choosing the domestic bondP(T2) (a traded asset) as numéraire, we
generally have

dL̃(t) , σL̃(t)L̃(t)(t) dW3(t) underQP(T2).

1 We write L̃ for L̃(T1,T2).
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CHAPTER 11. PRICING OF A QUANTO CAPLET (MODELING THE FFX)

Since the payoff profile of the quanto caplet is

V(T2) = max
(
L̃(T1,T2; T1) − K , 0

)
· (T2 − T1) · 1

dom
for

in T2,

it is advantageous to know the dynamics ofL̃(T1,T2) under the measureQP(T2), thedomestic T2
terminal measure. ChoosingP(T2) as nuḿeraire, the nuḿeraire is 1 at payment date and will
not show up in the expectation operator above. This trick has already been used in Chapter10,
where we were lucky that additionally the underlying was a martingale under this measure.

By the change of measure fromQP̃(T;t)·FX(t) to QP(T2) we have a change of the drift, see
Theorem58 (Girsanov, Cameron, Martin), i.e.

dL̃(t) = µP(T2)(t)L̃(t) dt + σL̃(t)L̃(t) dWP(T2)
3 (t) underQP(T2).

With other words: The dynamics of the underlying is known under the measureQP̃(T;t)·FX(t).
From the shape of the payoff function a change of nuḿeraire fromP̃(T; t) · FX(t) to P(T; t),
thus a change of measure fromQP̃(T;t)·FX(t) toQP(T;t) is desirable. We thus define:

Definition 139 (Forward FX Rate): q
Let 0< t < T. Theforward FX rate FFX(T) is defined as

FFX(T; t) :=
P̃(T; t)
P(T; t)

FX(t).

y

Remark 140 (Forward FX Rate): The forward FX rate (also known as FX forward) is
a relative price of two domestic traded assets. It is dimensionless, since [P̃(T; t)] = 1for,
[P(T; t)] = 1dom and [FX(t)] = 1dom

for . It is aQP(T) martingale.

We assume lognormal dynamics forFFX(T2), i.e.

dFFX(T2; t) = σFFX(t)FFX(T2; t) dWP(T2)
2 (t) underQP(T2).

Since

L̃(T1,T2) · FFX(T2) =
1

T2 − T1

P̃(T1) − P̃(T2)

���P̃(T2)
·�

��P̃(T2)
P(T2)

FX(t)

=
1

T2 − T1

(P̃(T1) − P̃(T2))FX(t)
P(T2)

is a P(T2)-relative price of domestic traded assets (namely a portfolio of foreign bonds), we
have that̃L(T1,T2) · FFX(T2) is a martingale underQP(T2), i.e.

DriftQ
P(T2)

(L̃(T1,T2) · FFX(T2)) = 0. (11.1)

On the other hand

d(L̃ · FFX)

= dL̃ · FFX + L̃ · dFFX + dL̃ · dFFX

= FFX · L̃ · µP(T2)dt + FFX · L̃ · σL̃dWP(T2)
3

+ FFX · L̃ · σFFXdWP(T2)
2 + FFXσFFXdWP(T2)

2 · σL̃L̃dWP(T2)
3 ,
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11.1. CHOICE OF NUMÉRAIRE

and assuming an instantaneous correlationρ(t) for dWP(T2)
2 and dWP(T2)

3

= FFX · L̃
(
(µP(T2) + ρσFFXσL̃)dt + σL̃dWP(T2)

3 + σFFXdWP(T2)
2

)
.

From (11.1) we thus find
µP(T2)(t) = −ρ(t)σFFX(t)σL̃(t).

We now know the dynamics of̃L underQP(T2)

dL̃ = −ρ(t)σFFX(t)σL̃(t)L̃(t)dt + σL̃(t)L̃(t)dWP(T2)
3 (t)

and (as in Chapter10) we know the distribution of̃L(T1,T2) (underQP(T2)) is lognormal with

log(L̃(T)) = N

(
log(L̃(0))−

∫ T

0
ρ(t)σFFX(t)σL̃(t)dt −

1
2
σ̄2

L̃
· T , σ̄2

L̃
· T

)
= N

(
log

(
L̃(0) · e−

∫ T

0
ρ(t)σFFX(t)σL̃(t)dt

)
−

1
2
σ̄2

L̃
· T , σ̄2

L̃
· T

)
,

where

σ̄2
L̃
=

1
T

∫ T

0
σ2

L̃
(t)dt (mean variance).

Altogether it follows an (adjusted) Black formula, where in contrast to the Black formula from

Chapter10 L̃(0) is replaced bỹL(0) · e−
∫ T

0
ρ(t)σFFX(t)σL̃(t)dt. The factor

e−
∫ T

0
ρ(t)σFFX(t)σL̃(t)dt

is called thequanto adjustment.
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CHAPTER 12

Exotic Derivatives

We have already introduced some simple interest rate derivatives. In this section we give a
selection of so calledexotic derivatives. The name “exotic” does not mean that these derivative
products are of less importance. With respect to evaluation models the converse is true: The
value of exotic derivatives usually depends on a multitude of model properties, which may not
even play a role in the pricing of simple derivatives. An example is the time structuret 7→ σ(t)
of the volatility in the Black-(Scholes-)Model (4.2), (10.1): Its distribution over time does not
play a role in the pricing of aEuropean option, only the integrated variance enters into the
pricing formula. It will however play a role for the pricing of aBermudan option.

Thus, in this sense we may view certain prototypical properties of exotic derivatives
(e.g. having more than one exercise date) as test functions for prototypical properties of (com-
plex) models (e.g. the term structure of volatility).1

12.1. Prototypical Product Properties

The list of exotic interest rate derivatives we give in Section12.2does not claim to be complete
or representative. It is exemplary forprototypical product propertiesand for applications of
the pricing models and methodologies which we will discuss later. We focus a bit on more
recent products, where we will discuss the relationship ofprototypical product propertiesto
models and their implementation.

Some product properties, likepath dependencyor early exercisecharacterize a whole class
of products. To evaluate a product of the respective class, the objectpath, i.e. the history, for
path dependencyandconditional expectationfor early exerciseare central. The path depen-
dency is best represented in apath simulation(forward algorithm). The conditional expecta-
tion is best represented in astate lattice(backward algorithm). See Table12.1.

Furthermore, some models have a preferred mode of implementation, i.e. aspath simulation
or asstate lattice. Whether a model can be implemented on astate latticeis often decided by
it’s Markov dimension, see Table12.2.

Thus, prototypical product properties impose requirements on model and implementation.

1 To clarify the meaning of this sentence we remind the reader that a digital option may be used to extract the model-
implied terminal distribution function of its underlying, see Chapter5. Thus digital options may be viewed as test
functions of a model’s terminal distributions.
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CHAPTER 12. EXOTIC DERIVATIVES

Prototypical Product Property Model Requirement/ Implementation

Early Exercise/ Bermudan,
low Markov dimension

backward algorithm,
coarse time discretization
→ state lattice/ tree, Section13.3

Early Exercise/ American,
low Markov dimension

backward algorithm,
fine time discretization
→ PDE, Chapter14

Path Dependency,
high Markov dimension

forward algorithm
→ path simulation, Section13.1

Pfad Dependency,
model: low Markov dimension
product: high Markov dimension

path simulation through a lattice
→ Section13.4

Early Exercise,
high Markov dimension

forward algorithm
with estimator of conditional expectation
→ Chapter15

Pfad Dependency,
low Markov dimension

backward algorithm
with extension of state space
→ Chapter16

Table 12.1.:Prototypical product properties and corresponding model requirements and implementation
techniques.

Model Property

Short Rate Models (→ Chapter22) low Markov dimension
Market Models (→ Chapter19) high Markov dimension
Markov Functional Models (→ Chapter25) low Markov dimension

Table 12.2.:Markov dimension of some models.
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12.2. INTEREST RATE PRODUCTS PART 3: EXOTIC INTEREST RATE DERIVATIVES

12.2. Interest Rate Products Part 3: Exotic Interest
Rate Derivatives

Motivation (“Why exotic derivatives?”): A simple European option with
payoff max(L(T) − K,0) may be interpreted as an insurance against an increase
of the interest rateL(T). It pays in case of an increasing interest rate the corre-
sponding compensation.

To interpret an exotic derivatives, e.g. one with payoff

Ci if L(T j) < K ∀ j ≤ i andi + 1 < n

Ci + 1 if L(Ti−1) < K ≤ L(Ti) or i + 1 = n

0 else.

as an insurance is not intuitive. The payoff above constitutes acoupon bondwhich matures if
L(Ti) exceeds the rateK. Such a structure is usually offered with an above average couponC1

and below average couponsCi , i > 1.2 Thus, this product is appealing if the investor would
like to receive a high initial coupon (this could be done with a standard coupon bond) and at
the same time expects that the interest rate will rise faster than the market predicts. Since the
coupon will mature early if interest rates rise, the lower than average couponsCi , i > 1 do not
take effect. Thus, in this case, the investor would have a coupon bond with an above average
coupon. Since the investor takes the risk that he will receive lower than average coupons
if interest rates do not rise, the product will be much cheaper than a standard coupon bond
paying a couponC1 and maturing early. The investor is financing the initial above average
coupon by taking the risk of loosing his bet on rising interest rates. He is a risk taker. The
product is appealing to the investor since he has a different view on the future as the market
(i.e. the average).

Exotic derivatives interpreted as an investment usually link a guaranteed high initial payment
with a risky structure, which extracts the favorable case of the investor’s market view.

An exotic derivative may both reward for taking risk as well as cover risk (in the sense of an
insurance). Both interpretations jointly exist. For example the structure above has an insurance
against total loss of investment. The worst case scenario is a coupon bond with below average
coupons. C|

12.2.1. Structured Bond, Structured Swap, Zero Structure

Exotic interest rate options mainly come in two different forms: as a (structured) bond or a
(structured) swap. The products bond and swap are closely related. For a given (coupon) bond
we may define a swap, such that the swap together with a floating rate bond replicates the
coupon bond. We consider this relationship first for the trivial case of a simple coupon bond,
then for the more tricky case of a zero coupon bond. All coupons may be structured coupons.

A structured bond is a bond for which the couponsCi are arbitrary complex functions of
interest rates or other market observables.3 In this case the coupons are calledstructured

2 A similar structure is given by thetarget redemption note.
3 Common coupons are options on interest rates, e.g. a guaranteed minimum rate in the form ofCi = max(Li (Ti ),K),

or even coupons which depend on the performance of one or more stocks, in which case the bond would be a hybrid
interest rate product.
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CHAPTER 12. EXOTIC DERIVATIVES

coupons. A corresponding swap exchanges the structured coupon payments of the bond by
coupon payments of a corresponding floating rate bond, see Figure12.1 and 12.2. Taking
the swap and the floating rate bond (which just pays the current market rate on the notional)
together, we may hedge the structured bond. For the values of the products inT0 we thus have
N1 + Vswap= Vbond.

T2

Coupon Bond
N

1 +
 N

1 
⋅ C

1

T3 T4

N
1

T1

N
2

T2 T3 T4

N
1

T1

N
2 +

 N
2 
⋅ C

2

N
3

N
3 +

 N
3 
⋅ C

3

N
3 +

 N
3 
⋅ C

3

N
1 
⋅ C

1

N
2 
⋅ C

2

=

N1 = N2 = N3

Figure 12.1.: Cashflows for a coupon bond. Left: with imaginary exchange of notionals at the end of
each period; right: with effective cash-flow only.
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2 
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3

N
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 N
3 
⋅ L

3

=

Figure 12.2.: Cashflows for a swap whose fixed leg corresponds to the coupon bond in Figure12.1.
Left: with imaginary exchange of notionals at the end of each period; right: with effective cash-flow only.

The structured bond and its (hedge-)swap are separate products, since they are often offered
by separate institutions.4

Zero Structures

Besides (structured) coupon paying bonds, another common type of bond is that for which the
coupon is accrued instead of paid. Then, as for the zero coupon bond, there will be a single
payment at maturity, see Figure12.3, right. An accruing product is called azero structure. A
bond with accruing coupons is sometimes called a zero coupon bond.

For an accruing zero coupon bond we may define a corresponding swap too. To do so we
consider the following (equivalent) representation of the bond: At the end of each coupon pe-

4 E.g. mortgage bank and investment bank.
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12.2. INTEREST RATE PRODUCTS PART 3: EXOTIC INTEREST RATE DERIVATIVES

riod the notional and the period’s coupon is paid. The amount defines the new notional for the
following period and is reinvested (this corresponds to accruing the coupon), see Figure12.3,
left. The swap is then defined such that it exchanges the structured coupon (on the various
notionals) by a corresponding coupon with a given market rate.

The swap will then allow to build up the bond’s payment at maturity using the starting
notional invested at market rates, see Figure12.4.

T2

Zero Coupon Bond (Accruing Structured Coupon)
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Figure 12.3.: Cashflows for a zero coupon bond. Left: with imaginary exchange of notionals at the end
of each period; right: with effective cash-flow only.
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Figure 12.4.: Cashflows for a swap whose fixed leg corresponds to the zero coupon bond in Figure12.3.
Left: with imaginary exchange of notionals at the end of each period; right: with effective cash-flow only.

For the valuation inT0 we again have

N1 + Vswap= Vbond, (12.1)

where the swap is interpreted as payer swap, i.e. it paysCi − Li . That Equation (12.1) holds,
follows iteratively by considering a single period: The nominalN1 is invested at the market rate
like a floating rate bond. The floating rate bond paysN1 + N1 · L1 in T2. The swap exchanges
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CHAPTER 12. EXOTIC DERIVATIVES

the couponN1 · L1 for the structured coupon. Thus we haveN1 + N1 · C1 =: N2 which is the
notionalN2 which is used for the same construction for the following period.

Such a construction is especially meaningful if the zero coupon bond may be canceled at the
end of a coupon period. In this case it would pay the accrued notional up to this period. For a
cancelable bond the swap has the same cancellation right and is canceled simultaneously.5

We repeat the notionsstructured bondandstructured swapin a definition, although these
definitions differ only in one minor aspect from the ones for coupon bond or swap respectively:
the couponCi may be an arbitraryFTi+1-measurable random variable:

Definition 141 (Structured Bond): q
Let 0= T0 < T1 < T2 < . . . < Tn denote a given tenor structure.

For i = 1, . . . ,n − 1 let Ci denote a (generalized) “interest rate” for the periods [Ti ,Ti+1],
respectively. LetCi be aFTi+1-measurable random variable.

Furthermore letNi denote a constant value (notional). Thestructured bondpays

Ni ·Ci · (Ti+1 − Ti) + Ni ·

0 (i , n)

1 (i = n− 1)

in Ti+1. The value of thestructured bondseen int < T2 is

VBond(T1, . . . ,Tn; t) = N(t) · EQ
N( n−1∑

k=1

Nk ·Ck · (Tk+1 − Tk)
N(Tk+1)

∣∣∣Ft
)
+ Nn−1 · P(Tn; t).

y

Definition 142 (Structured Swap (Structured Receiver Swap)): q
Let 0= T0 < T1 < T2 < . . . < Tn denote a given tenor structure.

For i = 1, . . . ,n − 1 let Ci denote a (generalized) “interest rate” for the periods [Ti ,Ti+1],
respectively. LetCi be aFTi+1-measurable random variable.

Furthermore letsi denote a constant interest rate (spread) andNi a constant value (notional).
Thestructured swappays

Xi := Ni ·
(
Ci − (L(Ti ,Ti+1; Ti) + si)

)
· (Ti+1 − Ti).

in Ti+1. The value of thestructured swapseen int < T2 is

VSwap(T1, . . . ,Tn; t) = N(t) · EQ
N( n−1∑

k=1

Xk

N(Tk+1)

∣∣∣Ft
)
.

y

Remark 143 (Structured Coupon): By Ci we denote an arbitrary, generalized interest rate.
In general it will be a function ofL(Tk,Tk+1) with fixing dateTi , and thus evenFTi -measurable.
We allow that the generalized interest rateCi depends on events within the period [Ti ,Ti+1] and
requiresFTi+1-measurability only. An example ofCi is a constant rateCi = const., the forward
rateCi = L(Ti ,Ti+1; Ti), or aswap rateCi = S(Ti , . . . ,Tk; Ti).

Remark 144 (Zero Structure): The swap in Definition142 is calledzero structure, if the
notionalNi if given by

Ni+1 := Ni ·Ci · (Ti+1 − Ti) i = 1, . . . ,n− 1.
5 Other arguments for this construction are reduction of default and market risk.
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12.2. INTEREST RATE PRODUCTS PART 3: EXOTIC INTEREST RATE DERIVATIVES

Remark 145 (Structured Payer Swap/ Structured Receiver Swap): The swap defined in
Definition142is areceiver swap. A swap with reversed payments

Xi := Ni ·
(
(L(Ti ,Ti+1; Ti) + si) −Ci

)
· (Ti+1 − Ti)

is calledstructured payer swap. See Definition118.

12.2.2. Bermudan Option

Definition 146 (Bermudan): q
A financial product is calledBermudan, if it has multiple exercise dates (options), i.e. there
are timesTi at which the holder of a Bermudan may choose between different payments or
financial products (underlyings). y

A more formal definition of the Bermudan option, anticipating the result that the optimal
exercise is to choose the maximum of the exercise and non-exercise value, is given in the
following definition:

Definition 147 (Bermudan Option): q
Let {Ti}i=1,...,n denote a set of exercise dates and{Vunderl,i}i=1,...,n a corresponding set of underly-
ings. The Bermudan option is the right to receive at one and only one timeTi the corresponding
underlyingVunderl,i (with i = 1, . . . ,n) or receive nothing.

At each exercise dateTi , the optimal strategy compares the value of the product upon ex-
ercise with the value of the product upon non-exercise and chooses the larger one. Thus the
value of the Bermudan is given recursively

Vberm(Ti , . . . ,Tn; Ti)︸                   ︷︷                   ︸
Bermudan with
exercise dates

Ti , . . . ,Tn

:= max
(
Vberm(Ti+1, . . . ,Tn; Ti)︸                      ︷︷                      ︸

Bermudan with
exercise dates
Ti+1, . . . ,Tn

, Vunderl,i(Ti)︸       ︷︷       ︸
Product

received upon
exercise inTi

)
,

whereVberm(Tn; Tn) := 0 andVunderl,i(Ti) denotes the value of the underlyingVunderl,i at exercise
dateTi . y

An example is given by the Bermudan swaption. Here the option holder has the right to
enter a swap at several different times. The optimal exercise strategy chooses the maximal
value from either the swap or the Bermudan with the remaining exercise dates.

Definition 148 (Bermudan Swaption): q
Let 0 = T0 < T1 < T2 < . . . < Tn denote a given tenor structure. The value
VBermSwpt(T1, . . . ,Tn; T0) of a Bermudan swaption seen at timeT0 is defined recursively by

VBermSwpt(Ti , . . . ,Tn; Ti)

:= max
(
VBermSwpt(Ti+1, . . . ,Tn; Ti) , VSwap(Ti , . . . ,Tn; Ti)

)
,

(12.2)

whereVBermSwpt(Tn; Tn) := 0 andVSwap(Ti , . . . ,Tn; Ti) denotes the value of a swap withfix-
ing dates Ti , . . . ,Tn−1 andpayment dates Ti+1, . . . ,Tn, seen inTi . Furthermore, with a given
numéraireN and a corresponding equivalent martingale measureQN

VBermSwpt(Ti+1, . . . ,Tn; Ti) = N(Ti) · E
QN(VBermSwpt(Ti+1, . . . ,Tn; Ti+1)

N(Ti+1)
|FTi

)
. (12.3)

y
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CHAPTER 12. EXOTIC DERIVATIVES

Interpretation: TheBermudan swaption VBermSwpt(Tn−1,Tn) is simply aswap-
tion (option on a swap) and since theswaphas only a single period [Tn−1,Tn] it is
actually acaplet. TheBermudan swaption VBermSwpt(Tn−2,Tn−1,Tn) is an option
which allows a choice in timeTn−2 between aswaption(with later exercise date)

or a (longer)swap. Thus it is an option on an option. Iteratively the Bermudan swaption is an
option on an option (on an option, etc.).

Taking the underlyingswapas the defining object, we see that theBermudan swaption
VBermSwpt(T1, . . . ,Tn) can also be interpreted as an option either to enter at timesT1, . . . ,Tn−1

a swap with remaining periods up toTn, or to wait. Options with multiple exercise times are
calledBermudan. Options with a single exercise time are calledEuropean. C|

0

T0 T1 T2 T3 T4 T5 T6

Swap(T5,T6)
Swap(T4,...,T6)

Swap(T1,...T6)

Figure 12.5.: Bermudan Swaption

Remark 149 (Bermudan Swaption): It is key to the evaluation of the Bermudan swaption
that by Equation (12.3) we have at each exercise dateTi an evaluation of a derivative product.
For this theconditional expectationhas to be calculated. Depending on the model and the im-
plementation, the calculation of conditional expectations may be non-trivial. In Chapter15we
give an in-depth discussion on how to calculate a conditional expectation in a path simulation
(Monte-Carlo simulation).

12.2.3. Bermudan Callable and Bermudan Cancelable

We will now define a product class that generalizes the structure of aBermudan swaption.

Definition 150 (Bermudan Callable Structured Swap6): q
Let 0= T0 < T1 < T2 < . . . < Tn denote a given tenor structure.

For i = 1, . . . ,n − 1 let Ci denote a (generalized) “interest rate” for the periods [Ti ,Ti+1],
respectively. LetCi be aFTi+1-measurable random variable.

Furthermore letsi denote a constant interest rate (spread), Ni a constant value (notional) and

Xi := Ni ·
(
Ci − (L(Ti ,Ti+1) + si)

)
· (Ti+1 − Ti).

Let Vunderl(Ti , . . . ,Tn; Ti) denote the value of the product payingXk in Tk+1 for k = i, . . . ,n− 1,
seen inTi . If N denotes a nuḿeraire andQN a corresponding equivalent martingale measure,

6 Compare [85].
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12.2. INTEREST RATE PRODUCTS PART 3: EXOTIC INTEREST RATE DERIVATIVES

then

Vunderl(Ti , . . . ,Tn; Ti) = N(Ti) · E
QN( n−1∑

k=i

Xk

N(Tk+1)

∣∣∣FTi

)
. (12.4)

The value of aBermudan callable swap with structured leg Ci
7 is recursively defined by

VBermCall(Ti , . . . ,Tn; Ti)

:= max
(
VBermCall(Ti+1, . . . ,Tn; Ti) , Vunderl(Ti , . . . ,Tn; Ti)

)
,

(12.5)

whereVBermCall(Tn; Tn) := 0 and

VBermCall(Ti+1, . . . ,Tn; Ti) = N(Ti) · E
QN(VBermCall(Ti+1, . . . ,Tn; Ti+1)

N(Ti+1)
|FTi

)
. (12.6)

y

Remark 151 (Bermudan Callable, structured Leg): For Ci = Si = const. the product
defined in Definition150is aBermudan swaption.

The payments (cash flows)Xi consist of some partNi · Ci · (Ti+1 − Ti) which is called the
structured legand another partNi · (L(Ti ,Ti+1)+ si) · (Ti+1−Ti) which is called thefloating leg.

Theunderlying Vunderl(Ti , . . . ,Tn) is a swap swapping the rateCi againstL(Ti ,Ti+1)+si , with
fixing dates Ti , . . . ,Tn−1 andpayment dates Ti+1, . . . ,Tn.

To evaluate a Bermudan option we need to calculate at most two conditional expecta-
tions (12.4), (12.6) at each exercise timeTi . Under the assumption of optimal exercise these
two values are linked by (12.5), going backward from exercise date to exercise date. In Chap-
ter 15 we give an in-depth discussion of the calculation of conditional expectation in a path
simulation (Monte-Carlo simulation).

The Bermudan swaption (or a Bermudan callable) allows an (eventually structured) swap to
be entered into at one single time the of predefined timesTi . In contrast to this, theBermudan
cancelableswap allows the cancelation a swap at one single time of the predefined timesTi .

Definition 152 (Bermudan Cancelable Swap): q
With the notation from Definition150let

Vcoupons(Ti ; Ti) = N(Ti) · E
QN( Xi

N(Tk+1)

∣∣∣FTi

)
.

the value of the coupon payments (cash flows) for the period [Ti ,Ti+1], seen inTi .
The value of aBermudan Cancelable with structured leg Ci is recursively defined by

VBermCancel(Ti , . . . ,Tn; Ti)

:= max
(
Vcoupons(Ti ; Ti) + VBermCancel(Ti+1, . . . ,Tn; Ti) , 0

)
,

whereVBermCancel(Tn; Tn) := 0 and

VBermCancel(Ti+1, . . . ,Tn; Ti) = N(Ti) · E
QN(VBermCancel(Ti+1, . . . ,Tn; Ti+1)

N(Ti+1)
|FTi

)
.

y

7 On the naming see Remark154.
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CHAPTER 12. EXOTIC DERIVATIVES

Remark 153 (Bermudan Cancelable): With the notation from Definition150and152we
have

VBermCancel(Ti , . . . ,Tn; Ti) = Vunderl(Ti , . . . ,Tn; Ti) + VBermCallPayer(Ti , . . . ,Tn; Ti), (12.7)

whereVBermCallPayerdenotes a Bermudan callable with reversed sign in the underlying. The
right to cancel the structured swapVunderl corresponds to the right to enter such a structured
swap with reversed cash-flow.

Likewise we have

VBermCall(Ti , . . . ,Tn; Ti) = Vunderl(Ti , . . . ,Tn; Ti) + VBermCancelPayer(Ti , . . . ,Tn; Ti), (12.8)

whereVBermCancelPayerdenotes a Bermudan cancelable with reversed sign in the underlying.
From this we conclude that the problem of evaluating aBermudan cancelablecorresponds

to the problem of evaluating aBermudan callable- and vice versa.

Remark 154 (Bermudan Callable): Our definition of a Bermudan option is a general one:
for each exercise date the corresponding underlying can be specified arbitrarily. The Bermu-
dan callable is a special variant of a Bermudan option, where the underlyings share the same
cash-flow after exercise.8 The Bermudan callable is the right to enter a financial product at
some later time. The Bermudan cancelable is the right to terminate a financial product at
some later time. Bermudan callable and Bermudan cancelable are counterparts in the sense of
Equation (12.7).

For (structured) bonds it is usually the case that the issuer (i.e. the party that pays the
coupons) has the right to cancel the bond.9 Due to the relationship (12.7) it is the case that
the issuer of a bond having the right to cancel the issued bond essentially has a callable bond.
Therefore the use of the wordscallableandthe call rightare often used where our definition
would seem to point to a cancelable contract.

12.2.4. Compound Options

A compound optionis an option on an option. Popular are a European call option on a Euro-
pean call option, a call on a put, a put on a call and a put on a put. The compound option is
closely related to the Bermudan option with two exercise dates. The compound option may be
viewed as a special variant of a Bermudan option.

As for the Bermudan option, the evaluation of a compound option requires the evaluation
of an option at a future time (the exercise date of the first option). The methods used for the
pricing of Bermudan options can thus be applied to the evaluation of compound options.

12.2.5. Trigger Products

For a Bermudan options and a Bermudan cancelable the exercise criterion is given by optimal
exercise: The option holder chooses the maximum value. Thus the recursive definition of the
product value uses the maximum function on the values of the two alternatives non-exercise
and exercise. For a trigger product the exercise is given by some criterion, thetrigger, which
does not necessarily represent an optimal exercise. An example of such a product is theauto
cap, which we will define in Section12.2.6.4below, or the following target redemption note.

8 Our definition of a Bermudan callable is the same as for example in Piterbarg [85].
9 Upon cancelation the notional is repaid.
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12.2. INTEREST RATE PRODUCTS PART 3: EXOTIC INTEREST RATE DERIVATIVES

12.2.5.1. Target Redemption Note

Definition 155 (Target Redemption Note): q
Let 0= T0 < T1 < T2 < . . . < Tn denote a given tenor structure.

For i = 1, . . . ,n − 1 let Ci denote a (generalized) “interest rate” for the periods [Ti ,Ti+1],
respectively. LetCi be aFTi+1-measurable random variable.

Furthermore letNi denote a constant value (notional). A target redemption notepays

Ni · Xi in Ti+1

with

Xi :=

C1 for i = 1,

min(Ci ,K −
∑i−1

k=1 Ck) for i > 1
structured coupon

+

1 for
∑i−1

k=1 Ck < K <=
∑i

k=1 Ck or i = n,

0 else.
(redemption)

+

max(0, K −
∑i

k=1 Ck) for i = n

0 else.
(target coupon guarantee).

y

Remark 156 (Target Redemption Note Coupon): The rule that defines the couponCi in
Definition 155 may vary and Definition155 is only the framework of the product. With a
coupon, e.g., like

Ci = K − a · Li · (Ti+1 − Ti) for i > 1. (12.9)

the product is also calledvariable maturity inverse floater (VMIF). We will consider structured
coupons in Section12.2.6.

Interpretation: The holder of atarget redemption notereceives the coupon
Ci as long as the sum of the coupons has reachedK, the target coupon. If the
accumulated coupon exceeds the target coupon (

∑i
k=1 Ck >= K), then the differ-

ence between the target coupon and the notional is paid. After this no coupon
payments will be made. The structure is canceled if the target coupon has been reached. If the
target coupon has not been reached over the full life time of the product, then the difference
between the target coupon and the notional is paid at maturity.

Thus, the target redemption note guarantees the payment of a couponK and the redemption
of the notional. What is uncertain is the time of payment and the maturity, and thus the yield
of the product. The yield of the product depends on when the condition

i∑
k=1

Ck = K and
i−1∑
k=1

Ck < K (12.10)

is fulfilled.
It is normal to have an above average initial couponC1. The life time of the product varies

betweenT2 andTn, giving yields betweenK/T2 andK/Tn. An investor would buy this product
if he assumed that the condition (12.10) would be fulfilled early, such that the yield of the
product (is expected to be) above average.
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CHAPTER 12. EXOTIC DERIVATIVES

An example of a target redemption note, actually offered in 2004, is

Ci = 7.5%− 2 · Li · (Ti+1 − Ti) for i > 1.

Here the option holder profits from the product if the interest ratesLi decline faster than ex-
pected (and thus the product will be redeemed early). C|

12.2.6. Structured Coupons

In the previous definitions we have defined thestructured bond(Definition141), thestructured
swap(Definition 142), theBermudan option(Definition 150), theBermudan cancelable(Def-
inition 152) and theTarget Redemption Note(Definition 155) without specifying the coupons
Ci . We now refine our definitions by defining some of the most common structured coupons
Ci . In the respective definitions we only give the characteristic that describes the coupon. The
characteristics defined in the following exist for bonds and swaps and for Bermudan callable
and Bermudan cancelables alike. For example, we define a coupon of aCMS spreadprod-
uct and the name of the corresponding Bermudan callable swap as aBermudan callable CMS
spread swap.

12.2.6.1. Capped, Floored, Inverse, Spread, CMS

Definition 157 (Capped Floater): q
A product as in Definition141, 142, 150or 152with

Ci := min(L(Ti ,Ti+1) + si , ci)

is called aCapped Floater. Hereci denotes a constant (cap). y

Definition 158 (Floored Floater): q
A product as in Definition141, 142, 150or 152with

Ci := max(L(Ti ,Ti+1) + si , fi)

is called aFloored Floater. Here fi denotes a constant (floor). y

Definition 159 (Inverse Floater): q
A product as in Definition141, 142, 150or 152with

Ci = min(max(ki − L(Ti ,Ti+1), fi) , ci)

is called anInverse Floater. Here fi < ci (Floor, Cap) andki are constants. y

Definition 160 (Capped CMS Floater): q
A product as in Definition141, 142, 150or 152with

Ci := min(Si,i+m + si , ci),

wheresi , ci denote constants (Spread, Cap) andSi,i+m = S(Ti , . . . ,Ti+m) denotes a swap rate as
in Definition122, is called aCapped CMS10 Floater. The rateSi,i+m is calledconstant maturity

10 CMS stands forConstant Maturity Swap, i.e. the maturity of the underlying swap relative to the swap start (Ti+m−

Ti ) is constant. For simplicity we assume here that the tenor structure is equidistant.
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12.2. INTEREST RATE PRODUCTS PART 3: EXOTIC INTEREST RATE DERIVATIVES

swap rate (CMS)since the maturity relative to the period startTi , is constant (Ti+m − Ti is
constant, i.e. independent ofi), assuming an equidistant tenor structure. y

Definition 161 (Inverse CMS Floater): q
A product as in Definition141, 142, 150or 152with

Ci = min
(
max

(
ki − Si,i+m, fi

)
, ci

)
,

whereki , fi , ci denote constants (Strike, Floor, Cap) andSi,i+m = S(Ti , . . . ,Ti+m) denotes a
swap rate as in Definition122, is called anInverse CMS Floater. y

Definition 162 (CMS Spread): q
A product as in Definition141, 142, 150or 152with

Ci = min
(
max

(
S1

i,i+m1
− S2

i,i+m2
, fi

)
, ci

)
,

where fi , ci denote constants (Floor, Cap) and Si,i+m1 = S(Ti , . . . ,Ti+m1), Si,i+m2 =

S(Ti , . . . ,Ti+m2) denotes a swap rate as in Definition122, is called aCMS Spread. y

12.2.6.2. Range Accruals

Definition 163 (Range Accrual): q
Let ti,k ∈ [Ti ,Ti+1) denote given observation points for the period [Ti ,Ti+1). Furthermore letKi

andbl
i < bh

i denote given interest rates (constants). A product as in Definition141, 142, 150
or 152with

Ci := Ki ·
1
ni

ni∑
k=1

1[bl
i ,b

h
i ](L(ti,k, ti,k + ∆Ti ; ti,k)) in Ti+1.

is called aRange Accrual. Here∆Ti := Ti+1 − Ti . y

Interpretation: The interval [bl
i ,b

h
i ] describes an interest rate corridor. It is

calculated how often the reference rateL(t, t +∆Ti ; t) stays within this corridor at
the timesti,k. The product pays the corresponding fractional amount of the rate
Ki at the end of the period.

Since the interest rate corridor may be chosen as a function of the periodi, the product makes
it possible to profit from a specific evolution of the rate. C|

12.2.6.3. Path Dependent Coupons

Definition 164 (Snowball/ Memory): q
A product as in Definition141, 142, 150or 152with

Ci = min(max(Ci−1 + Xi , fi) , ci) ,

is calledSnowball, whereXi is some coupon as in Definition157-163 and fi , ci denote con-
stants (Floor, Cap) andCi−1 denotes the coupon of the previous periods withC0 := 0. y
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CHAPTER 12. EXOTIC DERIVATIVES

Example: A coupon

Ci = min(max(Ci−1 + ki − L(Ti ,Ti+1), fi) , ci)

is called aninverse floater memory.

Definition 165 (Power Memory): q
With the notation from the previous Definition164the coupon

Ci = min(max(αCi−1 + Xi , fi) , ci) ,

is called aPower Memory(for α , 1). y

Remark 166 (Snowball, Path Dependency): The snowball is called a path-dependent
product, since its coupon depends on the previous coupon, i.e. on the history.

Definition 167 (Ratchet-Cap): q
TheRatchet Cappays inTi+1

Xi = N ·max(L(Ti ,Ti+1; Ti) − Ki , 0) · (Ti+1 − Ti)

for timesT1, . . . ,Tn, where

Ki := min(Ki−1 + R , L(Ti ,Ti+1; Ti)) for i > 1

andK1, Rdenote constants (strikeandRatchet), L(Ti ,Ti+1; Ti) denote the forward rate (LIBOR)
andN denotes thenotional. y

Remark 168 (Ratchet Cap): The ratchet cap has an automatic adjustment of the strikeKi .
Since the adjustment depends on past realizations, the ratchet cap is a path-dependent product.

12.2.6.4. Flexi Cap

Theflexi capcomes in two variants: As an auto cap with a simple (automatic) exercise criterion
and as an chooser cap with an assumed optimal exercise (like for the Bermudan). Both caps
have in common that the maximum number of exercises is limited.

Definition 169 (Auto Cap): q
Let nmaxEx ∈ N. An Auto Cappays inTi+1

If |{ j : j < i undX j > 0}| < nmaxEx:

Xi := N ·max(L(Ti ,Ti+1; Ti) − Ki , 0) · (Ti+1 − Ti)

or else:

Xi := 0

for timesT1, . . . ,Tn, whereKi denotes thestrike rate,L(Ti ,Ti+1; Ti) denotes the forward rate
(LIBOR) andN denotes thenotional. The auto cap pays in the same way as a normalcapas
long as the number of past (positive) payments is belownmaxEx. y
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Definition 170 (Chooser-Cap): q
Let nmaxEx ∈ N. A Chooser Cappays inTi+1

If |{ j : j < i andX j > 0}| < nmaxEx and payment is chosen:

Xi := N ·max(L(Ti ,Ti+1; Ti) − Ki , 0) · (Ti+1 − Ti)

otherwise:

Xi := 0

for timesT1, . . . ,Tn, whereKi denotes thestrike rate,L(Ti ,Ti+1; Ti) denotes the forward rate
(LIBOR) andN denotes thenotional. y

Remark 171 (Auto Cap): The auto cap is a path-dependent product, since at a future time
the number of exercises allowed depends on the history. It is also a trigger product, since the
exercise is not optimal, but triggered by a simple trigger. The corresponding optimal exercise
is given by the chooser cap.

Remark 172 (Chooser Cap (Backward Algorithm)): Since the option holder chooses to
exercise optimally, we have that the valueV(nmaxEx,T1,Tn)

Chooser (T0) of the chooser cap is given by

V(nEx,Ti ,Tn)
Chooser (Ti) = max

(
Xi + V(nEx−1,Ti+1,Tn)

Chooser (Ti)) , V(nEx,Ti+1,Tn)
Chooser (Ti)

)
,

where
Xi := N ·max(L(Ti ,Ti+1; Ti) − Ki , 0) · (Ti+1 − Ti)

and
V(nEx,Tn,Tn)

Chooser (Tn) = 0 , V(0,Ti ,Tn)
Chooser(Ti) = 0,

whereV(nEx,Ti ,Tn)
Chooser (Tk) denotes the value of a chooser cap with at mostnEx exercises inTi , . . . ,Tn,

seen inTk.

Remark 173 (Chooser Cap as Bermudan): A chooser cap withnmaxEx = 1 exercises is a
Bermudan cap.

12.2.7. Shout Options

Definition 174 (Shout Option): q
Assume that a financial product pays an UnderlyingS(t∗) at timeT, i.e.t∗ is the fixing date and
T the payment date. The owner of the financial product has ashout righton the underlying, if
the holder of the right can determine once at any timet with T1 ≤ t ≤ T2 ≤ T the fixing datet∗

ast∗ := t. The holder determines byshoutingthat the underlying should be fixed. y

Remark 175: While for an American option or a Bermudan option, e.g. onS(t) − K, the
fixing date and the payment date are both determined upon exercise, i.e.S(t∗) − K is paid in
t∗, for a Shout option the fixing date is determined upon exercise, while the payment date stays
predefined.
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CHAPTER 12. EXOTIC DERIVATIVES

Theorem 176 (Value of a Shout Right)): A shout right on a convex function of a sub
martingale (under terminal measure) is worthless.

Proof: Let T denote the payment date off (S(t)), wheret is fixed ast = t∗ by shouting. For
the chosen nuḿeraireN we assumeN(T) = 1 (terminal measure). Letf be convex andS a
sub-martingale underQN. Then we have:

S(t) ≤ E(S(T2) | Ft) (sub-martingale property)

f (S(t)) ≤ E( f (S(T2)) | Ft) (Jensen’s inequality)

E( f (S(t)) | FT0) ≤ E( f (S(T2)) | FT0) (tower law)

E

(
f (S(t))
N(T)

∣∣∣ FT0

)
≤ E

(
f (S(T2))

N(T)

∣∣∣ FT0

)
(terminal measure)

Thus, to maximize the value the option holder will always exercise the shout right att∗ = T2.
�|

12.3. Product Toolbox

The terms used in the previous section, likeCapped, Inverse, Ratchet, etc., describe properties
of the payoff function. In practice the terms are used less strictly and the name of a prod-
uct corresponds to its mathematical definition only loosely. Here marketing aspects are more
important. Key product features are, nevertheless, indicated by the name of a product.

The following Table12.3 gives a rough idea of some of the most common terms used to
denote properties of the product or payoff function.

Experiment: At http://www.christian-fries.de/finmath/
applets/LMMPricing.html several interest rate products can be priced,
among them acancelable swap. The model used is aLIBOR Market Model
implemented in a Monte-Carlo simulation. C|

Further Reading: An overview of exotic derivatives can be obtained from the
customer information service of some investment banks or theterm sheetsof the
products. They contain descriptions of the product and definitions of the payoffs,
similar to the definitions in this chapter, as well as a short discussion of product

properties.
Zhang’s book, [43], presents some of the most important exotic options, in particular, exotic

equity options. C|
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12.3. PRODUCT TOOLBOX

Attribute Product Property

Bond (aka. Note) Receive coupons. At maturity receive the notional.
See Definition141

Swap Exchange coupons (usually againstfloat).
See Definition142

Bermudan Option Receive an underlying at one of multiple exercise dates.
See Definition146

Bermudan Cancelable Cancel product (e.g. bond or swap) at one of multiple cancelation
dates. See Definition152

Target Redemption min(Ci ,K −
∑i−1

k=1 Ck) with cancelation and notional redemption at
(12.10) (trigger). See Definition155

Chooser Receive an underlying at some of multiple exercise dates.
See Definition170

Attribute Payoff Function

LIBOR / Floater Ci = L(Ti ,Ti+1; Ti)

CMS Ci is swap rate with constant time to maturity

Capped min(Ci − Ki , ci)

Floored max(Ci − Ki , fi)

Inverse Ki −Ci

Spread C1
i −C2

i

Ratchet Ki = min(Ki−1 + R , Ci)

Snowball C(Ti) = C(Ti−1) + Ki − Li(Ti)

Range Accrual Ki ·
1
ni

∑ni
k=1 1[bl

i ,b
h
i ](L(ti,k, ti,k + ∆Ti ; ti,k))

Table 12.3.: Product Toolbox: Common attributes and their representation in product property and
payoff function.
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Part IV.

Discretization of Stochastic
Differential Equations and

Numerical Valuation Methods
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Motivation and Overview - Part IV

In Chapter4 we presented theBlack-Scholes Modelof a stockS and a riskless accountB

dS(t) = µP(t)S(t)dt + σ(t)S(t)dWP(t),

dB(t) = r(t)B(t)dt.

In Chapter10 we presented the correspondingBlack Modelfor a forward interest rateL1 =

L(T1,T2)

dL1(t) = µP(t)L1(t)dt + σ(t)L1(t)dWP(t), σ(t) ≥ 0.

Using these models we could derive analytic pricing formulas for the corresponding European
options. An obvious generalization of these models consists in modeling multiple stocks, e.g.

dSi(t) = µ
P
i (t)Si(t)dt + σi(t)Si(t)dWPi (t),

dB(t) = r(t)B(t)dt,

respectively a model for multiple forward rates, e.g.Li = L(Ti ,Ti+1) for T1 < T2 < . . . with
e.g.

dLi(t) = µ
P
i (t)Li(t)dt + σi(t)Li(t)dWPi (t), σ(t) ≥ 0. (12.11)

The model (12.11) is called theLIBOR Market Model.
Such models may then be used for the evaluation of complex derivatives, e.g. a spread op-

tion, where the payout depends on two or more forward rates. The pricing, i.e. the calculation
of the expectation EQ

N
( V(T)

N(T) |F0), whereN is a chosen nuḿeraire andQN is a corresponding
martingale measure, often requires a numerical method, e.g. a Monte-Carlo integration

EQ
N
(
V(T)
N(T)

|F0) ≈
1
n

n∑
i=1

Ṽ(T, ωi)

Ñ(T, ωi)

for a samplingω1, . . . , ωn. Here,Ṽ and Ñ denote approximations ofV and N respectively,
since the corresponding Monte-Carlo samples are generally generated for an approximating
model, namely a time-discrete model.

In Chapter13 we start by examining the approximation of time-continuous stochastic pro-
cesses through time-discrete stochastic processes. We then consider the approximation of the
random variables by a Monte-Carlo simulation or a discretization of the state space.

These discretizations allow us to calculate (approximate) expectations and thus derivative
prices. It turns out that within the discrete set-up some calculations are difficult. In a Monte-
Carlo simulation the calculation of a conditional expectation is non-trivial. A conditional ex-
pectation may be required in the pricing of Bermudan products, see Chapter15. In a discretiza-
tion of a state space the calculation of path-dependent quantities is non-trivial. Path dependent
quantities appear in path-dependent options, see Chapter16.

The treatment of complex models, like theLIBOR Market Model, will be given in PartV.
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CHAPTER 13

Discretization of time and state space

In this chapter we present methods for discretization and implementation of Itô stochastic
processes. We give an integrated presentation of “path simulation” (Monte-Carlo simulation)
and “lattice methods” (e.g. trees). Finally, we show how both methods can be combined, see
Section13.4.

Throughout our discussion of the discretization and implementation we will repeat some of
the terms from Chapter2, e.g. path,σ-algebra, filtration, process andFt-adapted. Thus, this
chapter will also serve as an illustration of some of the mathematical concepts from Chapter2.

The discretization and implementation should not be seen as a minor additional step after
the mathematical analysis and it should not be under estimated. The discretization and imple-
mentation allow us a second look, possibly providing further insights into a model.1

In Figure13.1we give an overview of the steps involved in the discretization and implemen-
tation of Itô processes.

13.1. Discretization of Time: The Euler and the
Milstein Scheme

As a first step we shall consider the discretization of time and present the Euler scheme and
Milstein scheme.

13.1.1. Definitions

Definition 177 (Euler Scheme): q
Given an It̂o process

dX(t) = µ(t,X(t))dt + σ(t,X(t))dW(t),

and a time discretization{ti | i = 0, . . . ,n} with 0 = t0 < . . . < tn, then the time-discrete
stochastic process̃X defined by

X̃(ti+1) = X̃(ti) + µ(ti , X̃(ti))∆ti + σ(ti , X̃(ti))∆W(ti)

is called anEuler schemeof the processX (where∆ti := ti+1− ti and∆W(ti) :=W(ti+1)−W(ti)).
y

1 Indeed, it is common in mathematics to prove analytical results as a limit of a numerical, i.e. discrete, procedure.
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CHAPTER 13. DISCRETIZATION OF TIME AND STATE SPACE

ΔX(Ti) = µ(Ti,X(Ti))ΔTi+σ(Ti,X(Ti))ΔB(Ti)

ΔX(Ti) = µ(Ti,X(Ti))ΔTi+σ(Ti,X(Ti))ΔW (Ti)

dX = µ(t,X(t))dt+σ(t,X(t))dW (t)
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Figure 13.1.: Discretization and Implementation of Itô Processes
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13.1. DISCRETIZATION OF TIME: THE EULER AND THE MILSTEIN SCHEME

Interpretation (Euler discretization): The Euler scheme derives from a
simple integration rule. From the definition of the Itô process we have

X(ti+1) = X(ti) +
∫ ti+1

ti

µ(t,X(t))dt +
∫ ti+1

ti

σ(t,X(t))dW(t).

Obviously, the Euler scheme is given by the approximation of the integrals∫ ti+1

ti

µ(t,X(t))dt ≈
∫ ti+1

ti

µ(ti ,X(ti))dt = µ(ti ,X(ti))∆ti∫ ti+1

ti

σ(t,X(t))dW(t) ≈
∫ ti+1

ti

σ(ti ,X(ti))dW(t) = σ(ti ,X(ti))∆W(ti).

C|

The following Milstein scheme improves the approximation of the stochastic integral
∫

dW.

Definition 178 (Milstein Scheme): q
Given an It̂o process

dX(t) = µ(t,X(t))dt + σ(t,X(t))dW(t),

and a time discretization{ti | i = 0, . . . ,n} with 0 = t0 < . . . < tn, then the time-discrete
stochastic process̃X defined by

X̃(ti+1) = X̃(ti) + µ(ti , X̃(ti))∆ti + σ(ti , X̃(ti))∆W(ti)

+
1
2
σ(ti , X̃(ti))σ

′(ti , X̃(ti))
(
∆W(ti)

2 − ∆ti
)

is called aMilstein Schemeof the processX (where∆ti := ti+1−ti and∆W(ti) :=W(ti+1)−W(ti)
andσ′ := ∂

∂Xσ). y

Remark 179 (Milstein Scheme): The Milstein scheme gives an “improvement” only ifσ
depends onX.

Let us consider another discretization scheme:

Definition 180 (Euler Scheme with Predictor-Corrector Step): q
Given an It̂o process

dX(t) = µ(t,X(t))dt + σ(t,X(t))dW(t),

and a time discretization{ti | i = 0, . . . ,n} with 0 = t0 < . . . < tn, then the time-discrete
stochastic process̃X defined by

X̃(ti+1) = X̃(ti) +
1
2

(µ(ti , X̃(ti)) + µ(ti+1, X̃
∗(ti+1)))∆ti + σ(ti , X̃(ti))∆W(ti)

with

X̃∗(ti+1) = X̃(ti) + µ(ti , X̃(ti))∆ti + σ(ti , X̃(ti))∆W(ti)

is called anEuler Scheme with Predictor-Corrector Stepof the processX (where∆ti := ti+1− ti
and∆W(ti) :=W(ti+1) −W(ti)). y
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CHAPTER 13. DISCRETIZATION OF TIME AND STATE SPACE

Interpretation (Predictor-corrector scheme): The predictor-corrector
scheme improves the integration of the drift term

∫
dt, not of the stochastic inte-

gral
∫

dW. Instead of approximating the integral
∫ ti+1

ti
µ(t,X(t))dt by a rectangular

ruleµ(ti ,X(ti)) · ∆ti the method aims to use a trapezoidal rule. With a trapezoidal
rule the integral

∫ ti+1

ti
µ(t,X(t))dt would be approximated as12(µ(ti ,X(ti))+ µ(ti+1,X(ti+1))) ·∆ti .

Since the realizationX(ti+1) and thusµ(ti+1,X(ti+1)) is unknown, it is approximated by an Euler
stepX̃∗(ti+1) (predictorstep) and the trapezoidal rule is applied with this approximation. This
corresponds to correcting̃X∗(ti+1) (correctorstep). We have:

X̃(ti+1) = X̃∗(ti+1) − µ(ti , X̃(ti)) · ∆ti +
1
2

(µ(ti , X̃(ti)) + µ(ti+1, X̃
∗(ti+1))) · ∆ti

= X̃∗(ti+1) +
1
2

(µ(ti+1, X̃
∗(ti+1)) − µ(ti , X̃(ti))) · ∆ti︸                                         ︷︷                                         ︸

correction term

.
(13.1)

C|

Tip (Implementation of the predictor-corrector scheme): Note that for
an implementation the Formula (13.1) is more efficient than the two Euler steps in
the original Definition (180) of the scheme. The second Euler step is replaced by
a correction term applied tõX∗(ti+1) and requires only the additional calculation

of µ(ti+1, X̃∗(ti+1)). C|

The schemes presented give a time-discrete stochastic processX̃ such thatX̃(ti) is an approx-
imation of X(ti). An in-depth discussion of numerical methods of approximating stochastic
processes can be found in [21].

13.1.2. Time-Discretization of a Lognormal Process

Consider the process
dX = µ(t,X(t))X(t)dt + σ(t)X(t)dW(t), (13.2)

where (t, x) 7→ µ(t, x) andt 7→ σ(t) are given deterministic functions. With Lemma49we have

d log(X) = (µ(t,X(t)) −
1
2
σ2(t))dt + σ(t)dW(t). (13.3)

in the following we discuss several possible time-discretizations of the processX. The discus-
sion is of special importance since theBlack-Scholes model, theBlack modeland theLIBOR
Market Modelare all of the form (13.2).

13.1.2.1. Discretization via Euler scheme

The Euler scheme for the stochastic differential equation (13.2) is given by

X̃(ti+1) = X̃(ti) + µ(ti , X̃(ti))X̃(ti)∆ti + σ(ti)X̃(ti)∆W(ti).

The random variables̃X(t) generated by this scheme differ from the random variablesX(t)
of the time-continuous process by a discretization errorX(t) − X̃(t). This discretization error
might be relatively large. Take for example the even simpler case of a vanishing driftµ = 0.
ThenX̃(t1) is normal distributed, whileX(t1) is lognormal distributed. Note that̃X can attain
negative values, whileX cannot (this follows from (13.3)).
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13.2. DISCRETIZATION OF PATHS (MONTE-CARLO SIMULATION)

13.1.2.2. Discretization via Milstein scheme

One way of reducing the discretization error is to use the Milstein scheme (Definition178):

X̃(ti+1) = X̃(ti) + (µ(ti , X̃(ti)) −
1
2
σ(ti)

2)X̃(ti)∆ti

+ σ(ti)X̃(ti)∆W(ti) +
1
2
σ(ti)

2X̃(ti)∆W(ti)
2.

13.1.2.3. Discretization of the Log-Process

A much better discretization than the two previous schemes is given by the Euler discretization
of the Itô process of log(X). The Euler scheme of (13.3) is given by

log(X̃(ti+1)) = log(X̃(ti)) + (µ(ti , X̃(ti)) −
1
2
σ(ti)

2)∆ti + σ(ti)∆W(ti), (13.4)

and applying the exponential we have

X̃(ti+1) = X̃(ti) · exp
(
(µ(ti , X̃(ti)) −

1
2
σ(ti)

2)∆ti + σ(ti)∆W(ti)
)
.

Using this scheme will give a lognormal random variableX̃(t1).

13.1.2.4. Exact Discretization

For the special case whereµ does not depend onX, e.g. if X is a relative price under the
corresponding martingale measure and thus even drift-free, then we can take the exact solution
as a discretization scheme. We then have:

X(ti+1) = X(ti) · exp
(
(µi −

1
2
σ2

i )∆ti + σi∆W(ti)
)
, (13.5)

where

µi :=
1
∆ti

∫ ti+1

ti

µ(τ)dτ, σi :=

√
1
∆ti

∫ ti+1

ti

σ2(τ)dτ.

13.2. Discretization of Paths (Monte-Carlo Simulation)

Consider the time-discrete stochastic process

X(ti+1) = X(ti) + µ(ti ,X(ti))∆ti + σ(ti ,X(ti))∆W(ti). (13.6)

This is an Euler scheme. The considerations below apply to any other discretization scheme.
Furthermore, we do not apply a tilde to the processX since we are only considering the time-
discrete process, and so do not have to distinguish it from the original time-continuous process.
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CHAPTER 13. DISCRETIZATION OF TIME AND STATE SPACE

13.2.1. Monte-Carlo Simulation

The random variables∆W(ti) of the respective time steps are mutually independent, see Defini-
tion 28. At every time stepti a random number is drawn according to the distribution of∆W(ti),
(i.e. a vector of random numbers if∆W(ti) is vector valued), which we denote by∆W(ti , ω j).
Then

X(ti+1, ω j) = X(ti , ω j) + µ(ti ,X(ti , ω j))∆ti + σ(ti ,X(ti , ω j))∆W(ti , ω j)

determines the processX on a path, which we denote byω j . Here∆W(ti , ω j) and∆W(tk, ω j)
(i , k) are independent random numbers, following the definition of the Brownian motion. If
we follow this rule to generate pathsω1, . . . , ωnpaths, where∆W(ti , ω j) and∆W(ti , ωk) ( j , k)
are independent, then we say that the set

{X(ti , ωk) | i = 0,1, . . . ,ntimes; k = 0,1, . . . ,npaths}

is aMonte-Carlo simulationof the processX. The generation of random numbers is discussed

ω1
ω3

ω4

x

T0 T2 T4 T5T3T1

ω2

Figure 13.2.: Monte-Carlo Simulation

in SectionA.2.
An approximation of the expectation of some functionf of theX(ti)’s is then given by

EP( f (X(t0), . . . ,X(tntimes)) | Ft0) ≈
npaths∑
j=1

f (X(t0, ω j), . . . ,X(tntimes, ω j)) ·
1

npaths
.

13.2.2. Weighted Monte-Carlo Simulation

A generalization of the procedure is to generate the random numbers∆W(ti , ω j) not accord-
ing to the distribution∆W(ti), which means that all pathsω j are generated with non-uniform
weightsp j (

∑npaths

j=1 p j = 1). In this case we call the simulationweighted Monte-Carlo simula-
tion. For the expectation we have

EP( f (X(t0), . . . ,X(tntimes)) | Ft0) ≈
npaths∑
j=1

p j f (X(t0, ω j), . . . ,X(tntimes, ω j)).

To summarize, the Monte-Carlo simulation consists of the time-discrete processX in (13.6),
represented over a discrete probability space (Ω̃, F̃ , P̃), where

Ω̃ = {ω1, . . . , ωnpaths} ⊂ Ω, F̃ = σ({ω j}| j = 1, . . . ,npaths), P̃({ω j}) = p j .
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13.2. DISCRETIZATION OF PATHS (MONTE-CARLO SIMULATION)

13.2.3. Implementation

The Figures13.3, 13.4show an example for an object-oriented design. The Figures follow the
Unified Modeling Language(UML) 1.3, see [28].

The generation of a Monte-Carlo simulation of a lognormal process is realized through the
abstract base class LNP. The class defines abstract methods for initial condi-
tions, drift and volatility. A specific model has to be derived from this class and implement the
three methods. The abstract base class LNP provides the implementation of the
discretization scheme, using the methods for initial conditions, drift and volatility.

The calculation of the Brownian increments, i.e. the random numbers, is given by an addi-
tional class: BM.

getBrownianIncrement(timeIndex, path, factor)

BrownianMotion
getProcessValue(timeIndex, component)

getInitialValue(component)
getDrift(timeIndex, component)
getFactorLoading(time, component, factor)

LogNormalProcess

Figure 13.3.: UML Diagram: Monte-Carlo Simulation/ Lognormal Process.

13.2.3.1. Example: Valuation of a Stock Option under the Black-Scholes Model
using Monte-Carlo Simulation

Consider the model from Section4, the Black-Scholes model: We have to simulate the process

dS(t) = r(t)S(t)dt + σ(t)S(t)dWP(t) under the measureQN S(0) = S0

together with the nuḿeraire

dN(t) = r(t)N(t)dt N(0) = 1,

which is not stochastic here. For this example we have to setX = (X1,X2) = (S,N) in the
previous section. We chooser andσ constant and apply the Euler scheme to log(S), following
Section13.1.2.3:

S(ti+1) = S(ti) · exp
(
(r −

1
2
σ2)∆ti + σ∆W(ti)

)
S(0) = S0

N(ti+1) = N(ti) · exp
(
r∆ti

)
. N(0) = 1.

In this example the time discretization does not introduce an approximation error, because we
are in the special situation of Section13.1.2.4. If ω1, . . . ,npaths are paths of a Monte-Carlo
simulation, then we have for the priceV of a European option with maturitytk and strikeK

V(0) ≈ N(0)
1

npaths

npaths∑
j=1

max
(
S(tk, ω j) − K,0

)
N(tk)

.

We can extend the object-oriented design from Figure13.3 to derive the class BS-
M from the abstract base class LNP. The class BSM
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CHAPTER 13. DISCRETIZATION OF TIME AND STATE SPACE

implements the methods providing the initial value (returningS(0)), the drift (returningr) and
the factor loading (returningσ). In this context the factor loading is identical to the volatility.2

In addition the class implements a method that returns the corresponding numéraire.

getBrownianIncrement(timeIndex, path, factor)

BrownianMotion
getProcessValue(timeIndex, component)

getInitialValue(component)
getDrift(timeIndex, component)
getFactorLoading(time, component, factor)

LogNormalProcess

getProcessValue(timeIndex, componentIndex)
getNumeraireValue(timeIndex)

«interface»
MonteCarloStockProcessModel

getInitialValue(component)
getDrift(timeIndex, component)
getFactorLoading(time, component, factor)

BlackScholesModel

getPrice(monteCarloStockProcessModel)

maturiy
strike

StockOption

getPrice(monteCarloStockProcessModel)

exerciseDates
notionals
strikes

BermudanStockOption

Figure 13.4.: UML Diagram: Evaluation under a Black-Scholes Model via Monte-Carlo Simulation.
This class hierarchy is realized in the Java™ code.

13.2.3.2. Separation of Product and Model

The evaluation of a derivative product, in our case a simple European option, is realized in its
own class SO. This class communicates not directly with the BSM.
Instead it expects aninterfaceMCSPM and the model implements
this interface.

The interface MCSPM means, that the stock model makes the
stock process and the numéraire available to the stock product as a Monte-Carlo simulation.
All corresponding Monte-Carlo evaluations of stock products expect this interface only. All
corresponding Monte-Carlo stock models implement this interface. This produces a separation
of product and model. The model used to evaluate the products may be exchanged for another,
as long as the interface is respected.

We will use this principle in the object-oriented design of the LIBOR Market Model, a
multi-dimensional interest rate model. There we will reuse the classes BM and
LNP, see Section19.2.

2 In a multi-factor model the factor loading is given by the square root of the covariance matrix.
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13.2. DISCRETIZATION OF PATHS (MONTE-CARLO SIMULATION)

13.2.3.3. Model-Product Communication Protocol

In designing a Monte-Carlo simulation, one of the first steps is the design of the core data
objects representing the realizations of the stochastic process. These are the data objects that
are sent from the model to the product (via call to a method of the model). They define the
communication protocolbetween model and product.

If we think of a more complex model, e.g. a model for a family of forward rates
{L(Ti ,Ti+1) | i = 0,1,2, . . . ,n − 1}, as given by theLIBOR Market Model, then the product
needs access to a whole family of stochastic processes to process it.

The question we would like to briefly address here is how this data should be stored and
in what order it is usually accessed and processed. Of course, the favored solution may vary
with the specific application, so we shall remain on a fairly general level. More specifically
we would like to consider the order in which data objects are aggregated. For example: is it
better to store a family of stochastic processes, each being a family of one-dimensional random
variables (parametrized by simulation time), each being a set of realizations on a path, i.e.

{{{Xi(t j , ωk) | k = 0,1,2, . . .} | j = 0,1,2, . . .} | i = 0,1,2, . . .},

or would we rather store a family of sample paths (with path indexk) of a function oft j (with
time index j) each being vector values (with component indexi), i.e.

{{{Xi(t j , ωk) | i = 0,1,2, . . .} | j = 0,1,2, . . .} | k = 0,1,2, . . .}. (13.7)

Examples of such data objects are a family of forward ratesXi := L(Ti ,Ti+1), e.g. as modeled
by aLIBOR Market Model, or a set of stock price processesXi , for example as underlyings of
a basket.

One is tempted to believe that for a Monte-Carlo simulation the pathsωk are totally inde-
pendent objects and thus that it would be reasonable to have the indexk on the top-most level
of aggregation/ parametrization, as is the case in (13.7). Indeed, this would make it easy to
parallelize the processing since the algorithm could be called with different subsets of paths.
However, this is only possible for simple (say European) options.

The solution we recommend is to aggregate the data (from outer to inner objects) as a family
of random variables parametrized byt j , each random variable being a vector consisting of one-
dimensional random variables parametrized byi, each one-dimensional random variable being
represented by a vector of evaluations on sample paths parametrized byk, i.e.

{{{L(Ti ,Ti+1; t j , ωk) | k = 0,1,2, . . .} | i = 0,1,2, . . .} | j = 0,1,2, . . .}.

In other words: We build our data object or array (from inner to outer) as follows:

Core Object: Random Variable The core object is a one-dimensional random variable
evaluated on given sample paths,

xk := X(ωk),

defining a vector of realizationŝX := (x1, . . . , xm)T. There are two major reasons for using this
vector as a basic object:

• Product payoffs are functions of the underlyings, i.e. functions operating on random
variables. This makes it possible to define the functions as functions acting on vectors
(vector arithmetic), which greatly increases the readability of the code. Loops over the

This work is licensed under a
Creative Commons License.
http://creativecommons.org/licenses/by-nc-nd/2.5/deed.en

169 Comments welcome.
©2004, 2005, 2006, 2007 Christian Fries

Version 1.4.18 [build 20070403]- 1st May 2007
http://www.christian-fries.de/finmath/book

http://creativecommons.org/licenses/by-nc-nd/2.5/deed.en
http://creativecommons.org/licenses/by-nc-nd/2.5/deed.en
http://www.christian-fries.de/finmath/book


CHAPTER 13. DISCRETIZATION OF TIME AND STATE SPACE

paths are hidden inside the methods acting on the random variable objects. For example,
the payoff of an option max(ST − X,0) would appear as such in the code while the
pathwise evaluation is hidden in the implementation of the max-function.

• For Bermudan options it is necessary to calculate conditional expectations. To do so, one
needs access to the realizations on other paths, e.g. when using the regression method
(see Section15.10.1). To some extent, the pricing of Bermudan options breaks the naive
parallelization of pricings through subsets of sample paths. See the discussion of the
foresight bias in Section15.9.

Aggregation 1: Vector of Random Variables of same Simulation Time When
simulating multiple stochastic processes, like for example a basket of underlyings or a family
of forward rates, access to the whole family for a fixed simulation timet is normally required.
So on the next aggregation level the basic object thus is a vector of random variables sharing
the same measurability property,

Xi whereXi isFt measurable.

This makes sense since we often build a new stochastic process by defining its timet value as
a function of the timet value of other stochastic processes. We give two examples:

• At time t, the value of a basket of stocks is the sum of the underlyingsSi
T .

• At time t the swap rate is a function of forward ratesLi(t).

Aggregation 2: Time-discrete Stochastic Process Aggregating these vectors of ran-
dom variables over all simulation times is finally the complete description of the Monte-Carlo
simulation.

Storage, Access and Processing To summarize, we say that for most applications the
storage should be allocated as a three dimensional array

double [][][] process;

where

double [] randomVariable = process[simulationTimeIndex][stochasticProcessIndex];

results in a reference (!) to a vector containing the sample paths of a random variableX j(ti).
If basic functionalities are implemented as methods acting on random variables, then we may
work directly with this reference. It may be convenient to define this as a class, eventually
endowing it with additional information, e.g.

class RandomVariable {
double time; // Corresponding filtration time in the context of stochastic processes.
double [] realizations;

}

Remark 181 (Counter Example): There are applications where other storage layouts are
advantageous. Path-dependent products such as Asian or lookback options, usually require to
apply a function to a path (parametrized byt j). In such cases it may be convenient to work
with (13.7).
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13.2. DISCRETIZATION OF PATHS (MONTE-CARLO SIMULATION)

Remark 182 (Performance and Readability of the Code): The storage layout has an im-
pact on the performance. Usually a large number of paths (10000-100000) for a few stochastic
processes (1-100) given at a modest number of time discretization points (50-500) are consid-
ered. Therefore, it is sensible to use the random variable as the core object so that one needs
to allocate only a few objects containing large continuous blocks of memory (which is more
efficient than doing it vice versa) and one can optimize core methods which iterate often.3

Last but not least, the entire mathematical theory is built on random variables as the central
modeling entity. Thus, using random variables as core objects will improve the readability of
the code. Whenever code is developed as a collaborative effort, this should be considered as a
top priority.

13.2.4. Review

Through the Monte-Carlo simulation we can evaluate simple and pure path-dependent prod-
ucts. The Monte-Carlo evaluation of derivatives where an expectation has to be calculated that
is conditional to a future timeti is non-trivial, e.g.

E
(
X(t j) | Fti

)
for t j > ti > t0.4 Why this is non-trivial becomes apparent when we consider the filtration:

In a path simulation in general no two paths will have a common past. The reason is that the
number of possible statesX(ti) is much higher than the number of paths that are simulated. If
no two paths have a common past, then we have the following filtration

F̃ti = F̃ for all ti > t0 and

F̃t0 = Ω̃.

The calculation of a condition expectation in a Monte-Carlo simulation is not straight forward,
since no suitable time discretization of the filtrationFti of X is given.5 The filtration of the
Monte-Carlo simulation depicted in Figure13.2is given by

F̃t0 = {∅, Ω̃}

F̃t1 = σ
({
{ω1}, {ω2}, {ω3}, {ω4}

})
F̃t2 = σ

({
{ω1}, {ω2}, {ω3}, {ω4}

})
F̃t3 = σ

({
{ω1}, {ω2}, {ω3}, {ω4}

})
.

For the path simulation depicted in Figure13.5 the filtrations are not all the same. The

3 Consideration of a largesingle(one-dimensional) array and working on it might be the most efficient implemen-
tation, but it will make it difficult to comply with basic principles of object-oriented design (like data hiding) and
will most likely make the code difficult to maintain and extend.

4 Such a conditional expectation would be necessary for the evaluation of a Bermudan option.
5 In Section15 we will present special methods for the evaluation of conditional expectation in a Monte-Carlo

simulation.

This work is licensed under a
Creative Commons License.
http://creativecommons.org/licenses/by-nc-nd/2.5/deed.en

171 Comments welcome.
©2004, 2005, 2006, 2007 Christian Fries

Version 1.4.18 [build 20070403]- 1st May 2007
http://www.christian-fries.de/finmath/book

http://creativecommons.org/licenses/by-nc-nd/2.5/deed.en
http://creativecommons.org/licenses/by-nc-nd/2.5/deed.en
http://www.christian-fries.de/finmath/book


CHAPTER 13. DISCRETIZATION OF TIME AND STATE SPACE

ω1

ω3

ω2
ω5
ω4ω6

T0 T1 T2 T3

x

Figure 13.5.: Monte-Carlo Simulation

filtration is given by

F̃t0 = {∅,Ω}

F̃t1 = σ
({
{ω1, ω2}, {ω3}, {ω4, ω5, ω6}

})
F̃t2 = σ

({
{ω1}, {ω2}, {ω3}, {ω4}, {ω5, ω6}

})
F̃t3 = σ

({
{ω1}, {ω2}, {ω3}, {ω4}, {ω5}, {ω6}

})
.

To achieve a time-discretization of the filtration, we restrict the possible values ofX in each
simulation time step. We thus assume a discretization of state space.

13.3. Discretization of State Space

13.3.1. Definitions

Instead of the time-discrete process

X(ti+1) = X(ti) + µ(ti ,X(ti))∆ti + σ(ti ,X(ti))∆W(ti)

we will consider the time-discrete process

X(ti+1) = X(ti) + µ(ti ,X(ti))∆ti + σ(ti ,X(ti))∆B(ti), (13.8)

where the increments∆B(ti) are random variables that take only a finite number of values and
are mutually independent. According to Theorem30we can choose the∆B(ti) such that in the
limit ∆ti → 0 we recover a Brownian motion, i.e. forX we recover the original time-continuous
process.

Using the increments∆B(ti) the processX from (13.8) can take only a finite number of
values too

X(ti) ∈
{
x j

ti | j = 0, . . . ,nti ; i = 0, . . . ,ntimes
}
.

We denote this set as alattice. Let{
p j1, j2

i | j1 = 0, . . . ,ni ; j2 = 0, . . . ,ni+1 ; i = 0, . . . ,ntimes− 1
}
,

denote the transition probabilities of the∆B(ti)’s i.e. p j1, j2
i := P

(
X(ti+1) = x j2

ti+1
|X(ti) = x j1

ti

)
.

Depending on the probability distribution assumed for the∆B(ti), the matrix of transitional
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13.3. DISCRETIZATION OF STATE SPACE

x

T0 T1 T2 T3 T4

Figure 13.6.: Lattice

probabilities
(
p j1, j2

i

)
j1, j2

from ti to ti+1 is sparse. For a binomial tree, i.e. binomial distributed
∆B(ti)’s, in each row only two entries are non zero.

In the given situation of a discretized state space, it is far more efficient to store transition
probabilities than to simulate all possible paths. For example the lattice in Figure13.6exhibits
9 states at each of the 4 time steps. In this lattice there exist 94 = 6561 paths, however there
are only 9+ 3 · 92 = 252 transition probabilities. The amount of memory needed to store all
paths grows exponentially with time, whereas the amount of memory needed to store all states
and transition probabilities shows only linear growth over time.

If we use binomial distributed increments∆B(ti), then we obtain a binomial tree. Figure13.8
shows the paths that can be distinguished in the binomial tree depicted in Figure13.7. For the

ω1

ω2, ω3, ω4

ω8

ω5, ω6, ω7

x1

x2

x3

x4

x5

x6

x7

T0 T1 T2 T3 T4

Figure 13.7.: Binomial tree

ω1

ω3
ω2

ω5

ω4

ω7

T0

ω6

ω8
x1

x2

x3

x4

x5

x6

x7

T1 T2 T3 T4

Figure 13.8.: Paths of the binomial tree

binomial tree the filtration is no longer trivial. It exhibits a hierarchy of refinements. For the
binomial tree in Figure13.7the filtration is given by

Ft0 = {∅,Ω}

Ft1 = σ
({
{ω1, ω2, ω3, ω5}, {ω4, ω6, ω7, ω8}

})
Ft1 = σ

({
{ω1, ω2}, {ω3, ω5}, {ω4, ω6}, {ω7, ω8}

})
Ft3 = σ

({
{ω1}, {ω2}, {ω3}, {ω4}, {ω5}, {ω6}, {ω7}, {ω8}

})
,

i.e. in addition we have a suitable time-discretization of the filtration. This allows for a calcu-
lation of conditional expectations.
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CHAPTER 13. DISCRETIZATION OF TIME AND STATE SPACE

13.3.2. Backward-Algorithm

Given alattice we may calculate the conditional expectation of a functionf of X(ti+1), condi-
tion to X(ti) = x j1

ti as

EP( f (X(ti+1)) | {X(ti) = x j1
ti }) ≈

nti+1∑
j2=1

p j1, j2
i · f (x j2

ti+1
).

A step by step application finally gives the expectation EP( f (X(ti+1)) | {X(t0) = x1
t0}). Assuming

thatX(t0) = const. = x1
t0, i.e. that the lattice has a single state int0, this corresponds to

EP( f (X(ti+1)) | F (t0)).

This procedure is calledBackward Algorithm. If we consider the case of a numéraireN and
a derivative productV given at timeti+1 as a function of the statesX(ti+1), then we find

V(ti , x
j1
ti )

N(ti , x
j1
ti )
≈

nti+1∑
j2=1

p j1, j2
i ·

V(ti+1, x
j2
ti+1

)

N(ti+1, x
j2
ti+1

)
. (13.9)

Thus, financial products which are functions of the statesX(ti), are evaluated in a lattice by
storing the nuḿeraire-relative prices at the nodesx j2

ti+1
and calculating theN-relative value in

nodex j1
ti via (13.9). The transition (13.9) is also calledrollback.

13.3.3. Review

13.3.3.1. Path Dependencies

If a lattice with statesx j
ti and transition probabilitiesp j1, j2

i is set up, we are able to calculate
(certain) conditional expectations. However it is non-trivial to calculate path-dependent prod-
ucts, i.e. financial products that not only depend on the current state of the underlying, but
also on the history (the paths). Thebackward algorithmcarries information from the future
backward in time but cannot consider information from the past. In contrast the Monte-Carlo
simulation is aforward algorithmthat carries information forward in time.

13.3.3.2. Course of Dimension

A further problem of lattices becomes apparent for vector values processesX. The number of
possible transitions (and thus the amount of transition probabilities that must be stored) grows
exponentially with the dimension of the vectorX and already for dimensions like 3 or higher
the numerical calculation of the rollback (13.9) is critical with respect to the resources required
(CPU time and memory).

13.4. Path Simulation through a Lattice : Two Layers

To calculate a path-dependent product in a lattice we may create a Monte-Carlo simulation
according to the state-discretized process (13.8). This may be depicted as a “Monte-Carlo sim-
ulation through a lattice” or a second Monte-Carlo layer laid over the lattice. See Figure13.9.
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13.4. PATH SIMULATION THROUGH A LATTICE : TWO LAYERS

x

T0 T1 T2 T3 T4

Figure 13.9.: Lattice with overlaid Monte-Carlo Simulation

Further Reading: An in-depth discussion of numerical methods to approxi-
mate stochastic processes is to be found in [21]. C|
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CHAPTER 14

Numerical Methods for Partial
Differential Equations

TheFeynman-Kǎc Theoremcreates the link to partial differential equations. The calculation
of an expectation, i.e. the pricing of a derivative, becomes equivalent to the solution of the PDE

∂u
∂t
+

d∑
i=1

µi(t, x)
∂u
∂xi
+

d∑
i, j=1

γi, j(t, x)
∂2u
∂xi∂x j

= 0 auf I ×Ω

u(T, ·) = φ(·) onRd.

Endowed with thepricing PDEwe can apply the proven numerical methods for the solution of
partial differential equations, likefinite differencesandfinite elements. In the context of PDEs,
the binomial or trinomial tree is just a special variant of a finite difference method (namely an
explicit Euler scheme). On the other hand, PDE implementations are just special version of
lattices.

The field of numerical methods for partial differential equations is huge. In this book we
focus more on Monte-Carlo methods, which, to some extent, have a much broader range of
application. Here is a brief reference to some literature.

Further Reading: Numerical methods for partial differential equations in the
context of mathematical finance may be found in Günther & J̈ungel [17], Seydel
[32], Wilmott [40]. A discussion of the implementation of the Cheyette model’s
PDE is given in [80]. C|
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CHAPTER 14. NUMERICAL METHODS FOR PARTIAL DIFFERENTIAL EQUATIONS
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CHAPTER 15

Pricing Bermudan Options in a
Monte-Carlo Simulation

15.1. Introduction

Let us first consider the simple case of a Bermudan optionVberm(T1,T2) with two exercise
dates only: The option holder has the right to receive an underlyingVunderl,1 in T1 or wait and
retain the right to either receive an underlyingVunderl,2 in T2 or receive nothing. Put differently,
the option holder has the choice of receiving the underlying valueVunderl,1(T1) or the value of
an optionVoption(T1) on Vunderl,2(T2). The Bermudan may be interpreted as an option on an
option. InT1 the optimal exercise is given by choosing the maximum value

max(Vunderl(T1),Voption(T1)), (15.1)

where (having chosen a numéraireN)

Voption(T1) = N(T1)EQ
N(Voption(T2)

N(T2)
| FT1

)
= N(T1)EQ

N(max(Vunderl,2(T2),0)
N(T2)

| FT1

)
. (15.2)

is the value of the option with exercise inT2, evaluated inT1.
Thus, to evaluate the exercise criterion (15.1) it is necessary to calculate a conditional expec-

tation. The calculation of a conditional expectation within a Monte-Carlo simulation is a non
trivial problem. The two main issues arecomplexityand foresight bias, which we will illus-
trate in Section15.5and15.6. In the following section we will present methods to efficiently
estimate conditional expectations and/or the Bermudan exercise criterion within Monte-Carlo
simulation. The application to the pricing of Bermudan options is exemplary.The methods
presented are not limited to Bermudan option pricing.

15.2. Bermudan Options: Notation

Reconsider the general definition of a Bermudan option (see Definition146). Let {Ti}i=1,...,n

denote a set of exercise dates and{Vunderl,i}i=1,...,n a corresponding set of underlyings. The
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CHAPTER 15. PRICING BERMUDAN OPTIONS IN A MONTE-CARLO SIMULATION

T1 T2T0

Underlying

(Hold)

Underlying

0
exercise
date

exercise
date

Figure 15.1.: A simple Bermudan option with two exercise dates.

Bermudan option is the right to receive at one and only one timeTi the corresponding under-
lying Vunderl,i (with i = 1, . . . ,n) or receive nothing.

At each exercise dateTi , the optimal strategy compares the value of the product upon ex-
ercise with the value of the product upon non-exercise and chooses the larger one. Thus the
value of the Bermudan is given recursively

Vberm(Ti , . . . ,Tn; Ti)︸                   ︷︷                   ︸
Bermudan with
exercise dates

Ti , . . . ,Tn

:= max
(
Vberm(Ti+1, . . . ,Tn; Ti)︸                      ︷︷                      ︸

Bermudan with
exercise dates
Ti+1, . . . ,Tn

, Vunderl,i(Ti)︸       ︷︷       ︸
Product

received upon
exercise inTi

)
, (15.3)

whereVberm(Tn; Tn) := 0 andVunderl,i(Ti) denotes the value of the underlyingVunderl,i at exercise
dateTi .

15.2.1. Bermudan Callable

The most common Bermudan option is the Bermudan Callable1. For a Bermudan Callable
the underlyings consist of periodic paymentsXk and differ only by the start of the periodic
payments. The value of the underlying then becomes

Vunderl,i(Ti) = Vunderl(Ti , . . . ,Tn; Ti) = N(Ti)E
QN

n−1∑
k=i

Xk

N(Tk+1)
|FTi


HereXk denotes a payment fixed inTk (i.e.FTk measurable) and paid inTk+1. This is the usual

setup for interest rate Bermudan Callables. Other payment dates are a minor modification, they
simply change the time argument of the numéraire. For the value upon non exercise we have
as before

Vberm(Ti+1, . . . ,Tn; Ti) = N(Ti)E
QN

(
Vberm(Ti+1, . . . ,Tn; Ti+1)

N(Ti+1)
|FTi

)
.

If the value of the underlying cannot be expressed by means of an analytical formulatwo
conditional expectations have to be evaluated to calculate the exercise strategy (15.3).

1 See Remark154on the namingBermudan Callable.
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15.3. BERMUDAN OPTION AS OPTIMAL EXERCISE PROBLEM

15.2.2. Relative Prices

Since the conditional expectation of a numéraire relative price is a nuḿeraire relative price
the presentation will be simplified by considering the numéraire relative quantities. We will
therefore define:

Ṽunderl,i(T j) :=
Vunderl,i(T j)

N(T j)
and Ṽberm,i(T j) :=

Vberm(Ti , . . . ,Tn; T j)

N(T j)
,

thus we have

Ṽberm,n ≡ 0,

Ṽberm,i+1(Ti) = EQ
N(

Ṽberm,i+1(Ti+1) | FTi

)
,

Ṽberm,i(Ti) = max
(
Ṽberm,i+1(Ti) , Ṽunderl,i(Ti)

)
,

and in the case of a Bermudan callable

Ṽunderl,i(T j) = EQ
N( n−1∑

k=i

X̃k(Tk+1) | FT j

)
where X̃i(Ti+1) :=

Xi

N(Ti+1)
.

The relative prices are marked by a tilde.

Remark 183 (Notation): The processest 7→ Ṽunderl,i(t) andt 7→ Ṽberm,i(t) areFt conditional
expectations of̃Vunderl,i(Ti) andṼberm,i(Ti) respectively and thus martingales by definition. The
time-discrete processesi 7→ Ṽunderl,i(Ti), i 7→ Ṽberm,i(Ti) consist of different products at different
times and are thus not normally time-discrete martingales.

15.3. Bermudan Option as Optimal Exercise Problem

A Bermudan option consists of the right to receive one (and only one) of the underlyings
Vunderl,i at the corresponding exercise dateTi . The recursive definition (15.3) represents the
optimal exercise strategy in each exercise time. We formalize this optimal exercise strategy:

For a given pathω ∈ Ω let

T(ω) := min{Ti : Vberm,i+1(Ti , ω) < Vunderl,i(Ti , ω)},

and

η : {1, . . . ,n− 1} ×Ω→ {0,1}, η(i, ω) :=

{
1 if Ti ≥ T(ω)
0 else.

The definitions ofT andη give equivalent descriptions of the exercise strategy:T(ω) is the
optimal exercise time on a given pathω, η(·, ω) is an indicator function which changes from 0
to 1 at the time indexi corresponding toTi = T(ω). The boundary∂{η = 1} of the set{η = 1}
is termed the exercise boundary. It should be noted thatη(k) isFTk measurable.
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CHAPTER 15. PRICING BERMUDAN OPTIONS IN A MONTE-CARLO SIMULATION

15.3.1. Bermudan Option Value as single (unconditioned)
Expectation: The Optimal Exercise Value

With the definition of the optimal exercise strategyT (or η) it is possible to define a random
variable which allows the Bermudan option value to be expressed as a single (unconditioned)
expectation. With

Ũ(Ti) := Ṽunderl,i(Ti) i = 1, . . . ,n

denoting the relative price of thei-th underlying upon its exercise dateTi we have for the
Bermudan value

Ṽberm(T0) = EQ
(
Ũ(T)

∣∣∣ FT0

)
.

For the Bermudan Callable we may alternatively write

Ṽberm(T0) = EQ
( n−1∑

k=1

X̃k(Tk+1) · η(k)
∣∣∣ FT0

)
.

The random variablẽU(T) can be calculated directly using thebackward algorithm. We will
look at this in the next section and conclude by givingŨ(T) a name:

Definition 184 (Option Value upon Optimal Exercise): q
Let Ũ be the stochastic process whose timet valueU(t) is the (nuḿeraire relative) option value
received upon exercise int. Let T be the optimal exercise strategy. The random variableŨ(T),
where

Ũ(T)[ω] := U(T(ω), ω)

is the (nuḿeraire relative)option value received upon optimal exercise. The (nuḿeraire rela-
tive) Bermudan option value is given by EQ

(
Ũ(T)

∣∣∣ FT0

)
. y

Thus the value ofVberm(T1, . . . ,Tn) can be expressed through a single expectation condi-
tioned toT0 and does not need an expectation conditional to a later time to be calculated,if we
have the optimal exercise dateT(ω) (and thusη(·, ω)) for any pathω.

Remark 185 (Stopped Process): The random variablẽU(T) is termed astopped process.
Ũ is a stochastic process andT is a random variable with the interpretation of a (stochastic)
time. FurthermoreT is a stopping-time, see Definition197. Here the stochastic processŨ
is the family of underlyings received upon exercise, parametrized by exercise time, andT is
the optimal exercise time. Thus̃U(T) is the underlying received upon optimal exercise. All
quantities are stochastic.

15.4. Bermudan Option Pricing - The Backward
Algorithm

The random variablẽU(T) can be derived in a Monte-Carlo simulation through the backward
algorithm,giventhe exercise criterion (15.3), i.e. the conditional expectation. The algorithm
consists of the application of the recursive definition of the Bermudan value in (15.3) with a
slight modification. Let:
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15.5. RE-SIMULATION

Induction start:

Ũn+1 ≡ 0

Induction step i + 1→ i for i = n, . . . ,1:

Ũi =

Ũi+1 if Ṽunderl,i(Ti) < EQ(Ũi+1|FTi )

Ṽunderl,i(Ti) else.

From theTower Law2 EQ(Ũi+1|FTi ) = EQ(Ṽberm,i+1(Ti)|FTi ) by induction and thus

Ṽberm(T1, . . . ,Tn,T0) = EQ(Ũ1|FT0) (15.4)

andŨ1 = Ũ(T) with the notation from the previous section.

Interpretation: The recursive definition of̃Ui differs from the recursive defi-
nition of Ṽberm,i(Ti). We have

Ũi =

Ũi+1 if Ṽunderl,i(Ti) < EQ(Ũi+1|FTi )

Ṽunderl,i(Ti) else,

and

Ṽberm,i(Ti) =

EQ(Ṽberm,i+1(Ti+1)|FTi ) if Ṽunderl,i(Ti) < EQ(Ũi+1|FTi )

Ṽunderl,i(Ti) else.

There is a subtle but crucial difference. While both definitions give the Bermudan option
value (through application of (15.4)), the definition ofŨi requires the conditional expectation
operator only to calculate the exercise criterion.

Since a Monte-Carlo simulation requires advanced methods to obtain an (often not very
accurate) estimate for the conditional expectation it is important to reduce their use.

Note thatṼberm,i(Ti) is FTi measurable by definition as aFTi conditional expectation, while
all Ũi are at mostFTn measurable since they are defined pathwise fromFTk measurable random
variablesṼunderl,k(Tk) for i ≤ k ≤ n. C|

The pricing of a Bermudan option may thus be reduced to either the calculation of condi-
tional expectations or to the calculation of the optimal exercise strategyT.

As a motivation, in Sections15.5 and 15.6 we will look at two methods which are not
suitable for calculating conditional expectations.

15.5. Re-simulation

Let us consider the simplified example of a Bermudan option as given in Section15.1. If no
analytical calculation of the conditional expectation (15.2) is possible and if Monte-Carlo is the
numerical tool for calculating expectations the straightforward way to calculate the conditional
expectation is to create inT1 a new Monte-Carlo simulation (conditioned) on each path - see
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CHAPTER 15. PRICING BERMUDAN OPTIONS IN A MONTE-CARLO SIMULATION

0 t

W(t,ω)

T1

Figure 15.2.: Brute-force calculation of the conditional expectation by (path-wise) re-simulation.

Figure15.2. This leads to a much higher number of total simulation paths needed. If one
considers more than one exercise date (option on option on option. . . ) this method becomes
particularly impractical. The required number of paths, i.e. the complexity of the algorithm
and thus the calculation time, grows exponentially with the number of exercise dates. This
creates the need for efficient alternatives.

Interpretation: The calculation of conditional expectation in a path simula-
tion requires further measures since the path simulation does not offer a suitable
discretization of the filtration. C|

15.6. Perfect Foresight

If one refuses to use a full resimulation and sticks to the paths generated in the original simu-
lation then one effectively estimates the conditional expectation by a single path, namely by

EQ
(
V(T2)
N(T2)

| FT1

)
≈

V(T2)
N(T2)

.

Basically, this is a limit-case of the resimulation where each resimulation consists of a single
path only, namely the one of the original simulation. If this estimate is used in the exercise
criterion the exercise will besuper optimalsince it is based on future information that would
be unknown otherwise.

The exercise criterion at timeT1 may only depend on information available inT1, i.e. onFT1

measurable random variables. The estimateV(T2)
N(T2) is notFT1 measurable.

For an illustration of the super-optimality, consider the simulation consisting of two paths,
see Figure15.3. Both paths are identical on [0,T1], i.e. FT1 = {∅,Ω} = {∅, {ω1, ω2}}. We
consider the optionV to receive eitherS(T1) = 2 at timeT1 or S(T2) ∈ {1,4} at a later
time T2. The random variableη : Ω → {0,1} denotes the exercise strategy forT1: It is 1
on paths that exercise inT1, otherwise 0. Withperfect foresightthe super optimal exercise
strategy isT(ω1) = T2, T(ω2) = T1, i.e. η(ω1) = 0, η(ω2) = 1 and an average value of

2 See Exercise2.
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15.7. CONDITIONAL EXPECTATION AS FUNCTIONAL DEPENDENCE

t

S(t,ω)
4

2

T1

1

ω1

ω2

T2

P({ω1}) = 0.5
P({ω2}) = 0.5

T0

Figure 15.3.: Illustration of perfect foresight.

V(T0) = 1
2(4+ 2) = 6

2 will be received. Note that thenη is notFT1 measurable. The exercise
decision is made inT1 with knowledge of the future outcome. If we restrict the exercise
strategy to the set ofFT1 measurable random variables we either get1

2(4+ 1) = 5
2 usingη ≡ 0

or 1
2(2+ 2) = 4

2 usingη ≡ 1. Thus the optimal,FT1 measurable (and thus admissible) exercise
strategy isη(ω1) = η(ω2) = 0.

Perfect foresightis not a suitable method for estimating conditional expectation and calcu-
lating the exercise criterion.

15.7. Conditional Expectation as Functional
Dependence

Let us reconsider the calculation of the conditional expectation through brute-force re-
simulation as described in Section15.5 and depicted in Figure15.2. On each path of the
original simulation a re-simulation has to be created. These re-simulations differ in their ini-
tial conditions (e.g. the valueS(T1) in a simulation of a stock price following a Black-Scholes
Model, or the valuesLi(T1) in a simulation of forward rates following a LIBOR Market Model).
The initial conditions areFT1 measurable random variables (known as ofT1). Thus the condi-
tional expectation is a function of these initial conditions (and possibly other model parameters
known inT1). If it is known that the conditional expectation is a function of aFT1 measurable
random variableZ (we assume here thatZ : Ω→ Rd with somed) we have

EQ
N

(
V(T2)
N(T2)

| FT1

)
= EQ

N

(
V(T2)
N(T2)

| Z

)
. (15.5)

Interpretation: If the random variableZ is such thatFT1 is the smallestσ
field with respect to whichZ is measurable (i.e. we haveZ−1(B(Rq)) = FT1), then
equation (15.5) is merely the definition of an expectation conditioned on a random
variable. If, however, the conditional expectation on the left hand side (i.e.V(T1)

N(T1) )
is known to be measurable with respect to a smallerσ field (e.g. because its functional depends
on a smaller set of random variables), then it might be advantageous to use the right hand side
representation. This representation is also useful for deriving an approximation, e.g. if the
functional dependence with respect to one component ofZ is known to be weak and thus
neglectable.
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CHAPTER 15. PRICING BERMUDAN OPTIONS IN A MONTE-CARLO SIMULATION

Continuation versus Exercise Value (pathwise)
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E(V(T2) | Z )  =  f (Z)
~

U(T1)

( Z(ωi) , V(T2 ; ωi) )
~

Each dot represents a pair 
of the predictor and the 

realized value.

(the value of the underlying)

Exercise boundary
given by the intersection 

of the two curves

Figure 15.4.: Predictor variable versus realized value (continuation value): A diagram showing the
path value of the predictor variable Z(ωi) and the path value of̃V(T2;ωi) =

V(T2;ωi )
N(T2;ωi )

. The conditional
expectation is a function of Z dividing the cloud of dots.

Example: Consider a LIBOR Market Model with stochastic processes for the forward rates
L1, L2, . . . Ln. In T1 we wish to calculate the conditional expectation of a derivative with a
numéraire relative payoff that depends onL2, . . . , Lk only (e.g. on a swap rate). While the fil-
trationFT1 is generated by the full set of forward ratesL1(T1), L2(T1), . . . Ln(T1) it is sufficient
to know L2(T1), . . . , Lk(T1) to describe the conditional expectation (i.e. the conditional value
of the product). C|

We will now describe methods that derive the functional dependance of the conditional
expectation from a given set of random variables.

15.8. Binning

In a path simulation the approximation of EQ
(

V(T2)
N(T2) | Z

)
will be given by averaging all paths

for which Z attains the same value. For the simple example in Figure15.3this would remove
theperfect foresightsinceS(T1)−1(2) = Ω. In general the situation will be such that there are
no two or more paths for whichZ attains the same value - apart from the construction of the
unfeasible re-simulation. Thus this approximation will show a perfect foresight.

An improvement is given by abinningmethod, where the averaging will be done over those
paths for whichZ lies in a neighborhood (bin). If the quantities are continuous we have:

EQ
(
V(T2)
N(T2)

| Z

)
[ω] ≈ EQ

(
V(T2)
N(T2)

| Z ∈ Uε(Z(ω))

)
,

whereUε(Z(ω)) := {y | ‖Z(ω) − y‖ < ε}.
Instead of defining a binUε(Z(ω)) for each pathω it is more efficient to start with a partition

of Z(Ω) into a finite set of disjoint binsUi ⊂ Z(Ω). The approximation of the conditional
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15.8. BINNING

expectation

EQ
(
V(T2)
N(T2)

| Z(ω)

)
will then be given by

Hi := EQ
(
V(T2)
N(T2)

| Z ∈ Ui

)
whereUi denotes the set withZ(ω) ∈ Ui .

0 t

W
(t,
ω
)

T2T1 0 t
W
(t,
ω
)

T2T1

Figure 15.5.: Calculation of the conditional expectation by binning: Neighbouring paths, i.e. paths
which belong to the same bin, are bundled. The bins are defined by means of theFT1-measurable predic-
tor variable Z. The figure shows the special case Z=W(T1).

Example: Pricing of a simple Bermudan Option on a Stock

We illustrate the method in a simpleBlack-Scholes modelfor a stockS. In T1 we wish to
evaluate the option of receivingN1 · (S(T1) − K1) in T1 or receivingN2 ·max(S(T2) − K2,0) at
later timeT2 (whereN1, N2 (notional),K1, K2 (strike) are given). The optimal exercise inT1

compares the exercise value with the value of theT2 option, i.e.

EQ
(
N2 ·max(S(T2) − K2,0)

N(T2)
| FT1

)
.

From the model specification, e.g. here aBlack-Scholes model

dS(t) = r · S(t)dt + σS(t)dWQ(t), N(t) = exp(rt)

it is obvious that the price of theT2 option seen inT1 is a given functionS(T1) and the given
model parameters (r, σ). Thus it is sufficient to calculate

EQ
(
N2 ·max(S(T2) − K2,0)

N(T2)
| S(T1)

)
.

In this example the functional dependence is known analytically. It is given by the Black-
Scholes formula (4.3). Nevertheless we use the binning to calculate an approximation to the
conditional expectation. If we plot

N2 ·max(S(T2, ωi) − K2,0)
N(T2)︸                              ︷︷                              ︸

Continuation Value

as a function of S(T1, ωi)︸    ︷︷    ︸
Underlying
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CHAPTER 15. PRICING BERMUDAN OPTIONS IN A MONTE-CARLO SIMULATION

we obtain the scatter plot in Figure15.6, left. For a givenS(T1) none or very few values of the
continuation valuesexist. An estimate is not possible or else exhibits a foresight bias. For an
interval [S1 − ε,S1 + ε] with sufficiently largeε we have enough values to estimate

EQ
(
N2 ·max(S(T2) − K2,0)

N(T2)
| S(T1) ∈ [S1 − ε,S1 + ε]

)
which in turn may be used as an estimate of

EQ
(
N2 ·max(S(T2) − K2,0)

N(T2)
| S(T1) = S1

)
.

In Figure15.6, right, we calculate this estimate forS1 = 1 andε = 0.05.

Exercise versus Continuation Value & Binning
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Figure 15.6.: The Continuation Value as a function of the Underlying (Spot Value) and the calculation
of the conditional expectation by a binning

15.8.1. Binning as a Least-Square Regression

Consider the binning again: As an estimate of the conditional expectation EQ
(

V(T2)
N(T2) | Z(ω)

)
we

calculated the conditional expectation

Hi := EQ
(
V(T2)
N(T2)

| Z ∈ Ui

)
(15.6)

given abin Ui with Z(ω) ∈ Ui .

For the expectation operator EQ an alternative characterization may be used:

Lemma 186 (Characterization of the Expectation as Least-Square Approximation): The
expectation of a random variableX is the numberh for which X − h has the smallest variance
(i.e. L2(Ω) norm).
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15.9. FORESIGHT BIAS

Proof: Let X be a real valued random variable. Then we have for anyh ∈ R

E((X − h)2) = E(X2) − 2 · E(X) · h+ h2 =: f (h).

Since f ′ = 0 ⇔ h = E(X) and f ′′ = 1 ≥ 0 we have thatf attains its minimum inh = E(X).
For vector valued random variables this follows componentwise. The same result holds for
conditional expectations. �|

Using Lemma186we can write (15.6) as a minimization problem:

EQ
(V(T2)

N(T2)
− Hi

)2

| Z ∈ Ui

 = min
G∈R

EQ
(V(T2)

N(T2)
−G

)2

| Z ∈ Ui

 .

For disjoint binsUi this may be written in a single minimization problem for the vector
(Hi)i=1,...:∑

i

EQ
(V(T2)

N(T2)
− Hi

)2

| Z ∈ Ui

 = min
Gi∈R

∑
i

EQ
(V(T2)

N(T2)
−G

)2

| Z ∈ Ui

 . (15.7)

This condition admits an alternative interpretation:Hi represents the piecewise constant func-
tion (constant onUi) with the minimal distance fromV(T2)

N(T2) in the least square sense.

LetH be the space of functionsH : Ω→ R being constant on the binsZ−1(Ui).3 Let H ∈ H
with H(ω) := Hi for ω ∈ Z−1(Ui). Then (15.7) is equivalent to

EQ
(V(T2)

N(T2)
− H

)2

| Z

 = min
G∈H

EQ
(V(T2)

N(T2)
−G

)2

| Z

 . (15.8)

Equation (15.8) is the definition of a regression: Find the functionH from a function space
H with minimum distance toV(T2)

N(T2) in theL2 norm. Binning is just a special choice of functional
space:

Lemma 187 (Binning asL2 Regression): Binning is anL2 regression on the space of
functions being piecewise constant onUi .

15.9. Foresight Bias

Definition 188 (Foresight Bias (Definition 1)): q
A foresight biasis a super optimal exercise strategy. y

A foresight bias arises due to a violation of the measurability requirements: If the exercise
decision inTi is based on a random variable which is notFTi measurable the exercise may
be super optimal, i.e. better than if based on the information theoretically available (FTi ). If
we use the same Monte-Carlo simulation to first estimate the exercise criterion and then use
this criterion to price the derivative we will definitely generate a foresight bias. In this case
the foresight bias is created by the Monte-Carlo error of the estimate, which is in general not
FTi measurable. The existence of this problem becomes obvious if we consider a limit case of
binning where each bin contains a single path only. Here we would haveperfect foresight.

3 Note that the binsUi were defined as subsets ofZ(Ω), whereas here we considerH as a function onΩ.
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CHAPTER 15. PRICING BERMUDAN OPTIONS IN A MONTE-CARLO SIMULATION

If our exercise criterion at timeTi uses onlyFTi measurable random variables then there
is - in theory - no foresight bias. If, however, the exercise criterion is calculated within a
Monte-Carlo simulation, the Monte-Carlo error of the calculation represents a nonFTi mea-
surable random variable, thus it induces a foresight bias. In this case we can give an alternative
definition for the foresight bias:

Definition 189 (Foresight Bias (Definition 2)): q
Theforesight biasis the value of the option on the Monte-Carlo error. y

As number of paths increases the foresight bias introduced by binning converges to zero
since the Monte-Carlo error with respect to a bin converges to zero.

A general solution to the problem of a foresight bias is given by using two independent
Monte-Carlo simulations: One to estimate the exercise criterion (for binning this is given by
theHi corresponding to theUi ’s), the other to apply the criterion in pricing. This is a numerical
removal of the foresight bias. In [64] an analytic formula for the (Monte-Carlo error induced)
foresight bias is derived. It can be used to correct the foresight bias analytically.

15.10. Regression Methods - Least Square
Monte-Carlo

Motivation Disadvantage of Binning: The partition of the state spaceZ(Ω)
into a finite number of bins results in a piecewise constant approximation of the
conditional expectation. An obvious improvement would be to approximate the
conditional expectation by some smooth function of the state variableZ.

The considerations in Section15.8.1suggest a simple yet powerful improvement to the
binning: The function giving our estimate for the conditional expectation is defined by a least
square approximation (regression). C|

15.10.1. Least Square Approximation of the Conditional
Expectation

Let us start with a fairly general definition of theleast square approximationof the conditional
expectation of random variableU.

Definition 190 (Least Square Approximation of the Conditional Expectation): q
Let (Ω,F ,Q, {Ft}) be a filtered probability space andV a FT1 measurable random variable
defined as the conditional expectation ofU

V = EQ(U | FT1),

whereU is at leastF measurable. Furthermore letY := (Y1, . . . ,Yp) be a givenFT1 measurable
random variable andf : Rp × Rq a given function. LetΩ∗ = {ω1, . . . ωm} be a drawing fromΩ
(e.g. a Monte-Carlo simulation corresponding toQ) andα∗ := (α1, . . . , αq) such that

||U − f (Y, α∗)||L2(Ω∗) = min
α
||U − f (Y, α)||L2(Ω∗)

where||U − f (Y, α∗)||2L2(Ω∗) =
m∑
j=1

(U(ω j) − f (Y(ω j), α∗))2. We set

VLS := f (Y, α∗).
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15.10. REGRESSION METHODS - LEAST SQUARE MONTE-CARLO

The random variableVLS is FT1 measurable. It is defined overΩ and aleast squareapproxi-
mation ofV onΩ∗. y

The approach of Carriere, Longstaff and Schwartz4 uses a functionf with q = p and

f (y1, . . . , yp, α1, . . . , αp) :=
p∑

i=1

αi · yi ,

such thatα∗ may be calculated analytically as a linear regression.

Lemma 191 (Linear Regression): Let Ω∗ = {ω1, . . . , ωm} be a given sample space,
V : Ω∗ → R andY := (Y1, . . . ,Yp) : Ω∗ → Rp given random variables. Furthermore let

f (y1, . . . , yp, α1, . . . , αp) :=
∑

αiyi .

Then we have for anyα∗ with XTXα∗ = XTv

||V − f (Y, α∗)||L2(Ω∗) = min
α
||V − f (Y, α)||L2(Ω∗),

where

X :=


Y1(ω1) . . . Yp(ω1)
...

...
Y1(ωm) . . . Yp(ωm)

 , v :=


V(ω1)
...

V(ωm)

 .

If (XTX)−1 exists thenα∗ := (XTX)−1XTv.

Proof: See AppendixA.1. �|

Definition 192 (Basis Functions): q
The random variablesY1, . . . ,Yp of Lemma191are calledBasis Functions(explanatory vari-
ables). y

15.10.2. Example: Evaluation of a Bermudan Option on a Stock
(Backward Algorithm with Conditional Expectation
Estimator)

Consider a simple Bermudan option on a Stock. The Bermudan should allow exercise at times
T1 < T2 < . . .Tn. Upon exercise inTi the holder of the option will receive

Ni · (S(Ti) − Ki)

once, but nothing if no exercise is made.
We will apply thebackward algorithmto derive the optimal exercise strategy. All payments

will be considered in their nuḿeraire relative form. Thus the exercise criterion is given by a
comparison of the conditional expectation of the payments received upon non-exercise with
the payments received upon exercise.

4 See [59, 82, 85].
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CHAPTER 15. PRICING BERMUDAN OPTIONS IN A MONTE-CARLO SIMULATION

Induction start: t > Tn After the last exercise time we have:

• The value of the (future) payments is̃Un+1 = 0

Induction step: t = Ti , i = n,n− 1,n− 2, . . .1 In Ti we have:

• In the case of exercise inTi the value is

Ṽunderl,i(Ti) :=
Ni(S(Ti) − Ki)

N(Ti)
. (15.9)

• In the case of non-exercise inTi the value isṼhold,i(Ti) = EQ(Ũi+1 | FTi ). This value is
estimated through a regression for given pathsω1, . . . , ωm:

– Let Bj be given (FTi measurable) basis functions.5 Let the matrixX consist of the
column vectorsBj(ωk), k = 1, . . . ,m. Then we have

Ṽhold,i(Ti , ω1)
...

Ṽhold,i(Ti , ωm)

 ≈ X · (XT · X)−1 · XT ·


Ũi+1(ω1)

...
Ũi+1(ωm)

 . (15.10)

• The value of the payments of the product inTi under optimal exercise is given by

Ũi :=

Ṽunderl,i(Ti) if Ṽhold,i(Ti) < Ṽunderl,i(Ti)

Ũi+1 else.

Remark 193: Our example is of course just the backward algorithm with an explicit specifi-
cation of an underlying (15.9) and an explicit specification of an exercise criterion, here given
by the estimator of the conditional expectation (15.10).

15.10.3. Example: Evaluation of a Bermudan Callable

Consider a Bermudan Callable. The Bermudan should allow exercise at timesT1 < T2 <
. . .Tn. Upon exercise inTi the holder of the option will receive a payment ofXi in Ti+1, i.e. the
relative valueX̃i(Ti+1) := Xi

N(Ti+1) .
We will apply thebackward algorithmto derive the optimal exercise strategy. All payments

will be considered in their nuḿeraire relative form.

Induction start: t > Tn After the last exercise time we have:

• The value of the (future) payments is̃Un+1 = 0

5 Suitable basis functions for this example are 1 (constant),S(Ti ), S(Ti )2, S(Ti )3, etc., such that the regression
function f will be a polynomial inS(Ti ).
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15.10. REGRESSION METHODS - LEAST SQUARE MONTE-CARLO

Continuation versus Exercise Value (pathwise)
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Figure 15.7.: Regression of the conditional expectation estimator without restriction of the regression
domain: We consider a Bermudan option with two exercise dates T1 = 1.0, T1 = 2.0. Notional and strike
are as follows: N1 = 0.7, N2 = 1.0, K1 = 0.82, K2 = 1.0. The model for the underlying S is a Black-
Scholes model with r= 0.05 andσ = 20%. The plot shows the values received upon exercise depending
on the values received upon non-exercise in T1. Each dot corresponds to a path. The regression poly-
nomial gives the estimator for the expectation of the value upon non-exercise. It is optimal to exercise if
this estimate lies above the value received upon exercise. The regression polynomial is a second order
polynomial in S(T1).
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CHAPTER 15. PRICING BERMUDAN OPTIONS IN A MONTE-CARLO SIMULATION

Continuation versus Exercise Value (pathwise)
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Figure 15.8.: Regression of the conditional expectation estimator with restriction of the regression
domain: Parameters as in Figure15.7. The regression polynomial is a second order polynomial in
max(S(T1) − K1,0). Thus, values where S(T1) − K1 ≤ 0 are aggregated into a single point. For the
product under consideration this is advantageous since for S(T1) − K1 ≤ 0 exercise is not optimal with
probability 1. This restriction of the regression domain increases the regression accuracy over the re-
maining regression domain. Compare with Figure15.7.

Induction step: t = Ti , i = n,n− 1,n− 2, . . .1 In Ti we have:

• In the case of exercise inTi the value is

Ṽunderl,i(Ti) := EQ
N

n−1∑
k=i

Xk

N(Tk+1)
|FTi

 .

This value is estimated by a regression for given pathsω1, . . . , ωm:

Let B1
j be given (FTi measurable) basis functions. Let the matrixX1 consist of the

column vectorsB1
j (ωk), k = 1, . . . ,m. Then we have


Ṽunderl,i(Ti , ω1)

...
Ṽunderl,i(Ti , ωm)

 ≈ X1 · (X1,T · X1)−1 · X1,T ·


∑n−1

k=i
Xk(ω1)

N(Tk+1,ω1)
...∑n−1

k=i
Xk(ωm)

N(Tk+1,ωm)

 . (15.11)

• In the case of non-exercise inTi the value isṼhold,i(Ti) = EQ(Ũi+1 | FTi ). This value is
estimated by a regression for given pathsω1, . . . , ωm:

Let B0
j be given (FTi measurable) basis functions. Let the matrixX0 consist of the
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15.10. REGRESSION METHODS - LEAST SQUARE MONTE-CARLO

Continuation versus Exercise Value (pathwise)
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Continuation versus Exercise Value (pathwise)
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Figure 15.9.: Regression of the conditional expectation estimator - polynomial of fourth (above) and
eighth (below) order inmax(S(T1) − K1,0). Parameters as in Figure15.7. A polynomial of higher order
shows wiggles at the boundary of the regression domain. However, only few paths are affected by the
wrong estimate. Restricting the regression domain may reduce the errors (compare the left end of the
regression domain with the right end).
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CHAPTER 15. PRICING BERMUDAN OPTIONS IN A MONTE-CARLO SIMULATION

column vectorsB0
j (ωk), k = 1, . . . ,m. Then we have


Ṽhold,i(Ti , ω1)

...
Ṽhold,i(Ti , ωm)

 ≈ X0 · (X0,T · X0)−1 · X0,T ·


Ũi+1(ω1)

...
Ũi+1(ωm)

 .

• The value of the payments of the product inTi under optimal exercise is given by

Ũi :=


∑n−1

k=i
Xk

N(Tk+1) if Ṽhold,i(Ti) < Ṽunderl,i(Ti)

Ũi+1 else.

Remark 194 (Bermudan Callable): The modification to the backward algorithm to price
a Bermudan callable consists of the use of two conditional expectation estimators: one for
the continuation value and (additionally) one for the underlying. As before, the conditional
expectation estimators are used only for the exercise criterion (and not for the payment).

Remark 195 (Longstaff-Schwartz):

• The estimator of the conditional expectation is used in the estimation of the exercise
strategy only.

• The choice of basis functions is crucial to the quality of the estimate.

Clément, Lamberton and Protter showed convergence of the Longstaff-Schwartz regression
method to the exact solution, see [60].

15.10.4. Implementation

MonteCarloConditionalExpectationLongstaffSchwartz

setBasisFunctionsEstimator(RandomVariable[] basisFunctionsEstimator)
setBasisFunctionsPredictor(RandomVariable[] basisFunctionsPredictor)

getConditionalExpectation(RandomVariable randomVariable)

Figure 15.10.: UML Diagram: Conditional Expectation Estimator. The method
setBasisFunctionsEstimator sets the basis functions which form the matrix X. The
methodsetBasisFunctionsPredictor sets the basis functions which form the matrix X∗. These
are the same basis functions as for X, but possibly evaluated in an independent Monte-Carlo simulation
(to avoid foresight bias). The methodgetConditionalExpectation calculates the regression
parameterα∗ = (XTX)−1XT · v from a given vector v and returns the conditional expectation estimator
X∗ · α∗ of v. See Lemma191.
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15.10. REGRESSION METHODS - LEAST SQUARE MONTE-CARLO

The Longstaff-Schwartz conditional expectation estimator may easily be implemented in
a corresponding class, independent of the given model or Monte-Carlo simulation - see Fig-
ure15.10. This class contains nothing more than alinear regression, but the methodology may
be replaced by alternative algorithms (e.g. non parametric regressions).

As pointed out in the discussion of the backward algorithm, it is not normally necessary
to explicitly calculate the exercise strategy in form ofT to η. It is sufficient to calculate the
random variables̃Ui in a backward recursion. Since finally onlỹU1 is needed to calculate
the price of the Bermudan option, thẽUi ’s may be stored in the same vector of Monte-Carlo
realizations.

15.10.5. Binning as linear Least-Square Regression

We return once again to the binning. In Section15.8.1it turned out thatBinningmay be inter-
preted as least square regression with a specific set of basis functions: The indicator variables
of the binsU j which we denote by

h j(ω) :=

1 forω ∈ U j

0 else.
(15.12)

We now give an explicit calculation using the linear regression algorithm with the bin indicator
variables as basis functions.

Continuation versus Exercise Value (pathwise)
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Figure 15.11.: Binning using the linear regression algorithm with piecewise constant basis functions:
We use 20 bins (basis functions). Each bin consist of approximately the same number of paths. Model-
und product parameters are as in Figure15.7.

Let ωk denote the paths of a Monte-Carlo simulation andX the matrix
(
h j(ωk)

)
, j column

index,k row index. Since theU j ’s are disjoint we haveXTX = diag(m1, . . . ,mp), wheremj is
the number of paths for whichh j(ωk) = 1. Thus we have for the regression parameter

α∗ = (XTX)−1XT · v = diag(
1

m1
, . . . ,

1
mp

) · XT · v.
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CHAPTER 15. PRICING BERMUDAN OPTIONS IN A MONTE-CARLO SIMULATION

It follows that the regression parameter gives the expectation on the corresponding bin

α∗j =
1

mj

∑
vk∈U j

vk for j = 1, . . . , p.

15.11. Optimization Methods

Motivation: In the discussion of thebackward algorithmit has become ob-
vious that the conditional expectation estimator is needed to derive the optimal
exercise strategy only. Since a sub-optimal exercise will lead to a lower Bermu-
dan price the optimal exercise has an alternative characterization: it maximizes

the Bermudan value. A solution to the pricing problem of the Bermudan thus consists of max-
imizing the Bermudan value over a suitable, sufficiently large space of admissible6 exercise
strategies. C|

15.11.1. Andersen Algorithm for Bermudan Swaptions

The following method was proposed for the valuation of Bermudan swaptions by L. Andersen
in [44]. We thus restrict our presentation to the evaluation of the Bermudan Callable and use
the notation of Section15.10.3. In [44] the method appears less generic than the Longstraff

& Schwartz regression. However, one might reformulate the optimization method in a fairly
generic way. As the optimization is a high dimensional one, the method then becomes less
useful in practice.

The exercise strategy is given by a parametrized function of the underlyings

I i(λ) := f (Vunderl,i(Ti , ω), . . . ,Vunderl,n−1(Ti , ω), λ)

where we replace the optimal exercise

Ṽunderl,i(Ti) < EQ(Ũi+1 | FTi )

by
I i(λ) > 0.

Here the functionf may represent a variety of exercise criteria, e.g.

I i(ω, λ) = Vunderl,i(Ti , ω) − λ. (15.13)

We assume thatI i is such that it may be calculated without resimulation, i.e. we assume that
the underlyingsVunderl, j(Ti) are either given by an analytic formula or a suitable approximation.
E.g. this is the case for a swap within a LIBOR Market Model. If we use the optimization
method within the backward algorithm, it now looks as follows:

6 By an admissible exercise strategy we denote one that respects the measurability requirements. As we noted, a
violation of measurability requirements, i.e. a foresight bias or even perfect foresight, will result in a super-optimal
strategy. The Bermudan value with a super-optimal strategy is higher than the Bermudan value with the optimal
strategy, however super-optimal exercise is impossible.
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15.11. OPTIMIZATION METHODS

Induction start: t > Tn After the last exercise time we have:

• The value of the (future) payments is̃Un+1 = 0

Induction step: t = Ti , i = n,n− 1,n− 2, . . .1 In Ti we have:

• In the case of exercise inTi the value isṼunderl,i(Ti)

• In the case of non-exercise inTi the value isṼhold,i(Ti) = EQ(Ũi+1 | FTi ). This value is
estimated through an optimization for given pathsω1, . . . , ωm:

– I i(λ, ω) = f (Vunderl,i(Ti , ω), . . . ,Vunderl,n−1(Ti , ω), λ).

– Ũi(λ, ω) :=

Ṽunderl,i(Ti) if I i(λ, ω) > 0

Ũi+1 else.

– Ṽberm,i(T0, λ) = EQ
(
Ũi(λ) | FT0

)
≈ 1

m

∑
k Ũi(λ, ωk)

– λ∗ = arg max
λ

(
1
m

∑
k Ũi(λ, ωk)

)
• The value of the payments of the product inTi under optimal exercise is given by

Ũi(ω) :=

Ṽunderl,i(Ti) if I i(λ∗, ω) > 0

Ũi+1 else.

 = Ũi(λ
∗, ω)

The exercise strategy is estimated inTi by choosing theλ∗ for which I i gives the maximal
Bermudan option value. This is done by going backward in time, from exercise date to exercise
date.

15.11.2. Review of the Threshold Optimization Method

15.11.2.1. Fitting the exercise strategy to the product

Let us apply the optimization method to the pricing of a simple Bermudan option on a stock
following a Black-Scholes model. This shows that a too simple choice of the exercise strategy
will give surprisingly unreliable results.

The simple strategy (15.13) fails for the simplest type of Bermudan option. Consider the
option to receive

N1 · (S(T1) − K1)

in T1 or receive
max(N2 · (S(T2) − K2),0)

in T2, where - as before -Ni andKi denote notional and strike andS follows a Black-Scholes
model. This gives us an analytic formula for the option inT2 and thus the true optimal exercise.
Figure15.12shows an example where the optimization of the simple strategy (15.13) gives the
value of the Bermudan option.

A small change in notionalN1 and strikeK1 changes the picture. If both are smaller thanN2

andK2 respectively, we obtain two intersection points of the exercise and continuation value.
In T1 it is optimal to exercise in between these two intersection points. Our simple exercise
criterion cannot render this case. Optimizing the threshold parameterλ shows two maxima:
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CHAPTER 15. PRICING BERMUDAN OPTIONS IN A MONTE-CARLO SIMULATION
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Figure 15.12.: Example of the successful optimization of the exercise criterion (intersection of the two
price curves, left). The graph on the right shows the Bermudan option value as a function of the exercise
thresholdλ.
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Figure 15.13.: Example of a failing optimization of the exercise criterion (intersection of the two price
curves, left)). The graph on the right shows the Bermudan option value as a function of the exercise
thresholdλ.
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15.11. OPTIMIZATION METHODS

the value of the two European options “exercise never” and “exercise always”. Both values are
below the true Bermudan option value, see Figure15.13, right.

The conclusion of this is example is that the choice of the exercise strategy has to be made
carefully in accordance with the product. But this remark applies to some extent to any method.

15.11.2.2. Disturbance of the Optimizer through Discontinuities and local
Minima

The Monte-Carlo Bermudan price calculated from the backward algorithm is a discontinuous
function of the exercise criterion. The Bermudan price jumps if the exercise criterionI (ω, λ)
changes sign for a given pathω. The price jumps by the difference ofexercise valueand
continuation value. Even in the case of an optimal exercise criterion (i.e.λ = λmax) we see a
jump in price since even thenexercise valueandcontinuation valuewill generally be different
(at optimal exercise, only the expected (!) continuation value equals the exercise value).

As a function ofλ, the price will not only exhibit discontinuities, but also small local maxima
induced by them, see Figure15.12(right). These may prevent the optimizing algorithm from
finding the global maxima.

However, if there are a sufficient number of paths, the local maxima appear only on a small
scale. The jumps in price will be of the orderO( 1

n), wheren denotes the number of paths. Thus
with a robust minimizer one would rarely encounter this problem. For example consider the
case that the limit function (forn→ ∞) would satisfy an estimate of the formVmax− V(λ) >
C(λ − λmax)2, i.e. without the Monte-Carlo discontinuities no other local maxima or saddle
point would exist. Then a bisection search on the disturbed function will miss the true maxima
only by the order of a jumpO( 1

n).

15.11.3. Optimization of Exercise Strategy: A more general
Formulation

There is a trivial generalization of the optimization method considered in Section15.11.1:

• The exercise criterion will be given as a function of arbitraryFTi measurable random
variables.

• The exercise criterion will be given as a function of a parameter vectorλ ∈ Rk.

Thus we replace the ”true´´ exercise criterion used in the backward algorithm

Ṽunderl,i(Ti) < EQ(Ũi+1 | FTi )

by a function
I i(λ, ω) := f (Bi,1(ω), . . . , Bi,m(ω), λ),

whereBi, j is a set ofFTi measurable random variables andλ ∈ Rk.

15.11.4. Comparison of Optimization Method and Regression
Method

The difference between the optimization method and the regression method becomes apparent
in Figure15.7-15.9. While the regression method requires the regression functions to give a
good fit to the conditional expectations across the whole domain of the independent variable,
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CHAPTER 15. PRICING BERMUDAN OPTIONS IN A MONTE-CARLO SIMULATION

the optimization method only requires that the functionalI i(λ) captures the exercise boundary.
In Figures15.7-15.9the conditional expectation estimator is a curve, but the exercise boundary
is given by two points only (the intersection of the conditional expectation estimator with the
bisector).

Thus the optimization method can cope with far fewer parameters than the regression. On
the other hand, as noted in the example above, it is far more important that the functional is
adapted to the Bermudan product under consideration.

It is trivial to choose the mapI i(λ) such that the optimalλ∗ give the same or a better value
than the least-square regression. IfBi, j denote the basis functions used in the least-square
regression for exercise dateTi we set

I i(λ1, . . . , λn) = (λ1Bi,1 + . . . + λ1Bi,m) − Ṽunderl,i(Ti).

Then forλ = α∗, whereα∗ is the regression parameter from the least-square regression, the
exercise criterion agrees with the one from the least-square regression. This result however is
rarely an advantage of the optimization method since in practice a high dimensional optimiza-
tion does not represent an alternative.

15.12. Duality Method: Upper Bound for Bermudan
Option Prices

Motivation: So far, the ansatz to evaluate a Bermudan option has been to
estimate the exercise strategy, i.e. the stopping-timeτ. If this estimate is itself
a stopping-time, i.e. no foresight bias is present, then the evaluation with the
estimated exercise strategy gives a lower bound for the true value of the Bermudan

option. The stopping-timeτ maximizes the option price; all other stopping-times give lower
prices, because they are sub-obtimal. In order to decide if the given lower bound is sufficiently
close to the optimal value, a corresponding upper would come in handy. C|

In this section we present a method that gives, in the limit of a vanishing Monte-Carlo error,
an upper bound for the Bermundan option value. The upper bound itself converges to the true
option value as a given space of test functions converges to the whole space. Putting aside the
Monte-Carlo error, together with the lower bound methods (15.8- 15.11.1) we then obtain an
interval for the true value of the Bermudan price.

The method was introduced by Rogers [87], Haugh & Kogan [73], and originally by Davis
& Karatzas [61].

15.12.1. Foundations

Let us review some foundations:

Definition 196 (Super-martingale): q
The stochastic process{Xt,Ft ; 0 ≤ t < ∞} is called asuper-martingalewith respect to the
filtrationFt and the measureP, if

Xs ≥ E(Xt |Fs), Pa.s., ∀ 0 ≤ s< t < ∞.

y
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15.12. DUALITY METHOD: UPPER BOUND FOR BERMUDAN OPTION PRICES

Definition 197 (Stopping-time (time-discrete process)): q
Let T : Ω→ {T0, . . . ,Tn} denote a random variable.T is called astopping-time, if

{T = Ti} ∈ FTi . (15.14)

y

Remark 198 (Stopping-Time): Equivalent to (15.14) is

{T ≤ Ti} ∈ FTi , (15.15)

sinceFT j ⊂ FTi for T j < Ti .

Interpretation: A stopping-time may be viewed as the mathematical repre-
sentation of an exercise strategy of a Bermudan option. If for a given pathω,
T(ω) = Ti denotes the time at which an event occurs (e.g. the decision to exercise
an option), then (15.15) constitutes the requirement that the decision is based on

information that is available on or beforeTi - expressed through theFTi -measurability.
The condition (15.15) precludes aforesight bias. Compare Section15.67. C|

Given a stochastic process and a stopping-time, we may construct thestopped process:

Definition 199 (Stopped Process): q
Let X denote a stochastic process andT a stopping-time. The processXT given throughX
stopped in T, is defined by

XT(t, ω) =

X(t, ω) t < T(ω)

X(T(ω), ω) t ≥ T(ω).

y

Interpretation: On every pathω the stopped processXT coincides withX
for times before the stopping-time. For times on or after the stopping-time the
stopped process takes the constant value ofX at the stopping-time. It is stopped.
This is similar to what happens for the (relative) price of a Bermudan option.

Before the exercise date, the option value is stochastic. Upon exercise the value is frozen to
the value upon exercise. C|

Definition 200 (Snell Envelope): q
Let Z denote a time-discrete adapted process andU defined by

U(Tn) = Z(Tn)

U(Ti) = max(Z(Ti),E(U(Ti+1) | FTi ).

The processU is calledSnell envelopeof Z. y

Lemma 201 (Snell Envelope): The Snell envelopeof Z is the smallest super-martingale
which dominatesZ.

7 For the example discussed in Section15.6T(ω1) = T(ω2) = T1 andT(ω1) = T(ω2) = T2 are both stopping-times
(check!), however the super-optimal exercise strategyT(ω1) = T1, T(ω2) = T2 is not a stopping-time.
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CHAPTER 15. PRICING BERMUDAN OPTIONS IN A MONTE-CARLO SIMULATION

Theorem 202 (Doob-Meyer Decomposition): Let U denote a (time-discrete) super-
martingale. Then there exists a (unique) decomposition

U(Ti) = M(Ti) − A(Ti),

whereM is a (time-discrete) martingale andA is a (time-discrete) previsible non-decreasing
process (i.e.A(Ti−1, ω) ≤ A(Ti , ω)) whereA(T0) = 0.

Proof:

M(Ti) := M(Ti−1) + Ui − E(Ui | FTi−1) M(T0) = U(T0)

A(Ti) := A(Ti−1) + Ui−1 − E(Ui | FTi−1) A(T0) = 0

�|

15.12.2. American Option Evaluation as Optimal Stopping
Problem

We repeat the Bermudan option evaluation as optimal stopping: Let 0= T0 < T1 < . . . < Tn.
Let Vunderl(Ti), i = 1, . . . ,n− 1 denote a sequence ofFTi -measurable random variables, giving
the value of financial products at timeTi . We define recursively

Vberm(Ti) := max(Vunderl(Ti), EQ
N
(Vberm(Ti+1) ·

N(Ti)
N(Ti+1)

| FTi )),

where (N,QN) denotes a given nuḿeraire-martingale measure pair. Furthermore letṼU(Ti) :=
Vunderl(Ti )

N(Ti )
, ṼB(Ti) := Vberm(Ti )

N(Ti )
denote the correspondingN-relative prices, i.e.

ṼB(Ti) := max(ṼU(Ti), EQ
N
(ṼB(Ti+1) | FTi ).

Theorem 203 (American Option Price - Dual Formulation (Rogers) (time-continuous ver-
sion)): Let

Vamer(0) := sup
T stoppingtime

E(ṼU(T) | F0).

Then
Vamer(0) = inf

M∈H1
0

E( sup
0≤t≤T

(ṼU(t) − M(t)) | F0),

whereH1
0 denotes the set of all martingalesM with sup

0≤t≤T
|M(t)| ∈ L1(Ω) andM(0) = 0.

Since we consider only the evaluation of Bermudan options, i.e. options a finite number of
exercise dates, we give a time-discrete version of Theorem203:

Theorem 204 (Bermudan Option Price - Dual Formulation (Rogers) (time-discrete ver-
sion)): Let

ṼB(Ti) := max(ṼU(Ti), E(ṼB(Ti+1) | FTi )).

ṼB(T0) = inf
M∈H1

0

E(max
Ti

(ṼU(Ti) − M(Ti)) | F0), (15.16)
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15.12. DUALITY METHOD: UPPER BOUND FOR BERMUDAN OPTION PRICES

whereH1
0 denotes the set of all (time-discrete) martingalesM with

M(T0) = 0

M(Ti) = E(M(Ti+1)|FTi ) M(Ti) ∈ L1(Ω)

and max
Ti

(ṼU(Ti) − M(Ti)) has to be understood pathwise, i.e.

max
Ti

(ṼU(Ti) − M(Ti))[ω] = max
Ti

(ṼU(Ti , ω) − M(Ti , ω))

(andnot as a maximum over all stopping-times).

Remark 205 (on Theorem204): First, it is worth noting that in Theorem204the maximum
is applied pathwise. If the pathwise maximum is applied toVunderl then maxTi (Vunderl(Ti)) gives
the value of aperfect foresight. As we will show in Lemma206, a foresight error is precluded
by the martingaleM.

The expectation in (15.16) is conditioned toFT0 = F0 only, i.e. it is not required to calculate
a conditional expectation at a later time. However, the expectation has to be minimized over
all martingalesM. This is as complex as the calculation of the optimal exercise strategy (by
maximizing over all stopping-timesτ). But Theorem204indeed gives an upper bound for the
value of the Bermudan option:

Vberm(T0) ≤ EQ
N(

max
Ti

(Vunderl(Ti) ·
N(0)
N(Ti)

− M(Ti) | F0)
)
, M ∈ H1

0,

and this upper bound may be arbitrarily close to the option priceVberm(T0) if M is suitably
chosen.

Lemma 206 (Eliminating Foresight):
Let ṼU(Ti), ṼB(Ti) be as before, i.e.

ṼB(Ti) := max
Ti

(ṼU(Ti), E(ṼB(Ti+1) | FTi )), (15.17)

andM as in the Doob-Meyer decomposition ofṼB(Ti)

M(T0) := 0,

M(Ti) := M(Ti−1) + ṼB(Ti) − E(ṼB(Ti+1) | FTi ). (15.18)

Let Topt : Ω→ {T1, . . . ,Tn} denote the (optimal) stopping-time given by

Topt(ω) := min{T j : ṼU(T j , ω) ≥ E(ṼB(T j+1) | FT j )[ω]}

(this impliesṼB(T0) = E(ṼU(Topt) | FT0)).
Then we have (pathwise!)

max
T j

(ṼU(T j , ω) − M(T j , ω)) = ṼU(Topt(ω), ω) − M(Topt, ω).

Proof: We give the proof only with (15.17) and (15.18). Letω ∈ Ω. By definition we have

ṼB(T j , ω) = E(ṼB(T j+1) | FT j )[ω] for T j < Topt(ω) (15.19)

ṼB(T j , ω) ≥ E(ṼB(T j+1) | FT j )[ω] for T j ≥ Topt(ω) (15.20)
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CHAPTER 15. PRICING BERMUDAN OPTIONS IN A MONTE-CARLO SIMULATION

and

ṼB(Ti , ω) = ṼU(Ti , ω) for Ti = Topt(ω). (15.21)

1. ForTi = Topt(ω) andT j < Ti we have

• ṼU(Ti , ω) − M(Ti , ω) = ṼB(Ti , ω) − M(Ti , ω)

• ṼB(T j+1, ω) − M(T j+1, ω)

= �����
ṼB(T j+1, ω) − M(T j , ω) −�����

ṼB(T j+1, ω) + E(ṼB(T j+1, ω) | FT j )[ω]

= ṼB(T j , ω) − M(T j , ω)

• ṼB(T j , ω) − M(T j , ω) ≥ ṼU(T j , ω) − M(T j , ω)

and thus forT j ≤ Ti :

ṼU(T j , ω) − M(T j , ω) ≤ ṼU(Ti , ω) − M(Ti , ω)

2. ForTi = Topt(ω) andT j > Ti we have

• ṼU(Ti , ω) − M(Ti , ω)

= ṼU(Ti , ω) − M(Ti+1, ω) + ṼB(T j+1, ω) − E(ṼB(T j+1) | FT j )[ω]

= ṼB(Ti , ω) − M(Ti+1, ω) + ṼB(T j+1, ω) − E(ṼB(T j+1) | FT j )[ω]

≥ ṼB(Ti+1, ω) − M(Ti+1, ω)

• ṼB(T j , ω) − M(T j , ω)

= ṼB(T j , ω) − M(T j+1, ω) + ṼB(T j+1, ω) − E(ṼB(T j+1, ) | FT j )[ω]

≥ ṼB(T j+1, ω) − M(T j+1, ω)

• ṼB(T j+1, ω) − M(T j+1, ω) ≥ ṼU(T j+1, ω) − M(T j+1, ω)

and thus forT j ≥ Ti

ṼU(Ti , ω) − M(Ti , ω) ≥ ṼU(T j , ω) − M(T j , ω).

Thus, for allT j

ṼU(Ti , ω) − M(Ti , ω) ≥ ṼU(T j , ω) − M(T j , ω).

�|

Remark 207 (Foresight Bias): The Lemma206shows that the martingaleM eliminates the
foresight bias. We have

ṼU(Ti) − M(Ti) ≥ ṼU(T j) − M(T j) ∀ T j ,

however, in general

ṼU(Ti) � ṼU(T j) ∀ T j .
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15.13. PRIMAL-DUAL METHOD: UPPER AND LOWER BOUND

Lemma 208 (Optimal Stopping): It is

E(ṼU(Topt) | FT0) = E(max
T j

(ṼU(T j) − M(T j)) | FT0).

Proof: It is

E(ṼU(Topt) | FT0)
Def. Topt

= E( sup
T stopping−time

ṼU(T) | FT0)

= E( sup
T stopping−time

ṼU(T) − M(T) | FT0)

La. 206
= E(max

Ti

ṼU(Ti) − M(Ti) | FT0)

�|

15.13. Primal-Dual Method: Upper and Lower Bound

The calculation of the exercise strategy and from it the price of the Bermudan option via an
(approximation) of the conditional expectation is calledprimal. The calculation of the exercise
strategy via the stopping-time through15.12is calleddual.

With the result from Lemma206 we can combine both methods. From Theorem204 and
Lemma206we have

ṼB(T0) = E(max
Ti

(ṼU(Ti) − M(Ti)) | F0), (15.22)

with
M(Ti) := M(Ti−1) + Ui − E(Ui | FTi−1) M(T0) = U(T0). (15.23)

The conditional expectation in (15.23) can be estimated with aprimal method. If the con-
ditional expectation has already been estimated in an calculation of the lower bound or the
Bermudan option price, then (15.22) immediately gives a corresponding upper bound.

Compare also [45].

Further Reading: The books [16] and [18] and the article [53] consider
Monte-Carlo methods for derivative pricing in general. In [60] the convergence
of the regression methods is proven. The optimization method for Bermudan
swaptions is given in [44], a primal-dual method is given in [45]. The discussion

of the foresight bias is found in [64]. C|

Experiment: At http://www.christian-fries.de/finmath/
applets/BermudanStockOptionPricing.html the evaluation of a
Bermudan option on a stock following a Black-Scholes model may be studied.
There is a choice of different evaluation methods. C|
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CHAPTER 16

Pricing Path Dependent Options in a
Backward Algorithm

A backward algorithm - e.g. as given by a model implemented as a lattice - allows the calcula-
tion of the conditional expectation

V(Ti−1) = N(Ti−1) · EQ
N

(
V(Ti)
N(Ti)

| FTi−1

)
,

and thus defines induction stepsTi → Ti−1 backward in time. Path-dependent quantities cannot
be considered directly. One way of allowing for path-dependent quantities in a backward
algorithm is to eliminate the path-dependency by extending the state space.

16.1. State Space Extension

Let V denote a product whose timeTi value depends on a quantityCi given by an update rule

Ci = f (Ti ,Ci−1,Xi), C0 = constant, (16.1)

wereXi is a random variable that is a function of the timeTi values of the model primitives,
i.e. non-path dependent. ThusXi and henceCi areFTi measurable. Equation (16.1) constitutes
the path-dependency ofCi ; it may not be written as a function of the timeTi values of the
model primitives. It depends on the past since it depends on the previous valueCi−1.

To remove the path-depency inV we addCi as an additional state. We consider the timeTi

value ofV as a function ofCi

V(Ti) = V(Ti ,Ci), i = 0,1, . . . ,n.

Then backward algorithm is:

• GivenV(Ti ,Ci).

• Apply the update rule to define

Ṽ(Ti ,Ci−1,Xi) := V(Ti , f (Ci−1,Xi)) (16.2)
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CHAPTER 16. PRICING PATH DEPENDENT OPTIONS IN A BACKWARD ALGORITHM

• Define

V(Ti−1,Ci−1) := N(Ti−1) · EQ
N

(
Ṽ(Ti ,Ci−1,Xi)

N(Ti)
| FTi−1

)
. (16.3)

Note that conditional toFTi−1 the stateCi−1 is a constant.

Interpretation (State Space Extension): The method is called state space
extension because the discrete stochastic processTi 7→ C(Ti) := Ci can be inter-
preted as an additional state of the model and (16.1) defines the evolution of this
process. Seen over this extended space the product is non-path dependent.C|

16.2. Implementation

In order to implement the state space extension we discretize the additional state random vari-
ablesCi into ki state values

Ci ∈ {ci,1, . . . , ci,ki }.

For the implementation of the update rule (16.2) an interpolation has to be used, e.g. a linear
interpolation

Ṽ(Ti , ci−1, j ,Xi) ≈

f (ci−1, j ,Xi) − ci,l j

ci,l j+1 − ci,l j

V(Ti , ci,l j+1) +
ci,l j+1 − f (ci−1, j ,Xi+1)

ci,l j+1 − ci,l j

V(Ti , ci,l j ),

wherel j is such thatci,l j ≤ f (ci−1, j ,Xi) < ci,l j+1.
Then the conditional expectation (16.3) is calculated for each state realizationci−1, j giving

V(Ti−1, ci−1,1), . . . ,V(Ti−1, ci−1,ki ).

Remark 209: For some products the valueV(Ti , c) is linear inc. In such cases two states
are sufficient and the approximation of the update rule by the linear interpolation is exact.
Examples are zero structures, where the additional state is the accrued notional; the value of
the future cashflow is linear in the notional.

16.3. Examples

We illustrate the method of state space extension for the valuation of aSnowball/ Memory
(Definition164) and for the evaluation of aFlexi-Cap(Definition169).

16.3.1. Evaluation of a Snowball in a Backward Algorithm

A Snowball/ Memorypays a couponCi in Ti+1 which depends on the previous coupon. The
couponCi is given by an update rule

Ci = f (Ti ,Ci−1,Xi)

with anFTi -measurableXi (the index), i.e.Ci is path-dependent.
We add the value of the couponCi as an additional state and write the product value as a

function of this state.
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16.3. EXAMPLES

The backward induction from16.1gives the product valueV(T0,C0) as a function of the
initial (or past) couponC0, which is known.

Remark 210 (In Arrears Fixing): Note that we assumed that the indexXi is a function
of the timeTi values of the model primitives and thusFTi -measurable. If the indexXi−1 is a
function of the timeTi values of the model primitives, i.e. fixed in arrears, then the additional
state variable is the value of thepreviouscoupon.

16.3.2. Evaluation of a Flexi Cap in a Backward Algorithm

An Auto Cappays at timeTi+1 the amount

Xi := N ·max(Li(Ti) − Ki , 0) · (Ti+1 − Ti)

·

{
1 if |{ j : j < i andL j(T j) − K j > 0}| < nmaxEx

0 else,

whereLi(t) := L(Ti ,Ti+1; t) denotes the forward rate for the period [Ti ,Ti+1] seen int ≤ Ti .
As a function of the processesLi the payoff Xi is path-dependent since the payoff function is

not given by the random variablesLk(Ti) alone, but also by the past realizations of the processes
Lk (entering thoughL j(T j), j < i).

We extend the model by the stochastic process

η(t) : Ω→ {0, . . . ,n− 1},

ω 7→
∣∣∣{L j(T j) − K > 0 | T j ≤ t, j = 1, . . . ,n− 1}

∣∣∣.
GivenLi , η the payoffs Xi are a function of the realizationsLi(Ti), η(Ti):

Xi := N ·max(Li(Ti) − Ki , 0) · (Ti+1 − Ti) ·

{
1 if η(T j) < nmaxEx

0 else.
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CHAPTER 16. PRICING PATH DEPENDENT OPTIONS IN A BACKWARD ALGORITHM
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CHAPTER 17

Sensitivities (Partial Derivatives) of
Monte-Carlo Prices

17.1. Introduction

The technique of risk-neutral pricing, i.e. the change towards the martingale measure, allows
us to calculate the cost of a (self-financing) replication portfolio, to be expressed as an expecta-
tion. Determination of the replication portfolio itself is not necessary. However, once a pricing
formula or pricing algorithm (e.g. a Monte-Carlo simulation) has been derived, the replication
portfolio can be given in terms of the partial derivatives of the price with respect to current
model parameters (like the initial values of the underlyings).1 The partial derivatives of the
price with respect to the model parameters are also called sensitivities orGreeks. They are
important to assess the risk of a financial product, see also Chapter7.

For complex products, like Bermudan options, an analytic pricing formula is usually not
available. The pricing has to be done numerically. Under a high-dimensional model, like the
LIBOR market model, the numerical method of choice is usually a Monte-Carlo simulation.
Given that, we will investigate the numerical calculation of sensitivities (partial derivatives) of
Monte-Carlo prices.

The simplest way of calculating a derivative is by applying finite differences. Unfortunately,
this can lead to a Monte-Carlo algorithm giving unstable or inaccurate results.

17.2. Problem Description

Let us consider a pricing algorithm that uses Monte-Carlo simulation to calculate a price of a
financial product as the expectation of the numéraire-relative value under an equivalent mar-
tingale measureQ

V(t0) = N(t0) · EQ
(
V(T)
N(T)

∣∣∣Ft0

)
.

We are interested in the calculation of a partial derivative ofV(t0) with respect to some model
parameter, e.g. the initial values of the underlying (→ delta), the volatility (→ vega), etc.

1 Note that all market parameters enter into model parameters via the calibration of the model.
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CHAPTER 17. SENSITIVITIES (PARTIAL DERIVATIVES) OF MONTE-CARLO PRICES

Since we treat this problem as a general numerical problem, not necessarily related to deriva-
tive pricing, we do not adopt a specific model but use a notation that is slightly more general.
To fix notation, let us restate Monte-Carlo pricing first:

17.2.1. Pricing using Monte-Carlo Simulation

Assume that our model is given as a stochastic processX, for example an It̂o process

dX = µdt + σ · dW(t)

modeling our model primitives like functions of the underlyings (e.g. financial products
(stocks) or rates (forward rates, swap rates, fx rates)). For example, for the Black-Scholes
model we would haveX = (log(S), log(B)). Let X∗(ti) denote an approximation ofX(ti) gener-
ated by some (time-)discretization scheme, e.g. an Euler scheme

X∗(ti+1) = X∗(ti) + µ(ti)∆ti + σ(ti) · ∆W(ti)

or one of the more advanced schemes2. We assume that our financial product depends only on
realizations ofX at a finite number of time points, i.e. we assume that the risk-neutral pricing of
the financial product may be expressed as the expectation (with respect to the pricing measure)
of a function f of some realizationsY := (X(t0),X(t1), . . . ,X(tm)). This is true for many
products (e.g. Bermudan options). If these are approximated through the realizations of the
numerical scheme we have:

E( f (Y)|Ft0) ≈ E( f (Y∗)|Ft0) = E( f ((X∗(t0),X∗(t1), . . . ,X∗(tm)))|Ft0).

Here f denotes the nuḿeraire-relative payoff function.
The Monte-Carlo pricing consists of the averaging over some (often equidistributed) sample

pathsωi , i = 1, . . . ,n

E( f (Y∗)|Ft0) ≈ Ê( f (Y∗)|Ft0) :=
1
n

n∑
i=1

f (Y∗(ωi)).

To summarize: we have two approximation steps involved: The first one approximates the
time-continuous process by a time-discrete process. The second one approximates the expec-
tation by a Monte-Carlo simulation ofn sample paths. This is the minimum requirement to
have the pricing implemented as a Monte-Carlo simulation.

17.2.2. Sensitivities from Monte-Carlo Pricing

Assume thatθ denotes some model parameter3 or a parametrization of a generic market data
movement and letYθ denote the model realizations dependent on that parameter. Let us further
assume thatφYθ denotes the probability density ofYθ. Then the analytic calculation of the
sensitivity is given by

∂

∂θ
E( f (Yθ)|Ft0) =

∂

∂θ

∫
Rm

f (y)φYθ (y)dy.

2 For alternative schemes see e.g. [66, 21]
3 So fordeltaθ is an initial valueX(0), for vegaθ denotes a volatility, etc.
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17.2. PROBLEM DESCRIPTION

While the payoff f may be discontinuous, the density in general is a smooth function ofθ. in
which case the expectation E(f (Yθ)|Ft0) (the price) is a smooth function ofθ, too. The price
inherits the smoothness ofφYθ .

The calculation of sensitivities using finite differences on a Monte-Carlo based pricing algo-
rithm is known to exhibit instabilities, if the payoff function is not smooth enough, e.g. if the
payoff exhibits discontinuities as for a digital option. The difficulties arise when we consider
the Monte-Carlo approximation. It inherits the regularity of the payoff f , not that of the density
φ:

Ê( f (Yθ)|Ft0) =
1
n

n∑
i=1

f (Yθ(ωi)).

So while E(f (Yθ)|Ft0) may be smooth inθ, the Monte-Carlo approximation̂E( f (Yθ)|Ft0) may
have discontinuities. In this case a finite difference approximation of the derivative applied to
the Monte-Carlo pricing will perform poorly.

17.2.3. Example: The Linear and the Discontinuous Payout

The challenge in calculating Monte-Carlo sensitivities becomes obvious if we consider two
very simple examples:

17.2.3.1. Linear Payout

First consider a linear payout, say

f (X(T)) = a · X(T) + b.

The (discounted) payout depends only on the timeT realization ofX (as one would have for
a European option). LetYθ(ω) := X(T, ω, θ), whereθ denotes some model parameter. The
partial derivative of the Monte-Carlo value of the payout with respect toθ is

∂

∂θ
Ê( f (Yθ)|Ft0) =

1
n

n∑
i=1

∂

∂θ
f (Yθ(ωi)) =

1
n

n∑
i=1

a ·
∂

∂θ
Yθ(ωi)

Obviously the accuracy of the Monte-Carlo approximation depends on the variance of∂Yθ
∂θ

only.
When ∂

∂θ
Yθ(ωi) does not depend onωi , then the Monte-Carlo approximation gives the exact

value of the partial derivative, even if we use only a single path.

17.2.3.2. Discontinuous Payout

Next, consider a discontinuous payout, say

f (X(T)) =

1 if X(T) > K

0 else.

Analytically we know fromYθ+h = Yθ +
∂Yθ
∂θ
· h +O(h2) and

EQ( f (Yθ+h) | Ft0) = Q({Yθ > K −
∂Yθ
∂θ
· h−O(h2)}) =

∫ ∞

K−
∂Yθ
∂θ ·h−O(h2)

φYθ (y)dy
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CHAPTER 17. SENSITIVITIES (PARTIAL DERIVATIVES) OF MONTE-CARLO PRICES

that

lim
h→0

1
2h

(EQ( f (Yθ+h) | Ft0) − EQ( f (Yθ−h) | Ft0)) = φYθ (K) ·
∂Yθ
∂θ

.

However, the partial derivative of the Monte-Carlo value of the payout is

∂

∂θ
Ê( f (Yθ)|Ft0) =

1
n

n∑
i=1

∂

∂θ
f (Yθ(ωi)) = 0 assuming thatYθ(ωi) , K for all i.

Thus, here, the partial derivative of the Monte-Carlo value is always wrong.

17.2.4. Example: Trigger Products

The two simple examples above suggest that a finite difference approximation of a Monte-
Carlo price works well, if the payout is smooth, but fails if the payout exhibits discontinuities.
The problem becomes a bit more subtle if we consider products where the discontinuous be-
haviour is just one part of the payout which, in addition, may also be of more complex nature.
Consider for example theauto cap. For given timesT1, . . . ,Tn the auto cap pays at each pay-
ment dateTi+1 the payout of a caplet max(L(Ti ,Ti+1; Ti) − Ki , 0) · (Ti+1−Ti), but does so only
if the number of non-zero payments up toTi is less than somenmaxEx. This latter condition rep-
resents a trigger which makes the otherwise continuous payoff discontinuous, see Figure17.1.

17.3. Generic Sensitivities: Bumping the Model

The finite difference approximation calculates the sensitivity by

∂

∂θ
E( f (Yθ)|Ft0) ≈

E( f (Yθ+h)|Ft0) − E( f (Yθ−h)|Ft0)

2h
.

This brute-force finite differencecalculation of sensitivities is sometimes referred to asbump-
ing the model. Bumping the model has a charming advantage: If you keep your model and
your pricing code separated (a design pattern one should always consider) then you may im-
plement a generic code for generating sensitivities by feeding the pricing code with differently
bumped models. In other words:

Once the pricing code is written, all sensitivities are available. (17.1)

It seems as if you get sensitivities almost for free (i.e. without any effort in modeling and
implementation) and the only price you pay is a doubling of calculation time compared to
pricing. However, it is known that applying such a finite difference approximation to a Monte-
Carlo implementation will often result in extremely large Monte-Carlo errors. Especially if the
payout function of the derivative is discontinuous, this Monte-Carlo error tends to infinity ash
tends to zero. And discontinuous payout is present whenever a trigger feature is present.

Sensitivities in Monte-Carlo are known as a challenge. Numerous methods have been pro-
posed for calculating sensitivities in Monte-Carlo, among them the likelihood ratio [55] and
the application of Malliavin calculus, which has attracted increased attention recently, [63].
These methods improve the robustness of sensitivities, but require more information.

It appears as if the measures you have to take to improve Monte-Carlo sensitivities will
lose the advantage (17.1) of bumping the model. Later, we will present a method (which is
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17.3. GENERIC SENSITIVITIES: BUMPING THE MODEL

T1 T2T0 T3

(a)

T1 T2T0 T3

(c)

T1 T2T0 T3

(b)

Figure 17.1.:The payoff of an auto cap paying a maximum of two out of three caplets, considered under
a parallel shift of the interest rate curve (black line). The strike rate is depicted by a blue dot, a positive
payout is marked in green: In scenarios a) and b) the first caplet does not lead to a positive payout while
the second and third caplet do generate a positive payout. The shift of the interest rate curve from a) to
b) changes the payout continuously. In scenario c) the first caplet leads to a positive payout. Since the
auto cap is limited to two positive payouts the payout of the third caplet is lost as soon as the first caplet
pays a positive amount. Thus, from scenario b) to c) the payout of the auto cap changes discontinuously.

Jump due to change
in exercise strategy

Sensitivity of the
underlying caplets

Figure 17.2.: The value of an auto cap as a function of the shift size of a parallel shift of the interest
rate curve. Using only a small number of paths, a small shift does not lead to a change of the exercise
strategy. The price change is driven by the sensitivity of the underlying caplets. Thus, for small shifts one
might be tempted to call the sensitivity stable. For a larger shift the exercise strategy changes on some
paths, leading to a jump in payoff.
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CHAPTER 17. SENSITIVITIES (PARTIAL DERIVATIVES) OF MONTE-CARLO PRICES

also an implementation design pattern) that makes it possible to calculate sensitivities through
bumping the modelwhile providing the accuracy and robustness achieved by the likelihood
ratio or Malliavin calculus approach. The method is essentially a likelihood ratio reconsidered
on the level of the numerical scheme.

There are basically two different methods for calculating sensitivities in Monte-Carlo:

• the pathwise method, which differentiates the payout on every simulation path, see17.5

• the likelihood ratio method, which differentiates the probability density, see17.6.

Numerically, these two methods may be realized as

• (traditional) finite differences, see17.4

• finite differences applied to a proxy simulation scheme.

However, a proxy simulation scheme is a much more powerful design, see Chapter18. It is
also possible to mix the two approaches by considering a partial proxy simulation scheme, see
Section18.4.

In the following we will present the different methods for calculating sensitivities in Monte-
Carlo simulations. Each section starts with a short description of the approximating formula
and gives the method requirements and properties as bullet points. We assume that a Monte-
Carlo pricing algorithm has been implemented and we mention only requirements additional
to the pricing.
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17.4. SENSITIVITIES BY FINITE DIFFERENCES

17.4. Sensitivities by Finite Differences

The finite difference approximation is given by

∂

∂θ
EQ( f (Yθ) | Ft0) ≈

1
2h

(
EQ( f (Yθ+h) | Ft0) − EQ( f (Yθ−h) | Ft0)

)
≈

1
2h

(
ÊQ( f (Yθ+h) | Ft0) − ÊQ( f (Yθ−h) | Ft0)

)
=

1
n

n∑
i=1

1
2h

(
f (Yθ+h(ωi) − f (Yθ−h(ωi)

)

Requirements

• No additional information from the model sdeX

• No additional information from the simulation schemeX∗(ti+1)

• No additional information from the payoutf

• No additional information on the nature ofθ (⇒ generic sensitivities)

Properties

• Biased derivative forlarge hdue to finite difference of orderh

• Extremely large variance for discontinuous payouts andsmall h(orderh−1)

The most important feature of finite differences is their genericity. Once the pricing code
has been written, all kinds of sensitivities may be calculated.

For smooth payouts, the finite difference approximation converges to the derivative for
h → 0. Thus, if the payout is smooth, small shift sizesh are favourable. Using largeh the
approximation of the derivative is biased.

For discontinuous payouts, ash → 0 the finite difference of the Monte-Carlo price does
not converge to the derivative of the Monte-Carlo price. The reason is that for discontinuous
payouts the Monte-Carlo approximation (n → ∞) and the approximation of the derivative
(h→ 0) are not interchangeable.

For discontinuous payouts finite differences with a fixed, small shift sizeh perform poorly.
The contribution of a discontinuity to the sensitivity may be calculated analytically. It is the
jump size multiplied by the probability density at the discontinuity. Finite differences resolve
this contribution only through those sample paths which fall into a neighbourhood around the
discontinuity, having the width of the shift size. Thus, if the shift size is small, the discontinuity
is resolved by a few points, ultimately resulting in a large Monte-Carlo error. For discontin-
uous payouts large shift sizes are preferable. However, if the shift size is large, the derivative
becomes biased by second order effects (if present).

Since finite difference does not require anything more than a given pricing algorithm, we
are tempted to apply it to any product for which a Monte-Carlo pricing may be calculated. If
the product exhibits discontinuities in the payout, the finite difference approximation tends to
be unreliable, and a careful analysis of the Monte-Carlo error for a given shift sizeh has to be
performed.
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CHAPTER 17. SENSITIVITIES (PARTIAL DERIVATIVES) OF MONTE-CARLO PRICES

17.4.1. Example: Finite Differences applied to Smooth and
Discontinuous Payout

Let us consider a finite difference approximation of the partial derivative for the case of the
linear payoutf (X(T)) = a · X(T) + b from Section17.2.3.1. We have

∂

∂θ
EQ( f (Yθ) | Ft0) ≈

1
2h

(
EQ( f (Yθ+h) | Ft0) − EQ( f (Yθ−h) | Ft0)

)
≈

1
2h

(
ÊQ( f (Yθ+h) | Ft0) − ÊQ( f (Yθ−h) | Ft0)

)
=

1
n

n∑
i=1

1
2h

(
f (Yθ+h(ωi) − f (Yθ−h(ωi)

)
=

1
n

n∑
i=1

a ·
1
2h

(Yθ+h(ωi) − Yθ−h(ωi)),

which is a good approximation, if∂
∂θ

Yθ(ωi)) ≈ 1
2h(Yθ+h(ωi) − Yθ−h(ωi)). This is usually the

case and throughout this chapter we assume that the model is such, that its realizationsYθ(ωi)
are smooth in the model parametersθ.

For the discontinuous payoutf (X(T)) = 1 if X(T) > K and f (X(T)) = 0 else, considered in
Section17.2.3.2, we have

∂

∂θ
EQ( f (Yθ) | Ft0) ≈

1
2h

(
EQ( f (Yθ+h) | Ft0) − EQ( f (Yθ−h) | Ft0)

)
≈

1
2h

(
ÊQ( f (Yθ+h) | Ft0) − ÊQ( f (Yθ−h) | Ft0)

)
=

1
n

n∑
i=1

1
2h

(
f (Yθ+h(ωi)) − f (Yθ−h(ωi))

)

=
1
n

n∑
i=1

1
2h


1 if Yθ−h(ωi) < K < Yθ+h(ωi)

−1 if Yθ−h(ωi) > K > Yθ+h(ωi)

0 else.

This is a valid approximation, but it has a large Monte-Carlo variance, since the true value is
sampled by 0 and1

2h occurring in the appropriate frequency. Ifh gets smaller, then we have to
represent true value by a sampling of 0 and a very large constant.

Simplified Example: Assume for simplicity thatYθ is linear in θ, i.e. we haveYθ+h =

Yθ +
∂Yθ
∂θ
· h and thus

f (Yθ+h(ωi)) − f (Yθ−h(ωi))
2h

=


1
2h if Yθ−h(ωi) < K < Yθ+h(ωi)

−1
2h if Yθ−h(ωi) > K > Yθ+h(ωi)

0 else.


=


sign

∂Yθ
∂θ

2h if Yθ(ωi) ∈ [K − ε,K + ε]

0 else.
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17.5. SENSITIVITIES BY PATHWISE DIFFERENTIATION

whereε :=
∣∣∣ ∂Yθ
∂θ

∣∣∣ · h. For the probability we have

q := Q(Yθ ∈ [K − ε,K + ε]) ≈ φYθ (K) · 2ε = φYθ (K) ·
∣∣∣∣∣∂Yθ
∂θ

∣∣∣∣∣ · 2h.

In other words: We are sampling the partial derivative of the expectation by a binomial exper-
iment:

sign ∂Yθ
∂θ

2h
with probabilityq and 0 with probability 1− q.

The expectation of this binomial experiment is

sign ∂Yθ
∂θ

2h
· q+ 0 · (1− q) ≈ φYθ (K) ·

∂Yθ
∂θ

,

which is the desired analytic value for the finite difference approximation ash → 0. The
variance of the binomial experiment is(

1
2h

)2

· q · (1− q) ≈ φYθ (K) ·
∂Yθ
∂θ
· (1− q) ·

1
2h
= O

(
1
2h

)
,

which explodes ash→ 0.

17.5. Sensitivities by Pathwise Differentiation

The pathwise differentiation method is given by

∂

∂θ
EQ( f (Y(θ)) | Ft0) =

∂

∂θ

∫
Ω

f (Y(ω, θ)) dQ(ω) =
∫
Ω

∂

∂θ
f (Y(ω, θ)) dQ(ω)

=

∫
Ω

f ′(Y(ω, θ)) ·
∂Y(ω, θ)
∂θ

dQ(ω) = EQ( f ′(Y(θ)) ·
∂Y(θ)
∂θ
| Ft0)

f smooth
≈ ÊQ( f ′(Y(θ)) ·

∂Y(θ)
∂θ
| Ft0) =

1
n

n∑
i=1

f ′(Y(ωi , θ)) ·
∂Y(ωi , θ)

∂θ

Requirements

• Additional information on the model sdeX

• No additional information on the simulation schemeX(ti+1)

• Additional information on the payoutf (derivative of f must be known)

• Additional information on the nature ofθ (⇒ no generic sensitivities)

Properties

• Unbiased derivative

• Discontinuous payouts may be dealt with (interpretf ′ as distribution, see below)
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CHAPTER 17. SENSITIVITIES (PARTIAL DERIVATIVES) OF MONTE-CARLO PRICES

The pathwise method requires the knowledge of the derivative of the payoutf ′ and the
derivative of the process realizations with respect to the parameterθ, i.e. ∂Y(ωi ,θ)

∂θ
. It is thus

only applicable for a restricted class of models and model parameters, where∂Y(ωi ,θ)
∂θ

may be
calculated analytically.

It seems as if a discontinuity in the payout cannot be dealt with, since we requiref ′ to exist.
However, the impact of a discontinuity can be calculated analytically, see17.5.2.

It is a major disadvantage of the method that it requires special knowledge of the payout
function and of model realizations.

17.5.1. Example: Delta of a European Option under a
Black-Scholes Model

We consider a Black-Scholes Model

S(t) = S(0) · exp(r̄t −
1
2
σ̄2t + σ̄W(t)), S(0) = S0

B(t) = B(0) · exp(r̄t)
(17.2)

In this case we have, e.g.
∂

∂S0
S(T) =

S(T)
S0

.

Using the notation above, our model primitive isX = (S, B). We assume that the payout of
our derivative depends onY = X(T) = (S(T), B(T)) only, i.e. we are considering a European
option. Then we have

∂

∂S0
EQ( f (S(T)) | Ft0) = EQ( f ′(S(T)) ·

S(T)
S0
| Ft0)

≈ ÊQ( f ′(S(T)) ·
S(T)
S0
| Ft0)

=
1
n

n∑
i=1

f ′(S(T, ωi)) ·
S(T, ωi)

S0

17.5.2. Pathwise Differentiation for Discontinuous Payouts

In case that the payoutf exhibits discontinuities the pathwise method may be applied, provided
that f allows for a decomposition

f = g+
∑

i

αi1({Y(θ) > yi}),

with g being smooth. In this case we have

∂

∂θ
EQ( f (Y(θ)) | FT0) =

∂

∂θ

∫
Ω

f (Y(ω, θ)) dQ(ω) =
∫
Ω

∂

∂θ
f (Y(ω, θ)) dQ(ω)

=

∫
Ω

f ′(Y(ω, θ)) ·
∂Y(ω, θ)
∂θ

dQ(ω) = EQ( f ′(Y(θ)) ·
∂Y(θ)
∂θ
| FT0)

g smooth
≈ ÊQ(g′(Y(θ)) ·

∂Y(θ)
∂θ
| FT0) +

∑
i

αi · φ(yi) ·
∂Y(θ)
∂θ
|Y(θ)=yi

See [79, 88] for examples of how to use pathwise differentiation with discontinuous payouts
(there in the context of nth to default swaps, CDOs).
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17.6. SENSITIVITIES BY LIKELIHOOD RATIO WEIGHTING

17.6. Sensitivities by Likelihood Ratio Weighting

The pathwise method differentiates the path valueY(θ) of the underlying process realizations
Y. Provided there is a probability densityφY(θ) of Y(θ) we may write the expectation as a
convolution with the density. The likelihood ratio weighting [53, 55, 16] is then given by

∂

∂θ
EQ( f (Y(θ)) | Ft0) =

∂

∂θ

∫
Ω

f (Y(ω, θ)) dQ(ω) =
∂

∂θ

∫
Rm

f (y) · φY(θ)(y) dy

=

∫
Rm

f (y) ·
∂
∂θ
φY(θ)(y)

φY(θ)(y)
· φY(θ)(y) dy = EQ( f (Y) · w(θ) | Ft0)

≈ ÊQ( f (Y) · w(θ) | Ft0) =
1
n

n∑
i=1

f (Y(ωi)) · w(θ, ωi),

wherew(θ) :=
∂
∂θ φY(θ)(Y(θ))
φY(θ)(Y(θ)) .

Requirements

• Additional information on the model sdeX (→ φY(θ))
• No additional information on the simulation schemeX(ti+1)
• No additional information on the payoutf
• Additional information on the nature ofθ (⇒ no generic sensitivities)

Properties

• Unbiased derivative
• Discontinuous payouts may be dealt with.

The Likelihood Ratio method requires no additional information on the payout function.
This is an advantage compared to the pathwise differentiation. However, it requires that the
density of the model sde’s realizationsX(t) is known and furthermore, that its derivative is
known analytically with respect to the parameterθ. This is rarely the case and thus a major
drawback of the method.

The likelihood ratio method does not require the payout to be smooth. The method works
very well for calculating the impact of a discontinuity in the payout. However, the method has
its problems with smooth payouts: the Monte-Carlo error of the approximation using Likeli-
hood Ratio is larger than the Monte-Carlo error of the finite-difference approximation. We give
a simple example of this effect next.

17.6.1. Example: Delta of a European Option under a
Black-Scholes Model using Pathwise Derivative

Let us look again at a European Option using theBlack-Schloes model(17.2). SinceB is
deterministic we need to consider the probability density ofS. Since log(S(T)) is normally
distributed, see Chapter4, we have for the density ofS(T)

φS(T)(s) =
φstd.norm.

( 1
σ̄
√

T
(log(s) + r̄(T) − 1

2σ̄(T)2 − log(S0))
)

s
,
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CHAPTER 17. SENSITIVITIES (PARTIAL DERIVATIVES) OF MONTE-CARLO PRICES

whereφstd.norm.(x) = 1
√

2π
exp(−x2/2) is the density of the standard normal distribution.

Thus, the delta of a European option with (numéraire-rebased) payoutf (S(T), B(T)), calcu-
lated by the likelihood ratio method, is given by

EQ
 f (S(T), B(T)) ·

∂
∂S0
φS(T)(S(T))

φS(T)(S(T))

∣∣∣ F0

 .

17.6.2. Example: Variance Increase of the Sensitivity when using
Likelihood Ratio Method for Smooth Payouts

For some smooth payouts, the Likelihood Ratio method may perform less accurately than the
pathwise method17.5or its finite difference approximation17.4. A simple example illustrates
this effect: Consider constant payoutf (S(T), B(T)) = b. Then, the likelihood ratio method
gives the delta of this option as

EQ
 f (S(T), B(T)) ·

∂
∂S0
φS(T)(S(T))

φS(T)(S(T))

∣∣∣ F0

 = ∫
R

f (s, B(T)) ·
∂

∂S0
φS(T)(s) ds

f=b=const.
= b ·

∫
R

∂

∂S0
φS(T)(s) ds

and indeed (using substituationy = log(s), dy = 1
sds) we see that the delta is zero:

=

∫
R

∂

∂S0
φ()dy = 0

The Monte-Carlo approximation is

EQ
 f (S(T), B(T)) ·

∂
∂S0
φS(T)(S(T))

φS(T)(S(T))

∣∣∣ F0


≈

1
n

n∑
i=1

f (S(T, ωi), B(T)) ·
∂
∂S0
φ(S(T, ωi))

φ(S(T, ωi))
=

1
n

n∑
i=1

b ·
∂
∂S0
φ(S(T, ωi))

φ(S(T, ωi))
,

which is in general non zero. It is an approximation of zero, having some variance.
On the other hand, note that the pathwise method and even a finite difference approximation

thereof would give a delta of zero with zero Monte-Carlo variance.

17.7. Sensitivities by Malliavin Weighting

The Malliavin weighting is similar to the Likelihood Ratio method: the sensitivity is expressed
as the expectation of a weighted payout function.

∂

∂θ
EQ( f (Y(θ)) | Ft0) = EQ( f (Y(θ)) · w(θ) | Ft0)

≈ ÊQ( f (Y(θ)) · w(θ) | Ft0) =
1
n

n∑
i=1

f (Y(θ, ωi)) · w(θ, ωi)
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17.8. PROXY SIMULATION SCHEME

Requirements

• Additional information on the model sdeX (→ w)

• No additional information on the simulation schemeX(ti+1)

• No additional information on the payoutf

• Additional information on the nature ofθ (⇒ no generic sensitivities)

Properties

• Unbiased derivative

• Discontinuous payouts may be dealt with.

Benhamou [47] showed that the Likelihood Ratio corresponds to the Malliavin weights
with minimal variance and may be expressed as a conditional expectation of all corresponding
Malliavin weights (we thus view the Likelihood Ratio as an example of the Malliavin weight-
ing method).

However, here the weights are derived directly through Malliavin calculus which makes this
method more general and applicable even if the density is not known. The derivation of the
Malliavin weights requires in-depth knowledge of the underlying continuous processX and it
is heavily dependent on the nature ofθ.

17.8. Proxy Simulation Scheme

The proxy simulation scheme defines a design of a Monte-Carlo pricing engine that has the
remarkable properties that the application of finite differences to the pricing will result in Like-
lihood Ratio weighted sensitivities without actually the need to know the densityφ analytically.
Thus it combines the robustness of Likelihood Ratio or Malliavin weighting with the genericity
of finite differences.

Since the proxy simulation scheme method is not solely devoted to the calculation of sen-
sitivities it will be discussed in an own chapter in18. For a detailed discussion of the proxy
simulation scheme see also [65, 66]. Here, we will summarize the key properties.

The Monte-Carlo sensitivity under a proxy simulation scheme is given by

∂

∂θ
EQ( f (Y∗(θ)) | Ft0) ≈

1
2h

(
EQ( f (Y∗(θ + h)) | Ft0) − EQ( f (Y∗(θ − h)) | Ft0)

)
=

∂

∂θ

∫
Rm

f (y) ·
1
2h

(φY∗(θ+h)(y) − φY∗(θ−h)(y)) dy

=

∫
Rm

f (y) ·
1
2h(φY∗(θ+h)(y) − φY∗(θ−h)(y))

φY◦ (y)
· φY◦ (y) dy

≈
1
n

n∑
i=1

f (Y◦(ωi)) ·
1
2h

(w(θ + h, ωi) − w(θ − h, ωi))

Requirements

• No additional information on the model sdeX

• Additional information on the simulation schemeX∗(ti+1), X◦(ti+1)

This work is licensed under a
Creative Commons License.
http://creativecommons.org/licenses/by-nc-nd/2.5/deed.en

225 Comments welcome.
©2004, 2005, 2006, 2007 Christian Fries

Version 1.4.18 [build 20070403]- 1st May 2007
http://www.christian-fries.de/finmath/book

http://creativecommons.org/licenses/by-nc-nd/2.5/deed.en
http://creativecommons.org/licenses/by-nc-nd/2.5/deed.en
http://www.christian-fries.de/finmath/book


CHAPTER 17. SENSITIVITIES (PARTIAL DERIVATIVES) OF MONTE-CARLO PRICES

• No additional information on the payoutf

• No additional information on the nature ofθ (⇒ generic sensitivities)

Properties

• Biased derivative(but small shifth possible!)

• Discontinuous payouts may be dealt with.
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CHAPTER 18

Proxy Simulation Schemes for
Monte-Carlo Sensitivities and
Importance Sampling

In this chapter we describe the proxy simulation scheme technique as it is given in [66] and
[65].

18.1. Full Proxy Simulation Scheme

We take the notation of the previous chapter, see17.2and17.3and considertwo time-discrete
schemes for the stochastic processX:

X∗ ti 7→ X∗(ti) i = 0,1,2, . . . time discretization scheme ofX
→ target scheme

X◦ ti 7→ X◦(ti) i = 0,1,2, . . . any other time-discrete stochastic process (as-
sumed to becloseto X∗)
→ proxy scheme

Let φY◦ (y) denote thedensityof Y◦ andφY∗ (y) thedensityof Y∗. We require

∀y : φY◦ (y) = 0 ⇒ φY∗ (y) = 0. (18.1)

Using the additional schemeX◦ the pricing of a payout functionf is now performed
in the following way: Let Y = (X(t1), . . . ,X(tm)), Y∗ = (X∗(t1), . . . ,X∗(tm)), Y◦ =
(X◦(t1), . . . ,X◦(tm)). We have EQ( f (Y(θ)) | Ft0) ≈ EQ( f (Y∗(θ)) | Ft0) and furthermore

EQ( f (Y∗(θ)) | Ft0) =
∫
Ω

f (Y∗(ω, θ)) dQ(ω) =
∫
Rm

f (y) · φY∗(θ)(y) dy

=

∫
Rm

f (y) ·
φY∗(θ)(y)

φY◦ (y)
· φY◦ (y) dy = EQ( f (Y◦) · w(θ) | Ft0,

wherew(θ) = φY∗ (θ)(y)
φY◦ (y) .

For the Monte-Carlo approximation this implies that the sample paths are generated from
the schemeX◦ while the probability densities are corrected towards the target schemeX∗.
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CHAPTER 18. PROXY SIMULATION SCHEMES FOR MONTE-CARLO SENSITIVITIES AND IMPORTANCE SAMPLING

Notes

• ForX◦ = X∗ we havew(θ) = 1, and in this case the proxy simulation scheme corresponds
to the ordinary Monte-Carlo simulation ofX∗.

• The proxy schemeX◦ and thus its realization vectorY◦ are seen as being independent of
θ. This has important implications on the calculation of sensitivities, see Section18.2.

• The requirement∀y : φY◦ (y) = 0 ⇒ φY∗ (y) = 0 corresponds to the non-degeneracy
condition of the diffusion matrix as it appears in the application of the likelihood ratio
and Malliavin weights. However, here this requirement is far less restrictive since we
are free to choose the proxy schemeX◦.

18.1.1. Calculation of Monte-Carlo weights

For the most common numerical schemes the densitiesφY◦ , φY∗ and thus the Monte-Carlo
weights may be calculated numerically. Consider for example the schemes

target scheme: X∗(ti+1) = X∗(ti) + µX∗ (ti)∆ti + Σ(ti) · Γ(ti) · ∆U(ti)

proxy scheme: X◦(ti+1) = X◦(ti) + µX◦ (ti)∆ti + Σ◦(ti) · Γ◦(ti) · ∆U(ti)

whereΣ denotes an invertible volatility matrix andΓ denotes a projection matrix, the factor
matrix which defines the correlation structureR= ΓΓT.

Assume for simplicity thatµX∗ (ti) depends onX∗(ti), X∗(ti+1) only (and similar forµX◦ (ti))
(this holds for, e.g. Euler Scheme, Predictor Corrector), then we have for the transition proba-
bility densities

φX∗ (ti ,X
∗
i ; ti+1,X

∗
i+1) =

1
(2Π∆ti)n/2

exp
(
−

1
2∆ti

(
Λ−1/2FTΣ−1(X∗i+1 − X∗i − µ

X∗ (ti)∆ti
))2

)

φX◦ (ti ,X
◦
i ; ti+1,X

◦
i+1) =

1
(2Π∆ti)n/2

exp
(
−

1
2∆ti

(
Λ◦
−1/2F◦TΣ◦−1(X◦i+1 − X◦i − µ

X◦ (ti)∆ti
))2

)
.

And the proxy scheme weights are given by

w(ti+1) |Ftk
=

i∏
j=k

φX∗ (t j ,X◦j ; t j+1,X◦j+1)

φX◦ (t j ,X◦j ; t j+1,X◦j+1)
,

see [66] for details.

Notes

• We used the factor decomposition (PCA)Γ = F ·
√
Λ whereΛ = diag(λ1, . . . , λm) are

the non-zero eigenvalues ofΓ · ΓT.

• A change of market data/ calibration affects only the transition probabilities.
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18.2. SENSITIVITIES BY FINITE DIFFERENCES ON A PROXY SIMULATION SCHEME

18.2. Sensitivities by Finite Differences on a Proxy
Simulation Scheme

∂

∂θ
EQ( f (Y∗(θ)) | Ft0) ≈

1
2h

(
EQ( f (Y∗(θ + h)) | Ft0) − EQ( f (Y∗(θ − h)) | Ft0)

)
=

∂

∂θ

∫
Rm

f (y) ·
1
2h

(φY∗(θ+h)(y) − φY∗(θ−h)(y)) dy

=

∫
Rm

f (y) ·
1
2h(φY∗(θ+h)(y) − φY∗(θ−h)(y))

φY◦ (y)
· φY◦ (y) dy

≈
1
n

n∑
i=1

f (Y◦(ωi)) ·
1
2h

(w(θ + h, ωi) − w(θ − h, ωi))

Requirements

• No additional information on the model sdeX

• Additional information on the simulation schemeX∗(ti+1), X◦(ti+1)

• No additional information on the payoutf

• No additional information on the nature ofθ (⇒ generic sensitivities)

Properties

• Biased derivative(but small shifth possible!)

• Discontinuous payouts may be dealt with.

Notes

We noted above that additional information on the simulation scheme is required, that is, the
densities of the two schemes. Note however that we require these densities to setup the pricing
algorithm. For the sensitivity calculation no additional information is needed. Note also that
the required densities are densities of numerical schemes, which can usually be calculated from
known transition probability densities (see Section18.1.1).

18.2.1. Localization

If the payout functionf is smooth then ordinary finite differences perform better than the
weighting techniques. The latter shows an increase in Monte-Carlo variance of the sensitivity.
This effect is not only visible for smooth payoutsf , but also for large finite difference shifts.

A solution that has been proposed in [63] is localization. Here the weighting is applied only
to a region where the payoff is discontinuous.

Let g denote the localization function, i.e. a smooth function 0≤ g ≤ 1 such thatg = 1 at
discontinuities off . Consider the decomposition

f = (1− g) · f + g · f .
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CHAPTER 18. PROXY SIMULATION SCHEMES FOR MONTE-CARLO SENSITIVITIES AND IMPORTANCE SAMPLING

We define the pricing of the payoutf as

E( f (Y∗)|Ft0) = E((1− g(Y∗)) · f (Y∗)|Ft0) + E(g(Y◦) · f (Y◦) ·
φY∗

φY◦
|Ft0).

In other words: We use a pricing based on a proxy simulation scheme forg · f and a pricing
based on direct simulation for (1− g) · f .

It should be noted that localization is carried out by a redefinition of the payout. The product
is split into two parts, where one is priced by a direct simulation scheme and the other is priced
by a proxy simulation scheme method. This allows us to implement localization on the product
level, completely independent of the actual simulation properties. In addition, localization does
not reduce the ability to calculate generic sensitivities.

18.2.2. Object-Oriented Design

The proxy scheme simulation method may in part also be viewed as an implementation design.
In Figure18.1(a)we depict the object-oriented design of a standard Monte-Carlo simulation
where a change in market data results in a change of simulation path. In Figure18.1(b)we
contrast the proxy scheme simulation method where a change in market data results in a change
of Monte-Carlo weights. In practice, we propose that the model driving the generation of the
proxy schemes paths is calibrated to market data used for pricing while a market data scenario
used for sensitivity calculation, i.e. by bumping the model, only impacts the Monte-Carlo
weights. A method should be offered to reset the proxy simulation’s market data to the target
simulation’s market data.

18.3. Importance Sampling

The key idea of importance sampling is to generate the paths according to their importance
to the application, not according to their probability law, and in doing so, adjust towards their
probability by a suitable Monte-Carlo weight (the change of measure).

Using a proxy simulation scheme, the paths are generated according to the proxy scheme
while a Monte-Carlo weight adjusts their probability towards the target scheme. Actually,
once the proxy simulation scheme framework has been established, the Monte-Carlo weights
are calculated automatically from the two numerical schemes.

Thus, choosing the proxy scheme such that it creates paths according to their importance to
the application is a form of importance sampling. It has the advantage that specifying a suitable
process might come easier than calculating the optimal sampling and the corresponding Monte-
Carlo weights.

18.3.1. Example

Let us look at the pricing of an out-of-the-money option under a lognormal model (like the
Black-Scholes model or the LIBOR market model):

Log Euler Scheme: d log(X)(t j+1) = log(X)(t j+1) + µ(t)dt + σdW

OTM option: max(X(T) − K,0),
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18.3. IMPORTANCE SAMPLING

Calibrated Model 
Parameters

Model

Market Data θ+h

InputData

Sensitivity as Finite 
Difference

Market Data θ-h

InputData

Price Price

Product

∑ f(Y(ωi)) • ⅟n

Equally weighted

Paths of Simulation Scheme

Simulation

(a) Standard Monte-Carlo Simulation

Calibrated Model 
Parameters

Model

Market Data θ+h

InputData

LR like Sensitivity as 
Finite Difference

Market Data θ-h

InputData

Price Price

Model Parameters

Proxy Model

Product

∑ f(Y(ωi)) • wi

Monte Carlo weights

Paths of Proxy Scheme

Simulation

(b) Proxy Scheme Monte-Carlo Simulation

Figure 18.1.: Object-oriented design of the Monte-Carlo pricing engine: We depict the impact of a
change of different market data scenariosθ + h andθ − h on the pricing code of a standard Monte-Carlo
simulation and a proxy scheme simulation.
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CHAPTER 18. PROXY SIMULATION SCHEMES FOR MONTE-CARLO SENSITIVITIES AND IMPORTANCE SAMPLING

whereX(0) = X0 andK >> X0. The drift of the model is determined by the specific pricing
measure. However, in our application we would prefer that the mean ofX(T) is close to the
option strikeK rather than being exp

(
logX0 +

∫ T

0
µ(t)dt

)
. To achieve this, simply use a proxy

scheme with artificial drift:

Proxy Scheme: d log(X)(t j+1) = log(X)(t j+1) +
log(K) − log(X0)

T
dt + σidW

Target Scheme: d log(X)(t j+1) = log(X)(t j+1) + µ(t)dt + σdW

This will bring the paths to the region that is important for the pricing of the option, while
the proxy simulation scheme framework automatically adjusts probabilities accordingly. Fig-
ure18.2shows a comparison of distribution of Monte-Carlo prices obtained from direct sim-
ulation compared to the prices obtained from importance adjusted proxy scheme simulation.

Importance Sampling using Proxy Simulation Scheme

Standard Euler Scheme

Proxy Scheme with Importance Adjusted Drift

0,000000 0,000025 0,000050 0,000075 0,000100 0,000125

Prices

0,00

0,05

0,10

0,15

0,20

F
re

qu
en

cy

Figure 18.2.: Importance sampling using a drift adjusted proxy scheme. The example was created using
a LIBOR market model to price a caplet with strike K= 0.3, the initial forward rate being X0 = Li(0) =
0.1.
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18.4. PARTIAL PROXY SIMULATION SCHEMES

18.4. Partial Proxy Simulation Schemes

The (full) proxy simulation scheme method requires the density of the target scheme realization
to be zero if the density of the proxy scheme is zero, (18.1). In other words, it is required
that the paths simulated under the proxy scheme comprise all paths possible under the target
scheme. If the property is violated, then the Monte-Carlo expectation using the weighted paths
of the proxy scheme will leave out some mass. This limits the application of the full proxy
simulation scheme. For the calculation of sensitivities the limitation means that we cannot
calculate the sensitivity with respect to all possible perturbations.

However, in order to improve the calculation of sensitivities of trigger products it is not
necessary to keep all underlying quantities rigid (as for a full proxy simulation); it is sufficient
to keep the quantity that induces the discontinuity rigid. This gives rise to the notion of a partial
proxy simulation scheme, [65].

Let K0 denote the unperturbed scheme andK∗ some perturbation ofK0, e.g. a scheme with
different initial data. We will callK0 the reference scheme andK∗ the target scheme.

The usual procedure of bump-and-revalue for computing Greeks would simulate paths of
K∗ having Monte-Carlo weight1n. The proxy simulation schemes would simulate paths ofK0

using Monte-Carlo weights1n ·
φ∗

φ0 . Instead, here we consider a third schemeK1, the(partial)
proxy simulation schemewhere paths are such that the path-wise values of some (but not all)
components ofK1 (or a function thereof) agree with the corresponding pathwise quantities
underK0.

18.4.1. Linear Proxy Constraint

LetΠ(ti) denote a projection operator of rankk. Let v(ti) be defined as

v(ti) := (Π · Γ(ti))
−1 · (Π · K∗(ti+1) − Π · K0(ti+1)), (18.2)

where (Π · Γ(ti))−1 is the quasi inverse ofΠ · Γ(ti), i.e.v is the solution of

‖Π · K0(ti+1) − Π · (K∗(ti+1) − ΠΓ(ti)v(ti))‖L2 → min . (18.3)

We define thek-dimensional partial proxy scheme K1 as:

K1(t0) := K∗(t0)

K1(ti+1) := K∗(ti+1) − Γ(ti) · v(ti).
(18.4)

The schemeK1 has the following properties:

• It coincides withK0 on thek-dimensional sub-manifold defined byΠ, i.e.Π · K1(ti) =
Π · K0(ti).

• It is given through a mean shiftv(ti) on the Brownian increment∆W(ti) of the target
schemeK∗.

Consequently, the Monte-Carlo weight of the partial proxy scheme is given by

w(ti) =
φK∗ (ti ,K1(ti); ti+1,K1(ti+1))

φK1(ti ,K1(ti); ti+1,K1(ti+1))
.

This work is licensed under a
Creative Commons License.
http://creativecommons.org/licenses/by-nc-nd/2.5/deed.en

233 Comments welcome.
©2004, 2005, 2006, 2007 Christian Fries

Version 1.4.18 [build 20070403]- 1st May 2007
http://www.christian-fries.de/finmath/book

http://creativecommons.org/licenses/by-nc-nd/2.5/deed.en
http://creativecommons.org/licenses/by-nc-nd/2.5/deed.en
http://www.christian-fries.de/finmath/book


CHAPTER 18. PROXY SIMULATION SCHEMES FOR MONTE-CARLO SENSITIVITIES AND IMPORTANCE SAMPLING

In the case of a linear proxy constraint, the mean shiftv(ti) is Fti measurable.1 Then, using
simple Euler schemes, the transition probabilities are

φK1
(ti ,K

1(ti); ti+1,K
1(ti+1)) = φW(ti ,W(ti), ti+1,W(ti+1))

φK∗ (ti ,K
1(ti); ti+1,K

1(ti+1)) = φW(ti ,W(ti), ti+1,W(ti+1) − v(ti)).
(18.5)

From this we can derivew(ti) as a simple analytic formula, see Section18.4.4.2.
We would like to note that in (18.3) we may replace the projection operator by a general non-

linear function, if necessary. We will discuss this case in Section18.4.3and we will consider
this case in our example in Section18.4.7.

18.4.2. Comparison to Full Proxy Scheme Method

The proxy simulation scheme proposed in [66] corresponds toK1 = K0. Thus, it is a special
case of (18.2), (18.4) if Π is the identity and if

Γ(ti)v(ti) := K∗(ti+1) − K0(ti+1) (18.6)

has a solutionv(ti) (not only in the sense of a closest approximation). If however (18.6) has no
solution,v(ti) from (18.2) still defines a valid mean shift for the schemeK∗. The schemeK1

will be the closest approximation toK0 fulfilling the measure continuity condition with respect
to K∗.

A major advantage of the partial proxy scheme is that the projectionΠ may be chosen such
that (18.2) has an exact solution with respect to the sub-manifold defined byΠ, so K1 and
K0 coincide on ak-dimensional sub-manifold. We will make use of this in our example in
Section18.4.6.

18.4.3. Non-Linear Proxy Constraint

An obvious (and commonly required) generalization is to replace the linear projection operator
Π by a general, possibly non-linear functionf : Rn→ Rk and definev(ti) as the solution of

f (ti+1,K
0(ti+1)) = f (ti+1,K

∗(ti+1) − Γ(ti) · v(ti)). (18.7)

Thus we havef (ti+1,K0(ti+1)) = f (ti+1,K1(ti+1)). An example of an application of this gen-
eralization is a LIBOR Market Model, wheref represents a certain swap rate or function of
swap rates (e.g. a CMS spread). The condition will then ensure that the path values of the swap
rate(s) are the same underK0 andK1.

18.4.3.1. Linearization of the Proxy Constraint

While a constraint like (18.7) will be the general application, its numerical implementation
may be expensive, since one has to solve the non-linear equation on every path in every time-
step. However, ifK∗(ti+1) is a small perturbation ofK0(ti+1), we may linearize Equation18.7.
In other words we would set

Π := f ′(K0(ti+1)). (18.8)

Note that the proxy simulation method is constructed such that a finite difference using small
perturbation will remain stable, i.e.K∗(ti+1) may be chosen to be arbitrarily close toK0(ti+1).

1 We will later consider the general case of non-linear proxy constraints andFti measurable mean shifts, see Sec-
tion 18.4.3and18.4.4.
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18.4. PARTIAL PROXY SIMULATION SCHEMES

18.4.3.2. Finite Difference Approximation of the Non-Linear Proxy Constraint

The linearization (18.8) of f may still result in relatively large computational costs, because
the projection operator has to be calculated on every path. Note that we linearize around
K0(ti+1, ω). Thus the quasi-inverse ofΠΓ has to be calculated on every path in every time-step.
If we want to implement a faster calculation of the mean shiftv(ti , ω j) we can calculate an
approximate solution of (18.7) by guessing the directional shift ˜v(ti) and finite differences to
determine the shift size:

Assume we knew that the directional shift ˜v(ti) does not lie in Kernf ′Γ. Then for someε > 0
calculate

∆−εΓṽ(ti ) f :=
1
ε

( f (ti+1,K
∗(ti+1) − ε · Γ(ti) · ṽ(ti)) − f (ti+1,K

0(ti+1))) (18.9)

and set
Γ · v(ti) := (∆−εṽ(ti ))

−1 · ṽ(ti) (18.10)

in the definition of the partial proxy schemeK1, (18.4).
This solution has the desirable property, that its implementation allows the constraint func-

tion f to be specified exogenously by the user; this constraint function may vary with the
application.

Example: If K is the log of the forward rates under a LIBOR Market Model andf is a swap
rate, i.e. we would like to keep a swap rate rigid, then we can achieve this by modifying the first
factor. This corresponds to ˜v(ti) = (1,0, . . . ,0). From (18.9) we can calculate the impact of a
shift of the first factor on the swap rate; from (18.10) we can calculate the required magnitude
of this shift (it is scalar equation with a scalar unknownv1(ti)).

We will consider a constraint like (18.7) next, in our benchmark application, a trigger option
on an index like a CMS swap rate considered under the LIBOR Market Model.

18.4.4. Transition Probability from a Nonlinear Proxy Constraint

18.4.4.1. The Proxy Constraint Revisited

There is subtle but crucial detail in the definition of the mean shiftv(ti): It is defined by
comparingK∗(ti+1) to K0(ti+1)

f (ti+1,K
0(ti+1)) = f (ti+1,K

∗(ti+1) − Γ(ti) · v(ti)), (18.11)

not by comparingK∗(ti) to K0(ti). Thus, in general,v(ti) is aFti+1-measurable random variable,
but notFti+1-measurable.2 If we would definev(ti) through

f (ti+1,K
0(ti)) = f (ti+1,K

∗(ti) − Γ(ti) · v(ti)),

then it is not guaranteed that

f (ti+1,K
0(ti+1)) = f (ti+1,K

∗(ti+1) − Γ(ti) · v(ti)),

2 In the following we will sayv(ti ) isFti+1-measurable only, if it is Fti+1-measurable but notFti -measurable.
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CHAPTER 18. PROXY SIMULATION SCHEMES FOR MONTE-CARLO SENSITIVITIES AND IMPORTANCE SAMPLING

holds, after the drift and the diffusion fromti to ti+1 has been applied. To account for the drift
we could definev(ti) through

f (ti+1,K
0(ti) + µ

0(ti)∆ti) = f (ti+1,K
∗(ti) + µ

∗(ti)∆ti − Γ(ti) · v(ti)), (18.12)

which makesv(ti) a Fti -measurable random variable, but there is still no guarantee that the
proxy constraint holds after the diffusion has been applied. However, it will be the case for
linear constraints.

From this consideration it becomes obvious that for the linearization of the proxy constraint,
we would have to linearize aroundK0(ti+1) and not aroundK0(ti). As a solution of this lin-
earizationv(ti) will be Fti+1-measurable only.

If the mean shiftv(ti) is defined by (18.11) as aFti+1-measurable random variable it means -
using Euler schemes - thatv(ti) depends non-linearily on the increment∆W(ti) and the formula
for the corresponding transition probability involves inverting this dependence. Here are two
examples:

18.4.4.2. Transition Probabilities for General Proxy Constraints

If the proxy constraint on timeti+1 is linear, then it may be realized by anFti measurable
mean-shiftv(ti). In this case the calculation of the transition probabilities that form the Monte-
Carlo weight leads to very simple formulas. From (18.5) we find that for anFti -measurable
mean-shift

w(ti) =
m∏

k=1

exp

− (xk − vk(ti))2 + x2
k

2∆ti

 wherexk := ∆Wk(ti). (18.13)

If the mean shiftv(ti) is onlyFti+1-measurable, then it is still possible to obtain a simple an-
alytic formula for the transition probability; however, this formula requires the differentiation
of the functional dependence ofv(ti) on the increment∆W(ti).

Consider the general case where the mean shiftv(ti) depends on the Brownian increment
∆W(ti), i.e.

v(ti) = v(ti ,∆W(ti)).

Define x̃ = g(x) := x− v(ti , x). Obviously we have

φ(x̃)dx̃
x̃=g(x)
= φ(g(x))det

(
∂v(ti , x)
∂x

)
dx =

φ(g(x))det
(
∂g(x)
∂x

)
φ(x)

φ(x)dx. (18.14)

Herex denotes the (realization of the) Brownian increment∆W andφ denotes its probability
density. Evaluating functions of ˜x = g(x) corresponds to pricing under the partial proxy scheme
K1; evaluating functions ofx corresponds to the pricing under the target schemeK∗. From
(18.14) we can read off the Monte-Carlo weights for the pricing under the schemeK1 as

w(ti) = det

(
I −

∂v(ti , x)
∂x

)
·

m∏
k=1

exp

− (xk − vk(ti))2 + x2
k

2∆ti

 wherexk := ∆Wk(ti). (18.15)

Obviously this result is not limited to the case of Euler schemes. The only requirement with
respect to the scheme is that it is generated by the Brownian increments∆W(ti) (e.g. as for a
Milstein scheme). We summarise our result in a theorem:
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18.4. PARTIAL PROXY SIMULATION SCHEMES

Lemma (partial proxy): Let K∗(ti), i = 0,1,2, . . ., denote a numerical scheme generated
from the Brownian increments∆W(ti), i = 0,1,2, . . . (target scheme), i.e.

K∗(ti+1) = K∗(ti+1,K
∗(ti),∆W(ti) − v(ti))

Let K0(ti), i = 0,1,2, . . . denote another numerical scheme, also generated from the Brownian
increments∆W(ti) and close toK∗.

For a given functionf (the proxy constraint) letv(ti) denote a solution of

f (ti+1,K
∗(ti+1,K

∗(ti),∆W(ti) − v(ti))) = f (ti+1,K
1(ti+1))

and - assuming a solution exists - define the schemeK1 by

K1(ti+1) := K∗(ti+1,K
∗(ti),∆W(ti) − v(ti)).

Then the Monte-Carlo pricing under the schemeK∗ is, in the Monte-Carlo limit, equivalent to
the pricing under the schemeK1 using the Monte-Carlo weights

∏
wi with wi given by (18.15).

We call the schemeK1 the (partial) proxy scheme satisfying the proxy constraint
f (ti+1,K1(ti+1)) = f (ti+1,K0(ti+1)).

18.4.4.3. Example

Since we desire an implementation that is both generic and fast, we would like to discuss
a special case, sufficiently general for all our applications and simple enough to give direct
formulas for the transition probabilities:

Assume thatv(ti) is linearly dependent on the increment∆W(ti), i.e.

v(ti) := A(ti) · ∆W(ti) + b(ti),

with A andb beingFti -measurable. Then we have for the mean-shifted diffusion

∆W(ti) − v(ti) = (1− A(ti)) ·
(
∆W(ti) − b(ti)

)
.

Thus the corresponding transition probability is normal distributed with meanb(ti) and stan-
dard deviation (1− A(ti))

√
∆ti . Note that if the target scheme is a small perturbation of the

reference scheme, thenA(ti) is small and (1− A(ti)) is non singular.
So here, theFti+1-measurable mean shift is given by anFti -measurable mean shiftb and a

scaling of the “factor”∆W. We will make use of this in our next example: A proxy constraint
stabilizing the calculation of vega, the sensitivity with respect to a change in the diffusion
coefficient.

18.4.4.4. Approximating an Fti+1-measurable proxy constraint by an
Fti -measurable proxy constraint

To allow rapid calculation of the transition probability we propose to approximate the proxy
constraint (18.11) by (18.12). Thusv(ti) is aFti -measurable mean-shift and the ratio of the
transition probabilities is given by (18.13).

In addition we propose to linearize this constraint aroundK0(ti) + µ0(ti)∆ti , defining the
linear proxy constraint byΠ := f ′(K0(ti) + µ0(ti)∆ti).

All of our benchmark examples are based on the approximative constraint (18.12) or its
linearization.
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CHAPTER 18. PROXY SIMULATION SCHEMES FOR MONTE-CARLO SENSITIVITIES AND IMPORTANCE SAMPLING

18.4.5. Sensitivity with respect to the Diffusion Coefficients –
Vega

If we consider only anFti -measurable mean shift applied to the Brownian increment∆W(ti),
then the method is not applicable to the calculation of a sensitivity with respect to the diffusion
coefficientΓ(ti) - a.k.a.vega. The reason is simple: There is noFti -measurable mean shift that
will ensure that the proxy constraint holds atti+1 after adifferent(Fti+1-measurable) diffusion
has been applied – not even if the proxy constraint is a linear equation. Neglecting the Brown-
ian increment, as suggested in18.4.4.4, is a step in the wrong direction, since we are interested
in the sensitivity with respect to the diffusion coefficient.

Of course, in our general formulation (18.11), aFti+1-measurable mean shift applied to the
diffusion∆W(ti) will ensure that the proxy constraint holds at timeti+1, even if the diffusion
coefficient has changed. However, to obtain a simple formula for the transition probability and
thus the Monte-Carlo weightw(ti), it is helpful to take an alternative view to the problem: The
idea is similar to what is done in the case of a full proxy scheme (see [66]): We modify the
diffusion of the proxy scheme to match the diffusion of the reference scheme and calculate the
corresponding change of measure. In other words, we use the unperturbed diffusion coefficient
for the (partial) proxy scheme. This adjustment is made prior to the calculation of the mean
shift v(ti) for the corresponding proxy constraint, which will correct additional differences in
the drift, if any.

From the previous section it is clear that this is equivalent to specifying aFti+1-measurable
mean shift, being linear in the Brownian increment∆W(ti).

18.4.6. Example: LIBOR Target Redemption Note

We are going to calculate delta and gamma for a TARN swap. The coupon for the period
[Ti ,Ti+1] is an inverse floater max(K − 2 · L(Ti ,Ti+1),0) and it is swapped against floating rate
L(Ti ,Ti+1) until the accumulated coupon reaches a given target coupon. If the accumulated
coupon does not reach the target coupon, then the difference to the target coupon is paid at
maturity.

Thus the coupon of the tarn is linked to a trigger feature, similar to the digital caplet. How-
ever, here, the trigger depends on more than one rate, so it is not sufficient to set up a proxy
constraint for a single forward rate, unlike for the digital caplet.

Our unperturbed scheme is the LIBOR market model with the initial yield curve, evolving
the log-LIBOR with an Euler scheme. The natural perturbed scheme is then the same, except
for a different initial condition. We will use the following proxy constraint:

L1(T j ,T j+1; t) = L0(T j ,T j+1; t) ∀ t ∈ (T j−1,T j ],

for all periods of the model to obtain the preferred proxy scheme. The constraint is realized by
a mean shift of the diffusion of the first factor, and since the forward rate follows a lognormal
process, we havev = (v1,0, . . . ,0) with

v1(t) =
log(L0(T j ,T j+1; t)) − log(L1(T j ,T j+1; t))

f1, j
,

where f1, j denotes thej-th component of the first factor. We assume here thatf1, j , 0. A
non-zero factor loading exists as long as the forward rateL(T j ,T j+1 has a non-zero volatility.
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18.4. PARTIAL PROXY SIMULATION SCHEMES

The results can be improved if the factor having the largest absolute factor loading is chosen
(factor-pivoting).

Figure18.3shows the delta and gamma of a TARN swap for different shift sizes of finite
differences applied to standard re-simulation and partial proxy scheme simulation. For this
example the interest rate curve was upward sloping from 2% to 10% and for the TARN we
took K = 10% and a target coupon of 10%.

Gamma of TARN Swap (5000 paths)

0,0 5,0 10,0 15,0 20,0 25,0 30,0 35,0 40,0 45,0 50,0

shift in basis points
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10,00
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Figure 18.3.: Dependence of the TARN gamma on the shift size of the finite difference approximation.
Finite difference is applied to a direct simulation (red) and to a (partial) proxy scheme simulation (green).
Each dot corresponds to one Monte-Carlo simulation with the stated number of paths. The red and green
corridors represent the corresponding standard deviation.
The proxy scheme simulation shows no variance increase for small shift sizes while giving stable expected
values for the sensitivity.

With small shifts the variance of the delta and gamma calculated under full re-evaluation
increases and the mean becomes unstable, while the mean for delta and gamma calculated
under partial proxy scheme remains stable and the variance small. For increasing shift size
full re-evaluation stabilizes, but higher order effects give a significant bias. Very high shift
increases the Monte-Carlo variance of the likelihood ratio and thus increases the variance of
the delta and gamma calculated under the partial proxy scheme simulation.

18.4.7. Example: CMS Target Redemption Note

Next we will kook at a target redemption note with a coupon max(K − 2 · I (Ti),0), where the
index I (Ti) is a constant maturity swaprate, i.e.I (Ti) = Si,i+k(Ti) with

Si,i+k =
P(Ti) − P(Ti+k)∑k−1

j=i (T j+1 − T j)P(T j+1)
=

P(Ti )
P(Ti+k) − 1∑k−1

j=i (T j+1 − T j)
P(T j+1)
P(Ti+k)

=

∏i+k−1
l=i (1+ L(Tl)(Tl+1 − Tl)) − 1∑k−1

j=i (T j+1 − T j)
∏i+k−1

l= j+1(1+ L(Tl)(Tl+1 − Tl))

The swaprateSi,i+k(t) is a non-linear function of the forward rate curveL j(t), j = i, . . . , i +
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CHAPTER 18. PROXY SIMULATION SCHEMES FOR MONTE-CARLO SENSITIVITIES AND IMPORTANCE SAMPLING

k− 1 which we denote byS:

Si,i+k(t) = S(Li(t), . . . , Li+k−1(t)).

From the proxy simulation scheme we requireS underL1 to matchS under the reference
schemeL0. Our proxy constraint is therefore

S(L1
i (t), . . . , L1

i+k−1(t)) = S(L0
i (t), . . . , L0

i+k−1(t)).

We solve this equation by modifying the first factor, i.e. in each time stept j we determine a
single scalarv1(t j) such that

S(L∗i (t j+1) + v1(t j) · f1,i , . . . , L
∗
i+k−1(t j+1) + v1(t j) · f1,i+k−1)

= S(L0
i (t j+1), . . . , L0

i+k−1(t j+1))
(18.16)

and defineL1
i (t j+1) := L∗i (t j+1) + v1(t j) · f1,i .

To simplify and speed up the calculation, we (numerically) linearize equation (18.16) and
get an explicit (first order) formula forv1, see (18.10).

18.4.7.1. Delta and Gamma of a CMS TARN

The result of the calculation of delta and gamma is depicted in Figure18.4. Using the simple
linearized proxy constraint we see a small increase in Monte-Carlo variance for the gamma
with very small shifts.

Gamma of CMS TARN Swap (5000 paths)
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Figure 18.4.: Dependence of the CMS TARN gamma on the shift size of the finite difference approxima-
tion. Finite difference is applied to a direct simulation (red) and to a (partial) proxy scheme simulation
(green). The proxy constraint used was a simple (numerical) linearization of(18.16).

The linearized constraint remains stable for small shifts. However, using a few Newton
iterations on the linearization solves the non-linear constraint and further improves the result
for the gamma, see Figure18.5.
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18.4. PARTIAL PROXY SIMULATION SCHEMES

Gamma of CMS TARN Swap (5000 paths)
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Figure 18.5.: Dependence of the CMS TARN gamma on the shift size of the finite difference approxima-
tion. Finite difference is applied to a direct simulation (red) and to a (partial) proxy scheme simulation
(green). The proxy constraint is given by applying a few Newton iterations to the (numerical) lineariza-
tion of (18.16).

18.4.7.2. Vega of a CMS TARN

We will calculate the vega of a CMS TARN, i.e. the sensitivity of the CMS TARN with respect
to a parallel shift of all instantaneous volatilities. The result is depicted in Figure18.6. For
medium and large shift size the vega calculated from finite differences applied to a partial proxy
is similar to the vega calculated from finite differences applied to direct simulation. However,
note that for very small shift sizes (around 1 bp), the vega calculated from finite differences
applied to direct simulation converges to an incorrect value and that this result occurs with a
very small Monte-Carlo variance.

The reason for this effect is that the shifts are too small to trigger a change in the exercise
strategy. Hence, the vega calculated is the sensitivity conditional on no change in exercise
strategy, which is of course a different thing, see Section17.2.4.

This effect is also present for delta and gamma and for all trigger products, but it has not
been visible in the figures so far due to the scale of the shift sizes and the number of paths used
there.
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Vega of CMS TARN Swap (5000 paths)
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Figure 18.6.:Dependence of the CMS TARN vega on the shift size of the finite difference approximation.
Finite difference is applied to a direct simulation (red) and to a (partial) proxy scheme simulation (green).
The proxy constraint was given by applying a few Newton iterations to the (numerical) linearization of
(18.16).
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Part V.

Pricing Models for Interest Rate
Derivatives
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CHAPTER 19

Market Models

The pure and simple truth
is rarely pure and never simple.

Oscar Wilde
The Importance of Being Earnest, [39].

Up until now we have been considering models of a single scalar stochastic process and
options on it: TheBlack-Scholes modelfor a stockS, or theBlack modelfor a forward rate
L. The true challenge in evaluation of interest rate products lies in the modeling of the whole
interest rate curve (instead of a scalar) and in the evaluation of complex derivatives, which
depend on the whole curve.

Historically the path to modeling the interest rate curve started with the modeling of the short
rate, from which we may calculate the whole interest rate curve, see Remark104. The initial
motivation for considering the short rate derived from the wish to model a scalar quantity, thus
to be able to apply familiar numerical methods from stock models, e.g. binomial trees.

For didactic reasons we are not going to present things chronologically. Instead, we con-
sider the LIBOR Market Model first. It is a high dimensional model, which discretizes the
interest rate curve into a finite number of forward rates. It is highly flexibly due to its huge
number of free parameters. It will allow us to study model properties likemean reversion,
number of factors(Chapter24), instantaneous volatility, instantaneous and terminal correla-
tion (Chapter20). Despite its presumed complexity, the LIBOR Market Model is essentially a
very simple model: It is nothing more than the simultaneous consideration of multipleBlack
modelsunder a common measure. So we are carrying on from Chapter10.

For theShort Rate modelsthe modeled quantity is theshort rate, a quantity not directly
observable. Here we model quantities which are observable as market quotes, like theLIBOR
or theSwaprate. The class of models that model quantities which are directly observable on
the market are called “Market Models”. We will look at theLIBOR Market Modelfirst:

19.1. LIBOR Market Model

We assume a time discretization (tenor structure)

0 = T0 < T1 < . . . < Tn.

We model theforward ratesLi := L(Ti ,Ti+1) for i = 0, . . . ,n − 1, see Definition99. This
represents a discretization of the interest rate curve, where the continuum of maturities has
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CHAPTER 19. MARKET MODELS

been discretized.1

TheLIBOR market modelassumes a lognormal dynamic forLIBORs Li := L(Ti ,Ti+1), i.e.2

dLi(t)
Li(t)

= µPi (t)dt + σi(t)dWPi (t) for i = 0, . . . ,n− 1, underP, (19.1)

with initial conditions

Li(0) = Li,0, with Li,0 ∈ [0,∞), i = 0, . . . ,n− 1,

whereWPi denote (possibly instantaneously correlated)P-Brownian motionswith

dWPi (t)dWPj (t) = ρi, j(t)dt.

Let σi : [0,T] 7→ R andρi, j : [0,T] 7→ R be deterministic functions andµi the Drift as
Ft-adapted process. ByR(t) := (ρi, j(t))i, j=0,...,n−1 we denote the correlation matrix.

Motivation: Equation (19.1) is a lognormal model for theforward ratesLi . If
we consider only a single equation, i.e. fixi ∈ {1, . . . ,n−1}, it represents theBlack
modelconsidered in Section10: Equation (19.1) is identical with Equation (10.1).
If we change the measure such thatLi is drift-free (see Section10), we see that

the terminal distribution ofLi is lognormal.
Thus, the LIBOR market model is equivalent to the consideration ofn Black modelsunder

a unified measure.
As was discussed in Section10, to evaluate a caplet under this model it is not relevant that

σi is time dependent (we have assumed time-dependency ofσi in Section10 for didactical
reasons). However, for the value of complex derivatives the time dependency matters. A fur-
ther degree of freedom introduced in (19.1) is theinstantaneous correlationρi, j of the driving
Brownian motions. For the value of a caplet the instantaneous correlation is insignificant (in-
deed, it does not enter in the Black model). For the evaluation ofSwaptionsthe correlation of
the forward rates is significant.

For further generalizations of the model, consider non-deterministicσi , i.e. stochastic
volatility models. In this case the terminal LIBOR distributions no longer correspond to the
Black model ones, which is, of course, intended. Equation (19.1) is to be seen as a starting
point of a whole model family. The model (19.1) has been chosen as the starting point, because
(historically) the lognormal (Black) model is well understood, especially by traders.3 C|

Remark 211 (Interest Rate Structure): Equation (19.1) models the evolution of the LIBOR
L(Ti ,Ti+1). Without further interpolation assumption, these are the shortest forward rates that
can be considered in our time discretization (tenor structure). The equation system (19.1) thus
determines the evolution of all bond prices with maturitiesTi and all forward rates for the

1 In practice it is normal to model semi-annual or quarterly ratesTi+1 − Ti = 0.25 and to consider these up to a
maturity of 20 or 30 years, giving 80 or 120 interest rates to model.

2 We denote the simulation time parameter of the stochastic process byt.
3 Caplet prices are quoted by traders by the implied Black volatility. This is of course just another unit of the price,

since the Black model is a one-to-one map from price to implied volatility.
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19.1. LIBOR MARKET MODEL

periods [Ti ,Tk], since

1+ L(Ti ,Tk)(Tk − Ti) =
P(Ti)
P(Tk)

=

k−1∏
j=i

P(T j)

P(T j+1)

=

k−1∏
j=i

(1+ L(T j ,T j+1)(T j+1 − T j)).

To shorten notation we writeδi := Ti+1 − Ti , i = 0, . . . ,n− 1 for the period length.

19.1.1. Derivation of the Drift Term

As in Chapters10and11, our first step is to choose some numéraireN and derive the drift under
a martingale measureQN. If the processes have been derived under the martingale measure
QN, then the (discretized) interest rate curve may be simulated numerically and a derivativeV
may be prices throughV(0) = N(0)EQ

N
( V

N |FT0) (see Chapter13).
We fix a nuḿeraireN. Let the assumptions of Theorem74 hold, such that there exists a

corresponding equivalent martingale measureQN such thatN-relative prices are martingales.
From Theorem58underQN the process (19.1) has a changed drift, namely

dLi(t)
Li(t)

= µQ
N

i (t)dt + σi(t)dWQ
N

i (t) for i = 0, . . . ,n− 1. (19.2)

19.1.1.1. Derivation of the Drift Term under the Terminal Measure

We fix theTn-BondN(t) = P(Tn; t) as nuḿeraire. From Theorem58 underQP(Tn) the process
(19.1) has a changed drift:

dLi(t)
Li(t)

= µQ
P(Tn)

i (t)dt + σi(t)dWQ
P(Tn)

i (t) for i = 0, . . . ,n− 1. (19.3)

We need to determineµQ
P(Tn)

i . The martingale measureQP(Tn) corresponding toN(t) = P(Tn; t)
is also calledterminal measure(sinceTn is the time horizon of our time discretization).

As in Chapter10, we will construct relative prices with respect toP(Tn) and obtain equations
from which we will derive the driftsµi . From Definition99

n−1∏
k=i

(1+ δkLk)︸      ︷︷      ︸
=

P(Tk)
P(Tk+1)

=

n−1∏
k=i

P(Tk)
P(Tk+1)

=
P(Ti)
P(Tn)

for i = 0, . . . ,n− 1. (19.4)

Since we have aP(Tn)–relative price of a traded product on the right hand side in (19.4), we
have for the drifts:

Drift
QP(Tn)

n−1∏
k=i

(1+ δkLk)

 = 0, i = 0, . . . ,n− 1.
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CHAPTER 19. MARKET MODELS

We apply Theorem47and obtain∀ i = 0, . . . ,n− 1

d

n−1∏
k=i

(1+ δkLk)

 = n−1∑
j=i

n−1∏
k=i
k, j

(1+ δkLk) · δ jdL j +

n−1∑
j,l=i
l> j

n−1∏
k=i

k, j,l

(1+ δkLk) · δ jdL jδldLl

=

n−1∏
k=i

(1+ δkLk) ·


n−1∑
j=i

δ jdL j

(1+ δ j L j )
+

n−1∑
j,l=i
l> j

δ jdL j

(1+ δ j L j )
·

δldLl

(1+ δl Ll )


=

n−1∏
k=i

(1+ δkLk) ·
n−1∑
j=i


δ jdL j

(1+ δ j L j )
+

∑
l≥ j+1
l≤n−1

δ jdL j

(1+ δ j L j )
·

δldLl

(1+ δl Ll )

 .

Since∀ i = 0, . . . ,n− 1

Drift
QP(Tn)

n−1∏
k=i

(1+ δkLk)

 = 0 (19.5)

it follows that∀ i = 0, . . . ,n− 1

n−1∑
j=i

Drift
QP(Tn)


δ jdL j

(1+ δ jL j)
+

∑
l≥ j+1
l≤n−1

δ jdL j

(1+ δ jL j)
·

δldLl

(1+ δlLl)

 = 0 (19.6)

and thus∀ j = 0, . . . ,n− 1

Drift
QP(Tn)


δ jdL j

(1+ δ jL j)
+

∑
l≥ j+1
l≤n−1

δ jdL j

(1+ δ jL j)
·

δldLl

(1+ δlLl)

 = 0 (19.7)

If we now use

dL j = L jµ
QP(Tn)

j dt + L jσ jdWQ
P(Tn)

j and dL j · dLl = L jLlσ jσlρ j,ldt

in (19.7), then we have

µQ
P(Tn)

j
�

����δ jL j

(1+ δ jL j)
+

∑
l≥ j+1
l≤n−1

�
����δ jL j

(1+ δ jL j)
·

δlLl

(1+ δlLl)
· σ jσlρ j,l = 0,

i.e.

µQ
P(Tn)

j (t) = −
∑

l≥ j+1
l≤n−1

δlLl(t)
(1+ δlLl(t))

· σ j(t)σl(t)ρ j,l(t). (19.8)

The procedure above may be summarized as follows: To derive then drifts we write down
n independent traded assets as a function of the model quantities. By considering the drifts of
their relative prices we obtainn equations for the drifts of the modeled quantities.
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19.1. LIBOR MARKET MODEL

19.1.1.2. Derivation of the Drift Term under the Spot LIBOR Measure

We fix therolled over one period bondas nuḿeraire, i.e. the investment of 1 at timeT0 into
theT1-Bond and after its maturity the reinvestment of the proceeds into the bond of the next
period, i.e. inT j the reinvestment inf theT j+1-Bond. It is

N(t) := P(Tm(t)+1; t)
m(t)+1∏

j=1

1
P(T j ; T j−1)︸        ︷︷        ︸︷                                              ︸︸                                              ︷

=
P(T j−1; T j−1)

P(T j ; T j−1)
= (1+ L j−1(T j−1)δ j−1)

= P(Tm(t)+1; t)
m(t)∏
j=0

(1+ L j(T j) · δ j), (19.9)

m(t) := max{i : Ti ≤ t} andδ j := T j+1−T j The corresponding equivalent martingale measure
QN is called thespot measure.

As before, we consider the processes ofN-relative prices of traded products (from which we
know that they have drift 0 underQN). We consider theN-relative prices of the bondsP(Ti).
It is

P(Ti ; t)
N(t)

=
P(Ti ; t)

P(Tm(t)+1; t)
·

m(t)∏
j=0

(1+ L j(T j)δ j)
−1

=

i−1∏
j=m(t)+1

(1+ L j(t)δ j)
−1 ·

m(t)∏
j=0

(1+ L j(T j)δ j)
−1, (19.10)

thus

Drift
QN

 i−1∏
k=m(t)+1

(1+ Lkδk)
−1

 = 0. (19.11)

Since

d

 i−1∏
j=m(t)+1

(1+ L j(t)δ j)
−1 ·

m(t)∏
j=0

(1+ L j(T j)δ j)
−1


= d

 i−1∏
j=m(t)+1

(1+ L j(t)δ j)
−1

 · m(t)∏
j=0

(1+ L j(T j)δ j)
−1
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CHAPTER 19. MARKET MODELS

we consider

d

 i−1∏
k=m(t)+1

1
(1+ δkLk)


=

i−1∑
j=m(t)+1

i−1∏
k=m(t)+1

k, j

1
(1+ δkLk)

·

 −δ jdL j

(1+ δ j L j )2
+

δ2
j dL jdL j

(1+ δ j L j )3


+

i−1∑
j,l=m(t)+1

l< j

i−1∏
k=m(t)+1

k, j,l

1
(1+ δkLk)

·

 δ jdL j

(1+ δ j L j )2
+

δ2
j dL jdL j

(1+ δ j L j )3


 δldLl

(1+ δl Ll )2
+

δ2
l dLldLl

(1+ δl Ll )3



=

i−1∏
k=m(t)+1

1
(1+ δkLk)

·


i−1∑

j=m(t)+1

−δ jdL j

(1+ δ j L j )
+

δ2
j dL jdL j

(1+ δ j L j )2
+

i−1∑
j,l=m(t)+1

l< j

−δ jdL j

(1+ δ j L j )
·
−δldLl

(1+ δl Ll )


=

i−1∏
k=m(t)+1

1
(1+ δkLk)

·

i−1∑
j=m(t)+1

− δ jdL j

(1+ δ j L j )
+

j∑
l=m(t)+1

δ jdL j

(1+ δ j L j )
·

δldLl

(1+ δl Ll )

 .

With (19.11) we have∀ i = 0, . . . ,n− 1

i−1∑
j=m(t)+1

Drift
QN

− δ jdL j

(1+ δ jL j)
+

j∑
l=m(t)+1

δ jdL j

(1+ δ jL j)
·

δldLl

(1+ δlLl)

 = 0

and thus∀ j = 0, . . . ,n− 1

Drift
QN

 −δ jdL j

(1+ δ jL j)
+

j∑
l=m(t)+1

δ jdL j

(1+ δ jL j)
·

δldLl

(1+ δlLl)

 = 0 (19.12)

If we now use

dL j = L jµ
QN

j dt + L jσ jdWj and dL j · dLl = L jLlσ jσlρ j,ldt

in (19.7), then we have4

−µQ
N

j
��

���δ jL j

(1+ δ jL j)
+

j∑
l=m(t)+1�

�
���δ jL j

(1+ δ jL j)
·

δlLl

(1+ δlLl)
· σ jσlρ j,l = 0,

i.e.

µQ
N

j (t) =
j∑

l=m(t)+1

δlLl(t)
1+ δlLl(t)

σ j(t)σl(t)ρ j,l(t).

19.1.1.3. Derivation of the Drift Term under the Tk-Forward Measure

Exercise: (Drift under theTk-forward measure) Consider

N(t) :=


P(Tk; t) , t ≤ Tk

P(Tm(t)+1; t)
m(t)+1∏
j=k+1

1
P(T j ; T j−1)

, t > Tk,

wherem(t) := max{i : Ti ≤ t}.
4 Since the coefficient of dt equals 0.
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19.1. LIBOR MARKET MODEL

1. Give an interpretation ofN(t) as traded product.

2. Derive the drift of the model (19.1) under theQN measure with the nuḿeraireN.

Solution:

µ j(t) = −
k−1∑

l= j+1

δlLl

(1+ δlLl)
σ jσlρ j,l for j < k− 1 andt ≤ Tk

µ j(t) = 0 for j = k− 1 andt ≤ Tk

µ j(t) =
j∑

l=k

δlLl

(1+ δlLl)
σ jσlρ j,l for j ≥ k andt ≤ Tk

µ j(t) =
j∑

l=m(t)+1

δlLl

(1+ δlLl)
σ jσlρ j,l for t > Tk.
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CHAPTER 19. MARKET MODELS

19.1.2. The Short Period Bond P(Tm(t)+1; t)

For t < {T1, . . . ,Tn} neither the nuḿeraireN(t) of the terminal measure nor the numéraire of the
spot measure is not fully described by the processesLi(t). The unspecified bondP(Tm(t)+1; t)
occurs in both nuḿeraires. We will now discuss the relevance ofP(Tm(t)+1; t).

19.1.2.1. Role of the short bond in a LIBOR Market Model

For the modeling of the forward ratesLi(t) := L(Ti ,Ti+1; t) on the tenor periods [Ti ,Ti+1], i =
0, . . . ,n the specification ofP(m(t) + 1; t) is irrelevant. For the derivation of the corresponding
drift terms it was not relevant to specify the stochastic ofP(Tm(t)+1; t), since the term canceled
for the relative prices considered.

Conversely, the LIBOR Market Model does not describe the stochastic of the short bond
P(Tm(t)+1; t), since it is not given as a function of the processesLi(t).

19.1.2.2. Link to continuous time tenors

The specification of the short bondP(Tm(t)+1; t) becomes relevant if the model has to de-
scribe interest rates of interest rate periods which are not part of the tenor structure. The
specification ofP(m(t) + 1; t) will determine how the fractional forward ratesL(Ts,Te; t) with
Ts < {T1, . . . ,Tn} and/or Te < {T1, . . . ,Tn} will evolve (see Section19.1.5). It is the link from
a model with discrete tenors (LIBOR Market Model) to a model with continuous time tenors
(Heath-Jarrow-Morton Framework). In the special case whereP(m(t)+1; t) has zero volatility,
the LIBOR Market Model under spot measure coincides with a Heath-Jarrow-Morton Frame-
work with a special volatility structure under the risk-neutral measure (see Section23.2).

19.1.2.3. Drift of the short bond in a LIBOR Market Model

Within the LIBOR Market Model there is no constraint on the drift ofP(m(t) + 1; t), because
in P(m(t)+1;t)

N(t) the term cancels out. The relative priceP(m(t)+1;t)
N(t) is always a martingale for any

choice ofP(m(t) + 1; t). This might come as a surprise, but we have already encountered this
behavior: In the Black-Scholes model the driftr of B(t) is a free parameter, because it is the
drift of the nuḿeraire. The parameterr is determined by calibration to a market interest rate.
In a short rate model the drift is a free parameter. It is determined by calibration to the market
interest rate curve, see Section22. Here, similarly,P(m(t) + 1; t) determines the interpolation
of the initial interest rate curve.

The trivial fact that the nuḿeraire relative price of the nuḿeraire, i.e.N(t)
N(t) , is always a mar-

tingale plays a role in Markov functional models. There, the numéraire is postulated to be a
functional of some Markov process.
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19.1. LIBOR MARKET MODEL

19.1.3. Discretization and (Monte-Carlo) Simulation

In this section we will discuss the discretization and implementation of the model. Let us there-
fore assume that the free parametersσi , ρi, j andLi,0 (i, j = 1, . . . ,n) are given. Together with
the drift formula obtained in the previous section the model is fully specified. In Section19.1.4
will then discuss how the parametersLi,0, σi , ρi, j are obtained.

19.1.3.1. Generation of the (time-discrete) Forward Rate Process

As discussed in Chapter13, we choose the Euler discretization of the Itô process of log(Li).
From Lemma49we have

d(log(Li(t))) =
(
µQ

N

i (t) −
1
2
σ2

i (t)
)
dt + σi(t)dWQ

N

i (t) (19.13)

and the correspondingEuler schemeof (19.13) is

log(L̃i(t + ∆t)) = log(L̃i(t)) + (µi(t) −
1
2
σ2

i (t))∆t + σi(t)∆Wi(t),. (19.14)

Applying the exponential gives us the discretization scheme ofLi as

L̃i(t + ∆t) = L̃i(t) · exp
(
(µi(t) −

1
2
σ2

i (t))∆t + σi(t)∆Wi(t)
)
. (19.15)

In the special case that the processLi is considered under the measureQP(Ti+1), i.e.µQ
P(Ti+1)

i (t) =
0, and that the givenσi(t) is a known deterministic function, then we may use the exact solution
for a discretization scheme:

Li(t + ∆t) = Li(t) · exp
(
−

1
2
σ̄i

2(t, t + ∆t)∆t + σ̄i(t, t + ∆t)∆Wi
)
,

where

σ̄i(t, t + ∆t) :=

√
1
∆t

∫ t+∆t

t
σ2

i (τ)dτ.

In the case whereLi is not drift-free, we choose instead of (19.15) the discretization scheme

Li(t + ∆t) = Li(t) · exp
(
(µi(t) −

1
2
σ̄i(t, t + ∆t)2)∆t + σ̄i(t, t + ∆t)∆Wi(t)

)
(19.16)

(we writeL in place ofL̃, although (19.16) is an approximation of (19.1)). The diffusion dW
is discretized by exact solution; the drift dt is discretized by an Euler scheme. The discretiza-
tion error of this scheme stems from the discretization of the stochastic driftµi only. This
discretization error results in a violation of theno-arbitragerequirement of the model (the dis-
cretized model does not have the correct, arbitrage-free drift). Methods which do not exhibit
an arbitrage due to a discretization error are called arbitrage-free discretization, see [69]).

The volatility functionsσi are usually assumed to be piecewise constant functions on
[T j ,T j+1), such that ¯σi(t, t + ∆t) may be calculated analytically. It is ¯σi(t, t + ∆t) = σi(t).
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CHAPTER 19. MARKET MODELS

19.1.3.2. Generation of the Sample Paths

Equipped with the time discretization (19.16), realizations of the process are calculated for
a given number of pathsω1, ω2, ω3, . . .. To do so, normal distributed random numbers
∆Wi(t j)(ωk), correlated according toR = (ρi, j), are generated (see AppendixA.2 andA.3).
These are used in the scheme (19.16). The result is a three dimensional tensorLi(t j , ωk)
parametrized by

i : Index of the interest rate period (tenor structure),

j : Index of the simulation time,

k : Index of the simulation path.

19.1.3.3. Generation of the Num éraire

Given a simulated interest rate curveLi(t j , ωk), we can calculate the nuḿeraire. Of course we
have to use the nuḿeraire that was chosen for the martingale measure under which the process
was simulated (form of the drift in (19.13)). For theterminal measurewe would calculate

N(Ti , ωk) =
n−1∏
j=i

(1+ L j(Ti , ωk) · (T j+1 − T j))
−1.

Note: The nuḿeraire is given only at the tenor timest = Ti , since fort , Ti we did not define
theshort period bondP(Tm(t)+1; t).5 An interpolation is possible, see Section19.1.5and [90].

19.1.4. Calibration - Choice of the free Parameters

We are now going to explain how the free parameters of the model can be chosen. The free
parameters are

• the initial conditionsLi,0, i = 0, . . . ,n− 1,

• the volatility functions or volatility processes6 σi , i = 1, . . . ,n− 1,

• the (instantaneous) correlationρi, j , i, j = 1, . . . ,n− 1.

The determination of the free parameters is also calledcalibration of the model.

Motivation (Reproduction of Market Prices versus Historical Estima-
tion): With the LIBOR Market Model we have a high-dimensional model
framework. The main task is the derivation or estimation of the huge amount of
free parameters. Two approaches are possible:

• Reproduction of Market Prices: The parameters are chosen such that the model repro-
duces given market prices.

• Historical Estimation : The parameters are estimated from historical data, e.g. time
series of interest rate fixings.

5 See Section19.1.2.
6 The parametersσi may well be stochastic processes. In this casesσi is called a stochastic volatility model.
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19.1. LIBOR MARKET MODEL

It may be surprising at first, but the second approach is not meaningful, being in the context
of risk-neutral evaluation. The model is considered under the martingale measureQN and
its aim is the evaluation andhedging(!) of derivatives. An expectation of the relative value
under the martingale measure corresponds to the relative value of the replication portfolio.
This replication portfolio has to be setup from traded products, traded at current (!) market
prices. If the model did not replicate current market prices, then it would not possible to buy
the replication portfolio of a derivative at the model price of the derivative. The model price
would inevitably be wrong.

This remark applies to all free model parameters. In practice, however, it may be difficult
or impossible to derive all parameters from market prices. This could be because for a specific
product no reliable price is known (low liquidity). It could also be that a corresponding product
does not exist. This is often the case for correlation sensitive products from which we would
like to derive the correlation parameters. If a parameter cannot be derived from a market price
a historical estimate becomes an option. If in such a case complete hedge is not possible, the
residual risk has to be considered, e.g. by a conservative estimate of the parameter.

For the LIBOR market model a parameter reduction is usually applied first, based on his-
torical estimates of rough market assessment. An example of such parameter reduction is the
assumption of a family of functional forms for the volatilityσi(t) or the correlationρi, j(t). The
remaining degrees of freedom are then derived from market prices. C|

19.1.4.1. Choice of the Initial Conditions

Reproduction of Bond Market Prices Let PMarket(Ti) ∈ [0,1] denote a market observed
(i.e. given) price of aTi-bond. If we set

Li,0 :=
PMarket(Ti) − PMarket(Ti+1)
PMarket(Ti+1)(Ti+1 − Ti)

,

then the model reproduces the given market prices of the bondsPMarket. This is ensured by the
model having the “right” drift and it is independent of the other parameters.

19.1.4.2. Choice of the Volatilities

Reproduction of Caplet Market Prices We assume here that theσi ’s are deterministic
functions (i.e. not random variables or stochastic processes). The forward rateLi follows the
Itô process

dLi(t) = µ
Q
i (t)Li(t)dt + σi(t)Li(t)dWQi (t) underQ := QN.

Thus the model corresponds to theBlack modeldiscussed in Chapter10. UnderQP(Ti+1) we
haveµQ

P(Ti+1)

i = 0, the distribution ofLi(Ti) is lognormal and there exists an analytic evaluation
formula for caplets. The only model parameters that enter the caplet price areL0(Ti) and

σBlack,Model
i :=

( 1
Ti

∫ Ti

0
σ2

i (t)dt
)1/2. (19.17)

If the market priceVMarket
Caplet,i of a caplet on the forward rateLi(Ti) is given, then the corresponding

implied Black volatilityσBlack,Market
i may be calculated by inverting7 Equation (10.2). If then

7 For inversion of pricing formula we may use a simple numerical algorithm. For the Black formula (10.2) the price
is increasing strictly monotone in the volatility.

This work is licensed under a
Creative Commons License.
http://creativecommons.org/licenses/by-nc-nd/2.5/deed.en

255 Comments welcome.
©2004, 2005, 2006, 2007 Christian Fries

Version 1.4.18 [build 20070403]- 1st May 2007
http://www.christian-fries.de/finmath/book

http://creativecommons.org/licenses/by-nc-nd/2.5/deed.en
http://creativecommons.org/licenses/by-nc-nd/2.5/deed.en
http://www.christian-fries.de/finmath/book


CHAPTER 19. MARKET MODELS

σi(t) is chosen such that
σBlack,Model

i = σBlack,Market
i , (19.18)

then the model reproduces the given caplet priceVMarket
Caplet,i . A possible trivial choice is, e.g.,

σi(t) = σ
Black,Market
i ∀ t.

Remark 212 (Caplet Smile Modeling): The fact that the LIBOR Market Model calibrates to
the cap market by a simple boundary condition is one reason for its initial popularity. However,
since the model restricted to a single LIBOR is a Black model, the implied volatility does not
depend on the strike of an option. Thus, in this form, the model may calibrate to a single caplet
per maturity only. It cannot render a caplet smile, yet.

For extensions of the model that try to remove this restriction see [23].

Reproduction of Swaption Market Prices If the correlationR = (ρi, j) is given and
fixed, then we influence swaption prices through the time structure of the volatility function
t 7→ σi . We consider swaptions that correspond to our tenor structure, i.e. option on the
Swaprates

S(Ti , . . . ,T j ; Ti), 0 < i < j ≤ n.

From the definition of the swap and swap rate it is obvious that the price of a corresponding
swaption withexercise dateon or beforeTi and periods [Ti ,Ti+1], . . . , [T j−1,T j ] depends only
on the behavior of the forward ratesLi(t), . . . , L j−1(t) until thefixing t≤ Ti , see Figure19.1.

T0 Ti Ti+1

Swap(Ti,...Tj)

Ti+2 Tj-1Ti+3 TjT1

Lj-1

Li+2
Li+1
Li

Figure 19.1.: Swaption as a function of the forward rates: The swap with periods
[Ti ,Ti+1], . . . , [T j−1,T j ] is a function of the forward rates L(Ti ,Ti+1; Ti), . . . , L(T j−1,T j ; Ti) (all with fixing
in Ti). The corresponding swaption depends only on the joint distribution of these forward rates. Under
our model, with given initial conditions Li,0 and correlation R= (ρi, j), the swaption price depends on
σi(t), . . . , σ j−1(t), t ∈ [0,Ti ] only. The dynamic of these forward rated beyond the t> Ti and all other
forward rates do not influence the swaption price.

If we discretize the volatility function corresponding to the tenor structure and define

σk,l :=
( 1
Tl+1 − Tl

∫ Tl+1

Tl

σ2
k(t)dt

)1/2,

the price of an option on the swap rateS(Ti , . . . ,T j ; Ti) depends only onσk,l for k = i, . . . , j−1
and l = 0, . . . , i − 1. This allows an iterative calculation ofσk,l from given swaption market
prices:
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19.1. LIBOR MARKET MODEL

For i = 1, . . . ,n− 1:

For j = i + 1, . . . ,n:

Calculateσ j−1,i−1 from the price of an option onS(Ti , . . . ,T j ; Ti) by consider-
ing the already calculatedσk,l with k = i, . . . , j − 1 andl = 0, . . . , i − 2 from
the previous iterations.

To deriveσ j−1,i−1 from the market priceVmarket
swaption(Ti , . . . ,T j) we have to invert the mapping

σ j−1,i−1 7→ Vmodel
swaption(Ti , . . . ,T j).

In principle this mapping may be realized by a Monte-Carlo evaluation of the swaption. To al-
low for faster pricing, and thus faster calibration, analytic approximation formulas for swaption
prices within a LIBOR Market Model have been derived, see also Section19.1.4.4.

Remark 213 (Bootstrapping): The above procedure of calculating a piecewise constant
instantaneous volatility from swaption prices is calledvolatility bootstrapping.

Remark 214 (Review:Overfitting): The calculation of a piecewise constant volatility func-
tion σi, j from swaption prices bears the risk of anoverfittingof the model. Note that if this
procedure is applied, then we accept completely the validity of every single given swaption
price, i.e. that the prices are of sufficiently good quality with respect totopicality (fixing time
of the price) andliquidity. If not all prices are of the same quality, then some have to be
interpolated, smoothed or corrected by hand. In this case, the calibration problem has been
replaced by an interpolation problem. If the interpolation and maintenance of the market data
is not done with care, a calibration that fits to these prices exactly may be useless. See for
example Chapter6.

In addition, the bootstrapping of the instantaneous volatility from swaption prices does not
allow for a weighting of the swaption prices according to their importance.

A solution to this is the reduction of the free parameters by a reduction of the family of
admissible volatility functions with consequent loss of the perfect fit.

Functional Forms To reduce the risk ofoverfitting, the admissible volatility functions may
be restricted to a parametrized family of volatility functions. For example, a functional which
is empirically motivated by the historical shapes of the volatility and which is common in
practice is

σi(t) := (a+ b · (Ti − t)) · exp(−c · (Ti − t)) + d.

Given a functional form, the calibration of the model consists of a selection of (liquid)
market prices of caps and swaptions and an optimization of the remaining parameters (e.g.a,
b, c, d above) to fit the model prices to the market prices.

For a detailed discussions of a robust calibration to cap and swaption prices we refer to the
literature, especially [8, 30].
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CHAPTER 19. MARKET MODELS

19.1.4.3. Choice of the Correlations

Factors We assumed in (19.1) a model in which (potentially) each forward rateLi Brownian
motionWi . The model is driven by ann-dimensional8 Brownian motion

W =


W0

W1

. . .
Wn−1

 .

The effective number offactors, i.e. the number of independent Brownian motions, that are
driving the model is determined by the correlation

ρi, j(t)dt = dWi(t) · dWj(t).

By an eigenvector decomposition (PCA) of the correlation matrixR = (ρi, j)i, j=1...n we may
represent dW as

dW(t) = F(t)dU(t),

whereU := (U1, . . . ,Um)T andU1, . . . ,Um denote independent Brownian motions andF =
( fi, j) denotes an×m-matrix. In other words, we have

dWi(t) =
m∑
j=1

fi, j(t)dU j(t), ρi, j(t) =
m∑

k=1

fi,k(t) · f j,k(t).

A proof of this representation is in the AppendixA.3. Note that here we can havem< n. The
columns of the matrixF are calledfactors.

Functional Forms A full rank correlation matrixR is hard to derive from market instru-
ments. As before a common procedure is to reduce the family of admissible correlation ma-
trixesR. One ansatz consists of functional forms, for example

ρi, j(t) := exp(−α · |i − j|). (19.19)

Factor Reduction The specification of the correlation matrix as a functional form is usu-
ally followed by a reduction of the number of factors. This is done in what is known as factor
reduction (PCA,Principal Component Analysis). There only the eigenvectors corresponding
to the largest eigenvalues ofR are considered and a new correlation matrix is formed from
these selected factors. For a discussion of the factor reduction see AppendixA.4.

The advantage of the factor reduction is that afterwards only anm-dimensional Brownian
motion has to be simulated (and not ann-dimensional Brownian motion). Oftenn ≥ 40 is
required (e.g. a 20 year interest rate curve with semi-annual periods), however oftenm ≤ 5
is sufficient. The choice of the actual numberm of factors depends on the application, see
Chapter24.

8 An n− 1-dimensional Brownian motion is sufficient here, since we can chooseW0 = 0, because the forward rate
L0 is not stochastic. It is fixed inT0 = 0. Formally we achieve this by settingσ0 ≡ 0.
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19.1. LIBOR MARKET MODEL

Calibration The correlation model, e.g. the free parametera in (19.19), may be chosen such
that the fit of model prices to given market prices is improved. Alternatively it may be chosen
to give more realistic interest rate correlations. See also Remark214.

It should be stressed that we calibrate theinstantaneouscorrelation, i.e. the correlation of the
Brownian increments dW, and not the terminal correlation, i.e. the correlations of the distribu-
tion of the interest rates at a fixed time. We will consider the relation of the two in Chapter20.

19.1.4.4. Covariance Matrix, Calibration by Parameter Optimization

In the previous sections we considered volatility and correlation separately. This is not neces-
sary, as both can be considered together in the form of the correlation matrix (σiσ jρi, j). Thus
the calibration problem consists of the calculation of the (market implied) covariance matrix
(or covariance matrix function).

Defining the parametrized functional forms for volatility and correlation, e.g. as

σi(t) := (a+ b · (Ti − t)) · exp(−c · (Ti − t)) + d, ρi, j(t) := exp(−α · |i − j|)

reduces the number of degrees of freedom of the covariance model and thus the possible num-
ber of products for which an exact fit is possible. This might be a desired feature, e.g. to avoid
an overfitting. A disadvantage is the lack of transparency of the parameters. To derive the pa-
rameters a numerical optimization has normally to be used, e.g. the minimization of a suitable
norm of the error vector of some selected product prices as a function of the model parameters.
The optimization of volatility parameters and correlation parameters may occur jointly, i.e. we
consider a functional form of the covariance structure.

19.1.4.5. Analytic Evaluation of Caplets and Swaptions

To calculate the calibration error we need to calculate the corresponding model prices. Since
a numerical calculation of the model price (e.g. by a full Monte-Carlo simulation) is time
consuming, and since the optimization requires many calculation of model prices, there is a
need for fast analytical pricing formulas of specific calibration products.

Analytic Evaluation of a Caplet in the LIBOR Market Model The analytic evaluation
of caplets in the LIBOR market model by the Black formula (10.2) using (19.17) to calculate
the Black volatility.

Analytic Evaluation of a Swaption in the LIBOR Market Model The analytic evalu-
ation of swaption in the LIBOR market model is possible by an approximation formula only.
An approximation formula can be derived by expressing the volatility of the swap rate as a
function of the volatility and correlation of the forward rates. Assuming a lognormal model
for the swap rate, which is already an approximation, we can then apply the Black formula for
Swaptions.9 Corresponding approximation formulas may be found in [8].

19.1.5. Interpolation of Forward Rates in the LIBOR Market Model

9 Assuming lognormal processes for the forward rates, the swap rate is not a lognormal process in general.
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CHAPTER 19. MARKET MODELS

Motivation: An implementation of the LIBOR Market Model (e.g. as Monte-
Carlo simulation) allows us to calculate the forward rateL(T j ,Tk; ti) for interest
rate periods [T j ,Tk], T j < Tk and fixing timesti .10 Using these rates we can
evaluate almost all interest rate derivatives that can be represented as a function

of these rates.
The discretization of the simulation time{ti} determines at which times we may have inter-

est rates fixings. The discretization of the tenor structure{T j} determines for which periods
forward rates are available and, since the numéraire is only defined att = T j , it determines at
which times we may have payment dates. The tenor structure imposes a significant restriction
since a change of the tenor structure is essentially a change of the model.

In practice, it is desired to calculate as many financial products as possible with the same
model. First, the aggregation of risk measures, i.e. of sensitivities11 of products to the sen-
sitivity of a portfolio, is correct only if the product sensitivities have been calculated unsing
the same model. Second, the setup of a pricing model (calibration, generation of Monte-Carlo
paths) usually requires much more calculation time than the evaluation of a product, i.e., is is
possibly efficient to reuse a model.

Thus, it is desirable to know how to calculate from a given LIBOR market model the quan-
tities L(Ts,Te; t) for Ts,Te < {T0,T1, . . . ,Tn} (unaligned period) and/ or t < {t0, t1, . . . , tn}
(unaligned fixing). C|

19.1.5.1. Interpolation of the Tenor Structure {Ti}

Let us look at how to interpolate the tenor structure. We will derive an expression for
L(Ts,Te; t) for Ts < {T0,T1, . . . ,Tn} and/or Te < {T0,T1, . . . ,Tn}. Let Ts < Te.

The forward ratesL(Ts,Te; t) may be derived from corresponding bondsP(T; t). We have

1+ L(Ts,Te; t) · (Te − Ts) =
P(Ts; t)
P(Te; t)

For arbitraryT > t the bondP(T; t) is given by

P(T; t) = N(t) · EQ
N

(
1

N(T)

∣∣∣Ft

)
.

The definition of the nuḿeraire of the LIBOR Market Model shows that the specification of
the short period bondP(Tm(t)+1; t) is sufficient (and necessary) to determine all bondsP(T; t)
and thus all forward rates.12

Assumption 1: No stochastic shortly before maturity. We assume thatP(Tm(t)+1; t)
is aFTm(t) -measurable random variable, i.e. the bond has no volatility at timet with Tm(t) ≤ t ≤
Tm(t)+1, i.e. shortly before its maturity. With other words:t 7→ P(Tm(t)+1; t) is a deterministic
interpolation functions on quantities known at the period startTm(t). In this case for the bond

10 In a Monte-Carlo Simulation the rates carry, of course, an approximation error of the time discretization scheme.
11 A sensitivity is a partial derivative of the product price by a model- or product-parameter (e.g. volatility or strike).
12 Note that the considerations on interpolation given in this section do not assume a LIBOR Market Model. They

are valid in general.
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19.1. LIBOR MARKET MODEL

with maturityt, seen at times with Tm(t) ≤ s≤ t ≤ Tm(t)+1 we have:

P(t; s) = N(s)EQ
N
(

1
N(t)
|Fs)

= N(s)EQ
N
(
P(Tm(t)+1; t)

N(t)
·

1
P(Tm(t)+1; t)

|Fs)

= N(s)EQ
N
(
P(Tm(t)+1; t)

N(t)
|Fs) ·

1
P(Tm(t)+1; t)

=
P(Tm(t)+1; s)

P(Tm(t)+1; t)

(19.20)

Especially fors= Tm(t)

P(t; Tm(t)) =
P(Tm(t)+1; Tm(t))

P(Tm(t)+1; t)
. (19.21)

Thus we see that (under Assumption 1), the interpolation functiont 7→ P(t; Tm(t)) (interpo-
lation of the maturityt) is derived directly from the interpolation functiont 7→ P(Tm(t)+1; t)
(interpolation of the evaluation timet) and vice versa. The functions are reciprocal.

Assumption 2: Linearity shortly before maturity. If the chosen interpolation function
T 7→ P(T; Tm(t)) is linear, then the interpolation of bond pricesP(T; s) seen ins< Tm(t) is linear
too. This follows directly from the linearity of the expectation:

P(T; s) = N(s)EQ
N
(
P(T; Tm(t))

N(Tm(t))
|Fs). (19.22)

In this way the linear interpolation takes a distinct role. WithP(Tm(t); Tm(t)) = 1 and
P(Tm(t)+1; Tm(t)) = 1

1+LTm(t) (Tm(t))·(Tm(t)+1−Tm(t))
the linear interpolation oft 7→ P(t; Tm(t)) follows

as

P(t; Tm(t)) =
Tm(t)+1 − t

Tm(t)+1 − Tm(t)
P(Tm(t); Tm(t)) +

t − Tm(t)

Tm(t)+1 − Tm(t)
P(Tm(t)+1; Tm(t))

=
1+ LTm(t) (Tm(t)) · (Tm(t)+1 − t)

1+ LTm(t) (Tm(t)) · (Tm(t)+1 − Tm(t))
.

(19.23)

The corresponding interpolation for the short period bondP(Tm(t)+1; t) thus with (19.21)

P(Tm(t)+1; t) :=
1

1+ LTm(t) (Tm(t)) · (Tm(t)+1 − t)
.

Applying (19.22) to the (int) linear interpolation (19.23) we find for alls≤ Tm(t)

P(t; s)
P(Tm(t); s)

=
1+ LTm(t) (s) · (Tm(t)+1 − t)

1+ LTm(t) (s) · (Tm(t)+1 − Tm(t))
,

and thus
P(t; s)

P(Tm(t)+1; s)
= 1+ LTm(t) (s) · (Tm(t)+1 − t).

From (19.20) we have forTm(t) ≤ s≤ t

P(t; s) =
1+ LTm(t) (Tm(t)) · (Tm(t)+1 − t)

1+ LTm(t) (Tm(t)) · (Tm(t)+1 − s)
.
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CHAPTER 19. MARKET MODELS

We summarize this result in a theorem:

Theorem 215 (Interpolation of Forward Rates on unaligned Periods): Given a tenor
structureT0 < T1 < T2 < . . .}. For all t let the short bondP(Tm(t)+1; t) be given by the
interpolation

P(Tm(t)+1; t) :=
1

1+ LTm(t) (Tm(t)) · (Tm(t)+1 − t)
. (19.24)

Then we have for arbitraryt ≤ T with k = m(t), l = m(T)

P(T; t) = P(Tk+1; t) ·
l∏

j=k+1

P(T j+1)

P(T j)
·

P(T; t)
P(Tl+1; t)

=
1

1+ Lk(Tk) · (Tk+1 − t)
·

l∏
j=k+1

1
1+ L j(t) · (T j+1 − T j)

· (1+ Ll(t
∗) · (Tl+1 − T)),

wheret∗ = min(t,Tl). ForTs ≤ Te with Tk < Ts ≤ Tk+1 andTl ≤ Te < Tl+1 we have

1+ L(Ts,Te; t) · (Te − Ts)

=
P(Ts; t)
P(Te; t)

=
P(Ts; t)

P(Tk+1; t)
·

l∏
i=k+1

P(Ti ; t)
P(Ti+1; t)

·
P(Tl+1; t)
P(Te; t)

= (1+ Lk(t
∗) · (Tk+1 − Ts)) ·

l∏
i=k+1

(1+ Li(t) · (Ti+1 − Ti)) ·
1

1+ Ll(t∗) · (Tl+1 − Te)
.

(19.25)

Experiment: At http://www.christian-fries.de/finmath/
applets/LMMPricing.html several interest rate products can be priced us-
ing a LIBOR market model. C|
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19.2. OBJECT ORIENTED DESIGN

19.2. Object Oriented Design

Figure19.2and19.3shows an object-oriented design of aMonte-Carlo LIBOR Market Model.
The following important aspects are considered in the design:

• Reuse of Implementation

• Separation of Product and Model

• Abstraction of Model Parameters

• Abstraction of Calibration

We will describe these aspects in the following.

getPrice(monteCarloStockProcessModel)

maturity
strike

Caplet

getBrownianIncrement(timeIndex, path, factor)

BrownianMotion
getProcessValue(timeIndex, component)

getInitialValue(component)
getDrift(timeIndex, component)
getFactorLoading(time, component, factor)

LogNormalProcess

getLIBOR(timeIndex, liborIndex)
getNumeraire(timeIndex)

«interface»
AbstractLIBORMarketModel

getPrice(AbstractLIBORMarketModel model)

maturity
Bond

getPrice(monteCarloStockProcessModel)

maturity
strike

Caplet

getPrice(AbstractLIBORMarketModel model)

maturity
strike

Caplet

getInitialValue(component)
getDrift(timeIndex, component)
getFactorLoading(time, component, factor)

SimpleLIBORMarketModel

Figure 19.2.: UML Diagram: Evaluation of LIBOR related products in a LIBOR Market Model via
Monte-Carlo Simulation.

19.2.1. Reuse of Implementation

For the Monte-Carlo simulation of the lognormal process we use the same classes as in the
example of the Black-Scholes model, see Figure13.4on Page168. To do so the classes B-
M and LNP were from the beginning designed for vector-valued,
i.e. multi-factorial processes, although the Black-Scholes model does not require it. Improve-
ments to the classes BM and LNP will result in improvement of
both applications.
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CHAPTER 19. MARKET MODELS

19.2.2. Separation of Product and Model

The interface ALIBORMM defines how LIBOR related products communi-
cate with a Monte-Carlo LIBOR model. Through this interface the model serves to make the
process of the underlyings (the forward rates) and the numéraire available to the product as a
Monte-Carlo simulation. All corresponding Monte-Carlo evaluations of interest rate products
expect this interface. All corresponding Monte-Carlo LIBOR models implement this interface.
This realizes a separation of product and model. The specificLIBOR Market Modelis realized
through the class SLIBORMM. Model extensions may be introduced without
the need to change classes that realize LIBOR related Monte-Carlo products.

19.2.3. Abstraction of Model Parameters

getCovariance(time, component1, component2)

getFactorLoading(time, component, factor)
getFactorLoadingQuasiInverse(time, factor,component)

LIBORCovarianceModelXXX

getCovariance(time, component1, component2)

getFactorLoading(time, component, factor)
getFactorLoadingQuasiInverse(time, factor,component)

setCalibrationData(calibrationData)

LIBORCovarianceModel

getInitialValue(component)
getDrift(timeIndex, component)
getFactorLoading(time, component, factor)

SimpleLIBORMarketModel

Figure 19.3.: UML Diagram: LIBOR Market Model: Abstraction of model parameters.

The model parameters, i.e. the covariance structure, areencapsulatedin their own classes.
The model parameter classes implement a simpleinterfaceLIBORCM. A spe-
cific covariance model (i, j, t) 7→ γi, j(t) = σi(t)σ j(t)ρi, j(t) is realized through a class that im-
plements the interface LIBORCM. This class is then served to the model. The
interfaces are designed such that (i, j, t) 7→ γi, j(t) may be stochastic.13 See Figure19.3.

This abstraction of model parameters makes it easy to exchange different modelings of co-
variance, i.e. volatility and correlation.

Warning: In cases where the covariance structure is modeled by volatility
and correlation it seems reasonable to define corresponding interfaces LIBOR-
VM and LIBORCM. A simple class LIBORC-

MFVAC calculates the factor loadings and covariances
from given volatility and correlation models. See Figure19.4. However, the separation of
volatility and correlation into their own classes will bring some disadvantages for a joint cali-
bration and general covariance modeling. The corresponding code may become over-designed.

13 A stochastic volatility model would result in a stochastic covariance model.
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19.2. OBJECT ORIENTED DESIGN

getInitialValue(component)
getDrift(timeIndex, component)
getFactorLoading(time, component, factor)

SimpleLIBORMarketModel

getVolatility(time, component)

LIBORVolatilityModel

getVolatility(time, component)

LIBORVolatilityModelXxx

getCorrelation(time, component1, component2)

LIBORCorrelationModel

getCorrelation(time, component1, component2)

LIBORCorrelationModelXxx

getCovariance(time, component1, component2)

getFactorLoading(time, component, factor)
getFactorLoadingPsydoInverse(time, factor,component)

setCalibrationData(calibrationData)

LIBORCovarianceModel

getCovariance(time, component1, component2)

getFactorLoading(time, component, factor)
getFactorLoadingPsydoInverse(time, factor,component)

LIBORCovarianceModelFromVolatiltiyAndCorrelation

Figure 19.4.: UML Diagram: LIBOR Market Model: Abstraction of model parameters as volatility and
correlation. Introducing separate classes for volatility and correlation has some disadvantages for joint
calibration and general covariance modeling. The design above might be considered over-designed.

The design in Figure19.4would make sense if one whished to explore many combinations of
different volatility and correlation models. C|

19.2.4. Abstraction of Calibration

The abstraction of model parameters allows for the abstraction of calibration. The algorithm
calibrating the covariance model is clearly a part of the covariance model. Thus each co-
variance model object can carry calibration data (e.g. market data) that, once set, is used to
calibrate the model. The calibration data itself may be anything from given correlation and
volatility parameters to a list of products with associated target values.
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CHAPTER 19. MARKET MODELS

getInitialValue(component)
getDrift(timeIndex, component)
getFactorLoading(time, component, factor)

SimpleLIBORMarketModel

getCovariance(time, component1, component2)

getFactorLoading(time, component, factor)
getFactorLoadingQuasiInverse(time, factor,component)

setCalibrationData(calibrationData)

LIBORCovarianceModel

getParameters()
setParameters(parameters)

LIBORCovarianceModelParametric

getCovariance(time, component1, component2)

getFactorLoading(time, component, factor)
getFactorLoadingQuasiInverse(time, factor,component)

getParameters()
setParameters(parameters)

LIBORCovarianceModelVolHumpAndCorExpDecay

Figure 19.5.: UML Diagram: LIBOR Market Model: Abstraction of model parameters: Parametric
covariance models.

19.3. Swap Rate Market Models (Jamshidian 1997)

Motivation: TheLIBOR Market Modelpostulates as lognormal dynamic for
theforward rateLi := L(Ti ,Ti+1). In other words, each single forward rate follows
a Black model. This allows an easy calibration of the IBOR market model to
Caplet prices. We only have to fulfill condition (19.18).

If, however, swap options (i.e. swaption or swaption related products like Bermudan swap-
tions) are in the focus, then a model that simulates the swap rate directly might be a better
choice.14 If, for example, the swap rate follows a lognormal process, then the corresponding
swaptions may be calibrated by a simple condition involving the implied Black-Volatility of
the swap rate. C|

Instead of a lognormal dynamic for theforward rateL(Ti ,Ti+1), which is the starting point
of theLIBOR Market Model, we postulate here a lognormal dynamic of theswap rate

Si,k(t) := S(Ti ,Tk; t) :=
P(Ti ; t) − P(Tk; t)∑k−1

j=i (T j+1 − T j) · P(T j+1; t)
, k > i. (19.26)

Since the set of swap rates defined for a given tenor structureT0 < T1 < . . . < Tn is a two
parametric family of(n−1)·n

2 rates which are related by functional dependencies, a meaningful

14 Later, we will explain why a forward rate based model might be the choice even for swap rate related products,
see Remark217.
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19.3. SWAP RATE MARKET MODELS (JAMSHIDIAN 1997)

dynamic can be given only for a subset of swap rates.15

When choosing a system of swap ratesSi,k, for which we wish to specify the dynamics, we
have to take care that the system is neither over-determined or, with respect to the given tenor
structure, under-determined. The system of rates has to consist ofn swap rates since on the
tenor structure 0= T0 < T1 < . . . < Tn we haven degrees of freedom in terms of bond prices.

Two common variants are given by the set ofco-slidingswap rates andco-terminalswap
rates, see Table19.1. When specifying co-sliding swap rates it is necessary to close the system.

Co-Sliding: Si,min(i+k,n) i = 0,1, . . . ,n− 1

Co-Terminal: Si,n i = 0,2, . . . ,n− 1

Table 19.1.:co-sliding and co-terminal swap rates

Our definition achieves this by first considering the swap ratesSi,i+k with k periods (co-sliding,
i < n− 1− k) and starting withi = n− k we consider co-terminal swap rates.

If the selection of swap rates is made, we model eachSi,k from the selection as a lognormal
process:

dSi,k(t) = µ
P
i,k(t)Si,k(t)dt + σi,k(t)Si,k(t)dWPi,k(t) underP, (19.27)

with initial conditions

Si,k(0) = Si,k,0.

Interpretation: The modeling of co-terminal swap rates is a suitable choice
if, e.g., we have to price Bermudan swaptions, which have these swap rates as
underlying. The modeling of co-sliding swap rates is a suitable choice if we
have to price products relying on swap rates with constant time to maturity (CMS

rate16). C|

19.3.1. The Swap Measure

If we consider the Definition of the swap rate in (19.26), it is apparent thatSi,k is a martingale
under the martingale measureQN corresponding to the nuḿeraire

N(t) := A(Ti , . . . ,Tk; t) :=
k−1∑
j=i

(T j+1 − T j) · P(T j+1; t), k > i, t ≤ Ti+1. (19.28)

The right hand side in (19.28) is a portfolio of zero bonds and thus a traded product and the
swap rate is theN-relative price of a traded product.

Definition 216 (Swap Measure, Swap Annuity): q
The equivalent martingale measureQN corresponding to the nuḿeraireN in (19.28) is called

15 For example, the swap rateSi,i+4 is a function of the swap ratesSi,i+2 andSi+2,i+4, which in turn are functional for
the swap ratesSi,i+1, . . .Si+3,i+4. The swap rates with one period are forward ratesLi = Si,i+1.

16 See Definition160.
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CHAPTER 19. MARKET MODELS

swap measurecorresponding to the swap rateS(T1, . . . ,Tk). The expression on the right hand
side in (19.28) is also calledswap annuity. y

The nuḿeraire is, so far, defined fort ≤ Ti+1 only, since att = Ti+1 the first bondP(Ti+1) is at
its maturity and we have to specify how its payment has to be reinvested.17 A continuation of
the nuḿeraire definition tot > Ti+1 can be given by a re-investment into the next swap annuity.
This is the analog to the nuḿeraire (19.9) of theSpot Measures. For i = 1, . . . , k− 1 we have

N(t) = A(Ti , . . . ,Tk; t) ·
i−1∏
j=1

A(T j , . . . ,Tk; T j+1)

A(T j+1, . . . ,Tk; T j+1)
, Ti−1 ≤ t < Ti

whereT0 := 0. The swap rates we are considering here are co-terminal. Of course we may
consider co-sliding swaps in a similar way, using the swap annuitiesA(T j , . . . ,T j+k; t). The
corresponding nuḿeraire of re-investment in co-sliding swap annuities, i.e. arolling co-sliding
swap annuitythen is

N(t) = A(Ti , . . . ,Ti+k; t) ·
i−1∏
j=1

A(T j , . . . ,T j+k; T j+1)

A(T j+1, . . . ,T j+1+k; T j+1)
, Ti−1 ≤ t < Ti .

For k = i + 1 this corresponds to (19.9).

19.3.2. Derivation of the Drift Term

For the swap rate market model we have multiple sets of swap rates, which may be modeled
and (as in the LIBOR Market Model) multiple possible choices of numéraires. This section
does not give a detailed derivation of the drift terms. The derivation is done similarly to the
derivation of the drift in the LIBOR Market Model by expressing a martingale through the
elementary swap rate processesSi, j . If for exampleAk,l is the nuḿeraire, we consider the

QAk,l -martingale
(
Si, j ·

Ai, j

Ak,l

)
.

19.3.3. Calibration - Choice of the free Parameters

19.3.3.1. Choice of the Initial Conditions

Reproduction of Bond Market Prices or Swap Market Prices If we set t to the
preset time in the definition of the swap rate (19.26), i.e. t = 0 following our convention, then
we get an equation relating today’s bond prices to today’s swap ratesSi,k(0) and the latter are
just the initial conditions of the chosen swap rate processes. Thus the initial conditions of the
processes are given by (19.26) with t = 0 and today’s bond prices, i.e. today’s interest rate
curve.

Although we regard the family of zero bonds as the natural description of the interest rate
curve and we see swap rates and swap prices as derived quantities, it is in this case natural to
calculate today’s swap rates directly from today’s swap prices (assuming they are given). In
this case the initial conditions are given by today’s swap prices. With this choice, the model
will reproduce these prices.

17 The reinvestment determines the evolution of the numéraire for t > Ti+1: For example, if we compare the
investment of the paid 1 in 1

P(Tk;Ti+1) parts of aTk-bond with the investment in 1
P(Tk+1;Ti+1) parts of aTk+1-

bonds, then the evolution of the numéraire will differ by the evolution of theTk forward rate, i.e. by the factor
P(Tk;t)

P(Tk;Ti+1) /
P(Tk+1;t)

P(Tk+1;Ti+1) =
1+L(Tk,Tk+1;t)·(Tk+1−Tk)

1+L(Tk,Tk+1;Ti+1)·(Tk+1−Tk) .
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19.3. SWAP RATE MARKET MODELS (JAMSHIDIAN 1997)

19.3.3.2. Choice of the Volatilities

Reproduction of Swaption Market Prices The calibration of the model to swaption
prices is analog to the calibration of the LIBOR Market Model to caplet prices. Let the dynamic
of the swap rateSi,k be given by (19.27). Furthermore letσBlack,Market

i,k denote the market prices
of an option onSi,k given as implied Black-volatility. If we calculate

σBlack,Model
i,k :=

( 1
Ti

∫ Ti

0
σ2

i,k(t)dt
)1/2,

then the model reproduces the given swaption market prices if

σBlack,Model
i,k = σBlack,Market

i,k .

This statement is trivial since, if we consider only a single swap rateSi,k, then (19.27) is
a Black model for this swap rate and under this model the implied volatility is defined by
inverting the pricing formula. The inversion of the pricing formula is what a calibration should
achieve.

Remark 217 (LIBOR Market Model versus Swaprate Market Model): The question of
whether one should choose a LIBOR Market Model or a Swaprate Market Model seems to
depend on the application only, to be precise, on whether the model should calibrate to caplets
or swaptions - and whether or not one sees a lognormal forward rate or a lognormal swap rate
as realistic model.18

Therefore, the criterion that defines the choice of the model thus is the quality of the model
calibration to the specific application.

However, the swap rate market model has a disadvantage compared to the LIBOR market
model: If we calculate a forward rateLi in a swap rate market model, then the forward rate
tends to suffer from numerical instabilities. Conversely the calculation of a swap rate from
forward rates models in a LIBOR Market Model is generally much more stable.

Interpretation: The reason lies in the representation of the swap rate as a
convex combination of the forward rates. From Lemma123we have

Si, j =

j−1∑
k=i

α
i, j
k Lk, with α

i, j
k ≥ 0 and

j−1∑
k=i

α
i, j
k = 1,

with αi, j
k := P(Tk+1)·(Tk+1−Tk)∑ j−1

k=i P(Tk+1)·(Tk+1−Tk)
.

If we calculate a forward rateLi froms (e.g. co-terminal) swap ratesS j,n we have

Li =
1

αi,n
i

Si,n −
1

αi+1,n
i

Si+1,n+1

=
1

αi,n
i

(
Si,n − Si+1,n

)
+

( 1

αi,n
i

−
1

αi+1,n
i

)
Si+1,n.

18 In general both assumptions cannot hold and it is necessary to modify the models with respect to their distribution
assumption. Such a modification of the model is calledsmile modeling.
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CHAPTER 19. MARKET MODELS

Assuming for simplicityαi,n
j =

1
n−i−1, which is with

∑n−1
j=i α

i,n
j = 1 plausible19, then we have

Si,n =
1

n− i − 1

n−1∑
k=i

Lk

Li = (n− i − 1) · (Si,n − Si+1,n) + Si+1,n.

This shows:

• The calculation of a swap rateSi,n from forward ratesLk corresponds to the calculation
of an average (rate) - the swap rate can be interpreted as an integral of the forward rates.
Errors inLk are averaged and thus smoothed. The variance of an unsystematic error is
reduced.

• The calculation of a forward rateLi from swap ratesSi,n, Si+1,n consists of a finite dif-
ference term - this part of the forward rate may be interpreted as a derivative. The
calculation of a difference is very sensitive to errors in the swap rates (e.g. small jumps)
and the error is scaled up by the factor (n− i − 1) for n large andi small. Thus forward
rates for short periods in a model of long period swap rates have a tendency to numerical
instability.

C|

Tip: If there is no strong reason for a swap rate market model, agenericLIBOR
Market Model with calculation of the corresponding swap rates from forward
rates is preferable. This provides a single, thus consistent model for multiple
applications (products), which allows the aggregation of risk parameters (Delta,

Gamma). The difference in the distributional properties is often negligible (see [8]). C|

Further Reading: The original articles on the LIBOR market model are [50]
and [84]; for the swap rate market model see [77]; for the calibration of the LI-
BOR Market Model see [8, 30]; for the arbitrage-free discretization see [69]; for
the interpolation of forward rates see [90]. The evaluation of Bermudan options

in Monte-Carlo is considered in Chapter15; see also [44, 45].
We will use the LIBOR Market model as foundation for further investigations into general

interest rate model properties. In Chapter20 we will investigate the instantaneous correlation
ρi, j and volatilityσi and their effect on terminal correlation. In Chapter24 we will investigate
the mean reversion and multi-factoriality on the shape of interest rate curve. C|

19 Indeed we have1
αi,n

i

=
P(Ti+2)(Ti+2−Ti+1)
P(Ti+1)(Ti+1−Ti )

( 1
αi+1,n

i

+ 1
)
.
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CHAPTER 20

Excursus: Instantaneous Correlation
and Terminal Correlation

In this chapter we will use theLIBOR Market Modelto discuss the influence of instantaneous
volatility and instantaneous correlation on option prices. Although our study is based on the
LIBOR market model, the intuition gained from our experiments is universally valid.

We will experiment with different (extreme) parameter configurations and we will see how a
single-factor model, in which all interest ratesL(Ti ,Ti+1) move (instantaneously) perfectly cor-
related may, however, exhibit at timet > 0 (terminal) perfectly de-correlated random variables
L(T j ,T j+1; t), L(Tk,Tk+1; t).

We will start by repeating some basic concepts:

20.1. Definitions

Definition 218 (Covariance, Correlation): q
Let X, Y denote two (numeric) random variables,X̄ = E(X), Ȳ = E(Y). Then

Cov(X,Y) := E((X − X̄) · (Y− Ȳ))

is called thecovarianceof X andY, Var(X) := Cov(X,X) is called the variance ofX and

Cor(X,Y) :=
E((X − X̄) · (Y− Ȳ))
√

Var(X) ·
√

Var(Y)

is called thecorrelationof X andY. y

Let L = (L1, . . . , Ln) denote ann-dimensionalm-factorial Itô-process of the form

dLi = µidt + σidWi , where dWi =

m∑
k=1

fi,kdUk (20.1)

andUk denote independent Brownian motions. Furthermore, letfi,k such that

R :=
(
ρi, j(t)

)
i, j=1,...,n

=

 m∑
k=1

fi,k f j,k


i, j=1,...,n
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CHAPTER 20. EXCURSUS: INSTANTANEOUS CORRELATION AND TERMINAL CORRELATION

is a correlation matrix (i.e.
∑m

k=1 f 2
i,k = 1). We have

< dW(t),dW(t) > = Rdt.

Definition 219 (Instantaneous Covariance, Instantaneous Correlation): q
With the notation above we call

ρi, j , defined by ρi, j(t) :=

 m∑
k=1

fi,k f j,k


i, j=1,...,n

,

theinstantaneous correlationof the processesLi andL j , and we callσiσ jρi, j theinstantaneous
covarianceof the processesLi andL j . y

Definition 220 (Terminal Covariance, Terminal Correlation): q
With the notation above we call

ρTerm
i, j , defined by ρTerm

i, j (t) := Cor(Li(t), L j(t)),

the terminal correlation of the processesLi and L j . Correspondingly we callt 7→
Cov(Li(t), L j(t)) theterminal covarianceof the processesLi andL j . y

20.2. Terminal Correlation examined in a LIBOR
Market Model Example

We are considering aLIBOR Market Modelwith semi-annual tenor structureTi := 0.5 · i and
investigating the behaviour of the two ratesL10 = L(5.0,5.5) andL11 = L(5.5,6.0). Under the
numéraireN = P(T12) = P(6.0) we have for the dynamic of these rates (see (19.3), (19.8))

dLi(t) = µi(t)Li(t)dt + σi(t)Li(t)dWQ
N

i (t) (i = 10, 11) (20.2)

µ10 = −
δ11L11(t)

(1+ δ11L11(t))
· σ10(t) · σ11(t) · ρ10,11(t), δ11 := T11 − T10

µ11 = 0.

If we neglect the drift (i.e. setµ10 = 0) and assume a constant instantaneous covariance
σ10σ11ρ10,11 = const., then it follows from (20.1) that the terminal correlation is

ρTerm
i, j (t) = ρ10,11 ∀ t.

As one might have expected, the terminal correlation is given by the choice of the instantaneous
correlation. In this case, to achieve a terminal correlation different from zero we need at least
a two-factor model. Figure20.1shows a scatter plot for a one-factor and a five-factor model1

of the interest ratesL10(t), L11(t) at timet = T10 = 5.0.

1 The exact model specification is:Li,0 = 0.1, σi = 0.1, andρi, j = exp(−0.5|i − j|), followed by a factor reduction
as given in SectionA.4. For the five-factor model we haveρ10,11 = 0.94.
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Figure 20.1.: The two (adjacent) rates L10 = L(5.0,5.5) and L11 = L(5.5,6.0) in a one- and a multi-
factor model for constant instantaneous volatilityσ10(t) = σ11(t) = const. In a one-factor model both
random variables are perfectly correlated (left). In a five-factor model both random variables show a
correlation different from1. This is a consequence of the instantaneous correlationρ10,11 being different
from 1.
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Figure 20.2.: The two (adjacent) rates L10 = L(5.0,5.5) and L11 = L(5.5,6.0) in a one-factor model.
Left: The two random variables exhibit a correlation close to0 (perfect de-correlation). Right: The two
random variables exhibit a very different variances. The covariance is close to zero since the variance
of L11 is close to0. Both scenarios are the consequence of a very special choice for the instantaneous
volatility.
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CHAPTER 20. EXCURSUS: INSTANTANEOUS CORRELATION AND TERMINAL CORRELATION

20.2.1. De-correlation in a One-Factor Model

It is possible to achieve a terminal de-correlation for processes which have perfect instanta-
neous correlation. Consider

σ10(t)

> 0 for t < 2.5,

= 0 for t ≥ 2.5,
σ11(t)

= 0 for t < 2.5,

> 0 for t ≥ 2.5,
(20.3)

i.e. the processes receive the Brownian increment dW(t) at different timest, thus the increments
received are independent. Since in this case we haveµ10 = µ11 = 0 in (20.2), the two random
variablesL10(5.0), L11(5.0) are given by

log(L10)(5.0) = −
1
2
σ̄2

10 · 2.5 + σ̄10(W10(2.5)−W10(0))

log(L11)(5.0) = −
1
2
σ̄2

11 · 2.5 + σ̄11(W11(5.0)−W11(2.5)),

whereσ̄2
10 =

1
2.5

∫ 2.5

0
σ2

10(t) dt andσ̄2
11 =

1
2.5

∫ 5.0

2.5
σ2

11(t) dt.
Since, even for a one-factor model, the increments (W(2.5) −W(0)), (W(5) −W(2.5)) are

independent,L10(5.0), L11(5.0) are independent as well, see Figure20.2, left.

20.2.2. Impact of the Time Structure of the Instantaneous
Volatility on Caplet and Swaption Prices

The previous example of the de-correlation of the ratesL10, L11 in a one-factor model shows the
importance of the time structure of the instantaneous volatility for the (terminal) distribution
of (L10, L11) at time t = 5.0. Now we will look at the corresponding caplets and a swaption
with maturity 5.0 and payment dates 5.5, 6.0, which is dependent onL10 andL11:

Scenario σi(t) ρ10,11
Caplet
5.0-5.5

Caplet
5.5-6.0

Swaption
5.0-6.0

1 0.1 1.0 0.26% 0.26% 0.51%
2 0.1 0.94 0.26% 0.26% 0.50%
3 as in (20.3) 1.0 0.26% 0.26% 0.36%
4 0.7 exp(4.9(Ti − t)) 1.0 0.26% 0.26% 0.27%

Table 20.1.:Caplet and swaption prices for different instantaneous correlations and volatilities.

In all scenarios we have
∫ Ti

0
σi(t)2 dt = 0.05 for i = 10, thus all caplet prices are the same.2

The Figures20.1, 20.2are generated with these parameters.

20.2.3. The Swaption Value as a Function of Forward Rates

To interpret these results we analyze the dependency of the swaption value from the ratesL10,
L11.

2 We have
Ti∫
0

(
b · exp(−c · (Ti − t))

)2 dt = b2

2c (1 − exp(−2 · c · Ti )). For Ti = 5.0, b = 0.7, c = 4.9 we thus have∫ Ti

0 σi (t)2 dt = 0.05(1− exp(−49))= 0.05(1− 5 · 10−22).
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20.2. TERMINAL CORRELATION EXAMINED IN A LIBOR MARKET MODEL EXAMPLE

For the value of a swaptionVSwaption(T0) with fixed swap rate (strike)K we have

VSwaption(T0) = N(0)EQ
N
(
max(S(Ti) − K,0) · A(Ti)

N(Ti)
| FT0)

with

A(Ti) =
n−1∑
j=i

(T j+1 − T j)P(T j+1; Ti) (swap annuity)

S(Ti) =
1− P(Tn; Ti)

A(Ti)
(par swap rate).

With the nuḿeraireN = P(Tn) we have

A(Ti)
N(Ti)

=
A(Ti)

P(Tn; Ti)
=

n−1∑
j=i

(T j+1 − T j)
P(T j+1; Ti)

P(Tn; Ti)

=

n−1∑
j=i

(T j+1 − T j)
n−1∏

k= j+1

(1+ Lk(Ti)(Tk+1 − Tk))

and

S(Ti)
A(Ti)
N(Ti)

=
1− P(Tn; Ti)

P(Tn; Ti)
=

n−1∏
j=i

(1+ L j(Ti)(T j+1 − T j)) − 1,

i.e. it is

VSwaption(T0) =P(Tn; T0)EQ
P(Tn)

(max(
(S(Ti) − K) · A(Ti)

P(Tn; Ti)
,0) | FT0)

with

(S(Ti) − K) · A(Ti)
P(Tn; Ti)

=

n−1∏
j=i

(1+ L j(Ti)(T j+1 − T j)) − 1−

K ·
n−1∑
j=i

(T j+1 − T j)
n−1∏

k= j+1

(1+ Lk(Ti)(Tk+1 − Tk)).

If we apply this to the special case of a swaption with a two period tenor{Ti , . . . ,Tn} =

{T10,T11,T12} = {5.0,5.5,6.0} we get

max(
S(Ti) − K · A(Ti)

P(Tn; Ti)
,0)

= max((1+ L10∆T)(1+ L11∆T) − K(∆T(1+ L11∆T) + ∆T),0)

= max((L10 − K)∆T + (L11 − K)∆T + L11(L10 − K)(∆T)2),0). (20.4)

From (20.4) we can derive the following observations for the value of the swaption:
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CHAPTER 20. EXCURSUS: INSTANTANEOUS CORRELATION AND TERMINAL CORRELATION

• If L11(T10) = K, then the value of the swaption corresponds to the value of a caplet
paying max(L10 − K,0). If L11 has at timeT10 no or small variance and ifL11(T10) is
close toK, then the value of the swaption is close to the value of a caplet with payoff

max(L10 − K,0).

• Neglecting the termL11(T10)(L10(T10) − K)(∆T)2, which is justified for small rates and
short periods∆T, and considering thus only

(L10(T10) − K)∆T + (L11(T10) − K)∆T

= (L10(T10) + L11(T10) − 2K)∆T,

we see that the option price is determined by the variance ofL10(T10) + L11(T10). For
this we have

Var(L10(T10) + L11(T10))

= Var(L10(T10)) + Var(L11(T10)) + 2 · Cov(L10(T10), L11(T10))

• From the previous we know that the option value is maximal forρTerm
10,11(T10) = 1 and

minimal (even 0) forρTerm
10,11(T10) = −1 (still neglecting the termL11(T10)(L10(T10) −

K)∆T2).

From these remarks the results in table20.1 become plausible. In Scenario 4 the rate
L11(T10) has a negligible small variance (compare Figure20.2, right). The swaption value
is close to the caplet value. The caplet on the period [T11,T12] however has the same price as
in the other scenarios, since the high instantaneous volatility fort ∈ [T10,T11] will give the rate
L11(T11) the required (terminal) variance.

While for the swaption the rateL11(T10) is relevant, for the caplet it is the rateL11(T10).

Experiment: The influence of the instantaneous volatility and instantaneous
correlation on terminal correlation, caplet and swaption prices may be investi-
gated at
http://www.christian-fries.de/finmath/applets/

LMMCorrelation.html . C|

20.3. Terminal Correlation is dependent on the
Equivalent Martingale Measure

The terminal correlation is dependent on the martingale measure and thus the numéraire used.
The whole (terminal) probability density is of course measure dependent, see also Lemma81in
Chapter5. Thus an interpretation of terminal correlation and other terminal quantities should
be made with caution.

How the chosen martingale measure influences the terminal distribution, especially the ter-
minal correlation, may easily be seen in a LIBOR Market Model. Consider the processes
Li = L(Ti ,Ti+1) andLi+1 = L(Ti+1,Ti+2), i.e. two adjacent forward rates, under the martingale
measureQP(Tn) corresponding to the nuḿeraireP(Tn) (terminal measure). It is

d log(Li) = −
∑

i< j<n

δ jL j(t)

(1+ δ jL j(t))
· σi(t)σ j(t)ρi, j(t)dt +

1
2
σi(t)

2dt + σi(t)dWQ
P(Tn)

i .
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20.3. TERMINAL CORRELATION IS DEPENDENT ON THE EQUIVALENT MARTINGALE MEASURE

With dK j(t) := δ j L j (t)
(1+δ j L j (t))

dt we thus have

d log(Li) = σi ·
(
− σi+1ρi,i+1dKi+1 −

∑
i+1< j<n

σ jρi+1, jdK j +
1
2σi(t)dt + dWQ

P(Tn)

i

)
d log(Li+1) = σi+1 ·

(
−

∑
i+1< j<n

σ jρi+1, jdK j +
1
2σi+1dt + dWQ

P(Tn)

i+1

)
.

The terminal correlation is influenced by the common drift term
∑

i+1< j<n dK j and this influence
can be increased arbitrarily through the factorσ j in front of K j . If and how this term is present
depends on the chosen martingale measure: Forn = i + 2 the sum is empty and the term is
= 0, for n > i + 2 the term is> 0. In theory it might be possible thatLi andLi+1 appear almost
perfectly correlated underQP(Ti+3) and perfectly uncorrelated underQP(Ti+2).

20.3.1. Dependence of the Terminal Density on the Martingale
Measure

How the chosen martingale measure influences the terminal distribution function is shown in
the following examples. In Figure20.3we look at the density of a forward rate under a one-
factor LIBOR Market model with constant instantaneous volatility, equal for all rates. Under
different martingale measures (spot measure, terminal measure) the distribution is slightly dif-
ferent. If, however, the volatility of theother rates is increased, then, depending on the chosen
martingale measure, the distribution will change, see Figure20.4. As before, the change in
the distribution function stems from the drift of the LIBOR Market Model.

Terminal distribution of L(5.0,5.5) seen at t=5.0 (fixing)

Terminal measure T=20.0 Terminal measure T=10.0
Terminal measure T=5.5 Spot measure

- 4,0 - 3,5 - 3,0 - 2,5 - 2,0 - 1,5 - 1,0 - 0,5  0,0

Log of Forward Rate
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Figure 20.3.: The terminal distribution function of a forward rate under different martingale measures.
Shown is the rate L(5.0,5.5) upon its fixing at t= 5.0. All rates are simulated in a one-factor LIBOR
market model with constant instantaneous volatilityσ = 10%.
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CHAPTER 20. EXCURSUS: INSTANTANEOUS CORRELATION AND TERMINAL CORRELATION

Terminal distribution of L(5.0,5.5) seen at t=5.0 (fixing)

Terminal measure T=20.0 Terminal measure T=10.0
Terminal measure T=5.5 Spot measure
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Figure 20.4.: The terminal distribution function of a forward rate under different martingale measures.
Shown is the rate L(5.0,5.5) upon its the at fixing t= 5.0. In contrast to Figure20.3the rates L(Ti ,Ti+1)
for Ti < 5.0 are simulated differently. They are simulated with a high volatility of150%. All other rates
are simulated as in Figure20.3with volatility σ = 10%. The change of the simulation of the other rates
has an significant impact on the distribution of L(5.0,5.5) under the spot measure.

Tip (Terminal Quantities Independent of the Martingale Measure): In
place of martingale measure dependent quantities, like the terminal distribution
of the terminal correlation, we can define meaningful alternatives. The implied
(Black-)volatility is an example of a martingale measure independent quantity.

Apart from the scaling with the square root of the maturity
√

Tk it corresponds to the terminal
standard deviation under theTk+1-forward measure. If, for example,

d log(Li(t)) = (. . .)dt + σi(t)dWi(t)

d log(L j(t)) = (. . .)dt + σ j(t)dWj(t)

are given processes, then theintegrated instantaneous covariance∫ T

0
d log(Li(t))d log(L j(t)) =

∫ T

0
σi(t)σ j(t)ρi, j(t)dt

is independent of the chosen martingale measure.3 It would correspond to the covariance of
log(Li(t)) and log(L j(t)), if both were martingales. C|

3 This is clear, because a change of martingale measure is a change of drift only.
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CHAPTER 21

Heath-Jarrow-Morton Framework:
Foundations

The Heath-Jarrow-Morton Framework [74] postulates an It̂o process as a model for theinstan-
taneous forward rate1:

d f (t,T) = αP(t,T)dt + σ(t,T) · dWP(t)

f (0,T) = f0(T)
(21.1)

for 0 ≤ t < T, where WP = (WP1 , . . . ,W
P
m) is an m-dimensionalP-Brownian motion

with instantaneously uncorrelated components.2 Furthermore we assume thatσ(t,T) =
(σ1(t,T), . . . , σm(t,T)) andαP(t,T) are adapted processes.

In case of its existence, letQ denote therisk-neutral measure, i.e. the martingale measure
Q = QB corresponding to the nuḿeraireB with

B(t) := exp
( ∫ t

0
f (τ, τ)dτ

)
= exp

( ∫ t

0
r(τ)dτ

)
, (21.2)

wherer denotes theshort rate- see Definition103.
Girsanov’s Theorem(Theorem58), gives the process (21.1) underQ as

d f (t,T) = αQ(t,T)dt + σ(t,T) · dWQ(t)

f (0,T) = f0(T).
(21.3)

Equation (21.3) represents a family of stochastic processes parametrized byT, which give
a complete description of the interest rate curve: From Definition (101) we have f (t,T) =
−
∂ log(P(T;t))

∂T , i.e.

P(T; t) = exp
(
−

∫ T

0
f (t, τ)dτ

)
.

Apart from the requirement that the processes are Itô processes, we do not consider a specific
model or its implementation. Aspecific modelwould be given, if we had specified the form
of (t,T) 7→ σ(t,T). With a specific choice ofσ(t,T) (21.3) may become a known short rate
model or the LIBOR market model, see Chapter23.

In this chapter we will discuss the no-arbitrage conditions of (21.3) and discuss how other
models fit into thisframework.

1 Definition101on Page118.
2 I.e. that dWT · dW = Idt, see Section2.7.
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CHAPTER 21. HEATH-JARROW-MORTON FRAMEWORK: FOUNDATIONS

21.1. Short Rate Process in the HJM Framework

The specification of the families of processesf (·,T) implies a process for theshort rater. We
write Equation (21.3) in integral form3

f (t,T) = f0(T) +
∫ t

0
α(s,T)ds+

∫ t

0
σ(s,T) · dW(s). (21.4)

With T → t we find for the short rater(t) := lim
T↘t

f (t,T) that

r(t) = f (t, t) = f0(t) +
∫ t

0
α(s, t)ds+

∫ t

0
σ(s, t) · dW(s) (21.5)

and thus the short rate process is in differential notation given as

dr(t) =

∂ f0
∂T

(t) + α(t, t) +

t∫
0

∂α

∂T
(s, t)ds+

t∫
0

∂σ

∂T
(s, t) · dW(s)

dt

+σ(t, t)·dW(t).

(21.6)

Remark 221 (Notation): Equation (21.6) follows from (21.5) by differentiating with respect
to t. Sincet enters into the second argument ofα andσ, we have to calculate the partial
derivative ofα andσ with respect to their second argument. In accordance with the notation
in (21.1) we denote the partial derivative ofα with respect to its second argument by∂α

∂T and
the partial derivative ofσ with respect to its second argument by∂σ

∂T . Likewise we denote the

(partial) derivative off0 with respect to its argument by∂ f0
∂T .

21.2. The HJM Drift Condition

Theorem 222 (Heath, Jarrow, Morton - HJM Drift Condition): For the family of bond
price processesP(T) the following holds: TheB-relative priceP(T)

B is aQB-martingale, if and
only if ∫ T

s
α(s,S)dS =

1
2

∫ T

s
σ(s,S)dS ·

∫ T

s
σ(s,S)dS.

From this we have: All bond price processes of the bond curveT 7→ P(T) areQB-martingales,
i.e. the model is arbitrage-free, if and only if

αQ
B

(t,T) = σ(t,T) ·
∫ T

t
σ(t, τ) dτ ∀ T. (21.7)

Equation (21.7) is called the HJM drift condition.

3 We are dropping the superscriptQB on the driftα and the diffusionW for a while.
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21.2. THE HJM DRIFT CONDITION

Proof (of the HJM drift condition): Let T denote a fixed maturity. WithB(t) =
exp(

∫ t

0
r(s)ds) andP(T; t) = exp(−

∫ T

t
f (t,S)dS) it follows for theB-relative price of the bond

P(T) that:

P(T; t)
B(t)

= exp(X(t)) with X(t) = −
∫ T

t
f (t,S) dS −

∫ t

0
r(s)ds.

From (21.4) and (21.5) follows

X(t) = −
∫ T

t
f (t,S) dS −

∫ t

0
r(s)ds

= −

∫ T

t
f0(S)dS −

∫ T

t

∫ t

0
α(s,S)dsdS −

∫ T

t

∫ t

0
σ(s,S)dW(s)dS

−

∫ t

0
f0(S)dS −

∫ t

0

∫ u

0
α(s,u)dsdu−

∫ t

0

∫ u

0
σ(s,u)dW(s)du.

With
∫ t

0

∫ u

0
dW(s)du =

∫ t

0

∫ t

s
dudW(s) and the interchange of the integrals this is

= −

∫ T

t
f0(S)dS −

∫ t

0

∫ T

t
α(s,S)dSds−

∫ t

0

∫ T

t
σ(s,S)dSdW(s)

−

∫ t

0
f0(S)dS −

∫ t

0

∫ t

s
α(s,u)duds−

∫ t

0

∫ t

s
σ(s,u)dudW(s)

= −

∫ T

0
f0(S)dS −

∫ t

0

∫ T

s
α(s,S)dSds−

∫ t

0

∫ T

s
σ(s,S)dSdW(s)

=X(0)+
∫ t

0
A(s)ds+

∫ t

0
Σ(s)dW(s),

thus

dX(t) = A(t)dt + Σ(t)dW(t),

where

X(0) = −
∫ T

0
f0(S)dS

A(s) = −
∫ T

s
α(s,S)dS

Σ(s) = −
∫ T

s
σ(s,S)dS.

Let theB-relative price ofP(T) be a martingale underQB, i.e. the process exp(X(t)) is drift-
free. From It̂o’s Lemma we have d exp(X(t)) = X(t)dX(t) + 1

2X(t)dX(t)dX(t), i.e.

d exp(X(t)) = X(t) ·
(
(A(s) +

1
2
Σ(s)Σ(s))dt + Σ(t)dW(t)

)
.
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CHAPTER 21. HEATH-JARROW-MORTON FRAMEWORK: FOUNDATIONS

That exp(X(t)) is drift-free thus impliesA(s) + 1
2Σ(s)Σ(s) = 0, i.e.∫ T

s
α(s,S)dS =

1
2

∫ T

s
σ(s,S)dS ·

∫ T

s
σ(s,S)dS.

If this equation is valid for allT, we get by differentiation ∂
∂T the HJM drift condition

α(t,T) = σ(t,T) ·
∫ T

t
σ(t,S)dS.

�|

Interpretation (Bond Volatility): The expressionΣ(t) = −
∫ T

t
σ(t,S)dS

corresponds to the volatility of the bond price processP(T) at timet (bond volatil-
ity), since we have

dP(T; t) = d
(
B(t) exp(X(t))

)
= B(t)d exp

(
X(t)

)
= B(t) exp

(
X(t)

)
·
(
dX(t) +

1
2

dX(t) · dX(t)
)

= P(T; t) ·
(
(. . .)dt + Σ(t) · dW(t))

= P(T; t) · (. . .)dt + P(T; t) · Σ(t) · dW(t).

C|

Motivation (Embedding other Models): If an interest rate model is
arbitrage-free and if the processes of the instantaneous forward ratesf (·,T) are
Itô processes, then the model has to fulfill the HJM drift condition (21.7). Thus,
these interest rate models may be derived as a special case of the HJM framework.

Since the volatility structure (t,T) 7→ σ(t,T) and the initial conditionsf (0,T) are the only free
parameters of the HJM framework, this embedding of arbitrage-free interest rate models can
be achieved by choosing the HJM volatility structure and the initial interest rate curve. We will
show in Chapter23howshort rate modelsand theLIBOR market modelcan be interpreted as
special HJM volatility structures. C|
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CHAPTER 22

Short Rate Models

22.1. Introduction

At a fixed pointt in time theshort rateis given by

r(t) := −
∂P(T; t)
∂T

∣∣∣∣
T=t

,

see Definition103. Thusr : t 7→ r(t) is a real valued stochastic process. We make the following
assumptions:

1. Given is a model forr (short rate model), e.g. in the form of an It̂o process

dr = µP(t, r)dt + σ(t, r)dWP(t), r(0) = r0, (22.1)

whereP denote the real probability measure.

2. Thecontinuously compounding money market account B(t) ,

dB(t) = r(t)B(t)dt, B(0) = 1, d.h B(t) = exp
( ∫ t

0
r(τ)dτ

)
,

is a traded asset.1

3. Corresponding to the nuḿeraireN(t) = B(t) there exists a martingale measureQ = QB

equivalent toP.

From theGirsanov’s Theorem2 the process ofr underQ is

dr = µQ(t, r)dt + σ(t, r)dWQ(t), r(0) = r0. (22.2)

with µQ(t, r) = µP(t, r) +C(t). Since underQ all B-relative prices of traded assets are martin-
gales, all bond prices are given by

P(T; t) = B(t)EQ
( 1
B(T)

| Ft
)
= EQ

(
exp(−

∫ T

t
r(τ)dτ) | Ft

)
.

1 The short rater is, as an interest rate for an infinitesimal period dt, an idealized quantity. Correspondingly the
productB is an idealized quantity: The continuous re-investment of an initial value of 1 over infinitesimal periods
[t, t + dt] with rater(t).

2 Theorem58on page45.
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CHAPTER 22. SHORT RATE MODELS

From the bond pricesP(T; t) we can calculate all derived quantities such as forward rates or
swap rates, see Section8.2. Thus, theshort rate model(22.2) gives a complete description of
the interest rate curve dynamic.

Short rate models were and are popular, since the underlying stochastic processr is one-
dimensional (i.e. scalar valued). Thus many techniques that are known from the modeling of
(also one-dimensional) stock price processes can be used (e.g. finite difference implementa-
tions). Depending on the specific model (i.e. the form ofµQ andσ), analytic formulas for bond
prices or simple European interest rate options may be derived, similar to the Black-Scholes
formula for European stock options under a Black-Scholes model.

Instead of specifying the model (22.1) of the short rate process under the real measureP
and applying the measure transformation toQ, is is usual to specify the model (22.2) directly
underQ and calibrate given model parameters.

22.2. The Market Price of Risk

Consider a bond with maturityT. Under a short rate model its price price processP(T) : t 7→
P(T; t) is a function of (t, r(t)) and if Itô’s Lemma is applicable we have3

dP(T) = αPT(t, r)P(T)dt + σT(t, r)P(T)dWP(t), (22.3)

where the price process is considered under the real measureP.
Let P(T1) andP(T2) denote two bonds with different maturitiesT1 , T2. We construct a

portfolio process (φ0, φ1) for a self-financing portfolio ofB andP(T1), which replicatesP(T2).
The portfolio process (φ0, φ1) has to satisfy the following equations:

φ0B+ φ1P(T1) = P(T2) (“replicating”) (22.4)

d
(
φ0B+ φ1P(T1)

)
= φ0dB+ φ1dP(T1) (“self-financing”). (22.5)

From (22.4) we find dP(T2) = d(φ0B+ φ1P(T1)) and with

d
(
φ0B+ φ1P(T1)

) (22.5)
= (φ0rB + φ1α

P
T1

P(T1))dt + φ1σT1P(T1)dWP(t)

dP(T2)
(22.3)
= αPT2

P(T2)dt + σT2P(T2)dWP(t).

we have, by comparing coefficients,

αPT2
P(T2) = φ0rB + φ1α

P
T1

P(T1) (22.6)

σT2P(T2) = φ1σT1P(T1). (22.7)

While (22.7) and (22.4) uniquely determine the portfolio process (φ0, φ1), (22.6) is a con-
sistency condition forr, αT1 andαT2. If (22.6) were violated, then the model would not be

3 At this point, it is not obvious that Itô’s Lemma is applicable, especially if the functional dependence ofP(T; t)
from r(t) is sufficiently smooth. However, for the short rate models presented this is the case. From Itô’s Lemma

we then haveαT =
∂
∂t P(T)+µ ∂

∂r P(T)+ 1
2σ

2 ∂2

∂r2
P(T)

P(T) andσT =
σ ∂
∂r P(T)
P(T) = σ ∂

∂r log(P(T)).
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22.3. OVERVIEW: SOME COMMON MODELS

arbitrage-free. We rewrite the consistency condition (22.6) as:

⇔ αPT2
· P(T2) = φ0 · r · B+ φ1 · α

P
T1
· P(T1)

⇔ αPT2
· P(T2) = φ0 · r · B+ φ1 · r · P(T1) + φ1 · (α

P
T1
− r) · P(T1)

(22.4)
⇔ αPT2

· P(T2) = r · P(T2) + φ1 · (α
P
T1
− r) · P(T1)

⇔ (αPT2
− r) · P(T2) = φ1 · (α

P
T1
− r) · P(T1)

(22.7)
⇔

αPT2
− r

σT2

=
αPT1
− r

σT1

.

It follows that there exists aλP, such that forall bond price processes

dP(T) = αPT(t, r) · P(T) · dt + σT(t, r) · P(T) · dWP(t)

we have
αPT − r

σT
=: λP.

SinceαP is the local rate of return of the bond, we may interpretλP as the local excess return
rate overr per risk unitσT .

Definition 223 (Market Price of Risk): q

The quantityλP :=
αPT−r
σT

, which is independent ofT, is called theMarket Price of Risk. y

If we consider the bond price process

dP(T) = αQT (t)P(T)dt + σT(t)P(T)dWQ(t)

under the measureQ, it is obvious thatαQT = r for all T, since allB-relative prices areQ-
martingales. Thus, underQ thePrice of RiskλQ = 0. It follows that

µQT = λ
Q · σT + r = 0+ r = λP · σT + r − λP · σT = µ

P
T − λ

P · σT ,

and we find thatMarket Price of RiskλP appears in the change of drift to the measureQ, i.e. we
haveC(t) = −λP · σT in Theorem58.

Definition 224 (Risk Neutral Measure): q
Let r(t) denote the short rate. The martingale measureQB corresponding to the nuḿeraire
B(t) = exp

( ∫ t

0
r(τ)dτ

)
is called therisk-neutral measure. y

Remark 225 (Risk Neutral Measure): The continuously compounding money market ac-
count Bis locally risk free, since the process dB(t) = r(t)B(t)dt does not exhibit a dW(t) term.
However,r(t) may be stochastic. Ifr were not stochastic, thenB would be globally risk free.

22.3. Overview: Some Common Models

Table22.3gives a selection of the most common short rate models.
The Hull-White model is sometimes calledextended Vasicek model. The Vasicek, Hull-

White and Ho-Lee models allow for negative short rates. The Black-Derman-Toy (BDT) and
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CHAPTER 22. SHORT RATE MODELS

Name Model
Vasicek Model dr = (b− ar)dt + σdWQ

Hull-White Model dr = (φ(t) − ar)dt + σ(t)dWQ

Ho-Lee Model dr = a(t)dt + σ(t)dWQ

Dothan Model dr = ardt + σrdWQ

Black-Derman-Toy Model d ln(r) = φ(t)dt + σ(t)dWQ

Black-Karasinski Model d ln(r) = (φ(t) − a ln(r))dt + σ(t)dWQ

Cox-Ingersoll-Ross Model dr = (b− ar)dt + σ(t)
√

rdWQ

Table 22.1.:Selection of Short Rate Models

Black-Karansinski (BK) models use a lognormal process and the Cox-Ingersoll-Ross model
uses a square-root process. Neither of these two processes allow for negative rates.4

22.4. Implementations

22.4.1. Monte-Carlo Implementation of Short-Rate Models

A short-rate model gives a description of the dynamic of the short rate. To obtain a complete
interest rate curve at a given simulation timet, we have to calculate the bond prices from (22.1)
asconditional expectation. To calculate a conditional expectation in a Monte-Carlo simulation
numerically requires additional, numerically expensive methods, see Chapter15. To obtain a
Monte-Carlo simulation of the full interest rate curve from a Monte-Carlo simulation of the
short rate, analytic formulas for bond-prices are indispensable. The popularity of short rate
models is thus partly due to the need for a simple and efficient implementation.

For a fast calibration to a given interest rate curve it is also required to calculate bond prices
analytically.

22.4.2. Lattice Implementation of Short-Rate Models

If the short rate model is Markovsch in low dimensions, then it is best to implement the short
rate model on a lattice, allowing for a backward algorithm.5 Depending on the model, imple-
mentations using binomial or trinomial trees or general finite differences for pde’s are used.
See [35] for a detailed discussion.

Further Reading: Björg’s book [7] contains a discussion of short rate model
with affine term structure. Tavella and Randal’s book [35] gives an introduction
to finite difference methods, also with applications to interest rate models.C|

4 This result holds for the time-continuous process. A time-discretization of the process may allow for negative
rates. See for example Section13.1.2.

5 See Section13.3.2.
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CHAPTER 23

Heath-Jarrow-Morton Framework:
Immersion of Short Rate Models and
LIBOR Market Model

You’re going to find that many of the truths we cling to
depend greatly on our own point of view.

Obi-Wan Kenobi / George Lucas
Star Wars: Episode VI, (Wikiquote).

23.1. Short Rate Models in the HJM Framework

The Heath-Jarrow-Morton framework

d f (t,T) = α(t,T)dt + σ(t,T)dW(t)

f (0,T) = f0(T)
(was21.3)

implies the short rate process

dr(t) =

∂ f0
∂T

(t) + α(t, t) +

t∫
0

∂α

∂T
(s, t)ds+

t∫
0

∂σ

∂T
(s, t)dW(s)

dt

+σ(t, t)dW(t),

(was21.6)

both under the measureQB - see (21.3), (21.4), (21.5), (21.6) on Page280. The short rate
model is thus given by the specific choice of the HJM volatility structureσ(t, t) (→ short rate
volatility) and initial conditionsf0 (→ short rate drift).

23.1.1. Example: The Ho-Lee Model in the HJM Framework

Consider the simple case of a constant volatility function

σ(t,T) = σ = const.

From (21.7) we haveα(t,T) = σ ·
∫ T

t
σ dτ = σ2 · (T − t), i.e.

d f (t,T) = σ2 · (T − t)dt + σdW(t), f (0,T) = f0(T).
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CHAPTER 23. HEATH-JARROW-MORTON FRAMEWORK: IMMERSION OF SHORT RATE MODELS AND LIBOR MARKET MODEL

For the short rate it follows that

r(t) = f (t, t) = f0(t) +
∫ t

0
σ2 · (T − s)ds

∣∣∣∣∣∣
T=t

+

∫ t

0
σdW(s)

= f0(t) +
1
2
σ2t2 + σW(t),

i.e.

dr(t) =
(d f0
dT

(t) + σ2t
)
dt + σdW(t).

Using the notation from the Ho-Lee model, dr(t) = φ(t)dt + σdW(t), it is

φ(t) =
d f0
dT

(t) + σ2t.

Interpretation: The Equation (23.1.1) allows a calibration of the Ho-Lee

model to a given curve of bond pricesP(T) by settingφ(t) = − d2 log(P(T))
dT2 (t)+σ2t.

With this choice the model reproduces the given bond prices.
If we consider the interest rate curvefT1(T) := f (T1,T1 + T), T ≥ 0 at a later

timeT1 > 0, then from

d fT1

dT
(t) + σ2t = φ(T1 + t) =

d f0
dT

(T1 + t) + σ2(T1 + t),

we find thatfT1(t) = fT1(0)+ f0(T1 + t) − f0(t) + σ2(T1 · t + 1
2t2).

So to summarize, the model reproduces all bond prices, but in the evolution the interest rate
curve gets steeper and steeper - a rather unrealistic behavior. C|

23.1.2. Example: The Hull-White Model in the HJM Framework

Consider the case of an exponentially volatility function

σ(t,T) = σ · e−a·(T−t), (a > 0).

Then we have∂σ
∂T (t,T) = −a · σ · e−a·(T−t) = −aσ(t,T). For the driftµ(t) of the short rate

process dr(t) = µ(t)dt + σ(t, t)dW(t) we get

µ(t)
(21.6)
=

∂ f0
∂T

(t) + α(t, t) +
∫ t

0

∂α

∂T
(s, t)ds+

∫ t

0

∂σ

∂T
(s, t)dW(s)

=
∂ f0
∂T

(t) + α(t, t) +
∫ t

0

∂α

∂T
(s, t)ds−

∫ t

0
a · σ(s, t)dW(s)

(21.5)
=

∂ f0
∂T

(t) + α(t, t) +
∫ t

0

∂α

∂T
(s, t)ds− a · r(t) + a · f0(t) +

∫ t

0
aα(s, t)ds,

i.e.
dr(t) = (φ(t) − ar(t)) dt + σdW(t)

with

φ(t) =
∂ f0
∂T

(t) + a · f0(t) + α(t, t) +
∫ t

0

∂α

∂T
(s, t)ds+

∫ t

0
a · α(s, t)ds.
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23.2. LIBOR MARKET MODEL IN THE HJM FRAMEWORK

With the HJM drift condition (21.7) it follows thatα(t,T) = σ2 · e−a·(T−t) · 1
a

(
1 − e−a·(T−t)) =

σ2 · 1
a

(
e−a·(T−t) − e−2a·(T−t)) and thus

φ(t) =
∂ f0
∂T

(t) + a · f0(t) + α(t, t) +
∫ t

0

∂α

∂T
(s, t)ds+

∫ t

0
a · α(s, t)ds

=
∂ f0
∂T

(t) + a · f0(t) +
∫ t

0
σ2e−2a·(t−s)ds

=
∂ f0
∂T

(t) + a · f0(t) +
σ2

2a
(
1− e−2a·t).

Altogether we have

dr(t) =

(
∂ f0
∂T

(t) + a · f0(t) +
σ2

2a
(
1− e−2a·t) − ar(t)

)
dt + σdW(t).

Note that this equation allows a calibration of the Hull-White model to a given curve of bond
prices. From the bond price curve we can calculate∂ f0

∂T (t) + a · f0(t).

Interpretation (Mean Reversion): The derivation of a Hull-White model
from a Heath-Jarrow-Morton model gives an important insight to the relevance
of the timer structure of the volatility function:

A volatility function of the instantaneous forward ratef (t,T), which is exponentially
decaying in (T − t) (time to maturity), i.e.σ(t,T) = exp(−a(T − t)), corresponds to a

mean reversionterm for the short rate processr(t) with mean reversion speeda.

Correspondingly, this effect is visible in the LIBOR Market Model, see Chapter24. C|

23.2. LIBOR Market Model in the HJM Framework

23.2.1. HJM Volatility Structure of the LIBOR Market Model

In the specification (19.1) of the LIBOR Market ModeldW denoted the increment of an-
dimensional Brownian motion with instantaneous correlationR. In the specification (21.3) of
the HJM FrameworkdW denoted the increment of am-dimensional Brownian motion with
instantaneous uncorrelated components. To resolve this conflict we employ the notation of
Section2.7: Let U denote anm-dimensional Brownian motion with instantaneous uncorrelated
components andW denote ann-dimensional Brownian motion with dW(t) = F(t) · dU(t),
i.e. the instantaneous correlation ofW is R := FFT. Consider the HJM model

d f (t,T) = αQ(t,T)dt + σ(t,T)dUQ(t)

f (0,T) = f0(T)
(23.1)

with dU = (dU1, . . . ,dUm). From

P(T; t) = exp
(
−

∫ T

t
f (t, τ)dτ

)
.
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CHAPTER 23. HEATH-JARROW-MORTON FRAMEWORK: IMMERSION OF SHORT RATE MODELS AND LIBOR MARKET MODEL

(see Remark102) it follows that the forward RateLi(t) := L(Ti ,Ti+1; t) is given by

1+ Li(t) · ∆Ti =
P(Ti ; t)

P(Ti+1; t)
= exp

( ∫ Ti+1

Ti

f (t, τ)dτ
)
.

Note that for X(t) :=
∫ Ti+1

Ti
f (t, τ)dτ we have by the linearity of the integral that dX =∫ Ti+1

Ti
d f (t, τ)dτ, thus we find fromItô’s Lemmathat within the HJM framework the process

of the forward rateLi(t) is

dLi(t) · ∆Ti = d exp(X) = exp(X) ·
(
dX +

1
2

dX · dX
)

= exp
( ∫ Ti+1

Ti

f (t, τ)dτ
)
·

[∫ Ti+1

Ti

(d f (t, τ))dτ

+
1
2

∫ Ti+1

Ti

(d f (t, τ))dτ ·
∫ Ti+1

Ti

(d f (t, τ))dτ

]
= (1+ Li(t) · ∆Ti) ·

[
(A(t) +

1
2
Σ(t) · Σ(t))dt + Σ · dUQ

]
whereA(t) =

∫ Ti+1

Ti
αQ(t, τ)dτ undΣ(t) =

∫ Ti+1

Ti
σ(t, τ)dτ.

dLi(t) =
1+ Li(t) · ∆Ti

∆Ti
·
(
(A(t) +

1
2
Σ(t) · Σ(t))dt +

∫ Ti+1

Ti

σ(t, τ)dτdUQ(t)
)

(23.2)

We will now choose the volatility structure such that (23.2) corresponds to the process of a
LIBOR market model: LetW = (W1, . . . ,Wn) denote ann-dimensional Brownian motion as
given in Section2.7.

dW(t) = F(t) · dU(t), with correlation matrixR := FFT,

i.e.

dWi(t) = Fi(t) · dU(t), with F =


F1
...

Fn

.
Let the volatility structure be chosen as

σ(t, τ) =

 Li (t)
1+Li (t)∆Ti

σi(t) · Fi(t) for t ≤ Ti

(0, . . . ,0) for t > Ti ,
(23.3)

wherei is such thatτ ∈ [Ti ,Ti+1). Then we have

1+ Li(t) · ∆Ti

∆Ti
·

∫ Ti+1

Ti

σ(t, τ)dτdU =

Li(t)σi(t)dW(t) for t ≤ Ti ,

0 for t > Ti ,

The forward rate then follows the process

dLi = µ
QB

i (t)Li(t)dt + σi(t)Li(t)dWi(t),

where

µQ
B

i =
1+ Li(t) · ∆Ti

Li(t)∆Ti
·
( Ti+1∫

Ti

αQ(t, τ)dτ +
1
2

Ti+1∫
Ti

σ(t, τ)dτ ·

Ti+1∫
Ti

σ(t, τ)dτ
)
.
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23.2. LIBOR MARKET MODEL IN THE HJM FRAMEWORK

Interpretation (LIBOR Market Model as HJM Framework with discrete
Tenor Structure): Apart from the factor Li (t)

1+Li (t)∆Ti
, (23.3) gives the volatility

structureσ(t,T) of f (t,T) as piecewise constant inT. The factorLi(t) results from
the requirement to have a lognormal process forLi . The factor 1

1+Li (t)∆Ti
results

from the discretization of the tenor structure. This shows that the LIBOR Market Model can
be interpreted asHJM framework with discrete tenor structure. In the limit∆Ti → 0 the factor

1
1+Li (t)∆Ti

vanishes and we obtain (apart from the restriction to a lognormal model) the HJM
framework. C|

23.2.2. LIBOR Market Model Drift under the QB Measure

The HJM drift condition states that

αQ
B
(t,T) = σ(t,T) ·

∫ T

t
σ(t, τ)dτ.

Since for fixedt σ(t,T) is a piecewise constant function inT - namely constant on [Ti ,Ti+1) -,
we have forT ∈ [Ti ,Ti+1)

αQ
B
(t,T) = σ(t,Ti) ·

(
σ(t, t)(Tm(t)+1 − t)︸                ︷︷                ︸

=0

+

i−1∑
j=m(t)+1

σ(t,T j)∆T j + σ(t,Ti)(T − Ti)
)

wherem(t) := max{i : Ti ≤ t}. Thus we have∫ Ti+1

Ti

αQ
B
(t, τ)dτ = σ(t,Ti)∆Ti ·

( i−1∑
j=m(t)+1

σ(t,T j)∆T j +
1
2
σ(t,Ti)∆Ti

)
.

With σ(t,Ti) · σ(t,T j) =
σi Li

1+Li∆Ti

σ j L j

1+L j∆T j
ρi, j we find

µQ
B

i =
1+ Li(t) · ∆Ti

Li(t)∆Ti
·
( Ti+1∫

Ti

αQ
B
(t, τ)dτ +

1
2

Ti+1∫
Ti

σ(t, τ)dτ ·

Ti+1∫
Ti

σ(t, τ)dτ
)

=
1+ Li(t) · ∆Ti

Li(t)∆Ti
·
σiLi∆Ti

1+ Li∆Ti
·
( i−1∑

j=m(t)+1

σ jL j∆T j

1+ L j∆T j
ρi, j +

σiLi∆Ti

1+ Li∆Ti

)
=

1+ Li(t) · ∆Ti

Li(t)∆Ti
·
σiLi∆Ti

1+ Li∆Ti
·
( i∑

j=m(t)+1

σ jL j∆T j

1+ L j∆T j
ρi, j

)
= σi ·

( i∑
j=m(t)+1

σ jL j∆T j

1+ L j∆T j
ρi, j

)
.
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CHAPTER 23. HEATH-JARROW-MORTON FRAMEWORK: IMMERSION OF SHORT RATE MODELS AND LIBOR MARKET MODEL

Interpretation: Surprisingly, we find that the drift underQB is identical to the
drift under thespot LIBOR measure(see Section19.1.1.2))

N(t) = P(Tm(t)+1; t)
m(t)∏
j=0

(1+ L j(T j) · ∆T j), (Spot LIBOR Measure, s.19.9)

The reason is simple: Under the assumed volatility structure the numérairesB(t) andN(t) are
identical. To be precise, it is the assumption

σ(t,T) = 0 for Tm(t) ≤ t ≤ T < Tm(t)+1 (23.4)

which implies that the two nuḿeraires coincide. By this the HJM drift implies

αQ
B
(t,T) = 0 for Tm(t) ≤ t ≤ T < Tm(t)+1

and thus forTm(t) ≤ T < Tm(t)+1:

f (t,T) = f (Tm(t),T) +
�������
∫ t

Ti

αQ
B
(τ,T)dτ︸             ︷︷             ︸
=0

+
���������∫ t

Ti

σ(τ,T)dWQ
B
(τ)︸                   ︷︷                   ︸

=0

.

From f (t,T) = f (Tm(t),T) we have

B(t)
B(Tm(t))

= exp
( ∫ t

Tm(t)

f (τ, τ)dτ
)
= exp

( ∫ t

Tm(t)

f (Ti , τ)dτ
)
=

P(Tm(t)+1; t)

P(Tm(t)+1; Tm(t))
=

N(t)
N(Tm(t))

,

with B(0) = N(0) = 1 i.e.B(t) = N(t). C|

We will summarize this result as a theorem:

Theorem 226 (Equivalence of the risk-neutral measure and the spot LIBOR measure):
Given a tenor structure 0= T0 < T1 < . . . < Tn. Under the assumption theTi+1-bondP(Ti+1; t)
has volatility 0 ont ∈ [Ti ,Ti+1] for all i = 0,1,2, . . ., we have

B(t) = N(t)

for B(t) as in (21.2) andN(t) as in (19.9).

Proof: The claim follows from the considerations above, since the assumption in the theorem
is equivalent to (23.4). �|

23.2.3. LIBOR Market Model as a Short Rate Model

In 23.2.1we have given the volatility structure for (t,T) 7→ f (t,T) under which the for-
ward ratesLi evolve as in a LIBOR market model. Since the short rate is given asr(t) :=
limT↘t f (t,T), the volatility structure also implies a short rate model. Furthermore, the
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23.2. LIBOR MARKET MODEL IN THE HJM FRAMEWORK

numéraireB(t) = exp(
∫ t

0
r(τ)dτ) is fully determined by the short rate, thus the short rate process

underQB gives a complete description of all bond prices (and all derivatives):

P(T; t) = B(t)EQ
B( 1

B(T)
|Ft

)
.

The short rate processr implied by the volatility structure (23.3) generates a LIBOR market
model. The short rate process underQB is given by (21.6):

dr(t) =

∂ f0
∂T

(t) + αQ
B
(t, t) +

t∫
0

∂αQ
B

∂T
(s, t)ds+

t∫
0

∂σ

∂T
(s, t)dWQ

B
(s)

dt

+σ(t, t)dWQ
B
(t),

(was21.6)

The drift of this short rate model is, as a function of{r(s)|0 ≤ s ≤ t}, path-dependent. Only
in high dimensions, namely as a function of{Li(t)|i = 0, . . . ,n}, will the model be Markovian
(i.e. the drift is no longer path-dependent).
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CHAPTER 24

Excursus: Shape of the Interest Rate
Curve under Mean Reversion and a
Multi-Factor Model

In this chapter we are considering the influence of model properties likemean reversion, num-
ber of factors, instantaneous correlationund instantaneous volatilityon the possible future
shapes of the interest rate curve.

As in Chapter20, which discussed the relation ofinstantaneous correlationand instanta-
neous volatilityto the terminal correlation, our goal is to develop an understanding of the
significance of the model properties rather than looking at them rigorously in abstract math-
ematical terms. We thus pose the question of how the interest rate curve differsqualitatively
under different model configurations.

24.1. Model

As a model framework we will use theLIBOR Market Model. Due to its many parameters it
gives us enough freedom to play with. We will restrict the set of parameters and concentrate
on three (important) parameters that are sufficient to create the interesting phenomena we are
interested in.

Let us restrict the model to a simple volatility structure, namely

σi(t) = σ
∗ · exp

(
− a · (Ti − t)

)
(24.1)

with σ∗ = 0.1 anda = 0.05. We will choose an equally simple correlation model, namely
dWidWj = ρi, jdt with

ρi, j = exp(−r · |Ti − T j |). (24.2)

To this correlation model we apply a factor reduction (Principal Component Analysis), see
AppendixA.4. The number of factors is the number of independent Brownian motions (effec-
tively) entering the model, see Definition50. Upon a factor reduction them largest eigenvalues
of the correlation matrix are determined. Together with the corresponding eigenvectors a new
correlation matrix is constructed, having at mostm non-zero eigenvalues. This process guar-
antees that the resulting correlation model defines a valid correlation matrix.

We simulate under the terminal measure and start with an initially flat interest rate curve
Li(0) = 0.1, i = 0,1,2, . . ..
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CHAPTER 24. EXCURSUS: SHAPE OF THE INTEREST RATE CURVE UNDER MEAN REVERSION AND A MULTI-FACTOR MODEL

To summarize, our model framework consists of three degrees of freedom which will be
varied in our analysis:

Parameter Effect

a Damping of the exponentially decaying,
time-homogenous volatility

r Damping of the exponentially decaying in-
stantaneous correlation

m Number of factors extracted from the cor-
relation matrix

Table 24.1.: Free parameters of the LIBOR Market Model considered.

24.2. Interpretation of the Figures

The Figures24.1, 24.2, 24.3 and 24.4 show 100 paths of a Monte-Carlo simulation of the
interest rate curve. The simulation was frozen at a fixed point in time (t = 7.5 in 24.2, 24.3and
24.4andt = 17.5 in 24.1). To the left of this point the forward ratesLi(Ti) are shown, each
upon their individual maturity, - this is a discrete analog of theshort rate. To the right of this
point the future forward rate curveL j(t) is drawn.

The figures differ only in the parameters used to generate the paths. The same random
numbers are used, thus the simulated paths depend smoothly ona andr.

To improve the visibility of the individual paths, each path is given a different color, where
the hue of the color depends smoothly on the level of the last rateLn(t).1 This makes its it
very easy to check if the interest rate curves are parallel or exhibit some regular structure, see
Figure24.2.

24.3. Mean Reversion

We will consider the example of a simple one-factor Brownian motion (ρi, j = 1, i.e. r = 0).
Figure24.1shows the simulated forward rates for different parametersa in (24.1).

From the derivation of the Hull-White-Model from the HJM-Framework it became obvious
that an exponentially decreasing volatility structure of the forward rate corresponds to amean
reversionof theshort rate, see page289. We rediscover this property qualitatively here. Fig-
ure24.1shows 100 paths of a Monte-Carlo simulation of a LIBOR market model with different
values for the parametera: a = 0, a = 0.05 in the upper anda = 0.1, a = 0.15 in the lower
row (left to right). Observe the fixed ratesLi(Ti) left from the simulation time. They may be
interpreted as a direct analog of the short rate. In Figure24.1it becomes obvious that with an
increasing parametera the paths develop a tendency to revert to the mean (mean reversion).

1 The choice of the last rate is arbitrary.
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24.4. FACTORS
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Figure 24.1.: Shape of the fixed rates Li(Ti) and the interest rate curve for different instantaneous
volatilities (corresponds to different mean reversion) frozen at time t= 17.5 using a one-factor mode. We
used a= 0 (upper left), a= 0.05 (upper right), a= 0.10 (lower left) and a= 0.15 (lower right). For
interpretation see Section24.3.

24.4. Factors

Figure24.2shows a Monte-Carlo simulation with the parameters above and varying numbers
of factorsm. The possible shapes of the interest rate curve are given by combinations of the
factorsparallel shift, tilt , bendand oscillations with increasing frequencies, see also FigureA.1
on Page364.
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CHAPTER 24. EXCURSUS: SHAPE OF THE INTEREST RATE CURVE UNDER MEAN REVERSION AND A MULTI-FACTOR MODEL

LIBOR Market Model forward rate curves
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Figure 24.2.: Shape of the interest rate curve with different factor configurations, seen at time t= 7.5:
One, two, three and five factors (from upper left to lower right). For interpretation see Section24.4.
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24.5. EXPONENTIAL VOLATILITY FUNCTION

24.5. Exponential Volatility Function

LIBOR Market Model forward rate curves
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Figure 24.3.: Shape of the fixed rates Li(Ti) and the interest rate curve with different instantaneous
volatilities (corresponds to mean reversion) at time t= 7.5 in a one-factor model (upper row and lower
left) with a = 0.0, a = 0.05 and a = 0.1 and a three-factor model (lower right) with a= 0.1. For
interpretation see Section24.5.

As in Figure24.1 we consider the Monte-Carlo simulation under different parametersa.
First a = 0, a = 0.05 anda = 0.1 in a one-factor model (r = 0,m = 1), and lasta = 0.1 in a
three-factor model. We are observing this at simulation timet = 7.5 and concentrate here on
the section right of the simulation time, i.e. the interest rate curveL j(t) for j > m(t).

It is apparent that the curve{L j(t) | j > m(t)} shows a shape similar to an exponential inj,
depending on the parametera, see Figure24.3, lower left (a = 0.1) to the right of the simulation
time. If we consider a one-factor model (as used in the figure), we have:

L j(t) = L j(0) · exp

∫ t

0
µ j(τ)dτ +

√∫ t

0
σ j(τ)dτ ·W(t)

 .

For a fixed point in timet (and a state (path)ω) the interest rate curve shows the following
dependence onj

j 7→ L j(0) · exp

(∫ t

0
µ j(τ, ω)dτ

)
· exp

k ·
√∫ t

0
σ2

j (τ)dτ


wherek :=W(t, ω).
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CHAPTER 24. EXCURSUS: SHAPE OF THE INTEREST RATE CURVE UNDER MEAN REVERSION AND A MULTI-FACTOR MODEL

For the volatility structure (24.1) particularly, we find∫ t

0
σ2

j (τ) =
∫ t

0
exp(−2a(T j − τ))dτ

=
1
2a

(
exp(−2a(T j − t)) − exp(−2a(T j − 0))

)
=

1
2a
· (exp(2a · t) − 1) · exp(−2aTj)

i 7→ L j(0) · exp

(∫ t

0
µ j(τ, ω)dτ

)
· exp

(
k̃ · exp(−aTj)

)
, (24.3)

wherek̃ = k ·
√

1
2a(exp(2a · t) − 1).

The drift
∫ t

0
µ j(τ, ω)dτ is monotone increasing inj, see (19.8). This explains the shape of

the interest rate curve in Figure24.3upper left. With increasing parametera the interest rate
curve is multiplied by the double exponential (24.3) with increasing steepness. This explains
the shape of the interest rate curve in Figure24.3upper right and lower left. Only the addition
of more driving factors allows for a richer family of possible curves. If the parallel movement
(level) remains the dominant factor, then the shape (24.3) still dominates the interest rate curve,
Figure24.3lower right.
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24.6. INSTANTANEOUS CORRELATION

24.6. Instantaneous Correlation

LIBOR Market Model forward rate curves
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Figure 24.4.: Shape of the fixed rates Li(Ti) and the interest rate curve with different instantaneous
correlations, seen at time t= 7.5. We used a correlation matrix with (all) 40 factors and r= 0.01 (upper
left, high correlation), r= 0.1 (upper right) and r= 1.0 (lower left, high de-correlation). In the lower
right we used a correlation matrix with r= 1.0 (the same as in lower left), but reduced the number of
factors to three. For interpretation see Section24.6.

We fix a slightly decreasing volatility structure (24.1) with a = 0.1 and vary the parameterr
of the correlation function (24.2). We do not apply a factor reduction, thus keep all 40 factors.
The parameterr = 0.01 corresponds to an almost perfect correlation of the processes. Thus
the possible shapes of the curve are almost parallel, the curve is very smooth since we started
from a smooth (namely flat) curve. If the correlation parameter is increased tor = 1.0, then the
distribution of rates within the curve is almost independent. See Figure24.4upper left, upper
right and lower left.

It should be noted that this (terminal) de-correlation is also achievable underr = 0.01 by an
appropriate choice of the volatility structure, see Chapter20. The instantaneous de-correlation
introduces anadditional terminal de-correlation. The statement that a model with perfect
instantaneous correlation exhibits perfect terminal de-correlation of the forward rates is wrong.

Finally we have chosen in Figure24.4 lower right the parameterr = 1.0 again (as for the
lower left with strong de-correlation), but have applied a reduction to the three largest factors.
It is obvious that this strongly reduces the possibility of de-correlation. The three factors only
allow that the beginning, the middle and the end of the curve attain different values. Adjacent
rates are still on similar levels.
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CHAPTER 24. EXCURSUS: SHAPE OF THE INTEREST RATE CURVE UNDER MEAN REVERSION AND A MULTI-FACTOR MODEL

Experiment: At http://www.christian-fries.de/finmath/
applets/LMMSimulation.html a simulation of an interest rate curve with
the model framework above is to be found. The parameters may be chosen at will
to study the different shapes of the interest rate curve. C|
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CHAPTER 25

Markov Functional Models

25.1. Introduction

Motivation: From Chapter5 we have a relation between the prices of European
options and the probability distribution function (or probability density) of the
underlying (under the martingale measure). If we consider a European option on
some underlying, say the forward rateLi := L(Ti ,Ti+1; Ti) (i.e. a caplet), then

Lemma81 allows us to calculate the probability density ofLi from the given market prices. It
seems as if this allows perfect calibration of a “model” to a continuum of given market prices.
However, the terminal distribution alone does not determine a pricing model. What is missing
is the specification of the dynamics, i.e. the specification of transition probabilities, and, of
course, the specification of the numéraire. This is the motivation for theMarkov functional
modeling. There we postulate a simple Markov process, e.g. dx = σ(t)dW(t) for which the
distribution functionξ 7→ P(x(T) ≤ ξ) is known analytically. Then we require the underlying
Li to be a function ofx(Ti). Let us denote this function bygi , i.e. letLi(ω) = gi(x(Ti , ω)) for
all pathsω. If the functionalgi is strictly monotone, then withK = gi(ξ)

FLi (K) := P(Li ≤ K) = P(gi(x(T)) ≤ K)

= P(x(T) ≤ ξ) =: Fx(Ti )(ξ) = Fx(Ti )(g
−1
i (K)).

With a given distribution functionFLi of Li (e.g. extracted from market prices through
Lemma81), the choice of the functionalgi allows the calibration to the distribution ofLi ,
while the processx (and the sequence of functionals{gi}) describe the dynamics. To achieve a
fully specified pricing model we further require the specification of the numéraire as function
of the Markov processx. To achieve this we may use Theorem79, if

• x is given under the equivalent martingale measureQ and

• x generates the filtration.

C|

Given a filtered probability space (R,B(R),Q, {Ft}). Consider a time-discretization 0= T0 <
T1 < . . . < Tn. Financial products beyondTn are not considered.
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CHAPTER 25. MARKOV FUNCTIONAL MODELS

Let t 7→ N(t) denote the price process of a traded asset, which we choose as numéraire and
let Q denote the corresponding equivalent martingale measure. Then for any replicable asset
price processV(t) (see Definition73and Theorem79)

V(Ti)
N(Ti)

= EQ
N(V(Tk)

N(Tk)
|FTi

)
.

In particular for every zero coupon bondP(Tk), paying 1 inTk

P(Tk; Ti)
N(Ti)

= EQ
N( 1

N(Tk)
|FTi

)
, d.h.

P(Tk; Ti) = N(Ti)E
QN( 1

N(Tk)
|FTi

)
.

Let x denote aFt-adapted stochastic process with

dx(t) = σ(t)dW(t) , x(0) = x0.

The filtration should be generated byx. On this space we consider time-discrete stochastic
processes, namely those for which theirTi-realization is a function of (x(T0), . . . , x(Ti)) , for
all i. We particularly consider processes for which their timeTi-realization is a function of
x(Ti) alone (i.e. independent of the process’s history).

25.1.1. The Markov Functional Assumption (independent of the
model considered)

We assume that the timeTi-realization of the nuḿeraire process is a function ofx(Ti), i.e.

N(Ti , ω) = N(Ti , x(Ti , ω)), (25.1)

where we use the same letterN for the (deterministic) functionalξ 7→ N(Ti , ξ).
Then, for any payoff V(Tk) that is itself a function ofx(Tk) for somek, the value process

V(Ti) for i ≤ k is

V(Ti) = N(Ti)E

(
V(Tk)
N(Tk)

|FTi

)
= N(Ti , x(Ti))E

(
V(Tk, x(Tk))
N(Tk, x(Tk))

|σ(x(Ti))

)
.

Thus, the timeTi realization of the value processV(Ti) is also a functional ofx(Ti) which we
denote by the same letterV. The functionalξ 7→ V(Ti , ξ) of the value process is

ξ 7→ N(Ti , ξ)E

(
V(Tk, x(Tk))
N(Tk, x(Tk))

|{x(Ti) = ξ}

)
.

Note: The markov functional assumption (25.1) may be relaxed such that the numéraire is
allowed to depend onx(T0), . . . , x(Ti)). This relaxation is used in the LIBOR Markov Func-
tional Model in spot measure.

25.1.2. Outline of this Chapter

In 25.2 we consider a Markov Functional Model for a stock (or any other non-interest rate
related (single) asset). In25.3we will then consider a Markov Functional Model for the for-
ward rateL(Ti ,Ti+1; Ti), which may be viewed as a time-discrete analog of the short rate. Both
sections are essentially independent of each other. In Section25.4 we will discuss how to
implement a Markov functional model using a lattice in the state space.
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25.2. EQUITY MARKOV FUNCTIONAL MODEL

25.2. Equity Markov Functional Model

25.2.1. Markov Functional Assumption

Consider a simple one-dimensional Markov process, e.g.

dx(t) = σ(t) · dWQ(t), x(0) = x0, (25.2)

whereσ is a deterministic function andWQ denotes aQ-Brownian motion. Without loss of
generality we may assumex0 = 0. Equation (25.2) is the most simple choice of a Markovian
driver process. We will consider the addition of a drift term to (25.2) in our discussion of
model dynamics in Section25.2.5.

Let S(t) denote the timet value of some asset for which we assume that we have a continuum
of European option prices. Letx andS be adapted stochastic processes defined on (Ω,Q,Ft),
where{Ft} denotes the filtration generated byWQ.

We assume that the timet value of the assetS is a function ofx(t), i.e. we assume the
existence of a functional (t, ξ) 7→ S(t, ξ) such that

S(t, ω) = S(t, x(t, ω)),

where the left hand side denotes our asset value at timet on pathω and the right hand side
denotes some functional of our Markovian driverx, which we ambiguously nameS. We allow
some ambiguity in notation here. From here onS will also denote a deterministic mapping
(the functional)

(t, ξ) 7→ S(t, ξ).

It will be clear from the arguments ofS if we speak of the functional (t, ξ) 7→ S(t, ξ) or of the
processt 7→ S(t).

For t1 < t2 we trivially have that

S(t1)
S(t1)

= EQ(
S(t2)
S(t2)

| Ft1).

We now postulate thatQ is the equivalent martingale measure with respect to the NuméraireS
and that a universal pricing theorem holds for all other traded products, i.e. that theirS relative
price is aQ-martingale.

This implies that the zero coupon bondP(T; t) having maturityT and being observed in
t < T fulfills

P(T; t)
S(t)

= EQ(
1

S(T)
| Ft).

Using the functional representation ofS we find thatP(T; t) is represented as a functional of
x(t) too, namely

(t, ξ) 7→ P(T; t)

with
P(T; t, ξ)
S(t, ξ)

= EQ(
1

S(T, x(T))
| {x(t) = ξ}). (25.3)
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CHAPTER 25. MARKOV FUNCTIONAL MODELS

25.2.2. Example: The Black-Scholes Model

Let us assume a Markovian driver with constant instantaneous volatilityσ(t) = σ. For the
Black-Scholes Model we have

S(t, ξ) = S(0) · exp
(
r · t +

1
2
σ2

BSt +
σBS

σ
· ξ

)
, (25.4)

whereσBS denotes the (constant) Black-Scholes volatility. Plugging this into (25.3) we find

P(T; t, ξ) = exp(−r(T − t)),

so that interest rates are indeed deterministic here.
This is the Black-Scholes model: From the definition of the Markovian driver we have

1
σ
· x(t) =W(t) and thus

S(t, x(t)) = S(0) · exp
(
r · t +

1
2
σ2

BSt + σBS ·W(t)
)
.

In other words, theQ dynamics ofS is1

dS(t) = rS(t)dt + σ2
BSS(t)dt + σBSS(t) · dWQ(t).

Introducing a new Nuḿeraire

dB(t) = rB(t)dt, B(0) = 1

we find for the change of Nuḿeraire processSB that

d
S
B
= σ2

BSS(t)dt + σBSS(t) · dWQ(t).

For S
B to be a martingale underQB it has to be dWQ(t) = dWQ

B

− σ2
BSdt and thus

dS(t) = rS(t)dt + σBS · S(t) · dWQ
B

(t)

dB(t) = rB(t)dt.

Note: dWQ(t) is aQ Brownian motion, whereQ is the equivalent martingale measure with re-
spect to the NuḿeraireS, while dWQ

B
(t) is aQB Brownian motion, whereQB is the equivalent

martingale measure with respect to the NuméraireB.

25.2.3. Numerical Calibration to a Full Two-Dimensional European
Option Smile Surface

As for the interest rate Markov functional model we are able to calculate the functionals nu-
merically from a given two-dimensional smile surface. Our approach here is similar to the
approach for the one-dimensional LIBOR Markov functional model under spot measure, [67].
Consider the following timeT payout:

V(T,K; T) :=

S(T) if S(T) > K

0 otherwise.
(25.5)

1 Note thatQ is the equivalent martingale measure with respect to the NuméraireS.
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25.2. EQUITY MARKOV FUNCTIONAL MODEL

Obviously

V(T,K; T) = max(S(T) − K,0)+ K ·

1 if S(T) > K

0 else,

i.e. the value ofV is given by the value of a portfolio of one call option andK digital options,
all having strikeK. This is our calibration product.

25.2.3.1. Market Price

Let σ̄BS(T,K) denote the Black-Scholes implied volatility surface given by market prices.
Then the market price ofV is

Vmarket(T,K; 0) = S(0)Φ(d+) − exp(−rT )KΦ(d−)︸                                  ︷︷                                  ︸
call option part

+ K exp(−rT )(Φ(d−) + S(0)
√

TΦ′(d+)
∂σ̄BS(T,K)

∂K
)︸                                                         ︷︷                                                         ︸

digital part

= S(0)Φ(d+) + KS(0)
√

TΦ′(d+)
∂σ̄BS(T,K)

∂K
,

whereΦ(x) := 1
√

2π

∫ x

−∞
exp(− y2

2 )dy andd± =
ln( exp(rT )S(0)

K )± 1
2 σ̄

2
BS(T,K)T

σ̄BS(T,K)
√

T
.

25.2.3.2. Model Price

Within our model the price of the product (25.5) is

Vmodel(T,K; 0) = S(0) · EQ
(S(T, x(T)) · 1{S(T,x(T))>K}

S(T)
| {x(0) = x0}

)
= S(0) · EQ

(
1{S(T,x(T))>K} | {x(0) = x0}

)
Assuming that our functional (T, ξ) 7→ S(T, ξ) is monotonely increasing inξ we may write

Vmodel(T,K; 0) = S(0) · EQ
(
1{x(T)>x∗} | {x(0) = x0}

)
, (25.6)

wherex∗ is the (unique) solution ofS(T, x∗) = K. Note that (25.6) depends onx∗ and the
probability distribution ofx(T) only and thatx(T) is known due to the simple form of our
Markovian driver. It does not depend on the functionalS! Thus for givenx∗ we can calculate

Vmodel(T, x∗; 0) := S(0) · EQ
(
1{x(T)>x∗} | {x(0) = x0}

)
.

25.2.3.3. Solving for the Functional

For givenx∗ we now solve the equation

Vmarket(T,K∗; 0) = Vmodel(T, x∗; 0)

to find S(T, x∗) = K∗ and thus the functional form (T, ξ) 7→ S(T, ξ). This can be done very
efficiently using fast one-dimensional root finders, e.g. Newton’s method.
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CHAPTER 25. MARKOV FUNCTIONAL MODELS

25.2.4. Interest Rates

25.2.4.1. A Note on Interest Rates and the No-Arbitrage Requirement

Functional models for equity option pricing have been investigated before, see e.g. [57] and
references therein. However, the approach considered there chooses deterministic interest rates
and the bank account as Numéraire. As suggested in Section25.2.2, this will impose a very
strong self-similarity requirement on the functionals (which is fulfilled by the Black-Scholes
model). Such models may calibrate only to a one-dimensional sub-manifold of a given implied
volatility surface, see [58]. For the Markov functional model this follows directly from (25.3).
Assuming that the Markovian driverx is given and that the interest rate dynamicP(T; t, ξ) is
given, we find from (25.3) that

S(t, ξ) =
P(T; t, ξ)

EQ( 1
S(T,x(T)) | {x(t) = ξ})

.

So once a terminal timeT functionalξ 7→ S(T, ξ) has been defined, all other functionals are
implied by the interest rate dynamicsP and the dynamics of the Markovian driver.

Sticking to prescribed interest rates, the only way to allow for more general functional is to
violate the no-arbitrage requirement (25.3) or change the Markovian driver. The latter will be
considered in Section25.2.5.

25.2.4.2. Where are the Interest Rates?

Our model calibrates to a continuum of options onS. We do not even specify interest rates.
This is not necessary, since the specification of the interest rates is already contained in the
specification of a continuum of options onS. Consider options onS(T), i.e. options with
maturity T. First note that from a continuumK 7→ Vmarket

call (T,K; 0) of market prices for call
option payouts

Vmarket
call (T,K; T) = max(S(T) − K,0)

we obtain prices for the corresponding digital payouts

Vmarket
digital (T,K; T) =

1 S(T) > K

0 else

by

Vmarket
digital (T,K; 0) = −

∂

∂K
Vmarket

call (T,K; 0).

Thus the value of the zero coupon bond with maturityT is

P(T; 0) = lim
K↘0

Vmarket
digital (T,K; 0) = − lim

K↘0

∂

∂K
Vmarket

call (T,K; 0). (25.7)

Note that this argument is model-independent.
Within the functional model, Equation (25.7) holds locally in each state. Given that we are

at timet in statex(t) = ξ we have for the corresponding bond

P(T; t, ξ) = lim
K↘0

Vmodel
digital(T,K; t, ξ).
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25.2. EQUITY MARKOV FUNCTIONAL MODEL

From this it becomes clear why specifying interest rates would represent a violation of the
no-arbitrage requirement.2

In the next section we show that the model implied interest rate dynamics are likely to be
undesirable. However, as is known from interest rate hybrid Markov functional models [67], it
is possible to calibrate to different model dynamics by changing the Markovian driverx.

25.2.5. Model Dynamics

25.2.5.1. Introduction

Markov functional models calibrate perfectly to a continuum of option prices, i.e. to the market
implied probability density of the underlying, cf. [52]. Indeed, the functional (t, ξ) 7→ S(t, ξ)
is nothing more than the transformation of the measure from the probability density ofx(t) to
the market implied probability density of the underlyingS(t).

While calibration to terminal probability densities is a desirable feature, it is not the only
requirement imposed on a model, specifically if the model is used to price complex derivatives
like Bermudan options. Here the transition probabilities play a role, i.e. the model dynamics.
The most prominent aspects of model dynamics are

• Interest Rate Dynamics: For an equity Markov functional model the joint movement
of the interest rate and the asset has to be analysed. It is possible to calibrate to given
interest rate dynamics by adding a drift to the Markovian driver, see Section25.2.5.2.

• Forward volatility : This is the implied volatility of an option with maturityT and strike
K, given we are in state (t, ξ), i.e.

S(t, ξ) · EQ
(max(S(T, x(T)) − K,0)

S(T)
| {x(t) = ξ}

)
.

Obviously it will play an important role for compound options and Bermudan options.
The forward volatility may be calibrated by changing the instantaneous volatility of the
Markovian driver, see Section25.2.5.3.

• Auto correlation / Forward spread volatility : The auto correlation of the processS
impacts the forward spread volatility. This is the implied volatility of an option on
S(T2) − S(T1) with maturityT2, given we are in state (t, ξ), i.e.

S(t, ξ) · EQ
(max(S(T2, x(T2)) − S(T1, x(T1)),0)

S(T2, x(T2))
| {x(t) = ξ}

)
.

Markov functional models allow limited calibration to different model dynamics by chang-
ing the dynamics of the Markovian driverx. For our choice

dx = σ(t) · dW(t)

we can change the auto-correlation ofx by choosing different instantaneous volatility functions
σ. Since the calibration of the functionals is scale invariant with respect to the terminal stan-
dard deviation ¯σ(t) of x(t), the calibration to the terminal probability densities is independent
of the choice ofσ. See the Black-Scholes example in Section25.2.2for an example of this
invariance.

2 This is precisely the reason why the model in [57] allows for arbitrage.
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CHAPTER 25. MARKOV FUNCTIONAL MODELS

Time Copula

The specification of the auto-correlation ofx (throughσ) is sometimes calledtime copula,
[57], since it may be specified through the joint distribution of (x(t1), x(t2)). For this reason
similar functional models are sometimes calledcopula models, a term that is more associ-
ated with credit models, where joint default distribution is constructed from marginal default
distributions.

In addition to a specification of the instantaneous volatility, the Markovian driver may be
endowed with a drift.

Time-Discrete Markovian Driver

We assume a given time discretization{0 = t0 < t1 < t2 < . . .} and consider the realizations
x(ti) of the Markovian driverx given by increments∆x(ti) = x(ti+1) − x(ti). It is natural that a
practical implementation of the model will feature a certain time discretization. Thus, speaking
of calibration of a specific time-discretized implementation, it is best to consider the Markovian
driver given by an Euler scheme (as in (25.8), (25.9))

x(ti+1) = x(ti) + µ(ti , x(ti))∆ti + σ(ti , x(ti))∆W(ti).

25.2.5.2. Interest Rate Dynamics

Example: Black-Scholes Model with a Term Structure of Volatility

Let us first assume that the Markovian driver is given by

x(ti+1) = x(ti) + σi∆W(ti). (25.8)

Consider a term structure of Black-Scholes implied volatilities, i.e. let ¯σBS(ti) denote the im-
plied volatility of an option with maturityti . With the simple Markovian driver (25.8), the
corresponding functionals that calibrate to these options are

S(ti , ξ) = S(0) · exp
(
r · ti +

1
2
σ̄BS(ti)

2t +
σ̄BS(ti)
σ̄i

· ξ
)
,

whereσ̄2
i := 1

ti

∑i−1
j=0σ

2
j∆t j .

Within this model a stochastic interest rate dynamic is already implied. From (25.3) we find

P(ti+1; ti , ξ) = S(ti , ξ) · E
Q(

1
S(ti+1, x(ti+1))

| {x(ti) = ξ})

= exp(−r · (ti+1 − ti) −
1
2

(σ̄BS(ti+1)2 · (ti+1 −
σ2

i

σ̄2
i+1

∆ti) − σ̄BS(ti)
2 · ti)

− (
σ̄BS(ti+1)
σ̄i+1

−
σ̄BS(ti)
σ̄i

) · ξ),

If the volatility of the Markovian driverx decays faster than the implied Black-Scholes volatil-
ity, then the interest rate will move positively correlated with the stock. If the volatility of the
Markovian driverx decays slower than the implied Black-Scholes volatility, then the interest
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25.2. EQUITY MARKOV FUNCTIONAL MODEL

rate will move in a negatively correlated way.3 If we choose the instantaneous volatility ofx
such that ¯σi = σ̄BS(ti),

P(ti+1; ti , ξ) = exp(−r · (ti+1 − ti)),

i.e. we have recovered a model with deterministic interest rates. Reconsidering the case of
a continuous driver dx = σ(t)dW(t), we see that for1t

∫ t

0
σ(τ)2dτ = σ̄BS(t)2 the functionals

above define a Black-Scholes model with instantaneous volatilityσ.
However, we do not need to sacrifice the instantaneous volatility ofx to match the interest

rate dynamics. A much more natural choice is to add a suitable drift to the Markovian driver
x. Consider a Markovian driverx such that

x(ti+1) = x(ti) + αi x(ti)∆ti + σi∆W(ti), x(t0) = x0 = 0. (25.9)

Note that thex(ti)’s are normally distributed with mean 0 (assumingx0 = 0) and standard
deviationsγi

√
ti where

γ2
i+1ti+1 = γ2

i ti · (1+ αi∆ti) + σ
2
i ∆ti .

Together with the functionals

S(ti , ξ) = S(0) · exp(r · ti +
1
2
σ̄BS(ti)

2 +
σ̄BS(ti)
γi

· ξ)

S(ti+1, ξ) = S(0) · exp(r · ti+1 +
1
2
σ̄BS(ti+1)2 +

σ̄BS(ti+1)
γi+1

· ξ)

we have

P(ti+1; ti , ξ) = S(ti , ξ) · E
Q(

1
S(ti+1, x(ti+1))

| {x(ti) = ξ})

= exp(−r · ∆ti −
1
2

(σ̄BS(ti+1)2 · (ti+1 −
σ2

i

γ2
i+1

∆ti) − σ̄BS(ti)
2 · ti)

− (
σ̄BS(ti+1)
γi+1

(1+ αi∆ti) −
σ̄BS(ti)
γi

) · ξ)

= exp(−r · ∆ti −
1
2

(σ̄BS(ti+1)2 ·
γ2

i

γ2
i+1

(1+ αi∆ti)
2 − σ̄BS(ti)

2 · ti)

− (
σ̄BS(ti+1)
γi+1

(1+ αi∆ti) −
σ̄BS(ti)
γi

) · ξ).

Choosingαi such that

(
σ̄BS(ti+1)
γi+1

(1+ αi∆ti) −
σ̄BS(ti)
γi

) = 0 (25.10)

we have
P(ti+1; ti , ξ) = exp(−r · (ti+1 − ti)).

Interestingly, the Markov functional model (25.9)–(25.10) does not necessarily need to be a
Black-Scholes model having theQB-dynamics

dS(t) = rS(t)dt + σBS(t) · S(t) · dWQ
B

(t)

dB(t) = rB(t)dt,
(25.11)

3 Note that on average the interest rate is stillr.
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CHAPTER 25. MARKOV FUNCTIONAL MODELS

whereσ̄BS(ti)2 = 1
ti

∫ ti
0
σBS(t)2dt. The two models are not the same, although their terminal

probability densities (European option prices) and their interest rate dynamics agree. The
difference lies in the forward volatility, which may be changed for the Markov functional model
by the instantaneous volatility ofx. Only forσ(t) = σBS(t) we have the dynamics (25.11). In
this case theαi in (25.10) will be zero, i.e. we are in the situation of the previous example.

Calibration to arbitrary Interest Rate Dynamics

Within the no-arbitrage constraints, it is possible to calibrate the model to a given arbitrary
interest rate dynamics by choosing the appropriate drift. To do so, we have to findµ(ti , ξ) such
that

P(ti+1; ti , ξ) = EQ(
S(ti , ξ)

S(ti+1, x(ti+1))
| {x(ti) = ξ − µ(ti , ξ)∆ti}).

This can be done numerically by means of a one-dimensional root finder. The functionalS(ti+1)
has to be re-calibrated in every iteration.4

25.2.5.3. Forward Volatility

The calibration to European option prices (Section25.2.3) and joint movements of asset and
interest rates (Section25.2.5.2) still leaves the instantaneous volatilityσ of the Markovian
driver x a free parameter. It may be used to calibrate the forward volatility, i.e. the volatility of
an option, conditionally we are at timet > 0 in stateξ.

Example: Black-Scholes Model with a Term Structure of Volatility

Consider the simple Black-Scholes-like example from Section25.2.5.2. For simplicity we
consider a Markovian driver without drift, i.e.

x(ti+1) = x(ti) + σi∆W(ti).

together with functionals

S(ti , ξ) = S(0) · exp
(
r · ti +

1
2
σ̄BS(ti)

2t +
σ̄BS(ti)
σ̄i

· ξ
)

calibrating to European options with implied volatility ¯σBS(ti).5

Then we have that the standard deviation of the incrementx(tk) − x(ti) is σ̄ti ,tk ·
√

(tk − ti),
where 1

tk−ti

∑k−1
j=i σ

2
j∆t j . It follows that the implied volatility of an option with maturitytk, given

we are in state (ti , ξ), is

σ̄BS(tk) ·
σ̄ti ,tk

σ̄tk
.

Thus a decay in the instantaneous volatility of the driver process will result in a forward volatil-
ity decaying with simulation timeti (for fixed maturitytk).

4 The procedure is the same as in the calibration of the FX forward within the cross currency Markov functional
model, [67].

5 As before we use the notation ¯σ2
i := 1

ti

∑i−1
j=0σ

2
j∆t j .
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25.3. LIBOR MARKOV FUNCTIONAL MODEL

Example: Exponential Decaying Instantaneous Volatility

Consider the case of a time continuous Markovian driver dx = σ(t)dW with decaying instan-
taneous volatility

σ(t) = exp(−a · t), a , 0.

Thenσ̄t1,t2 :=
√

1
t2−t1

∫ t2
t1
σ(t)dt =

√
−1

2a(t2−t1) (exp(−2at2) − exp(−2at1)). Assuming functionals

S(t, ξ) = S(0) · exp
(
r · t +

1
2
σ̄BS(t)2t +

σ̄BS(t)
σ̄(0, t)

· ξ
)

the forward volatility for an option with maturityT, given we are int, is

σ̄BS(T) ·
σ̄(t,T)
σ̄(0,T)

= σ̄BS(T) ·

√
T

T − t
exp(−2at) − exp(−2aT)

1− exp(−2aT)
.

25.2.6. Implementation

The model may be implemented in the same way as is done for a one-dimensional Markov
functional LIBOR model. The basic steps for a numerical implementation are, see Figure25.1:

• Choose a suitable discretization of (t, x(t)), i.e. set up a grid (ti , xi, j).

• For eachx∗ = xi, j :

– CalculateVmodel(T, x∗; 0).

– Find K∗ such thatVmarket(T,K∗; 0) = Vmodel(T, x∗; 0).

– SetS(xi, j) := K∗.

See Section25.4.

25.3. LIBOR Markov Functional Model

We postulate that the forward rate viewed on its reset date (fixing) may be given as a function
of the realization of the underlying Markov processx:

The forward rate (LIBOR)L(Tk) = Lk(Tk) =
1−P(Tk+1;Tk)

P(Tk+1;Tk)(Tk+1−Tk)

(seen on its reset dateTk) is a (deterministic) function ofx(Tk),

wherex is a Markov process of the form

dx = σ(t)dW underQN, x(0) = x0.

(25.12)

At that point we leave the choice of the numérairesN and the corresponding martingale mea-
sureQ open. We will make this choice now, and depending on this we obtain a Markov
functional model interminal measure(Section25.3.1) or in spot measure(Section??).
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CHAPTER 25. MARKOV FUNCTIONAL MODELS

25.3.1. LIBOR Markov Functional Model in Terminal Measure

We choose as nuḿeraire theTn-bondN := P(Tn). The measureQ should denote the corre-
sponding martingale measure (terminal measure). From assumption25.12we have:

Lemma 227 (Nuḿeraire of the Markov Functional Model under Terminal Measure):
The nuḿeraire N(Ti) = P(Tn; Ti) is a (deterministic) function ofx(Ti), i.e. N(Ti) =
N(Ti , x(Ti)). For the functionalξ 7→ N(Ti , ξ) we have the recursion

N(Tn, ξ) = 1

N(Ti , ξ) =

(
EQ

(
1

N(Ti+1, x(Ti+1))
|{x(Ti) = ξ}

)
· (1+ Li(Ti , ξ)(Ti+1 − Ti))

)−1

.
(25.13)

Remark 228 (Notation for the Functionals): Here and in the following we denote the
functionals by the same symbol as the corresponding random variables they are representing.
In the equation

N(Ti) = N(Ti , x(Ti))

theN(Ti) on the left hand side denotes the random variable, on the right hand sideξ 7→ N(Ti , ξ)
denotes a function. If we used different symbols it would reduce the readability of the following
text. The difference between the two will be obvious from the additional argumentξ or x(Ti)
in its place.

Proof: SinceQ is the corresponding martingale measure we can use thepricing theorem.
Thus for the zero coupon bondP(Tk) (maturity inTk)

P(Tk; Ti)
N(Ti)

= EQ
N( 1

N(Tk)
|FTi

)
, d.h.

P(Tk; Ti) = N(Ti)E
QN( 1

N(Tk)
|FTi

)
.

Since the processx generates the filtration{FTi } and sincex is Markovian, it is sufficient
to know theFTi -measurable random variableP(Tk; Ti) on the set{x(Ti) = ξ}. Thus the bond
P(Tk) seen at timeTi may be given as a function ofx(Ti), namely asP(Tk; Ti) = P(Tk; Ti , x(Ti))
with

P(Tk; Ti , ξ) := N(Ti , ξ)E
Q( 1

N(Tk, x(Tk))
|{x(Ti) = ξ}

)
(25.14)

Since (compare Definition99)

1+ Li(Ti)(Ti+1 − Ti) :=
P(Ti ; Ti)

P(Ti+1; Ti)
=

1
P(Ti+1; Ti)

,

we have

1+ Li(Ti , ξ)(Ti+1 − Ti) =

(
N(Ti , ξ)E

Q

(
1

N(Ti+1, x(Ti+1)
|{x(Ti) = ξ}

))−1

,

and thus (25.13). �|

With N(Tn) = P(Tn; Tn) = 1 we have from (25.13) a recursion to determine the functionals
N(Ti , ξ) from the functionalsLi(Ti , ξ).

With the specification of the nuḿeraire the model is fully described. The functionalsξ 7→
Li(Ti , ξ) are the free quantities that may be used to calibrate the model.
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25.3. LIBOR MARKOV FUNCTIONAL MODEL

25.3.1.1. Evaluation within the LIBOR Markov Functional Model

As preparation for the discussion of the calibration of the model we consider the evaluation of
acapletand adigital capletusing the LIBOR Markov functional model.

Valuation of a Caplets within the LIBOR Markov Functional Model

Let Ti denote the fixing andTi+1 the payment date of caplet with notional 1 and strikeK. Then
for its valueVcaplet(T0) in the LIBOR Markov functional model

Vcaplet(T0) = N(T0) · EQ
(max(L(Ti , x(Ti)) − K , 0) · (Ti+1 − Ti)

N(Ti+1, x(Ti+1)
| {x(T0) = x0}

)
= N(T0) · EQ

(
max(L(Ti , x(Ti)) − K , 0) · (Ti+1 − Ti)

· P̄(Ti+1; Ti , x(Ti)) | {x(T0) = x0}
)
,

(25.15)

whereP̄(Ti+1; Ti , ξ) = EQ
( 1

N(Ti+1,x(Ti+1) | {x(Ti) = ξ}
)
.

Valuation of a Digital Caplets within the LIBOR Markov Functional Model

Let Ti denote the fixing andTi+1 the payment date of digital caplet with notional 1 and strike
K. Then for its valueVdigital(T0) in the LIBOR Markov functional model

Vdigital(T0) = N(T0) · EQ
(1(L(Ti , x(Ti)) − K) · (Ti+1 − Ti)

N(Ti+1, x(Ti+1))
| {x(T0) = x0}

)
= N(T0) · EQ

(
1(L(Ti , x(Ti)) − K) · (Ti+1 − Ti)

· P̄(Ti+1; Ti , x(Ti)) | {x(T0) = x0}
)
,

(25.16)

where P̄(Ti+1; Ti , ξ) = EQ
( 1

N(Ti+1,x(Ti+1)) | {x(Ti) = ξ}
)
. A detailed description of how the

given expectations may be numerically calculated, i.e. how to implement the model, is given
in Section25.4.

25.3.1.2. Calibration of the LIBOR Functional

The LIBOR functionals may be derived from the market prices ofcaplets. One possibility
is to give a parametrization of the functional and optimize the parameters by comparing the
model prices to given market prices. Another possibility is to derive the functional point-wise
from a continuum of given market prices. For this we have to know the market prices of the
caplets with periods [Ti ,Ti+1] and strikesK ∈ [0,∞). If the prices are known only for a finite
number of strikesK j , then we require a corresponding interpolation of the caplet prices. This
is non-trivial, see Chapter6.

Calibration of parametrized LIBOR Functionals

If we assume a parametrized functional form forL(Ti), then we can calculate the model prices
of caplet onL(Ti) from a known functional forN(Ti+1). This allows us to optimize the param-
eters of a parametrized functional form to achieve the replication of given market prices. Thus
we have the following backward induction:
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CHAPTER 25. MARKOV FUNCTIONAL MODELS

Induction start:

• N(Tn) = 1.

Induction step ( Ti+1→ Ti):

• CalculateP̄(Ti+1; Ti , ξ) = EQ
( 1

N(Ti+1,x(Ti+1)) | {x(Ti) = ξ}
)
.

• “Optimize” L(Ti) by comparing (25.15) with given market prices.

• CalculateN(Ti) from L(Ti) andP̄(Ti+1; Ti) via (25.13).

If L(Ti) should be almost lognormally distributed, then a good starting point for the
parametrization is an exponential. In [26] the following parametrization is discussed:

Li(ξ) = exp(a+ bξ + c(ξ − d)2).

Calibration of discretized LIBOR Functionals (point-wise)

The evaluation of a digital caplet allows us to calculate the valueL(Ti , x∗) of the functional for
an arbitrary pointx∗. We make the following additional assumption:

The LIBOR functionalξ 7→ L(Ti , ξ) is

strictly monotone increasing inξ.
(25.17)

With this assumption we can provide a simple algorithm to derive the functionalL(Ti) from
a given curve of caplet market prices.6 We assume that for anyTi and any strikeK we
have a market caplet priceVcaplet(Ti ,K; T0).7. Then we can calculate all digital caplet prices
Vmarket

digital (Ti ,K∗; T0). We have

Vmarket
digital (Ti ,K; T0) =

∂

∂K
Vmarket

caplet (Ti ,K; T0). (25.18)

Let x∗ denote a given state point. We wish to derive the functionalξ 7→ L(Ti , ξ), i.e. K∗ :=
L(Ti , x∗). The model priceVmodel

digital(Ti ,K∗; T0) for a digital caplet with strikeK∗ is given by

Vdigital(T0) = N(T0) · EQ
(
1(L(Ti , x(Ti)) − K) · (Ti+1 − Ti)

· P̄(Ti+1; Ti , x(Ti)) | {x(T0) = 0}
)
,

= N(T0) · EQ
(
1(x(Ti) − x∗) · (Ti+1 − Ti)

· P̄(Ti+1; Ti , x(Ti)) | {x(T0) = 0}
)
,

(25.19)

thus, from the monotony assumption (L(x(Ti)) > K ⇔ x(Ti) > x∗) it follows that the product
may be evaluated without the knowledge of the LIBOR functionalL(Ti). We thus write in brief
Vmodel

digital(Ti , x∗; T0). By solving the equation

Vmarket
digital (Ti ,K; T0) = Vmodel

digital(Ti , x
∗; T0) (25.20)
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25.3. LIBOR MARKOV FUNCTIONAL MODEL
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Figure 25.1.: Calibration of the LIBOR functional L(x) within the Markov functional model: For a
given x∗ we calculate the model price of a digital caplet with strike K∗ = L(x∗) (payoff profile in black).
This is possible without knowing the functional L. For the given model price V(x∗) (grey surface) we
find the corresponding strike K∗ by looking it up on the (inverse) of the market price curve (green). This
determines the LIBOR functional (blue).

to K we obtainK∗, i.e.L(x∗), for the givenx∗. Compare Figure25.1.
The LIBOR functional obtained from this procedure replicates the given market price curve

of the digital caplets and thus the market price curve of the caplets. Using backward induction
we can calibrate the model to caplets of different maturities:

Induction start:

• N(Tn) = 1.

Induction step ( Ti+1→ Ti):

• CalculateP(Ti+1; Ti , ξ) = EQ
( 1

N(Ti+1,x(Ti+1) | {x(Ti) = ξ}
)
.

• For any given{x∗k}:

– Calculate the model priceVmodel
digital(Ti , x∗; T0) from (25.19).

– CalculateK∗ = L(x∗) from (25.20) and (25.18).

• If required, calculate an interpolation from sample pointsx∗, L(x∗) obtained in the pre-
vious step.

• CalculateN(Ti) from L(Ti) andP(Ti+1; Ti) through (25.13).

6 See also the considerations in Section5 from Page79, where we showed how to derive the probability density of
the underlying from market prices of European options.

7 A complete price curve is usually not available. It has to be constructed by interpolating on given market prices.
This interpolation procedure has to be understood as part of the model, see Section6.
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CHAPTER 25. MARKOV FUNCTIONAL MODELS

25.4. Implementation: Lattice

Consider an implementation which relies on functionals discretized in the state space (in con-
trast to parametrized functionals). In addition to the time discretization{0 = T0 < . . . < Tn}

we consider a discretization of the state space

xi, j ∈ x(Ti)(Ω) = R j = 1, . . . ,mi , i = 0, . . . ,n. (25.21)

For any given time discretization pointTi and any given space discretization pointx∗ = xi, j

we calculate the model price of the digital capletVmodel
digital(Ti , x∗; T0) and calculate from it the

value of the LIBOR functionalL(Ti , xi, j) and from there the nuḿeraire functionalN(Ti , xi, j). It
remains to specify how we interpolate the functionalsξ 7→ L(Ti , ξ), ξ 7→ N(Ti , ξ) for ξ , xi, j

and calculate the conditional expectations, i.e. how we perform the numerical integration

EQ
(

1
N(Ti+1, x(Ti+1))

| {x(Ti) = xi, j}

)
=

∫ ∞

−∞

1
N(Ti+1, ξ)

· φ(ξ − xi, j , σi) dξ

where φ(ξ − µ, σi) = 1
√

2πσi
exp(− (ξ−µ)2

2σ2
i

) denotes the (transition) probability density of

x(Ti+1) − x(Ti)|x(Ti )=µ with σi :=
( ∫ Ti+1

Ti
σ2(t)dt

)1/2.

25.4.1. Convolution with the Normal Probability Density

A main part of the implementation of the model is the numerical integration, i.e. the convolu-
tion of a functional with the density of the normal probability

EQ
(
f (x(Ti+1)) | {x(Ti) = xi, j}

)
=

∫ ∞

−∞

f (ξ) · φ(ξ − xi, j , σi) dξ =: I (25.22)

with φ(ξ − µ, σi) = 1
√

2πσi
exp(− (ξ−µ)2

2σ2
i

). In the literature one can find many methods for

numerical integration. Sincef is given only at the state space sample points (lattice){xi+1,k| j =
1, . . . ,mi}, but the densityφ is given analytically, it is natural to make use of this.

25.4.1.1. Piecewise constant Approximation

Let xi+1,k+ 1
2
=

xi+1,k+1+xi+1,k

2 denote the center point of the interval [xi+1,k, xi+1,k+1] and let fk :=
f (xi+1,k). Then an approximation of the integralI from (25.22) is given by

I ≈
k=n∑
k=1

fk ·
(
Φxi, j ,σi (xi+1,k+ 1

2
) − Φxi, j ,σi (xi+1,k− 1

2
)
)
,

whereΦµ,σ(x) =
∫ x

−∞
φ(ξ − µ, σ) dξ. For the cumulative normal distribution functionΦµ,σ

there are very accurate approximations using rational functions.

25.4.1.2. Piecewise polynomial Approximation

If we approximate the integrandf by a piecewise polynomial, then we have to calculate inte-
grals of the form ∫ h2

h1

ξm · φ(ξ − xi, j , σi) dξ.
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25.4. IMPLEMENTATION: LATTICE

T1T0 T2 T3

x0,0= 0

x1,1

x1,n1
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x2,n1

f(T3,x) ⋅ φ(x-x2,k)

x2,k

Figure 25.2.: Calculation of the conditional expectation (numerical integration) within a “lattice”.

These may be given recursively in terms of the cumulative distribution functionΦ. We have

Lemma 229 ( Convolution of a monomial with the normal distribution function8 ):∫ h2

h1

ξm · φ(ξ − µ, σ) dξ = µ ·

∫ h2

h1

ξm−1 · φ(ξ − µ, σ) dξ

+(m− 1) ·
∫ h2

h1

ξm−2 · φ(ξ − µ, σ) dξ

−σ2
[
ξm−1 · φ(ξ − µ, σ)

]h2

h1

Proof: Form ∈ N

∂

∂ξ
ξm−1 · exp

(
−

1
2
(ξ − µ
σ

)2
)

= (m− 1) · ξm−2 · exp
(
−

1
2
(ξ − µ
σ

)2
)
+ ξm−1 exp

(
−

1
2
(ξ − µ
σ

)2
)−(ξ − µ)

σ2

= (m− 1) · ξm−2 · exp
(
−

1
2
(ξ − µ
σ

)2
)
−

ξm

σ2
exp

(
−

1
2
(ξ − µ
σ

)2
)

+
µ

σ2
ξm−1 exp

(
−

1
2
(ξ − µ
σ

)2
)
,

i.e.

ξm exp
(
−

1
2
(ξ − µ
σ

)2
)

= (m− 1)σ2 · ξm−2 · exp
(
−

1
2
(ξ − µ
σ

)2
)
+ µξm−1 exp

(
−

1
2
(ξ − µ
σ

)2
)

−
∂

∂ξ
σ2ξm−1 · exp

(
−

1
2
(ξ − µ
σ

)2
)
.

8 Compare [26].
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CHAPTER 25. MARKOV FUNCTIONAL MODELS

The claim follows after multiplication with 1
√

2πσ
and integration

∫ h2

h1
. �|

To calculate the interpolating polynomials many different methods may be used (e.g.Cu-
bic Spline Interpolation). The Neville algorithm gives a simple recursion by which we can
calculate a piecewise polynomial interpolation function:

Lemma 230 (Neville Algorithm - Piecewise polynomial interpolation function): Let xi

denote given sample points andfi the corresponding values. IfFi−k1,i+k2 is a polynomial of
degreek1 + k2 interpolating the points (x j , f j), j = i − k1, . . . i + k2, i.e.

Fi−k1,i+k2(x j) = f j for j = i − k1, . . . i + k2,

then

Fi−k1,i+k2+1(ξ) =
(ξ − xi−k1) · Fi−k1+1,i+k2+1(ξ) + (xi+k2+1 − ξ) · Fi−k1,i+k2

xi+k2+1 − xi−k1

defines an interpolating polynomial of degreek1+k2+1 for the points (x j , f j), j = i−k1, . . . i+
k2 + 1. With the trivial interpolating polynomialFi,i ≡ fi having degree 0, induction gives a
construction of the desired interpolating polynomial.

Proof: A polynomial of degreek1 + k2 + 1 is uniquely determined byk1 + k2 + 2 points.
The claim follows then by induction, evaluating the approximations polynomialFi−k1,i+k2+1 at
the sample pointsxi+k2+1, xi−k1 and the sample points which are common toFi−k1+1,i+k2+1 and
Fi−k1,i+k2. �|

The algorithm is called theNeville algorithm. The polynomialFi−k1,i+k2(x j) will then be used
as an interpolating polynomial on the intervalxi , xi+1.9 Using Lemma229the corresponding
integral part is calculated.

The interpolation function is (for degree> 0) continuous, but is not differentiable at the
interval bounds, as would be the case with a cubic spline interpolation.

25.4.2. State space discretization

The rule for choosing the state space discretization pointsxi, j , j = 1, . . . ,mi (the lattice) for the
realization of the Markovian driverx(Ti) has a major impact on the accuracy of the model.

25.4.2.1. Equidistant discretization

A simple rule gives an equidistant discretization of the interval [xi,min, xi,max], where the interval
has been chosen such that the neglected area (−∞, xi,min) ∪ (xi,max,∞) supports only a small
probability measureQ(x(Ti) < [xi,min, xi,max]) = ε, see Figure25.3. The boundsxi,min, xi,max

may be derived from the definition of the processx, e.g. in terms of the standard deviation of
x(Ti :

xi,max= −xi,min = k · σ̄i , σ̄i :=
( ∫ Ti

0
σ2(t) dt

)1/2.

The factork has to be chosen sufficiently large (e.g.k > 3).
Instead of an equidistant discretization one may choose the interval [xi, j , xi, j+1] such that all

intervalls support the same probability mass, i.e.

Q(xi, j ≤ x(Ti) ≤ xi, j+1) =
1− ε
mi − 1

.
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25.4. IMPLEMENTATION: LATTICE

t

x

Q(xmin(t)<x(t)<xmax(t)) = 1-ε

Figure 25.3.: State space discretization for the Markov functional model: A simple rule to choose the
discretization points xi, j .

Further Reading: The LIBOR and Swaprate Markov Functional Model in
terminal measure is discussed in the books [14, 26] as well as in the original
article [75]. A LIBOR Markov functional model in spot measure and a hybrid
Markov functional model is discussed in [67]. C|

9 It is natural to choose the sample point symmetrically, i.e. usek2 = k1 + 1.
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CHAPTER 25. MARKOV FUNCTIONAL MODELS
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Part VI.

Extended Models
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CHAPTER 26

Hybrid Models

In this chapter we introduce several kinds of hybrid models. A hybrid model is a model that
models multiple (different) assets in a single unified model. In general one combines several
well known models into a single unified model. Since different models usually come under
different pricing measures, the essence of a hybrid model is the question “How do these models
look under a common pricing measure?”. So apart from the prerequisite that the models are
compatible, the construction of a hybrid model is just a change of measure.

In this sense, we have already encountered the basic technique required for a hybrid model
in the discussion of theLIBOR Market Model: There we wrote down multiple individualBlack
models(Chapter10) and asked ourself how they look under a common pricing measure. The
result was theLIBOR Market Model.

26.1. Cross Currency LIBOR Market Model

For two currencies, “domestic” and “foreign”, we model the interest rate curves, each with
a LIBOR Market Model, as was discussed for an interest rate curve in a single currency in
Section19.1.

In addition we model the foreign exchange rateFX(t). In Chapter11 we presented the
pricing of aquanto capletby modeling theFX forwardas a lognormal process. Here the spot
exchange rateFX(t) is modeled directly, also as a lognormal process. LetFX(t) denote the
amount (in domestic currency) that has to be paid by adomesticinvestor at timet for one unit
of foreign currency (for). Thus,FX(t) has the (physical) unit [FX(t)] = 1 dom

1 for .
We assume that for the chosen numéraireN that there exists a corresponding equivalent mar-

tingale measureQN. By thechange of measure theorem(Girsanov theorem,58) the modeled
quantities are again lognormal processes underQN, i.e.

dLi(t) = Li(t) · µi(t)dt + Li(t)σi(t)dWQ
N

i (t) (0 ≤ i ≤ n− 1)

dFX(t) = FX(t) · µFX(t)dt + FX(t)σFX(t)dWQ
N

FX(t)

dL̃i(t) = L̃i(t) · µ̃i(t)dt + L̃i(t)σ̃i(t)dW̃Q
N

i (t) (0 ≤ i ≤ n− 1)

with initial conditions

Li(0) = Li,0, FX(0) = FX0, L̃i(0) = L̃i,0.
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CHAPTER 26. HYBRID MODELS

As before, this is the starting point for

• Determination of the drift termsµi , µFX und µ̃i for a chosen nuḿeraireN(t) using the
QN-martingale property ofN-relative prices.

• Determination of the initial conditionsLi,0, FX0, L̃i,0 using the bond and foreign-bond
prices observed at timet = 0.

• Determination/choice of the volatility and correlation to reproduce given option prices.

26.1.1. Derivation of the Drift Term under Spot-Measure

As nuḿeraire we chose therolled over one period bondwe had already made use of in Sec-
tion 19.1.1.2

N(t) := P(Tm(t)+1; t)
m(t)∏
j=0

(1+ L j(T j) · δ j).

wherem(t) := max{i : Ti ≤ t}, δ j := T j+1 − T j We will now derive the corresponding
processes (i.e. the drifts) under the corresponding equivalent martingale measureQN, thespot
measure.

26.1.1.1. Dynamic of the domestic LIBOR under Spot Measure

For the driftµi we have, exactly as in Section19.1.1.2

µi(t) =
i∑

l=m(t)+1

δlLl(t)
(1+ δlLl(t))

σi(t)σl(t)ρi,l(t).

This is the already known LIBOR Market Model indomesticcurrency.

26.1.1.2. Dynamic of the foreign LIBOR under Spot Measure

We derive the drift ˜µi(t) of the foreign LIBOR by considering financial product from the foreign
market. The foreign bond̃P(Ti+1), converted to domestic currency, i.e.P̃(Ti+1) · FX is a traded
asset for the domestic investor. Thus,P̃(Ti+1;t)·FX(t)

N(t) is aQN-martingale.1

Drift
QN

(
P̃(Ti+1; t) · FX(t)

N(t)

)
= 0. (26.1)

Likewise

L̃i · P̃(Ti+1) · FX =
P̃(Ti) − P̃(Ti+1)

Ti+1 − Ti
· FX (26.2)

is a traded asset for the domestic investor, because it is a portfolio of (foreign) bonds converted
to domestic currency. Thus,

Drift
QN

(
L̃i ·

P̃(Ti+1; t) · FX(t)
N(t)

)
= 0.

1 In the view of the domestic investor the foreign bond is not a traded asset. Only after conversion to the domestic
currency by the applicable conversion rateFX(t) does the product becomes tradable for the domestic investor. This

is also apparent from the fact that relative prices are dimensionless: WhileP̃(Ti+1;t)·FX(t)
N(t) is dimensionless, we find

that P̃(Ti+1;t)
N(t) has the (physical) unit1 for

1 dom.
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26.1. CROSS CURRENCY LIBOR MARKET MODEL

From theproduct rulewe find

d
(
L̃i(t) ·

P̃(Ti+1; t) · FX(t)
N(t)

)
(26.3)

=
P̃(Ti+1; t) · FX(t)

N(t)
· dL̃i + L̃i · d

( P̃(Ti+1; t) · FX(t)
N(t)

)
(26.4)

+ dL̃i · d
( P̃(Ti+1; t) · FX(t)

N(t)
)

from which we derive ˜µi after calculation of dP̃(Ti+1;t)·FX(t)
N(t) by comparing drift terms.

We have

d
( P̃(Ti+1; t) · FX(t)

N(t)

)
= d

( P̃(Tm(t)+1; t)

P(Tm(t)+1; t)

∏i
j=m(t)+1

(
1+ L̃ j(t)δ j

)−1∏m(t)
j=0

(
1+ L j(T j)δ j

) · FX(t)
)
.

Remark 231 (Interpolation of Bond Prices): At this point we encounter an interesting
difference to the single currency LIBOR Market Modell (see Section19.1): While for the case
of the domestic currency the corresponding termP(Tm(t)+1;t)

P(Tm(t)+1;t) vanishes, it is necessary to provide

an interpretation ofP̃(Tm(t)+1;t)
P(Tm(t)+1;t) . See also Section19.1.2.3.

We have not yet defined the value of the short period bondsP(Ti+1; t) and P̃(Ti+1; t) for
t , T j , j = 0,1,2, . . .. We do this now and define forT j < t ≤ T j+1

P(Tm(t)+1; t) :=
(
1+ Lm(t)(Tm(t)) · (Tm(t)+1 − t)

)−1,

P̃(Tm(t)+1; t) :=
(
1+ L̃m(t)(Tm(t)) · (Tm(t)+1 − t)

)−1.

This concludes the definition of the numéraire.

From this we find

d
P̃(Tm(t)+1; t)

P(Tm(t)+1; t)
=
∂

∂t

(
1+ Lm(t)(Tm(t)) · (Tm(t)+1 − t)

1+ L̃m(t)(Tm(t)) · (Tm(t)+1 − t)

)
dt,

i.e. the termP̃(Ti+1;t)
P(Ti+1;t) has no diffusion part dW for T j < t ≤ T j+1. This is sufficient for the

following derivation: the specific form of the drift does not need to be known.

Indeed, it would be sufficient to require thatP(Ti+1; t) and P̃(Ti+1; t) have zero volatility,
i.e. no diffusion part, in the short periodt ∈ (Ti ,Ti+1]. No specific interpolation is required.
The zero volatility assumption forP(Ti+1; t) andP̃(Ti+1; t) on t ∈ (Ti ,Ti+1] closes the definition
of the LIBOR Market Model for allt ∈ {T0,T1, . . .}.2

2 See [24].
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CHAPTER 26. HYBRID MODELS

Continuing with the derivation of the drift, we have

d
( P̃(Ti+1; t) · FX(t)

N(t)

)
= d

( P̃(Ti+1; t)
P(Ti+1; t)

∏i
j=

(
1+ L̃ j(t)δ j

)−1∏−1
j=0

(
1+ L j(T j)δ j

) · FX(t)
)

= (. . .)dt −
P̃(Ti+1; t) · FX(t)

N(t)
·

i∑
j=m(t)+1

δ j L̃ j

(1+ δ j L̃ j)
σ̃ jdW̃Q

N

j (t)

+
P̃(Ti+1; t) · FX(t)

N(t)
· σFX(t)dWQ

N

FX(t)

If we plug this into (26.4) and compare drift terms (the coefficients of dt) we get, together
with (26.1) and (26.2),

0 =
P̃(Ti+1; t) · FX(t)

N(t)
· L̃i(t) · µ̃i(t) + 0

+
P̃(Ti+1; t) · FX(t)

N(t)
· L̃i(t)

(
−

i∑
j=m(t)+1

δ j L̃ j

(1+ δ j L̃ j)
σ̃iσ̃ jdW̃Q

N

i (t)dW̃Q
N

j (t)

+ σ̃iσ
FX(t)dW̃Q

N

j (t)dWQ
N

FX(t)
)
.

Denoting the interest rate correlation within the foreign currency by ˜ρi, j , i.e.

dW̃Q
N

i (t)dW̃Q
N

j (t) = ρ̃i, j(t)dt

and denoting the correlation of the foreign currency and the foreign exchange rate byρĩ,FX, i.e.

dW̃Q
N

i (t)dWQ
N

FX(t) = ρĩ,FX(t)dt,

gives

µ̃i(t) =
i∑

j=m(t)+1

δ j L̃ j(t)

(1+ δ j L̃ j)(t)
σ̃i(t)σ̃ j(t)ρ̃i, j(t) − σ̃i(t)σ

FX(t)ρĩ,FX.

26.1.1.3. Dynamic of the FX Rate under Spot Measure

For a givent ∈ [Tm(t),Tm(t)+1) consider the foreign bond with maturityTm(t)+1 – the next possi-
ble maturity in our tenor discretization. Converting it to domestic currency itsN-relative value

This work is licensed under a
Creative Commons License.
http://creativecommons.org/licenses/by-nc-nd/2.5/deed.en

328 Comments welcome.
©2004, 2005, 2006, 2007 Christian Fries

Version 1.4.18 [build 20070403]- 1st May 2007
http://www.christian-fries.de/finmath/book

http://creativecommons.org/licenses/by-nc-nd/2.5/deed.en
http://creativecommons.org/licenses/by-nc-nd/2.5/deed.en
http://www.christian-fries.de/finmath/book


26.2. EQUITY HYBRID LIBOR MARKET MODEL

FX(t)·P̃(Tm(t)+1;t)
N(t) is a martingale. Furthermore we have

d
(
FX(t) ·

P̃(Tm(t)+1; t)

N(t)

)
Def. N
=

m(t)∏
j=0

(1+ L j(T j)δ j) · d
(
FX(t) ·

P̃(Tm(t)+1; t)

P(Tm(t)+1; t)

)
= dFX(t) ·

P̃(Tm(t)+1; t)

N(t)

+ FX(t)
m(t)∏
j=0

(1+ L j(T j)δ j)
∂

∂t

(
P̃(Tm(t)+1; t)

P(Tm(t)+1; t)

)
dt

Def. N
= dFX(t) ·

P̃(Tm(t)+1; t)

N(t)
+ FX(t) ·

P̃(Tm(t)+1; t)

N(t)

∂
∂t

(
P̃(Tm(t)+1;t)
P(Tm(t)+1;t)

)
P̃(Tm(t)+1;t)
P(Tm(t)+1;t)

dt

and thus

µFX(t) = −

∂
∂t

(
P̃(Tm(t)+1;t)
P(Tm(t)+1;t)

)
P̃(Tm(t)+1;t)
P(Tm(t)+1;t)

= −
∂

∂t
log

(
P̃(Tm(t)+1; t)

P(Tm(t)+1; t)

)

=
∂

∂t
log

(
P(Tm(t)+1; t)

P̃(Tm(t)+1; t)

)
.

The driftµFX(t) thus depends on the chosen interpolation of the bond prices, see Remark231.
However, for its use in an implementation via a time-discretization scheme it is not necessary
to calculate the corresponding derivative aftert, since only the integrated drift enters the time-
discretization scheme. For the integral

∫ Ti+1

Ti
µFX(t)dt we have∫ Ti+1

Ti

µFX(t)dt = log

(
P(Ti+1; Ti+1)

P̃(Ti+1; Ti+1)

)
− log

(
P(Ti+1; Ti)

P̃(Ti+1; Ti)

)
= − log

(
P(Ti+1; Ti)

P̃(Ti+1; Ti)

)
= log

(
1+ L̃(Ti ,Ti+1; Ti)
1+ L(Ti ,Ti+1; Ti)

)
,

i.e. it is independent of the interpolation of the bond prices. See also Section26.3.2.

26.1.2. Implementation

We will discuss the implementation together with theEquity Hybrid LIBOR Market Modelin
Section26.3.2.

26.2. Equity Hybrid LIBOR Market Model

In Section4 we introduced the Black-Scholes Modell for a (single) stock. The stockS was
modeled as a lognormal process

dS(t) = µS,P(t)S(t)dt + σS(t)S(t)dWS,P(t) under the real measureP.
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CHAPTER 26. HYBRID MODELS

We had assumed interest rates to be non-stochastic and constant and the chosen numéraire was
thenB(t) := exp(r · t). Under the corresponding martingale measureQB we could then derive
an analytic formula for the price of a European stock option.

The pricing of products exhibiting optionalities related to both stock and interest rates re-
quires joint stochastic modeling of the stock and the interest rates. If we chose as the inter-
est rate model theLIBOR Market Modeland as the stock process model theBlack-Scholes
Modell, then the construction of the joint model is simply the derivation of the drifts under a
common measure.

26.2.1. Derivation of the Drift Term under Spot-Measure

As before, we choose as numéraire therolled over one period bond

N(t) := P(Tm(t)+1; t)
m(t)∏
j=0

(1+ L j(T j) · δ j),

wherem(t) := max{i : Ti ≤ t} andδ j := T j+1 − T j .

26.2.1.1. Dynamic of the Stock Process under Spot Measure

The stockS is a traded assed, thusS
N is a martingale under the equivalent martingale measure

QN. From theproduct rulewe have

d
( S
N

)
= dS ·

1
N
+ Sd

(
1
N

)
+ dSd

(
1
N

)
.

For Ti < t < Ti+1 let the bond priceP(Ti+1; t) defined (interpolated) as in Remark231,i.e.

P(Ti+1; t) :=
(
1+ Li(Ti) · (Ti+1 − t)

)−1 for Ti < t < Ti+1.

In this case

d
( 1
N

)
=

( 1
P(Tm(t)+1; t)

·

m(t)∏
j=0

(1+ L j(T j)δ j)
)

= d
( 1
P(Tm(t)+1; t)

·

m(t)∏
j=0

(1+ L j(T j)δ j)
)

= d
(
(1+ Lm(t)(Tm(t)) · (Tm(t)+1 − t)) ·

m(t)∏
j=0

(1+ L j(T j)δ j)
)

= −Lm(t)(Tm(t))dt ·
m(t)∏
j=0

(1+ L j(T j)δ j)

= −
Lm(t)(Tm(t))

1+ Lm(t)(Tm(t)) · (Tm(t)+1 − t)
dt ·

1
N

=
∂

∂t
log

(
1+ Lm(t)(Tm(t)) · (Tm(t)+1 − t)

)
dt

1
N

.
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26.3. EQUITY-HYBRID CROSS-CURRENCY LIBOR MARKET MODEL

Remark 232 (on the nuḿeraire process 1
N ): Under the assumption thatN(t) does not have

a diffusion (i.e. dW) term, which is the case for the above definition of the short period bond,
then d

(
1
N

)
=

(
∂
∂t

1
N

)
dt. Nothing else has been calculated above. See also remark231.

Assuming thatN does not have a diffusion (i.e. dW) term, dSd
(

1
N

)
= 0 and from

DriftQN
( S

N

)
= 0 we find

0 = µS S
N
+

[
∂

∂t
log

(
1+ Lm(t)(Tm(t)) · (Tm(t)+1 − t)

)] S
N
+ 0,

thus

µS(t) = −
∂

∂t
log

(
1+ Lm(t)(Tm(t)) · (Tm(t)+1 − t)

)
=

Lm(t)(Tm(t))

1+ Lm(t)(Tm(t)) · (Tm(t)+1 − t)
.

(26.5)

Interpretation (Comparison to the Dynamic of the Black-Scholes
Model): Using the nuḿeraireB(t) := exp(r · t) used in the Black-Scholes
model (see Section4) we had derived the drift of the stock process under the
martingale measureQB asµS,QB

= r. Equation (26.5) is simply a discrete (and
stochastic) version of this drift: For the average drift over one period [Ti ,Ti+1]

1
Ti+1 − Ti

∫ Ti+1

Ti

µS,QN
(t)dt = log(1)− log(1+ Li(Ti)) · (Ti+1 − Ti))

= −
log(1+ Li(Ti)) · (Ti+1 − Ti))

Ti+1 − Ti

and for infinitesimal period lengthsTi+1→ Ti we find – see Definition103– that

− log(1+ Li(Ti)) · (Ti+1 − Ti))
Ti+1 − Ti

−→
Ti+1→Ti

r(Ti) = µ
S,QB

,

i.e.
µS,QN

(t) −→
Ti+1→Ti

µS,QB
.

C|

26.2.2. Implementation

We discuss the implementation together with the previously discussedCross Currency LIBOR
Market Modelin Section26.3.2.

26.3. Equity-Hybrid Cross-Currency LIBOR Market
Model

The models given in Section26.1and26.2may be combined. This is now trivial since the
numéraire and thus the martingale measure are the same in both models. Thus we have a
unified model for interest rates, foreign exchange rates, foreign interest rates and equity. We
will now add the model of a foreign stock. LetS̃ denote another stock process, modeling a
stock from the foreign market, i.e. the processS̃ has the dimension (currency unit) 1for.
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CHAPTER 26. HYBRID MODELS

26.3.0.1. Dynamic of the Foreign Stock under Spot-Measure

We assume that the foreign stockS̃ follows a lognormal process

dS̃(t) = µS̃,P(t)S̃(t)dt + σS̃(t)S̃(t)dWS̃,P(t) under the real measureP.

As in the previous Sections26.1and26.2, we chose as nuḿeraireN(t) := P(Tm(t)+1; t)
∏m(t)

j=0(1+

L j(T j) · δ j). As for theCross-Currency LIBOR Market Model, the foreign stock̃S has to be
converted to domestic currency to be a traded asset for the domestic investor. I.e.FX · S̃ is a
traded asset and theN-relative priceFX·S̃

N aQN-martingale. From theproduct rule

d
(FX · S̃

N
)
= d(FX · S̃) ·

1
N
+ FX · S̃ · d

( 1
N

)
+ d(FX · S̃) · d

( 1
N

)
and

d(FX · S̃) = dFX · S̃ + FX · dS̃ + dFX · dS̃.

With the definition of the nuḿeraire from Remark231und232

d
( 1
N

)
=

( ∂
∂t

1
N

)
dt =

( 1
N
·
∂

∂t
log

( 1
N

))
dt

and thus

Drift
QN

(FX · S̃
N

)
=

FX · S̃
N

·
(
µFX + µS̃ + σFX(t)dWQ

N

FX(t) · σS̃(t)dWQ
N

S̃
(t) +

∂

∂t
log

( 1
N

) )
If we denote the instantaneous correlation of the stock processS̃ and the foreign exchange
rate processFX by ρFX,S̃, i.e. we have dWQ

N

FX(t) · dWQ
N

S̃
(t) = ρFX,S̃dt, then we get with

DriftQN
( FX·S̃

N

)
= 0

µS̃ = −µFX −
∂

∂t
log

( 1
N

)
− σFX(t)σS̃(t)ρFX,S̃(t)).

With

µFX(t) =
∂

∂t
log

(
P(Tm(t)+1; t)

P̃(Tm(t)+1; t)

)
and

∂

∂t
log

( 1
N

)
=
∂

∂t
log

(
1

P(Tm(t)+1; t)

)
we get

µS̃ =
∂

∂t
log(P̃(Tm(t)+1; t)) − σFX(t)σS̃(t)ρFX,S̃(t))

= −
∂

∂t
log

(
1+ L̃m(t)(Tm(t)) · (Tm(t)+1 − t)

)
− σFX(t)σS̃(t)ρFX,S̃(t)).
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26.3. EQUITY-HYBRID CROSS-CURRENCY LIBOR MARKET MODEL

26.3.1. Summary

Under the nuḿeraire

N(t) := P(Tm(t)+1; t)
m(t)∏
j=0

(1+ L j(T j) · δ j),

wherem(t) := max{i : Ti ≤ t}, and the assumption thatN(t) does not have a diffusion part, as
would be the case for

P(Ti+1; t) :=
(
1+ Li(Ti) · (Ti+1 − t)

)−1

P̃(Ti+1; t) :=
(
1+ L̃i(Ti) · (Ti+1 − t)

)−1

 for Ti < t < Ti+1, (26.6)

the dynamic of theEquity-Hybrid Cross-Currency LIBOR Market Modelunder the correspond-
ing martingale measureQN (spot measure) is given by

dLi(t) = Li(t) · µi(t)dt+ Li(t)σi(t)dWQ
N

i (t) for i = 0, . . . ,n− 1,

dFX(t) =FX(t) · µFX(t)dt+ FX(t)σFX(t)dWQ
N

FX(t)

dL̃i(t) = L̃i(t) · µ̃i(t)dt+ L̃i(t)σ̃i(t)dW̃Q
N

i (t) for i = 0, . . . ,n− 1,

dS(t) = S(t)µS(t)dt+ S(t)σS(t)dWQ
N

S (t)

dS̃(t) = S̃(t)µS̃(t)dt+ S̃(t)σS̃(t)dWQ
N

S̃
(t)

where

µi =

i∑
l=m(t)+1

δlLl

(1+ δlLl)
σiσlρi,l ,

µ̃i(t) =
i∑

j=m(t)+1

δ j L̃ j

(1+ δ j L̃ j)
σ̃iσ̃ j ρ̃i, j − σ̃iσ

FX(t)ρĩ,FX,

µFX(t) =
∂

∂t
log

(
P(Tm(t)+1; t)

P̃(Tm(t)+1; t)

)
µS(t) =

∂

∂t
log(P(Tm(t)+1; t))

µS̃(t) =
∂

∂t
log(P̃(Tm(t)+1; t)) − σFX(t)σS̃(t)ρFX,S̃(t).

If we choose forP(Tm(t)+1; t) andP̃(Tm(t)+1; t) the interpolation given in (26.6), then it follows
that

µFX(t) =
∂

∂t
log

(
1+ L̃m(t)(Tm(t)) · (Tm(t)+1 − t)

1+ Lm(t)(Tm(t)) · (Tm(t)+1 − t)

)
µS(t) =

∂

∂t
log

(
1

1+ Lm(t)(Tm(t)) · (Tm(t)+1 − t)

)
µS̃(t) =

∂

∂t
log

(
1

1+ L̃m(t)(Tm(t)) · (Tm(t)+1 − t)

)
− σFX(t)σS̃(t)ρFX,S̃(t).
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CHAPTER 26. HYBRID MODELS

26.3.2. Implementation

Due to the many state variables, i.e. the high Markov dimension, it is natural to consider an
implementation to be path simulation (Monte-Carlo simulation). The first step towards an
implementation is the discretization of the simulation timet by suitable discretization scheme.
Since the processes are lognormal processes, we use the Euler-scheme for the log-process, see
Section13.1, 13.1.2.3.

The discretization of the interest rate processesLi has been presented in Section19.1.3, the
interest rate processes of the foreign currency ratesL̃i are discretized likewise. ForFX we find

FX(t + ∆t)

= FX(t) · exp
( ∫ t+∆t

t
µFX(τ) −

1
2
σFX(τ)2dτ +

∫ t+∆t

t
σFX(τ)dWFX(τ)

)
= FX(t) · exp

(
(µ̄FX(t) −

1
2
σ̄FX(t)2)∆t + σ̄FX(t)∆WFX(t)

)
with ∆WFX(t) :=WFX(t + ∆t) −WFX(t) and

µ̄FX(t) :=
1
∆t

∫ t+∆t

t
µFX(τ)dτ

σ̄FX(t) :=

√
1
∆t

∫ t+∆t

t
σFX(τ)2dτ

If we especially choose the time discretization of the Monte-Carlo Simulation to match the
tenorstructureT0,T1,T2, . . ., then we have

FX(Ti+1) = FX(Ti) · exp

(
µ̄FX(Ti)∆Ti −

1
2
σ̄FX(Ti)

2∆Ti + σ̄
FX(Ti)∆WFX(Ti)

)
,

with ∆Ti := Ti+1 − Ti and∆WFX(Ti) :=WFX(Ti+1) −WFX(Ti) and

µ̄FX(Ti) =
1
∆Ti

∫ Ti+1

Ti

µFX(τ)dτ

=
1
∆Ti

log

(
1+ L̃i(Ti) · (Ti+1 − t)
1+ Li(Ti) · (Ti+1 − t)

)∣∣∣∣∣∣Ti+1

t=Ti

=
1
∆Ti

log

(
1+ Li(Ti) · (Ti+1 − Ti)

1+ L̃i(Ti) · (Ti+1 − Ti)

)

σ̄FX(Ti) :=

√
1
∆Ti

∫ Ti+1

Ti

σFX(τ)2dτ.

This Euler discretization is exact. The discretization of the processesS andS̃ follows likewise.
With “discrete drift term”

µ̄S(Ti) =
1
∆Ti

log(1+ Li(Ti) · (Ti+1 − Ti)),

µ̄S̃(Ti) =
1
∆Ti

log(1+ L̃i(Ti) · (Ti+1 − Ti)) −
∫ Ti+1

Ti

σFX(t)σS̃(t)ρFX,S̃(t)dt.
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Part VII.

Implementation
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CHAPTER 27

Object-Oriented Implementation in
Java™

From early on, we wanted a product that would seem so
natural and so inevitable and so simple, you almost
wouldn’t think of it as having been designed.

Jonathan Ive
iPod™ Design Team, Apple Computer, [37].

27.1. Elements of Object Oriented Programming:
Class and Objects

First we define the two conceptsclassandobject.

Definition 233 (Class): q
A class consists of

• A description of adata structure.

• A description of a set of functions, themethodsthat act on the data structures and other
data (given as arguments). The description of the methods consists of

– A description of the calling convention of the methods, theinterface, see Sec-
tion 27.1.3and Definition236.

– A description of how the method (function) actually acts on the data, theimple-
mentation.

y

Definition 234 (Object): q
We say thatX is an object of the class K, if

• X provides memory to store data according to the structure (layout) described byK and

• the methods described inK may be applied to the data inX.

In this case,K is also called thetypeof X. y
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CHAPTER 27. OBJECT-ORIENTED IMPLEMENTATION IN JAVA™

Interpretation: A class is the blue print of an object, while an object is a real
instanceof the class.

Considering how a classes and objects are realized in a computer, it becomes
apparent that an objectX of classK merely stores the data according to the stor-

age layout inK, while the algorithms (code) that operate onX are given byK. The class is
a description of the storage layout and the functionality, while the object represents the corre-
sponding data record. The definition of a class exists only once, while object of a class (data
records) may exists multiple times.Class and object distinguish between logic (code) and
data.Obviously, the logic, i.e. the class, has to know the layout (structure) of the data.

To illustrate the relation of classes and objects some authers use an analogy like, e.g.,human
is a class while thespecific individual “Christian Fries”is an object of the classhuman. Such
analogies do not hold very far. For example it does not become apparent that an object is just
a data storage, dis-functional without the class and that the code, i.e. the algorithm that acts
on the data exists only once, namely inside the class. However, each individual has its own
experiences (data) and patterns of (re-)action (code processing experiences).

That the code is stored only inside the class also becomes apparent in the memory require-
ments: If we add a data field to a class and create 100 objects (instances) of this class, then, of
course, this consumes 100 times the memory of the new data field. If a new method is added
to a class then its code is stored only once and the memory requirement is totally independent
of the number of objects created.

As well as the data described in the class, an object carries another data item, namely its
type. Thistypespecifies the class of the objects. Thus there is a link back from the object to
the class and thus to the methods that may be invoked on the objects’ data. C|

27.1.1. Example: Class of a Binomial Distributed Random
Variable

Let B denote a binomial distributed random variable defined over a probability space (Ω,F ,P)
with Ω = {ω1, ω2}. Probability space and random variable may be characterized by three
valuesb1,b2, p ∈ R:

B(ω1) = b1, P(ω1) = p

B(ω2) = b2, P(ω2) = 1− p.
(27.1)

Equation (27.1) describes the class of “binomial distributed random variables” while the ran-
dom variableC with

C(ω1) = 1, P(ω1) = 0.5

C(ω2) = −1, P(ω2) = 0.5.
(27.2)

is a (specific) object, i.e. an instance of the class “ binomial distributed random variable”. Of
course, operators that may be applied to this random variable have to be defined only on the
class level. For example, the calculation of the mean is defined by

EP(B) =
∫
Ω

B dP = p · B(ω1) + (1− p) · B(ω2) = p · b1 + (1− p) · b2. (27.3)

That E(C) = 0.5 · 1.0+ 0.5 · (−1.0) = 0.0 follows from (27.3).
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27.1. ELEMENTS OF OBJECT ORIENTED PROGRAMMING: CLASS AND OBJECTS

In Java™ a corresponding class could look as follows: The class definition starts (af-
ter a comment) with the description of the data layout, herevalue1 , value2 and
pobabilityOfState1 for b1, b2 andp respectively.

Listing 27.1: BinomialDistributedRandomVariable : A class for binomial distributed random
variables

1package com.christianfries.finmath.tutorial.example1;
2
3/**
4* @author Christian Fries
5* @version 1.0
6*/
7class BinomialDistributedRandomVariable {
8
9private double value1;
10private double value2;
11private double probabilityOfState1;

followed by theconstructor

13/**
14* This class implements a binominal distributed random variable
15* @param value1 The value in state 1.
16* @param value2 The value in state 2.
17* @param probabilityOfState1 The probability of state 1.
18*/
19public BinomialDistributedRandomVariable( double value1, double value2,
20double probabilityOfState1) {
21this .value1 = value1;
22this .value2 = value2;
23this .probabilityOfState1 = probabilityOfState1;
24}

and the description of the methodgetExpectation .

80
81/**
82* @return The expectation of the random variable
83*/
84public double getExpectation() {
85double expectation = probabilityOfState1 * value1
86+ (1-probabilityOfState1) * value2;
87return expectation;
88}
89}

27.1.2. Constructor

The constructor of a class is a (special) method that is called upon the instantiation (construc-
tion) of an object (there may be many different constructors and then it is possible to choose
which constructor is called). With a constructor it is possible to do additional initializations
beyond the allocation of the memory - in our case the initializations are setting the value ofb1,
b2 andp.

The code of the above constructor of the class
BinomialDistributedRandomVariable may be confusing: The arguments of
the constructor have the same names as the data fields of the class. This is allowed, and is
often used for data initialization in constructors, but is dangerously confusing in other methods
with longer code. In this case the corresponding name always denotes the argument of the
constructor (or method). To access the data field with the corresponding name the prefix
this. has to be added. So the constructor above sets the data fields of the object to the values
given by the arguments.
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CHAPTER 27. OBJECT-ORIENTED IMPLEMENTATION IN JAVA™

27.1.3. Methods: Getter, Setter, Static Methods

27.1.3.1. Calling Convention, Signatures

The calling convention of a method is the name of the methods together with the list of its
argument types, i.e. the calling convention defines which name and argument type have to
be used to call a method. The list of argument types is called thesignatureof a method. Two
methods of the same name but with different signature are seen as different methods. Providing
another method with the same name but a different signature is calledoverloadingthe method.1

27.1.3.2. Getter, Setter

If the data fields of an object are made accessible, then they may be accessed through
objectName.dataFieldName , i.e. they may be read or modified. The access to the data
fields of an object may be allowed or denied, see alsodata hidingin Section27.2.1.

After an object has been constructed data fields may still be changed by means of methods.
We may set the data or get the data. Methods that do this are calledsetteror getter. It is a
convention that all getter methods start with the prefixget and all setter methods start with
the prefixset , both followed a name of the entity they modify, starting with a capital letter.

We add a setter for the value ofb1 to the class definition:
45/**
46* @param value1 The value of state 1.
47*/
48public void setValue1( double value1) {
49this .value1 = value1;
50}

The method only changes the state of object and thus does not return a value. This is indicated
by the keywordvoid .

27.1.3.3. Static Methods

Methods that do not require knowledge of the data fields of an object, i.e. that do not read or
modify data from an object, are calledstatic methods. Put differently: The method does not
need an object, it is sufficient to have the class definition.

Definition 235 (static method): q
A method of classK which keeps objects of the classK invariant and is independent of its data
is calledstatic. A static method is also called aclass method. y

In Java™ method is declared static by the keywordstatic .

To apply the (non-static) method to data we (have to) create objects. A corresponding code,
demonstrating how to work with object of the toy class above by doing some tests is given in
themain -method2.

26public static void main( String args[] ) {
27/*
28* Test of class BinominalDistributedRandomVariable
29*/
30
31System.out.println("Creating random variable.");
32BinomialDistributedRandomVariable randomVariable =
33new BinomialDistributedRandomVariable(1.0,-1.0,0.5); // Create object

1 Within a class there can not be two methods with the same name and the same signature. The return value may not
be changed by overloading.

2 Themain -method may be called from outside without requiring a corresponding object. It isstatic. Thus (espe-
cially since it does not require the existence of an object) it may function as a possible entry point to a program.

This work is licensed under a
Creative Commons License.
http://creativecommons.org/licenses/by-nc-nd/2.5/deed.en

340 Comments welcome.
©2004, 2005, 2006, 2007 Christian Fries

Version 1.4.18 [build 20070403]- 1st May 2007
http://www.christian-fries.de/finmath/book

http://creativecommons.org/licenses/by-nc-nd/2.5/deed.en
http://creativecommons.org/licenses/by-nc-nd/2.5/deed.en
http://www.christian-fries.de/finmath/book


27.2. PRINCIPLES OF OBJECT ORIENTED PROGRAMMING

34
35double expectation = randomVariable.getExpectation();
36System.out.println("Expectation is: " + expectation);
37
38System.out.println("Changing value of state 1 to 0.4.");
39randomVariable.setValue1(0.4);
40
41expectation = randomVariable.getExpectation();
42System.out.println("Expectation is: " + expectation);
43}

In line 33we create a new object of the typeBinomialDistributedRandomVariable
by using the keywordnew (reserving the memory corresponding to the data layout) followed
by the specification of the constructor to use (note that the constructor is essentially a method
having the same name as the class) (right side of=). The result is stored in an object reference
of typeBinomialDistributedRandomVariable (left side of=).

Further Reading: In [12, 36]: primitive types, object references, static
methods (the keywordstatic ), return values (the keywordvoid ), themain -
method, comments and the JavaDoc standard. C|

27.2. Principles of Object Oriented Programming: Data
Hiding, Abstraction, Inheritance, Polymorphism

27.2.1. Encapsulation and Interfaces

To access the data of an object there are two possible ways: One is to provide two (or more)
methods that allow us to read and modify the data, i.e.gettersandsettersare implemented. In
our example classBinomialDistributedRandomVariable we provide an example of
this for the data fieldprobabilityOfState1 :

Listing 27.2: Getter and setter
52/**
53* @return Returns the probability of state 1.
54*/
55public double getProbabilityOfState1() {
56return probabilityOfState1;
57}
58
59/**
60* @param probabilityOfState1 The probability of state 1.
61*/
62public void setProbabilityOfState1( double probabilityOfState1) {
63this .probabilityOfState1 = probabilityOfState1;
64}

The use of these methods could look as follows:
BinomialDistributedRandomVariable randomVariable =

new BinomialDistributedRandomVariable(1.0,-1.0,0.5);

double p = randomVariable.getProbabilityOfState1(); // Get probability of state 1
System.out.println( "Current value of p is: " + p);

randomVariable.setProbabilityOfState1(0.3); // Change probability of state 1 to 0.3

Another possiblily is to use the direct access to the corresponding data field:

BinomialDistributedRandomVariable randomVariable =
new BinomialDistributedRandomVariable(1.0,-1.0,0.5);

double p = randomVariable.probabilityOfState1; // Get probability of state 1
System.out.println( "Current value of p is: " + p);

randomVariable.probabilityOfState1 = 0.3; // Change probability of state 1 to 0.3
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CHAPTER 27. OBJECT-ORIENTED IMPLEMENTATION IN JAVA™

The last variant works without special methods.3 It is the direct access to the internal data of
the object.

This kind of access to the data structure appears to be more convenient for both the developer
who does not need to implement specialgetterandsettermethods as well as for the user of
the class. Direct access to the internal data structure of a class has to be allowed explicitly. To
allow direct access to a data field the keywordpublic has to be used:

class BinomialDistributedRandomVariable {

public double value1;
public double value2;
public double probabilityOfState1;

27.2.1.1. Encapsulation

Hiding the internal data structure and implementation and thus denying direct access to the
data structure is calledencapsulation. The fundamental advantage of encapsulation is that the
data structure and the way the methods process that data may be changed. Users of the class,
having access to methods on the objects only, may be left untouched by such changes. From
“outside” the class behaves as before.

The advantage of encapsulation may be illustrated with the very simple example of a bino-
mial distributed random variable. We give two examples:

Example of Encapsulation: Offering alternative methods Like thegetterandsetter
for the probabilityP({ω1}) of the stateω1 we offer agetterandsetterfor the probabilityP({ω2})
of the stateω2:

66/**
67* @return Returns the probability of state 2.
68*/
69public double getProbabilityOfState2() {
70return 1.0 - probabilityOfState1;
71}
72
73/**
74* @param probabilityOfState2 The probability of state 2.
75*/
76public void setProbabilityOfState2( double probabilityOfState2) {
77this .probabilityOfState1 = 1.0 - probabilityOfState2;
78}

Previously, the stateω1 was distinguished by the methods available (only its probabilityp
could be read) and the probability of the stateω2 was a derived quantityP({ω2}) = 1 − p.
Now both states are equally represented. How the properties of a binomial distributed random
variable are represented internally, i.e. how the data is store, cannot be inferred from outside.
It is possible to change the data layout and keep the specification (behaviour) of the methods
unchanged by adapting their implementation.

Example of Encapsulation: Performance improvement by adding a
cache to the internal data modell The data model described in List-
ing r̃eflst:BinomialDistributedRandomVariable consists ofB(ω1) (value1 ), B(ω2) (value2 )
andP({ω1}) (probabilityOfState1 ). As a consequence we have to calculate the expec-
tation as

E(B) := p · (B(ω1) + (1− p) · B(ω2)) = p · (B(ω1) − B(ω2)) + B(ω2).

3 As long as access to the data is allowed, in Java™ this is done by adding the keywordpublic before the data.
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27.2. PRINCIPLES OF OBJECT ORIENTED PROGRAMMING

This is done by the methodgetExpectation() . If this method is called very often we
may improve performance by calculating the result once and storing it in a cache. We add a
data fieldmean ascache

class BinomialDistributedRandomVariable {

private double value1;
private double value2;
private double probabilityOfState1;

private double mean; // Cache for the mean

which is updated to the mean by the methodupdateMean
private void updateMean() {

mean = probabilityOfState1 * value1 + (1-probabilityOfState1) * value2;
}

In addition we add a call toupdateMean() at the end of the constructor as well as at the
end of any setter modifying the state of the object, i.e. modifying the data. This ensures that
the fieldmean contains the valid mean. The methodgetExpectation does not do any
calculations, but merely returns the value from the cachemean:

/**
* @return The expectation of the random variable
*/

public double getExpectation() {
return mean;

}

A multiply call to getExpectation does not result in a multiple calculation of the (same)
mean.

Obviously, the user must not gain access to the fieldmean of a corresponding mean. This
would be fatal. The lines

System.out.println("Creating random variable.");
BinomialDistributedRandomVariable randomVariable =

new BinomialDistributedRandomVariable(1.0,-1.0,0.5); // Create object

randomVariable.mean = 0.2;

would put the objectrandomVariable into an inconsistent state. The user must neither
assume the existence of a cache nor manipulate it. Thus bothmean andupdateMean are
declaredprivate. All other data fields also have to be declaredprivate. If they are changed,
thenmean has to be recalculated. This is ensured by adding a call toupdateMean to any
setter. A direct manipulation of the data fields would disable this.

27.2.1.2. Interfaces

The advantage of encapsulation is that the internal data layout may be changed if required. By
adapting the implementation of the methods which is also hidden it is ensured that the methods
offer the same functionality as before. For the user of (the objects of) a class it is only relevant
to know the calling convention of the methods, theinterface

Definition 236 (Interface): q
The description of the calling convention of methods is called theinterface. Similar to Defini-
tion 233an interface consists of

• A description of the calling convention of a set of functions, themethods.

y

Definition 237 (Encapsulation): q
If a class offers its functionality only through aninterface, then we call the classencapsulated.
This is calledencapsulation. y

This work is licensed under a
Creative Commons License.
http://creativecommons.org/licenses/by-nc-nd/2.5/deed.en

343 Comments welcome.
©2004, 2005, 2006, 2007 Christian Fries

Version 1.4.18 [build 20070403]- 1st May 2007
http://www.christian-fries.de/finmath/book

http://creativecommons.org/licenses/by-nc-nd/2.5/deed.en
http://creativecommons.org/licenses/by-nc-nd/2.5/deed.en
http://www.christian-fries.de/finmath/book


CHAPTER 27. OBJECT-ORIENTED IMPLEMENTATION IN JAVA™

An example of an interface for an discrete real valued random variable, i.e. a real valued
random variable defined over a spaceΩ = {ω1, . . . , ωn}, is given by

Listing 27.3: DiscreteRandomVariableInterface : Interface description of a discrete random
variable

/*
* Created on 04.12.2004
*
* (c) Copyright Christian P. Fries, Germany. All rights reserved. Contact: email@christian-fries.de.
*/

package com.christianfries.finmath.tutorial.randomVariables;

/**
* This is the interface for a discrete real valued random variable.
*
* @author Christian Fries
*/

public interface DiscreteRandomVariableInterface {
int getNumberOfStates();
double getProbabilityOfState( int stateIndex);
double getValueOfState( int stateIndex);

double getExpectation();
double getVariance();

}

Further Reading: In [12, 36]: The keywordspublic , private and
protected for data fields and interfaces. C|

27.2.2. Abstraction and Inheritance

Interface and class are two extremes and something in between may be considered, namely
classes in which some methods have an implementation, while others are given only through
their calling convention (i.e. as an interface). Methods for which the implementation is not yet
specified are calledabstract methods.

An example may be given by considering the interface
DiscreteRandomVariableInterface above: The implementation of expecta-
tion and variance may be added without the knowledge of the internal data layout of the class.
It is possible to add a partial implementation.4

Listing 27.4: DiscreteRandomVariable : Abstract base class for a discrete random variable
/*

* Created on 05.12.2004
*
* (c) Copyright Christian P. Fries, Germany. All rights reserved. Contact: email@christian-fries.de.
*/

package com.christianfries.finmath.tutorial.randomVariables;

/**
* @author Christian Fries
*/

public abstract class DiscreteRandomVariable implements DiscreteRandomVariableInterface {
public double getExpectation() {

double expectation = 0.0;
for ( int stateIndex=0; stateIndex< this .getNumberOfStates(); stateIndex++) {

expectation += this .getValueOfState(stateIndex) * this .getProbabilityOfState(stateIndex);
}

return expectation;
}

public double getVariance() {

// Calculate second moment
double secondMoment = 0.0;
for ( int stateIndex=0; stateIndex< this .getNumberOfStates(); stateIndex++) {

double value = this .getValueOfState(stateIndex);
secondMoment += value * value * this .getProbabilityOfState(stateIndex);

}

4 An abstract class does not need to have any data layout.
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27.2. PRINCIPLES OF OBJECT ORIENTED PROGRAMMING

// Calculate expectation
double expectation = this .getExpectation();

// Return variance
return secondMoment - expectation*expectation;

}
}

To define a class which provides an implementation to the interface
DiscreteRandomVariableInterface is is only necessary toextend the class
DiscreteRandomVariable with the implementations of the remaining abstract methods.
This is possible in an elegant way by specifying that the new class shouldinherit the already
defined properties fromDiscreteRandomVariable . By doing so we may define a (new)
class for the binomial distributed random variable:

Listing 27.5: BinomialDistributedRandomVariable : derived from
DiscreteRandomVariable

/*
* Created on 05.12.2004
*
* (c) Copyright Christian P. Fries, Germany. All rights reserved. Contact: email@christian-fries.de.
*/

package com.christianfries.finmath.tutorial.randomVariables;

/**
* @author Christian Fries
* @version 1.0
*/

class BinomialDistributedRandomVariable extends DiscreteRandomVariable {

double value1;
double value2;
double probabilityOfState1;

class ChangeOfMeasureException extends Exception {
String cause;

/**
* @param cause The reason for this exception.
*/

public ChangeOfMeasureException(String cause) {
super (cause);
this .cause = cause;

}
}

/**
* This class implements a binominal distributed random variable
*
* @param value1 The value in state 1.
* @param value2 The value in state 2.
* @param probabilityOfState1 The probability of state 1.
*/

public BinomialDistributedRandomVariable( double value1, double value2, double probabilityOfState1) {
this .value1 = value1;
this .value2 = value2;
this .probabilityOfState1 = probabilityOfState1;

}

public int getNumberOfStates() {
return 2;

}

public double getProbabilityOfState( int stateIndex) {
if (stateIndex == 0)

return probabilityOfState1;
else

return 1.0 - probabilityOfState1;
}

public double getValueOfState( int stateIndex) {
if (stateIndex == 0)

return value1;
else

return value2;
}

public void changeMeasureToMatchGivenExpecation( double expectation)
throws ArithmeticException, ChangeOfMeasureException {

// Check if we have anything to do
if (expectation == this .getExpectation()) return ; // Noting to do here

// Check if change of measure is possible: check if random variable is stochastic
if (value1 == value2)

throw new ArithmeticException("Random variable is not stochastic.");
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CHAPTER 27. OBJECT-ORIENTED IMPLEMENTATION IN JAVA™

// Calculate candidate for new measure
double quasiProbability = (expectation - value2) / (value1 - value2);

if (quasiProbability < 0 || quasiProbability > 1)
throw new ChangeOfMeasureException("Given expectation out of possible range.");

// Check if change of measure is possible
probabilityOfState1 = quasiProbability;

}
}

Inheritance is not limited to the implementation of abstract methods, i.e. inheriting from
abstract classes. It is also possible to inherit from a class (not necessarily abstract) and to extend
this class by a new data layout, new methods or new implementation of existing methods.

Definition 238 (Inherited Class): q
Let A andB denote classes.B is called inherited fromA, if B implements (at least) the interface
of A. B is also calledderived class. A is calledbase class, alsosuper class.

If classB is inherited fromA, then all objects of typeB are simultaneously objects of the
typeA, they are polymorph, see Definition240. y

A convenient element of inheritance is the possibility of using the implementation of the
base class by default. If the derived class does not provide an implementation for a base class
method, then the implementation is inherited from the base class. To be precise, a call to a
method on an object of the derived class is routed automatically to the base class object if the
derived class does not provide an implementation. The method then works on the data fields
of the base class object.

Definition 239 (Overwriting (a method)): q
Supplying a new implementation to a method of a base class in a derived class is calledover-
writing the method. y

27.2.3. Polymorphism

The property that objects of a derived class are of multiple types is very important. Since the
derived class implements the interface defined by the super class, objects of the derived class’s
type may be used equally well in all applications of base class objects. This is possible and
meaningful because these objects may simultaneously be seen as objects of typeA (type of the
super class) and as objects of typeB (type of the derived class). We say that these objects are
polymorph.5 If a base class is itself a derived class, then objects of the derived class have all
types of all base classes.

Definition 240 (Polymorph): q
An object is calledpolymorph, if it is of multiple type and behaves according to its derived
type, even if it is used in a context (originally) expecting a base class. y

The importance of polymorphism becomes apparent in the method call of polymorphic ob-
jects. Method calls on polymorphic objects use what is calledlate binding. There a method
call on a polymorphic object is routed to the implementation of the derived class even if the
call is invoked in a context originally expecting a base class.

Remark 241 (Interface, The Message Paradigm): The concept of an interface is a central
concept of object-oriented programming. Inheritance is to some extent only a short way of
saying that a class offers a super-set of the interface of another class, where the shortening is

5 Objects are polymorph, i.e. of multiple types, not classes.
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27.3. EXAMPLE: A CLASS STRUCTURE FOR ONE DIMENSIONAL ROOT FINDERS

that for methods that do not have an implementation in the derived class the implementation in
the base class is used as a proxy.

For inheritance (in Java™) there is also the concept of the type of an object (and thus the
concept of polymorphism). In Java™ it is possible that two objects of two different classes
providing methods with identical calling conventions, i.e. providing the same interfaces, are
not interchangeable in their use since they are of different types. If this additional restriction
(type safety) is left out, then the only characteristic of a class is the interface provided. The
calling convention of a method is often interpreted as a “message which may be received by an
object”. Some programming languages do not have the concept of type safety and distinguish
objects only by the messages they may receive. Nice examples are Smalltalk and Objective-C.

27.3. Example: A Class Structure for One Dimensional
Root Finders

We consider the problem of finding a root6 of a function f : R→ R. The algorithm for seeking
the root is realized in a class that does not know the special shape of the function. Instead
we realize a question-answer-pattern: In each iteration the class proposes a valuex (through a
getter) for which it awaits the function value to be set, i.e. the class questions the function value
f (x) for a (chosen)x and develops a strategy for approaching the solution from the answers.

27.3.1. Root Finder for General Functions

27.3.1.1. Interface

Such a class has to provide a method that returns the suggested pointx (double
getNextPoint() ) and a method that receives the corresponding valuef (x) (void
setValue(double) ). Together with some methods for controling the iteration (counting,
accuracy achieved) we have to provide the following interface:

Listing 27.6: RootFinder : interface for a one-dimensional root finder
/*

* Created on 30.05.2004
*
* (c) Copyright Christian P. Fries, Germany. All rights reserved. Contact: email@christian-fries.de.
*/

package net.finmath.rootFinder;

/**
* This is the interface for a one dimensional root finder
* implemented as an question-and-answer algorithm.
*
* @author Christian Fries
*/

public interface RootFinder {

/**
* @return Next point for which a value should be set
* using <code>setValue</code>.
*/

public double getNextPoint();

/**
* @param value Value corresponding to point returned
* by previous <code>getNextPoint</code> call.
*/

public void setValue( double value);

/**
* @return Returns the numberOfIterations.
*/

6 x is a root of f if f (x) = 0.
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public int getNumberOfIterations();

/**
* @return Best point optained so far
*/

public double getBestPoint();

/**
* @return Returns the accuracy.
*/

public double getAccuracy();

/**
* @return Returns the isDone.
*/

public boolean isDone();

}

We still have no data layout and no specific implementation.RootFinder only describes the
interface. Obviously, a class implementing a root finder according to this interface has to have
some storage on the current state of the search (say a data field for the currentx) to derive a
strategy for seeking the root, Which strategy is used (the implementation) and which informa-
tion is needed for the strategy (the data layout) is not required in order to use it. It is sufficient
to know the interface. Thus we may write a method that tests a givenRootFinder against
some test functionf without actually having a specific class implementing theRootFinder :

Listing 27.7: Test forRootFinder classes

public static void testRootFinder(RootFinder rootFinder) {
System.out.println("Testing " + rootFinder.getClass().getName() + ":");

// Find a solution to xˆ3 + xˆ2 + x + 1 = 0
while (rootFinder.getAccuracy() > 1E-11 && !rootFinder.isDone()) {

double x = rootFinder.getNextPoint();

double y = x*x*x + x*x + x + 1; // Our test function. Analytic solution is -1.0.

rootFinder.setValue(y);
}

// Print result:
DecimalFormat formatter = new DecimalFormat("0.00E00");
System.out.print("Root......: " + formatter.format(rootFinder.getBestPoint()) +" ");
System.out.print("Accuracy..: " + formatter.format(rootFinder.getAccuracy() ) +" ");
System.out.print("Iterations: " + rootFinder.getNumberOfIterations() +"\n");

}

27.3.1.2. Bisection Search

A simple root finding algorithm is thebisection search.

Definition 242 (Bisection Search): q
Given a continuous functionf : R 7→ R andx1, x2 with f (x1) · f (x2) < 0. The sequence

xi+1 =

 xi+xi−1
2 , for f (xi−1) · f (xi) < 0

xi+xi−2
2 , else.

is calledbisection search. y

The classBisectionSearch realizes this algorithm by implementing the interface
RootFinder . A corresponding code is given in AppendixD.1.
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27.3.2. Root Finder for Functions with Analytic Derivative:
Newton Method

Some root finding methods, like the Newton method, require knowledge of the derivativef ′ =
∂ f
∂x . The “search strategy” of the Newton method is

xi+1 = xi −
f (xi)
f ′(xi)

.

27.3.2.1. Interface

Obviously a corresponding class has to implement a slightly modified interface. Instead of
a methodsetValue(double value) the interfaceRootFinderWithDerivative
provides a method setValueAndDerivative(double value, double
derivative) .

27.3.2.2. Newton Method

The classNewtonsMethod implements the interfaceRootFinderWithDerivative
using a Newton method. For the Newton method the corresponding implementation looks
as follows:

Listing 27.8: NewtonsMethod : implementing theRootFinderWithDerivative interface
/**

* @param value
* The value corresponding to the point returned by previous
* <code>getNextPoint</code> call.
* @param derivative
* The derivative corresponding to the point returned by previous
* <code>getNextPoint</code> call.
*/

public void setValueAndDerivative( double value, double derivative) {

if (Math.abs(value) < accuracy)
{

accuracy = Math.abs(value);
bestPoint = nextPoint;

}

// Calculate next point
nextPoint = nextPoint - value/derivative;

numberOfIterations++;
return ;

}

.

27.3.3. Root Finder for Functions with Derivative Estimation:
Secant Method

27.3.3.1. Inheritance

The power of inheritance and interfaces becomes apparent in the following realization of the
secant method. The search strategy of the secant method is

xi+1 = xi −
f (xi)

f (xi )− f (xi−1)
xi−xi−1

.

From that, two aspects become apparent:
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• The secant methodis a Newton method with an estimate for the derivative:f ′(xi) ≈
f (xi )− f (xi−1)

xi−xi−1
.

• In each iteration the secant method only required knowledge of the function valuef (xi)
for the proposed pointxi .

For the class, these properties translate to:

• The secant methodextendsthe classNewtonsMethod by an estimator for the deriva-
tive.

• The secant methodimplementstheRootFinder interface.

Thus, a corresponding class would look as follows:

Listing 27.9: SecantMethod : implementing theRootFinder interface
/*

* Created on 19.02.2004
*
* (c) Copyright Christian P. Fries, Germany. All rights reserved. Contact: email@christian-fries.de.
*/

package net.finmath.rootFinder;

/**
* This class implements a root finder as auestion-and-answer algorithm using
* the secant method.
*
* @author Christian Fries
* @version 1.1
*/

public class SecantMethod extends NewtonsMethod implements RootFinder {

// We need a second guess for the inital secant
double secondGuess;

// State of the solver
double currentPoint; // Actually the same as NewtonsMethod.nextPoint
double lastPoint;
double lastValue;

/**
* @param firstGuess The first guess for the solver to use.
* @param secondGuess A second guess for the solver to use (has to be different from first guess).
*/

public SecantMethod( double firstGuess, double secondGuess) {
super (firstGuess);
this .secondGuess = secondGuess;

}

public double getNextPoint() {
// Ask NewtonsMethods for next point and rember it as current point
currentPoint = super .getNextPoint();
return currentPoint;

}
/**

* @param value The value corresponding to the point returned by previous <code>getNextPoint</code> call.
*/

public void setValue( double value) {
// Calculate approximation for derivative
double derivative;
if (getNumberOfIterations() == 0) {

// This is a trick: This derivative will let Newton’s method propose the second guess as next point
derivative = value / (secondGuess - currentPoint);

} else {
derivative = (value - lastValue) / (currentPoint - lastPoint);

}

// Remember last point
lastPoint = currentPoint;
lastValue = value;

super .setValueAndDerivative(value, derivative);

return ;
}

/**
* @param value
* The value corresponding to the point returned by previous
* <code>getNextPoint</code> call.
* @param derivative
* The derivative corresponding to the point returned by previous
* <code>getNextPoint</code> call.
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*/
public void setValueAndDerivative( double value, double derivative) {

// Remember last point
lastPoint = nextPoint;
lastValue = value;

super .setValueAndDerivative(value, derivative);

return ;
}

}

Remark 243 (SecantMethod ): Note that in our implementation of the secand method we
stored the current pointx of each iteration in a fieldcurrentPoint . This is not necessary,
as we could have used the fieldnextPoint from the base classNewtonsMethod . How-
ever, then we have to make the field visible to the derived class.7 Using the additional field
currentPoint makes the derived class independent of the data model of the base class (but
also a bit less efficient since the point is stored twice).

27.3.3.2. Polymorphie

The classSecantMethod shows how polymorphism works. Objects of the class
SecantMethod are simultaneously objects of the classNewtonMethod , since
SecantMethod inherits fromNewtonMethod and thus offers the corresponding inter-
face. Thus the classSecantMethod not only implements the interfaceRootFinder , but
also implements the interfaceRootFinderWithDerivative as a Newton method. It
is truly polymorphic. With respect to the interfaceRootFinderWithDerivative be-
haves like aNewtonMethod (by routing calls to the base class), with respect to the interface
RootFinder it implements the secant method. That the classSecantMethod may act like
aNewtonMethod is not surprising: We have not change a method of the interface of the base
class (no method has been overwritten). This is also apparent in out test program Listing27.10,
testing all the root finders, see27.11.

Remark 244 (Inheritance: Specialization and Extension): The construct “B inherits from
A” is often interpreted as “B is an A”. For example “a discrete random variable is a random
variable” or “ a binomially distributed random variable is a discrete random variable”. The
motivation for this “mnemonic trick” is the conception that the derived classB is a specializa-
tion of the base classA. This interpretation may help us to design a class hierarchy, but it is
not universal. For example “the secant method is a Newton method” appears to be wrong. The
use of “. . . extends . . .” in place of “. . . is a(n) . . .” is much more universal. For example:
“The secant method extends the Newton method by an approximation for the derivative” makes
sense. And in Java™ the corresponding keyword isextends .

We test the implementation of our root finders with the classTestRootFinders . Since
there are only two different interfaces we have to write only two different test routines:

Listing 27.10: Test forRootFinder andRootFinderWithDerivative classes
/*

* Created on 02.12.2004
*
* (c) Copyright Christian P. Fries, Germany. All rights reserved. Contact: email@christian-fries.de.
*/

package net.finmath.rootFinder;

import java.text.DecimalFormat;

7 It would be sufficient to declare the fieldprotected , a weaker form ofpublic making it visible only to derived
classes.
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/**
* @author Christian Fries
*/

public class TestRootFinders {
public static void main(String[] args) {

System.out.println("Applying root finders to xˆ3 + 2*yˆ2 + x + 1 = 0\n");

System.out.println("Root finders without derivative:");
System.out.println("--------------------------------");

RootFinder rootFinder;

rootFinder = new BisectionSearch(-10.0,10.0);
testRootFinder(rootFinder);

rootFinder = new RiddersMethod(-10.0,10.0);
testRootFinder(rootFinder);

rootFinder = new SecantMethod(2.0,10.0);
testRootFinder(rootFinder);

System.out.println("");

System.out.println("Root finders with derivative:");
System.out.println("--------------------------------");

RootFinderWithDerivative rootFinderWithDerivative;

rootFinderWithDerivative = new NewtonsMethod(2.0);
testRootFinderWithDerivative(rootFinderWithDerivative);

rootFinderWithDerivative = new SecantMethod(2.0,10.0);
testRootFinderWithDerivative(rootFinderWithDerivative);

}

public static void testRootFinder(RootFinder rootFinder) {
System.out.println("Testing " + rootFinder.getClass().getName() + ":");

// Find a solution to xˆ3 + xˆ2 + x + 1 = 0
while (rootFinder.getAccuracy() > 1E-11 && !rootFinder.isDone()) {

double x = rootFinder.getNextPoint();

double y = x*x*x + x*x + x + 1; // Our test function. Analytic solution is -1.0.

rootFinder.setValue(y);
}

// Print result:
DecimalFormat formatter = new DecimalFormat("0.00E00");
System.out.print("Root......: " + formatter.format(rootFinder.getBestPoint()) +" ");
System.out.print("Accuracy..: " + formatter.format(rootFinder.getAccuracy() ) +" ");
System.out.print("Iterations: " + rootFinder.getNumberOfIterations() +"\n");

}

public static void testRootFinderWithDerivative(RootFinderWithDerivative rootFinder) {
System.out.println("Testing " + rootFinder.getClass().getName() + ":");

// Find a solution to xˆ3 + xˆ2 + x + 1 = 0
while (rootFinder.getAccuracy() > 1E-11 && !rootFinder.isDone()) {

double x = rootFinder.getNextPoint();

double y = x*x*x + x*x + x + 1;
double p = 3*x*x + 2*x + 1;

rootFinder.setValueAndDerivative(y,p);
}

// Print result:
DecimalFormat formatter = new DecimalFormat("0.00E00");
System.out.print("Root......: " + formatter.format(rootFinder.getBestPoint()) +" ");
System.out.print("Accuracy..: " + formatter.format(rootFinder.getAccuracy() ) +" ");
System.out.print("Iterations: " + rootFinder.getNumberOfIterations() +"\n");

}
}

Listing 27.11: Output of the test27.10
Applying root finders to xˆ3 + 2*yˆ2 + x + 1 = 0

Root finders without derivative:
--------------------------------
Testing net.finmath.fdml.rootFinder.BisectionSearch:
Root......: -1,00E00 Accuracy..: 9,09E-12 Iterations: 43
Testing net.finmath.fdml.rootFinder.RiddersMethod:
Root......: -1,00E00 Accuracy..: 3,33E-16 Iterations: 22
Testing net.finmath.fdml.rootFinder.SecantMethod:
Root......: -1,00E00 Accuracy..: 0,00E00 Iterations: 15

Root finders with derivative:
--------------------------------
Testing net.finmath.fdml.rootFinder.NewtonsMethod:
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Root......: -1,00E00 Accuracy..: 1,33E-15 Iterations: 10
Testing net.finmath.fdml.rootFinder.SecantMethod:
Root......: -1,00E00 Accuracy..: 1,33E-15 Iterations: 10

27.4. Anatomy of a Java™ Class

In Figure27.1on Page356we show (part of) a Java™ class with the most important elements.
Before the declaration of the class the name of the packet to which the class belongs is

specified. The full class name is the concatenation of the packet name and the class name and
it should be unique. To achieve this, the packet name is often derived from the internet address
of its creator.

This is followed by the specification of other classes used in the declaration of this class by
means of the keywordimport followed by the full class name.

The declaration of the class starts with the keywordclass followed by the class name
and introduced by the keywordsextends andimplements the optional specification of a
base class and the implementedinterfaces. If the specification of a base class is missing, then
java.lang.Object is used as a base class. Thus all objects inherit directly or indirectly
from java.lang.Object .

Following is the declaration of the data layout by a list of data fields, also called attributes.
An attribute is defined by the specification of its type (primitive types, likedouble , int ,
etc., or a class) and its name. To determine its visibility (encapsulation) it may be preceded
by the keywordsprivate , protected or public . Without such a keyword the visibility
private is assumed.

The remainder of the class declaration consists of the declaration and implementation of the
constructorsandmethods. The method name is preceded by the type of the return value (or
void for a method without return value). This may be preceded by further keywords (visi-
bility: public , private , declaration asclass method: static , prevention of overwriting:
final ). A constructor is a method for which the name corresponds to the class name. It is
public and has no return value (the keywordvoid is missing however).8

Further Reading: The Java™ keywordsprivate , protected , public ,
void , static , final , implements , extends , package andimport in
[12, 36]. C|

27.5. Libraries

A major advantage of Java™ is its rich set of class libraries, which may easily be incorporated
due their unique package name and clear interfaces and often coming with a JavaDoc docu-
mentation. Not only basic data management likecollectionsare available, but also numerical
libraries with algorithms from linear algebra, statistic and stochastic.

27.5.1. Java™ 2 Platform, Standard Edition (j2se)

The packetsjava.* of the Java™ 2 Platform, Standard Editionoffer basic functionalities,
especially for the management of lists, strings and files.

8 Actually, the object created should be viewed as the return value of the constructor.
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Packet(s) . . . : java.*
Manufacturer : Sun Microsystems
Source . . . . . . : http://java.sun.com/j2se/
Licence . . . . . : free, seehttp://java.sun.com/j2se/

27.5.2. Java™ 2 Platform, Enterprise Edition (j2ee)

The packetsjavax.* of the Java™ 2 Platform, Enterprise Editionprovide functionalities
for the graphical user interface Swing and internet communication.

Packet(s) . . . : javax.*
Manufacturer : Sun Microsystems
Source dotfill: http://java.sun.com/j2ee/
Licence . . . . . : free, seehttp://java.sun.com/j2ee/

27.5.3. Colt

The Colt library offers in the packetscern.colt.* functionalities from linear alge-
bra (matrix multiplication, matrix inversion, eigenvector decomposition) and in the packets
cern.jet.* functionalities from stochastics (random number generators, distribution func-
tions).

Packet(s) . . . : cern.colt.* , cern.jet.* , cern.clhep
Manufacturer : Wolfgang Hoschek.

Copyright (c) 1999 CERN - European Organization for Nuclear Research.
Source . . . . . . : http://dsd.lbl.gov/˜hoschek/colt/
Licence . . . . . : The packetscern.colt* , cern.jet* , cern.clhep are free for

commercial use, seehttp://dsd.lbl.gov/˜hoschek/colt/
license.html .

27.5.4. Commons-Math: The Jakarta Mathematics Library

Manufacturer : Various (Open Source), The Apache Software Foundation.
Source . . . . . . : http://jakarta.apache.org/commons/math/
Licence . . . . . : Apache License, http://jakarta.apache.org/commons/

license.html .

27.6. Some Final Remarks

27.6.1. Object Oriented Design (OOD) / Unified Modeling
Language (UML)

Two key advantages of object-oriented programming are the modularization of the solution of
a problem by encapsulation and abstraction and the reuse and extensibility of the solution of
a problem by inheritance and polymorphism. Clean interfaces allow the independent develop-
ment, refinement and optimization of parts, independent both in time and personal.

Working out an object-oriented solution starts with the definition of the interfaces. These
should provide an efficient communication of the objects. The design of the interfaces (and
from that the classes) is called object-oriented design (OOD), [15]. For the design of more
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complex solutions a graphical language may be used (a convention of symbols): theunified
modeling language(UML), [28].

Further Reading: On the object-oriented design: Design patterns in [15],
UML in [ 28]. C|
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package com.christianfries.finmath.tutorial.example2;

import net.finmath.fdml.rootFinder.RootFinder;
import net.finmath.fdml.rootFinder.NewtonsMethod;

/**
 * This class implements a root finder as auestion-and-answer algorithm using
 * the secant method.
 * 
 * @author Christian Fries
 * @version 1.0
 */
public class SecantMethod extends NewtonsMethod implements RootFinder {

    double secondGuess;
    double lastPoint;
    double lastValue;

    /**
     * @param guess
     *            initial guess where the solver will start
     */
    public SecantMethod(double firstGuess, double secondGuess) {
        super(firstGuess);
        this.secondGuess = secondGuess;
    }

    /**
     * @param value
     *            The value corresponding to the point returned by previous
     *            <code>getNextPoint</code> call.
     * @param derivative
     *            The derivative corresponding to the point returned by previous
     *            <code>getNextPoint</code> call.
     */
    public void setValue(double value) {

        double nextPoint = this.getNextPoint();
        
        // Calculate approximation for derivative
        double derivative = derivativeApproximation(nextPoint, value);

        // Remember last point
        lastPoint = nextPoint;
        lastValue = value;

        super.setValueAndDerivative(value, derivative);

        return;
    }
    
    private double derivativeApproximation(double point, double value) {

        double derivative;
        
        // Calculate approximation for derivative
        if (getNumberOfIterations() == 0) {
            derivative = value / (secondGuess - point);
        } else {
            derivative = (value - lastValue) / (point - lastPoint);
        }
        
        return derivative;
    }
}

comment in JavaDoc format

data model / attributes of the class

constructor

base class implemented interfaces

package name

imported (used) classes

call of a constructor of the base class

argument of the method (here the constructor)attribut of the class

m
ethods (public)call to a local method

m
othods (private)

arguments

type of the return value

return value

data m
odel

comment in JavaDoc format

Figure 27.1.: Anatomy of Java™ class.
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Part VIII.

Appendix
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APPENDIX A

Tools (Selection)

A.1. Linear Regression

Lemma 245 (Linear Regression): Let Ω∗ = {ω1, . . . , ωn} be a given sample space,V :
Ω∗ → R andY := (Y1, . . . ,Yp) : Ω∗ → Rp given random variables. Furthermore let

f (y1, . . . , yp, α1, . . . , αp) :=
∑

αiyi .

Then for anyα∗ with XTXα∗ = XTv

||V − f (Y, α∗)||L2(Ω∗) = min
α
||V − f (Y, α)||L2(Ω∗),

where

X :=


Y1(ω1) . . . Yp(ω1)
...

...
Y1(ωn) . . . Yp(ωn)

 , v :=


V(ω1)
...

V(ωn)

 .

If (XTX)−1 thenα∗ := (XTX)−1XTv. TheY1, . . . ,Yp are calledbasis functionsor explanatory
variables.

Proof: We have to solve the minimization problem

g(α) := ||V − f (Y, α)||2L2(Ω∗) = (v− X · α)T · (v− X · α)→ min.

The quadratic function on the right hand side attains its minimum where the partial derivatives
with respect toαi are zero. We have

∂g
∂α
= 2XT · (v− X · α) = 2(XTv− XTX · α)

and thus
∂g
∂α
= 0 ⇔ XTv = XTX · α.

�|
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APPENDIX A. TOOLS (SELECTION)

A.2. Generation of Random Numbers

This section will consider the generation of (pseudo-)random numbers and shows how to con-
struct a Monte-Carlo simulation from these. There are numerous methods to generate random
numbers and Monte-Carlo simulations and a discussion of the various aspects of the quality of
random numbers will not be discussed. We will give only an example based on the Mersenne-
Twister. However, the methods presented are sufficient for most applications.

A.2.1. Uniform Distributed Random Variables

A.2.1.1. Mersenne Twister

A very popular (and also very good) random number generator for [0,1]-equi-distributed ran-
dom numbers is the Mersenne Twister (MT 19937). The random number generator has a
period length of 219937− 1, i.e. the random numbers generated repeat for the first time after
219937samples. The random numbers are also equi-distributed in high dimensions (up to 623),
see [83]. Based on the MT 19937 we may thus generate ann-dimensional stochastic process
by drawingn sequencial random numbers in each time step to calculate the increments of the
stochastic process.1

Many libraries contain an implementation of the MT 19937. For the most popular languages
it is available as source code.

A.2.2. Transformation of the Random Number Distribution via the
Inverse Distribution Function

If Z is an [0,1]-equi-distributed random variable andΦ a cumulative distribution function,
thenX := Φ−1(Z) is a random variable with a distribution given byΦ. If a random number
generator for equi-distributed random numbers is given (e.g. theMersenne Twister), then we
draw realizationsZ(ωi), i = 1,2, . . . and obtain fromΦ−1(Z(ωi)) realizations ofX. Thus, in
addition to an [0,1]-equi-distributed random number generator, we only require an inverse
distribution function.

A.2.3. Normal Distributed Random Variables

A.2.3.1. Inverse Distribution Function

The density of the standard normal distribution isφ(x) := 1
√

2π
exp

(
− x2

2

)
, the (cumulative)

distribution function isΦ(x) :=
∫ x

−∞
φ(ξ)dξ. The algorithm described in [91] gives an approx-

imationΦ̃−1 of Φ−1 with a relative error of|Φ̃
−1−Φ−1|

1+|Φ−1|
< 10−15.

A.2.3.2. Box-Muller Transformation

The Box-Muller transformation transforms two independent [0,1]-equi-distributed random
numbers into two independent normally distributed random numbers.

Lemma 246 (Box-Muller Transformation): If z1 andz2 are two independent [0,1]-equi-

1 See also the remark at the end of SectionA.2.5.
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A.2. GENERATION OF RANDOM NUMBERS

distributed random variables, then

x1 := ρ cos(θ), x2 := ρ sin(θ)

with ρ :=
√
−2 log(z1) andθ := 2πz2 two independent normally distributed random variables

with mean 0 and standard deviation 1.

A.2.4. Poisson Distributed Random Variables

A.2.4.1. Inverse Distribution Function

The cumulative) distribution function of the Poisson distribution isΦ(τ) := 1−exp
(
−
∫ τ

0
λ(t)dt

)
,

whereλ denotes theintensity. If λ is constant then

Φ−1(z) = −
log(1− z)

λ
.

If q is the probability that an event will occur in the interval [T1,T2] and if λ is constant then

λ = −
log(1− q)
T2 − T1

.

A.2.5. Generation of Paths of an n-dimensional Brownian Motion

Let T0 < T1 < . . . < Tm denote a given time discretization. We wish to generate the realization
of an N-dimensional Brownian motionW := (W1, . . . ,Wn) on sample pathsω1, . . . ωk. For a
single path we have to drawn · m random numbers. To generate then · m-tuples we use the
Mersenne Twister and apply a transformation.

Let {zi}i=1,2,... denote the sequence of [0,1]-equi-distributed random numbers drawn from
the Mersenne Twister. Then{Φ−1(zi)}i=1,2,... is a sequence of standard normally distributed
random variables. IfnormalDistribution.nextDouble() is a method returning a
new element of the sequence{Φ−1(zi)}i=1,2,... upon each call, then a time-discrete Brownian
motion is generated by the code in ListingA.1.

Listing A.1: Generation of an n -dimensional Brownian motion
/**

* This class represents a multidimensional brownian motion W = (W(1),...,W(n))
* where W(i),W(j) are uncorrelated for i not equal j.
* Here the dimension n is called factors since this brownian motion is used to
* generate multi-dimensional multi-factor Ito processes and there one might use
* a different number of factors to generate Ito processes of different dimension.
*
* @author Christian Fries
* @version 1.1
*/

public class BrownianMotion {
double [][][] brownianIncrement;

double [] timeDiscretization;
int numberOfFactors;
int numberOfPaths;
int seed;

...

private void doGenerateBrownianMotion() {
// Create random number sequence generator
AbstractDistribution normalDistribution = new Normal( 0,1, new MersenneTwister64(seed) );

// Allocate memory
brownianIncrement = new double [(timeDiscretization.length-1)][numberOfFactors][numberOfPaths];
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APPENDIX A. TOOLS (SELECTION)

// Precalculate square roots of deltaT
double [] sqrtOfTimeStep = new double [timeDiscretization.length-1];
for ( int timeIndex=0; timeIndex<timeDiscretization.length-1; timeIndex++) {

sqrtOfTimeStep[timeIndex]
= Math.sqrt(timeDiscretization[timeIndex+1]-timeDiscretization[timeIndex]);

}

// Set increments
for ( int path=0; path<numberOfPaths; path++) {

for ( int timeIndex=0; timeIndex<timeDiscretization.length-1; timeIndex++) {
double sqrtDeltaT = sqrtOfTimeStep[timeIndex];
// Generate uncorrelated Brownian increment
for ( int factor=0; factor<numberOfFactors; factor++) {

brownianIncrement[timeIndex][factor][path] = normalDistribution.nextDouble() * sqrtDeltaT;
}

}
}

}
}

Tip (Generation of paths of time-discrete stochastic processes):
The Mersenne Twister is equi-distributed in 623 dimensions. How well this

property is preserved in higher dimensions is not clear. For ann-dimensional
Brownian motion with independent increments we have first the requirement that

the increments are derived through a transformation of independent equi-distributed random
variables. For this reason it is advisable to generate the random numbers of then increments
of then-dimensional processes in a sequence (i.e. as ann-tuple). Furthermore we have the re-
quirement of the temporal independence of them increments of the stochastic process, here the
increments∆W(Ti) := W(Ti+1) −W(Ti) of the Brownian motion. Thus, a pathω corresponds
to the realization of ann ·m-dimensional random variable, here

(∆Wj(Ti)) j=1,...,n, i=1,...,m.

In other words: If we have to generate paths of ann-dimensional process withm time steps,
then we draw ann · m-tuple for every paths. This requires the random number generator to
create the desired distribution inn ·m dimensions. Thus, the high dimension of the Mersenne
Twister is of interest to our application. With the Mersenne Twister we may, e.g., generate a
7-dimensional Process with 89 time steps (7· 89= 623).2

Thus, the order of the loops in ListingA.1 has been chosen deliberately. C|

Further Reading: For the generation of random numbers, especially in
the context of Monte-Carlo simulations and derivative pricing, see [18]. Back-
ground information on the Mersenne Twister and references to its source code
and libraries may be found in the Wikipedia article “Mersenne Twister”,http:

//de.wikipedia.org/wiki/Mersenne_Twister . C|

2 Not all 623 dimensions have to be used, although in this example this would be the case.
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A.3. FACTOR DECOMPOSITION - GENERATION OF CORRELATED BROWNIAN MOTION

A.3. Factor Decomposition - Generation of Correlated
Brownian Motion

Lemma 247 (Factor decomposition): Let R= (ρi, j)i, j=1...n denote a given correlation matrix.
ThusR is symmetric and positive semi-definite. This implies thatR has real eigenvaluesλ1 ≥

. . . ≥ λn ≥ 0 and that a corresponding ortho-normal basis of eigenvectorsv1, . . . , vn of Rexists,
i.e.

∃ V : VTRV= D :=


λ1 0

0
. . . 0

0 λn

 , whereV = (v1, . . . , vn) .

andR= VDVT as well asVTV = I .
Let U1, . . . ,Un denote independent Brownian motions,U := (U1, . . . ,Un)T. ThenW with

dW := (dW1, . . . ,dWn)T := V
√

DdU

is ann-dimensional Brownian motion with

< dWi ,dWj >= ρi, jdt.

With F := (v1
√
λ1, . . . , vn

√
λn) we thus have dW = FdU.

Proof: Obviously, a correlation matrix is symmetric and thus its eigenvalues are all real. IfR
is the correlation matrix of the random variable vectorX = (X1, . . . ,Xn)T with Var(Xi) = 1 and
E(Xi) = 0, thenR = E(X · XT). If vi denotes the eigenvector corresponding to the eigenvalue
λi , then

E
(
‖XTvi‖

2
l2

)
= E

(
vT

i X · XTvi
)
= vT

i Rvi = λi‖vi‖
2
l2

and thus

λi =
E
(
‖XTvi‖

2
l2

)
‖vi‖

2
l2

≥ 0.

Thus,R is positive semi-definite and dW := V
√

DdU is well defined. �|
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APPENDIX A. TOOLS (SELECTION)

A.4. Factor Reduction

Using the construction of correlated Brownian motion discussed in SectionA.3, we may reduce
the number of relevant factors (i.e. the number of non-zero eigen values), while keeping the
correlation structure close to the original correlation structure. LetR, V, D be as in SectionA.3
andm< n. Using

( f1, . . . , fn) = F = V
√

D, fi = ( f j,i)
n
j=1

define

Fr = ( f r
i )i=1,...,m = ( f r

j,i) j=1,...,n
i=1,...,m

, f r
j,i :=

f j,i

(
∑

k f 2
j,k)

1/2
,

i.e. the n × m-matrix Fr is calculate from then × m-Matrix (v1
√
λ1, . . . , vm

√
λm) by re-

normalizing then rows.
Let U1, . . . ,Um denote independent Brownian motions,U := (U1, . . . ,Um)T. ThenW de-

fined by
dW := (dW1, . . . ,dWn)T := FrdU

is ann-dimensionalm-factorial Brownian motion.
The factor reduction corresponds to apricipal component analysisfollowed by a re-

normalization of the components.

Remark 248 (Factor Reduction): The magnitude of the absolute value of the eigenvalue of
λi represents the importance of the corresponding factorfi . It may be used to decide upon the
number of factors to use. A simple example is given by the limit case of perfect correlation
ρi, j = 1. The corresponding correlation matrix has one eigenvaluen corresponding to the
eigenvector (1, . . . ,1) and ann − 1-fold eigenvalue 0 corresponding to the orthogonal space.
This implies that the dynamic of then dimensional Brownian motion may be explained by a
one-dimensional Brownian motion (one factor).
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Figure A.1.: Factor reduction in the case of high correlation: The factors fi (eigenvectors) of the
correlation matrixρi, j = exp(−0.005∗ |i − j|) (left) and a reduction to the three factors having the largest
eigenvalues (right).

In FigureA.1 we depict a reduction to the first three factors for the case of a high correlation
ρi, j = exp(−0.005∗ |i − j|). However, if many factors with relatively high weight (eigenvalues)
are neglected, then the factor reduction has a significant impact on the correlation structure
(see FigureA.3) as well as on the shape of the remaining factors (see FigureA.2).
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A.4. FACTOR REDUCTION
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Figure A.2.: Factor reduction in the case of low correlation: The factors fi (eigen values) of the correla-
tion matrixρi, j = exp(−0.1∗|i − j|) (left) and a reduction to the two factors having the largest eigenvalues
(right).
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Figure A.3.: Factor reduction in the case of low correlation: The original correlation matrixρi, j =

exp(−0.1 ∗ |i − j|) (left) and the correlation matrix corresponding to the reduction to two factors (right).
This case corresponds to the factor reduction in FigureA.2.

This work is licensed under a
Creative Commons License.
http://creativecommons.org/licenses/by-nc-nd/2.5/deed.en

365 Comments welcome.
©2004, 2005, 2006, 2007 Christian Fries

Version 1.4.18 [build 20070403]- 1st May 2007
http://www.christian-fries.de/finmath/book

http://creativecommons.org/licenses/by-nc-nd/2.5/deed.en
http://creativecommons.org/licenses/by-nc-nd/2.5/deed.en
http://www.christian-fries.de/finmath/book


APPENDIX A. TOOLS (SELECTION)

Experiment: The impact of a factor reduction on the correlation matrix may
be studied for different correlation structures at
http://www.christian-fries.de/finmath/applets/
FactorReduction.html . C|
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A.5. OPTIMIZATION (ONE-DIMENSIONAL): GOLDEN SECTION SEARCH

A.5. Optimization (one-dimensional): Golden Section
Search

Given a functionf : [a,b] → R. Furthermore letλ ∈ (0,1) andm0 = λa + (1 − λ)b such
that f (m0) < min{ f (a), f (b)}. Then the sequence{mi}

∞
i=0 defined by the following algorithm

converges to a local minimum off (and thus to a global minimum on [a,b], if f is strictly
convex on [a,b]):
Iteration start :

a0 := a, m0 := λa+ (1− λ)b, b0 := b

Iteration step:

• If bi −mi > mi − ai then setz := λmi + (1− λ)bi and

if f (mi) < f (z):


ai+1 := ai

mi+1 := mi

bi+1 := z

 else:


ai+1 := mi

mi+1 := z
bi+1 := bi

.

• If bi −mi ≤ mi − ai then setz := λai + (1− λ)mi and

if f (z) < f (mi):


ai+1 := ai

mi+1 := z
bi+1 := mi

 else:


ai+1 := z
mi+1 := mi

bi+1 := bi

.

x

f(x)

m
z

x

f(x)

m
z

Figure A.4.: Golden Section Search

The algorithm places a point (z) into the larger of the two intervals [a,m], [m,b] and from the
resulting three intervals it rejects the one that is adjacent to the larger value off (m), f (z).

For the division ratioλ the value

λ =
3−
√

5
2

is optimal in the following sense: In the worst case, in which the algorithm rejects the smaller

intervall and retains the larger interval at every iteration step, then the valueλ = 3−
√

5
2 will

result in the fastest convergence rate. Since this ratio is thegolden section, the algorithm is
called theGolden Section Search.
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APPENDIX A. TOOLS (SELECTION)

A.6. Convolution with Normal Density

Lemma 249 (Integration ofexp(a · X), X normally distributed): It is∫ h2

h1

ea·x · φ(x; y, σ) dx =

[
Φ(

h2 − (y+ aσ2)
σ

) − Φ(
h1 − (y+ aσ2)

σ
)

]
eay+ a2σ2

2 ,

whereφ(ξ; µ, σ) = 1
√

2πσ
· e−

(ξ−µ)2

2σ2 denotes the density andΦ(x) :=
∫ x

−∞
φ(ξ; 0,1)dξ denotes the

distribution function of the normal distribution. In particular:∫ ∞

−∞

ea·x · φ(x; y, σ) dx = eay+ a2σ2

2 .

Proof: It is ∫ h2

h1

ea·x · φ(x; y, σ) dx =
1
√

2πσ

∫ h2

h1

ea·x · e−
1
2 ( x−y

σ )2
dx

=
1
√

2πσ

∫ h2

h1

exp(a · x−
1
2

(
x− y
σ

)2) dx.

Since

exp(a · x−
1
2

(
x− y
σ

)2)

= exp(a · x−
1

2σ2
(x2 − 2x · y+ y2))

= exp(−
1

2σ2
(x2 − 2x · y+ y2 − 2aσ2 · x))

= exp(−
1

2σ2
(x2 − 2x(y+ aσ2) + y2))

= exp(−
1

2σ2
(x2 − 2x(y+ aσ2) + (y+ aσ2)2 − 2aσ2y− a2σ4))

= exp(−
1

2σ2
(x2 − 2x(y+ aσ2) + (y+ aσ2)2) · exp(ay+

a2σ2

2
)

= exp(−
(x− (y+ aσ2))2

2σ2
· exp(ay+

a2σ2

2
),

it follows that ∫ h2

h1

ea·x · φ(x; y, σ) dx

=
1
√

2πσ

∫ h2

h1

exp(−
(x− (y+ aσ2))2

2σ2
dx · exp(ay+

a2σ2

2
)

=

∫ h2

h1

φ(x; y+ aσ2, σ) dx · exp(ay+
a2σ2

2
).

�|
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APPENDIX B

Exercises

In this chapter we give a small selection of exercises. The points are a rough indication of the
complexity of the solution.

Exercise 1 (Probability space, random variable [15 points]): Let (Ω,F ,P) denote a
probability space andX : Ω→ R a random variable.

1. Give an example of a (false) modelingΩ, F , X of some random experiment, such that
X is not (F ,B(R))-measurable (give the definition of the mathematical objects and their
interpretation).

2. Now let X be (F ,B(R))-measurable.

a) Show that
{X−1(A) |A ∈ B(R)}

is aσ-algebra and a subset ofF (sub-σ-algebra ofF ). Give a possible an inter-
pretation of the object?

b) Show that
PX(A) := P(X−1(A)) ∀A ∈ B(R))

defines a probability measure (the image measure).

Exercise 2 (Conditional Expectation [20 points])1: Let X denote anF -measurable (numer-
ical) random variable andG aσ-algebra withG ⊂ F (i.e.G is a sub-σ-algebra ofF ). Prove
the following properties of the conditional expectation:

1. If X is aG-measurable random variable, then E(X|G) = X (P-almost surely).

2. If X ≥ 0, then E(X|G) ≥ 0.

3. (Tower Law) If H is anσ-algebra withH ⊂ G, then E(E(X|G)|H) = E(X|H).

4. (Taking out what is known) If Z is a boundedG-measurable random variable, then

E(ZX|G) = ZE(X|G). (B.1)

1 See [41].
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APPENDIX B. EXERCISES

Exercise 3 (Distribution Function [10 points])2: Let X : Ω → R denote a random variable
andF the distribution function ofX, i.e.F(x) := PX((−∞, x)). Show that:

1. F is left continuous, i.e.F(x) = limh↗0 F(x+ h).

2. If g : R→ R is measurable with E(|g(X)|) < ∞, then

E(g(X)) =
∫ ∞

−∞

g(x)dF(x),

where the integral is interpreted as Lebesgue-Stieltjes integral (see [27]).

Exercise 4 (Brownian Scaling [10 points])3: Let W denote a Brownian motion andc > 0.
Show that with

W̃(t) :=
1
c

W(c2t)

W̃ is also a Brownian motion. Are the two processesW andW̃ equal in any sense (c.f. Defini-
tion 20)?

Exercise 5 (Quadratic Variation [10 points])4: Let X denote a continuous stochastic pro-
cess5. For p > 0 let thep-th variation process be defined as

< X,X >(p) (t, ω) := lim
∆t→0

∑
tk≤t

|X(tk+1, ω) − X(tk+1, ω)|p,

where{ti}∞i=1 is a strictly monotone sequence witht0 = 0, limk→∞ tk = ∞, ∆t := supk |tk+1 − tk|.
The process< X,X >(1) is called thetotal variationof X and the process< X,X >:=< X,X >(2)

is called thequadratic variationof X.

Let W denote a (one-dimensional) Brownian motion.

1. Show that
< W,W > (t, ω) = t P-almost surely.

2. Show that
< W,W >1 (t, ω) = ∞ P-almost surely.

Note that these properties hold pathwise for almost all paths and not only just in an averaged
sense.

Exercise 6 (Itô Integral [10 points])6: Show by direct use of the definition of the Itô
integrals, that

1.
∫ T

0
t dW(t) = T ·W(T) −

∫ T

0
W(t) dt,

2.
∫ T

0
W(t)2 dW(t) = 1

3W(T)3 −
∫ T

0
W(t) dW(t).

2 See [27].
3 See [27].
4 See [27].
5 A continuous stochastic processes is a stochastic process for which each path is a continuous function in time.
6 See [27].
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Exercise 7 (Stratonovich Integral [10 points])7: Let T(n) := {t0, . . . , tn} with 0 = t0 < t1 <
. . . < tn = T denote adecompositionof the interval [0,T] and∆T(n) := supi |ti − ti−1| its
fineness. Furthermore letf : [0,T] × Ω → R be of theclass of integrands of the Itô integral
(on [0,T]) andt 7→ f (t, ω) continuous for (almost) allω. Then∫ T

0
f (t, ω) dW(t, ω) = lim

∆T(n)→0

n∑
j=1

f (t j−1, ω)(W(t j , ω) −W(t j−1, ω))

is in L2(P) (proof?). TheStratonovich Integralis defined correspondingly as∫ T

0
f (t, ω) ◦ dW(t, ω) = lim

∆T(n)→0

n∑
j=1

f (t j− 1
2
, ω)(W(t j , ω) −W(t j−1, ω))

with t j− 1
2

:= ti−1+ti
2 . Calculate

1.
∫ T

0
W(t, ω) ◦ dW(t, ω) and

2.
∫ T

0
W(t, ω) ◦ dW(t, ω) −

∫ T

0
W(t, ω) dW(t, ω).

Solution:It is∫ T

0
W(t, ω) ◦ dW(t, ω) = lim

∆T(n)→0

n∑
j=1

W(t j− 1
2
, ω)(W(t j , ω) −W(t j−1, ω))

and

W(t j− 1
2
, ω)(W(t j , ω) −W(t j−1, ω))

= W(t j− 1
2
, ω)(W(t j , ω) −W(t j− 1

2
, ω)) +W(t j− 1

2
, ω)(W(t j− 1

2
, ω) −W(t j−1, ω))

=
1
2

(W(t j , ω) +W(t j− 1
2
, ω))(W(t j , ω) −W(t j− 1

2
, ω))

−
1
2

(W(t j , ω) −W(t j− 1
2
, ω))(W(t j , ω) −W(t j− 1

2
, ω))

+
1
2

(W(t j− 1
2
, ω) −W(t j−1, ω))(W(t j− 1

2
, ω) −W(t j−1, ω))

+
1
2

(W(t j− 1
2
, ω) +W(t j−1, ω))(W(t j− 1

2
, ω) −W(t j−1, ω))

=
1
2

(W(t j , ω)2 −�����W(t j− 1
2
, ω)2) +

1
2

(�����W(t j− 1
2
, ω)2 −W(t j−1, ω)2)

−
1
2

(W(t j , ω) −W(t j− 1
2
, ω))(W(t j , ω) −W(t j− 1

2
, ω))

+
1
2

(W(t j− 1
2
, ω) −W(t j−1, ω))(W(t j− 1

2
, ω) −W(t j−1, ω))

=
1
2

(W(t j , ω)2 −W(t j−1, ω)2)

−
1
2

(W(t j , ω) −W(t j− 1
2
, ω))2 +

1
2

(W(t j− 1
2
, ω) −W(t j−1, ω))2.

7 See [27].
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APPENDIX B. EXERCISES

Thus, from

lim
∆T(n)→0

n∑
j=1

(W(t j , ω) −W(t j− 1
2
, ω))2 = lim

∆T(n)→0

n∑
j=1

(W(t j− 1
2
, ω) −W(t j−1, ω))2

we have ∫ T

0
W(t, ω) ◦ dW(t, ω) =

1
2

W(tn, ω)2.

Exercise 8 (Itô Product Rule, Itô Quotient Rule [15 points]): Use the It̂o formula and prove

1. The product rule: LetX andY denote It̂o processes. Then

d(X · Y) = Y · dX + X · dY+ dX · dY

2. The quotient rule: LetX andY denote It̂o processes,Y > c for somec ∈ (0,∞). Then

d
(X
Y

)
=

X
Y

dX
X
−

dY
Y
−

dX
X
·

dY
Y
+

(
dY
Y

)2
3. The drift adjustment of a lognormal process: LetS(t) > 0 denote an It̂o process of the

form
dS(t) = µ(t)S(t)dt + σ(t)S(t)dW(t),

dY(t) = (µ(t) −
1
2
σ2(t))dt + σ(t)dW(t).

Exercise 9 (Martingale: Itô formula [15 points])8: Use the It̂o formula and show that the
following processes areFt-martingales:

1. X(t) = exp(12t) cos(W(t))

2. X(t) = exp(12t) sin(W(t))

3. X(t) = (t +W(t)) exp(− 1
2t −W(t))

(W(t) is a one-dimensional Brownian motion).

Exercise 10 (Black-Scholes partial differential equation in the coordinatest, N(t), S(t) [20
points]): Show that the function

V(t,n, s)) = sΦ(d+) − n
K

N(T)
Φ(d−)

with

d± =
1

σ̄
√

(T − t)

[
log(

s
n
·

N(T)
K

) ±
σ̄2(T − t)

2
]
.

8 See [27].
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andΦ′(x) = φ(x) = C exp(−x2/2) solves the partial differential equation

∂V(t)
∂t

dt +
1
2
∂2V(t)
∂s∂s

σ2 = 0

with thefinal time condition

V(T,N(T), s) = max(s− K,0).

Exercise 11 (Black 76 Formula for Swaption [30 points]): Let T1 < . . . < Tn denote
given times. LetVswap denote s swap as in Definition117 with constant swap ratesSi = K,
i = 1, . . . ,n− 1 (T1, . . . ,Tn−1 are fixing dates andT2, . . . ,Tn are payment dates). LetS denote
the correspondingpar swap rateas in Definition122 (c.f. Remark121). Derive the formula
for the valueVswaptionof an (European) option onVswap (with exercise dateT1), assuming the
S has lognormal dynamics

dS(t) = µ(t)S(t)dt + σ(t)S(t)dW(t) unterP.

Hint: First rewrite the value of the swapVswap as a function ofS andK by transforming
cash-flow:L(Ti ,Ti+1)−K = (L(Ti ,Ti+1)−S)+ (S−K), note the definition ofS. Then consider
the value of the swap at exercise date of the option, i.e.Vswap(T1) and try to choose a suitable
numéraire (compare with the evaluation of a caplet). Say why the numéraire chosen is a traded
product.

Solution (sketched):From Definition117a swap pays

(L(Ti ,Ti+1; Ti) − Si) · (Ti+1 − Ti) in Ti+1. (B.2)

Let t ≤ T1. The value of the payment (B.2) in t is

(L(Ti ,Ti+1; Ti) − Si) · (Ti+1 − Ti) · P(Ti+1; t).

Thus, the value of the value of the swap int is given by

Vswap(t) =
n−1∑
i=1

(L(Ti ,Ti+1; Ti) − Si) · (Ti+1 − Ti) · P(Ti+1; t).

By Definition122thepar swap rateis given by

Spar(t) :=
P(T1; t) − P(Tn; t)∑n−1

i=1 (Ti+1 − Ti) · P(Ti+1; t)
,

so that
n−1∑
i=1

(
L(Ti ,Ti+1; Ti) − Spar(t)

)
· (Ti+1 − Ti) · P(Ti+1; t) = 0.
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APPENDIX B. EXERCISES

Thus

Vswap(t) =
n−1∑
i=1

(L(Ti ,Ti+1; Ti) − Si) · (Ti+1 − Ti) · P(Ti+1; t)

=

n−1∑
i=1

(
L(Ti ,Ti+1; Ti) − Spar(t)

)
· (Ti+1 − Ti) · P(Ti+1; t)

+

n−1∑
i=1

(
Spar(t) − Si

)
· (Ti+1 − Ti) · P(Ti+1; t)

=

n−1∑
i=1

(
Spar(t) − Si

)
· (Ti+1 − Ti) · P(Ti+1; t).

For a swap withSi = K this implies

Vswap(t) =(Spar(t) − K) ·
n−1∑
i=1

(Ti+1 − Ti) · P(Ti+1; t)

=(Spar(t) − K) · A(t),

whereA(t) :=
∑n−1

i=1 (Ti+1 − Ti) · P(Ti+1; t) is calledswap annuity. SinceA(t) > 0 we have for
the value of the option on this swap

Vswaption(t) = max(Spar(t) − K,0) · A(t).

Now choseA as nuḿeraire. Under the corresponding martingale measureQA, S is an A-
relative price, thus a martingale and thus dS(t) = σ(t)S(t)dWQ

A
(t). The evalation formula for

a swaption now follows as in the derivation of the Black formula for a caplet.
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APPENDIX C

List of Symbols

Symbol Interpretation

∅ Empty set.

1 Indicator function.1(x) =

1 for x > 0,

0 else.

1(a,b](x) Indicator function.1(a,b](x) =

1 for x ∈ (a,b],

0 else.

N(µ, σ2) Normal distribution with meanµ and varianceσ2.

W Brownian motion. See Definition28.

P Real measure.

QN Martingale measure corresponding to the numéraireN. N-relative price pro-
cessesVN of traded assetsV areQN-martingales. Exists (as a measure equivalent
to P) under certain assumptions.

[x] Gauß bracket. Largest integer, being less than or equal tox. [x] := max{n ∈
{0,1,2, . . .} | n ≤ x}

‖x‖1 `1-norm of a vectorx = (x1, . . . , xn). ‖x‖1 =
∑n

i=1 |xi |.

‖x‖2 `2-norm of a vectorx = (x1, . . . , xn). ‖x‖
2
2 =

∑n
i=1 |xi |

2.

P(T) Zero-coupon bond with maturityT. P(T) (in general) is a stochastic process.
Evaluated at timet on pathω we writeP(T; t, ω). See Definition97.

L(T1,T2) Forward rate for the period [T1,T2]. See Definition99.

Si, j Si, j := S(Ti , . . . ,T j). Swap rate for the tenor structureTi , . . . ,T j . See Defini-
tion 122.

B Money market account. See Equation (9.6).

m(t) m(t) := max{i : Ti ≤ t}. Projection to last fixing in tenor structure. See
Definition124.
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APPENDIX C. LIST OF SYMBOLS

This work is licensed under a
Creative Commons License.
http://creativecommons.org/licenses/by-nc-nd/2.5/deed.en

376 Comments welcome.
©2004, 2005, 2006, 2007 Christian Fries

Version 1.4.18 [build 20070403]- 1st May 2007
http://www.christian-fries.de/finmath/book

http://creativecommons.org/licenses/by-nc-nd/2.5/deed.en
http://creativecommons.org/licenses/by-nc-nd/2.5/deed.en
http://www.christian-fries.de/finmath/book


APPENDIX D

Java™ Source Code (Selection)

D.1. Java™ Classes for Chapter 27

Listing D.1: BinomialDistributedRandomVariable : A toy sample class to illustrate the con-
cepts of “classes”, “data” and “methods”.

package com.christianfries.finmath.tutorial.example1;

/**
* @author Christian Fries
* @version 1.0
*/

class BinomialDistributedRandomVariable {

private double value1;
private double value2;
private double probabilityOfState1;

/**
* This class implements a binominal distributed random variable
* @param value1 The value in state 1.
* @param value2 The value in state 2.
* @param probabilityOfState1 The probability of state 1.
*/

public BinomialDistributedRandomVariable( double value1, double value2,
double probabilityOfState1) {

this .value1 = value1;
this .value2 = value2;
this .probabilityOfState1 = probabilityOfState1;

}

public static void main( String args[] ) {
/*

* Test of class BinominalDistributedRandomVariable
*/

System.out.println("Creating random variable.");
BinomialDistributedRandomVariable randomVariable =

new BinomialDistributedRandomVariable(1.0,-1.0,0.5); // Create object

double expectation = randomVariable.getExpectation();
System.out.println("Expectation is: " + expectation);

System.out.println("Changing value of state 1 to 0.4.");
randomVariable.setValue1(0.4);

expectation = randomVariable.getExpectation();
System.out.println("Expectation is: " + expectation);

}

/**
* @param value1 The value of state 1.
*/

public void setValue1( double value1) {
this .value1 = value1;

}

/**
* @return Returns the probability of state 1.
*/

public double getProbabilityOfState1() {
return probabilityOfState1;

}
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APPENDIX D. JAVA™ SOURCE CODE (SELECTION)

/**
* @param probabilityOfState1 The probability of state 1.
*/

public void setProbabilityOfState1( double probabilityOfState1) {
this .probabilityOfState1 = probabilityOfState1;

}

/**
* @return Returns the probability of state 2.
*/

public double getProbabilityOfState2() {
return 1.0 - probabilityOfState1;

}

/**
* @param probabilityOfState2 The probability of state 2.
*/

public void setProbabilityOfState2( double probabilityOfState2) {
this .probabilityOfState1 = 1.0 - probabilityOfState2;

}

/**
* @return The expectation of the random variable
*/

public double getExpectation() {
double expectation = probabilityOfState1 * value1

+ (1-probabilityOfState1) * value2;
return expectation;

}
}

Listing D.2: BisectionSearch : Root finder implementing theRootFinder -interface using the
bisection method.

/*
* Created on 16.02.2004
*
* (c) Copyright Christian P. Fries, Germany. All rights reserved. Contact: email@christian-fries.de.
*/

package net.finmath.rootFinder;

/**
* This class implements a Bisection search algorithm,
* implemented as a question-and-answer search algorithm.
*
* @author Christian Fries - http://www.christian-fries.de
* @version 1.1
*/

public class BisectionSearch implements RootFinder {

// We store the left and right end point of the intervall
double [] points = new double [2]; // left, right
double [] values = new double [2]; // left, right

/*
* State of solver
*/

double nextPoint; // Stores the next point to return by getPoint()

int numberOfIterations = 0; // Number of numberOfIterations
double accuracy; // Current accuracy of solution
boolean isDone = false ; // Will be true if machine accuracy has been reached

public static void main(String[] args) {
// Test
BisectionSearch search = new BisectionSearch(-1.0, 5.0);

while (search.getAccuracy() > 1E-13 && !search.isDone()) {
double x = search.getNextPoint();

double y = (x - 0.656);

search.setValue(y);
}

System.out.println(search.getBestPoint());
}

/**
* @param leftPoint left point of search interval
* @param rightPoint right point of search interval
*/

public BisectionSearch( double leftPoint, double rightPoint) {
super ();
points[0] = leftPoint;
points[1] = rightPoint;

nextPoint = points[0];
accuracy = points[1]-points[0];

}
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D.1. JAVA™ CLASSES FOR CHAPTER 27

/**
* @return Best point optained so far
*/

public double getBestPoint() {
// Lazy: we always return the middle point as best point
return (points[1] + points[0]) / 2.0;

}

/**
* @return Next point for which a value should be set using <code>setValue</code>.
*/

public double getNextPoint() {
return nextPoint;

}

/**
* @param value Value corresponding to point returned by previous <code>getNextPoint</code> call.
*/

public void setValue( double value) {
if (numberOfIterations < 2) {

/**
* Initially fill values
*/

values[numberOfIterations] = value;

if (numberOfIterations < 1) {
nextPoint = points[numberOfIterations + 1];

} else {
nextPoint = (points[1] + points[0]) / 2.0;
/**

* @todo Check if values[0]*values[1] < 0 here
*/

}
}
else {

/**
* Bisection search update rule
*/

if (values[1] * value > 0) {
/*

* Throw away right point
*/

points[1] = nextPoint; // This is not yet the nextPoint, it is the point corresponding to value.
values[1] = value;

} else {
/*

* Throw away left point
*/

points[0] = nextPoint; // This is not yet the nextPoint, it is the point corresponding to value.
values[0] = value;

}

// Calculate next point (bisection)
nextPoint = (points[1] + points[0]) / 2.0;

// Savety belt: check if still improve or if we have reached machine accuracy
if (points[1]-points[0] >= accuracy) isDone = true ;

// Update accuracy
accuracy = points[1]-points[0];

}

numberOfIterations++;
return ;

}

/**
* @return Returns the numberOfIterations.
*/

public int getNumberOfIterations() {
return numberOfIterations;

}

/**
* @return Returns the accuracy.
*/

public double getAccuracy() {
return accuracy;

}

/**
* @return Returns the isDone.
*/

public boolean isDone() {
return isDone;

}
}
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