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Preface

This book is intended as a guide to some elements of the mathematics of
finance. Had we been a bit bolder it would have been entitled ‘Mathematics
for Money Makers’ since it deals with derivatives, one of the most notorious
ways to make (or lose) a lot of money. Our main goal in the book is to
develop the basics of the theory of derivative pricing, as derived from the
so-called ‘no arbitrage condition’. In doing so, we also introduce a number
of mathematical tools that are of interest in their own right. At the end of it
all, while you may not be a millionaire, you should understand how to avoid
‘breaking the bank” with a few bad trades.

In order to motivate the study of derivatives, we begin the book with a
discussion of the financial markets, the instruments that are traded on them
and how arbitrage opportunities can occur if derivatives are mispriced. We
then arrive at a problem that inevitably arises when dealing with physical
systems such as the financial markets: how to deal with the ‘flow of time’.
There are two primary means of parametrizing time—the discrete time pa-
rameterization, where time advances in finite steps; and the continuous time
parameterization, where time varies smoothly. We initially choose the former
method, and develop a simple discrete time model for the movements of asset
prices and their associated derivatives. It is based on an idealised Casino,
where betting on the random outcome of a coin toss replaces the buying and
selling of an asset. Once we have seen the basic ideas in this context, we then
expand the model and interpret it in a language that brings out the analogy
with a stock market. This is the binomial model for a stock market, where
time is discrete and stock prices move in a random fashion. In the second
half of the notes, we make the transition from discrete to continuous time
models, and derive the famous Black-Scholes formula for option pricing, as
well as a number of interesting extensions of this result.

Throughout the book we emphasise the use of modern probabilistic meth-
ods and stress the novel financial ideas that arise alongside the mathematical
innovations. Some more advanced topics are covered in the final sections—
stocks which pay dividends, multi-asset models and one of the great simpli-
fications of derivative pricing, the Girsanov transformation.

This book ia based on a series of lectures given by L.P. Hughston at
King’s College London in 1997. The material in appendix D was provided by
Professor R.F. Streater, whom we thank for numerous helpful observations
on the structure and layout of the material in these notes.
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For lack of any better, yet still grammatically correct alternative, we will
use ‘he’ and ‘his’ in a gender non-specific way. In a similar fashion, we will
use ‘dollar’ in a currency non-specific way.

L.P. Hughston and C.J. Hunter
January 1999
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1 Introduction

The study of most sciences can be usefully divided into two distinct but inter-
related branches, theory and experiment. For example, the body of knowledge
that we conventionally label ‘physics’ consists of theoretical physics, where we
develop mathematical models and theories to describe how nature behaves,
and experimental physics, where we actually test and probe nature to see how
it behaves. There is an important interplay between the two branches—for
example, theory might develop a model which is then tested by experiment,
or experiment might measure or discover a fact or feature of nature which
must then be explained by theory.

Finance is the science of the financial markets. Correspondingly, it has
an important ‘theoretical’ side, called finance theory or mathematical finance,
which entails both the development of the conceptual apparatus needed for an
intellectually sound understanding of the behaviour of the financial markets,
as well as the development of mathematical techniques and models useful in
finance; and an ‘experimental’ side, which we might call practical or applied
finance, that consists of the extensive range of trading techniques and risk
management practices as they are actually carried out in the various finan-
cial markets, and applied by governments, corporations and individuals in
their quest to improve their fortune and control their exposure to potentially
adverse circumstances.

In this book we offer an introductory guide to mathematical finance, with
particular emphasis on a topic of great interest and the source of numerous
applications: namely, the pricing of derivatives. The mathematics needed for
a proper understanding of this significant branch of theoretical and applied
finance is both fascinating and important in its own right. Before we can
begin building up the necessary mathematical tools for analysing derivatives,
however, we need to know what derivatives are and what they are used for.
But this requires some knowledge of the so-called ‘underlying assets’ on which
these derivatives are based. So we begin this book by discussing the financial
markets and the various instruments that are traded on them. Our intention
here is not, of course, to make a comprehensive survey of these markets, but
to sketch lightly the relevant notions and introduce some useful terminology.
Unless otherwise stated, all dates in this section are from the year 1999, and
all prices are the relevant markets’ closing values. If no date is given for a
price, then it can be assumed to be January 11, 1999.



1.1 Financial Markets

The global financial markets collectively comprise a massive industry spread
over the entire world, with substantial volumes of buying and selling occur-
ring in one market or another at one place or another at virtually any time.
The dealing is mediated by traders who carry out trades on behalf of both
their clients (institutional and individual investors) and their employers (in-
vestment banks and other financial institutions). This world-wide menagerie
of traders, in the end, determines the prices of the available financial prod-
ucts, and is sometimes collectively referred to as the ‘market’. The most
‘elementary’ financial instruments bought and sold in financial markets can
be described as basic assets. There are several common types.

1.1.1 Basic Assets

A stock or share represents a part ownership of a company, typically on a
limited liability basis (that is, if the company fails, then the shareholder’s
loss is usually limited to his original investment). When the company is
profitable, the owner of the stock benefits from time to time by receiving a
dividend, which is typically a cash payment. The shareholder may also realize
a profit or capital gain if the value of the stock increases. Ultimately, the
share price is determined by the market according to the level of confidence of
investors that the firm will be profitable, and hence pay further and perhaps
higher dividends in the future. For example, the value of a Rolls-Royce share
at the close of the London Stock Exchange on January 11 was 248.5p (pence),
which was down 0.5p from the prior day’s closing value. In the previous 52
weeks the highest closing value was 309p, while the lowest was 176.5p. The
company has declared a dividend of 6.15p per share for 1998 compared with
5.9p and 5.3p per share paid in the two years previous to that.

A bondis, in effect, a loan made to a company or government by the bond-
holder, usually for a fixed period of time, for which the bond-holder receives
a fee, known as interest. The interest rate charged is typically fixed at the
time that the loan is made, but might be allowed to vary in time according
to market levels and certain prescribed rules. The interest payments, which
are typically made on an annual, semi-annual or quarterly basis, are called
‘coupon’ payments. If a 10-year bond with a ‘face-value’ of $1000 has a 6%
annual coupon, that means that an interest rate payment of $60 is made
every year for ten years, and then at the end of the ten year period the $1000



‘principal’ is paid back to the bond-holder. Bonds are, in some respects, a
more conservative investment than stocks, since they provide a more or less
guaranteed or ‘fixed’ income. Hence the bond market is sometimes called
the ‘fixed-income’ market. However, if the company or government issuing
the bonds defaults, and cannot or will not pay back the loan, or part of the
loan, then the bond-holder may lose his shirt. The likelihood that a borrower
will default on any part of the loan is described by the credit quality of the
borrower. There are several credit rating agencies, for example Standard &
Poor’s (S&P) and Moody’s, which assign a rating to many companies and
governments. The rating systems vary between the agencies, but given two
ratings it is generally possible to decipher which one is better by following
some simple rules—A’s are better than B’s, which are better than C’s, and
so on; and more letters are better than less so, AAA is better than A. For
example, on our fiducial date, January 11, a bond previously issued by Wal
Mart, an American retail company that has an S&P credit rating of AA, with
a maturity date of May 2002, a face-value of $100 and a coupon of $6.75 cost
$105.02. By contrast, a Croatian government bond with a credit rating of
BBB-, a maturity date of February 2002, a face-value of $100, and a coupon
of $7.00 cost $93.21. Given the similar values of maturity and coupon, the
difference in price between the bonds is due to the superior credit rating of
Wal Mart (AA) over the Croatian government (BBB-). If the credit quality
of the borrower declines, then the price of a bond issued by the borrower will
also decline. Similarly, if interest rates generally rise, then bond prices will
fall. In either case, the purchaser of a bond may find that it is worth less
that what it was previously, despite the fixed income that it provides.

Exercise 1.1 Why does the value of a bond drop if interest rates go up?
Why does the value of a bond rise if credit quality improves?

When money is put on deposit with a bank or other financial institution
on an ‘overnight’ basis, i.e., where withdrawal on short notice is available,
then the depositor is essentially making a very short term loan to the financial
institution. The instantaneous (i.e., ‘overnight’) rate of interest paid on this
loan is called a money market rate, or ‘short term interest rate’. Money
market accounts can be very nearly ‘risk-free’; in the sense that depositors
can get their money back on short notice, if required, and the balance in the
account always goes up. As an example, a private client with an account
balance of more than £1,000,000 in a money market account with the Royal
Bank of Scotland would receive an interest rate of 6.1% per year.
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Exercise 1.2 Consider the money market account mentioned above. Sup-
pose that the interest earned every month is added to the account at the end
of the month. What is the actual annual interest rate that is earned?

Exercise 1.3 Let B; be the amount in a money market account at time t.
Suppose that there is interest paid on the money in the account at a constant
rate r, that is, in a short time period dt, the interest that is paid is rBdt.
Derive and solve the differential equation for B;.

Commodities are physical objects, typically natural resources or foods
such as oil, gold, copper, cattle or wheat. There are often additional compli-
cations associated with commodities, for example, holding costs for the stor-
age and insurance of goods and delivery costs to move them about. These
costs are representative of the intricate details that can arise in practical
finance.

The concept of a domestic or foreign currency is, in reality, a fairly ab-
stract idea, but certainly includes the conventional ‘money’ issued by the
various countries of the world. The value of a currency, in units of other
currencies, depends on a number of factors, such as interest rates in that
country, the nation’s foreign trade surplus, the stability of the government,
employment levels, inflation, and so on. The exchange rate for immediate
delivery of a currency is called the spot exchange rate. This is the one kind of
financial asset that almost everyone has had some experience with, and you
will be familiar with the fact that the value (say in units of your own ‘domes-
tic’ currency) of a unit of ‘foreign’ currency can go up or down. Sometimes
these swings can be substantial, even over limited time horizons. Currencies
are very actively traded on a large scale in international over-the-counter
markets (that is, by telephone and electronic means). Some currency prices
are quoted to several decimal points in the professional markets. For exam-
ple, a typical ‘bid/offer’ spread for the price of sterling in U.S. dollars might
be 1.6558/1.6568. This means that the trader is willing to buy one pound
for 1.6558 dollars, and is willing to sell one pound for 1.6568 dollars. Traders
use fanciful nicknames for various rates, for example, the U.S. dollar/French
franc rate is called ‘dollar/Paris’, while the Canadian dollar/Swiss franc rate
is called ‘Candollar/Swiss’. The dollar/sterling rate is so important histori-
cally that it has a special name: ‘Cable’.



1.1.2 Derivatives

In addition to the basic assets that we have just described, another important
component of the financial markets are derivatives, which are in essence ‘side-
bets” based on the behaviour of the ‘underlying’ basic assets. A derivative
can also be regarded as a kind of asset, the ownership of which entitles the
holder to receive from the seller a cash payment or possibly a series of cash
payments at some point in the future, depending in some pre-specified way
on the behaviour of the underlying assets over the relevant time interval. In
some instances, instead of a ‘cash’ payment another asset might be delivered
instead. For example, a basic stock option allows the holder to purchase
shares at some point in the future for a pre-specified price.

Derivatives, unlike the underlying assets, are in many cases directly syn-
thesized by investment banks and other financial institutions. They can
either be ‘tailor-made’ and sold directly to a specific client, or, if they are
general enough, they can be traded in a financial market, just like the un-
derlying assets. The range of possible derivatives is essentially unlimited.
However there are a number of standard examples and types of derivatives
that one should be familiar with and which we shall mention briefly below.

The most common types of derivatives are the so-called options. An op-
tion is a derivative with a specified payoff function that can depend on the
prices of one or more underlying assets. It will have specific dates when it
can be exercised, that is, when the owner of the option can demand pay-
ment, based on the value of the payoff function. However, you are never
forced to ‘exercise the option’. Most options can only be exercised once, and
have a fixed expiration date, after which the option is no longer valid. There
are many different schemes for prescribing when an option can be exercised.
The most common examples are the so-called European options, which can
only be exercised on the expiration date, and American options, which can
be exercised at any time up to the expiration date. In this book, we shall
be concerned primarily with European derivatives, since they are mathemat-
ically much simpler, although the formalism that we build up is certainly
capable of handling the American case as well.

Exercise 1.4 What is the most money that you can lose by buying an op-
tion? Why?

The two most common options are the call option, which gives the owner
the right to buy a designated underlying asset at a set price (called the strike



price), and the put option which allows the owner to sell the underlying
asset at a given strike price. In London, organised derivatives trading takes
place at the London International Financial Futures and Options Exchange
(LIFFE). Among others, American call and put options on about 75 stocks
U.K. stocks are traded at LIFFE. For example, a call option on Rolls-Royce
with a strike of 240p and an expiry date of February 17, costs 19p per share,
whereas a put with the same strike and maturity costs 9.5p per share (recall
that the share price was 248.5p). In appendix E, an article from the May
2, 1885 Economist is reproduced. It contains a description of call and put
options that has not really changed much in the intervening century. We
shall give a fairly thorough treatment of the pricing of options in the sections
that follow. Note that there are options not only on underlying assets, but
also on other derivatives. For example, an option to enter into a swap is
called a ‘swaption’ (swaps are defined below).

An index is a number derived from a set of underlying assets (it generally
is a weighted sum or average of the underlying asset prices). The most com-
mon underlying assets to use are stocks, but there are also indices based on
bonds and commodities. As examples, The Financial Times-Stock Exchange
100 (FT-SE 100) index and the Dow Jones Industrial Average (DJIA) are
indices that take their values from share prices on the London and New York
exchanges respectively.

How is the FT-SE 100 index calculated? Well, the calculation uses the
100 largest companies by market capitalisation (share price times the number
of shares) on the London Stock Exchange. The index is simply the sum of
the market capitalisations of the 100 firms divided by an overall normalising
factor. This normalising factor was fixed at the inception of the index and is
only altered to ensure continuity of the index when the market capitalisation
of a firm used in the index calculation changes in a discontinuous way. This
can happen when new shares are issued by the firm or when it is removed
from the index calculation altogether and replaced by a new, larger firm.
The value of the FT-SE 100 index on January 11 was 6085.00.

In contrast, the DJIA was originally based on the unweighted average
of 30 ‘industrial’ companies on the New York Stock Exchange that were
chosen to span the manufacturing sector. Over the years two things have
happened—the definition of industrial has been widened and the index now
includes, for example, companies from the entertainment, financial and food
industries, and weightings have been attached to the companies in order to
keep the index continuous, just as in the case of the FT-SE 100. The value

6



of the DJIA on January 11 was 9619.89.

The advantage of an index is that it depends on a group of assets and
hence describes a particular sector or cross-section of the market. This means
that possible spurious fluctuations in individual asset prices that are specific
to that asset, rather than to the set of all underlying assets, will have a
decreased effect on the index. T'wo of the most common derivatives based on
an index are call and put options. For example, four days before expiration,
an American call option on the FTSE 100 index, with a strike of 6000, a
payoff of £10 per point, and a expiry date of January 15 cost £1,265 while
the corresponding put cost £295 (recall that the index value on January 11
was 6085.00). A European call option with a strike of 6025 and the same
expiry date cost £1,085, while the put cost £340. Clearly however, the
underlying asset, the index, cannot be delivered, so instead a cash transfer
is made for the difference between the index value and the strike price when
the payoff is positive.

Exercise 1.5 How many pounds would you receive if you exercised the Amer-
ican call and put options on the FTSE? Why is this different from the market
price of the option?

A forward contract allows the investor to fix the price now for either
sale or purchase of the underlying asset at a fixed time in the future. For
example, one might contract to buy 100 shares of Rolls-Royce in 1 year’s
time for a price of 250p per share. Forward contracts of various maturities
are in principle possible for any underlying asset and can also be negotiated
on indices.

A swap is an agreement to exchange two underlying assets at some speci-
fied time in the future. For example, a currency swap might involve exchang-
ing n pounds for m dollars in one year.

As with any field of knowledge, there are many specialized terms that
require explanation or definition. A position refers to the state of an investor
or trader after either buying or selling an asset or derivative. If you have
bought a financial instrument, then we say that you are long that instrument,
or have taken a long position in it; whereas if you sell it, then you are short the
instrument. Note that taking a short position means that you have actually
sold something that you do not own, however, modulo certain rules and
regulations, this is allowed by many exchanges. A portfolio is a combination
of positions in many different instruments, variously long and short. A very



simple derivative, such as a call or put option, is described as vanilla, while
a more complicated one is refered to as an ezotic derivative.

1.2 Uses of Derivatives

Derivatives are used for a variety of purposes. They can be used to reduce
risk by allowing the investor to hedge an investment or exposure, and hence
function as a sort of insurance policy against adverse market movements.
For example, if a firm needs a particular commodity, such as petroleum, on
a regular basis, then they can guard against a rise in the price of oil by
purchasing a call option. If the price of oil remains low, then the option is
not exercised and the oil is bought at the current price in the market, while
if the price rises above the strike, then the option is exercised to buy oil at a
below-market value. Derivatives can also be used to gain extra leverage for
specialized market speculation. In other words, if an investor has reason to
believe that the market is going to move in a particular way, then a larger
profit per dollar invested can be made by buying suitable derivatives, rather
than the underlying asset. But similarly, if the investment decision is wrong,
the investor runs the risk of making a correspondingly larger loss.

Exercise 1.6 Can you think of an example where a company might have
interest-rate risk? How about foreign exchange risk?

So far we have talked about investors that buy derivatives, but there must
likewise be financial institutions selling them. These sellers are generally
investment banks, stock exchanges, and other large institutions. When selling
a derivative, the issuer makes an initial gain up-front from the fee that they
charge. They must then use the up-front money, possibly in conjunction
with borrowing, to hedge the derivative that they have sold by buying other
instruments in the market to form a hedging portfolio, in such a manner that,
regardless of the way that the prices of the underlying assets change, they
neither gain nor lose money. When the derivative expires, any payoff due to
its owner will be equal to the current value of the hedging portfolio, less any
borrowings that have to be repaid.

But how is the value of the initial payment to be calculated? What is
the composition of the hedging portfolio? It is the principle of no arbitrage,
which asserts that in well-developed financial markets it is impossible to
make a risk-free profit from an initially empty portfolio, that is the key to
derivative pricing. If arbitrage were possible, arbitrageurs would rush in to
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take advantage of it, and thereby alter the price so that inevitably no further
arbitrage would be possible. A kind of market equilibrium is therefore es-
tablished. By requiring that no arbitrage opportunities should arise between
a derivative price and the prices of the corresponding underlying assets it is
possible to arrive at a formula for the value of the derivative. This will yield
a so-called ‘fair price’ for a derivative. In practice, a suitable commission has
to be added to the fair price, otherwise the trader would not make a profit or
even cover the execution costs associated with the creation of the derivative.

1.3 Derivative Payoff Functions

Before it is possible to price a derivative, however, we must understand its
payoff function—the amount of money that the owner of the derivative is
entitled to receive (or must pay) at a given date or set of dates in the future,
as a function of the values of one or more underlying assets at certain dates.
If we consider European options, then the payoff function depends only on
the value of the underlying assets at the expiry date, t =T
For a call option with strike K, the owner of the derivative only receives
a payoff if the final asset price St is greater than the strike price K, and then
the payoff is equal to the difference in the two prices. This can be expressed
mathematically as
Cr = max[Sy — K, 0]. (1.1)

Sometimes the more compact notation [x]* = max[z, 0] is used. The payoff
of a call option is plotted as a function of the underlying asset price in figure
1.1.

In the case of a put option, the payoff is only non-zero if the asset price
at expiration is less than the strike price. This is given by

PT = maX[K - ST, 0] (12)

The payoff function of the put option is plotted in figure 1.2

The third example of a derivative that we want to consider here is the
forward contract. A position in a forward contract differs from call and put
options in that it can have a negative payoff, that is, the investor can lose
money by owning the derivative. This is because the forward contract is not
an option; the investor is obliged to buy (or sell) the underlying asset at the
strike price previously agreed, even if it is not advantageous for him to do
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Figure 1.1: The payoff function of a call option with a strike of $100 as a function of
the price of the underlying asset.
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Figure 1.2: The payoff function of a put option with a strike of $100 as a function of
the price of the underlying asset.

so. The payoff function is therefore the difference between the stock price St
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and the strike price K, that is,
Fr=5—-K. (1.3)
This function is plotted in figure 1.3.
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Figure 1.3: The payoff function of a long position in a forward contract with a strike
of $100 as a function of the price of the underlying asset.

Exercise 1.7 Suppose that a dealer sells a put option, instead of buying
one. What is the payoff function of the dealer’s position? Why might a
dealer consider selling a put option? Can you find a combination of buying
and selling calls and/or puts such that the resulting portfolio payoff function
15 equal to the payoff function for a long position in a forward contract with
strike K ?

Exercise 1.8 Can you find a combination of long or short positions in calls
and puts that will reproduce the following payoff functions:

11



Payoft
$100

$ $50 $100 $150 $200
Asset Price

Figure 1.4: The payoff function of an option for exercise 1.8. Can you decompose it
into a combination of long and short calls and puts?
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Figure 1.5: The payoff function of an option for exercise 1.8.
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2 Arbitrage Pricing

As mentioned in the previous section, arbitrage—the ability to start with
nothing and yet make a risk-free profit—is the key to understanding the
mathematics of derivative pricing. In this section we will show how it can be
used to determine a unique price for a derivative by using an example taken
from the foreign exchange markets.

Consider the exchange rate between U.S. dollars and U.K. pounds ster-
ling. Let S; be the price of one unit of sterling (i.e., one pound) in dollars at
time ¢. For example, we might have Sy = $1.60, which means that at time 0,
it costs $1.60 to buy one pound. We say that S; is the spot price for sterling
at time t. We can contrast this with S, the forward price, which is the price
in dollars contracted today, that is at time ¢ = 0, for the purchase of one
unit of asset (in our case one pound sterling) at time ¢ in the future.® This
means that we agree today to buy one pound sterling at time ¢ for the price
S,, paying the amount S, at time ¢ on delivery of the sterling. The ‘tilde’ no-
tation is used throughout the book as a reminder that S, is a forward rather
than spot price. We want to calculate the value of S; which ensures that no
arbitrage is possible.

2.1 Expectation Pricing

One possible method for determining the forward price is expectation pricing.
In this framework, we assume that S; is a random variable, and set the
forward price equal to the expected spot price at time ¢,

S, = E[S,]. (2.1)

While at first glance this may seem reasonable, it is, unfortunately, not cor-
rect. This is because if the forward price is set by equation (2.1), then a
clever arbitrageur can, by use of a crafty series of investments in the dol-
lar and sterling money market accounts, make a risk-free profit. This is a
situtation that, so the argument goes, would not be tolerated for long. You
will have heard the old saying, “There ain’t no such thing as a free lunch”.

3Note that the forward price should actually have two time indices, SO,t, that denote
the contract time ¢t = 0 and the purchase time ¢, rather than the single time index for the
spot price. However, we shall always assume that the forward price is agreed upon today,
at time 0, and hence only the exercise time ¢ is important

13



We shall now demonstrate just how the arbitrageur is denied from dining at
others’ expense.

2.2 Arbitrage Pricing

Let » and p be the continuously compounded interest rates for dollars and
pounds respectively. We assume here, for simplicity, that » and p are con-
stant. We can then let D; and P, denote the values respectively of the dollar
and sterling bank accounts (money market accounts) at time ¢. As shown in
exercise 1.3, the value of the dollar bank account at time ¢ is

Dt = Doe”, (22)

while a similar relation holds for the sterling bank account, P, = Pye”. Here
Dy and F, denote the initial number of dollars and pounds put on deposit.

We now want to consider two different trading strategies for an initial
investment of n pounds that must be converted into dollars by time ¢. We
would like the strategies to be deterministic, that is, they should not depend
on any random variables, but instead must yield a definite result at time t.
Since there are only two exchange rates that we know for sure, today’s rate Sy
and the forward rate S, then there are only two times that we can exchange
currencies without introducing some element of randomness—today, and at
time ¢t. Consider the two investment strategies described in figure 2.1. The
‘dollar investment strategy’ converts the initial n pound investment to dollars
immediately, and has a final value of nSpe’™ dollars. The ‘forward buying
strategy’ takes the opposite tack and doesn’t convert the pounds to dollars
until time ¢. This alternative route yields n.S,e?* dollars. We then equate the
results of the two investment strategies, that is, we have the relation

nS;e”t = nSpe™, (2.3)

which implies that )
Sy = Spel" =Pt (2.4)

Thus, the forward price S, is entirely determined by the interest rate dif-
ferential r — p, and not, perhaps surprisingly, by the expected value of the
spot rate E[S;]. But why did we equate the results of the two investment
strategies? The answer lies in the no arbitrage condition.

Suppose that one could contract to sell sterling at a rate F}, higher than
S,. Then, using the arbitrage strategy outlined in figure 2.2, an enterprising
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Dollar Investment Strategy:

1. Start with n pounds.

2. Exchange the n pounds for
dollars at time 0, using the spot
price Sy. We now have nSy dollars,
which we invest in a dollar bank
account.

3. Sit back and relax.

Forward Buying Strategy:

1. Start with n pounds and de-
posit them in the sterling bank ac-
count.

2. Contract to sell ne?® pounds
for dollars at the forward exchange
rate S, at time ¢. This is called a
forward sale, since the contract is
made at time 0 for a sale at time
t.

3. At time ¢, the value of the
sterling bank account will be ne?!
pounds.

4. At time t the investment is
worth nSye™ dollars.

4. Convert the sterling to dollars
at the contracted exchange rate S,
(that is, execute the forward sale).
The value of the dollar account is
then nS;e”t dollars.

Figure 2.1: Two trading strategies which both begin with n pounds and 0 dollars, and
end with 0 pounds and a fixed number of dollars. Arbitrage arguments tell us that the
final number of dollars must be the same for both strategies.

but penniless arbitrageur could start with no money but end up with n(F; —
St)ept dollars. Since F, > S;, by use of this fiendishly clever strategy a sure
profit is generated without any initial investment and with absolutely no
risk, that is, arbitrage occurs. In such a case, arbitrageurs will swoop in and
take advantage of the situation, generating guaranteed profits for themselves,
and essentially forcing traders to adjust their forward prices until at last the
arbitrage opportunities disappear. In this way, the no arbitrage condition
allows us to obtain a price for the forward contract.

Exercise 2.1 Show how an arbitrageur can make a sure profit with no risk
if Fy < Sy
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Arbitrage Strategy:

1. Start with nothing and borrow nSy dollars at the in-
terest rate r. Immediately exchange these dollars at the
spot rate Sy for n pounds, which we deposit in the sterling
bank account.

2. Still at time 0, contract to sell ne”* pounds forward at
time ¢ at the given ‘high’ forward exchange rate F} (> S;).

3. At time t, the initial loan of nSy dollars now requires
nSpe’ dollars be repaid, while the sterling bank account
has nef* pounds in it.

4. Sell the pounds in the sterling bank account (taking
advantage of the previous contracted agreement) at the
price I} dollars per pound. This generates nFye” dollars,
so that after repaying the loan, the remaining number of
dollars is

nke’ —nSpe™ = ne”(F, — Soe(T_p)t)

= ne(F, - S,). (2.5)

Figure 2.2: A trading strategy which generates a guaranteed profit if the offered forward
price Fy is greater than the no arbitrage value S;.
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Exercise 2.2 Suppose that the initial exchange rate is $1.60, and that the in-
terest rates are 10% and 8% (per annum) for dollars and pounds respectively.
What is the exchange rate for a two-year forward purchase?

Exercise 2.3 If the sterling interest rate is no longer time independent, but
is instead given by a steadily changing rate according to the scheme p(t) = a+
bt, then what is the forward exchange rate? Suppose that the initial exchange
rate is $1.60, the dollar interest rate is 10%, and the constant terms in sterling
rate are 8% and 1% for a and b respectively. What is the exchange rate for
(a) a two-year forward purchase, and (b) a four-year forward purchase?

2.3 Trading Strategies

However, it still may not be clear why we had to equate the final values of the
two trading strategies given in figure 2.1, since we ended up using a different
trading strategy (that of figure 2.2) in order to prove that a forward price
other than S, would imply arbitrage. In order to understand the connection
between the three trading strategies better, we should consider exactly what
it is that we mean by a trading strategy—up to this point we have been
slightly cavalier in our definitions and assumptions. For example, D; does
not tell you how much money that you have in the dollar bank account at
time ¢, but rather it tells you how much a unit of the money market account
is worth. It is easy to forget that the money market account is an underlying
asset, just like a share in a company, and it can be bought and sold on the
market. This is best illustrated with a simple example. Suppose that at time
0, the money market account is worth one dollar (Dy = 1). If I buy 100
units of it, then it will cost me 100 dollars. At time ¢, one unit of the money
market account is worth e dollars, and since I have 100 units, my original
investment is now worth 100e™ dollars. If I sell my units, then I receive this
money and the value of my holdings in the money market becomes zero, but
the money market account is still worth D; = e" dollars per unit.

From this example, it should be obvious that in addition to the value of
a unit of the money market account D;, we also need to introduce a second
quantity ¢; which tells you how much of the money market account that you
own. The total value of your holding is then ¢;D;, that is, it is the number
of units of the money market account that you own, multiplied by the value
of each unit. We will also need to introduce a quantity ; which is equal
to the number of units of the sterling money market account that you own.
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A trading strategy is then the pair or ‘portfolio’ (¢, ;) which tells you how
much of each asset that you own. ‘Buying’ an asset then corresponds to
increasing the value of ¢; or v;, whereas ‘selling’ means decreasing the value.
A negative value means that we are borrowing money, or have ‘sold short’
the asset.

Look at figure 2.3. This is a graphical representation of the trading

i/ftPt ¢£Pt/ pt
ne
n n n
0- 0 = tT time 0= 0F £ T time
Dollar Investment Strategy Forward Buying Strategy
th Dt ¢; Dllf ~
nSpet nSpe™ nSyer?t
TLS()
0-  oF =t time 0-  o0F =t time

Figure 2.3: The portfolio values for the dollar investment strategy (left) and the forward
buying strategy (right).

strategies outlined in figure 2.1. The portfolios are discontinuous in time
because money can be exchanged instantaneously. The times 0=, 0T and
t~, t* represent left and right handed limits as time approaches 0 and ¢
respectively. The steps 1,2,3 and 4 in figure 2.1 correspond to the time steps
0, 0%, ¢t~ and ¢t*. Similarly figure 2.4 is a realization of the arbitrage strategy
described in figure 2.2.

What mathematical operations can we perform on trading strategies?
Well, suppose that (¢, 1) is a trading strategy. Then what about its negative
(—¢, —1y), is this also a trading strategy? Of course it is! It is the strategy
which simply buys whenever the original strategy sells and sells whenever the
original strategy buys. How about if we had two trading strategies (¢;, ;)
and (¢}, ;). Could we add them together to get a new strategy, (¢ + &}, ¥+
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Figure 2.4: The portfolio values for the Arbitrage strategy.

;)7 Again, the answer is yes! The new strategy simply performs all the buy
and sell operations of the two original strategies. In terms of portfolio value
plots, like those in figures 2.3 and 2.4, a negative trading strategy simply
reverses the direction of all the arrows, while a sum of two strategies means
that you combine all the arrows from both plots into a new one.

We are now in a position to see exactly why we must equate the final
values of the ‘dollar investment strategy’ and the ‘forward buying strategy’.
Consider the trading strategy formed by adding the negative of the dollar
investment strategy to the forward buying strategy. What does this look like?
Well, at 0~ the sterling holdings cancel and there are no dollar holdings, so
we begin with nothing. Then at time 0" we have n pounds and —n.Sy dollars.
At ¢~ the sterling holdings are worth ne?!, while our dollar debt has mounted
to —nSpe™. Finally, at ¢, we liquidate our sterling position and have a final
dollar holding of n.S,e”* —nSye’. But since we began with nothing, in order
to avoid arbitrage we must also end with nothing, and hence we must set
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nSieft — nSye™ = 0, which is the equivalent of equating the final values of
the dollar investment strategy and the forward buying strategy.

This new trading strategy outlined above is easiest to follow by simply
subtracting the left hand side of figure 2.3 from the right hand side. You
should then notice a remarkable similarity to the arbitrage strategy of figure
2.4, except that F, is replaced by S;. Thus, the arbitrage strategy is simply
the forward buying strategy minus the dollar investment strategy.

2.4 Replication Strategy

Any no arbitrage argument for pricing a derivative is ultimately based on a
replication strategy, which is a trading strategy that uses market instruments
to ‘replicate’ the initial and final positions required by the derivative. How
does this work? Well, given two strategies with the same initial position,
and guaranteed final positions, then these final positions must be equal.
Otherwise, by going long the strategy with the higher final value and short
the other we would generate an arbitrage.

For example, suppose that we have a forward contract to buy one unit of
sterling for a price S;,. Then the cash flow is very simple: at time ¢ we receive
one unit of sterling and pay S, dollars. This cash flow is shown in the left side
of figure 2.5. Can we replicate this cash flow by using market instruments?
Most certainly. Start with nothing, then borrow Spe™*! dollars from the
bank and convert it into e ” pounds. At time ¢ we shall have the required
one pound sterling, while the dollar position is short Sye"=?* dollars. This
is shown on the right side of figure 2.5. Since the intial and final position
of the derivative cash flow and replicating strategy are the same, and their
final positions are both deterministic, then by our earlier arguments these
final positions must be equal, so S; = Spe"?", as we have calculated several
times before. Now let us consider a slightly more complicated example.

2.5 Currency Swap

What we have done up to now is, given the current exchange rate and the
interest rates in two currencies, to determine the no arbitrage value for the
forward exchange rate at some time t in the future. However, suppose that we
know what exchange rate we would like to pay in the future, and would like
to agree on it now. This is a currency swap. Unlike the previous example it
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Figure 2.5: The cash flow for a forward contract is shown on the left side. We can
construct the replication strategy shown on the right such that it has the same initial and
final positions as the derivative. This allows us to determine the forward price.

may involve an initial purchase price. But identical to the previous example,
we can calculate the price of the derivative by replicating its cash flow.

Suppose that we agree to swap nK dollars for n pounds at time t. What
is the cash flow? Well, at time 0, we receive an initial cash payment of C'
dollars, which may be negative. This is the price paid by the dollar-purchaser
for the swap. At time ¢, the currency swap occurs and we receive n pounds
but must pay nK dollars to our counterparty. This cash flow is shown in
figure 2.6. Can we artificially construct a trading strategy that has the same
initial and final positions as the derivative?

The first step in creating the replicating strategy is to start with C' dollars
and no sterling so that the initial positions are the same. Recall that C' is
the cost of the derivative (in dollars) that we are trying to calculate. If we
convert nSpe ?" dollars into ne™** pounds at time 0, then at time ¢ this will
produce the required sterling position of n pounds. The value at time 0
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Figure 2.6: The cash-flow for a dollar-pound currency swap is shown on the left. The
sterling-purchaser receives an initial amount C' in dollars. This is the ‘cost’ of the swap.
Then at time ¢, he receives n pounds and pays nK dollars to his counterparty. On the right
is a replicating strategy which reproduces the swap cash-flow. Starting with C dollars,
nSpe~** dollars are converted into pounds. At time ¢ this will produce the required sterling
position. We can then adjust the value of C' such that the dollar position is also equal to
the required swap value, which therefore uniquely determines the cost of the swap.

of the dollar account is C' — nSpe ** dollars, and hence at time ¢ it will be
worth (C' — nSpe ")e™ dollars. What do we do next? Well, just as in the
previous example, we set the value of the replicating position equal to that
of the derivative. Anything would else allow arbitrage. Thus

(C - nSoe”)t) e = —nK (2.6)
This allows us to solve for the purchase price C,
C = ne ™ (Soe(T_p)t — K)
= ne " (gt — K) (2.7)

Hence the price that the dollar-purchaser must pay for a currency swap where

22




n pounds are exchanged for nK dollars is n(S; — K)e " dollars. The repli-
cation strategy is shown in the right side of figure 2.6. Note that the value of
K that yields a zero price for the currency swap is the forward rate S;. That
is why there is no cost for either party to enter into a forward contract.

2.6 Summary

The principle of no arbitrage may be the key to understanding derivative
pricing, but what kind of law is it? It is clearly not a fundamental law of
nature, and is not even always obeyed by the markets. In some ways it is
similar to Darwin’s theory of natural selection. An institution that does not
price by arbitrage arguments the derivatives that it sells will suffer relative
to institutions that do. If the price is set too high, then competitors will
undercut it; if the price is too low, then the institution will be liable to
market uncertainty as a hedging portfolio cannot be properly constructed.
In the competitive world of finance, such an institution would not last long.

There is a crucial point to take away from this section, and to which we
shall come back again and again in the course of this book. It is that the
actual probabilities of what might happen to the exchange rate (or any other
underlying asset) are not important. This is because the expectation of a
random variable, such as the exchange rate, may give a good idea of what
the exchange rate may be in the future, but it leaves too much to chance.
What matters instead, is that we can create a trading strategy such that
there is no uncertainty in the outcome. By creating a risk-free strategy that
also replicates the derivative payoff function, we can uniquely determine the
no arbitrage price for the derivative.
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3 A Simple Casino

When it comes right down to it, putting money into the financial world can
be a bit of a gamble. So there is really no better way to begin thinking about
financial mathematics than by looking at betting in a Casino, which is every
bit a gamble. To meet our sophisticated tastes, we will be betting in a deluxe
Casino that allows not only standard wagers, but also ‘side-bets’ which we
shall call derivative bets. Our Casino analogy will turn out to be a very
simple, but highly effective, model for a stock market. After laying down
the rules for gambling and investigating the nature of ‘ordinary’ bets, the
goal will be to find a price for the derivative bets by use of the no arbitrage
condition.

3.1 Rules of the Casino

Suppose that we make our way into a Casino that allows gamblers to make
bets on the outcome of a coin flip. While this is probably one of the simplest
Casinos imaginable, we can make it a more interesting place by increasing
the complexity of the bets that can be made on the result of the coin toss.

At time 0, just before the coin toss, the initial stake for a bet is Sy dollars,
which you pay to the Casino. The amount that you receive back from the
Casino at time t, just after the coin toss, is S; dollars, which for the ‘standard’
bet we define to be U dollars (‘up’) for heads and D dollars (‘down’) for tails.
For example, we could take

So=$2.00, U =%$3.00, and D =$1.50. (3.1)

In this case, we place $2.00 on the the table, and if the outcome is heads we
get $3.00 back, while if the outcome is tails, then we only get $1.50 back. In
addition to this ‘standard’ bet, we can also make a short bet. This means
that at time 0 the Casino pays you Sy dollars to enter the game, but then
you have to pay the Casino S; dollars at time ¢, so the actual amount that
you have to pay depends on the outcome of the coin flip. Under this naming
scheme, the standard bet is actually a long bet. Since we can place both long
and short bets with the same initial stake, the roles of the Casino and player
are symmetric in our simple model. In a real Casino this is not, of course,
the case, and the rules of the various games are designed so that the Casino
will on average make money.
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Since the Casino is trying to encourage gambling, it is willing to lend
money at no charge. It will also hold your money for you, however no interest
is earned. Thus, we can think of the Casino as having a money market
account where the risk-free interest rate is zero.

Exercise 3.1 Using a simple arbitrage argument, show why we must have

U>S85y>D.

The Casino is a chaotic place, but the organisers and participants are
known to be honest. That is, the rules of the Casino are always obeyed. We
are not told whether the coin is ‘fair’ (50-50), nor is there any implication
that it is. We suspect that it isn’t fair, and after watching play for a few
hours and making use of the law of averages, we conclude that the relevant
probabilities are

Prob[H] =p and Prob[T] =g, (3.2)

where H, T stand for heads and tails respectively, and p + ¢ = 1. We are
also worried that these probablities may change over time.

Clearly the expected payoff from a standard bet is E[S;] = pU + gD
dollars. But there is no reason (a priori) to suppose that the initial stake
satisfies So = E[S;]. This is the expectation hypothesis, which we saw in the
previous section is generally wrong. If Sy < E[S;], then anyone willing to
play this game is risk-averse, that is, they expect some profit, on average, for
taking risk. If Sop > E[S;], then players, on average, pay to take risk (which is
typical for a Casino), and are risk-preferring. If Sy = E[S;], then the players
are risk-neutral, since they expect to neither gain nor lose money if they play
for a long time.

3.2 Derivatives

A derivative is a kind of side-bet, with a prescribed payoff that depends on
the outcome of the coin flip. The Casino is happy to allow derivative bets
by special arrangement. In a typical contract, a player pays an initial bet f
at time 0, and then receives a payoff of f;(S;) dollars at time ¢, where f;(.S;)
is a prescribed function of the random variable S;. A derivative contract is
defined by its payoff function fi(S;) and its purchase price fy. It is possible, in
principle, for fy to be negative, which by convention means that the Casino
pays the player to enter into the contract. Note that f;(S;) can also, in
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principle, be negative, in which case the player has to pay the Casino at time
t.
For example, we can consider the important case of a call option, which

has a payoff function
ft(St) == maX[St - K, 0]7 (33)

where K is a fixed number of dollars, known as the strike price, such that
U > K > D. By construction, the call option pays off only when S; = U.
Note that many options, even if they are based on an underlying asset, do
not necessarily involve the buying or selling of the underlying, but rather the
cash difference between the asset value and the strike price is transferred if
the terminal value of the asset exceeds the strike (assuming that the option is
a call). In cases where the underlying is not transferrable, such as an option
on a stock index, or the outcome of a coin flip, then a cash transfer is the
only possibility. We could also consider a more complicated derivative, with
a payoff function such as

fi(Se) = Sy + BSE + S, + 4, (3-4)

where «, 3,7,0 are constants. The pricing of an exotic derivative, like this
one, is computationally more difficult than for a vanilla one, such as the call
option above, however, mathematically they are given by the same general
formula.

Now we need to determine the price fy that someone should pay at time
0 to buy a derivative that pays off f,(S;) dollars at time ¢. A plausible guess
is

Jo = E[ft(St)]
= pfi(U) + qf(D), (3.5)
which represents the expected payoff of the derivative, that is, the probability
weighted average of the possible payoffs. This guess is another typical ex-
ample of the ‘expectation hypothesis’. As before, it is wrong. So how do we

determine f,7 Just like in the simple currency model of section 2, we want
to use a no arbitrage condition to determine the correct price.

3.3 No Arbitrage Argument

Suppose that instead of dealing directly with the Casino, the player instead
goes through an intermediary known as the dealer or trader. Then, if the
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gambler purchases a derivative from the dealer, the dealer gets f, dollars
at time 0, and must pay f;(S;) dollars back to the player at time ¢. The
dealer does not want to take any risk, and hence must hedge his derivative
position by making a standard bet with the Casino, in a manner that we shall
describe. Rather than making a full-sized bet, the stake for this standard
bet is only 0.5y. The idea is that the dealer will choose ¢ such that the total
payoff at time t is independent of the result of the coin flip, and hence a
guaranteed amount.

To calculate the required value of §, we note that at time ¢ the dealer
gets 0.5; dollars from the Casino, but has to pay f;(S;) dollars to the player.
So the dealer’s net payoff at time ¢ is 0.5, — f;(.S;) dollars. Since the dealer
wants this potentially random amount to be independent of the outcome of
the coin flip, we need to force the two possible payoffs to be the same, that
is, we require that

8U — f,(U) = 8D — f(D). (3.6)

But, we can solve this for § to get

fiU) = (D)

6:
U-D

(3.7)
This value of § is called the hedge ratio. If the dealer makes a standard bet
with the Casino in this quantity, that is, with initial stake 6.5y dollars, then
his obligation to the player (through the derivative) is ‘hedged’.

Exercise 3.2 Calculate the value of dealer’s payoff for the hedged bet.

We can now apply the no arbitrage argument. Suppose that the dealer
starts with nothing. At time 0 he sells the derivative to the player and receives
fo dollars, while at the same time he makes a basic bet with the Casino for
05y dollars. After completing these two transactions the dealer will have
fo — 8Sp dollars left over, which is put into the bank account. At time ¢,
after the coin toss, the dealer obtains the guaranteed amount 6.5, — f(S;).
In addition, he has money in the bank account, although since it has not
earned any interest it is still worth fy — 0.5y dollars. Thus, the net value of
the dealer’s position at time t is fo — .Sg + 05; — f(S;) dollars. But this is
a risk-free amount, and since the dealer started with nothing, he must end
with nothing, so

fo— 068y + 06U — f(U) =0, (3.8)
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or equivalently,
fo—08So+0D — f(D) =0. (3.9)

This relation can be used to solve for the correct price fy of the derivative.
We get

fo = f(U)+(5 —U)
LB = hD) o

= ft(U) U—_D - U)
BT = D)+ [H(U) — H(D))(Se— 1)
U—-D
_ ft(U)[So — D] = f«(D)[So — U]
U—-D
S () e (3.10)

Note that it was only possible to apply this argument because the dealer al-
ways gets the same payoff from his hedged position, that is, it is independent
of the actual outcome of the coin flip.

The derivative price calculated in equation (3.10) can be summarised
succintly by writing

fo=p"f(U) + ¢ fi(D), (3.11)
where s p g
x« 20 * - ~0

=" and ¢ D (3.12)

A quick calculation will confirm that p*, ¢* > 0 and p* 4+ ¢* = 1, which means
that fy can be interpreted as a kind of weighted average of the outcomes
ft(U) and f;(D), where the weights are given by the numbers p* and ¢*.

Exercise 3.3 Show that an arbitrageur can make a sure profit if the deriva-
tive 1s priced other than at fy.

The price fy does not depend in any way on the actual weighting of the
coin as given by the probabilities p,q. In fact, the price fy is completely
determined once we know the Casino rules, that is, the basic stake Sy, the
payoffs U and D, and the derivative payoff contract specification f;(S;). This
independence from ‘real’ or ‘physical’ probabilities is one of the ‘mysterious’
features of derivative pricing in general, as we shall see, that already applies
very clearly in this somewhat simplistic, but nevertheless very important
example.
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4 Probability Systems

Here we shall digress briefly to review some basic ideas in probability. We
need to acquire an understanding of the different parts of a probability system
and how they fit together. In order to make some sense of it all, we shall
find it useful to think of a probability system as a physical experiment with
a random outcome. To be more concrete, we shall use a specific example to
guide us through the various definitions and what they signify.

Suppose that we toss a coin three times and record the results in order.
This is a very simple experiment, but note that we should not necessarily
assume that the coin toss is fair, with an equally likely outcome for heads or
tails. After all, life is rarely as fair as we would like it to be, and we need to
be prepared for this. Joking aside, the reason for this chapter is to make it
clear that there can, in principle, be many different probabilities associated
with the same ‘physical experiment’. This will have an impact on how we
price derivatives.

4.1 Sample Space

The basic entity in a probability system is the sample space, usually denoted
(), which is a set containing all the possible outcomes of the experiment. If
we denote heads by H and tails by T, then there are 8 different possible
outcomes of the coin-tossing experiment, and they define the sample space
Q) as follows:

Q={HHH, HHT,HTH,HTT, THH,THT,TTH, TTT}. (4.1)
We formalize the concept of a sample space in the following definition,

Definition 4.1 The sample space Q = {w;}Y | is the set of all possible
outcomes of the experiment.

Note that we are assuming that the sample space is finite. This is applicable
to the discrete time formalism that we are developing in our discussion of
the Casino and the binomial model that follows on from this, but will have
to be modified for the continuous time formalism that is to come later.

4.2 Event Space

We are eventually going to want to talk about the probability of a specific
‘event’ occurring. Is the sample space, simply as given, adequate to allow
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us to discuss such a concept? Unfortunately, the answer is “not quite”.
This is because we want to ask more than just, “What is the probability
that the outcome of the coin toss is a specific element of the sample space,
say HTH?” We also want to ask, “What is the probability that the out-
come of the coin toss belongs to a certain subset of the sample space, for
example {HTT, HT'H}?”. We refer to subsets of ) as events. For exam-
ple, {HTT,HTH?} is the event that the coin tosses result in either HTT or
HTH. Thus, the question to ask is, “What is the probability that such-and-
such a specific event occurs?”. In order to be able to answer this, we need
the concept of the set of all the events that we are interested in. This is
called the event space, usually denoted .

What conditions should an event space satisfy? The most ‘basic’ event
is € itself, that is, the event that one of the possible outcomes occurs. This
event has probability one, that is, it always happens. It would thus make
sense to require the event space to contain (). Likewise, we shall assume
that the ‘null’ event (), which occurs with probability zero, is also in the
event space. Next, suppose that the events A = {HTT,THH} and B =
{HTH,HHH,HTT} are elements of ¥.. It is natural to be interested in the
event that either A or B occurs. This is the union of the events, AU B =
{HTT,THH,HTH,HHH}. We would like ¥ to be closed under the union
of two of its elements. Finally, if the event C = {HHH, HTH, HTT} is an
element of 3, then the probability of it occurring is one minus the probability
that the complementary event Q — C = {HHT,TTT,TTH,THT,THH}
occurs. Hence if an event is in X, we would also like its complement to be in
Y2. We can summarise the definition of the event space as follows.

Definition 4.2 The event space X is a set of subsets of the sample space
Q, satisfying the following conditions:

1. Qe
2. if A,B €, then AUB € X.
3. if Ae X, thenQQ—AeX.

Note that for our purposes, we can take 3 to be the power set (the set of all
subsets) of 2. The power set of our example system is perhaps just slightly
too large to comfortably write out. It contains 2% = 256 elements.

Exercise 4.1 Show that the power set of 2 is a valid event space. Write
down the power set generated by two coin tosses.
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Exercise 4.2 How about the set {(), 2} ¢ Does it satisfy the definition of an
event space?

The system consisting of the sample space and the event space (2, X)
might appropriately be called a ‘possibility system’, as opposed to a ‘prob-
ability system’ because all that it tells us are the possible outcomes of our
experiment. It contains no information about how probable each event is.
The so-called ‘probability” measure is an additional ingredient, that must be
specified in addition to the pair (€2, ).

4.3 Probability Measure

Now suppose that we want to assign a probability to each event in X. We
can do this by means of a probability measure P : 3 — [0,1]. For any event
A € X, P[A] is the probability that the event A occurs. For example, if the
coin is fair, then the probability of any event XY Z occurring (where X, Y,
Z can be either H or T) is clearly 1/8. Sometimes, instead of writing P[A]
for the probability of event A, we write Prob[A] to make the notation more
explicit.

Now, what conditions should we place on a probability measure? We have
already constrained its values to lie between zero and one. Since the event
Q) always occurs, its probability is one. Finally, if we have two disjoint sets,
then the probability of their union occurring should be equal to the sum of
the probabilities of the disjoint sets. For example,

Prob[{ HHH,TTT} = Prob[{HHH}] + Prob[{TTT}]

_ i (4.2)

Combining these constraints leads to the definition

Definition 4.3 A probability measure P is a function P : 3 — [0, 1]
satisfying

1. P[Q]=1.
2. ifo,p € X and o N p =1, then Plo U p| = Plo] + Plp].

Taken together, the sample space, event space and probability measure form
a so-called probability system, denoted P = (2, %, P).
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Exercise 4.3 Assume that 3 is the power set of ), and that ) has a finite
number of elements. Show that a probability measure is uniquely defined by
its action on the single element sets of .

Exercise (4.3) demonstrates why we can sometimes get away with only talking
about the sample space €2 and ignoring the more complicated event space X..
For example, if Q = {w;}¥, is the sample space, then we call the set of
numbers {p; = Plw;]}Y, the probabilities of Q. Knowing the ‘probabilities’
of € is then equivalent to knowing the full probability measure P, and so,
as long as the sample space is finite, we can use either formulation when
discussing a probability system P.

The key point to stress here is that we can in principle consider various
probability measures on the same sample and event spaces (€2, 3). This turns
out to be very useful in financial analysis. In our coin tossing example, we
have already considered the probability measure P that we obtain if the
coin that we are tossing is fair. However, we could also define a probability
measure @) : ¥ — [0, 1] that is based on an ‘unfair’ coin. Suppose that for
the unfair coin we get heads with probability 1/3, and tails with probability
2/3. Then the probability measure is defined by the probabilities

QUHHHY) = 3
QUHHTY) = q{HTH}) =q({THH}) = 3 (4.3)
QUATTY) = q({TTH}) =q({THT}) = 5 |
QUTTTY) = 3

Both measures are, in principle, valid to consider, so that when we are talking
about probabilities related to the coin tossing, we must specify whether we
are ‘in’ the probability system P = (£, X, P), ‘in’ the probability system
Q= (Q,%,Q), or possibly ‘in’ some other system based on another weighting
of the coins.

Exercise 4.4 What is the probability in the system P that there are exactly
two heads? What about in the system Q¢

4.4 Random Variables

The final concept that we want to think about is that of a ‘real-valued func-
tion” X defined on the sample space €2. Thus X : Q — R assigns to each
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element w; of 2 an element of &, that is, a real number. We call such a func-
tion a random variable. Even though the function is itself deterministic, that
is, if we give X a definite input then we get a definite output, its argument
wj is the random outcome of our physical experiment and hence X (w;) is also
random. For example, X could be the function that counts the numbers of

heads,

X({HHH}) = 3

X({HHT}) = X({HTH}) = X({THH}) =2

X({HTT}) = X({TTH})= X({THT}) =1 (4.4)
X{TTTY = 0.

As a second example, X could be twice the difference between the number
of heads and the number of tails; or as a third example X could be 1 for
the element HH H and 0 for all the other elements of 2. While these are
all different functions, they do have one important thing in common: they
are defined independently of any probability measure. That is, they depend
on the ‘possibility system’ (£2, X)), but not on a particular probability system
(Q,%, P). Thus we could change probability measures from P to @), and the
values of X would be unaffected.

However, what would be affected by a change of probability measure is
the probability that X would take on some given value. In particular the
expectation of X, which is the probability weighted sum over the sample
space of the possible values of the random variable, will depend on the prob-
ability measure that we are using. This is obvious from the formula for the
expectation,

EPIX] = ép({wmxm)
= zn:lpz-X(wi), (4.5)

which clearly depends in a crucial way on the probability measure. The
notation E7[X] is used to denote the expectation of the random variable X
with respect to the probability system P.

Going back to our example, suppose that we are in the ‘fair-coin’ proba-
bility system P. Then the expectation of the random variable X that returns
the number of heads is

E”[X] = 1.5, (4.6)
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while in the unfair ‘weighted-coin’ system O, the expectation is
E°[X] =1. (4.7)

So we have explicitly verified that the expectation of a random variable de-
pends on the probability system that we are using. If it is obvious which
possibility system that we are ‘in’; then we will talk about expectation with
respect to the relevant probability measure P, rather than with respect to
the probability system P = (Q2, 3, P).

Exercise 4.5 Verify the expectation values calculated above in equations 4.6

and 4.7 . Calculate the expected values for the other two random variables
described in the text for both P and Q.
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5 Back to the Casino

In this chapter we want to look at two things relating to the Casino. First,
we want to use the results of the previous chapter on probability systems to
interpret the derivative pricing result of chapter 3, and second, we want to
add in a non-zero interest rate. A non-zero interest rate affects the hedging
of the bet because it means that we have to pay in order to borrow money
to construct a hedged bet. This added cost must be added to the derivative
price in order to ensure that no arbitrage is possible.

5.1 The Casino as a Probability System

We begin by using the results of chapter 4 to describe the Casino as a proba-
bility system. The sample space €2 is simply the set of the two possible events,
{H,T}. The event space is the power set of this, ¥ = {0, {H},{T},Q}.
These two sets define the ‘possibility’ system, (€2, ¥). The payoff function S,
for a basic bet is a random variable defined on the possibility system, as is
any arbitrary derivative payoff function f;(S;).

As shown in exercise 4.3, we can uniquely define a probability measure
by its action on the sample space. We therefore can define the ‘physical’
probability measure P by

P{HY =p and P{T} =g (5.1)

What is it that this measure describes? Very simply it tells us the actual or
physical probability of the coin toss being heads or tails. However, a key point
of the derivative calculation was that the initial price of a derivative bet does
not involve these physical probability values. That is why the expectation
hypothesis fails. However, we can define a probability measure related to the
derivative pricing formula.

5.2 The Risk-Neutral Measure

Recall that in chapter 3 we found that the price of a derivative bet based on
the ‘no arbitrage’ valuation is given by the formula

fo=p"f:(U)+q f:(D), (5.2)
where S D U_g
=D and ¢ =U_D (5.3)
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The first thing to note is that p* and ¢* satisfy p*,¢* > 0 and p* + ¢* = 1.
This means that we can define a probability measure P* by

P{H}]=p" and PHTYH =q", (5.4)

and hence a probability system P* = (2,3, P*). When calculating expecta-
tions in the P* system we will abbreviate the notation by writing £* instead
of EF". Note that the probability measure P* has nothing to do with the
‘physical’” probability measure P.

Suppose that we take the expected value of the derivative payoft function
with respect to the P* probability system. This yields

E*[fi(S)] = p fU) +q" f(D)
Jo. (5.5)
In other words, the value of the derivative is given by the expectation of its
payoff function with respect to the new probability system P*.

Moreover, in the special case when the derivative payoff function is simply
the standard bet f;(S;) = S;, we see that

E*[ft(St)] = E*[St]

= p'U+¢D
So— D U—-5
oo’ Tu-p”?

We already know, of course, that the value of a derivative that pays off S;
dollars at time ¢ is by definition Sy dollars. This is simply a statement of the
Casino rule that the basic stake of Sy dollars pays off S; dollars. But now we
see that

So = E*[Sy]. (5.7)

In other words, the new probabilities p* and ¢* are precisely the ‘physical
weightings’ that the coin must have if the stake Sy were equal to its expected
value at time ¢. If this is the case then the expectation hypothesis actually
gives the correct price for derivatives!

We can interpret the P* probability system in terms of the amount of risk
that a player is willing to take. If a player has no preference whether he (a)
holds onto his initial stake of Sy dollars, or (b) bets it with an expected return
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of E[S;| dollars, then the two strategies must have the same value to him,
that is, Sp = E[S]. Such players are called risk-neutral, or risk-indifferent
and expect that if they play many times, they will neither gain nor lose
money. For risk-neutral players to bet, the actual coin probabilities must be
p = p* and ¢ = ¢*. Thus, we call the probability measure P* the risk-neutral
measure and the probability system P* = (Q, 3, P*) the risk-neutral system.

In reality, we expect that players are either investors, who are by nature
risk-averse, only playing if Sy < E[S;], or gamblers, who are risk-preferring,
and are willing to play if Sy > E[S;] (which corresponds to a risk-averse
Casino).

5.3 A Non-Zero Interest Rate

Suppose that the Casino bank begins to charge interest on borrowed money
at a continuously compounded rate r. Similarly, it pays interest on deposits
at the same rate. As in the foreign exchange example of chapter 2, the value
of the interest rate will affect the derivative price. We therefore need to find
the new value for the purchase price fy of a derivative, again by using a no
arbitrage argument.

Consider the following scenario for a dealer who starts with nothing. At
time 0 he sells a derivative with payoff function f;(S;) to a gambler. He
receives fo dollars for selling the derivative and then hedges it by making a
basic bet of 6.5y dollars with the Casino. As in the zero interest rate case, the
dealer wants his payout to be independent of the outcome of the coin toss,
so he picks ¢ such that 6U — f,(U) = dD — f,(D). Solving this equation for
the hedge ratio we find that is still given by equation (3.7)

fi(U) = fi(D)
U-D

and therefore is not affected by the presence of a non-zero interest rate.
However, the dealer’s basic bet is financed by borrowing dSy — fo dollars
from the bank at the interest rate r. Note that if 05y — fy is negative, then
the dealer deposits some money in the bank and gets it back with interest at
time t.

Now that we have described what happens before the coin toss, we need
to turn our attention to what happens after it. The dealer gets 6S; dollars
from the Casino for his basic bet, but has to pay f;(S;) dollars to the player
as part of the derivative contract. By the construction of the hedged bet,

5= (5.8)
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this amount, §.5; — f;(S;) dollars, is a guaranteed quantity. Furthermore, the
amount that the dealer owes the Casino bank, (6So — fo)e' dollars, is also
a guaranteed quantity. Hence the dealer’s final position is risk-free. Since
he starts with no money, a guaranteed profit would be an arbitrage. This
implies that in an arbitrage-free Casino the dealer’s final position must be
zZero,

5Sy — £.(S,) — (650 — fo)e™ = 0. (5.9)

If we substitute in for the hedge ratio ¢ from equation (5.8), then we can
solve this equation for f, to obtain

fo=eT"p f(U) + ¢ f(D)], (5.10)
where st D U g o
. ooe” — D »_ U — Soe”

V=—5"p and ¢ oD (5.11)

We can define the risk-neutral probability measure P* for the Casino with
non-zero interest rates by setting the probabilities to be

Pr{H} =p" and P{T}=q" (5.12)
The derivative price can therefore be written as

fo= e EF[fi(Sy)], (5.13)

where E*[X] is the expectation of a random variable X using the risk-neutral
measure P*. This arbitrage argument differs from the zero interest rate case
only in the fact that the dealer has to pay interest on the money borrowed
to finance the initial hedged bet. The original argument and its values for
fo, p* and ¢* are recovered if we set r = 0 in the above result.

What is the significance of the factor e~ in the derivative price? We can
think of it as follows. If a sure sum of money X, is to be delivered at time t,
then its present value Xy is given by Xy = Py X;, where Py, is the discount
factor. In general, we require that 0 < Fy; < 1, and that Py is a decreasing
function of ¢. For example, if r is a constant and Py, = e, then we say that
we have constant interest rates. The discount factor arises because of the
time-value of money, which takes into account the fact that a fixed amount
of money is worth more now than the same amount of money will be in the
future. This is because the risk-free interest rate allows the value of an initial
amount of money to grow in time. So the factor e~ in the derivative price
can be thought of as a discount factor that is applied because the derivative
pays out at a time t in the future, rather than at ¢ = 0 when it is purchased.
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Exercise 5.1 Why must Py be a decreasing function of t?

As we shall see in the following sections, the formula fo = e " E*[f,(S;)] is
a good prototype for derivative pricing in general. In words, it says that the
present value of a derivative is equal to the discounted value of the risk-neutral
expectation of its payoff. Note, once again, that to value the derivative we do
not need to know the actual probabilities p and ¢ for the results of the coin
flip.

We can verify the price for the special case of a derivative that pays off
fi(Sy) = S;. We have

fO — e—rtE*[St]
— efrt(p*U_i_q*D)

_ eirt <S()€rt - DU 4 U— SoertD>

U-D U—D
= 5. (5.14)

This shows that a derivative that has the same payoffs as the basic bet also
has the same initial price.

Exercise 5.2 In the case where there is an interest rate r, show how an
arbitrageur can still make a profit without risk if the dealer mispriced the
deriative.

Exercise 5.3 Suppose that the basic stake is $100, while the basic payoffs
are $105 and $95, for heads and tails respectively, and e™ = 1.01. The actual
probabilities of heads and tails are p = .8 and q = .2.

(a) Calculate the risk-neutral probabilities p* and q*.

(b) Calculate the price of a derivative that pays off the value 5 for heads
and nothing for tails. This is really a call option with a strike of $100.

(c) What is the value of the hedge ratio 6?7

(d) Verify that the payoff of a bet consisting of being long & units of the
basic bet, and short one derivative is independent of the coin toss.

(e) What is the price of the derivative if the actual probabilities of heads
and tails are p=0.3 and ¢ = 0.77
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Why do people gamble? Surely the answer must be that, despite losses
on average in cash terms, there is an implicit benefit—that is, an intangible
yield in the form of (say) pleasure, a fun evening out, interesting company,
the thrill of living dangerously, satisfaction of an uncontrollable urge, or
something along these lines. For fear of lapsing into a state of arm-chair
psychology, let us not say more on this. The implicit benefit obtained in this
way is formalised in the concept of a convenience yield. 1t is possible to price
derivatives using a particular convenience yield but this method suffers from
the fact that every player will have a different yield, and so no scheme that
will satisfy every gambler is possible. The advantage of arbitrage pricing is
that it is independent of the wishes or views of the players, and therefore can
be uniquely defined.

Summing up, we have seen here that the value of a derivative in the Casino
is given by the discounted risk-neutral expectation of its payoff function,
fo = e " E*[f,(S:)], where P* is the unique system of probabilities such that
So = e " E*[S;]. These relations were derived by applying the no arbitrage
condition to a hedged and hence risk-free bet.

Exercise 5.4 Verify that the risk-neutral measure P*, defined by equation

(5.11), is the unique probability measure that satisfies So = e " E*[S], that
18, the basic bet is equal to its discounted expectation.
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6 The Binomial Model

We return once more to the Casino, but this time we give it a different
interpretation: as a simple idealisation of a stock market. The ‘stake’ Sy
at time 0 is now interpreted as the price of an asset. One can think of
this as a ‘chip’ or ‘one share’. As a consequence of the ‘coin flip’, which
represents a random movement in the stock price, the asset is worth either
more (S} = U), or less (S; = D) at t = 1. Thus, we have a very elementary
model for a ‘stock market’, in this case a ‘one-period’ market, since there is
only one time step. In this chapter we shall expand this model and give the
definition and construction of n-period markets before pricing derivatives in
a one-period market. In the next chapter we turn our attention to the value
of derivatives in an n-period market. The techniques that we introduce here,
although very elementary in nature, have wide applications.

6.1 Tree Models

In order to deal with a more complex system than the simple one-period
market, we need to refine our current notation. Our convention will be to
use a subscript for the time variable, and a superscript to indicate the state
of the share price. Thus, initially the share price is Sy (there is only one
state, so we don’t need a superscript). At time 1 we have two states, so we
write S%, where i = 0,1, as shown below:

S(l) (0-state ‘up’)
So (6.1)

Sll (1-state ‘down’)

Now we suppose that at time 2 each of the states S% can evolve to a pair
of new states which we write as S5. The first index tells you which state you
were in at time 1, while the second index tells you whether you have an up
or down move following that, as illustrated in the following diagram:
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Y0
Si(l) Sgl
S0 g1 (6.2)
S1 2
Syt

The resulting system of prices is called a tree model. For simplicity, we
shall consider trees which have two branches at each node, but in principle the
idea can be extended to the situation where we have any number of branches
at each node. We can display the system more compactly by suppressing the
branches and writing, for example,

Sy — Si — S;j — gjk, (6.3)

for a three-period model. Note that by simply changing the allowed range for
the superscripts, this notation is general enough for any number of branches.

We also need to introduce notation for the probabilities with which the
various transitions occur. In compact form this is

i ~1] ~ijk
pz . pJ .. pJ ik
Sp —= S} — Sy = S (6.4)

Thus, pg is the probability that Sy will drop to S;. The corresponding tree
representation is given explicitly as follows:

A 00
R Sy
p8 Sg 01
Y SQ
S (6.5)
0 ~10 SIO
1 Sl P1 2
Po 1
N 11
it Sy

Note that p} gives the probability that S; = Si, while p{ is the conditional
probability that Sy = S5, given that S; = Si. We will use a ‘hat’ throughout
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the book to denote conditional probabilities. The actual probability that
Sy =S¥ is pf)jl = pgﬁilj . Since the total probability at any node must be one,
we have 37, pi = 1, > ﬁij =1, > ﬁéjk = 1, and so on. This notation means
that if we sum p* over j for any fixed value of 7, then the result is one, with
the analogous generalisation to the sum of conditional probabilities at later
times.

When convenient, we can drop the ‘time’ subscript from the share prices
because the time is simply equal to the number of ‘state’ indices. This yields
the less cluttered tree representation shown below:

500 500
0 0
P S 01 So1
S S0y G0 (6.6)
pl Sl
2511 Sll
The corresponding compact notation is
g g P i P ik (6.7)

6.2 Money Market Account

We have already considered the notion of borrowing in the Casino at a non-
zero interest rate. Now we need to formalise this idea further by introducing
the concept of a money market process that accumulates interest on a risk-
free basis. Let B; denote the value of the money market account at time t.
For brevity, we shall sometimes refer to a unit in the money market account
as a ‘bond’, hence the notation B;, which might also be taken to stand for
‘bank account’. Assuming that the interest rate is deterministic, then the
process is simply the linear tree:

B(] — Bl — BQ — Bg. (68)

If interest rates are constant, then, as we proved in exercise 1.3, the value of
the money market account is

B, = Bye™, (6.9)
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where r is the interest rate ‘per period’, expressed on a continuously com-
pounded basis. For example, if R is the annualised continuously compounded
interest rate, and if time is counted in days, then » = R/365. We will not
necessarily assume that interest rates are constant, but merely that they are
positive, so B;y1 > By, that is, the bank account increases in value.

Buying a unit of the money market account at time ¢ for the price By is
like ‘putting the amount B, in the bank’. At time ¢ + 1 it is worth a larger
amount By, 1. Selling a unit of the money market account for the price B; at
time t is like ‘borrowing the amount B;’ from the bank. If you want to buy
it back again at time ¢ + 1, that is, repay the loan, then you must pay B
for it—principal plus interest.

6.3 Derivatives

For a derivative we need to specify (a) the maturity date ¢, that is, the time
when it pays off, and (b) the payoff function f. It is convenient to think of
the payoff as being determined by the state of the market at the payoff time,
so f = fi(S;). For example, a derivative that pays off at ¢ = 2 will have
a payoff function f¥ = f(S%). Specification of the payoff function is part
of the derivative contract, so the real problem is to determine the present
value, or initial cost f of the derivative. Indeed, since a derivative itself can
be viewed as an asset, we can express its time evolution in either the compact
form,

f— ff— f9 — fik (6.10)

or as the following tree:

fOO
fo fOl

0 (6.11)

fl
fll

In order to make the derivative calculations somewhat more tangible, it
is worth considering some sample numerical exercises. A hypothetical share
price process is given as follows:
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7 108
5 105
3 102
100 - 0% (6.12)
5 05
3 92

For the money market account, we will assume a flat rate of 1% per month,
so the process can be represented by the diagram

100 — 101 — 102.01, (6.13)
where each time step is one month.

Exercise 6.1 In the given hypothetical two-period stock market what are the
probabilities that (a) Sy = 102 and (b) Sy > 957

Exercise 6.2 What is the value of r for the money market process given by
equation (6.13), assuming that the interest is continuously compounded at an
annualized rate r?

Exercise 6.3 Using what you have learned in chapter 3, calculate the values
of call options with a maturity of t = 1 and strike prices of $98 and $102.
How much would similar derivative costs if you bought them at time 1 for
exercise at time 27 Note that in this case you need to calculate two prices for
each call option, one in the event that S = 105 and one for the case when
S1 = 95. Finally, how much would you be willing to pay at time O for the
call options with a maturity of t =27

6.4 One-Period Replication Model

We now want to price the derivative by using a no arbitrage argument. As
in the case of the Casino analogy, the investor will buy a derivative from a
trader, who will then take the proceeds of this sale and invest in the stock and
money market so that the randomness in his stock and derivative positions
cancel. By hedging in this way, the trader can obtain a guaranteed payoff
when the derivative expires, at which point he collects the proceeds from his
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stock and money market positions and pays the investor any money due on
the derivative. By the no arbitrage condition, this guaranteed payout must
be zero, since the trader started with nothing. If it were less than zero, the
trader wouldn’t trade; whereas if it were more than zero, then the investor
wouldn’t invest.

To actually calculate the initial price of a derivative, we now need to turn
these words into equations. Hence, suppose that we have a trader with no
initial position and an investor that is flush with cash. At time 0 the investor
buys a derivative with payoff f* at t = 1 from the trader. The investor pays
f dollars, the value of the derivative at ¢ = 0, to the trader, who then uses
the money to take a position in the stock S and the money market account
B. Let 3 be the number (possibly fractional, possibly negative) of units in
the money market account that the trader buys, and ¢ the number of units
in the stock S. Since this purchase is entirely funded by the money received
from the sale of the derivative, we have

f=pB+65. (6.14)

How does the trader choose the values of # and 67 Well, his position at
time 1 is equal to the value of his stock and bond portfolio 3B? + §5?, minus
the derivative payment f° that he must make to the investor, and most
importantly, the trader would like this amount to be risk-free. By the no
arbitrage condition, the value of this position must be zero, that is,

BB+ 68" — f' =0, (6.15)

or

/' = BB+ 45" (6.16)

Because the bond and stock portfolio exactly duplicates the payoff function of
the derivative, we call it a replicating strategy. The existence of a replicating
strategy means that the derivative can be constructed from the underlying
assets and hence an investor need never buy the derivative—he can do just
as well by taking positions in stocks and bonds. In the real world, however,
a derivative has lower transaction and maintenance costs and that is why
investors will purchase them.

Since equation (6.16) must hold independent of the ‘up’ or ‘down’ move-
ment of the share price, we must have

=8B, 468 and f!'=p3B,+ 065 (6.17)
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We can then solve these two equations for § and 4,

flso_fOSl fo_fl
S B(sosy M 0T

s (6.18)

where we have assumed that S° > S!. Substituting these expressions back
into equation (6.14) we obtain
flso _ fOSl fO _ fl

B+ L —_8§ (6.19)

TGOl R T

which completely determines the value of the derivative. Rearranging this
expression, we get

S_SIBE 0 SOBE_S 1
f: SO—Sl f + SO—Sl f ) (620)
or alternatively
B [S§B — gt S0 — S8
U N O A (6.21)

Exercise 6.4 Compare the derivative price equation (6.21) with the Casino
price equation (5.13). Show that they are equivalent.

6.5 Risk-Neutral Probabilities

As in the Casino example, we see that the derivative price, given by equation
(6.21), is independent of the ‘physical’ probabilities p’. Instead of the physi-
cal probabilities, we want to define the risk-neutral probability measure P*,
generated by the probabilities

S-St S0 -8

0 __ 1 _
P-=go_g M =i g (6:22)

where S = %S.

Exercise 6.5 Verify that the probabilities p° and pl do generate a valid prob-
ability measure.
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The initial price of the derivative can therefore be written as
B
fo= =l +pf]
= —E'[Al, (6.23)

where f; is the random payoff of either f° or f! at time 1 and E*[—] is the
expectation with respect to the risk-neutral measure P*. Since B and B, are
deterministic, the derivative pricing formula (6.23) can be expressed in the

form
f Ju

5=Flz) (6.24)

B

In other words, the ratio f/B of the present value of the derivative to the ini-
tial cost of the money market account is given by the risk neutral expectation
of this ratio at t = 1.

But in what sense is this new probability system ‘risk-neutral’? We need
to verify that the probabilities p? are indeed the probabilties that would apply
in reality if investors were really ‘indifferent’, that is, neutral to risk. In this
situation (risk indifference) investors would expect the same rate of return
(average profitability per unit investment) on both (a) an investment in the
stock market, and (b) an investment in a money market account. In equation
form, this means that

E*[S)] _ Er[Bi]
S B
Note that B; is actually deterministic, so E*[B;] = B;. After expanding
E*[S;] in terms of the risk-neutral probabilities, we have

i+ S'p. B

. (6.25)

= 6.26
So B’ ( )
where p? + pl = 1. These relation imply, after a short calculation, that
S5 S0 — S
0__ 1_

Pe=g gt md p.=—op (6.27)
where B
& 1

=5— 2
S=5 5 (6.28)

which is the same result as equation (6.22). This verifies the interpretation
of the probabilities p’ as risk-neutral.
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Exercise 6.6 Calculate the forward price at time 0 for the purchase at time
1 of one share.
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7 Pricing in N-Period Tree Models

Equation (6.21) completely determines the price of a derivative in a one-
period market. So it is clearly time to expand our model and think about
something a little more complicated! Consider a two-period market with a
stock, a money market account, and a derivative. We know the values in
the stock process, as illustrated in (6.6), and in the bond process, shown in
(6.8). We also know the terminal values or payoff of the derivative process
f¥, that is, the final values of the tree (6.11). Our goal is to use a no
arbitrage argument to compute the rest of the derivative process, including,
in particular, its present value fy, that is, today’s price.

From the work that we have done on the one-period model, it should be
clear that if we determine the possible values f° and f! of the derivative at
time 1, then we can determine its value at time 0 by use of equation (6.24).
Now consider the situation at time 1, and suppose that the outcome of the
first period was an upward movement (‘heads’), so S — S°. Then the stock
has value S°, the bond has value B;, and we must find the value f° of a
derivative that pays off either f°° or %! depending on whether S — S% or
SY — S%. But clearly the problem now posed is formally identical to the
original problem for a one-period derivative, as we can see from the relevant
tree diagrams:

P SO
SO
0 Gol
B— By (7.1)

fO()
fO

fOl
We might call this realization an ‘inductive insight’. Since we can price

derivatives in a one-period model using equation (6.21), we can determine
the value of f° by simply using the same formula.
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So, using equations (6.22) and (6.24) we can immediately write down the

solution in the form 0 00.400 01201

5 5 , (7.2)
where G0 01 00 G0
Siy — S S* -8
~00 __ M~M12 ~01 __ 12
p* - SOO o 5017 p* - SOO . 5017 (73)

and S%, = S°B, /B, is the conditioned forward price made at time 1, when
the stock has value S° (‘up’ state) for delivery of a share at time 2. More
generally, the random variable S, is is the forward price that will be made
at time 1 for purchase of a share at time 2. It can take on two values, 5'{2,
(i = 0,1) depending on the actual value S* of the stock at time 1.

Exercise 7.1 Use an arbitrage argument to show that if S; = SY at time
t =1, then the value of the derivative must be f°, as given in equation (7.2).

Similarly for f!, equations (6.22) and (6.24) tell us that

WA i SR v s
B, B

(7.4)

where ~ ~
10 _ 5112_511 11 _ 510_5112
b = §10 _ g1’ b, = g10 _ gi1”
and S}, = S'B,/B; is the forward price made at time 1, when the stock has
value S!, for delivery and payment at time 2.
But now we know f° and f'. Thus, we can substitute these values back
into equation (6.24) to obtain the initial price of the derivative, given by

i S+ flps
B B,
FOOpOp20 + fOrpOpOt 4 fOpLHI0 4 frplpLE
By
SO+ fOIp2 + f1Opl0 4 flip)t
B, ’

(7.5)
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where we have used the fact that p'p¥ = p¥ is the risk-neutral probability
that S goes to S¥. Thus, we see that the final equation is an expectation in
the risk-neutral measure,

! _p H , (77

B By

where f5 is the random payoff of the derivative at time 2.
The financial interpretation of this result is that the probabilities p’ and
p) yield the unique probability system such that the expected return from
an investment in the money market account equals the expected return if the
money were put in the stock market instead. Thus,
By E[S]

B~ 5 and B~ 5 (7.8)

Exercise 7.2 Verify that the relations given in equation (7.8) hold. Do these
conditions uniquely define a probability measure?

Exercise 7.3 Calculate the risk-neutral probabilities for the numerical ex-
ample illustrated in 6.12. Price the following derivatives:

(a) f9 =59 1ie., the derivative simply pays off the value of the stock.
(b) A forward contract with a strike price of $100.
(¢) A European call option with a strike of $100.
(d) A European put option with a strike of $100.
)

(e) A call option that expires at t = 1 with a strike of $3 on a forward
contract with a strike price of $100.

(f) A derivative that pays out the difference if the share price falls below
$97, summed over both time periods. That is, the payoff function is
max[97 — S5, 0] + max[97 — Sy, 0] dollars. This is a ‘path-dependent’
derivative because the final payout depends on the entire path that the
share price takes, rather than just its final value.

(g) A digital contract that pays out $10 if the share price is above $100.

(h) Both a European and an American call option with strikes of $104.
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Exercise 7.4 Compute the entire system of risk-neutral probabilties pt, p¥
and pI* for a three-period binomial model.

So what have we learned about pricing in the tree model so far? We have
shown that in a one-period market, a derivative is priced according to the

e fo _ E'f)]
0 1

JO _ 7.9

e (7.9)

while in a two-period market we used this result inductively to deduce that
fo _ E*[f]

== 7.10

B~ B (7.10)

Moreover, in an N-period binomial market model, a ‘backward induction’
argument can be made that the price of a derivative fy at t = 0 with random
payout fy at t = N is given by

Jo _ E*[fn]
By By

(7.11)

where By is the value of the money market account at t = N, fy is the
random value of the derivative at time N, and E*[—]| is the expectation in
the risk-neutral measure determined by use of the one-period relation (6.22)
at each node of the tree.

Exercise 7.5 Verify equation (7.11) ezplicitly in the case of a three-period
market.

Exercise 7.6 Complete the backwards induction argument to prove equation

(7.11).
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8 Martingales and Conditional Expectation

We are now at a point where we have an algorithm that can be used to
evaluate the initial price of any derivative with a known payoff function.
Before proceeding further, we want to formalise some of the probabilistic
concepts that we have been dealing with and which will reappear in the
continuous time setting. Instead of the coin tosses considered in section 4 we
will use the two-period tree model as the underlying ‘random’ experiment.
The sample space is

Q={UU,UD,DD,DU}, (8.1)

where U indicates an ‘up’ movement in the stock market and D a ‘down’ one.
We assume that the event space X is the power set of 2. The share price S»
at time 2 is a random variable that takes the values S¥ depending on the
up and down movements in the markets. How about the share price S| at
an earlier time 17 It is also a random variable defined on the same sample
space, but unlike S5, it should not depend on the movements of the market
after time 1. This means that S1(UU) = S;(UD) and S1(DD) = S1(DU).
This discussion has illustrated the two concepts that we want to discuss next:
stochastic processes and filtrations.

8.1 Stochastic Processes

The share price process S; that we have been dealing with so far is really a
family of random variables indexed by a time parameter i. That is, there are
three random variables Sy, S; and S defined on the sample space 2. This
is an example of a stochastic process.

Definition 8.1 A stochastic process X is a sequence of random wvariables
{X,}5_ | defined on the sample space S).

8.2 Filtration

Suppose that instead of being concerned with only the final outcome of the
share price movements, we want to be able to describe the share price at
any time before the final time. For example, we could evaluate the share
price stochastic process S; for each time ¢ at the sample space element UU:
So(UU) = S at time 0, S;(UU) = S° at time 1 and So(UU) = S% at time
2. Note that at times before the final time, while the sample space is always
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the same, the elements of it that can be differentiated from one another may
not always be the same. For example, at time 0 it is impossible to tell any
of the elements of the sample space apart, so the members of the set

Fy = {UU,UD, DU, DD} (8.2)

all ‘appear’ the same. Similarly at time 1 it is possible to divide the sample
space up into two distinguishable ‘partitions’

F)={UU,UD} and F|!={DU,DD}, (8.3)

depending on whether the initial movement in the market was ‘up’ or ‘down’.
Finally at time 2, there are four different market states, that we can differ-
entiate between

P ={UU}, F'={UD}, F°={DU}, and F;'={DD}.
(8.4)
Each of these collection of sets Fp, Fi and Féj divides up or ‘partitions’
the sample space at the relevant time. We can formalise the definition of a
partition.

Definition 8.2 A partition {F;}X | of a set A is a family of mutually disjoint
subsets of A whose union is A. That is, fori # j, F;NF; =0, and UE | F; =
A.

From our example we see that associated with the random movements of the
market there is a natural sequence of partitions of the sample space in terms
of Fy, F} and F¥. We call such a sequence a filtration, which we formally
define below.

Definition 8.3 A filtration F is a family {F;}X, of partitions of Q. The
notation that we use for an element of the filtration is F; = {Fj(l) }ﬁl, where
the sets Fj(z) are a partition of the sample space. An additional constraint that

we require 1S that the partitions at later times respect the earlier partitions.
That is, if i < k, then every partition Fi(l) at the earlier time is equal to the

union of some set of partitions {F,S")}ff;’{ at the later time.

Thus the sets F; that we have defined above are a valid filtration for the
market sample space because at each time they partition the sample space,
and because the partitions at later times respect the partitions at earlier
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times, for example, Fy = FY U F}. Using the concept of a filtration F allows
us to define a ‘filtered possibility system’ (€2, 2, F) and a ‘filtered probability
system’ (2,3, F, P). It gives some sort of ‘time ordering’ to the possibility
or probability system.

8.3 Adapted Process

Suppose that we had a stochastic process X defined on the market possibility
system such that X;(UU) # X;(UD). This means that the process needs to
know at time 1 what happens at time 2. We do not want this. Another way
to look at it is that X is not constant on the partition F° defined by the
filtration F. This leads to the following definition.

Definition 8.4 A stochastic process X is adapted to a filtration F if at every
‘time step’ n, whenever w and o belong to the same partition Fj(") defined by
the filtration then X, (w) = X, (o). That is, X,, is constant on each partition
at time n.

The share price process is clearly adapted to the filtration that we have de-
fined for the market. The only stochastic processes that we will be interested
in are adapted ones.

8.4 Conditional Expectation

The conditional probability for an event A given an event B is the probability
that A occurs when we alreay know that B occurs. It is equal to

P(A and B)

PIAIB) = =575

(8.5)

In particular, we will be interested in the case when A is a sin le element
set, and B is an element of a filtration, for example P( {wz}|{F . More
concretely, taking an example from the market system,

P{UU{UU,UD}) = 5", (8.6)

is the probability that we have two up movements, given that we know that
the first market move was up.
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We can use the conditional probability to define the conditional expecta-
tion of a random variable

N

E[X|o] =Y X({wi}) P({wi}lo). (8.7)

=1

Again, drawing on the market system, we could consider
E[SolF) = S + S8, (8.5)

which is the expected value of the share price at time 2, given that the initial
market move was up.
Define the stochastic process

Yulw;) = E[So| F{™), (8.9)
(

where w; € F, km). That is, at time m we evaluate the conditional expectation
of the share price at time 2 given the filtration at time m. For example,

i({UU}) = E[Se|FY), (8.10)

which was evaluated above. We will use the notation Y, = E,,,[S2] to denote
the conditional expectation of Sy given information up to time m. Note that
since the filtration at time 0 is unable to distinguish between any elements,
we have E[S,| = Eo[S,].

Exercise 8.1 Verify that the stochastic process Y, is adapted to the filtration
F.

Recall that from the derivative pricing formulae we have

&:ES {é] and &:ES {é],

8.11
By By By B, (811

where we have inserted some suggestive zeros. By a simple calculation we

could verify that

S, S,
— =FEr|=]. 12
By ! [BJ (8.12)

This is an important example of the next concept that we want to consdier—a
martingale.
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8.5 Martingales

A stochastic process X is called a martingale (with respect to a filtered
probability system (2, %, P, F), if it satisfies

Xm=FEn[X,] Ym<n<N. (8.13)
The standard definition of a martingale also requires that
En[|Xn]] <o Vm <n <N, (8.14)

i.e., it exists for all valid m,n. However, this condition is automatically
satisfied in our model. If a process is a martingale, then it means that its
expected value at any later time is equal to its current value.

8.6 Financial Interpretation

Let us go back and actually verify that the ratio of the stock to bond process
is a martingale. In the case of a two-period market we have

SO ]300 SOO + ]501 SOl
By B,
— B [é]FO} (8.15)
B, '
and
Sl Z510510 + 2511511
B, Bs
S
_ B [— Fl} , 8.16
B2| (8.16)

which says that given that the system is in the state S° at time 1, the ratio of
the stock to bond price can be expressed in terms of conditional probabilities

P2 and pY', and similarly for S, pl° and pl'. Writing this in terms of
conditional expectation, we then obtain
St S
2L [—} . 8.17
B~ g, (8.17)

In fact, using the one-period argument to derive the risk-netural probabilities
we have for n < N,

Snfl o * Sn
5 = P {BJ , (8.18)

58



or, more generally, by induction we have

S, s,
_ e [Sn 1
=B, [ BJ (8.19)

for m < n.
Exercise 8.2 Verify equation (8.19) for the three-period binomial model.

Thus, in the risk-neutral measure the ratio of the share price S, to the
money market account B, is a martingale. This can be regarded as the
definition of the risk-neutral measure. Alternatively, we say that the risk-
neutral probability measure P* is a martingale measure for the ratio S,,/B,,.
The no arbitrage argument for derivative pricing, combined with a back-

wards induction, allows us to deduce, in the case of an N-period binomial
model, that

fm * fn

B, E’ [Bn‘| , (8.20)
for 0 < m <n < N. In other words: the ratio of the derivative price to the
money market account is a martingale. In particular, if N is the payoff date
of the derivative, then

Jo Iy

— =FE"|=]. 8.21

So, once we show that the ratio of the derivative price to the money market
account is a martingale in the risk-neutral measure, that is, equation (8.20)
holds, then we can ‘price’ the derivative by use of (8.21). It will be a crucial

relation when we come to pricing derivatives in the continuous time case.
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9 Binomial Lattice Model

The general kind of tree model that we have been discussing so far is some-
times called a ‘bushy tree’, since the number of branches gets large very
quickly. At time n there are 2" states, which as n grows larger clearly makes
the tree computationally unfeasible. A very useful special model is obtained,
however, by letting the branches recombine to form a lattice of prices, and
hence is called a ‘lattice model” or ‘recombining tree’. At time t = n the
number of different states is only n + 1 which grows much more slowly than
the 2" nodes of the ‘basic’ tree.

At each node, the asset price can move either up in value, with probability
p, by a multiplicative factor u, or down, with probability ¢, by a factor d.
Index the nodes at each time by the number of ‘down’ moves that you need
to reach it, for example, S3 is the node at time 3 with one ‘down’ and two
‘up’ movements. We can write the value of the i*" node at time n as

St = Sou™'d (9.1)

where ¢ = 0,...,n and the time index is now necessary. Thus, for example,
S = Spu?, S3 = Spud, and so on. A three-period recombining tree is shown
below:

Sou?
Sou?
Sou ™ Syud
So ! Soud (9.2)
N Syd ™ Syud?
N Syd?
N Spd?

Suppose that at each node the actual probability of an up move is p, and
a down move is q. Then, the probability of S, taking on a specific value S
is

Prob[S, = S'] = CI'p"'q’, (9.3)
where C7" is the standard binomial coefficient, given by

n!
no M 4
O = (94)
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e.g., C3 = 31/(2!11!) = 3. The factor C!" is the number of different ways of
arriving at the node S!.

Exercise 9.1 Show that the number of different ways of arriving at the node
St is CF.

Recall that C7 is called the binomial coefficient because
(x+y)" =Y Cra" "y (9.5)
i=0

Hence if we set © = p and y = ¢ then using the fact that p+ g = 1, we see
that

Y Crpt g =1 (9.6)
=0

This means that if we sum the probabilities (9.3) of each node at the n'!
time step, then we get one, as we should.

However, in order to price derivatives, we know that we do not need to
make any assumptions about the ‘physical’ probabilities, that is, the num-
bers p and ¢, but instead, we must calculate the appropriate risk-neutral
probabilities. For the bank account process, we assume for simplicity a con-
stant interest rate of r per period, continuously compounded, so B,, = Bye™™.
Then, for risk-neutrality, we want

at the first node. In fact, the probabilities are governed by essentially the
same equation at each node. For example, at the node S3 = Syud we want
B;
Soud— = FE*[S
ou B, [ 3]
= p.Soud + q.Soud?, (9.8)

but this reduces to the previous equation. The solution for p,, g, is easily

seen to be
e —d u—e’

d g, = .
u—d ot g u—d

P« = (9.9)

Exercise 9.2 Verify that equation (9.9) is consistent with the risk-neutral
probabilities calculated in the general theory of tree models developed earlier.
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In the risk-neutral measure, the lattice is highly structured, which makes
calculations easy. In particular, we can price derivatives. The risk-neutral
probability of any state S is

Prob*[S,, = S!] = C'pl ¢, (9.10)

where Prob® denotes probability in the risk-neutral measure P*. Thus, sup-
pose fo is the price of a derivative (at time 0) with specified payoff f! at time
n in the i state. Then, from our general theory of tree models, we know

that I B[]
0 n
— = A1
By B, ’ (9-11)
from which it follows that
fo=eT> Crpi S (9.12)
i=0

This is the binomial derivative pricing formula which, together with its vari-
ous generalizations, has many useful applications. In the case of a call option
with strike K, for example, we would insert

f'rZL = IIlaX[S; - K7 0]
max[Sod'u""" — K, 0] (9.13)

for the payoff function f;.

Exercise 9.3 For a three-period model with Sq = $100, p = 0.6, r = 1.01,
u = 1.01 and d = 0.99, construct the lattice of stock prices and probabilities,
calculate the risk-neutral probabilities for the lattice, and then price a call
option with strike $100.
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10 Relation to Binomial Model

We shall now show how in a suitable limit the binomial lattice model of
chapter 3 can give rise to the Wiener model for asset price movements.

10.1 Limit of a Random Walk

Consider an n-period lattice. Recall that at any node of the lattice we have
an ‘up’ and a ‘down’ branch, with probabilities p and g respectively, as shown
below From an initial value of Sy, the asset price will increase to Spu with
probability p, or decrease to Sod with probability g.

S()u
So (10.1)
1T Sud

Let dt be the time-step to the next node, and since there are n steps, the
final time will be ¢t = ndt. Suppose moreover that the up and down factors
are given explicitly by

_ €ﬂ5t+a\/ﬁ

u and d = M=oV (10.2)

where i and o are constants. We shall assume that the actual probabilities
p and ¢ (i.e., not the risk-neutral probabilities) are each % If we let X,, be
the random variable equal to the number of ‘up’ movements after n steps,
then the asset price S; is

S, = SouXndnn, (10.3)

where n — X,,is the number of ‘down’ movements. Substituting in the values
of u and d given above then yields

2X, —
St:S()eXp ﬂt—’—g\/iTn

The random variable X, has a binomial distribution, with mean %n and
variance %n. We can improve the notation here slightly by defining the new
random variable

)| (10.4)

92X, —
Z, = om0 (10.5)



which has a binomial distribution with mean zero and variance one. Hence
the asset price process is given by

S = Soexp [jit + oVt . (10.6)

Next we use the central limit theorem, which says that if A1, A,, ... are inde-
pendent, identically distributed random variables with mean m and variance
V,and X, is the sum X,, = A; + Ay + --- A, then the random variable Z,,
defined by Z, = (X,, —nm)/v/nV — N(0,1) for large n. This tells us that in
the limit of large n, Z, converges to a normally distributed random variable
with mean zero, and variance 1. Thus, it follows that

lim S, = So explpt + oWy (10.7)

where W; is a normally distributed random variable with mean zero and
variance t. Then if we set i1 = p — 502, the asset price process becomes

1
nhlglo Sy = Sy explut + oW, — 50225], (10.8)

and we are back to the Wiener model. Or so it appears. To show that we
have recovered the model entirely, we still need to show that W, is indeed the
Wiener process—we know that it is normally distributed, but now we need
to check that it has independent increments. This follows intuitively from
the fact that the binomial process is defined as n independent measurements,
and hence, by construction, has independent increments. When we take the
large n limit, we are tempted to believe that this property is preserved, so
(10.8) actually is the Wiener process.

10.2 Martingales associated with Random Walks

This is, of course, a rather simplistic ‘derivation’ of the Wiener process, and
does not yet fully exploit the technology that we developed for the binomial
model. To proceed further, we begin by refining the binomial lattice model
by consideration of a certain family of martingales that arise naturally in this
context.

Lemma 10.1 Suppose Y7, Ys, ... are independent, identically distributed ran-
dom wvariables with the property that the moment generating function,

M(0) = E[e™], (10.9)
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exists (i.e., is finite) for some wvalue of 0. Define a sequence of random
variables by Zy =1, and

PVi+Ya 4 +Yr)

= T )

(10.10)

Then
E.Zy) = Z,, m>n (10.11)

where E,, is the conditional expectation given information up to time n (in
this case, given Y1,Ys, ..., Y,) .

Proof By definition, we have

(Y1 +Ya4+Ym)
E.[Z.] = E, [ OB ] (10.12)
Since the expectation is conditional, we know the values of Y7,Y5,..., Y,
and hence can take them outside the expectation, so
PVi+Yat4Yn) [ (Va1 +Ynsat+Yom)
Bt = E | e H0-19)

But then since the Y;’s are independent and identically distributed, we can
factor their expectation, which will then cancel with the factors of the mo-
ment generating function in the denominator,

B 69(Yn+1+Yn+2+---+Ym)1 FE [ng”“} FE [eeY"“] XX F [eer} )
[M(0)]m— [M(0)]m -
(10.14)
Hence,
[ ] 69(Y1+Y2+---+Yn) (
ElZ)=————— =7, 10.15)
(M ()]
as desired.

For example, if Y] is normally distributed with mean m and variance V,
it follows that .
M(0) = B[] = 30V, (10.16)
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SO
Zn _ 69(?1+?2+'”Yn)*%n92v (1017)

where Y; = Y; — m (i.e., remove the mean). But, this is clearly the product

o192 . _1p2 v, —L1p2
Zn — €9Y1 29 V69Y2 20 Vv . .eeY" 29 4 (1018)

which is given multiplicatively by a series of exponential martingales.

Another example, which is the one we are particularly interested in here,
is generated when Y; = £1, so Y| + Y5 + --- 4+ Y, is the random variable
corresponding to the n' step of a random walk. Then

M(0) = pe? + ge™? (10.19)

where p, ¢ are the probabilities respectively for Y; = 41, and thus we have

69(Y1+Y2+-~~+Yn)
Ly = ——— 10.20
(pe? + ge=0)™ ( )

Equivalently, we have
0 Xn

= 10.21
" (pe? + ge=O)n ( )

where X,, = Y1+Y5+- - +Y, is the random walk. We note that E[Y;] = p—g.
Thus, E[X,] = n(p—q), and we have X,, = X,, —n(p—q), where E[X,,] = 0.
Now suppose that we consider the case where p = q = % Then we have

0Xn
Z, = 10.22
@+ 1022
and F[X,] = 0. Now, suppose that we set
S, = Syett erV , (10.23)
F(e VT + eV
where t = ndt. Then we can write
t VX /R
S, = Syt (10.24)

(B IV + e A
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In the limit n — oo, the numerator X,,/v/n converges to an N (0, 1) random

variable, whereas for the denominator we have

1 ot
T (VU gVt T
2(6 +e ) + o

So as n — 00,
%(60\/1?/\/5 +e ViV bt

Thus, in the limit n — oo, we find that S; converges to

- t o\/folJQt
St = Soe“ (& 20,

+0O(n™?).

(10.25)

(10.26)

(10.27)

where X has an N(0,1) distribution, and hence /X has an N(0,t) dis-
tribution. This confirms in rather more detail the result that we deduced

earlier.

67



11 Continuous Time Models

The binomial model for asset price movements suffers from some defects, of
which the most serious, from our point of view, is that in order for it to be
realistic the model must have a very large number of time steps. While for a
computer this presents less of a problem, actually evaluating the derivative
using equation (7.11) becomes a labourious and time-consuming procedure.
We can alleviate this to a certain extent, by moving from a discrete time
model to one in which time is treated as a continuous variable.

In this chapter we begin by our look at continuous time models of the fi-
nancial markets by introducing an elementary ‘Wiener model’ for asset prices
and exploring a few of its characteristics.

11.1 The Wiener Model

The simplest continuous time model for an asset price is the basic log-normal
or Wiener model. This model can be used to a reasonable approximation
to fit actual asset movements over limited time periods. The asset price
movements are driven both by a deterministic ‘trend’ or drift, and a random
motion. The strength of the random component of the motion is called the
volatility of the process. From actual asset price data, it is evident that, at
least to a first approximation, the random motions are uncorrelated, that
is, the market has no memory of its previous behaviour. More advanced
models of the financial markets may take into account correlations between
motions of the asset at one time and other, but little is really understood on
this score. The Wiener model has the significant advantage over most other
models in that it is simple enough that in many calculations we can obtain
explicit ‘closed form’ results.

However, we are not going to do anything with only words, so it is now
time to write down some formulae. Analogous to the stochastic processes
that we studied in the discrete time case, we can define a continuous time
stochastic process as a family of random variables indexed by a continuous
time parameter . In the elementary Wiener model the asset price S; is a
stochastic process that evolves in time based on the following formula

S, = SperteWimzo% (11.1)

Here Sy, i and o are constants: Sy is the initial stock price, p is the drift
and o is the volatility. The Wiener process Wy is the source of ‘randomness’
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or ‘noise’ in the asset price movement. As we shall demonstrate in a later
chapter it can be expressed as the limit of a lattice tree model.

But what is the Wiener process W; and what are its properties? Well, it
is a stochastic process beginning at time 0 that satisfies

1. The initial value is zero: Wy = 0.

2. At each time t, W; is a normally distributed random variable with mean
0 and variance t.

3. Wy has independent increments. That is, for a < b < ¢ < d, the
difference between the values of W; at two times, such as W, — W, and
Wy — W,, are independent random variables.

If a stochastic process has these three properties, then we say that it is
a Wiener process or, equivalently, it is a simple Brownian motion. The
Wiener process is a very rich object of mathematical interest, with numerous
important applications in finance.

An example Wiener process is shown in figure 11.1. Note that at any
time W, has an equal likelihood of being positive or negative, but the spread
(variance) increases over time. If we add to the Wiener process a constant de-
terministic drift of the form ut then the resulting process will have a nonzero
expectation value, as illustrated in figure 11.2.

11.2 The Normal Distribution

Before we try and do too much with the Wiener process it is probably worth
spending some time recalling some facts about the normal distribution. The
probability distribution of a stochastic process at any particular time ¢ is
called the marginal distribution, so we say that a Wiener process has a ‘nor-
mal’ marginal distribution. We refer to any random variable that is normally
distributed with mean m and variance V' as an N(m, V') random variable.
Hence if X is an N(m, V') random variable we have

Probla< X <b] = \/217T—V/ab exp l_(m;vrvn)] dz. (11.2)

Since the Wiener process W; has an N(0, ) marginal distribution, it is char-
acterized by the following probability law:

2
Probla < Wy < b] = —] dx. (11.3)

1 /b z
\V 27Tt a oXp 2t
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Figure 11.1: A Wiener process.
Wiener Process
0.75 ™
0.5 A‘j‘
¥
0.25 -
0 — ’ﬁ' - T LA L
W 0.25 0.75 1.0
-0.25 Y ,

Figure 11.2: A Wiener process with an added drift term of 25% i.e. of the form W;+.25¢.
The dashed line represents the contribution from the drift term. The underlying Wiener

process is the same in both this figure and figure 11.1.
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How about the difference between the Wiener process at two different times,
Weaip — W37 In the definition of W; we required that this be an independent
random variable. In fact, it turns out to be a N(0, b) random variable, which
will be very important for some of our calculations.

Exercise 11.1 Verify that W,y — W, is an N(0,b) random variable.

A useful formula to define is the cumulative normal distribution function

N(z) L X
N(z) = Ner /_OO exp [—552] de. (11.4)

Later, we will be able to express the price of call and put options in terms of
N(z). For now, we can use the cumulative distribution in order to describe
a Wiener process W,

Prob[W, <] = / e~ de

- N(b/\;%) (11.5)

where we made the substitution ¢ = 1/t in going from the first to second
line.

We are now in a position where we can, at least heuristically, understand
the drift ;1 and volatility o of the Wiener model for an asset price process,
given by equation (11.1). In order to interpret the drift, we need the following
result.

Lemma 11.1 Let X be an N(m, V) random variable. Then
L
Elexp(aX)] = exp (am + ¢ V> . (11.6)

Proof The density function p,, v (x) for an N(m, V') random variable is

1 (x —m)?

P,y (T) = oy P <_T> : (11.7)
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Thus, the expected value is

Elexp(aX)] = :/ \/217T—V exp [am - @;‘;n)] dx (11.8)

A straightforward calculation that involves ‘completing the square’ then gives
the desired result.

[
An immediate corollary of this result is that
Elexp(cW;)] = exp (%J%) : (11.9)
from which we conclude that the expected value of the Wiener process is
E[S] = FE [SO exp (ut - ;UQt + o*Wtﬂ
= Spexp (,ut - %02t> E lexp (cW;)]
= Spexp(ut). (11.10)

Since E[S]/Sy = e, we say that p is the rate of return on an investment
in the asset S; with initial price Sg. Thus, the drift parameter controls the
expected value of the asset price in the future. However, rather surprisingly,
it will turn out that the call and put option prices that we will derive are
independent of the value of the drift, that is, they do not depend on how we
expect the asset price will move.

The volatility, on the other hand, measures the ‘response’ of S; to the
movements in the Wiener process W;. That is, the larger the volatility, the
more randomness that is introduced into the model, as shown in figures 11.3
and 11.4. It is the volatility which will play the most important role in option
pricing because it controls the randomness that we need to try and eliminate.

Exercise 11.2 Calculate the variance of the asset price process Sy.

Note that since the logarithm of the asset price is given by

1
InS; =1InSy+ (u — 502)75+ch[/,5, (11.11)
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Figure 11.3: A Wiener model asset price processes, driven by equation (11.1), with an
initial price of Sy = $100, a drift of u = 1 and a volatility of o = 0.5. The dashed is line
is the expected value E[S;] = Spet.

it follows that In S; is normally distributed with mean In So+ (1 — %az)t and
variance o*t, which is why our basic model is sometimes called the log-normal
model. This model is also sometimes called ‘geometric Brownian motion with
drift’.

Another useful property of Brownian motion is the fact that

E[(W, —W,)?] =t — s, (11.12)

which as we shall demonstrate below, follows from the independent incre-
ments property. Using Wy = 0, we can write

Wy = (W, — W) + (W, — W), (11.13)
and after squaring both sides we have
W2 =W, — W2+ (W, — Wo)? + 2(W, — W) (W, — Wh). (11.14)
Taking expectations yields

EW?] = E[(W; — W,)? + E[W2] +0, (11.15)
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Figure 11.4: A Wiener model asset price processes, driven by equation (11.1), with
an initial price of Sy = $100, a drift of 4 = 1 and a volatility of ¢ = 1.0. This plot uses
the same Wiener process as figure 11.3, but the volatility is twice as large here. You can
see that the larger volatility causes the deviations from the expected value to be generally
greater. The dashed is line is the expected value E[S;] = Spet’.

where we have used the fact that

E[(Wt - WS)<WS - WO)] = E[Wt - WS]E[WS - WO}
= 0, (11.16)

since the increments are independent and have zero mean. Returning to
equation (11.15) we can evaluate the expectations to obtain

t=E[(W, —W,)? +s (11.17)

as desired.
We could also take conditional expectations of equation (11.14),

Es [Wtz] = Es [Ws?] + ES[(Wt - Ws>2] + 2Es[(Wt - WS)(WS - WO)]
= W2+t—s5+0, (11.18)

which implies that
EJW2—t]=W?—s (11.19)
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Note that this is the martingale property that we previously examined in the
discrete time case.

Exercise 11.3 Calculate E[X™] for X normally distributed with mean m
and variance V' forn =1,2,3,4.

Exercise 11.4 Calculate E[e*X] and Var[e®X] for X as above.
Exercise 11.5 Show that if M, = e®™Wt=2%" then,

E[M;] = M. (11.20)
Exercise 11.6 Show that M, = cos(8W,)e2®’t satisfies

E,[M,] = M, (11.21)
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12 Stochastic Calculus

We are now in a position to begin considering trading in continuous time and
to examine the situation where asset price motions are driven by a Wiener
process rather than by a discrete time model. The idea is that at each
instant we can look at the Wiener process W; and study its change dW; at
that instant, which, intuitively can be thought of as moving slightly up or
down with equal probability.

For the asset price S; we can hypothesize that the change in its value is
given by a so-called ‘stochastic differential equation’ of the form

d—St = wdt + o dW,. (12.1)

St
This says that the infinitesimal change d.S; in the asset price at time ¢, as a
percentage of the value 5;, is given by a drift term p,dt and a ‘fluctuation’
or small movement upwards or downwards given by o,dW;. We call u,; the
drift at time t, and o, the volatility at time t. For elementary applications we
take p and o to be constant. This is often called the ‘Black-Scholes” world.
The solution of equation (12.1) is given by the Wiener model that we looked
at in the previous chapter,

S, = SpetttoWe=zo%t (12.2)

as we shall show later.

Our first goal is to make sense of (12.1) mathematically, and to introduce
the tools necessary to work with such expressions involving the Wiener pro-
cess. This will enable us to see, for example, why (12.2) is the solution of
(12.1). The main tool that we require is the so-called stochastic calculus or
Ito calculus. Our approach will be to build this up in an intuitive way, and
then to backtrack and attend to details and more precise definitions.

A closely related idea to stochastic calculus is the stochastic integral. The
integral of a process with respect to a Brownian motion is defined to be

b N
| Xudwi = lim > Xu(Wi = W), (12.3)

where the t; are some partition of the interval [a,b]. The stochastic integral
has a natural interpretation in terms of trading strategies. In particular, if
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S; is an asset price, then a trading strategy ¢, is a random process that says
what the holding in the asset is at time u. Then

t

represents the value at time ¢ of an investment portfolio based on holdings
in the given asset, where 1} is the initial value of the portfolio, and ¢, is
the trading strategy. The term ¢,dS, represents the infinitesimal gain (or
loss) the portfolio makes at time u when the asset moves up (or down) by
the amount dS,. More fully, we can write

t t
V= Vi +/ ¢uSuuudu+/ buSucudW,, (12.5)
0 0

where we have substituted the expression for dS, in from equation (12.1).
The trading strategy ¢, can, in principle, be deterministic, but generally is
itself also a random process, which depends on how events have played out so
far. As in the discrete time case, we will be interested in deriving a hedging
strategy that allows us to eliminate risk and generate a guaranteed return.

The main tool that we require is [to’s Lemma, which says that if the
random process X; satisfies

dXt = ,utdt + O'tth (126)

and if f(X;) has continuous second derivatives as a function f(x), then the
process f; = f(X;) satisfies

2
8det 10°f

vJ 2
e 3957 (dX,)?, (12.7)

df (Xy) =

where (dX;)? is interpreted according to the rules
(dt)* =0, dtdW, =0, and (dW;)*= dt. (12.8)
Thus (dX;)? = oZdt, and we have

df (X,) = ( 08)]; +35 tax{) at + o0, 2L qw, (12.9)

0X;
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This result has numerous applications. For example, suppose that X, is a
process that satisfies the stochastic differential equation (12.6). What is the
differential of f(X;) = exp X;? According to the Ito rule we have

DeXt N 1 0%
—+ -0
Frax, T 2% ax?

DeXt

de™ =
‘ 9X,

) dt‘|—0't th

1
= €Xt |:(/4Lt + 5 — S’Lgma?)dt + Utth:| (1210)

Exercise 12.1 Use Ito’s lemma to show that equation (12.2) is a solution
of (12.1) when u and o are constant.

Exercise 12.2 Find the stochastic derivatives of the following processes
1. Xy =W2—t
2. Xy = W2 — 3tW,
3. X, =W —6tW2+ 3t?
where Wy is a Wiener process. What do these processes have in common?
Exercise 12.3 Use Ito’s lemma to show that if Z; = X,Y;, then
dZ; = XidY: + YVid X, 4 dX,dY; (12.11)

Verify this in the case Xy = Wy and Y; = W72 where W, is the Wiener process.
Hint: consider (X; +Y;)? — X? — Y2,

Exercise 12.4 Use Ito’s lemma to show that for processes Xy, Y; we have

g Xy X[dX _dY @y dXdy (1212)
Y| X Y Y2 XY '
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13 Arbitrage Argument

It is now time to make a first attempt at deriving the Black-Scholes formula
for the value of a call option. In fact, we shall derive the Black-Scholes partial
differential equation, which is valid for any derivative. However, it is only
in specific simple cases, such as that of a call or put option with constant
‘market parameters’, where an explicit solution can be found.

13.1 Derivation of the No-Arbitrage Condition

Consider a financial market that consists of one basic asset and a money
market account. Suppose that the underlying asset has a stochastic price
process S; with dynamics

dSt = utStdt —+ UtStth7 (131)

where p; is the drift and o, is the volatility. Later we shall specialize to the
case where u; and o, are constant, but for the moment we shall allow these
processes to be fairly general, depending on the ‘history’ of W; between 0
and t. The money market account or bond process B; satisfies the stochastic

differential equation
dBt = TtBtdt, (132)

where 7, is the instantaneous risk-free interest rate or ‘short rate’. As in the
case of the drift and volatility, for now we will only assume that the short
rate is adapted to the Brownian motion Wy, but eventually we will take it to
be constant.

In addition to the underlying asset and the bond, we also have an option
on S, with price C; at time ¢t. In fact, for the moment we may suppose
that C; is a fairly general European-style derivative. It is therefore entirely
specified by a maturity 7" and a payoff function C'7. Eventually we shall
calculate the initial price for the payout

O(ST) = maX(ST - K, 0), (133)

that is, a call option. The payoff function of a call option was illustrated in
figure 1.1.

What is the stochastic differential equation satisfied by C;? We shall
assume that C} is ‘driven’ by the same randomness that affects S;, that is,
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the Wiener process W;. Hence the derivative price has the dynamics
dCt = ,UtCCtdt + O-tCCtth, (134)

where uf and o are respectively the drift and volatility of the derivative
price. Note that the stochastic process C; does not really need to be a
derivative at all! As remarked above, the only condition that we have actually
required is that the random part of the ‘derivative’ motion is driven by the
same Wiener process W, that generates the randomness in the asset price
process S;. It turns out that the drifts and volatilities for any two processes
that are driven by the same Brownian motion are not independent. That this
result follows from an arbitrage argument should not be too surprising—by
going long one process and short the other we can eliminate the common
source of uncertainty and hence generate a guaranteed return. Any portfolio
with a guaranteed return immediately implies that an arbitrage argument is
waiting to happen.

Suppose that an arbitrageur wants to make a risk-free profit (after all,
who doesn’t?) by investing in the asset and derivative. Let ¢, be the trading
strategy for the underlying asset, that is, ¢, tells us how much of the asset that
we own at time . It is the value of the trading strategy that will eventually
be determined by the no arbitrage argument.

A self-financing trading strategy is a trading strategy that has no external
cash-flow. That is, any changes in the value of the portfolio are entirely due
to changes in the value of the underlying assets and not due to money being
put in or taken out of the portfolio in order to fund asset sales or purchases.
For example, if we have a single asset with price process S; and trading
strategy ¢;, then the portfolio value is V; = ¢,.5; and the change in the value
of the portfolio over a short time interval [t,t + dt] is dV; = ¢,dS; + Sidgy.
The trading strategy is self-financing only if Sid¢p; = 0 because this is an
external cash-flow, whereas ¢,dS; is caused by a change in the value of the
asset price. Consider the constant position ¢; which buys one unit of stock
at time 0 and then simply holds onto it. The portfolio value is V; = ¢;S; and
the change in the value of the portfolio is simply dV; = ¢;dS;. Hence ¢, is
self-financing. A trading strategy that is not self-financing is ¢; = t which
continuously buys stock. The value of the portfolio is V; = ¢S;, and hence
the change in its value over a short time interval is dV; = S;dt + tdS;, which
is not equal to ¢;dS;. The amount S,dt is an external cash-flow that must
be added to the portfolio in order to fund the continual asset purchases.
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In the next chapter we will look at trading strategies which consist of
positions in both an asset and a bond. In that case the value of a portfolio
with a trading strategy (¢, v¢y) is V; = ¢Sy + ¥y B;. The change in a self-
financing strategy must be entirely due to the change in the asset and bond
prices, that is dV; = ¢;dS; +;dB;. Unlike the single asset case, we no longer
have to require that the change in the trading strategy vanishes, that is, we
can buy and sell assets and bonds, but we do require that the additional
terms that arise from these sales and purchases cancel each other in such
a way that no external cash-flow is required. For example, if we want to
increase our asset holdings ¢;, then the money to fund this purchase must
come from a correspondingly shorter position v; in the bond. We can make
the trading strategy ¢; = t into a self-financing one by adding a bond position
of

t S,

Yy = — ; B—udu, (13.5)
which simply borrows the money from the bond market to pay for the pur-
chases in the asset market, which means that S;d¢; + Bidy, = 0. Self-
financing strategies are very important for arbitrage arguments because we
cannot require a portfolio that starts with no net position to end with sim-
ilarly no net value if there is an external cash-flow which adds or subtracts
money from the position.

Now back to the arbitrage argument. As in our previous examples, the
arbitrageur begins at time ¢ with no money. He then buys one option for
Cy dollars and assumes a short position in ¢, units of the underlying asset.
Note that we assume that the asset can be bought and sold in any quantity.
Setting up this portfolio costs V;, = C; — ¢,.5; dollars, which must be funded
by a bank loan. Interest accumulates continuously on this loan at the rate
r¢, so that after a small time interval dt the arbitrageur owes an additional
r:Vidt dollars to the bank.

But what is the value of ¢;, that is, how much of the asset are we short-
ing? Just as in the discrete time case, the ‘arbitrage strategy’ ¢, is chosen so
that the risk or randomness in holding the option exactly cancels the risk in
holding the asset. This is the only way to ensure the guaranteed return nec-
essary for an arbitrage argument. So what is the return on the arbitrageur’s
portfolio? Well, the value of his position at any time t is

‘/t - Ot - ¢tSt- (136)

Assuming that we do not adjust the value of ¢;, that is we neither buy nor
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sell any underlying assets, then the change in the value of the portfolio V;
over the short time interval [t,t + dt] is

dVy = dCy— ¢dS;
Ct(/.tgdt + O'thWt) — QStSt(,Utdt + Utth)
= (,utCC't — ¢tﬂtst)dt + (O'tCOt — thUtSt)th; (137)

where we have assumed that the asset and option prices obey equations (13.1)
and (13.4) respectively. We can now fix ¢; by setting the coefficient of dW;
to zero. This ensures that the arbitrageur’s asset and option portfolio offers
a definite rate of return over the small time interval dt. Hence

UtCCt

UtSt ’

o8 (13.8)

and we call this value of ¢, the arbitrage strategy. We can then calculate the
change in the value of the position when the arbitrage strategy is used,

avy = (,UtCCt - ¢tﬂtst)dt
C
_ @f_ﬁm>qw (13.9)

O¢

But the arbitrageur can make a risk-free profit if the drift in equation (13.9)
yields a monetary gain greater than the interest payment r,V;dt on the loan.
This follows because at time ¢ + dt, the value of the arbitrageur’s asset and
option portfolio is V; + dV;, while the amount owed to the bank is V; +r,V,dt.
Hence his net position is the risk-free amount dV; — r;V,dt. Since he started
with no money, the no arbitrage argument tells us that his final position
must also be zero, and thus

dV, = rVdt. (13.10)
This implies that
d‘/; = Tt(Ct — gtht)dt
oC
= n<—~L>Qﬁ, (13.11)

Ot

where we have used the value of V; from equation (13.6), and substituted in
the arbitrage trading strategy ¢;, as given by equation (13.8).

82



Equating equations (13.9) and (13.11) we get

C C
P R, ( - Ut) . (13.12)

O O

After some rearrangement we obtain the formula

c_ —
Hi Crt _ e (13.13)

Oy O¢

This is the general relation between ul, ug, o¢, o, and r, that is required if
there is to be no arbitrage between the option and the underlying. We there-
fore call this the no arbitrage condition. Note that we have made no specific
assumptions about the form of the volatility, drift or short-rate processes, or
even what kind of derivative that we are speaking of (except that its value,
like that of S;, should be determined by a knowledge of W; between 0 and
t), so that relation (13.13) is quite general. In fact, C; does not even need to
be a derivative, but rather it can be any price process that is driven by the
same Brownian motion as S;. In economic terms (13.13) says that the rate
of return above the risk-free rate, per unit of risk, that is, volatility, has to
be the same for any two processes governed by the same random motions.

13.2 Derivation of the Black-Scholes Equation

To proceed further, we now assume that at each time ¢ the derivative price
Cy can be specified in terms of a function Cy = C(S;,t) of just the asset
price and time. This is true for a call option and many other standard types
of derivatives. The big advantage of this assumption is that it allows us to
apply Ito’s lemma to the derivative price,

oC, 90, LPCy e
C, 54t ag Sy + 2—8&2( St)
oCy  0C, 10°Cy 5 o oC,
_ (9t 9C 20 W,. (13.14
<8t g5, S T g gz S0t ) di + e SiowdWWy. (13.14)

Comparing the terms from this result with the coefficients of dt and dW; in
the original price process (13.4)

dC; = uf Cydt + o Cydt, (13.15)
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we deduce that

8Ct (9C't 182015
ulCy = T S+ 3 aSQS (13.16)
and 50
0cfC, = ast S,0,. (13.17)

If we then use these expressions to substitute for u¢ and ¢ in the no arbi-
trage condition (13.13) obtained earlier, we get

oc  oC 10*C

— + oS+ S oc
ar 95,7t T 2952

S0t — 1 C = (s — Tt)aStS (13.18)

Note that the terms involving p; on the right and left miraculously cancel,
and we are left with the equation

0C  18°C aC
S T aaga S = (Ct 8SS> (13.19)

This is the famous Black-Scholes partial differential equation for the price of
a derivative. Note that it is independent of the drift of the asset price and
both the drift and volatility of the derivative price.

Exercise 13.1 We can also derive the Black-Scholes equation in the fol-
lowing equivalent manner. Begin with nothing and take the position V; =

— &Sy — Yy By, Then use an arbitrage argument on the value of the port-
folio at time t + dt, where the stock and bond holdings are kept fixed over the
time interval [t,t + dt].

To value a derivative we need to impose a ‘boundary condition’ on the
differential equation (13.19). This will take the form of a specification of the
terminal pay-off function of the derivative. In the case of a call option, for
example, we want

Cr = max(Sr — K,0). (13.20)

The idea is to solve for C; as a function of S; and ¢ for values of ¢ less than
T. In particular, we want the value of C, which is the initial price of the
derivative. The solution of equation (13.19) for constant values of oy, 11, and
r¢, subject to the call option boundary condition, is given by

C(Sy,t) = e "I V[Ser T-UN () — KN(h7)), (13.21)
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where (Tt L
In(S;e"™ Y /K) £ 50T —t
e = BEET TR £ 30 (T 1) (13.22)
oI —t
and N (x) is the cumulative probability function for the N (0, 1) normal dis-
tribution,

N(z) = \/127 /xoo e 3 e, (13.23)

One can verify that (13.21) and (13.22) do indeed solve (13.19) for constant
drift and volatilities, subject to the condition (13.20). This involves quite a
bit of calculation. In fact, there is a quicker way of getting this result, by use
of martingale arguments, which we shall look at later. This by-passes the
need for solving the differential equation (13.19). Nevertheless as a piece of
elegant mathematics it is very instructive to see how (13.19) leads to (13.21).
Form a numerical point of view, the partial differential approach is the best
way to obtain a price for an exotic derivative.

Exercise 13.2 Cualculate the price for a 6-month option with a strike of

$115, if the initial cost of the asset is $100, the volatility is 20% per year and
the risk-free interest rate is 5% per year.
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14 Replication Portfolios

We have seen that if an asset price S; moves according to the process dS; =
e Srdt+o0.:S:dWy, and if a derivative based on the asset moves according to the
process dCy = utc Cidt + atc CydW;, and if the money market account process
B; satisfies dB; = r;Bdt, then to avoid arbitrage the relation (u& —r;)/o¢ =
(g —1¢) /oy must hold. This ensures that if we hold a portfolio V; that is long
one derivative and short ¢; units of the asset, and ¢; is chosen so that the
return on the position is riskless, that is ¢, = ¢C;/0,S;, then this riskless
rate of return is equal to the risk-free short-rate r;.

In this chapter we shall demonstrate a complementary result, namely
that a position in the derivative can be replicated by a portfolio composed of
holdings in both the underlying asset and the money market account. Recall
that going long in the money market is equivalent to investing money at the
rate ry, while going short is the same as borrowing money at the same rate
T

So, how can we replicate the derivative? We begin by recalling that if
we follow the arbitrage strategy ¢;, then we obtain a fixed return on the
position V;, given by dV; = r,V,dt. But this rate of return is equal to the
rate of return obtained by an investment in the money market account, as
required by the no arbitrage argument. So instead of buying the derivative
and selling ¢; units of the asset, that is taking the position V;, we could
achieve the same effect by setting up a portfolio V; which simply invests 1,
in the money market account. Since we want the portfolios to have the same
value at time ¢, we clearly set

Yy = Vi/ B (14.1)

If we hold our investment in the bond fixed, then the change in the value of
this portfolio between time ¢ and time t + dt is

dV} = dBy
= ¢tTtBtdt
= Tt‘/tdt
dv;. (14.2)
Thus, V; exactly replicates V; and the two processes must therefore be equal.

But this means that
By = Cy — ¢S4, (14.3)
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and hence
Ct == tht + ¢tSt- (144)

In essence what we have done is first calculated ¢; using a no arbitrage
argument, and then simply defined 1, by equation (14.4).

Exercise 14.1 We want to show that the trading strategy (¢4, 1) defined by
equations (13.8) and (14.4) is self-financing.

(a) Begin by showing that

d (%) — dd <%’;> . (14.5)

We could, in fact, use this as a defintion of ¢;.
(b) Next, calculate the change in the bond position, Bydiy.

(c) Finally, use these two results to verify that
dCt = (btdSt + wtdBt; (146)
which means that the trading strategy is indeed self-financing.

This portfolio consisting of ¢, units of the underlying asset and 1, units of
the money market account is called the replication portfolio. Its importance
can be seen by considering the risk associated with derivatives. Suppose
that at time 0 an investment bank sells a derivative to a client at a price CY.
Then at time 7T it will have to pay the client Cr. This involves risk for the
bank, since, depending on the value of C7 it might lose money. However, if
the Cy from the sale of the option is immediately invested to synthesize a
replication portfolio, then the value of the replication portfolio at time 7" will
automatically be C7, which can be paid directly to the client. Thus, there
is no risk that the bank will make a loss. Actually the bank cannot make a
profit either, unless a price somewhat greater than C is actually charged for
the derivative.

So, why do we need derivatives at all, if we can replicate them with an
appropriate portfolio? The reason is that the trading strategies ¢, and
require continuous attention and re-adjustment which the client may wish to
avoid, and indeed may not have the facility to carry out efficiently.
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The value of ¢; in equation (13.8) is not very practical since it is defined
in terms of two unknown volatilities ¢ and o;. A more useful expression
can be obtained from equation (14.6),

e

¢t—8—st-

(14.7)
This tells you how much stock needs to be held at time ¢ in order to replicate
the ‘risky’ part of the motion of Cj. Intuitively, if the underlying asset moves
by a small amount AS;, then the first order change in the derivative price
should be (AS;)0C;/0S,;. Hence if we are long one derivative and short ¢,
units of stock, then the two changes will cancel one another. The quantity
¢, is generally called the ‘Delta’ of the derivative.

What is the value of the bond position in our replicating portfolio? Sub-
stituting equation (14.7) into equation (14.4), which defines v;, we see that

1 oC,
(O B, <Ct - a—StSt> . (14.8)

This tells you how much money needs to be invested in the money market
account when you are trying to replicate the derivative.
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15 Solving the Black-Scholes Equation

We now want to solve the Black-Scholes equation for a general ‘European’
payoff, assuming that the drift, volatility, and interest rates are all constant.
In this case the stochastic asset price process is

In exercise (12.1) we verified that the solution of this stochastic differential
equation is -
Sy = SperttoWimzott (15.2)

where Sy is the initial price of the asset. If C'(S;,t) is the value of a derivative

at time ¢t which expires at time 7', then in the previous two chapters we

showed that for 0 < ¢ < T it must satisfy the Black-Scholes partial differential
oC,

1 0*C oC,

Our goal is to solve this equation subject to the specification of a general
payoff function C'(St,T) = f(Sr) at the expiry time 7. In the event that
the derivative is a call option with payoff max[Sy — K, 0], then we can obtain
a nice analytic formula for the initial price, known as the Black-Scholes for-
mula. In the case of a more general derivative we shall demonstrate, just as in
the discrete time case, that the initial price can be expressed as a discounted
expectation of the payoff function.
To begin with, we note that the Black-Scholes equation (15.3) has a pass-
ing similarity to the more common heat equation
0A(x,7) _ 102 82A(x,7). (15.4)
or 2 0x?
In fact, by a series of transformations the Black-Scholes equation can be re-
duced to the heat equation. this means that we can solve for the derivative
price by a two-step method. First, we show how to solve the heat equa-
tion (15.4) subject to a prescribed initial condition A(z,0) = f(z). Second,
we explicitly demonstrate the transformations needed to convert the Black-
Scholes equation to the heat equation. By combining these two results we
can write down the solution to the Black-Scholes equation for a derivative
with an arbitrary European payoff.
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15.1 Solution of the Heat Equation

Let W, be a standard Brownian motion. If we consider a function f(x+W,),
then from Ito’s lemma we see that

8f(a:+WT)dW N 1P f(x +Ws)

dfle+We) = =557 2 W2

dr. (15.5)
Note that we want to treat x as a parameter rather than a variable, and
hence have ignored it in deriving the stochastic differential equation. If we
integrate this equation with respect to 7 then we obtain

fle W) = )+ [ wdm v A %ds, (15.6)

where we have used the fact that W, = 0. We then notice that differentiating
f(z + W,) with respect to W, is the same as differentiating it with respect
to x, that is

8f(x+WT):8f(x+WT) and 82f(x+WT):82f(x+WT).

oW, Oz W2 022

(15.7)

This is useful because we want to derive the heat equation, which involves
derivatives with respect to a real quantity x, rather than a stochastic variable
like W,.. Substituting these results into the equation for f(x+ W) we obtain

T Of(x + W) 1 7 f(x+ W)
aw.+ 5 [ 5

flx+W:) = f(x) +/0 2 o ds. (15.8)

If we take an expectation on each side of this equation, then the stochastic
integral vanishes, and we obtain

(z + W,)]
Ox?

Elf(z+W.)] = f(z) + %/OT OElS ds. (15.9)

Exercise 15.1 By using the definition of a stochastic integral show that for
any well-behaved function g(Wy)

E Uotg(ws)dws] _ o, (15.10)

and hence we are justified in discarding the expectation of the stochastic in-
tegral in equation (15.9).
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If we define the function
Az, ) = E[f(x + W,)], (15.11)

then equation (15.9) becomes
1 7 9?A(x, s)

Differentiating with respect to 7, we see that A(x,7) satisfies the heat equa-
tion

0A(x,7)  10°A(x,T)

=_ 15.1
or 2 Ox? (15.13)
Furthermore, if we evaluate A(z,7) at 7 = 0 we see that
Az,0) = E[f(z+ W)l
= Elf(2)]
= f(z), (15.14)

that is, A(x,7) satisfies the initial condition A(x,0) = f(x). Thus, we now
have a recipe for solving the heat equation subject to a given initial condition.
Specifically, if A(z, 7) satisfies the heat equation (15.13) and is subject to the
initial condition A(x,0) = f(x), then

Alz,7) = E[f(:c + W ]

= \/% flx+&)e 2Td€ (15.15)

Somewhat more generally, but by an identical argument, we find that

Az, 7) = E[f(x + cW,)] (15.16)
satisfies the equation
0 1 ,0?
5’4(% T) = 3¢ @A(m 7), (15.17)

subject to the initial condition A(z,0) = f(x).

Exercise 15.2 Verify that A(x,T) as defined by equation (15.16) satisfies
the partial differential equation (15.17).
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For fixed 7, the random variable W is normally distributed with mean 0
and variance 7. We can therefore rewrite the solution (15.16) as

Afz,7) = Blf (s + 07 2)], (15.18)
where Z is a standard N(0,1) random variable. Explicitly writing out the
expectation we have

Aw) = ——= [ e+ ovige e (15.19)

Once we have transformed the Black-Scholes equation into the heat equation
we will be able to use this result to calculate solutions of the Black-Scholes
equation, and hence derivative prices.

15.2 Reduction of the Black-Scholes Equation to the
Heat Equation

Armed with this result we return to the Black-Scholes equation (15.3) and
make a series of crafty transformations in order to reduce it to the heat
equation (15.17). Proceed as follows:

1. We need to reverse the direction of time, so that the terminal payout
of the Black-Scholes equation becomes the initial condition for the heat equa-
tion. Set C'(S,t) = (S, 7), where 7 =T — t is a new time coordinate which
still runs over the same interval [0, T as ¢, but in the opposite direction. The
derivative expiry time 7T is, of course, a constant. The time derivatives of
C(S,t) and a(S, T) are related by

oc _ o

ot or’
while all the other derivatives remain the same. Hence the Black-Scholes
equation becomes

(15.20)

da 1 , ,0% O
— =05’ +rS— —ra 15.21
or 277 a5z T ps T (15.21)
This equation now has the ‘right’ sign for the time derivative, and has the
initial condition
Oé(ST,O) = C(ST,T)
= F(Sr,T). (15.22)



2. We now want to eliminate the ra term. We can do this by introducing a
‘discount factor’ e~"" explicitly into the equation. Set «(S,7) = B(S,7)e™"".
The time derivative is then

oo op _
Y T 15.2
or <8T Tﬁ>€ ’ (15.23)
and hence equation (15.21) can be written as
2
9 _ L 2gedh + rsa—ﬁ (15.24)

or 2 052 S’

3. To proceed further, we want to write the equation in terms of the
operator S9/0S. This can be easily accomplished by rearranging the second

order term,
- =3 S 5 <S S) + (r 50 )S 5 (15.25)

4. We can simplify the operator S9/0S by defining the new variable

Y =1In .S, and noting that
0 0

98— oy
If we then introduce the new function v(Y,7) = B(S,7), we see that the
differential equation (15.25) becomes

(15.26)

& 1,0 ]

5. Finally, we need to get rid of the first order partial derivative. Define
X =Y + (r — 30?)7, and set A(X,7) =~(Y,7). The partial derivative of ~
with respect to 7 is then given by

0y _ 94, 040X
or or  0X or

0A 0A 1,
However, since
oy 0A
oy~ ox (15.:29)
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it follows that if we substitute (15.28) and (15.29) into equation (15.27) then
the first order derivatives with respect to X cancel and we obtain

0A 1 282A
ar 27 ax2’
which is the heat equation at last!
Now that we have shown that the Black-Scholes equation can be reduced

by a series of transformations to the heat equation, we would like to solve
for the derivative price C(S;,t) subject to the terminal condition

(15.30)

O(Sr,T) = F(Sy), (15.31)

where F(S7) is a prescribed function, that is, the payoff function of the
derivative. As noted earlier, t = T' corresponds to 7 = 0, which is why the
terminal payoff function of the derivative is actually an initial condition for
A(z, 7). If we follow through the various transformations made above, then
we see that the relation between C(S;,t) and A(X, 1) is

C(Sta t) = a(St7 )
B8, T — e
v(log S;, T — t)e T
A(log Sy + [r — o*/2)[T — 1], T — t)e " T~V (15.32)

In particular the derivative payoff function can be written as

F(Sy) = C(Sp,T)
= A(log St,0). (15.33)

Hence the initial condition on A(z,7) at 7 =0 is
A(x,0) = F(e®). (15.34)

For example, in the case of a call option we have
A(z,0) = max(e” — K, 0). (15.35)

We can now appeal to our earlier formula (15.19) for the solution of the heat
equation with the initial condition A(z,0) = F(e"),

Az, 7) F(e"tové)ea€qe. (15.36)
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Using this value of A(z,7) and the transformation (15.19) we can then write
the derivative price as
C(Si,t) = A(logS: + [r —o?/2)T —t],T — t)e_T(T_t)
71” (T—-1)

= F(Sye"T-0tovme=30°m) =38 ge - (15.37)

In particular, if we set t = 0, then we obtain the initial price of the derivative

—rT

Co = V2T

We see that the present value of the derivative depends on the expiry date
T, the initial asset price Sy, the volatility o, the risk-free interest rate r and
the specification of the payoff function F'(S7).

Note that, similar to the discrete case, we can write the derivative price
in terms of an expectation

F(Soe’ THoVTe=30°T) =38 ¢ (15.38)

Co = e " E*[F(S7)], (15.39)
where )
* 2
Sp = Spe T ToWr—ao T (15.40)
W7 is a random variable that is normally distributed with mean zero and
variance T with respect to some new probability measure P*. This is the
‘risk-neutral” measure, just as in the discrete case.

Before proceeding to the call and ut options, we can begin by pricing the
‘trivial’ derivative that simply delivers Sy at time T, that is, F'(Sy) = St.
The price of this derivative is

Co = ¢ ""E*[F(Sr)]
= €_TTE* [ST]
efrTE* [SoerTJro'Wq’if%azT]

1 2

= Spe 27 TE*[e77]. (15.41)

Using lemma 11.1 we can evaluate the expectation as
E*[e"Wi] = 2777 (15.42)
and hence see that the derivative price is imply
Co = So, (15.43)

which is what we should expect.
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Exercise 15.3 Price a forward contract with strike K. This has a payoff
function F(St) = Sr — K,
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16 Call and Put Option Prices

Formula (15.38) is a great breakthrough. It says that by performing an
integral we can price any European derivative with a payoff function that
depends only on the final asset price. Note that it does not allow us to
calculate prices for either American exercise or path-dependent derivatives.
However, there are still plenty of examples for us to consider. In this chapter
we want to calculate the initial prices of the two of the most widely traded
derivatives—call and put options.

16.1 Call Option
Recall that the call option payoff is

F(Sy) = max(Sy — K,0). (16.1)

Hence the initial price of the derivative is

—rT [ 1 1
Co = % » F (So exp {TT +oVTE — 502T]) exp {—552]
e rT

= m/_imax(SOexp [TT—FU\/Tg—%OQT} —K,O)
X exp [—%gﬂ d€. (16.2)

In order to evaluate the integral we need to remove the max function. This
can easily be accomplished because it will be nonzero only when

So exp [rT + oVTE — %aﬂ — K >0, (16.3)
which is equivalent to
exp {TT +oVTE - %UQT] > K/So. (16.4)
Taking logarithms of both sides we obtain

rT +oVTE — %U2T > log(K/So). (16.5)
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We then want to isolate the integration variable ¢&. This will allow us to
discover the integration region where the max function is nonzero. We find

that
- log(K/Sy) — (rT — £0?T)

2 16.6
¢ T (16.6)
If we define the critical value £* to be
. log(K/Sy) — (rT — %azT) (16.7)
o T ’
then the max function can be written as
1
max (SO exp [rT + aﬁé — 502T} - K, O)
_ [ SperTrovTE T | s ¢ (16.8)
0 £ < &x '

Since the integrand vanishes for £ < £*, we only need to integrate over the
region where £ > £* and the max function takes on a positive value. Hence
the derivative price becomes

e—rT 0o
V2T /£
This integral involves two terms, and it is easiest to evaluate them separately.
If we define

(SO exp [rT + oVTE — %UQT] — K) exp {—%gz] d¢. (16.9)

0:

—rT 00
I = f/? [~ Shexp {rTJra\/Tg—%g?T] exp {—%52} dé
T Lo 1 ]
= \/%/5* Soexp{ 25 +oVT¢ 20’T (16.10)
and
I KG_TT/OO [ 152] dé (16.11)
=-K— [ exp|—= : :

2 o Jer p 9

then the derivative price is simply the sum of the two integrals, Cy = I; + I>.
The second integral is easier, so we shall calculate it first. Before we do this,
consider the following result
1 o0 142 1 —-T 1,2
—1e 1,
— e dé = — / e 2% du
V2T /x ¢ V2T J—o0
= N(-x), (16.12)



where we made the substitution u = —¢ in the first line and N(z) is the
standard normal cumulative probability density function, previously defined
in equation (11.4). Using this result, we see that

I K / e
= —K—F= e
? V2T J—oo
= —Ke "'N(=¢%). (16.13)

However, the standard way of writing the Black-Scholes formula is not in
terms of £*, but rather in terms of two new constants h* and h~, defined to

be _
_log(S/K) & 30°T

ovT ’

where S is the forward price Spe’”. If we then rewrite —&* as

h:t

(16.14)

log(K/Sy) — (rT — 0°T)
_ —
log(So/K) + 1T — 50°T
oVT
log(Soe™” /K ) — 30°T

= = , (16.15)

_é“* —

we see that

—&=h" and —& +oT =h". (16.16)
Hence we can write the integral I, as
Iy=—e"KN(h). (16.17)

We now want to calculate the slightly more complicated integral I;. We
begin by ‘completing the square’ in the exponential,

_ L L _12}
I, = \/ﬁ/ﬁ Soexp{ 25 +oVT¢ 20T d§

1

\}9207 /OO Xp {—2(5 - Uﬁ)Q] d. (16.18)

We then want to make a change of integration variable to n = ¢ — o+/T. In
this case d¢ = dn, and the lower limit of integration £ = &*, becomes the new
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lower limit n = & — o/ T = —h™. Hence the integral becomes
So n=o0
N V21w Jn=—ht

We can then use the result (C.237) to write the integral in terms of N(z),

I e 27 dn, (16.19)

If we then sum the values of the integrals I; and I, we obtain

Co=e "[See'N(h") — KN(h7)], (16.21)

which is the famous Black-Scholes formula for the initial value of a call option.
The price and payout function for a call option are plotted in figure 16.1.

Option Price
/
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/
/
/
/
/
$30 .
/
/
/
/
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/
/
/
$0 A
$50 $75 $100 $125 $150
Asset Price

Figure 16.1: This figure shows the price for a European call option as a function of the
initial asset price Sy, for a maturity of 7' = 1, an interest rate of » = 0.05, a volatility of
o = 0.2 and a strike of K = 100. The dashed line is the payoff function for the option.

Exercise 16.1 Calculate and plot the following derivatives of the option
price at time 0
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(0) A= 2

dSp
(b) r:%
(c) V=250
(d) 0 =—5p
(¢) p="15°

16.2 Put Option

We recall that a European put option is a derivative that allows the holder
to sell an asset at some time 7" in the future for a fixed strike price K. Hence
the put option has a payoff function

F(Sy) = max|[K — Sy, 0]. (16.22)

In other words, this is the net profit that would result if at maturity time
T the holder of the option buys a unit of stock for St dollars and then sells
it for K dollars, according to the terms of the contract. Clearly the holder
would only do this if K > Sp. If K < Sp then the option expires worthless.

We can value the put option in an identical manner to how we dealt with
the call option—by using the general formula (15.38). The initial price of
the put option is therefore

Py = f/; OOF(SoeXp{TT—FO'\/Tf—lO' Dexp{—% 2] d¢

§
— / max(K Soexp[T’T—I—O\/_f——U },0>

—rT
Vor
1
X exp {—552 d€. (16.23)

As in the call option calculation, we first need to calculate the integration
region on which the integrand is non-zero. This requires

1
K — Spexp [rT +oVTE - 202T] >0, (16.24)
which implies that

K/Sy > exp |:T’T +oVTE — %0‘2T] : (16.25)

101



Taking logarithms we see that
log(K/So) — (rT — 35°T)
ovT

However, the left hand side of the inequality is simply the critical value &*
defined in equation (C.232). Since the max function is only non-zero when the
integration variable is less than the critical value £*, we can restrict the range
of integration in equation (16.23) to —oco < & < £*. Thus we can eliminate
the max function from our expression for the price of the put option,

P, = \/ﬂ/g (K Sp exp {TT+U\/7§——O2T}>

> €. (16.26)

X exp [—552} d€. (16.27)
As before, we have two integrals to calculate,
e—rT &* 1
I = K—/ e [—— 2} de, 16.28
1 \/ﬁ . Xp 25 6 ( )
and
I e e [rT +ovTe— 2 2T] ¢ [ 152} dé
= X o ——0 Xp | —= ,
2 /—27T P 5 p 9
E 5* 1 1
= —So\/—/ exp {—552 +oVTE — §J2T] dg, (16.29)

where the put option price is the sum of the two, Py = I; + I;. The integral
I; is trivial to evaluate,

I =e "TKN(€), (16.30)
or in terms of the constants h* defined in equation (C.239),
L =e"KN(-h"). (16.31)
We can now evaluate the second integral by completing the square in the
exponential,
&=¢”

_\}92()_% ;j;exp {——( —cr\/_)] (16.32)

IQ - _SO

_exp {—152 +oVTE - EO'QT} dg,
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If we then change the integration variable to = ¢ — oy/T, then the upper
limit of integration £ = £*, corresponds to n = &* — ov/T = —h™, and we

have
So n=—h*

B vV 27 7=—00

This is may readily be expressed in terms of N(x),

I, = e 27 dn. (16.33)

Summing the values of I; and I yields
Py=e"T[KN(—h") — Spe" ' N(—hn")], (16.35)

which is the Black-Scholes formula for the initial value of a put option. This
is plotted in figure (16.2).
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Figure 16.2: This figure shows the price for a European put option as a function of the
initial asset price Sy, for a maturity of 7' = 1, an interest rate of » = 0.05, a volatility of
o = 0.2 and a strike of K = 100. The dashed line is the payoff function for the option.
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17 More Topics in Option Pricing

In this chapter we want to look at a few applications of the derivative pricing
formula that we derived. We begin by considering European binary options,
which are derivatives that pay off a constant amount only when the final
asset price is above a fixed strike price—otherwise they pay nothing. We
then discuss the partial derivatives of a portfolio, known as the Greeks, and
see how they are used in hedging. Finally we look at put-call parity which
relates the put and call option prices to the forward price of the asset.

17.1 Binary Options

A derivative which pays off one dollar if the share price is above the strike
price at maturity, and pays nothing otherwise is called a binary call option.
If it pays off one dollar when the share price is below the strike and zero if
it is above then this is called a binary put option. We can define the payoff
function in terms of the Heaviside function

H(z) = { N (17.1)

Hence the payoff function for a binary call with strike K is BCr(Sr) =
H (St — K), while for a binary put with strike K it is BPr(Sy) = H(K — Sr).

Suppose that we want to calculate the price for a binary call option. Using
equation (15.38), we see that

BCy = e " E*[BCr(Sr)]

—rT

v |-

frT
- \/W H (So exp[ (r — %0 )T + o€ ]—K) e €/ dg

—rT 1 )
= H (Syexp|(r — =*)T + oVTn|—K)e "/ 2dn(17.2
where we made the substitution 7 = £/+/T in the final integral. The Heavi-
side function is non-zero only when

H(Sy — K)e €/ ¢

1
So exp [(r - 502)T +oVTn| > K. (17.3)
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Taking logarithms and isolating 7 yields
1
(r — 502)T +oVTn > —log(S/K)

n > —10g(5’/K)+(7’—%02)T0\/T
n > —h". (17.4)

Thus the integral simplifies to

—rT %)
BC, = ¢ / e~ 2y
21 J—h—

= ¢ "'N(h7). (17.5)

Exercise 17.1 Calculate the value of the binary put option with payoff func-
tion H(K — Sr).

17.2 ‘Greeks’ and Hedging

In chapter 15 we constructed a no arbitrage argument using a portfolio V;(S;)
consisting of a long position in a derivative Cy(S;) and a short position in ¢,
units of the asset S;. Suppose that we consider the portfolio as a stochastic
process. Then by Ito’s lemma the change in the value of the portfolio between
times ¢t and ¢ + dt is

R oV, 1 0%V,

dVy = dt + —=dS; +

“9 s, 17.
at " as, 3 a5 1o (17.6)

We were able to eliminate uncertainty in this value by setting

oV,

s, 0. (17.7)
A portfolio that satisfies this is known as Delta neutral or Delta hedged be-
cause g_;/‘z is called the Delta of the portfolio.

The Gamma of a portfolio is the second derivative of its value with respect

to the asset price
_ o
- 0S?
In order to construct the no arbitrage argument we do not need I' to vanish
because it only contributes to the deterministic part of the portfolio return.

T (17.8)
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However, the no arbitrage argument assumes that we are continuously able
to rehedge our position such that A is always zero. In the context of our
no arbitrage construction, this means that the share holding ¢, must be
continuously adjusted such that it is always equal to —9C,;/dS;. In order
to do this we have to be continually buying or selling small amounts of the
underlying asset. However, this is not realistic because there are transaction
costs associated with each trade which make constant rehedging prohibitively
expensive. So what really happens is that we start with a Delta neutral
position which quickly becomes no longer Delta hedged as the share price
moves around. We then rehedge our position, that is, make it Delta neutral
again, from time to time to reduce the possibility of losing substantial sums
of money.

Is there any way that we can reduce the frequency with which we need to
rehedge our position? Well, we have to adjust our holdings when the value of
Delta becomes too large and sizeable losses can result from small movements
in the underlying asset. If we set Gamma equal to zero, then Delta should
remain small for asset prices near its current value, and hence we will need
to rehedge less often. This is the rationale behind Gamma hedging.

In order to Gamma hedge, assuming that we are also Delta hedging, our
portfolio must consist of at least three instruments that depend on the same
underlying asset. Suppose that we are short a derivative with price process
F;(S;). We can hedge this by taking a position in both the underlying S; and
a call option Cy(S;). The value of the portfolio is

Vi = —Fi + ¢Sy + ki Cy (17.9)
The Delta and Gamma of the portfolio are
OF; oC; 0*F, 0?C,
A=——o — d I'=- . 17.10
gs, TG am o5z T Moz (17.10)
We can set I' to zero by choosing
8212,5
05
Ry = 8275'1’ (1711)
952
which allows us to set A equal to zero if we take
% F;
aFt 0S? 8015
= — =4 ) 17.12
¢t aSt 682sc'2t 8St ( )
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For example, we could Gamma hedge a short position in a binary call option
by holding both the underlying asset and a call option on it.

Exercise 17.2 Construct a Gamma hedged position for a portfolio which is
short a binary call option with a strike price of $110 using the underlying
asset which has a price of $100 and a call option with a strike price of $120.
Assume that r = 0.05, 0 = 0.20 and that both options have a maturity of
T =1.0.

Exercise 17.3 Can you Gamma hedge a short position in a call option with
strike K by using the underlying and a call option of a different strike? Give
a specific example.

17.3 Put-Call Parity

There is an interesting and useful relationship between the value of a call
option and the value of the corresponding put option, that is, the put option
with the same maturity and strike price on the same underlying. Consider a
position which is long the call and short the put. The payoff function is

F(Sy) = C(Sr)— P(Sr)
= max[Sr — K, 0] — max[K — Sr,0]
= max[Sr — K,0] + min[Sy — K, 0]
= Sr— K. (17.13)
But this is simply the payoff function for a forward contract with strike
K. We have previously shown that the value of the forward contract is

So — Ke ™. Hence the initial prices of the call and put portfolio must
simply equal this value

CD - PO = SO - KS_TT. (1714)
This is the put-call parity relation.

Exercise 17.4 Derive the put-call relation when S; is the price of sterling in
dollars and the interest rates are r and p for dollars and pounds respectively.
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We can also derive a put-call relation for the binary options. Consider
a portfolio which is long both a put and call option with the same strike K
and maturity 7. The payoff function is

F(Sr) = BCp(Sy)+ BPr(Sr)
= H(Sr—K)+H(K — Sr)
-1 (17.15)

Hence the payoff is always one dollar. The initial price of a dollar is simply
e, and hence
BCy+ BPy=¢""". (17.16)

Exercise 17.5 Using the Black-Scholes formulae for the put and call option
prices verify the put-call relation.
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18 Continuous Dividend Model

There is a relatively simple but important adjustment that must be made to
the Black-Scholes formula in order to take into account the fact that stocks
pay dividends. These are typically relatively small payments made from time
to time to the shareholders. The fact that dividends are paid to the owner
of a stock means that the no arbitrage argument for pricing a derivative on
the stock has to be modified. For simplicity, we shall assume that dividends
are paid continuously over time at a rate 6;S;. In other words, the holder of
the share at time ¢ receives a dividend 0;S;dt in the time interval from ¢ to
t+dt.

The situation is similar with a foreign currency. If S; denotes the value
of a foreign currency at time ¢, say, the price of one pound sterling in dollars,
then the holder of that currency, assuming it is kept in a money market
account, is paid interest on it. The amount of interest paid in the interval ¢
to t 4 dt is 0;Sydt, where 9, is the foreign interest rate. Note that in many
circumstances interest really is paid on a continuous basis, whereas dividends
are certainly not. If the underlying is taken to be a stock index, then the
approximation of continuous dividends is more valid.

We begin our work on the dividend model by calculating the cost of a
forward contract to buy one share for K dollars at time 7', assuming that
the dividend yield ¢ is constant. The initial cost of the contract is Fj dollars
and the final payoff is Fr(Sy) = St — K. We can replicate this payoff by
buying a portfolio which is long e~ shares and short Ke "7 bonds. The
initial value of this position is

Vo = See 7 — Ke™'T (18.1)

We want to continuously reinvest the dividends back into shares. Thus the
share holding v, satisfies the differential equation

dify = odt (18.2)

since we receive 05;dt dollars in each small time interval and this can be
used to buy ddt more shares, which each cost S;. Hence the share holding is
Y, = Yoe®. Thus the final value of the portfolio is

Vp=Sp— K, (18.3)
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which is the payoff from the forward contract. Since the final payoffs are the
same, the initial values of the two positions must also be the same, and so

Fy = Spe™ T — Ke™ T, (18.4)

The forward price S is the value of the strike price for which the initial cost
of the forward contract is zero. It is easy to see that

S = Sper =T (18.5)

Exercise 18.1 What is the put-call relation for the constant dividend yield
model?

Now let us consider a local arbitrage argument that will eventually lead us
to a generalisation of the Black-Scholes equation. Assume that the underlying
asset price process is given by the usual stochastic differential equation

@ = /,Ltdt + O-tth; (186)
St
where the drift p;, the volatility o;, the dividend rate (or foreign interest
rate) d; and the ‘domestic’ interest rate r, are all ‘adapted’ to the Brownian
motion W;.

Suppose that we also have a derivative with price C} at time ¢, with drift

pé, volatility of and that it satisfies the dynamics

dC

Cy
Our goal is to discover the no-arbitrage relation between S; and C}, which
will take the form of a relation between g, oy, oy, 74, ,utc and atc . Note
that as in the previous case, C; does not actually have to be a derivative of
S;, but merely must be driven by the same Brownian motion W;. For the
sake of symmetry, let us also suppose that the derivative pays a continuous
dividend, at the rate §¢, which we also assume to be adapted to W;. It might
be thought that too many processes are being adapted to the same source
Brownian motion. This defect will be cured later when we consider multiple
assets and multiple sources of randomness.

This time we shall present the arbitrage argument from the point of view
of a ‘dealer’;, who ‘sells’ the derivative to a client for the price C}, and wants
to hedge his risk by buying ¢; units of stock at price S;. Thus, the dealer
proceeds as follows:

= pCdt +oCdw,. (18.7)
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e First, he borrows ¢,5; — C; dollars from a bank, at the continuously
compounded interest rate r;.

e Next, the derivative is sold to the client for C}.

e Finally, ¢; units of stock are bought, for ¢;S; dollars.

The value of the dealer’s position (long the stock and short the derivative)
is thus
Vi = ¢S — C. (188)

In other words, to ‘close down’ the position the dealer would have to sell ¢,
units of stock, and buy back the derivative, giving a total value V;, which
might be negative. The change in the value of the position over the small
time interval from t to ¢t + dt is given by

dV; = ¢4dS; — dCy + 5¢Sydt — 69 Cht. (18.9)

The last two terms appear because the dealer has had to pay a small div-
idend d¢Cydt to the holder of the derivative, but at the same time gets a
dividend 0;¢;5;dt on the shares. Substituting in for dS; and dC; from the
price processes for the stock and the derivative, we obtain

AV; = ¢y (11 Spdt+0SpdWy) + ¢4 Spddt — (uC Crdt+-0€ CLdW,) —Cy6Cdt. (18.10)
More explicitly, gathering terms together we have
d‘/;g = (Cbt/itst + gbt5t5't - ,utCCt - 5E0t)dt -+ (¢t0-t8t - O'tCCt)th (1811)

To ensure a definite rate of return on the hedged position, the dealer must
ensure that the coefficient of dW; is made to vanish in this expression, so
that the hedge ratio ¢, is given by

O'tCCt

UtSt '

Note that the inclusion of dividends does not affect the formula for the hedge
ratio, which agrees with the result calculated previously in equation (14.1).

Thus the change in the hedged position dV;, obtained by substituting the
hedge ratio (18.12) into (18.11), is given by

C
9 _

o (18.12)

dVy = [(p + 1) (g +07)]Cudt, (18.13)

Oy
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whereas the value V; = ¢,.5; — C; of the dealer’s position is

V, = (i - 1> C. (18.14)

g

For no arbitrage, the gains on the dealer’s risk-free position must be equal to
the corresponding gains one would earn from a bank account with interest
rate ¢, so

AV, = rVydt. (18.15)
It follows by substitution that

of c c of
(ke + 5t>0_ +(py +07)=mr|——1), (18.16)

which therefore implies

Mt+5t—rt:uf+§f—rt

O¢ O'tC

(18.17)

This is the no arbitrage relation in the presence of dividends. Or equivalently,
if we interpret S; as the price of a foreign currency (in units of domestic cur-
rency) then ¢, has the interpretation of a foreign interest rate, and (18.17)
is the no arbitrage condition for derivatives based on that currency. The fi-
nancial interpretation of this relation is that the total excess return (‘capital’
gains plus dividends) above the risk-free interest rate, per unit of risk (volatil-
ity), is the same for both the underlying asset and the derivative, or more
generally, for any two instruments driven by the same Brownian motion.

18.1 Modified Black-Scholes Equation

Let us see what implications the inclusions of dividends has for the Black-
Scholes equation. As in the previous derivation we assume that Cy = C'(.Sy,t).
[to’s lemma then implies that

1 |oC oc 1 0*C
c_ L 2q2
i —Ct[at—l—uSaSJrQaSaSQ], (18.18)
and 1 oC
C _
o7 = c [OS(?S] . (18.19)
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Here, to simplify the notation slightly, we temporarily drop the time sub-
scripts on the processes p;, oy, 0, ¢, p&, o and 6°. As a consequence of
the no-arbitrage relation (18.17) we have

C
(t+6—1)7—C, = (u° + 6 — 1)C,, (18.20)
g

which follows by multiplying equation (18.17) by ¢“C;. Substituting in the
expressions for ©¢ and ¢© obtained above, we see therefore that

oc _oc  oC 1 223%? B
— — ) 18.21
(+8=1)Si5g = So +nS5c + 50?750 + (00 = )G (18.21)

Note that once again the terms involving p cancel, and we are left with

oC,
S,

%;12§aq

ot taSt _( _50)075 ( 6)St

(18.22)

This is the Black-Scholes equation as modified for the inclusion of dividends.

Exercise 18.2 Using an argument similar to that in exercise 13.1 derive the
modified Black-Scholes equation.

18.2 Call and Put Option Prices

Now suppose that we specialize to the case when u, o, §, r and 6 are
constant. Then by careful comparison with the transformations used earlier
to convert the Black-Scholes equation to the heat equation, we find that the
solutions are essentially the same as before, except that we use F, = Spe(r=9"
for the forward price, while the overall discount factor is e~ Thus the
solution is

e—(r—(SC)T

Co= e [ F(Spelr =TT 50T ) =38 g 18.23
0 \/% e (0 ) 5 ( )

for a general European-style derivative with payoff F'(Sr) at time 7. Note
that the presence of the continuous dividend §¢ paid out on the derivative
holding itself makes the value of Cy at time 0 greater than it would be oth-

erwise, since, in addition to the final payoff, the investor also gets all the
dividends.
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Exercise 18.3 Show that (18.23) solves (18.22) with the required boundary
conditions.

For the Black-Scholes formula based on a dividend paying stock in the
case of a basic call option, with no dividends paid on the option itself, we

obtain
Co = e "T[See" DTN (hH) — KN(h7)], (18.24)

where ~ .
hE In(Sr/K) £ 502T).
oVT

Here Sp = Spe™ 97 is the no arbitrage forward price for the dividend paying
stock or interest paying foreign currency at time 7T'.

(18.25)

Exercise 18.4 Derive (18.24) from (18.23) in the case of a call option.

Exercise 18.5 Clalculate the initial cost of a binary call option.
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19 Risk Neutral Valuation

So far we have considered the situation where there are just two assets—
the basic asset with price S;, and the money market account with price B;.
The ‘economy’ is driven by a single Brownian motion W;. In this formalism
a derivative is viewed as an additional ‘special’ asset with price C; that is
inserted into the economy, subject to a no arbitrage condition that relates
its dynamics to those of the basic asset and the money market account.

A more flexible approach is to introduce at the outset an economy based
on a number of assets with prices S}(i = 1,...,n). These assets can include
derivatives, but now the derivatives are not treated any differently from the
underlying assets on which they are based. Since there must be additional
sources of randomness in the market, we want the entire system to be driven
by a multi-dimensional Brownian motion W (a = 1,..., N). Typically, we
want n > N. This is a complicated area of research that we shall only touch
only briefly in the final two chapters of the book. In order to prepare for this
and develop the necessary mathematics, we shall first re-examine the single
asset model using the ‘martingale’ method.

19.1 Single Asset Case

Recall that the stochastic differential equation for the share price in the single
asset model is
dS;

— = medt + o dWy, (19.1)
St

where p; and o; are adapted processes, that is, they depend only on the
‘history’ of the Brownian motion from time 0 to time ¢, and no other ‘source
of randomness’. In the case where i, o are constant, the solution of (19.1) is
given by

1
S; = Spexp (ut + oW, — 50225) ) (19.2)
How do we solve this equation? Perhaps the easiest way is to make the

variable substitution X; = log S;. The stochastic differential equation for X,
can then be calculated using Ito’s lemma,

X, 10°X, |,
X, = —° -zt
dX, astd5t+2 55 ds:
_ d5 145}
S, 282



1

In the case of constant coefficients 1 and o we can integrate the equation to
obtain

1
X, = Xo+ pt + oW, — 50225. (19.4)

But since S; = e*t, we see that
1
Sy = Sy exp (,ut + oW, — 5021?) . (19.5)

We shall call this the Black-Scholes model for a single asset.
However, suppose that we do not want to restrict ourselves to the constant
coefficient case. We could still integrate equation (19.3) to obtain

t t 1 gt
X, :X0+/ ,usder/ oy dW, — 5/ o2ds, (19.6)
0 0 0

which then yields the more general solution

t t 1 st
S; = Sy exp {/0 fsds +/0 o, dWy — 5/0 agds} ) (19.7)

If © and o are constant, then formula (19.7) reduces to (19.2). We shall call
(19.7) the basic model for a single asset.

Now that we have defined and solved for the asset price, we want to
consider the money market account B;. Its stochastic differential equation is

dB
Et = rdt, (19.8)

where r; is the short term interest rate. In the Black-Scholes model, where
all the coefficients are constant, this has the solution

B; = Bye™. (19.9)

In the basic model we place no constraints on the interest rate, and hence
have the more general solution

t
B; = Byexp {/ rsds} . (19.10)
0

From now on we shall assume that By = 1.
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We now want to introduce a new stochastic process that we shall call the
risk premium or market price of risk process \;, and defined by the equation

,ut =Tt ‘I— /\tdt. (1911)

The risk premium is the ‘extra’ rate of return, above the short term rate,
per unit of risk, as measured by the volatility. Then equation (19.1) can be
written in the form

d
% = (Tt + )\t0t>dt -+ O'tth, (1912)
t
or equivalently,
d
% = Ttdt + Ut()\tdt + th> (1913)
t

More specifically the asset price process (19.7) can be written as

¢ t 1t
S; = Spexp {/ reds +/ os(dWs + Agds) — 5/ des}
0 0 0
t 1 gt
Sy = SyBiexp [/ os(dWy 4+ Ngds) — 5/ Jgds} , (19.14)
0 0
where we have substituted in the value of B; from equation (19.10). Thus
for the ratio S;/B; we have

Sy t 1t
— = Spexp [/ os(dWs 4+ Agds) — —/ Jsds] . (19.15)
Bt 0 2 .Jo

Now suppose that we define the process p; by

¢ 1 rt
Pt = exp [—/ AsdWy — 5/ )\gds] : (19.16)
0 0

By use of Ito’s Lemma, is is straightforward to verify that the stochastic
differential of p; is given by

dpt = _pt)\ttha (1917)

and hence is driftless, and thus p; is a martingale. Now let us consider the

product
I, = %&. (19.18)
t
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This is given, in more explicit terms, by
t t
M, — Spexp {— | vvaw, -~ [ /\ids}
0 0
t 1 gt
exp [/ os(dWs + Ngds) — —/ U§d8:|
0 2 Jo

t t 1 1
= Soexp [/0 (05 = As)dW +/J (=GN + o = 50—3)@}

~ Syexp Uot(as _ AS)dWS] exp [—% /Ot()\s _ as)st} (19.19)

The stochastic differential of I1; is thus given by
dIl, = (o — M), dWy, (19.20)
and since it is driftless, it follows that II; is also a martingale.
Exercise 19.1 Show that if X; is a stochastic process such that
dX; = f( X, t)dW, (19.21)
then Xy 1s a martingale.

The martingale property for II; can be written

s, S,
E 2t = 5.2 19.22
S{K’tBj PsB. (19.22)

Now for any random variable Z;, adapted to the history of W; from 0 to t,
we can define a new probability measure P* with expectation

E;[Z] = ES[ZZA. (19.23)

This is called a ‘change of measure’ and the idea is basic to finance. The
positive martingale p, defining the change of measure is called the density
martingale.

In the present situation the new measure is called the risk-neutral mea-
sure. The significance of E? is that from (19.22) we have

S

Sﬂ S,

— — 19.24
B, By’ ( )
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which shows that the ratio S;/B; is a martingale in this measure.

This is completely analogous to the discrete time situation, in which the
risk-neutral probabilities are those for which the ratio of the asset price to
the money market account is a martingale.

Now suppose that C} is the price of a derivative based on S;, with payoff
Cr at time T, where Cr is a random variable adapted to the history of
the Brownian motion up to time 7. Then for the process C; we have the
stochastic equation

dCt
Cy

We have shown already that the no arbitrage condition is given by

= uSdt + o dW,. (19.25)

C
By — T e — Tt

= (19.26)
which, since \; = (uy — r¢) /oy, implies that
1S =1+ Mot (19.27)
and thus ic, 3
- redt + oy (AW + Adt). (19.28)

This is formally identical in structure to (19.13) so we can conclude that
p:Cy/ By is a martingale, and hence

C, C
Bl =] = =. 19.2
S[Bj (19.29)

B
That is to say, the process Cy/B; is a martingale in the risk-neutral measure.
Thus, the initial value of the derivative is simply

Cr

E; By

= Cp. (19.30)

Note that nothing in this derivation used the fact that C} is a derivative based
on the asset S;. Hence it will hold for any financial instrument that is subject
to the same Brownian motion as S;. Thus, in the risk-neutral measure, the
ratio of the price of any tradable asset to the price of the money market
account is always a martingale.
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Exercise 19.2 What are the stochastic equations satisfied by

St PeSt
— d —=7 19.31
B, an B, (19.31)
Exercise 19.3 Show that
t
pe=1 —/ AopsdW,. (19.32)
0

Exercise 19.4 Suppose X\ is constant and X; = W;. Find EX[W;] and
B[]

Exercise 19.5 Show that TI¢ is indeed a martingale under the measure E?.
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20 Girsanov Transformation

Now we shall attempt to interpret more clearly the meaning of the risk-
neutral measure. We have shown that if the asset S; satisfies
ds,
?t = rydt 4 oy (dWy + M), (20.1)
t
where 7; is the short-term interest rate, o, is the volatility, and )\; is the risk
premium, all adapted, then

is a martingale. Here
t
B; = exp [/ rsds] (20.3)
0

is the unit-initialised money market account and

t 1 rt
Pt = €Xp [—/ AsdW — f/ )\fds] (20.4)
0 2 Jo
is the change of measure density martingale. Thus, F[II;] = II,, and hence

S

Sy Ss
—| == 20.5
Bt] By (205)
Here EY is the (conditional) risk-neutral expectation operator, defined by

EIXy] = M (20.6)
Ps
for any random variable X; adapted to the filtration of information available
up to time t.
If C; is the value of a derivative based on the same information set, e.g.
with a payoff C that depends on S, then the process for C; is, necessarily

of the form
dC,

o =Tt o (dW, + \dt), (20.7)
t
from which it follows that o

HtC = Pté (20.8)
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is also a martingale with repect to E, and hence C}/B; is a martingale with
respect to the risk-neutral expectation E,

Cy Cs
E|—=|=—. 20.9
5% (209)
Thus, for derivatives valuation we can write
C
Co=E; [—T] : (20.10)
Br

In particular, if C7 = F(S7), as in the case of a call option, then we have
Co = Ej[F(ST)/Br] (20.11)

where the terminal value of the asset St is given by the random variable

T

1 /T,
St = SoBr exp /0 os(dWs + Asds) — 5/0 osds| . (20.12)

20.1 Change of Drift

These formulae can all be simplified in an illuminating way by defining a new
random process W},

t
Wy =W, + / Aods, (20.13)
0

which will turn out to be a Brownian motion with respect to the risk-neutral
measure. The stochastic differential of W/ is given by

and thus for the asset process (19.1) we can write

dS;

2Lt + oW (20.15)
St
while for C; we have p
dci _ ridt + o dW;. (20.16)
Ct
Hence the final asset price (20.12) is given by
T 1 (T
St = SyBrexp [/ o, dW§ — 5 ai] ds. (20.17)
0 0
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Now we shall outline an important result, known as Girsanov’s theorem,
which plays an important role in finance. We start with the process W} =
W, + f(f Asds, which can be interpreted as a general Brownian motion with
drift. We shall show that with respect to the new system of probabilities
governed by the measure E*, the process W} satsfies the axioms of standard
Brownian motion. In other words, with respect to E*, the process W} is
normally distributed, has independent increments, and the variance of W' is
t. To derive this result we need the following useful lemmas.

Lemma 20.1 A random variable X s normally distributed, with mean m

and variance V, if and only if its characteristic function ¢(z) = Ele*]
satisfies ‘ o

B[] = ¢i#m=35V. (20.18)
Lemma 20.2

Two random variables X, Y are independent with respect to E[—] if and only
if their joint characteristic function factorises:

Bl X+i2Y] = Blem X EleY] (20.19)

We shall show first that with respect to E*[—], the process W/, as given
by (20.13) is normally distributed, with mean zero and variance t. Consider
first the density martingale p;. Since p; is a martingale with initial value
unity, we have

t 1 gt
Elp| = FE [GXP (—/ A dWs — 5/ /\idSﬂ =po=1. (20.20)

0 0
Now suppose that we replace A\ with Ay — iz, where z is a (real) parameter,

and ¢ = v/—1. Then one can use [to’s lemma to verify that dp; is still driftless,
hence we still have a martingale, and thus

E {exp {— /Ot(AS — i)W, — ;/Ot(AS - iz)stH ~1. (20.21)

Expanding this expression we get

¢ 1 ft
E {exp{—/ A dWy — —/ )\gds}
0 2 Jo
t t 1 gt
X exp {Zz(/ AW, +/ )\Sds)}exp{i/ z2dSH =1, (20.22)
0 0 0
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which simplifies to the equation

E {pt exp {iz(/ot dWs + /Ot )\Sds)H = exp {—; /Ot z2ds} (20.23)

or, equivalently, ' )
E*[ezth*] — ¢ 2%t (2024)

Hence by lemma 20.1, we see that W} is indeed normally distributed with
respect to the measure E*, with mean zero and variance t.

In order to show that the process W/ has independent increments, we
need the idea of the indicator function, Is(a,b) for an interval [a,b]. We
define

Li(a,b) = { é gﬁler\?viis = (20.25)
Thus if 0 < a < b <t, then
/Ot L(a,b)ds = b — a. (20.26)
Now let us look at (20.20) again, this time making the substitution
As = As —iz115(a,b) — iz ls(c,d) (20.27)

where z; and 29 are real parameters. Here we assume that 0 < a < b <c¢ <
d < t. Then we know that

EleX] =1, (20.28)
where
t
X, = — / N — iz L(a,b) — izod,(c, d)] dW,

0

]_ t
-3 As — iz 1 (a,b) — izoI,(c, d)]) ds. (20.29)

0

after some simplification this expression reduces to
X, = — /Ot AdW, — %/Ot A2ds + iz /Ot L,(a, b)[dW, + \yds] +
iz /0 "L(e, d)[dW, + Mods] + %zf /0 "I(a,b)ds
—|—%zf /0 " I.(a,b)ds. (20.30)
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Then we can evaluate the integrals involving the indicator functions to obtain
t 1/t _ . . .
X, = - / AW, = 5 / N2ds + iz (Wy — W) + ize(Wy — W)
0 0
1 1
+§zf(b—a) + 523(1)— a). (20.31)
Substituting this back into (20.28), we get
E [pt exp {z’zl(Wb — Wa)
~ ~ 1
+ize(Wy — WC)H = exp {—2zf(b - a)}
1
X exp {—iz%(b — a)} . (20.32)

By lemma 20.2, this shows that with respect to the expectation E*[—] =
E[pi—], the increments W, — W and W] — W7 are independent random
variables, and each is normally distributed.

Thus, we have shown that W} is a Brownian motion with respect to
the expectation E*[—]. That explains why the process (20.15) is called ‘risk
neutral’” with respect to E*[—].

Now suppose that we let » and o be constant. Then

Sy = SoerTHoWi— 30T (20.33)
and
Cr
CO [BT]
= ¢'TE" [F<S()€TT+UW%7%02T)]= (20.34)

which is the formula we derived previously, by solving the Black-Scholes
equation, for valuing general European derivatives. Note that W7 is normally
distributed with respect to E*.
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21 Multiple Asset Models

Until now we have considered a financial market that consists of a single basic
asset together with a money market account and derivatives based on these
two assets. This market is driven by a single source of randomness. Needless
to say, for a more realistic financial market we have to consider a larger num-
ber of assets and more sources of randomness. So in this chapter, we analyse
markets with both multiple assets and sources of uncertainty. For simplicity,
we shall begin by assuming that these are non-dividend paying assets, but
later we will extend our results to the case when continuous dividends are
paid on shares, or equivalently, interest is paid on foreign currencies.

21.1 The Basic Model

We want a market that has more than a single basic asset. Consider a
situation where there are n assets, with prices S{ (i = 1,...,n). We also
want a market where there is more than one source of uncertainty. So as-
sume that the assets are driven by an N-dimensional Brownian motion W2
(¢ =1,...,N). In order for everything to run smoothly we require n > N.
Otherwise we are led to a so-called incomplete market situation.

How are the movements of the n asset prices related? This can be for-
malised by introducing the idea of an instantaneous covariance matrix for the
asset price dynamics. Let us proceed as follows. We assume the Brownian
motions are independent, in the sense that the Ito rule is given by

AWedw) = 5°dt, (21.1)

where §°° is the identity matriz. Thus dW'dW?' = dt, dW?dW? = dt,
dW'dW? = 0, and so on. As before, we also have dWedt = 0 for all .
Thus the multi-dimensional Ito rule is a straight-forward generalization of
the one-dimensional case.

Now that we have clarified the nature of the multi-dimensional Brownian
motions, we can return to the asset price changes. The basic model for n
asset prices is given by the following dynamics:

dsi
St

= ppdt +Y " o dWy. (21.2)

Here i and o/ are adapted processes, in the sense that they depend, in a
general way, only on the history of the multi-dimensional Brownian motion
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WS from time 0 to time ¢. The n x N matrix ' for i = 1,...,n and
a =1,...,N, is called the volatility matriz. It measures the sensitivity of
asset number ¢ to Brownian motion number a. The processes W can be
thought of intuitively as representing ‘independent’ sources of randomness,
or uncertainty, in the markets.

Exercise 21.1 Consider a simple 2-dimensional Black-Scholes world, with
asset price processes,

dS}/St = pldt+ oc"dW} + o2dI?

dS?/SE = pidt+ o dW} + o?2dW? (21.3)

where the vector ' and the matriz o are both constant. Solve these equations

for S} and S?.

Now let us investigate the volatility matrix more closely. To this end, we
consider the following product:

dStds’

St Si

= (uidt + > ol dWe) (pldt + > alPdw )
a B

= Y o dwe Y ol’awy

a B
= Z Z Uzaagﬁtho‘thﬁ

a B
= Y Zatmafﬁ(;aﬂdt

a B
= > otoidt. (21.4)
The matrix - o
Y => 001" (21.5)

that arises here is called the instantaneous covariance matriz of the set of
assets under consideration.

Exercise 21.2 Calculate the instantaneous covariance matrix for the 2-dimensional
Black-Scholes market given in exercise (21.1).

In the case ¢ = j, we have

dsi\? y
(Si> =, (21.6)
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where

Gy =2.0) (21.7)

«

is the instantaneous variance (squared volatility) for the asset i. Note that
in the case when there is only a single asset with dS'/S! = p’+o'dW?!, then
CH = (01)?, as expected. If we write

o= > olegic (21.8)

for the wvolatility of asset i, then the matrix

i
pY =

(21.9)

otol
is called the instananeous correlation in the motion of asset i and asset j.

Exercise 21.3 Clalculate the correlation matriz for the 2-dimensional Black-
Scholes market. What are the volatilities of the two assets?

We note that the covariance matrix C¥ is non-negative in the sense that
for any ‘vector’ of numbers 6° (i = 1,...n) we have

> CY9'07 > 0. (21.10)

]

This result can be given a financial interpretation. Suppose that we form a
portfolio of assets, holding asset S* in the quantity ¢‘. Thus ¢° is the number
of shares one holds of asset i, which has price S*. The the total value of the
portfolio is clearly 3, ¢'S?. Note that some of the ¢'’s can be negative, in
the case of short positions. Now suppose we define

¢i Sz‘

0 = —.
L

(21.11)

Then &' is the percentage of the total value of the portfolio that is held in
asset 7. With this in mind, we can look at the change in the value of the
portfolio as the market moves. If

Vi=> ¢'S; (21.12)
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is the value of the portfolio at time ¢, then

dv =Y ¢'dS’, (21.13)

is the instantaneous change in the value of the portfolio, for the given holding
defined by ¢°, when the asset price changes are given by dS®. Therefore, by
the Ito rules we have

@vy? = Y ¢'¢/dsids’

= > ¢SSOVt (21.14)
]

So, for the percentage change in the value of the portfolio, we have

2 i Qi 4§ Ql
() - 58S
V g VoV

= > 0'0’Cdt, (21.15)

ij

where we have used the fact that 0 = ¢"S"/V. Thus, >,; 0'0’C" represents
the instantaneous wvariance in the portfolio value at time ¢. But clearly the
variance of the portfolio must be non-negative. Thus equation (21.10) can
be interpreted as saying that the variance of any portfolio has to be non-
negative. These ideas can be developed further, and lead to the concepts of
portfolio theory, which is an important branch of finance theory.

21.2 No Arbitrage and the Zero Volatility Portfolio

Here, we shall consider one particular aspect of portfolio analysis that is of
great significance to derivatives pricing. Suppose we consider the problem
of choosing a portfolio weighting such that the portfolio has instantaneously
zero volatility. Then, over the next short period, this portfolio would offer
a definite rate of return. By the no arbitrage condition, this rate of return
would have to be the money market interest rate r;.

We have seen from (21.15) that with a holding weight of 6 in asset 4, the
portfolio variance vanishes if and only if

> g0'C = 0. (21.16)

ij
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But, we can express this sum in the form
Z 00 CY = Z Z Z 0'07 5" g7
ij a Qg
= ) £l (21.17)

where £* = 37, 0'0'. Now, since (21.17) is given by a sum of squares, clearly
(21.16) holds if and only if £* = 0 for each value of a. In other words, the
portfolio variance (risk) vanishes at time ¢ if and only if 6 is chosen so that

> Gio™ = 0. (21.18)

7

Now let us return to the expression for the change in the portfolio value,
(21.13), and note that

v Y¢S
v Ve ,
Zi (szz (Mzdt + Ea O.zadWa)
X 915"

= Y opldt+ > (Z 0%“) dwe. (21.19)

Clearly the volatility of the portfolio value V' vanishes at time ¢ if and only
if the condition (21.18) holds at that time.

We require that 3, 0°u’ = r; if and only if #°c"® = 0. In other words,
we want the rate of return on the portfolio to be the short rate (i.e. the
money market interest rate) if and only if the portfolio volatility vanishes.
This implies that there must exist a set of numbers A* (o = 1,..., N) such

that
SOt =ri+> A (Z 6%“‘) : (21.20)

(2

(2

However, since 3, 6" = 1, this relation can be written in the form

ot = Z 0'r + Zei(z Ao, (21.21)

which has to hold for any choice of §°. Hence it follows that

ph=re+ Yy A% (21.22)
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This is the no arbitrage condition for n assets driven by N Brownian motions,
when there are no dividends.

Note that the ‘vector’ A* can be interpreted as the market risk premium
for factor a. In other words, A\* is the excess rate of return, attributable to
factor «, per unit of volatility in that factor.

For example, suppose that we have two assets, but just a single random
factor (i = 1,2 a = 1) Then, suppressing «, we have

pt=r+ Aol and p?=r+ o2 . (21.23)

Eliminating A\, we obtain

= : (21.24)

which is equivalent to the no arbitrage condition that we derived earlier in
connection with a share-price and an option. Thus we see that the two assets
have a common risk premium, given by .

21.3 Market Completeness

Now let us consider the risk premium vector A* further. For no arbitrage, we
know that (21.22) has to be satisfied. But if A satisfies (21.22) is there any
other vector, say A* that also satisfies (21.22)? If so, then their difference,
A — A\ would have to satisfy

> (A= Ao = 0. (21.25)

[e%

We say that a set of assets S? (i = 1,...,n), or market, is complete with
respect to the Brownian motion W if there exists no non-vanishing vector
£ such that Y, £%0™ = 0. This market completeness condition is equivalent
to a requirement that the matrix o should be of maximum rank (N). If the
assets S* are complete, then any derivative adapted to W, can be hedged
with a portfolio of positions in these assets.
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22 Multiple Asset Models Continued

22.1 Dividends

Now let us consider the situation when dividends are paid in the multi-asset
case. This leads to a simple modification of formula (21.22). In particular,
suppose that there is a dividend (or interest) paid continuously at the rate §?
for asset ¢. This means that during the short interval dt, the holder of asset
i receives a payment of §°S%dt. Thus, if the portfolio has value V = ¥, ¢'S?,
then the total gain (or loss) to the holder over the interval dt is given by

R=dV +)_ ¢'S'ddt, (22.1)

i.e., it is the change in value of the portfolio, plus all the dividends (or
interest). In percentage terms, this is

R dV + 3, ¢'S'0dt
4 4

= d7V + Y 0'6'dt, (22.2)

since 0 = ¢'S"/V. But, we calculated the percentage change in the portofolio
value in (21.19), so

R - o
V= SO+t + > Goh AW (22.3)
Thus, if we eliminate the randomness by applying condition (21.18), then
the no arbitrage condition tells us that 3, 0°(u +6°) = 7, when Y, 0™ = 0.

This implies that there must exist A* such that
po+ ot =+ Y A% (22.4)

This is the general no arbitrage condition for n assets which pay continuous
dividends (or interest).

Now we can take formula (22.4) for the drift, and reinsert it into the asset
dynamical equation to obtain

dSSZ. = (r—0")dt+ > o™ (dW™ + \dt). (22.5)
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This is the general dynamical equation for n dividend paying assets under
the condition of no arbitrage. We see that the only modification required is
to subtract off the dividend rate (or foreign interest rate) from the ‘domestic’
interest rate r.

22.2 Martingales and the Risk-Neutral Measure

We have seen, in the case of multiple assets with no dividends, that the no-
arbitrage requirement is equivalent to the condition (21.22) on the drift of
the assets,

p=r+Y Ao, (22.6)

where r is the short rate of interest, A% is the market price of risk vector, and
o' is the volatility matrix. The no-arbitrage condition is both necessary and
sufficient for the existence of the market risk premium vector A, which for
each factor can be interpreted as the excess rate of return (above the short
rate) per unit of volatility risk. If we substitute (21.22) into the asset price
process (21.2), then we obtain

ds’ .
5 =rdt+ ) _ o' (dW® 4+ \*dt). (22.7)

Here, for convenience, we occasionally suppress the subscript ¢, writing S*
for S}; but remember that all processes are adapted, i.e. they depend in a
general way on the history of W for 0 < s < t. In addition to the assets S*
(1 =1,...,n) we also have the money market account B;. We want to assume
market completeness, that is, that ¢ has maximal rank N, the dimension
of the Brownian motion). This ensures that the market-risk premium vector
A% is unique. Also, it ensures that when W;* moves at least one of the market
prices S® moves. In that sense, market completeness implies that every move
in W¢ implies some move in the prices S?, so that W is ‘fully expressed’ in
the given asset changes. Otherwise, the market is ‘incomplete’.
Our next step is to form a multi-asset density martingale p,

t 1 rt
oo = exp [— [aeaws L Z(A?)?ds], (22.8)
O (07 0 o

where a = 1,..., N. This expression is, in fact, given by the product of
the corresponding density martingales for the various components of A¢. In
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other words,

N
pe = 11 n?, (22.9)
a=1
where , |
P2 = exp {— [ xcawe - | (Ag)%zs] | (22.10)
0 0

The following facts emerge:

1. The process p; is a martingale with respect to the measure defined by
the expectation E,.

2. For each value of 7, the ratio p;S!/B; is a martingale with respect to
the measure F;.

3. If we define the risk-neutral measure E? according to the scheme

EIX] = L[z ZXt] (22.11)

for any adapted random variable X, then the process W;* defined by
t

Wpe = We 4 / Aods (22.12)
0

is a standard N-dimensional Brownian motion with respect to £;. That
is, with respect to E?, the process W is normally distributed for each
value of o, with mean 0 and variance ¢, has independent increments,
and furthermore W;* and W:ﬁ are independent for o # 3.

These results can be established by analogy with the corresponding results
in the single asset case. Thus, for the asset process we can write

ds? . .
o = rdt + Yo" dWe, (22.13)
[0
where W/ ¢ is a standard Brownian motion with respect to the risk-neutral
measure.
Moreover, since the ratio p;S;/B; is a martingale, we have

psSs piS;
Psds _ g , 22.14
o [ & ] (22.14)
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and thus

s Ep(5)]

_— 22.15
B, ps (22.15)
which by the definition of the risk-neutral measure gives
St Sy
—= =Fr|H. 22.16
=B | 2216)

Thus, the absence of arbitrage ensures the existence of a unique risk-neutral
measure such that the ratio of any asset price to the money market account
is a martingale. This generalises the analogous result that we obtained in
the single asset case.

22.3 Derivatives

Now suppose that we have a derivative with payout Cr at time T. We assume
that the payout is adapted to W for 0 < s < T'. For example, Cp can be
a function of the values of the various assets S’ for various times between 0
and T'. Let C, denote the value of the derivative at time ¢t. Then since the
derivative is also an asset, we can use the martingale condition (22.16) to
infer that

Cy Cr
— =FE|—= 22.17
5 =5 |5 (22.17)
or equivalently
Br

This gives us a formula for the price process of the derivative, and, in par-
ticular, allows us to compute its value today, Cy. Since the money market
account By is given by

t
B, = exp{/ reds} (22.19)
0
it is worth noting that (22.18) can be written in the form

C,=E; [exp{—/tT rsds}CT] . (22.20)

Thus if r, is non-random, or more generally if it is independent of the payoff
Cr, then (22.20) can be further simplified.
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Formula (22.20) is, of course, not the end of the story, but really is just
the beginning. Given (22.20), we can compute the hedge ratios ¢! needed in
order to construct a portfolio in the Si’s and B; to replicate the derivative.
If n > N, then the hedge portfolio can be constructed with some flexibility.

In my end is my beginning.

—T.S. Eliot, Four Quartets.
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A Glossary

American option An option that can be exercised at any time up to the
expiration date.

arbitrage

at the money A call or put option with a strike price equal to the current
share price is said to be ‘at the money’.

Call option A derivative that gives its owner the right to buy an asset at
a fixed price, called the strike price.

discount factor Something related to the time-value of money.

European option An option that can only be exercised at a fixed expira-
tion date.

expectation The expectation of a discrete random variable X with proba-
bility distribution p(z;) = Prob[X = X;] is

E[X] = Z rip(;)

It gives the ‘average’ value of X. The expectation of a continuous
random variable X with probability density function p(z) is given by

E[X] = /OO xp(z)dz

—00

in the money An option is said to be ‘in the money’ if it would have a
positive payoff if it were exercised immediately.

interest rate The rate at which you pay interest.

long position The position created by possession of an asset.
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martingale

out of the money An option is said to be ‘out of the money’ if it would
have have a negative payoff if it were exercised immediately.

probability density function Similarly, the probability density function
p(x) of a continuous random variable X, if it exists, is a function p(x)

such that )

Probla < X < b :/ p(x)dx
put-call parity A relation holding between the values of call and put op-
tions with common strikes, in the absence of dividends.

put option An option that gives the owner the right, but not the obliga-
tion, to sell an asset at a pre-specified price.

random variable A random variable X is a function that maps each pos-
sible outcome from an experiment to a real number.

risk-free Guaranteed, sure.

sample space The sample space can be thought of as the set of all possible
outcomes of an experiment or trial. The sample space is discrete if the
elements of the sample space can be indexed by the integers (i.e., it is
countable).

short position A negative position in an asset; the position in an asset
created when an asset is sold, but before the asset has been actually
delivered; an American style derivative, whose payoff is minus the value
of the underlying asset at the time of exercise, and whose price today
is equal to minus the value of the asset today.

standard deviation The standard deviation o(z) of a random variable X
is defined by o(X) = [V(X)]'/2, where V(z) is the variance.

stock A part ownership of a company.
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strike price The amount of money needed to exercise an option, usually
denoted K.

time value of money The fact that money now is worth more than money
in the future.

underlying asset A stock or whatever on which a derivative is based.

variance The variance of a random variable X, if it exists, is defined by

VIX] = E[(X - B[X])’] = E[X?] - E[X]*

Wiener process Brownian motion with drift.
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B Some useful formulae and definitions

B.1 Definitions of a Normal Variable
The N(m, V') probability density function is

1 (x —m)?
o = —_ . B.21
) = e | (B.21)
The cumulative normal function is defined to be
N(z) = — /m exp | -5 | (B.22)
T) = —— xp | —— | dz. )
AV 27'[' —0o0 P 2

B.2 Moments of the Standard Normal Distribution

For even moments,

1 o, x? (2n)!
— Mexp |~ | dp = 2L B.2
vV 2 ~/—oo Lo [ 2 ‘| v nl2n 7 ( 3)

while for odd moments,

L /OO e v dr =0 (B.24)
Xp | —— =0. :
V 21 J—o0 P 2
The first few even moments are
1 o0 22
— exp |——|dr =1 B.25
= el (B.25)
IS 2
o /_Oo 2% exp l—%} dr =1 (B.26)
1 © z?
— ——|dr=3. B.2
m/_ooxexpl 2]x 3 (B.27)
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B.3 Moments of a Normal Distribution

L - T exp (x —m)’ dex=m
X _ =
V2TV J—co 2V

)2
a: expl W]d:p:mQ%—V

V27V

N2
(z —m) ]dx:m?’—k?)mv

m o eXp[ v
(w —m)?

rtex =l de = m* 4+ 6Vm? + 3172
\/271"// p[ 2V ]

B.4 Other Useful Integrals

For a > 0,

2 1
—i—bx—i—c} = —exp

Vva

m/ exp[

[TeMdr=a for A>0
0
If X is an N(m, V') random variable,

E[eaX] — eam+%o¢2V'

B.5 Ito’s Lemma

If X, satisfies
dXt = /,Ltdt + O'tth

and F'(x) is a twice differentiable function, then

OF(X,) )\ 1°F(X

t) 152
X
0X, 2 0X? “axz X

dF(Xy) =

where

dt* =0, dtdW,=0 and dW?=dt.
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B.6 Geometric Brownian Motion

has solution .
Sy = Sy exp {(,u - 502)dt + O'Wt} . (B.39)

B.7 Black-Scholes Formulae
The Black-Scholes equation for a derivative C'(Sy, t) is

oCc  19*C

oC
5 T3 057 ———S20% = (C — —St> : (B.40)

0S5,

For a call option with payoff function C(Sr,T) = max[Sr — K, 0], it has
solution

Co=e "[See" ' N(h") — KN(h7)]. (B.41)
A put option with payoff function P(St,T) = max[K — Sz, 0], it has
Py=e¢"T[KN(—h") — Spe™ N(—=h™)], (B.42)
where - )
In(%2e=) + 10°T
pt = B £ 50T (B.43)
oVT
The payoff for a call option with dividends is
Co = \/_ / F(Spelr=OT+oVTE50°T) =36 ¢ (B.44)

For the Black-Scholes formula we then obtain, in the case of a call option
(with no dividends paid on the option itself):

Co = e "T[See DTN () — KN(h7)], (B.45)

where
In (?T) + 1azT)
oV T

We still need to derive the formula in the case of a put option with dividends.
Put-call parity says that

Co = S() - G_TTK + Po. (B47)

h* =

(B.46)
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B.8 Bernoulli Distribution

The simplest nontrivial discrete probability distribution is the Bernoulli dis-
tribution. There are only two points in the sample space 2 = {u,d}. The
probability distribution is then

Prob[X =u] =p

ProblX =d|=1—p (B.48)

The expectation of the random variable X is E[X]| = pu + (1 — p)d; the
variance is V[X] = p(1 — p)(u — d)>.

B.9 Binomial Distribution

This distribution is obtained by the consideration of n indepentant, identical
Bernoulli trials. Let X be the random variable which counts the total number
of u’s in n trials. We can obtain this by setting u = 1, d = 0, and summing
over n independent Bernoulli trials Y;. The binomial distribution is then
given by

n ZT; _ n—=r; . —
Prob[X = z] = ( x > p* (1 =p) forz; =0,1,....n (B.49)
0 otherwise

The expectation of X is E[X] = np; the variance of X is V[X]| = np(1 — p).
Here the combinatorial function < Z ), sometimes denoted C?' (‘n choose

x’) is defined by
n n!
=" B.
< x ) zl(n — x)! (B-50)

B.10 Central Limit Theorem

Let X; (i =1,...,n) be a set of n independent, identically distributed ran-
dom variables, each with mean m and variance V. Define

i1 (X —m)

Zy, = :
N4D

(B.51)

Then the limit
Z = lim Z, (B.52)

n—oo
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exists, and is normally distributed with mean 0 and variance V. Equivalently,
we can assert that

lim Prob [zn:(XZ —m) < )\\l Var[zn:(Xi - m)]‘ = N(\), (B.53)

n—00
i=1 i=1

where N () is the normal distribution function.

We can use the Central Limit Theorem to analyze the behaviour of the
random variable Z,, in equation (B.51). We can rewrite Z,, in terms of the
average X,, of n Bernoulli trials,

_ 1
where -
X, =- ZXi' (B.55)
ni3

Thus, by the Central Limit theorem Z, approaches a normal distribution.
Moreover, we can calculate the mean and variance of X as F[X,] = 1/2 and

V[X,| = n/4, from which it follows that E[Z,] =0, and V[Z,] = 1.
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C Solutions

Section 1

1. Why do bond prices fall when the interest rate of the money market account rises?
This is easiest to see by considering an example. Suppose that the initial value of
the money market interest rate is 5%, and that at some time it increases to 6%.
Before the interest rate rise, how much would you be willing to pay for a one-year
bond with a notional of $100 and an annual interest rate of 7%? This means that
you pay an amount By for the bond now, and receive $107 dollars in one year’s
time. We can determine By using arbitrage.

Suppose that we start with nothing. In order to invest in the bond, we need to
borrow By dollars from the money market account. Then in one year’s time, we
receive $107 for the bond, but owe Bye®% dollars for the loan. Since we started
with nothing, we must end with nothing, and hence

107 — Bpe® % =0 (C.1)

which tells us that By is 10779 = 101.78 dollars. This is how we can price bonds
using arbitrage.

Now suppose that we repeat the argument when the money market interest rate
is 6% instead of 5%. The new price of the bond is 107¢~%% = 100.77 dollars,
which is less than the previous price. The price of the bond drops because the no
arbitrage condition requires an investment in the bond to have the same return as
an investment in the money market account. Because the interest rate on the bond
is fixed, this is only possible if the bond price falls.

Why does the value of a bond rise if the credit quality improves? This question
is a little more difficult to quantify, since we have no exact mathematical way of
describing loan default. However, suppose that we have two bonds which have the
exact same characteristics, except that one is more likely to default than the other.
Which are you willing to pay more for? Obviously the one which is less likely
to default, that is, the one with the better credit rating. We now want to apply
this argument to a single bond—but before and after an improvement in the credit
quality. If the credit quality improves, and since all other properties of the bonds
are the same, then by the above argument you should be willing to pay more for
the bond after its credit rating has improved. This is why a bond price increases
when credit quality improves.

2. We want to calculate the effective continuously compound interest rate earned on
an account which has an annual interest rate of r = 6.1% which is paid on a monthly
compounded basis. Begin by assuming that we have B dollars in the bank. At the
end of one month, the interest paid on this amount is Bor/12. That is, after one
month, the amount that we have in the bank is

B; = By(1+r/12). (C.2)
How about after the second month? Well, we earn an amount of interest equal to
Byr/12, so
BQ = Bl (1 + T/12)
= Bo(1+1r/12)2. (C.3)
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By induction, you should see that for m < 12,

B,, = Bo(1+r/12)™, (C4)
and hence after a year

Biy = Bo(1 +r/12)'2. (C.5)

What is the effective continuously compounded interest rate p? We can calculate
this by noting that after one year, an initial investment of By dollars would be
worth Bpe” dollars. Equating the two results we see that

Bo(1+17/12)'? = Bye?, (C.6)
or
p = 12log(l+r/12)
0.0608, (C.7)

and hence the effective continuosly compounded rate is 6.08%.

Note that if we divide the year up into n equal periods and repeat the above
argument, then the amount of money in the bank account at the end of the year is

B, = Byo(1+1r/n)". (C.8)
As we take n very large, we see that

lim B, = Bge', (C.9)

n—oo
which is the continuously compounded limit.

. If we are paying interest into a money market account at a constant rate of r dollars
per unit time, then the change dB; in the amount of money in the bank account
over the time interval [¢,t + dt] is equal to the amount of interest paid, which is
rBydt. Thus, the differential equation is

dB

d—tt = TBt.
This has solution

Bt = Boe”.

This relation will be used throughout the book to describe the time evolution of a
money market account.

. The most money that you can lose by buying an option is the purchase price that
you paid for it. You never lose more because if the payoff of the option is negative
(the derivative is out of the money), then you simply do not ‘exercise your option’
and the option expires unused. This should be contrasted with a forward contract
on an asset, which is a strict obligation — you must buy the asset at the strike price,
whether it is beneficial to you or not.
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Option Type | Strike | Market Value | Intrinsic Value
American Call | 6000 £1265 £850
American Put | 6000 £295 £0
European Call | 6025 £1085 £600
European Put | 6025 £340 £0

5. For the call and put options specified in the text, the market and intrinsic (if the
option were exercised immediately) values are given below.

The market values are greater than the intrinsic values because they take into
account the fact that the value of the index may achieve higher values before it
expires, and hence pay out more than its current intrinsic value. The buyer of the
option must pay for this potential gain, which is why the market value is larger
than the intrinsic value. A reverse argument also may be applied, that the index
may go down and the payoff be less, however from a purely heuristic point of view,
the total possible drop in the payoff is less than the total possible gain in the payoff
(which is unlimited).

6. A bank with a large number of fixed-rate loans or mortgages has a great deal of
interest-rate risk. If the interest rate rises, then the bank will be receiving less
than the market rate for its investments. In essence, it will be losing money. A
company that sells products domestically, but buys supplies, for example timber,
from a foreign nation, has a foreign-exchange risk. The price of timber will become
more expensive if the foreign currency appreciates against the local currency, but
the income from domestic sales is unaffected. Thus, the company will effectively be
losing money.

7. Suppose a dealer sells a put with strike K. If the value of the stock St is lower
than the strike when the put is exercised, then the dealer must pay the owner
of the option this difference. If the value of the stock is higher than the strike
price, then the dealer does not have to pay anything. Thus, the payoff function is
—max[K — S;,0] = min[S; — K, 0], which is shown in figure A.1.

Consider a portfolio which is long a call with strike K, and short a put with the
same strike. The payoff function for this portfolio is

Vr = max[St — K,0] + min[St — K, 0]

= Sr—K, (C.10)
which is the same as the payoff for a forward contract. Graphically, you can see
that by adding the payoffs from figures 1.1 and C.1 you obtain the payoff in figure
1.3. The fact that the payoff for a basic call option is equal to the payoff for a put
option plus a forward contract is known as put-call parity.

8. Figure 1.4 is known as a ‘call spread’. It can be reconstructed by buying a call struck
at $50 and selling one struck at $100. In Figure 1.5 we have given an example of a
‘butterfly option’, which consists of a long position in a call with strike $50, a short
gosition in two calls with strike $100 and another long position in a call with strike
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Payoft

-$50

-$100

$0 $50 $100 $150 $200
Asset Price

Figure C.1: The payoff function of a short position in a put with a strike of $100 as a
function of the price of the underlying asset.

Section 2

1. We want to show that if a dealer offers a forward rate of F; < S; then an arbitrageur
can make a sure profit. To this end, in figure C.2 an analogous trading strategy to
the one given for the case F; > S; is described. The strategy allows an arbitrageur to
start with nothing, but to end with a guaranteed positive amount in a sterling bank
account. The final value of the sterling bank account is greater than zero, which
implies that an arbitrageur following this strategy can make a risk-free profit.

2. We want to calculate the forward exchange rate for an initial rate of $1.60, and
interest rates of r = 10% and p = 8%. From equation (2.4), we see that that the
forward exchange rate is

S, = $(1.60)exp[(0.1 — 0.08)2]
$1.67. (C.12)

3. We want to calculate the forward rate for a situation where the sterling interest rate
follows the time dependent relation p(t) = a + bt. However, we can proceed just as
in the time independent case, and simply equate the results obtained by following
the dollar investment and forward buying strategies of chapter 2. Starting with n
units of sterling, the dollar investment route yields nSyexp(rt) dollars, while the
forward buying route has a final value of n.S; exp(at + bt?/2) dollars. Equating the
two yields

Sy = Spe(r—a)i—3bt* (C.13)
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Arbitrage Strategy II:

1. Borrow n units of sterling.

2. Convert the sterling at the spot rate Sy into nSy dollars. Place
these dollars into a dollar bank account, earning interest at the rate
r. Contract to sell nSpe™ dollars forward at time t at the rate F}

(assumed < S}).

3. At time ¢, the value of the dollar bank account is nSpe™, while
the sterling position is —ne??.

4. Sell nSpe™ dollars at the contracted forward rate Fy, which gives
nSpe™ /Fy pounds. After the arbitrageur repays the sterling loan,
with interest, the balance in the sterling account is

S, rt pt
neft -
= F6-F) (C.11)

Figure C.2: Arbitrage Strategy II

For a two-year forward purchase, we see that
~ 1
Sy = $(1.60) exp[(0.1 — 0.8)2 — 50.0122] =$1.63

Note that this is lower than the forward exchange rate of exercise 2.2. For the
four-year forward purchase, the rate is

1
Sy = $(1.60) exp[(0.1 — 0.8)4 — 50.0142] =$1.6
which is coincidentally the initial rate.

Section 3

1. We want to use a simple arbitrage argument to show that the basic stake Sy and
the payoff values U and D satisfy U > Sy > D. Without loss of generality we can
assume that U > D. If U = D, then there is no point tossing the coin, and hence no
point betting. If Sy > U, then by placing a short bet an arbitrageur could guarantee
to not lose any money and to potentially make some, since the two possible payoffs,
So — U and Sy — D, are both non-negative. Similarly if Sy < D, then the payoffs
from a standard bet, U — Sy and D —.S; are both greater than or equal to zero, and
hence the arbitrageur would not have anything to lose by betting. Thus, we must
have D < Sy < U.

149



2. We want to calculate the dealer’s payoff for the hedged bet. The payoff is U — f+(U)
dollars, where
_hU (D)

) — fe
0= T U—-D (C.14)
and hence the payoff is
ft(U) = fi(D) _ Dfi(U) =Uf(D)

dollars.

3. Suppose that a derivative has payoff function f;(S;), and that the dealer makes a
price of ggdollars, which is assumed to be less than the arbitrage price of fy dollars.
Consider an arbitrageur that starts with empty pockets and borrows go— 9.5y dollars
interest-free from the Casino, where ¢ is the hedge ratio given by equation (3.7),

f(U) — f(D)
U-D '

The arbitrageur then buys the derivative from the dealer at price gg, and makes a
short bet with the casino, in the quantity 05, i.e. the Casino pays the arbitrageur
05y at t = 0, and the arbitrageur must pay the Casino 457 at time ¢.

5=

Thus, at time ¢ the arbitrageur gets the certain amount f;(S;) —4S; dollars, in other
words, he gets f;(S;) dollars from dealer, but has to pay 65; dollars to the Casino.
However, the loan of gy — §.5¢ dollars must also be repaid. Thus the arbitrageur is

left with
ft(St) —05; — (90 - 550)

dollars. But, recall that fo = f;(S:) — 0S5t + dSp. So the arbitrageur is left with
fo — go dollars, which is, by assumption, positive. Thus a sure profit with no risk
has been made! Similarly if we took gg > fo, then the arbitrageur could make a
profit by taking a short hedged position. You should work out the details of this
case as well.

Section 4

1. Let Q be a sample space. We want to show that the power set P(€2), which is the
set of all subsets of €2, is a valid event space. Since (2 is a subset of itself, 2 € P(Q).
If A, B € P(Q2), then they are subsets of 2, that is A, B C Q. But then AUB C Q,
so AU B € P(Q). Finally if A € P(Q), then A C Q, and since the complement of
A in Q is simply the set of elements of 2 that are not in 4, 2 — A C . Hence
Q2 — A € P(Q). Thus the power set is a valid event space.

We now want to write out the power set for a ‘possibility system’ that is based on
the outcome of two coin tosses. Denoting ‘heads’ by H and ‘tails’ by T, the sample
space can be written as {HH, HT,TT,TH}. The power set will have 2* = 16
elements and is as follows:
Y = {(ZL
{HH}, {HT}, {TT}, {TH},
{HH,HT}, {HH,TT} {HH,TH}, {HT,TT}, {HT,TH}, {TT,TH},
{HH,HT,TT}, {HH,HT,TH}, {HH,TT,TH}, {HT,TT,TH},

(HH,HT,TT,TH) }
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2. We want to prove that given a sample space €2, the set X = {(, Q} is a valid event
space. By definition, X satisfies € X. Since QU = Q, and these are the only two
elements in 3, we see that X is closed under the union of its elements. Furthermore,
since Q—0 = Q and Q—Q = (), we see that X is closed under complementation of its
elements. Hence ¥ = {0, Q} is a valid event space. However, it is not very useful,

as the only events that it can differentiate between are whether the experiment had
an outcome or not.

3. We want to show for a possibility system based on a finite sample space 2 and
an event space X equal to the power set of €2, that any probability measure P is
uniquely defined by its values on the single element sets of the event space, that
is, on the ‘probabilities’ of the sample space. Let Q = {w;}X,, and let A be any
element of . But then A is simply a subset of 2, and hence A = {w;, }M | for
some sequence i;. We can then use the property that the probability of the union
of disjoint sets is equal to the sum of the individual probabilities, that is,

M
> P({wi))
k=1

P(A)

M
k=1

Thus we see that the probability of any set is simply the sum of the ‘probabilities’
of its individual elements.

4. We want to calculate the probability, in the the possibility system (€2, ) based on
three coin tosses, that there are exactly two heads. Thiseventis A= {HHT,HTH,THH}.
We have two probability systems in which to calculate the probability of A. Sup-
pose that we are in the ‘equal probability’ system (€2, 3, P). The probability of A
is

P{HHT,HTH,THH}) = P({HHT})+ P({HTH})+ P({THH})
(C.17)

ool w

In the ‘weighted coin’ probability system (2,3, Q) we have

QU{HHT,HTH,THH}) = QU{HHT})+ Q{HTH)})+ Q{THHY})
. % (C.18)

5. We want to calculate the expectation of the random variable X that returns the
number of ‘heads’ in three coin tosses for both the ‘equal probability’ and ‘weighted
coin’ probability measures P and (). The values of X were written out in equation
(4.4). For the probability measure P, the expectation is

EP[X] = %X({HHH}) + éX({HHT}) + éX({HTH}) + éX({THH}) +
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%X({HTT}) + %X({TTH}) + éX({THT}) + %X({TTT}

1
= BH24242414141+40]
= 1.5, (C.19)

while for the measure (), we have

BOx] = %MHMHH+%XWHWD+%XWHHD+%HHHHD+

;?HHH%+%XWHHH+%XWHWD+%X@Tﬂ

1
= 5 B+22+2+2) +41+14+1)+0)

- 1 (C.20)

Let Y be the random variable which is equal to twice the number of ‘heads’ minus
the number of ‘tails’. To simplify the calculation, let W be the random variable
equal to the number of ‘tails’. Then Y = 2(X — W). But, X + W = 3, so we see
that
Y = 2[X-(3-X)]
= 4X —6. (C.21)

Using the result above for the expectation of X, we can calculate the expectation
of Y, first in the probability measure P

EPlY] = EP[4X —¢]
= 4EP[X] -6
0, (C.22)
and next in the measure @,
EClY] = 4E9[X]-6
_9. (C.23)

Let Z be the random variable defined by
-l 1 ABC=HHH
Z({ABC}) = { 0 otherwise

In the ‘equal probability’ measure P the expectation is

EPZ) = PQ{HHHY)Z{HHH})
1
= @ (C.24)
while in the ‘weighted coin’ measure )
E°[Z) = QUHHH})Z({HHHY})
- %. (C.25)
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Section 5
1. Py be a decreasing function of ¢ because ...

2. We want to show that if the dealer misprices a derivative and sells it for g dollars,
which is less than the arbitrage value of fy dollars, then an arbitrageur can make a
sure profit. Suppose that the arbitrageur starts with nothing. Since the derivative
is priced too low, he will buy it from the dealer for the price of gy dollars and then
hedge this derivative position by making a short bet with the Casino in the amount
of 55y dollars, where § is the hedge ratio (5.8). In order to fund this position,
the arbitrageur must borrow gg — d.5p dollars from the bank at an interest rate
r. Note that if gg — d.5y is negative then the arbitrageur is actually depositing
money in the bank. At time ¢, the arbitrageur receives f:(S;) dollars from the
dealer for the derivative and has to pay §.5; dollars to the Casino in order to cover
his short bet. Furthermore, the loan, which is now worth (go — §Sg)e" dollars,
must be repaid to the bank. Hence the net position of the arbitrageur after the
coin toss is f;(S;) — 8S; — (go — 8Sp)e™ dollars. From equation (5.9) we see that
foe™ = f1(S;) — 6S; + 6Spe™t, and hence the arbitrageur’s position is worth the
guaranteed amount of

ft(St) - (SSt - (90 — 550)6” = (fo — go)e” (026)

dollars. Since fy > g the arbitrageur has made a sure profit, starting from nothing.

If the derivative were over-priced, so gg > fo, then the arbitrageur could construct
a gambling portfolio which is short a derivative and long ¢ units of the basic bet to
guarantee a profit.

3. Suppose that the basic bet in the Casino is $100 and that it pays off $105 and $95
for heads and tails respectively, while the continuously compounded interest rate is
rt = log 1.01.

(a) We want to calculate the risk-neutral probabilities. They are given by equa-
tion ??. Substituting in the values for Sy, U, D and e", we have

(100)(1.01) — 95
105 — 95
= 0.6, (C.27)

*

and hence ¢* =1 — p* = 0.4.

(b) We now want to price a call option with a strike of $100. The payoff function
f:(St) for this derivative, is

ft(U)=8%5 and fi(D) = $0.

Using the risk-neutral probabilities calculated above, and the pricing formula
fo =e "' E*[f1(S;)], we see that the cost of the derivative is

1
fo = 1o l0.6)5+(0.4)0)
= 297 (C.28)

dollars.
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(¢) The hedge ratio is given by equation (3.7). Substituting in the relevant values

yields
5—-0
5§ = —
105 — 95
= 0.5 (C.29)

(d) We want to verify that the payoff of a bet that is long ¢ units of the basic bet
and short one derivative is independent of the outcome of the coin toss. At
time ¢ the value of this hedged bet is §.5; — f;(S¢). If the coin toss is heads,
then the payoff is

§U — f,(U) = (0.5)105 -5
47.50 (C.30)

dollars, while if the coin flip is tails, then the result is

6D — fy(D) = (0.5)95—0
47.50 (C.31)

dollars. Thus the payoff from the hedged bet is $47.50 and is independent of
the outcome of the coin toss.

(e) The cost of the derivative is independent of the ‘physical’ coin toss probabil-
ties, p and ¢, and depends only on the risk-neutral probabilities p* and ¢*.
Hence even if we change the physical probabilities the cost of the derivative
is still $2.97.

4. We want to show that the risk-neutral probabilities p* and ¢* are uniquely defined by
the requirement that So = e " E*[S;]. Suppose that we have different probabilities
p and ¢ that define a probability measure P such that Sy = ¢™"*E[S;]. Then

Sy = e "[pU + ¢D)
= e "[p(U - D)+ D]. (C.32)
Solving for p, we obtain
- Soert - D

But, this is simply p*! Hence, the condition Sy = e "*F [S¢] uniquely determines
the risk-neutral probabilities.

Section 6

1. We want to calculate various probabilities for the numeric example illustrated in
(6.12). The probability that S; = 102 is simply the probability that we have
an initial ‘up’ movement times the probability that this is followed by a ‘down’
movement, that is p°p®!. Substituting in the numbers yields 0.5 x 0.3 = 0.15.
We can calculate the probability that Sy > 95 by noting that it is one minus the
probability that Sy < 95, which is equal to the probability that S = 92. This is the
probability of having two ‘down’ movements, which is given by 0.5 x 0.3 = 0.15.
Hence the probability of S5 being greater than 95 is 1 — 0.15 = 0.85.
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2. We want to calculate the annualised continuously compounded interest rate r for
the bond process $100 — $101 — $102.01, where each time step is one month. At
t = 1/12, that is, after one month, a continuously compounded investment of $100
will be worth $100e”/'2. Equating this to the value of the bond process after one
month B; = $101, we see that

100”2 = 101
r/12 = log1.01
r o= 0.1194, (C.34)

thus the interest rate is 11.94% per year.

3. Using the numeric stock and bond processes given in (6.12) and (6.13), we want to
calculate the price of two call options which have maturity at time 1 and strikes of
$98 and $102 respectively. Before we can calculate any prices however, we need to
determine the risk-neutral probabilities. Fortunately we have already done this—in
exercise 5.3 we considered an identical system, albeit with only one-period, and
obtained the risk neutral probabilities p¥ = 0.6 and pl = 0.4. We can then price
any derivative by using the discounted expectation of the payoff in the risk-neutral
probability system,

Jo

E*[f1]Bo/B1
Pf0 +pif!
B1/By
0.6f° +0.4f*

For the call with a strike of $102, the payoff in the event of an ‘up’ movement is
f° = $105 — $102 = $3, while for a ‘down’ movement f! = $0. Subsituting this
payoff function into the pricing formula (C.35) we obtain fo = $3x0.6/1.01 = $1.78.
If the strike is $98 then the payoff function is f* = $7 and f' = $0. Calculating
the initial price of the derivative we find that it is $4.16.

We want to calculate the value of the call options again, but this time we are buying
them at time 1 with a maturity of time 2. Because there are two possible initial
prices at time 1, S° and S*, we will need to calculate derivative prices for both cases.
Begin by assuming that the first stock movement was ‘up’, so that S; = $105. But
then the time step from ¢t = 1 to t = 2 is a simple binomial tree, with an ‘up’ price
of $108, and a ‘down’ price of $102. We can therefore calculate the risk-neutral
probabilities using equation (5.11), and find that

00 S°By /By — S™
p* - SO _ Sl

105 x 1.01 — 102

108 — 102
= 0.675, (C.36)
and

00 S0 — SOBy /By
p* - SO _ Sl
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108 — 105 x 1.01
108 — 102
= 0.325. (C.37)

We can now calculate the initial price f© of a derivative by using the discounted
expectation of the payoff in the risk-neutral system,

o ]500 00 +]301 01
o= Ba/B;
0.6750 + 0.325 1
= o . (C.38)

Recall that this formula assumes that the share price at time 1 is S°. If the share
price is S! instead, then we will get a different formula. For the call option with
a strike of $102, the payoff function is %0 = $6 and f°! = $0. We can substitute
this into equation (C.38) to obtain a derivative price of $4.01. For the call with a
strike of $98, the payoff function is f%° = $10 and f°!' = $4. This yields an initial
price of $7.97.

An identical calculation can be carried out for the case when S; = 95. In this
case, the risk neutral probabilities are pl® = 0.658 and pl! = 0.342. However, the
payoff functions for both call options are identically zero, and hence without further
calculation we see that their initial prices will be zero.

We now want to price the call options at time 0 when they have a maturity at time
2. This is equivalent to finding the value at time 0 of a derivative which pays off f?
at time 1. Why? Because we can think of the following two investment strategies:
(a) buy a call option at time 0 which pays off at time 2 and (b) buy a derivative at
time 0 which pays fi at time 1, and then use the proceeds of this payoff to buy a
call option which pays off at time 2. Since both strategies have the same payoff they
must have the same initial price, otherwise we could arbitrage by going long the
cheaper strategy and shorting the more expensive one. By substituting the values
calculated above for f and f! into the pricing formula (C.35) we can obtain the
initial price of strategy (b), and hence of strategy (a) and the call option that we
are interested in pricing. The price of the call option with strike $102 is

0.6f° + 0.4f
1.01
0.6 x $4.01 4 0.4 x $0

1.01
— $2.38. (C.39)

For the call option with a strike of 98, we can substitute in the derivative values
f0=$7.97 and f' = $0 to find the initial price of $4.73.

4. We want to compare the Casino price equation (5.13),

fo _ eirt (Soe” —D U — Soe”t

D)+ T D)) (c.40)
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6.

with the one-period derivative price of equation (6.21). If we make the substitutions
et — B1/B,U — S° D — S f,(U) — f° and f;(D) — f! in the Casino price
equation, then we obtain

B [S& gt
By | S°- 81

SO_S% 1

f= f0+ S0 _ g1 ’

(C.41)

which is exactly the one-period result. Hence the Casino and the binomial tree
model price derivatives in the same way.

We want to verify that the ‘probabilities’ introduced in equation (6.22),

S—st S0 8
0 _ 1 _
Ps= o gt and p, = 50— gr (C.42)

where S = SB; /B, generate a valid probability measure. We first note that
P +pl =1 (C.43)

We then need to show that the probabilities are both positive. We can do this by
applying an arbitrage argument to the values of S, S° and S'. By assumption we
take S* < S°. Suppose that S < S1. We can then form an arbitrage strategy by
starting with nothing, and then going long on stocks and shorting the bonds. The
initial holding of the portfolio is S — B, where a = B/S so that the net value of
the investment is zero. At time 1 the position is worth «S7; — By. The minimum
value of this random amount occurs when S; = S'. We then see that

aSi—B; > aS'-B
> a(S' — Bi/a)
> a(St-29) (C.44)

But, since S! > S, we can never lose money by investing this way, and we will
make some whenever S; = §’0. Hence there is an arbitrage opportunity and to
avoid it we must have S' < S. This tells us that p¥ > 0. A similar argument can

be used to demonstrate that SO > S, and hence that p! > 0. Thus the risk-neutral
probabilities do, in fact, constitute a geunine probability measure.

We want to find the forward price at time O for the purchase of one share at time
1. We can do this by considering a forward contract, which is an agreement made
at time 0 to purchase a unit of stock for a fixed price K. This is a derivative which
pays off f; = S1 — K (which may be negative) at time 1. The price of the forward
contract is

B
fo = 5 R0 = K) (s - )
— E 0 g0 1gly _ 1,0 11 =
B . B
= G ESI- 5K (C.45)



But, by definition of the risk-neutral probability, the first term is simply the price
of a derivative which pays off the stock value at ¢ = 1, which is therefore the initial
price of the stock. Hence

B
fo=50— B—lK. (C.46)

This is the price of a forward contract to buy a unit of stock at time 1 for the fixed
price K. The forward price of the stock F, is the value of K such that the cost of
the contract is zero. Thus,

B
F= Sofl. (C.47)

The correct forward price can also be obtained by an arbitrage argument. Suppose
that an investor agrees at time 0 to purchase a stock at time ¢ from a dealer for the

price S;. The dealer immediately buys a share at the going rate Sy, using money
borrowed at a continuously compounded rate r. At time ¢, the dealer receives S,
for the share, and uses it to repay the loan of Spe™. The dealer’s net position is
therefore S, — Spe™t, and because he started with nothing this must be zero. Hence
St = Soe”.

Section 7

1. In a two-period market, we want to show that if S; = S, then the value of the
derivative at t = 1 must be £V as given in equation (7.2),

P o
B By ’
where 0 o
00 _ Stz =S
P« = "goo _ got-

p2t =1 — p% and S?Q = Sog—f (the forward price, made at time 1, for delivery at
time 2, if at time 1 the stock is in the S° state).

We do this by constructing a replicating portfolio, just as we did in the one-period
case. At t = 1, the dealer sells an investor a derivative which will pay out either f%°
or f% at time 2. The proceeds f° from this sale are used to construct a hedging
portfolio in the stock and bond markets. The dealer buys 8 bonds at a price of By

each and 6; shares at a price of SY each. Since the dealer’s initial position is zero,
we have

%= BB + 6,5 (C.48)

At the next period we want the stock and bond investments to exactly replicate
the derivative payoff, so

% = BBy + 6,55 (C.49)

Solving these two equations for 5; and é; we get

fOngO _ fOOSgl
By(89° — S31)

00 __ rO1
51 = ! and ﬂl =

= S (C.50)
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Plugging the values back into (C.48) we get

0 0B2 _ qO1 00 _ Q0 B2
f _ 1|5 B 53 00 59 1B f01
)

Bi By | S0 501 T sm g

which is the required result.

Note, incidentally, that 8; and §; are the ‘new’ hedge ratios that the dealer puts
on at t = 1. Strictly speaking, we should write 37,89 to indicate that these are the
hedge ratios at t = 1 for the S° state (in the S state, we would put on a different

hedge).

. We want to show that the probability system generated by p’ and py satisfies the

relations (7.8),

BBl B ES)
By So By Sy
The first equality is easy to verify,
E*[S1)] = plS°+p.St
- 50_515 _50_515
= S
B
= S'—=.
By

In the two-period case, we have

E"[So] = plplt 83 + plpl 83" + pupiSy” + pipit S

Now consider the first two terms,

Q0 01 00 Q0
ZA)OOSSO + ﬁOngl 512 B 52 SSO SQ B 512
5005012 T gp0 g1

= S?2a

where 59, = Sog—f. A similar relation holds for the next two terms,

R

where S1, = S'By/B;. Hence we see that

B
E*[Sy] = [p2S°+plst =2
By
Bi| Bs
= 50_}_
{ By | B
Bs
= Y=,
By

01
S5

(C.51)

(C.52)

(C.53)

(C.54)

(C.55)

(C.56)



where the second line follows from the previous argument.

Do these two conditions uniquely define a probability measure? Consider the fol-
lowing two stock price processes:

5 200
> 15§ 100
100 o (C.57)
5% 50 <
5 25
and
600
5 v 15
> 100
100 (C.58)

75

25

Set the interest rate to zero. Then both these processes satisfy the relations (7.8),
and hence they do not uniquely define a probability measure.

. In order to calculate the risk-neutral probabilities, we need the discounted stock
prices,

- By

S0, = SY=2 =106.05
12 Bl

N B,

Sl, = S'===095095
12 ‘B1

- B

So1 = S=t =101

0

We can then calculate the probabilities

00 _ St — 8%
P« = 500 —got ~
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675~ 108

105
100 ¢ 325 > 102
658 ~ 98
4 95
342 ™ 92

Figure C.3: The two-period Stock Market with risk-neutral probabilities.

etc., which gives the risk-neutral tree shown in figure C.3. Using this system, it is
easy to calculate the price of any derivative from the formula

B *
f= B [f2]

We consider each of the derivatives in turn, expressing the payoff as a vector of the

form (%%, fO1, f1, f4)

(a) If f9 = S then the payoff vector is (108,102,98,92), and hence the derivative

price is
100
f = Jo5.07 6(:675 x 108 +.325 > 102) + .4(.6583 x 98 +.3416 x 92)] = 100,

as expected.

(b) If we take a future contract with a strike of 100, then the payoff is (8,2,-2,-8),
and the price is 1.97.

(¢) The European call option has payoff (8,2,0,0) and costs 3.29.
(d) The put option pays out (0,0,2,8) and has price 1.58.

(e) In order to calculate the value of the call option, f, we need to know the

value of the future at t = 1, f;. We can calculate this using the martingale
property
Y
— Ll px
1 B, [f2]

which yields f© = 5.99 and f! = —4.01. Since the strike price is 3, the payoff

vector is (f0, f1) = (2.99,0). Hence, calculating the value of the option, we
get 1.78.

(f) The derivative has payoff (0,0,2,7), and hence has price 1.45.
(g) The digital payoff is (10,10,0,0), and thus the value is 5.88.
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(h) A European call option has payout (4,0,0,0), and hence a price of 1.59. For the
American option, we can price it by assuming that the investor always makes
the best move possible. Thus, the payoff vector is (4,1.01,0,0), corresponding
to exercising the option at ¢ = 2, and ¢t = 1 for the first two cases. Note
that if the option is exercised at t = 1, then the payoff can be invested in the
money market account, and hence is worth 1.01, not 1 at ¢ = 2. Using this
payoff function, the American option is valued at 1.78.

4. We want to calculate the risk-neutral probabilities for a three-period model. First
of all let us define the forward prices that we are going to use:

5 By i By _; zij _ B3 ij
So=5S Sh=FS ad Sf=psY. (C.59)

The probabilities at the first time step are

So1 — S* S° — Soy
At the second time setp,
4 i _ gil . gi0 _ Gi
P = 7511.3 g and pi = S gil Sg (C.61)
At the third time step
QiJ ijl ij0 _ Qi
~ij0 Sy — 8¥ and g1 _ S — S54 (C.62)

P = gij0 — gigt P = g0 —giit

5. Suppose that at time 2 we are at a node S%. Then by the one period approach we
obtain the price of the derivative at the node as

£ = S0 (C.63)

Multiply by p"? to remove the conditional probabilities from the right hand side,
ij pii _ B2 ij0 pijo | igl pigl
p*jf] = B—(p*J fj +p*J fj ) (064)
3

Sum over all possible values of ¢ and j. This is simply taking the expectation of
both sides,
By

D2 px
Bs

We can then use our two-period result to write

E*[f2] = [f3]- (C.65)

fo=E*[f3]. (C.66)



6. Consider the stock process at time N — 1. We can write an arbitrary node as
Siin-1 which will move to either §%#N-10 or §%in-11 The bond process will
move from By_; to By. The derivative will pay either fiin-10 op fir-in-1l
Using the standard one-period argument, we find that the value of the derivative
at time N — 1 is

By

fi1<~-iN_1 BN : — Ail"‘iN—lofll"‘iN—lo —l—ﬁilmiN_llfllmiN_ll (0.67)
Multiply through by p ¥~
1IN =1 piyein 1 By B IN—1 A iy 10 plyein 10 ) 81 UN—1 adg iy 11 plyein 11
Dx f Z = Px p f +px p f .
(C.68)

But we can convert the conditional probabilities on the rigth hand side into uncon-
ditional probabilities

By
By_1

pil"'iN—l fi1“'7lN—1
«

— pil--<’iN_10f11<~-iN_10 +p’il~--iN_11f11---iN_11. (C69)

We then want to sum over all the possible values of iy ---iy_1. This is equivalent
to taking expectations of both sides,

By

Elfxal g2 = B [f] (c.70)
N-1
By the induction hypothesis,
B
fo=E[fn-1lg 0 (C.71)
N-1
and hence
. By
fo=FE [fN]B— (C.72)
N
as desired.
Section 8

1. Working in a filtered probability system (2, %, P, F), we want to verify that the
stochastic process

Yo (w;) = E[Sn|F™)], (C.73)

where F,gm) is the unique element of the filtration at time m that contains w;, is
adapted to the filtration F. Note that we are being slightly more general by using
S, in the definition of Y;, instead of S5. Recall that a process Y is adapted, if
at every time step m, Y,, has the same value for all the elements that are in the

same set F,Em) of the partition of the sample space that is defined by the filtration

element F,,. So suppose w; and w; are both elements of F; ,gm). Then by definiton,

Yiu(wi) = B[Su|F™]  and Yy (w;) = E[Sa|F™], (C.74)

and hence Y is adapted to the filtration F.
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2. We want to verify that the martingale condition

Sm Sh
— =F*| = C.75
o b |3 (©75)
holds for the three period binomial model. Since the expectation is with respect to
the risk-neutral measure we need to calculate the relevant probabilities pi, pi’ and
p7%. Fortunately we have already done this in exercise 7.4. We begin by verifying
the result for adjacent time steps. At the first time step we have

S1 S1
Ey|—| = FE|—|F
’ {BJ [Bl | 0}
B ]5050 + ﬁlsl
= 5
(S —-81)80 4 (80 - §)st
B B;(S° - S1)
_ s
= &
- Bio. (C.76)
Between the first and second time steps,
So So .
Ei|—=| = E|=|F"
' {32] {Bz| ]
B $0810 1 pil gil
= 5
- (51_511)510+(520_§z)511
- BQ(S’O _ Sil)
_ s
= 5
= g—l (C.77)
Finally, consider when we move from the second to third node,
nln| - 2lar
P00 | il gijt
= B
B (Sij — §ii1)§ii0 4 (gid0 Sij)sz‘jl
- B3(Sij0 _ Sijl)
5i
= &
ij
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We can verify the other cases by using a very important result:

This is known as the tower law of conditional expectation. Rather than prove it,
we will verify it for a specific example. Consider the random variable E4[S3], which
is the expected value of the share price at time 3, given that we have information
about what happened at time 1. Evaluate it at a particular element of the sample
space, say UDU,
E\[S3](UDU) = E[S3|F’]
= P(UUU|F°)S" + P(UUD|F°)S%*
+P(UDU|F°)S"°P(UDD|F®)S°*. (C.80)
Now consider the random variable E4[E2[S3]]. We want to evaluate it at the same
point and verify that we get the same result as above. Hence
E\[E[Ss])(UDU) = E[E,[Ss]|F"]
= P(UUU|F°)E[S3|F*°] + P(UUD|F°)E[Ss|F™]
+ +P(UDU|F°)E[S3|F*'] + P(UDD|F°)E[S3|F°"]
= {P(UUU|F") + P(UUD|F°)}
x {P(UUU|F?)S°° + P(UUD|F)5°"}
{P(UDU|F°) + P(UDD|F°)}
x {P(UDU|F*")S"° + P(UDD|F%")S"}. (C.81)
Collecting terms that have the same value of S3, we have
E\[By[S5](UDU) = {P
+ {P
+ {P
+ {P

UUU|F°) + P(UUD|F°)} P(UUU|F)5%0
UUU|F°) + P(UUD|F°)}P(UUD|F")s%1!
UDU|F°) + P(UDD|F®)} P(UDU|F°")s%10
UDU|F°) + P(UDDI|F®)} P(UDDI|F"")S"{C.82)

+
+

~—~ o~~~

We then note that P(UUU|F%)+P(UUD|F°) = P(F®|F?), and similarly P(UDU|F°)+
P(UDDI|F®) = P(FO|F°), so

E[Ey[Ss)J(UDU) = P(F®|FY)P(UUU|F")s%%°
+ P(F®|F%P(UUD|F)5%!
+  P(F°F°)P(UDU|F)5%10
+ P(FFYP(UDD|F)s%t, (C.83)
But then P(F®|FO)P(UUU|F°) = P(UUU|F?), and so on, which simplifies our

result to

F\[Ey[S3])|(UDU) = P(UUU|F®)S™ + P(UUD|F?)S%!
P(UDU|F?)S"° + p(UDD|F?)S°!
E\[S5)(UDU), (C.84)

_|_
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which is what we wanted to prove.

We can then use the tower law to evaluate the other conditional expectations. For

example,
Sy So
Ey|=|=FEy |E1|=]]|. C.85
o[z == [n 3] s
But, we have already evaluated the single time-step conditional expectations, and
hence
So S1
Ey|=|=Ey|—=]- C.86
o5 ] =m0 5] (C.56)
Once again, we have already calculated this result, and so we see that
So So
Ey|=—|=—=. .
: [B] o (C87)
Similarly we see that
Ss Ss
Ey|=| = Ey|FEy|—=—
olz] = #[= 5]
Sa
= E _—
’ {BJ
So
= B (C.88)
Finally, we also have
Ss Ss
E|=| = FEi|F|=
(2] - 2=z
Sa
= E |22
' {BJ
Sh
= —. C.89
- (C:59)

Section 9

1. We need to show that the number of ways of arriving at the node S7* is C}'. The

node S7* is a combination of 7 ‘down’ movements and n — ¢ ‘up’ movements. Hence
we can view the problem as being the number of ways of placing i identical objects
(the down movements) in n ordered positions (the total number of time steps).
The number of ways of placing n distinct objects in n locations is n!. However,
this overcounts the number of ‘up’ movements by a factor of (n —1)!, since they are
indistinguishable, and overcounts the ‘down’ movements by a factor i!. Hence the
total number of distinct combinations is n!/[i!(n — 7)!], which is simply C".
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$115.76

$110.25
$105 $104.74
$100 $99.75
$95 $94.76
$90.25

$85.74

Figure C.4: The share prices for the lattice model.

2. We want to verify that the risk-neutral probabilities for the binomial lattice are
consistent with the risk-neutral probabilities derived earlier for the non-recombining
tree,

S — st S0 -8
0 1
P =g (C.50)

Setting SO = uSy, S = dSy and S = e" S, we see that

0 QTSO—dSO
P = S —dSe (C.91)
e’ —d
= — .92
- (C.92)

which is the probability p, obtained for the lattice model. By conservation of
probability we must also have p! = g,.

3. Consider a market with S = $100, p = 0.6, ¢” = 1.01, v = 1.05 and d = 0.95. The
lattice of share prices is given in figure C.4. The risk neutral probability p. can be
calculated as

e’ —d

u—d

1.01 — 0.95

1.05 — 0.95

= 0.6. (C.93)

We now want to price a call option with a strike of $100. The initial price fo of any
derivative is given by the binomial pricing formula

fo=eY Ot S, (C.94)

=0
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where in the case of our call option the payoff function f} = S! —$100. Substituting
in the share prices, we have

f=9$1576 fl=$474 f2=9%0 and f3 =90 (C.95)
The pricing formula then yields an initial cost for the call option of

(1)(0.6)3(0.4)°($15.76) + (3)(0.6)2(0.4)* ($4.74)
fo = 3
(1.01)
= $5.29 (C.96)

Section 11

1. For now, we will assume that W, ,—Wj is normally distributed and merely calculate
its mean and variance. The calculation of the expectation is trivial,

EWayy —Wa] = E[Waps] — E[W,]
= 0, (C.97)

where we have used the fact that the expectation of a Brownian motion W; at any
time ¢t is 0. The variance calculation is slightly more complicated, but not much.

We see that
E[(Wats — Wa)2] = E[W3+b —2WarsWa + Wz?]
= EW7.) = 2BE[WarsWo] + EWZ]
= a+b-—2E[W,,W,]+a, (C.98)

where we took advantage of the fact that the variance of W; is t. But what about the
term E[W,,W,]? The two random variables W,1; and W, are not independent,
so we cannot factor the term into E[W,44|E[W,]. So how do we evaluate it?
Well, we make use of a common trick for generating independent variables. Write
Wars = Wagp — W,) + W,. We then have

B[(Wasy = Wa)?] = 2a+b—2E[{(Wary, — Wa) + W} W]
2a+b— 2E[(Wa+b - Wa)Wa}
—2E[W2]. (C.99)

But now we can make use of the fact that (W,, — W,) and W, are independent
random variables, and hence

E[(Wa+b - Wa)Q] = 2a+b-— 2E[I/Va+b - Wa]E[Wa] - 2E[Wa2]
= 2a+b—-0-2a
= b (C.100)

Thus we see that W, — W, has a mean of zero and a variance of b.
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2. We want to calculate the variance of the asset price process S;, which has a time
evolution governed by equation (11.1),

S, = Sgett—zo o We (C.101)
We already demonstrated in equation (11.10) that the expectation of the asset price

1S

E[S;] = Spe. (C.102)

In order to obtain the variance, we first need to calculate the expectation of the
square of the asset price,

E[Stz] - E [SgeQut—02t+20Wt:|
= ST g [ (C.103)

Since Wy is an N(0,¢) random variable, we can use the result of lemma (11.1) to
evaluate the expectation,

E[S?] = S2eimt-olte2e’t
S2e2mt+a’t, (C.104)
Hence we can calculate the variance as
VIS = EIS] - E[S:]?
5362“t+"2t — 5882/“"
S22 (77t — 1), (C.105)

3. We want to calculate the first four moments for an N(m, V') random variable. To
begin with, we will calculate the first four moments of the ‘standard normal distri-
bution’, N(0,1). Note that by symmetry any odd moments vanish. We can then
calculate the zeroth moment (which must be 1 by conservation of probability) by
using a well-known change of coordinates. We begin by considering the square of

the integral,
1 [ 2
? = —/ e " mdu}
[\/ﬂ o

_ L e 24y /00 eV 2dy
27T — 00 — 00
1 oo o0

= —/ / e 2y dy (C.106)
2m —00 J —0

We then want to change to polar coordinates r and 6

IZ

1 27 00 R
— / e~ rdrdd
27T 0 0

= / e 2rdy (C.107)
0
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Making the variable substitution v = r2/2 we obtain

= / e Ydv
0

- 1, (C.108)

so that I is indeed equal to 1. We can then obtain the other moments by using
integration by parts. For example,

2
—geT /2

1 /OO 2 —x2%/2 - + 1 /OC —;c2/2d
N e = _— —_— e X
V2T J oo V2T - V2T J oo
= 1. (C.109)

For the fourth moment, we have

1 > Fp— —IE367$2/2 1 /OO 2 —2%/2
— xve”? = —— + —= 3x“e” " /dx
V2 [oc V2w - V2T ) o
= 3. (C.110)
Using these results, we can then derive the moments for an N(m, V') random vari-
able,
]_ e (1—171)2
E[X" = / 2"e” 2V dx.
X7 V2V
r=—00

Making the variable substitution v = (z —m)/v/V, we have

E[X" = \/% / (\/Vu—i—m)"e*%du.

U=—00

Expanding the binomial term,

U=00

n Vk/an—k 2

E[X”]:Z( [ )W uFe™ T du.

k=0

U=—00

The integral is now in terms of the moments of an N(0,1) variable, and hence we
can find the values

EX] = m (C.111)
E[X?] = m*+V (C.112)
E[X3] = m®+3mV (C.113)
EXY = m*+6m?V +3V2 (C.114)
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4. We want to calculate E[e®X] and V[e®X] for an N(m, V) random variable X. We
already calculated the expectation of e®X in lemma 11.1,

E[e®X] = eomt3e?V, (C.115)

In order to obtain the variance, we need to consider the expectation of (e®X)? =
e2eX  This is easy to evaluate, again by using lemma 11.1,

Be?0X] = g2amt2aV, (C.116)
Hence the variance is
V[eaX] _ E[e2o¢X] 7E[eaX}2
—_ 62am+2a2V o €2am+a2V
erom 202V (1 _ gmatVy, (C.117)

5. We want to show that M;(W;) = eaWi—30t g 5 martingale, that is, Fs[M;] = M.
The simplest way to do this is to rewrite M; in terms of random variables that are
independent of the conditioning at time s. That is, write

Mt _ ea(Wt—WS)-&-aWS—%azt

; (C.118)

which is a function of the N(0,¢ — s) random variable (W; — W) and the constant
Ws. Note that (W; — W) is independent of any conditioning at time s because
of the independent increments property of Brownian motion, while W is fixed by
the fact that we know what actually happens at time s—this is what a conditional
expectation means. Thus we can calculate the conditional expectation of M; by
integrating (C.118) over the probability distribution for (W; — W) and treating W
as a constant,

° 1
E [My] / exp [ax +aWs — -«

2 24 2m(t — s) eXP{ = }dx

2(t — s)
= \/t—li exp |:04W5 — %a%}
-5
1 o x?
x\/—2_7r/ exp {—m +a;v] dx. (C.119)

We then want to use the result, which is not difficult to prove, that

1 > 1 1 b?
T [m exp [211:132 +bx+c] dx = ﬁexp {Qa + c} . (C.120)

In our case we have

, b=a and ¢=0, (C.121)



and hence

1 1, 1,
E;[M;] = mexp {aWS 5C t} Vit — s exp [ 5C (t s)]
1
= exp |aW, — 50128}
= Ms7

so M is a martingale.

(C.122)

6. We want to show that N; = cos(ﬂWt)e%’BQt is a martingale, that is, E4[N;] = N.

Begin by rewriting IV; as the real part of a complex function,

Nt =

If we then set § = —ia, we obtain

Ny =

COS(ﬁWt)G%’B2t

Rexp [i/BWt + %ﬂzt .

Lo
Rexp [aWt - iazt

RM;,

(C.123)

(C.124)

where we have substituted in the martingale process M; considered in the previous
question. Taking expectations then yields

Es [Nt]

B [RM,]
RE,[M,]
RM,

R exp {an — ;OZQS:|
. 1 5
Rexp |i8Ws + 56 s

cos(BWy) exp l:%ﬁ28:| .

Thus we see that the process NV; is indeed a martingale.

Section 12

(C.125)

1. We want to show that the Wiener model for an asset price process, with dynamics

given by equation (11.1)

S; = Spexp [(u - %02> t+th] ,
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satisfies the stochastic differential equation (13.1),

s,

t

= pdt + odW. (C.127)
To do this we define the stochastic process
L,
Xe=(p— 3¢ t+ oW, (C.128)
which clearly satisfies the differential equation
1
dXt = (M— §U2> dt+Uth (0129)
Moreover, if we square dX; then we obtain

dX? = o?dt, (C.130)

where we have applied the Ito calculus rules dt? = 0, dtdW; = 0 and dW}? = dt.
We can then consider the asset price process S; as a function of a process for which
we know the differential equation, namely X;. Using Ito’s lemma on the function

Si(X;) = SpeXt we obtain

d(S;) = Spd(eX)
e 1%
= So |:a—)(tht + 58—)(EdXt:|

1
= Soext |:dXt + EdXE]

1 1
= St |:(,LL502> dt+0’th+§Cf2dt:|

Thus the Wiener model asset price process S; satisfies the desired differential equa-
tion.

. In this exercise, we want to calculate the stochastic differential equations for a
number of stochastic processes X;. We can do this by considering them as a function
of both a Wiener process and time, that is X; = X;(W;,t). Ito’s lemma then tells
us that the stochastic differential equation is

X, X, 102X,

dX, = Wdt + aw, awy; + 55‘—VVt2dt’ (C.132)
where we have set dW7? = dt in the final term. Thus,
(a) for the process X; = W2 —t,
dX, = —dt+2WdW, +dt
= 2WdWy; (C.133)
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(b) for the process X; = W2 — 3tW,,

dW; = —3W.dt+ (3W? — 3t)dW; + %GWtdt
= 3(W2—t)dWy; (C.134)
(c) and for the process X; = W} — 6tW2 + 3t2,
dX; = (—6W2+6t)dt + (AW — 12tW,)dW,;
+%(12Wf — 12t)dt
= AW} — 3tW,)dW,. (C.135)
3. We want to calculate the product rule d(X;Y;) for stochastic processes X; and Y;.

Expanding the differential as a Taylor series in dX; and dY;, and remembering to
keep all terms up to the second order, we have

2
axy) = P ax, A0 a4 ST
19%(X,Y,) (X 1h)
2 9Y? X, Y,
Y,dX, + X,dY; + dX,dY;. (C.136)

dX?

dY? + dX,dY,

4. We can calculate the division rule for stochastic differentials d(X;/Y;) in a manner
identical to that used for the product rule in the previous question,
O(X4/ Y1)

(X, /Y, 10%(X,/Y,

d(Xt/}/t) = det%»(atY/tt)in+2(8)Z{2t)
12(Xy/Yy) 0*(X/Y1)

2 oY 0X,0Y,

_ 1 Xy X

R TR R ¥

X; [dX; dY;  dY?  dX.dY;

_ X, dY; _ , 1
vilX W T T X (0.137)

dX?
ay; + dX.dY;

1
dY? — —dX,dY;
t Yt2

Section 13

1. Starting with nothing, if we take the position V; = C; — ¢Sy — 1 B; then since it
has no net value, we can solve for the bond position 1)

— St
Y = B, on B, (C.138)

At time ¢ + dt the value of the portfolio has changed to
dVy = dCy — ¢1dSy — 1:d By, (C.139)
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where we have kept the stock and bond holdings fixed. Substituting in for the
stochastic differentials from equations (13.1), (13.2) and (13.4) we obtain

_0C,  OC, 19°C;
dV, = grditgedSit g ae

_ (2 2 ) v Bydt, (C.140)
t

dS? — ¢,dS,

Since dS? = o07S?dt, the only differential that contains a random component is
dS;. Hence we can obtam a guaranteed return on our portfolio if we set the stock
holding ¢; to be

oC,

= —. 141
b= 55 (C.141)
The fixed return is then
oc, 1 820t oC,
d‘/t = (W —+ 5 t2 St 852 TtCt + TtSt 85 dt. (C142)

By the no arbitrage condition this must be zero, and hence we recover the Black-
Scholes equation

Ttot + TtSt BC =0. (C.143)

0C 02
8 0S¢

12
ot " 27t%t

2. We want to value a call option for T'— ¢ = 0.5, K = 115, S; = 100 ¢ = .2 and
r = 0.05. We find that

ht = —0.741
h~ = —0.882
N(hT) = 0229
N(h™) = 0.188 (C.144)

and hence the call option price is $1.76.

Section 14
1. We want to verify that the trading strategy (¢¢, 1:) is self-financing.

(a) We begin by calculating the stochastic differential of the ratio of the derivative
to the bond price,

J(C\ _ 4G CdB,  dCidB
B:) B B? B?
- G(da_db
B Ct Bt
- gt (WSt + oCdW, — redt) . (C.145)
t



We then move on to the ratio of the asset to bond price,

oud (&) o (@ 8B, dCtdBt>

B, B, B2 B2
_ ofCis, (45, dB,
O'tSt Bt St Bt
C
= i Ct (,U,tdt + O'tth — ’I"tdt) . (Cl46)
O'tBt

Taking the difference between the two yields

Cy S, Ci i o o
d (E) — (btd (E) = E [/Jt dt + o th - ’/‘tdt
C
-t (Mtdt + O'tth — Ttdt):|
Ot
c c _ —
- Gor [“t a4 dw, — gy - th}
Bt Oy Ot
CtUtC NtC_Tt Mt — Tt
= dt — dt
Bt O'tc Ot
= 0. (C.147)

(b) The equation C; = ¢St + ¥ By can be taken as the definition of ¢;. Hence

calculating the differential,
Cy St
Bid| = — pr—
(G -ag)

Cy Sy St
Bija(G) - ot () - donyr

ana(5)] s

Bydy

Using the differential rule for ratios of stochastic processes that we calculated
in exercise 12.4, we obtain

Sid By dS:dB;

Bidipy = —dySy — dydSy + dpy—p— + déy— (C.149)
t t

We then notice that since dB, is deterministic, that is, it has only dt terms
and not dW; terms, the product of dB; with any other stochastic differential
is always zero. Hence we obtain

Bydipy = —de Sy — dedSy. (C.150)
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(¢) Finally, if we take the differential of C; we obtain
dCy = ¢pdSy + dpy Sy + dpdSy + dipy By + 1 dBy + dipyd By. (C.151)
We then want to set dy;dB; = 0 and substitute for B;dvy; from above,

dCy, = ¢dS; + doySy + dpdS; — dpySy — dpdSy + Y d By
= GdS; + pdBy. (C.152)

Thus, we see that the trading strategy (¢, 1) is, in fact, self-financing.

Section 15

1. We want to calculate the expectation of a stochastic integral

I= /0 o(W,)dWW,, (C.153)

where g(W;) is an arbitrary well-behaved function. Recall from equation (12.3)
that the definition of the stochastic integral is

N
I= lim Y g(Wy,)(We,,, — Wi,), (C.154)

N—o00 4 ‘
=0

where the t; are some partition of the interval [0, 1]. Taking expectations of this we

have
N

BlI] = Jim > Elg(W,) (W,

W, ). (C.155)

i+l i

But by the independent increments property of Brownian motion, we know that

(Wi, — Wy,) and Wy, are independent random variables and hence we can factor
their product in an expectation, that is,

N

i=0

But the expected value of the difference of a Brownian motion at two different times
is zero E[(Wy,,, — Wy,)] = 0 and hence every term in the sum vanishes. Thus

E[I] =0, (C.157)

which is what we set out to prove.

2. We want to verify that the function

Az, 7) = E[f(z+oW,)]
IS T o &
— \/%/m f(x—l—af)exp[ 27} d¢ (C.158)
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is a solution of the heat equation

0A 1 ,0%A

In order to simplify the calculation, we define a new integration variable n = x4 o¢.
This has the effect of moving the x and 7 dependence from f into the exponential,

A= \/% /_Z f(n)exp {—(772;2::)2] dn. (C.160)

We now need to calculate the derivatives,

04 _ L[ (1~ 2)°
o = gy | e [
1 [ (n —x)* (n—x)?
+\/% [m f(ﬂ)W exp {—W] dn (C.161)
and 0A 1 e ( )2
_ n—x n—x
dx  2mr /ﬂo f) o2 P [_W} i (C.162)

which yields

A 1 ° -1 (n—x)?
oz \V2rmT /700 f(n)ﬁ P [ 2021 } d

+ \/217r—7' /Z f(n)% exp {_(17—:5)2] dn (C.163)

from which the result follows.

. We want to price a forward contract with strike K and maturity 7. The payoff
function F(St) = St — K is simply the difference between the share price St at
maturity and the strike price. Writing the derivative price in terms of an expectation
we obtain

F, e "TE*[F(St)]

= ¢ "B [Sr - K]
e "TE*[S7] — e "TE*[K]. (C.164)

But in equation (15.43) we calculated the price of a derivative that simply pays off
the share value at maturity, and found that it was just the initial share price Sjy.
This result allows us to evaluate the first term in equation (C.164). To evaluate
the second term, we note that the expectation of a constant is simply its value. We
then have

Fy=5,—e¢"TK, (C.165)

which is the no arbitrage price for the derivative. The value of the strike K which

zeros the initial cost of the derivative is Soe™ . This is called the forward price for
the asset.
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Section 16

1. In this question we want to calculate and plot the partial derivatives of the call
option price with respect to various parameters. These quantities are useful when
trying to create portfolios which are hedged against movements or estimation errors
in the parameters. Recall the that price of a call option is

Co = SoN(ht) — Ke "' N(h™). (C.166)

If we differentiate this value with respect to an arbitrary parameter x we obtain

aCy 0 Y B
Br = pglooN(hT)] = o [Kem N(h7)]
B OKeT)
Oz N(RT) Oz N(R")
ON(h") —rON(h7)
8y g K T (C.167)

We can simplify the last two derivatives. Begin by using the chain rule for differ-

entiation, N
+
8N(h ) _ 1 8h e_(hi)Z/Z. (0168)
ox Var ox
If we substitute in the values of h™, we see that
rT F1/2
e (W)?/2 _ =X (%) , (C.169)
where _ s 1
(log S/K)* + 30T
X = 552 4 . (C.170)
Substituting this back into equation (C.167) we see that
800 850 8Ke_TT _
— = ——N(h")- “——N(h
oz ox () ox (h7)
+So€7(h+)2/2 —ath — Ke T~ (h7)/2 Oh~
ox oz
850 OKe™ T _
= —N(h")- ——N(h
5 V() 5 V(hT)
Lox (SoENTZ ot (SoK\'? on-
e’ Ox e ox
880 OKe™ T _
= ——N(h")- ——N(h
5 V() 5 V(hT)
1y [SeE\"?a(ht —h)
+ _27Te ( T ) o (C.171)
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But AT — h™ = 0+/T and so we end up with the relatively simple formula

0C) 08y OKe T

e - %N(hﬂ— B N(h™)
1 (SoK\"? 0(cvT)
+me (eTT> o (C.172)

The first quantity that we want to calculate is the change in the option price
with respect to a change in the value fo the underlying asset price. We see
that only the first term in equation (C.172) contributes and

0C)y

Sy
= N(h). (C.173)

A:

If we now take a second derivative of this,

82C,

953

ON(h)
S,

T —1/2
I <S°6 ) (C.174)
vV 27‘(’ O’\/TSO K

If we calculate the effect of varying the volatility, only the final term in (C.172)
contributes,

r =

aC,
V.= %
1 SoK\/?
- Ee_x<e?@) VT. (C.175)

Calculating the change in the derivative value as we change the time to expiry,
we get contributions from the last two terms in (C.172),

0Cy
9p = 29
oT
]. _X 50K>1/2 ag —rT _
= — e —rKe " N(h C.176
= (3r) %= (h) (a7
Finally, if we vary the interest rate we obtain
e
F= "5
= EkTe ""N(h7). (C.177)



Section 17

1. We want to calculate the initial value of a binary put option with a payoff function
BPr(St) = H(K — St) at time T. Using the derivative pricing equation (15.38),
we see that

BPy, = ¢ "TE*[BPr(Sr)]
- \6/% [ O; H(K — Sp)e € /2T dg
N \e/% /:H(K Soexp| (r — %JQ)TJrgg])ef&/szg
- e\/;/O;H(K—SOEXp[(T_;JQ)T_’_O_\/T?”)

xe™2dp, (C.178)

where we have made the substitution = £/4/T in the final integral. The Heaviside
function is non-zero only when

1
Sy exp {(r - 5aQ)T +oVTh| < K. (C.179)
Taking logarithms and isolating 7 yields
1
(r— 502)T +oVTny < —log(S/K)

N < —1og(5/K)+(r_%a2)Ta\/:F

n < —h". (C.180)
Thus the integral simplifies to
el =ho 2
BPy = e /2
0 o . n
= e "I'N(=h"). (C.181)

We could have calculated this result by using the binary call option price, calculated
in equation (C.250)

BCy=e¢"I'N(h7), (C.182)
and the put-call result of equation (17.16)
BCy+ BPy=¢""T. (C.183)
These two equations immediately tell us that
BPy=¢"T[1-N(h7)). (C.184)

If we then use the relation N(z) + N(—z) = 1, we recover the formula calculated
above,

BPy=e¢ "TN(-h7). (C.185)
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2. Using positions in the underlying and call options, we want to construct a Gamma
neutral portfolio which is short one binary call. If we hold ¢ shares and v call
options, then the value of the portfolio is

Vo = —BCp + ¢So + ¢¥Cy. (C.186)
Differentiating with respect to the share price, we find that
A=—Ap.+ o+ VA, (C.187)

where Ay, and A, are the Deltas of the binary call and call options respectively.
Differentiating again, we find the Gamma of the portfolio,

I'= T4+ 9yl (C.188)
Making the portfolio Gamma neutral, we can solve for the value of 9,

o Fbc
=7 (C.189)

We can then make the portfolio Delta neutral, and hence obtain the value of ¢,

Ty
¢ =Dy — A (C.190)

In a previous exercise we determined the values of Delta and Gamma for the call
option
1 e X K

B oVTSoy V21 \ Soer™’

(log S/K)? + 1o41?
X = . C.192
202T ( )
Substituting in the numbers K = 120, Sy = 100, »r = 0.05, 0 = .2 and T = 1.0 for
the call option, we find that

A, =0.287192 and T = 0.0170369. (C.193)

A.=N(h") and T, (C.191)

where

To calculate the Delta and Gamma for the binary call, we recall that the price is

BCy=e"'N(h7). (C.194)
Differentiating twice with respect to Sy we find that
-t 1 1 A
Ay =S and Ty, = b pt. (C.195)

TN T VTS
Substituting in K = 110, Sy = 100, r = 0.05, 0 = .2 and T' = 1.0 we find that

Ap, =0.0179891  and Iy = 0.000113827, (C.196)
which allows us to determine the share and call options holdings,

¢ =0.0160703 and ¥ = 0.00668119. (C.197)
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3. We can Gamma hedge a short position in a call option with strike K; by using a
position in both the underlying asset and a call option with strike Ko. Besides the
underlying asset, we could actually use any derivative based on the asset to Gamma
hedge the call option, as long as the derivative has a non-zero Gamma itself. So we
could, for example, hedge a call option with a strike of $100 by using the underlying
and a call with a strike of $120.

4. In order to derive the put-call relation when S; is the price of sterling in dollars,
we need to calculate the value of a forward contract with strike K. Suppose that a
dealer agrees at time 0 to pay K dollars for 1 pound sterling at time 7', receiving an
initial payment of F dollars for entering into the contract. How can he determine
the arbitrage free value of F{y? Well, he can replicate the dollar cash-flow by going

short Ke™" dollars in the dollar money market account, where 7 is the dollar
interest rate. This will be worth —K dollars at time 7. Similarly by taking a

long position of e?” pounds in the sterling money market account, where p is
the sterling interest rate, we produce the 1 pound cash-flow at time 7. The dollar
value of the replicating portfolio is Sge™#7 — Ke~"" dollars, where Sy is the initial
exchange rate. By the no arbitrage condition, the value of the forward contract
must equal the calue of the replicating portfolio, and hence

Fy = Spe™™" — KefT. (C.198)

But the payoff of portfolio with a long position in a call and a short position in a
put, both with strike K and maturity T, has the same payoff as a forward contract
with the same strike and maturity. Hence the initial prices must also be the same,

SO
Co— Py = Spe "1 — KerT, (C.199)
which is the put-call relation for foreign exchange options.

5. We can verify the put-call formula explicitly by using the Black-Scholes formula for
the call and put option prices. Recall that the call option price is given by

Co=e "T[Soe" ' N(ht) — KN(h7)). (C.200)
But the cumulative normal density function satisfies N(z) =1 — N(—z). Hence
Co=e"[Spe™ (1 = N(=h™)) — K(1 — N(=h7))], (C.201)
which can be written in the form
Co=S8y—e¢ ™K +e ™ [KN(~h™) — See" ' N(~h™T))]. (C.202)

The last term in this expression is the value of a put option, as given in equation
(16.35). Thus, we can write

Co =5y — e_TTK + Pp. (0203)
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Section 18

1. To calculate the put-call relation for the constant dividend yield model we simply
equate the value of a portfolio which is long a call and short a put with the value
of a forward contract, where all three derivatives have the same strike K and the
same maturity 7. Hence

Co — Po = S()GiST - KeiTT. (C204)

2. We want to derive the Black-Scholes equation by using a no arbitrage argument on a
hedged portfolio. Starting with nothing, if we take the position V; = Cy— ¢St —v: B
then since it has no net value, we can solve for the bond position

G S
(U B, oy B, (C.205)

At time t + dt the value of the portfolio has changed to
dV;, = dCy + 6C Cydt — ¢dS; — ¢16,Sydt — by d By, (C.206)

where we have kept the stock and bond holdings fixed, and included the dividend
payments that we receive for holding the derivative, minus the dividend payments
that we must make since we are short the stock. Substituting in for the stochastic
differentials from equations (13.1), (13.2) and (13.4) we obtain

8C’t 8C’t 1 aQCt
av, = Ltgryrag il
K T A W
G
B,

dS? — ¢dS,

+((StCCt - qbtétSt)dt — ( gbt %) TtBtdt. (0207)
t

Since dS? = o07S?dt, the only differential that contains a random component is

dS;. Hence we can obtain a guaranteed return on our portfolio if we set the stock
holding ¢; to be

0C4
= — . .2
b= (C.208)
The fixed return is then
oC, 1 0%C aC,

By the no arbitrage condition this must be zero, and hence we recover the Black-
Scholes equation

aC, 1, ,0°C
o 275 gg

oC: _
0S;

— (ry = 69)Cy + (ry — 6,) Sy 0. (C.210)
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3. We want to verify that the derivative price

—(r=6)(T—t) oo

(& 12
Ci=—"F7——— F(Sr)e 3¢d C.211
t \/ﬁ . ( T)e 5 ( )
where .

St = Sy exp {(r —6— 502)(1’ —t)+ovT —t€ (C.212)

satisfies the continuous dividend yield Black-Scholes equation

aC; 1 5 ,0%C, 0C, O\
9 +2a o 957 +(r—5)StaSt —(r—0%)Cy = 0. (C.213)

Calculating the derivative with respect to the asset price using the chain rule, we
have

—(r=86¢)(T—t) poo Lo
9C: _ e OF(S1) 05t ¢y (C.214)
0S; o oo OST 0S:
We see that 98 g
T _ 2T
G—St =5, (C.215)
and hence

oC, e rINIT=D = gp(Sy) Sp

aS,  Von e 057 S

Calculating the second derivative, we obtain

e3¢ . (C.216)

2 —(r=8°)N(T—t) o 92 2,
0 _c OL (1) 51 —ye e (C.217)
3St \/ﬁ —00 a‘SVT St

We then want to convert one differentiation with respect to St into a derivative
with respect to &,

2 —(r=86°)(T—t) poo 92 2,
0 C;t = O°F(Sr) 0¢ S—Qe—af d. (C.218)
S N . 9€0Sy 9Sr S

Inverting the relationship between St and &, we have

- log Sy —log Sy + (r = 0)(T —t) — 20%(T — t)

C.219
ovT —t ( )

and hence o )
= . C.220
951~ SroyT =i (C.220)

Thus
2 —(r—6°)(T—t) poo 92 2,

0°C _ e O°F(Sr) 1 ST ~4¢ de. (C.221)

D52 V2r o 060Sy SroT —t 52
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We now want to integrate by parts to remove the derivative with respect to £. The
boundary terms at positive and negative infinity will vanish. Hence we are left with

02C, e~ (r=3)(T-t) /Oo OF (S1) [ T — _Eor_

B oVl —t

= —3¢&
55 NG 5 }e de. (C.222)

The derivative with respect to time is slightly more complicated,

aC, o e~ (r=3DT=t) 1 HF(S) OSp 1,
RS | 387 de. )
R v~ T UL (C-223)
We note that iy ) ¢
T 2 g
—_— = —6—= — | .
o Sr {(r 50"+ g7= t] (C.224)

Substituting back in, we have

0C%

ot (r—09)C; -
—(r=38°)(T—t) oo OF(Sr) 1
e T 2 ol —1
S —0— -0+ —— 2 25
V2T o OST r |:T 20 2T — t] ‘ ?2@8 )
Combining all the terms we see that the equation is satisfied.
. Recall that the call option payoff is

F(St) = max(St — K, 0). (C.226)

Hence the initial price of the derivative is

c = /OO F (s ex [(r — )T + oVTE — 22T ) exp | - 1¢2
SR SN 2 '
_ e—rT /°° max (Sg exp [(7‘ -0)T+ 0\/T§ — %UQT} - K, O)

V2 o
X exp {—%5] d€. (C.227)

In order to evaluate the integral we need to remove the max function. This can
easily be accomplished because it will be nonzero only when

1
So exp {(r — T+ oVTE — 502T] — K >0, (C.228)
which is equivalent to

exp {(r —OT +oVTE — %#T] > K/S. (C.229)
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Taking logarithms of both sides we obtain
1
(r—0)T +oVTE — 502T > log(K/Sp). (C.230)

We then want to isolate the integration variable £. This will allow us to discover
the integration region where the max function is nonzero. We find that

£ log(K/Sp) — (r —d — %Jz)T.

C.231
T (G281)
If we define the critical value £&* to be
e = log(K/So) — (r— 6 — 30T (C.232)
oVT ’
then the max function can be written as
1
max (S’o exp {(r —OT + oVTE - 5UQT] - K, 0)
_ S e(T‘—(s)T+U\/T£—%U2T - K > £*
{ S0 g z g (C.233)

Since the integrand vanishes for £ < £*, we only need to integrate ove r the region
where £ > £€* and the max function takes on a positive value. Hence the derivative
price becomes

T %)
Co = eﬁ 3 (So exp [(r — )T +oVTE - %UQT} - K) exp [—352} ds.

(C.234)
This integral involves two terms, and it is easiest to evaluate them separately. If
we define

A 1 1
I, = S —0)T + \/T——QT] [—-Q}d
1 Vi .. 0 exp [(T )T +0oVTE— 50 T | exp | —5& | dE
Y B [ Ler y oyge ! 2T} (C.235)
= — Xp |—= o — = .
\/27‘( &* 0 P 2 2
and
L--k" " [ 152} de (C.236)
= — exp |—= , .
2 o . p 2

then the derivative price is simply the sum of the two integrals, Cy = I; + Is. The
second integral is easier, so we shall calculate it first. Before we do this, consider
the following result

1,2
e 2% du

Q\
™|
oy
QU

ax
|

V27 Ja Vo )ew
N(—z), (C.237)
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where we made the substitution u = —¢ in the first line and N(x) is the stan-
dard normal cumulative probability density function, previously defined in equation
(11.4). Using this result, we see that

e~T —€ 1¢2
Iy = -K e 28°d
= —Ke "TN(-¢%). (C.238)

However, the standard way of writing the Black-Scholes formula is not in terms of
£*, but rather in terms of two new constants h™ and h~, defined to be

it log(S/K) + 15T

, C.239
VT (€239
where S is the forward price Soe" 97T If we then rewrite —¢* as
o _IoB(E/S) ~ ((n =T — 4oT)
B oVT
_ log(So/K) + (r —6)T — 30°T
B oT
log(S/K) — 10T
_ log(S/K) —50°T (C.240)
oT
we see that
—¢*=h" and & +oT =h". (C.241)
Hence we can write the integral I as
I=—e"TKN(h™). (C.242)

We now want to calculate the slightly more complicated integral I;. We begin by
‘completing the square’ in the exponential,

L= [T Loy ouTe - Lo2r|
T . OGXP[—§§ +o 5—50 } 3
Soe_[sT i 1 \/— 2
= Vir e exp [—5(5 —oVT) } dg. (C.243)

We then want to make a change of integration variable to n = & — ¢+/T. In this
case d€ = dn, and the lower limit of integration & = £*, becomes the new lower

limit n = £* — 0/T = —h™. Hence the integral becomes
S —oT =00
I =22 / e 2" dn. (C.244)
V21 Jp=—n+
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We can then use the result (C.237) to write the integral in terms of N(x),
I = Spe °TN(hT). (C.245)
If we then sum the values of the integrals I; and I we obtain

Co = e " [Spe" DT N(hT) — KN(h7)]. (C.246)

. Suppose that we want to calculate the price for a binary call option. Using equation
(15.38), we see that

BCy = e "E*[BCr(Sr)]

—rT
= / H(Sr — K)e €/ dg

—rT
= 27TT/ HSoexp[(r—é——U )T +0&]-K)
xe & /QTdf
—rT

= \/ﬂ/ H( Soexp[(rfﬁffa )T + oVTn]-K)

xe~ " /2dp, (C.247)

where we made the substitution n = &/ VT in the final integral. The Heaviside
function is non-zero only when

1
So exp {(r - 6502)T +ovTn| > K. (C.248)
Taking logarithms and isolating n yields

(r_6%UQ)T+U\/T77 > —log(5/K)
log(S/K) + (r = 530*)T

! T
n > —h". (C.249)
Thus the integral simplifies to
e—rT [e%e] 5
BCy = e~ /2d
0 o - n
= e "'N(h). (C.250)
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Section 19
1. Suppose that X; is a stochastic process with dynamics
dX, = F(X,,t)dW,. (C.251)

We can integrate this equation to obtain an expression for X,
t
X = Xo +/ F(X,,u)dW,. (C.252)
0

To show that X; is a martingale, we need to demonstrate that F,[X;] = X, where
E,[—] is the expectation operator, conditioned upon knowing the values of X, for
0 <wu < s <t If wetake the condtional expectation of equation (C.252) then we
obtain

EJX) = E, [XOJF /otF(Wu,u)qu}
= EJXo + E, [ /O ) F(Wu,u)qu]
+E, [ / t F(Wu,u)qu] (C.253)

where we have split the integration up into an integral between 0 and s and an
integral between s and t. By the definition of conditional expectation we know
the values of W, between 0 and s, and hence the integral between 0 and s is
‘deterministic’ rather than ‘random’. Thus its expectation is simply the expectation
of a deterministic function, which is simply equal to the value of the function, so

E[,[X:] = Xo + /O F(Wy,w)dW, + E, Ut F(W,, u)qu} . (C.254)

Using the definition of a stochastic integral, we then want to write the integral
between s and t as a sum,

N

EfX)] = Xo+ /0 F(Wo, 0)dW,, + B[S F(Wy,, 1) (Wi, — Wy,)]
=1
N
= X+ Y EJF(Wi, t:)(W,,, — Wy,)] (C.255)
1=1

But, by the independent increments property of Brownian motion, (Wy,,, —Wy,) is
an N(0,t;41 — t;) random variable that is independent of F(W¢,,t;) and hence we
can factor the expectation,

W) (C.256)

i1 i

N
Ey[X)] = X+ Y By[F(Wy,, 1:)|E[(W,
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Moreover, the independent increments property also implies that (W;,,, — W,) is
independent of the value of W,, for 0 < u < s, and hence it is not affected by
the conditioning up to time s. Therefore we can drop the conditioning on the
expectation and we simply have

i

=X, + ZE (W, t)E[(We,,, — W) (C.257)

But the expectation of (W;,,, — W;,) is zero, and so the summation vanishes and

we are left with
Ey[X] = X, (C.258)

which says that X, is indeed a martingale.

. We want to calculate the stochastic differential equations that are satisfied by S;/B;
and pySt/B;. Using the division rule for stochastic processes, we see that

St St dS; dBy; dS;dB;
d| = —_— = — . C.259
(Bt> B, [ St By Sy By ( )
Recall that
dSy
—— = pdt + oydt (C.260)
St
and B
Et = rdt. (C.261)
Subsituting in these values, we see that dS;dB; = 0 and
S S,
d (Bi) = Btt [(pedt + o0 dWy) — 7ydt]
S.
= Bt [(,ut - ’I"t)dt + O'tth] (0262)
t

The second stochastic equation can then be calculated by using the product rule,

ptSt ptSt [d(st/Bt) dpy | dpy d(Si/By)
d = +— + . C.263
< Bt ) Bt St/Bt Pt Pt St/Bt ( )

We previously showed that
dpy
Pt

where Ay = (ut —1¢)/0¢. Using this expression, and the value of d(S;/Bi) calculated
above, we see that

dpt d(St/Bt) -
ot Si/B: AedWi[(pe — 7r¢)dt + oy dW

= —)\tUtdt
—(pg — re)dt. (C.265)
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The differential equation for p;S;/B; then becomes

S, S,
d (ptB t) = ptB ¢ [(,U/t — ’I"t)dt + O'tth — )\tth - (,LLt - Tt)dt]
t t
= (o, —\)2 jBS Law,. (C.266)
t

. The stochastic differential equation for p; is
dpt = —Pt)\tth- (0267)
Integrating this, we obtain

t
Pt = Po —/ PsAsdW (C.268)
0

The initial value of p; is 1, hence
t
pr=1 —/ PsAsdWs. (C.269)
0

. If \¢ is constant, then we can evaluate the integrals in the expression for p; in order
to obtain

1
Pt = €Xp |:—)\Wt - 5)\2t:| , (0270)

which we can write as

Pt = pPs €XP [)\(Wt - Wy) — %)\Q(t - s)] . (C.271)

If we calculate the conditional expectation in the risk-neutral measure of Wy, we
see that

EXW,] = L[’; Wil
= E, [exp (—/\(Wt - W) — %)\2(t — 5))
x {(Wy — Wy) + W} (C.272)

With respect to the conditioning up to time s, W is a constant, and W; — W is an
independant N(0,¢ — s) random variable. We can calculate the expectation more
compactly by defining X = W; — W,. Hence

E:Wy] = E [X exp (—/\X - %)\Q(t — s)ﬂ

+W,E {exp <—>\X - %)\z(t - s)ﬂ : (C.273)
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We can then calculate the two expectations individually,

E {X exp <—>\X - %V(t - s))]

\/ﬁ /Oo 2 exp (—)\x - 1A2(t - s)) exp (—2(:7;)) d

277(125 / xexP( zé(is)s)] )dfﬂ (C.274)

But this is simply the expectation of an N(—A(t—s), (t—s)) random variable, which
is —=A(t — s). Following the same steps, we see that the second integral is Wy times
the integral over the probability density function, which is 1. Thus

E:Wi] ==Xt —s) + Ws. (C.275)
The expectation of W2 can be calculated in an identical manner.

. We want to show that Htc = p:C¢/B; is a martingale under the measure E. We
can do this by calculating the stochastic differential and show that it does not have
a drift term. Using both the product and division rules for stochastic differentials,

we see that
g (2Ce _ piCi [dpe  dCy  dpidCy  dBi] (C.276)
Bt Bt

Dt Cy pt Ci By
The differential equation for C; is

aCy

o= pCdt 4+ o dwy, (C.277)
t

and if we substitute this expression, and the stochastic differentials of p; and B;
given above, into equation (C.276), then we obtain

d (ptBCt) — ptBCt [—Atth ( dt —+ o th) )\to't dt — Ttdﬂ (0278)
t t

But from the no arbitrage condition we can write \; as

c _
A = Ky CTt’ (C.279)
O
and hence
(28N PG Wt a4+ oCaWh) — (i — )t — redi]
Bt Bt
= (UtC*At)ptCtth (C.280)

Thus TI¢ is a martingale.
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D Some Reminders of Probability Theory

(by R.F. Streater)

D.1 Events, random variables and distributions

An event A is a subset of a space (the sample space 2); more exactly, A is a
measurable subset. We are given the probability p(A) for all events A C ;
it is nonnegative, and p(2) = 1. We say that two events, A C ) and B C ,
are independent if

p(AN B) = p(A)p(B). (D.1)

A random wvariable is a function f : Q2 — R; more exactly, it is a measurable
function. We shall sometimes write r.v. for random variable. If f takes
discrete values {z1.xs, ...} then we can define the distribution function of f,
according to

ps(j) = Prob{f = z;} = p{w : f(w) = z;}. (D.2)

If f takes continuous values, then the probability that f takes a particular
real value might be zero; in that case we can define the cumulative distribution

function
Pi(x) = Prob{f <z} =p{w: —o0 < f(w) < z}. (D.3)

We say that a random variable f “has a probability density” if its cumulative
distribution is differentiable; we then define its density to be

pr(@) = d?ﬂgw); (D.4)
and to first order in dx,
pf(x)dr = Prob{z < f <z + dx} (D.5)
and ,
Prob{a < f <0} = [ py(a)da (D.6)

The cumulative distribution of the standard normal distribution is denoted
Erf(z), or N(z) in this course.
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D.2 Expectation, moments and generating functions

The expectation of the random variable f, defined abstractly by

Elf] = [ fwhpl(dw) (D7)
in terms of the measure p, reduces when the space € is discrete, to

Elf] =) fw)p(w). (D.8)

Exercise D.1 Show that when ) is discrete, the mean can be found in terms
of the probability distribution py of f and the values x; of f according to

BIf) = Y ams(i). (D.9)
J
In the continuous case, it can be shown that
Elf] = /_ 2py(z) da. (D.10)

The n-th moment, m,,(f) of the r.v. f,is defined to be

ma(f) = E[f"] (D.11)

which in the discrete case gives

mn =3 (fw;)" plw) = 3 a7ps(J); (D.12)

w

in the continuous case we get

m, = E[f"] = /O:O z"py(x) de. (D.13)

It is clear that my(f) is the expectation of f; it is not hard to show

Exercise D.2 The variance of f, defined by
VI[f] = E[(f —m)?], (D.14)

is given by V[f] = mgy — m3.
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The moment generating function is defined as

00977,

Z M = ST E[f"6"/nl = E[e). (D.15)

This definition is only possible when the series converges, say for |f| small.
In that case, by Taylor’s theorem, M determines the moments:

d"M
daon

(D.16)

my, =

0=0

It can be shown that M also determines the probability distribution of f;
indeed, m, is determined by ps(z), according to eqgs. (D.12,D.13); in the
latter case, M is the Laplace transform of py:

M(0) :/ e p () da; (D.17)
(if the integral converges); it follows that ps(z) is the inverse Laplace trans-
form of M.

Exercise D.3 Let f be N(m,V); that is,

1 (z =m)” m)2

pr(x) = 2z exp{———"F; (D.18)

Show that m is the expectation (the first moment) and that V' is the variance

of f.

Exercise D.4 Find the n-th moments of a standard normal r.v., with dis-
tribution N(0,1).

D.3 Several random variables

In terms of the sample space, €2, two random variables f, and g, are just two
functions on 2. Given a probability on 2, each will have its own distribution,
ps and pg. In order to discuss the correlation between these, we should
consider the joint distribution. In the case of r.v. with discrete values,
{z;},{yx}, say, the joint distribution of f and g is defined as

Prg(J, k) = Prob{w : f(w) = x; and g(w) = yx}. (D.19)
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We say that two r.v., f and g, are independent if the pairs of events, A and
B, of the form

A = {we:a< f(w) <b} (D.20)
B = {weQ:c<yg(w) <d} (D.21)

are independent for all real numbers a, b, ¢, d; see eq. (D.1).

Exercise D.5 Show that if both f and g take discrete values, then they are
independent if and only if

Pr.g(ds k) = ps(3)pg(k), for all j, k. (D.22)

If both f and g take continuous values, we can define the joint cumulative
distribution function Py, to be

Py y(z,y) == Prob{w € Q: f(w) <z and g(w) < y}. (D.23)

If Py, is differentiable with respect to x and y, we say that f and g have a
joint density function, which is defined to be

9*P
pfvg($ay) = Lo

= : D.24
0xdy ( )

Then the probability that f lies between x and x + dx, and simultaneously
g lies between y and y + dy, is, to second order

Prob{fw € Q: 2 < f(w) <z +dr and y < g(w) <y +dy} = pry(z,y)dz dy.

(D.25)

Again, f and g are independent if and only if
Pro(®,y) = ps(2)pg(y) for all z,y. (D.26)

The correlation between f and ¢ is defined as
C(f,9) = Elfg] — E[f]E[g]. (D.27)

Exercise D.6 If f and g have discrete values, and are independent, show
that the correlation between them is zero. Show the same, if f and g have a
joint density.
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It is not in general true that uncorrelated r.v. are independent. However, if
f and g are jointly normal, then they are independent if and only if they are
uncorrelated. We say that the r.v. f and g are jointly normal if they have a
joint density, and it is given by a function of the form

prg(T,y) = const.exp{—ax® + Bzy — vy + ax + by}. (D.28)

Here, o > 0, v > 0, and 8 must be such that the quadratic expression tends
to zero at infinity in all directions; a and b are any real numbers, and the
constant is such that the total integral over R? is unity.

The joint n,r moment of f and g is defined to be

Mmp, = E[f"¢"],n=0,1,2...;r=0,1,2,.... (D.29)

JFrom this we can define the joint moment generating function to be

My ,(01,65) = S 607605/ (nlr!)m,,.,. (D.30)

n,r=0

Exercise D.7 Suppose that f and g are independent, with either discrete
values, or with a joint density. Show that

Mf’g(el, 02) = Mf(Gl)Mg(Qg) fOT’ all 91, 02. (DS].)
Also, show the converse.

Exercise D.8 Let f and g be independent, with either discrete value or a
joint density. Show that the r.v f 4+ g has generating function My, given by

Mjy(6) = M;(0)M, (6). (D.32)

Exercise D.9 Show that the joint moment generating function of the jointly
normal r.v. f and g is the exponential of a quadratic function of 61 and 6;
conversely, if the joint moment generating function is the exponential of a
quadratic function of 61 and 0y, then the r.v. are jointly normal.

Exercise D.10 Let S be the sum f + g of jointly normal r.v f and g; show
that S is normal.
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We can consider n random variables f1, ..., f,, with joint probability density
D1,..n(21, ..., 2,). This means that each f; takes continuous values, and that

Prob{w e Q:a; < fi(w)<byand ... and a, < f,(w) < b,}

by b
= / ) Pron(T1, .. xy)dey .. dTy,.
a

an

We say that {fi} are jointly normal if the density has the form
1 T T
p(z1,...,x,) = const. exp{—ﬁx.A.x +az.c } (D.33)

for some positive definite nxn matrix A, and some row vector ¢ = (¢, ..., ¢y).
. T . .

Here we have written x as a 1 X n row vector, and x  is its transpose, the

column vector.

Exercise D.11 Let fix,k = 1,...,n be n jointly normal r.v. Show that the
joint moment generating function

M6y, ...,0,) = E[e/1TH0nin] (D.34)
is the exponential of a quadratic expression in {0x}. [Hint: Show first that
by a suitable choice of ay,...,a, we can change the variable of integration
fromxq,...x, toyy =21+ Q1. .., Yp = Ty + Q, 10 such a way that the new
density, as a function of {yx}, has the form

p(y) = const. exp{y.A.yT}. (D.35)

Then, write A = SS" in terms of suitable matrices S, and change the variable
of integration to z = yS.]

D.4 Conditional probability and expectation

Suppose that €2 is the sample space, and p a given probability on 2, so that
p(A) is given for every event A C ). Suppose that we are told that the
outcome w lies in some subset B, but we are told no further information.
Bayes said the probability that w lies in the set A C Q is modified by the
information we have obtained; p(A) should be replaced by the conditional
probability, given B, written p(A|B), where

p(A|B) := p(AN B)/p(B). (D.36)
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The definition requires that p(B) # 0. Notice that p(A|B) is itself a proba-
bility on €2; that is, for A C 2, we have

p(AlB) > 0 (D.37)
p(QB) = 1 (D.38)
p(A1U Ag|B) = p(Ai|B) + p(As|B) — p(A1 N Az B) (D.39)

By restricting, p(w|B) is a probability on B.

If it happen that A and B are independent, then p(A N B) = p(A)p(B),
and from eq. (D.36) we see that p(A|B) = p(B). Thus in this case no
information about A is contained in the occurrence of the event B, and it
makes no difference to the probability of A whether we know B or not.

Another case of interest is when A C B; then AN B = A, and we see:

p(A|B) = p(A)/p(B) (D.40)

which obviously gives
p(A) = p(A[B)p(B). (D.41)

This product structure does not express the independence of A and B; indeed,
in this case A implies B, so they cannot be independent.

We have in mind that €2 consists of the set of price histories from ¢ = 0,
and we are given the price at some later time, say t = 1. This information,
not available at ¢ = 0, increases our information and modifies the probability
we assign to the remaining possibilities. Suppose that we have two time-

steps, as in the figure:
500 S00
< B
0 0
wor s x| 501
S p~10 Slo
e
e Sll

The possible paths can be labelled by the symbols {S% 5% 510 SH1 a5
usual. Remember that there are four possible price histories, even if nu-
merically S°* = S19 as in the binomial model. For this reason, we keep the

(D.42)
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symbols distinct. Thus, 2 = {00, 01, 10, 11}, and has four elements. Suppose
we learn that at time ¢t = 1 the price went up to S°, rather that going down to
S1. Then only the paths S and S%' are possible. Thus, this information on
the price at t = 1 means that the outcome must lie in the set B = {00, 01},
shown, and our new probabilities are

p({00}|S°) = p™, say (D.43)
p({01}[5°) = p™, say. (D.44)

The two possible outcomes, {00} and {01} are subsets of B, the given event;
the original probability, p, at t = 0 before we had any info, can then got from
eq. (D.41), and is thus:

p(w=100) = p(S°)p(00|S°) = p°p® (D.45)
plw=01) = p(S°)p(01]5°) = p’p™. (D.46)

In the same way, if we knew that S' occurred at ¢ = 1 we introduce the
conditional probabilities

p({10}[s%) = p* say (D.47)
p({11}|S") = p" say; (D.48)

then the original probabilities of 10 and 11 are given by eq. (D.41):

plw=10) = p(SH)p(10|S*) = p'p" (D.49)
plo=11) = p(SHp(11[S!) = plp. (D.50)

These are the formulae we used to find the probability of the prices at time
t=2.

Consider now three steps of the time. If we are given that the price-
history went through S° at time ¢ = 1, and were also told the step taken at
time t = 2, the later info must be compatible with that earlier. Thus the
position at time ¢t = 2 must be either 00 or 01. Say it is 00. Then the info at
time ¢t = 1 is summarised by saying that w € B in the figure below, and the
info at time ¢t = 2 further restricts the path to lies in the set C' C B. Then
we see that ANC' = AN BNC, and so for any event A,
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oo o
e
4 G001

SOlO
SO i 1B
SOl 5011
S < U (D.51)

g10 G100

1 ~~—

5 < G101
Sll

p(AlC) = p(ANBNC)/p(C) =p(An BNC))/p(B)p(C|B)
= p(ANC|B)/p(C|B) = p((A[B)|C) (D.52)

SOO

The last expression, p((A|B)|C), is the conditioning of the (conditional)
probability p(e|B), by the info w € C. We see from it that if B = C,
p((A|B)|B) = p(A|B), so the giving of known info does not alter the proba-
bility. More generally, we see that we get the same result, p(A|C), whether
we feed the info in two steps, conditioning as we go, or just use the full info
in one step.

The conditional expectation E[f|B] of a r.v. f, given B, is just the ex-
pectation of f using a conditional probability p(w|B). Thus, in the discrete

| Elf1B) =Y f@pwlB) =Sz, S pwB).  (D53)

i wiflw)=g;
The expression
pr(jIB) = > pw|B) (D.54)
w:f(w)==;
is called the conditional probability distribution of f, given B. It enables us
to compute all the conditional moments of f.
In the above example, we determined the set B, on which we condition,
by giving the value of the r.v. S, and we got the set C' by giving the values
of the two r.v. S7 and S,. More generally, we can condition a probability p
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by giving the values of a collection of random variables fi,..., fy. Thus, in
the discrete case,

p(w)
Zw:fl (W)y=w1...f (W)= p(w)

pwlfi=x1, fo=a9,...,fy =2y) = (D.55)
if w obeys the condition, and is zero otherwise. As before, we get the same
result whether we use this definition, or condition p in stages, using the info
one bit at a time in any order. In the discrete case this is just limiting the
sum on the r.h.s. of eq. (D.55) a bit at a time.

In the continuous case, we talk of conditional density functions. If we have
a joint probability density p(z1,xs,...,z,) for n random variables fi,..., f,
with continuous values, then a condition such as f; = X; leads to the condi-
tional density, which is obtained by putting z; = X; in the joint density p,
and dividing by a normalising factor:

p(X1, 22, ... xy)

P22, g, aal 1 = K1) = Ip(Xy,22,...,2,)dxodzs . . . da,,. (D-56)
Similarly, we can condition on any subcollection of fi,..., f,.

The conditional expectation E[f|fi = Xi,fo = Xo,..., f,], written
E[fI{f:}], is clearly a function of X, ..., X . These must be possible values
of these r.v.; that is, there must be a point w € Q such that fi(w) = X} for
k=1...N. As we vary w, we get different conditionings. From this point
of view, we can leave the values open, and consider the conditional expec-
tation E[f|fi,..., fy] as a function of w. That is, it is a random variable!
As we vary f too, we get different random variables for E[f|f1,..., fy]. So,
E[e|{f:}] is an operator that takes the random variable f to the random vari-
able E[f|[{f;}]. It is clear that the map f — E|[f|{f;}] is linear in the variable
f; it is also true that E[g|{f;}] = g, for all g in the span of {f;} (exercise).
We have seen that the giving of known info does not alter a probability al-
ready conditioned to it. This leads to the nice result that the conditional
expectation relative to a given set of functions is a projection: applied twice
to a random variable it gives the same result as applying it once (exercise).
Moreover, applying it twice, once with a large amount of info, and then with
a smaller amount, is the same as applying it with the smaller amount. This is
because E is the projection onto the algebra generated by the functions listed
in the conditions. In particular, the ordinary expectation can be thought of
as E[f|1], where 1 is the non-random function 1; clearly, E|[f] is the trivial
function of w. Thus
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Exercise D.12 Suppose that € is discrete, and that f and fi,...,f, are
random variables on ). Show that for any probability p, we have

E[E[f{fi}]] = E[f]. (D.57)

D.5 Filtrations and martingales

Most of this section will be new to you.

The prices of various stocks, S, and of currencies, and gold, and of bonds,
and other assets, become known to us, first at ¢ = 1, then at ¢ = 2, up to
the present time, ¢t = t. It is clear that as t increases, we are in possession
of an increasing amount of info. According to Bayes, we should condition
our probability as we go. We have seen that we do not in general know the
actual probability that the share will go up, or down; but the correct price
of a derivative has been seen to be expressible in terms of the risk-neutral
probabilities, rather than the actual market probabilities. So we shall find it
useful to develop the theory of conditioning for various probabilities on the
sample space, any of which is to be modified by the info we have at any given
time.

Let us limit our info to the price of a single share, S, and consider the
binomial model up to time 7. Then the number of distinct price-histories
is 27. So € has 27 points. Let p be any probability on . Suppose that at
time ¢, with ¢ < T', we have the price-history of S up to time ¢. This means
that we can calculate the actual value of any derivative stock option that
depends only on the past values. Such a derivative will be a function F' of
So, 51, ...,5;. And for such a function, the conditional expectation relative
to p(w|So, . ..,S;), using all the information, must be the actual value:

E[F|S,S1,..., 58] = F(Sy,S1,...,5). (D.58)

Thus E[e|Sy, ..., S leaves invariant not only the random variables S, . .., S,
but all functions of these; this is because we have full information about all
such functions. The set of all (measurable) functions of Sp,...,S; is an al-
gebra; that is, we can add and multiply such functions, and multiply them
by real numbers, to get further functions in the set. These are all functions
of w, since each r.v. Sy... is itself a function of w. Let us call this set F;.
Now, a function Fj say, of the variables Sy,...,S;_1 is also a function of
S0, ..., 9:_1, 5 which happens not to depend on the last variable. So such

204



a function is in F;. Thus we have that F;,_; C F;, and more generally,
if s <t we have F; C F,. (D.59)

This increasing family of function algebras, F;, is called the filtration gen-
erated by the process S;. Sometimes it is more convenient to consider the
indicator functions in the family. An indicator function is one that takes
only two values, 0 or 1. The set on which it is equal to 1 is a subset of w,
that is, an event, and knowing the value of this function (as we do by the
time t) tells us whether this event has happened. Conversely, any function
in F; can be written as a sum of indicator functions, with real coefficients.
The information in the filtration can be regarded as a family of events whose
occurence (or not) is known by the time ¢. This family of events is sometimes
also called the filtration, and is denoted by F; as well. It is likewise an in-
creasing family, as time increases. In either case, the conditional expectation
of a random variable, f given all the information up to time ¢, is denoted

E[f|Fi].

Martingales

Suppose that 2 is a sample space, and p a probability on 2. Let F;
be the filtration generated by a process S;. Let X; be a process adapted to
the filtration, that is, at any time ¢t X; is known if the price-history of S;
is known; this is nothing other than the condition that X, € F; for any ¢.
Thus, X; is some derivative based on the share price of S, involving only
s < t. We say that X; is a martingale if it obeys

E[Xi|Fs] = X, for all s <t. (D.60)

This says in a way that the present value of the derivative X is the expected
value at any t in the future, given the known past history up to time s of
the share S on which the derivative is based. As an example of a martingale,
let Y be any random variable. Then put X; = E[Y|F]. If s < ¢, the
family F; is smaller than the family F* (or the same); then we may use the
principle that double conditioning, as given by eq. (D.57), gives the same as
one conditioning onto the smaller algebra; indeed, eq. (D.57) is true whatever
the initial probability was, so we may use it starting with the conditioned
probability at time s; then we see that X; is a martingale:

E[Xi|Fi] = EE[Y|FR]|F] = E[Y|F] = X,. (D.61)

205



The martingale condition is a condition on the probability p as well as on
the process X;. In our treatment of the pricing problem, in the binomial
model, we saw that S;/B; is a martingale, not relative to the (unknown) true
probability of prices, but relative to the risk-free probability, p,:

In the model, all probabilities were conditional on the price Sy being given.
But this is any starting time, so calling the starting time s instead of 0,
shows that we have a martingale. In the same way, the pricing formula for
any derivative at time ¢, in the binomial model, is a martingale, relative to
the risk-free probabilitiy, p..
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E The Virtues and
Vices of Options!

A RATHER marked feature in the Stock
Exchange recently has been the revival
of “option” dealing. In years gone by,
a considerable amount of business was
habitually transacted in “options,” es-
pecially in Consols, but more recently
this species of speculation had dwindled
down to very restricted dimensions. But
at no period has it ever been as popular
as it is on the continental bourses, and
on the stock exchanges across the At-
lantic. At Paris, and on all the German
bourses, there is a vast amount of specu-
lation constantly carried on by means of
options, not separate from, but ancillary
to direct operations for the rise or fall.
In New York “options” or “privileges”
are also a very favourite form of specu-
lation, and that the means for indulging
in it have been abundant, is evidenced
by the fact that Mr Russell Sage, the
well known associate of Mr Jay Gould,
who was, until the collapse of May, 1884,
one of the wealthiest and most powerful
manipulators in Wall Street, has always
been a great dealer in “stock privileges.”
It is difficult to understand why options
have so far not been acclimatised in Eng-
land, but in view of their becoming more
popular, it may be well to refer to their
advantages and disadvantages from an
outside standpoint.

An “option” is the price paid for the
right to demand or to deliver a certain
amount of stock at a given price within a

!The Economist, p 534, May 2 1885.

207

certain definite period. The prices given
for this “option” may, of course, range
infinitely, according to the supposed value
of the elements of which it is composed.
The right to demand a stock is termed
the “call,” and the right to deliver it
the “put.” For instance, one may pay
to-day, say, 2 per cent for the “call” a
month hence of 1,000/ Russian 1873, which
right may or may not be exercised. And
a “put” would be exactly the converse
of this. It is possible to buy the dou-
ble privilege of both “put” and “call,”
but the price asked is usually so heavy
as to be practically prohibitive. Now,
the idea of the speculator who dabbles
a little in option is simply to buy the
“put” or “call,” according to whether
he thinks the market will fall or rise;
whereas their real raison d’etre is some-
thing altogether different. They should
always serve as a protection to other op-
erations. For instance, a speculator be-
comes a “bear” of, say, 10,000/ Russian
1873, and buys the “call” of the same
amount of stock. If the price falls, as he
anticipates, the profits which he realises
are reduced by the amount paid for the
“call.” On the other hand, if the stock
rises, no matter how much, he can “call”
the same amount of stock as that sold at
presumably the same price, which liqui-
dates the stock sold, leaving him only
the premiums paid for the “call” out of
pocket. It is, of course, evident that an
“option” often affords protection not to
one, but to a series of operations. More-
over, the holder of an “option,” using it
this way, may finally find it to his ad-
vantage to close all operations for which



it acted as protection, and using, say,
the “call” in a direct manner, turn over
from the “bear” side to the “bull” side of
the market. An “option” used properly
therefore affords ample scope for skil-
ful speculation, while no loss can be in-
curred beyond the premium paid in the
first instance. But when a speculator
who dabbles a little in this sort of busi-
ness just buys the “put” or “call,” and,
as it is termed, “sits upon it,” he simply
plays a losing game, for his operations
for the fall or rise, which would be suf-
ficiently weighted in the case of a pur-
chase or sale by his own inexperience,
and by the expenses of commission &c.,
are now burdened by the heavy prices
paid for the option itself. In fact, the
charges are probably multiplied ten fold
against him. It is true that the loss is
limited, but then the propect of a profit
is reduced almost to the vanishing point.
On the other hand, “options” capably
used not only limit the loss, but offer a
fair chance of making a profit. They are,
in fact, an excellent medium for clever,
yet cautious operators. From what we
have said, it will be seen that those who
advise people to buy “options,” with-
out taking any other measures, are sim-
ply considering their own interests, the
more especially as the securities often
recommended are those which are ex-
tremely unlikely to fluctuate to the ex-
tent of the given premium—the latter
frequently remaining in the hands of the
broker, or so-called “broker,” as some-
thing of a much more satisfactory nature
than any commission.

From the standpoint of business moral-

ity, two things may be adduced in con-

nection with “options,” one for and one
against. In the first place, they foster a
form of speculation which already flour-
ishes too abundantly. They do this not
only directly, but also indirectly, as ow-
ing to the way in which they limit loss,
they encourage people to speculate in
stocks and shares who otherwise would
be restrained, not so much by a posi-
tive prudence as by a negative timid-
ity. But it is evident that one can be as
effectually destroyed by a poison taken
in regular and known quantities, as by
a large draught taken heedlessly. It is
only a question of time—both methods
are equally certain. On the other hand,

used by experienced speculators, “op-

tions” are generally great safeguards against
unexpected and violent movements in prices,

and hence in times like the present (spec-
ulation being a fact which must simply
be acknowledged and dealt with) they
are entitled to some commendation. As
a matter of fact, speculation in stocks
and shares at the present time is for most
people gambling of an ultra-violent char-
acter, and is only tolerable when pro-
tected in the way described.
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F KCL 1998 Exam

F.1 Question

In one time-step of the binomial model, a share-price, initially (at time ¢t =
0) equal to Sy, moves up to S? with probability p° > 0 or down to S}
with probability p'. In the same time-interval, a unit in the money market
increases from By = 1 to B;. A dealer contracts at time ¢ = 0 to pay an
investor f(S%) (i = 0 or ¢ = 1, whichever turns out) at time ¢ = 1, where f is
a specified function. The dealer hedges this derivative against the underlying,
so that the outcome is not subject to risk, and so that no profit or loss is

made on the deal.
a) Show that the hedge ratio must be

1(89) = £(81)

5 —
S7— 51

b) Show that the dealer must invest

f(S1)ST — f(SD)Si

N ey

in the money market.
c) Show that the price of the option must be

So — Si/B,
T

SY/B; — Sy

f=1r(s)

d) Use a no-arbitrage argument to show that So — S}/B; > 0.
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F.1.1 Solution

(a) The dealer must buy § shares and invest 3 in the money market, so that
he has 6Sy + BBy at time ¢t = 0 and 657 + §B; at time ¢t = 1. He has an
obligation f(S7) at time ¢ = 1. The risky part of the dealers assets is

05 — f(5)

The condition for no risk is that this take the same value whether i = 0 or
t = 1. This gives
6S5) — f(SY) =St — f(S1).

Solving, we get for the hedge ratio:

f(S7) — £(S1)
S9—sb

6:

b)
Put this value in the formula for the dealer’s assets at time 1, which must
cover the obligation f(S), we get, for S; = S} say

f(S1) =88y + 6B,
the value for (:
f(S7) — f(S1)

1 1
_ f(SD)SY — £(S1)ST — £(S1)S1 + f(S1)S1
- S
F(S1)SE — £(SD)Sh
SO _ Sl

)

Putting this in for the value of the derivative at time 0 gives

f(S1)SY = f(SY)S1 | f(S)) = F(SY)

fo= "B s s S
since By = 1. Rearranging, we get
So— S}/B SY/By — S
— 0y20 21/ =1 W21/ =21 7 20
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d)

If SoB; — S} < 0, then the lower of the two possible prices at time 1 is larger
than the initial price plus interest. So the arbitrageur will buy the share at
t = 0 for Sy, borrowing Sy to do this. His debt grows to SyB;. He then sells
his share at a price SY or Si, both > than his debt. Since p° > 0, he has
a non-zero chance to make money at no risk of a loss, and would therefore
follow this course.
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F.2 Question

Let W, denote the Wiener process.

a) State the Ito rules for the second-degree infinitesimals (dt)?, (dt)(dW)

and (dW)2.

b) Show that W; and W72 — t are martingales.
[Hint: you may use without proof that

EXY|F] = X E[Y|F]
if the collection of random variables F contains X.|

c) Show that, if 4 and o are constants, then
Sy = S()@“HUWF%‘72’6

satisfies
s,

St
and the initial condition, .S is equal to Sy at ¢t = 0.

= pdt + o dW;
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F.2.1 Solution
a) (alt)2 =0, (dt)(dW) =0, and (dI/V)2 = dt.

b) Let 0 < s <t. Then W, = Wy + W4, where

t
W = [ aw,
is independent of W,. Then

BWAW.] = EIWIWe + BWiy|Wel
= WS+E[W(S7t)]

since conditioning with independent info does not alter the mean. But W,
has mean zero, so

E[W,|W,] = W,.0

Also
E[Wt2|WSS] = E[(Ws + W(S,t))2|W§5]
= E[W|W]+ 2B[WWe|Wel] + E[WE ) [Wel]
= W24 2W,B[W(en|We,] + E[WE )]
by given hint, and because W, ) is independent of W
= W2+ 2W,EWp +t—s
since W, is independent of W<, and is N(0,t — s)
= WZ+t-—s.
Hence

EW? —t|We,] = W2 —s
as required.

c¢) By Ito’s formula,

as 08 1 9*S
dS; = — + —dW + = dW)?.
= Faw ™ g d)
We compute the terms entering here from the given function S:
1
% = So = 5o?)er T = (11— 1/20%)5,
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oS

_ 2
— Soo_eut+UWt 1/20% _ O'St

ow
68;52 = U% = 0%5,.
Therefore
dS; = (u — 1/20%) S, dt + o Sy dW; + 1/20%S,dt
SO
O?} = pdt + o dW,.0.
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F.3 Question

Let S; denote the price of a non-dividend-paying asset at time ¢, satisfying
the stochastic equation

dSt = ,UStdt + UStth,

where the drift 4 and the volatility o are both assumed constant, and W, is
the Wiener process. Let C} be the price of a derivative based on this asset,
satisfying

dC, = ,qutdt + atCCtWt.

a) If at time ¢ a trader is long ¢; units of the asset, and short one unit of
the derivative, what is the value of the trader’s position? Show that
the position is risk-free if and only if

_O'tCCt

o o5,

b) Assuming that the short-term interest rate has the constant value r, show
that the principle of no arbitrage implies that

C
g —7r =T
of o

Comment briefly on the financial significance of this relation.

c) Now assume that the derivative price can be expressed in the form C; =
C(St,t), where the function C'(S,t) has continuous second derivatives.
Use Ito’s lemma to show that

oC oc 1 02C

c _ %Y ot L 200 Y
Cule = T T2 g
and Cyol = aSgg.

d) Show that the no arbitrage condition implies that C'(.S,t) satisfies

90 1 ,.,0°%C oC

What is the significance that the parameter 1 does not appear in this
relation?
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F.3.1 Solution

a) The value of the trader’s position is V; = ¢,5; — Cy; it is risk-free if and
only if the coefficient of the randomness, dW, is zero, during the small
time-interval dt. The change in the value during dt is

dV; = ¢dS; — dCy = ¢y (uSydt + oS, dW,) — (u Cydt + o€ C,dWy)
since his position does not change; it is therefore risk-free if and only if
¢G0Sy = Utc Cy

giving the result.

b) The condition of no arbitrage means that the drift in the no-risk position
must be the short-term interest-rate. Thus

Sy — /%CCt =1V =r(pS: — Cy)
which, on substituting ¢, gives
oCCipfo — ulCy = r(cCijo — C).

Divide both sides by CFo¢ gives the result. It means that there exists
a common risk-premium A = (p — r) /o, the same for the asset and all
derivatives of it.

c) By Ito’s lemma,

oC ocC 19°C )
dCy = Wdt + %ds + Eﬁ(d&

as the other second derivatives are zero by the Ito rules. The only
non-zero term in (dS)? is 02S2(dW;)* = 025%dt. Therefore

aC  acC 10%C , ., aC

We then prove ¢) by identifying Cyu§ with the coefficient of dt and Co¢
with the coefficient of dWW;.
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d) b) tells us that

i =t 0 (=)o = 4 (S/C) 9 (=) by )

so substituting in ¢) we get

oC oC 1 0*C oC
C _ 1 1 92 _ B
u” =C <—8t —|—uS—aS + 20 S —8SQ> r+ (S/C)—aS(u T)

and the result follows. This means that derivatives can be priced with-
out knowing the rate of return on the asset.
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F.4 Question

Let S; be the price, in Sterling, of a foreign currency. The Sterling interest
rate is r, and the foreign interest rate is f, both assumed constant and
expressed on a continuously compounded basis.

a) Explain what is meant by the forward price of a foreign currency.

b) At time ¢ = 0 an investor purchases a derivative from a dealer which pays
off Sy — K at time t =T, where K is a fixed amount of Sterling. The
investor pays Cj for the derivative. Assuming that the dealer makes no
profit or loss on the transaction, use a no arbitrage argument to show
that Cy = 0 if and only if K = Sy, where Sp = Spe" 7T

c) The price process for the foreign currency is given by

5, = SpertoM—ir

where 1 and o are constants, and W, is the standard Wiener process.
Calculate the mean and variance of St.

You can use the fact that
E [ eX} _ €M+%V

if the random variable X is normally distributed with mean M and
variance V.

d) Why would you expect the result for E [S7] to differ from S as defined
in b) above?
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F.4.1 Solution

a) The forward price in Sterling of a foreign currency is the price you pay,
not due for payment till the forward time 7', for one unit of foreign
currency.

b) Dealer may take no risks, and then "no arbitrage” says that at time T
he must possess Ae™ where A is his investment in the deal at ¢ = 0.
So if he makes no investment, he must break even at time 7.

At T = 0 dealer receives Cy in Sterling. He must cover his obligation
Sr—K at time T, so he must now buy Sye~/7 in foreign currency, which
he can invest there. This grows to (S;e~/T)e/t at time ¢. He is left with
Cp — Spe T to invest in Sterling. This grows into (Cy — Spe™/T)e™ at
time ¢ (all values in Sterling). At time 7" his money-market assets are

(C() — Soe_fT)erT + STG_fTefT
and his obligation is ST — K. To be equal:
(Co — Soe )™ + Spe I TelT = Sp — K
So Cy = 0 if and only if
K= Soe(rif)T.
c) oW, has mean 0 and variance V = o%¢, so from the given formula,
BIS) = B [Sperroioto]
= Sy i [
_ Soe“tf %02t€0t+%02t

so putting t = T gives
E [ST] = Soe“T.

For the variance we use Var X=F [X?] — (E[X])?, and that 20W; has
variance 40*T. Then

T— 2 W-
E {STQ} = F {50262“ o Tgl2o T]
2 1,2
SSGZMTe—O' Te§40' T‘
Hence

Var Sy = ST — (B[Sy])? = 53T (17 — 1)
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d) The price is not risk free; also it depends on p, which the “no arbitrage”
price never does.
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F.5 Question

A call option on a foreign currency pays off Max(Sr — K, 0) at time T', where
S; is the price, in Sterling, of the foreign currency at time ¢, and K is the
strike price of the option in Sterling. Assuming the Black-Scholes model, the
present value Cj of a call option, in Sterling, can be written

Co=e " [Soe DTN (ht) = KN(h7)],

where r is the Sterling interest rate, and f is the foreign interest rate, both
assumed constant and expressed on a continuously compounded basis. The
normal cumulative distribution function N(x) is given by

M= \/(127r) et

and the parameters h™ are given by

e In (S’T/K> + 10°T
- oT1/2 )

where o is the volatility and Sy = Spe 7.

a) Explain briefly what is meant for a call option to be ‘in the money’, ‘at
the money’” and ‘out of the money’.

b) Show that if Sy is very large compared with K, then Cj is given approx-
imately by
C() = SoG_fT — KG_Tt.

Comment on the financial significance of this result.
c) Show that N(z) + N(—x) = 1.

d) A currency option is said the be ‘at-the-money-forward’ when K =
Soe™=HT: show that the present value of an at-the-money-forward call
option is given by

Co = Spe /T <2N(;UT1/2) — 1) .
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F.5.1 Solution

a) ‘in the money’ means Sy > K; ‘at the money’ means Sy = K; ‘out of the
money’ means Sy < K.

b) Sy > K implies that Sy > K, which implies that In(Sy/K) > ¢°T and
oT'/2, so h* is large, so N(h*) ~ 1. The Cj reduces to the ans.

If the option is nearly certain to expire in the money, then the present
value takes the simple given form, which can be written as the difference
of the forward price of the currency minus the strike price, discounted
back to the present.

c) Put n = —¢ in the integral for N. Then d§ = —dn, so

N(=z) = (27)" V2 / e (—dn) = (2m) V2 / T e,

oo

Adding to N(x) gives the full integral, = 1 as the probability is nor-
malised.

d) When K = Sr, we have In (gT/K) = 0; then h* = +0T"?; then
N(h™)=1— N(h"), and the formula gives

Co = e [Soe DTN (h*) = Spe™ DT (1= N(ht))] = Soe " (2N (h*) - 1)

which is the ans.
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F.6 Question

Let S; be the price of a non-dividend-paying asset at time ¢, where t = 0 is the
present. Let C'(Sy, K,T) denote the value today of a standard call option on
the asset, with strike K and maturity 7. Let P(Sy, K,T) denote the value
of the corresponding standard put option. Assume that the continuously
compounded rate of interest r is constant.

a) What is the pay-off of the put option? Give two possible reasons why an
investor might purchase a put option.

b) Use a no-arbitrage argument to derive the put-call parity relation

C(So, K,T) — P(Sy, K, T) =Sy — e ""K.

c) Now assume the standard Black-Scholes model, according to which the
value of the call option is given by

C(So, K, T) = e [Soe’ " N(h+) = KN(h7)],

where N(z) = ﬁ I e 2€d¢ is the N(0,1) cumulative distribution
function,

In (SOGTT/K) + 0T
oT1/2

For what value of Sy does N (h*) = 1/27

Use the put-call parity relation and N(z)+ N(—x) =1 to prove that

and h* =

, where o is constant.

P (8o, K,T) =™ [KN (=h~) = Soe" N (=h*)].
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F.6.1 Solution

a) Payoff for a put option is Max(K — St,0).
Reason for buying a put option is to speculate that the price will fall,
and the option will magnify the profit in this case. Or, to pay a small
premium to protect against falling price.

b) Suppose first that C — P — (Sy — e "TK) = ¢ > 0. The arbitrageur will

then sell C' and buy P, and buy the share at Sy. He then has g—e "7 K
to invest in (or borrow from) the money market, which at time 7" has
grown to gl — K. If S; > K, P is void, but his client can buy the
share (which he has) for K, which he uses to pay off the debt, leaving
a profit of ge™. If however, Sy < K, his client would not call, but he
can sell his share for K using the put option, again leaving a profit of
qe'”.
IfC—P—(Sy—e ™) =—q <0, he will buy C and sell P, and sell
Sy short. This leaves him P — C' + Sy = ¢ + e "' K invested until time
T, when it has grown to qe’” + K. If S > K his clients put-option
will not be exercised; he uses his call option to buy a share for K, to
settle his short position on Sy, leaving him with a profit of ge™”. If
however Sr < K, his call option is worthless, and his client will sell
him a share for K, which he uses to settle his short purchase. He still
has ge™ profit.

c) N(h")=1if h* =0, which means that

1
In (SOGTT/K> = —EUQT
SO
So = €_TTK6_%U2T.

We have

P = C—-5+¢TK

= ¢S " N(h") = KN(h )} =Sy +e K
So(N(hT) = 1) +e ™ K(1 - N(h7))
= ¢ {KN(-h")—eTSyN(—h")}.O
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