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OPTICAL PROCESSES IN SOLIDS

It is known from theory and from comparison with experiment that optical spectra and their
lineshapes can tell us much about the microscopic motion of the constituent particles of
matter – electrons and nuclei.

A unifying element that links the apparently diverse phenomena observed in optical pro-
cesses is the dielectric dispersion of matter. It describes the response of matter to incoming
electromagnetic waves and charged particles, and thus predicts their behavior in the self-
induced field of matter, known as polariton and polaron effects. The energies of phonon,
exciton and plasmon, quanta of the collective motions of charged particles constituting the
matter, are also governed by the dielectric dispersion. Since the latter is a functional of the
former, one can derive useful relations for their self-consistency. The nonlinear response
to laser light inclusive of multiphoton processes, and excitation of atomic inner shells by
synchrotron radiation, are also described in the same context.

Within the validity of the configuration coordinate model, photo-induced lattice relax-
ation and chemical reaction are described in terms of the interaction modes. Applying these
arguments equally to both ground and relaxed excited states, one obtains a novel and global
perspective on structural phase transitions as well as on the nature of interatomic bonds.

The book will be of value to graduate students and researchers in solid state physics,
physical chemistry, materials science and biochemistry.
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Preface

Light is the most important medium of recognition in human life, as is obvious from
the prominent role of vision among the five human senses. In its most naive form,
one can recognize by light the position and shape of an object on the one hand and
its color on the other. From the time that light was revealed to be a type of waveform,
these two functions have been ascribed to the spatially and temporally oscillating
factors of the wave, and have been applied to the diffraction study of the microscopic
structures of matter and the spectroscopic study of microscopic motions in matter,
respectively. It was Maxwell who revealed light to be an electromagnetic wave,
which could be deduced from his fundamental equations for an electromagnetic
field in a vacuum (Chapter 1).

Einstein, in his theory of relativity, incorporated three-dimensional space and
one-dimensional time into a four-dimensional spacetime coordinate system on the
basis of his Gedanken experiment with light as a standard signal for communication
between observers. In contradistinction to the Newtonian equation of motion, the
Maxwell equations survived this revolution of physics, proving themselves to be
invariant against Lorentz transformation among different coordinate systems in rel-
ative motion. Thus, light acquired the position of universality governing the space-
time framework itself, something more than an unknown and intangible medium
which was once called “the ether”.

Another important role of light in the history of physics is the spectral distribution
of a radiation field in thermal equilibrium with matter. Planck’s working hypothesis
introduced ad hoc to remove the deviation of the prediction of classical mechan-
ical theory from observation, together with the empirical constant h now called
by his name, turned out to be a doorway to the discovery of quantum mechanics
(Chapter 2). The first step beyond Planck was made by Einstein who explained the
Franck–Hertz experiment on photoelectrons through his hypothesis of a quantum
of light – a photon as it is now called – which was a model substantiating Planck’s
working hypothesis but was in a sense also a revival of Newton’s corpuscular model

ix



x Preface

of light discarded long before. Compton explicitly associated momentum as well
as energy to this hypothetical particle in conformity with the well-known energy–
momentum relationship in the electromagnetic wave, and successfully explained his
X-ray electron scattering experiment by applying the energy–momentum conser-
vation law to two colliding particles. The success of two apparently contradicting
models – wave and particle – depending upon the phenomena to be explained, was
increasingly embarrassing to the physicists of that time.

What was found with light (wave → particle) took place with an electron in the
opposite direction (particle → wave). Thus, de Broglie advocated that an electron
with momentum p and energy E behaves like a wave with wave number k = p/��h
and angular frequency ω = E/��h, the relation advocated by Einstein and Compton
for a quantum of light. Shortly afterwards, Schrödinger presented his famous wave
equation on the basis of this idea.

Another approach to quantum mechanics had been prepared by Bohr. He suc-
ceeded in explaining the series of lines in the spectrum of a hydrogen atom by
assuming that the angular momentum of the orbital motion of an electron around a
proton takes only integral multiples of ��h and that the spectral lines correspond to the
energy difference between these quantized stationary states. The correspondence
principle he advocated, that the notion of the transition energy between (not the
energies themselves of) the stationary states corresponds to the frequency of classi-
cal motion (as will most clearly be seen with a harmonic oscillator in Section 2.2),
paved the way towards the discovery of matrix mechanics due to Heisenberg, which
was soon proved to be equivalent to Schrödinger’s wave mechanics.

In this way, the interplay of radiation field and material particle, together with
the wave–particle duality common to them, was the most important motivation
driving classical physics towards the discovery of quantum mechanics. Atomic and
molecular spectroscopy played the role of confirming quantum mechanics to the
extremity of accuracy, particularly in the early days of its application.

Subsequent application of spectroscopic methods to condensed matter, which
will be the main subject of the present book, opened an extremely fertile area of
study which had never been expected, partly because light played the role of not
only probing but sometimes changing the nature of the interatomic bonds of con-
densation – evolving from a spectator to a participator. First of all, light revealed
the individual (Chapter 7) and collective (Chapters 5 and 8) motions of the con-
stituent charged particles of matter which interact with various strengths and over
different ranges. These motions are excited by electromagnetic waves, and the
coefficient of the linear part of the response can be described in terms of the di-
electric constant or conductivity as a function of frequency (Chapter 6). Even the
motion of a charged particle and the effective interaction between charged particles
within matter as the dielectric medium can be described in terms of a dielectric
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function (Section 6.5; Chapters 8 and 9). The great difference in the rapidity of
motion between electrons and nuclei allows us to apply the adiabatic approxima-
tion to describe their correlated motions (Chapter 4), providing the configuration
coordinate model with interaction mode as a powerful tool to describe intuitively
the rearrangement of nuclear positions after optical transition of (i) electrons in
a molecule, or (ii) localized electrons in solids, inclusive of their photostructural
changes and photochemical reactions (Chapter 13) – the light is here a participator
in changing the nature of the interatomic bond. The way the dynamics of inter-
acting collective excitations is reflected in typical optical spectra can be described
systematically (Chapters 10, 11, and 12). Such studies turn out to be quite useful
in judging what is going on in the microscopic world from a glance at the spectra –
the light is here a spectator. The reader will find that the importance of the role of
light as a participator increases in the order Chapter 11 through to Chapter 13.

On the basis of all that has been established in the main part of the book, the
author presents in the last chapter (Chapter 14) a tentative scenario for the origin
of life and its evolution, as a small contribution from physical science to a highly
interdisciplinary problem yet unsolved. According to this scenario, solar radiation
is a “creator” of life, far beyond being a mere participator.

The problems covered by this book are so diverse that presentation of some
common viewpoints or intuitive models is desirable in order to describe them in
a unified way and to correlate them in a plausible way. As such, we will take the
dielectric description on the one hand and the configuration coordinate model
with interaction mode (which can be extended to describe a phase transition) on
the other (as already mentioned) – which are the two main features characterizing
the book. At the same time, in a particular chapter we will refer not only to
preceding but also to subsequent chapters in correlating the underlying physics
and in showing instructive examples. In fact, such a style has already been taken in
this preface. Also, we have tried to include many examples of comparison between
theories and experiments which are considered to be of particular importance in
the spectroscopic studies. Explanations are given in as intuitive a way as possible,
sometimes with unavoidable lengthy mathematical expressions which can be
skipped by readers with insufficient time. In fact, we have put more emphasis on
the conceptual aspects than on mathematical derivations. The author hopes that
this method of presentation will not only lead readers to a deeper understanding
but will also encourage them to further creative thinking.

Yutaka Toyozawa
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1

Radiation field

1.1 Maxwell equations for electromagnetic field

Early in the nineteenth century, people already realized that light was better de-
scribed by a wave model than by a corpuscular model on the basis of experimental
confirmation of the interference effect. However, they were not yet aware of an
entity that could oscillate and propagate in a vacuum, unlike the case of a sound
wave which they knew to be a compressional wave of air. The answer came from an
apparently different area: later in that century, Maxwell formulated the experimen-
tal laws relating the spatial and temporal changes of electric and magnetic fields
into a set of simultaneous equations which are now called by his name. He found
the set to have a solution describing an electromagnetic wave which propagates in
a vacuum, and this wave was indentified with light since the predicted velocity of
the former exactly agreed with that of the latter already known at that time.

Maxwell’s equations for the electric field E and magnetic field H are given as a
set of the following four equations1,2

∇ × E = −∂B/∂t, (1.1.1)

∇ × H = ∂D/∂t + J, (1.1.2)

∇ · D = ρ, (1.1.3)

∇ · B = 0. (1.1.4)

Here ∇ ≡ (∂/∂x, ∂/∂y, ∂/∂z) denotes a vector differential operator, × the
vector product and · the scalar product. Therefore, ∇·B represents divB ≡
(∂/∂x)Bx + · · · and ∇ × E represents rot E ≡ [(∂/∂y)Ez − (∂/∂z)Ey, . . . , . . .].

For the electric flux density D and magnetic flux density B, we have also linear
relations which are exact in a vacuum and hold approximately in many ordinary

1



2 1 Radiation field

(neither ferroelectric nor ferromagnetic) materials for weak fields:

D = εE, (1.1.5)

B = µH. (1.1.6)

The dielectric constant ε and the magnetic permeability µ are material constants,
while in a vacuum they are universal constants written as ε0 and µ0. The most
recent value of ε0 is 8.854 187 817 × 10−12 F m−1, while µ0 = 4π × 10−7 N A−2

by definition.
Matter with a charge density ρ is subject to the Lorentz force with density f and

velocity v which is given by

f = ρ(E + v × B). (1.1.7)

This equation should be added to (1.1.1–1.1.4) for a consistent description of
interacting particles and fields satisfying the conservation laws of energy and mo-
mentum, as will be seen below.

Taking the divergence of (1.1.2) and using (1.1.3), one gets the continuity
equation describing the conservation of charge through the electric current J:

∂ρ/∂t + ∇ · J = 0. (1.1.8)

Under the proportionality (1.1.5, 1.1.6), the energy density of the fields is given by

U ≡ (D · E + B · H )/2, (1.1.9)

as is seen by integrating it over the volume V and taking its time derivative:

d/dt
∫

V
U dV =

∫
V

(∂D/∂t · E + ∂B/∂t · H )dV .

With the use of eqs. (1.1.1, 1.1.2), the identity: ∇ · (E × H ) = H · ∇ × E − E ·
∇ × H and the partial integration to be balanced by the surface integral, one finally
obtains the energy conservation relation:

d/dt
∫

V
UdV = −

∫
V

(J · E)dV −
∫

s
Sn ds. (1.1.10)

Here the first integral on the right hand side (r.h.s.) represents the energy dissipated
as Joule’s heat and the second the energy lost through the surface s (suffix n denotes
the component outward-normal to the surface element ds) by the flow:

S ≡ E × H, (1.1.11)

which is called the Poynting vector.



1.2 Electromagnetic wave 3

1.2 Electromagnetic wave

Under the absence of charge ρ and current J, (1.1.1–1.1.6) reduce to homogeneous
equations for the fields. Putting (1.1.5, 1.1.6) into (1.1.1, 1.1.2) and making use of the
identity: ∇ × ∇ × E = ∇(∇ · E) − (∇2)E, where ∇2 ≡ (∇ · ∇) = ∂2/∂x2 +
∂2/∂y2 + ∂2/∂z2, one obtains

∇2 E − εµ∂2 E/∂t2 = 0 (1.2.1)

and a similar equation for B. Equation (1.2.1) has a solution describing a plane
wave

E(r , t) = E0 exp[i(k · r − ωt)] (1.2.2)

which propagates with wave vector k (k = 2π/λ, where λ is the wavelength), an-
gular frequency ω(= 2πν, where ν is the frequency) and velocity c = ω/k given
by

c = (εµ)−1/2. (1.2.3)

In a vacuum, (1.2.3) reduces to c0 = (ε0µ0)−1/2 (= 2.997 924 58 × 108 m s−1, the
most recent value), which was found to agree with the velocity of light as mentioned
above. The E wave (1.2.2) and the corresponding B wave of the same form satisfy

k · E0 = 0, k · B0 = 0, B0 = i(k/ω) × E0 (1.2.4)

as is seen from (1.1.1, 1.1.3 and 1.1.4). Namely, we have a transverse wave with
k, E0 and B0 forming a right-handed system with B0 lagging behind E0 by phase
difference π/2. From (1.1.9, 1.1.11) and (1.2.3, 1.2.4) one finds that S = c(k/k)U ,
namely that the energy density U is conveyed towards the direction of k with
velocity c.

Similarly to the energy conservation, one can derive the momentum conservation
relation from (1.1.7) and the Maxwell equations. One can see from this relation
that the electromagnetic wave has momentum density U/c in the direction of prop-
agation k/k, although we do not give the derivation here.

As the electromagnetic wave passes from a vacuum into a material, the velocity
c0 and hence the wavelength λ0 = c0/ν decrease to c and λ = c/ν, respectively,
since ν does not change due to the continuity of the field at the surface. The ratio

n ≡ c0/c = (εµ/ε0µ0)1/2, (1.2.5)

which is called refractive index of the material, relates the refraction angle θ to the
incidence angle θ0 through the law of refraction: sin θ = (1/n) × sin θ0.
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1.3 Canonical equations of motion for electromagnetic waves

The wave equation (1.2.1) is a differential equation of second order in time t
which is similar to the Newtonian equation of motion of a particle, whereas the
original simultaneous equations (1.1.1, 1.1.2) for E and B are of first order in
t , similar to the canonical equations of motion for the position coordinate q and
the momentum p. The canonical form is more convenient, especially when one
constructs quantum mechanical and quantum electrodynamical equations from the
classical ones.

It is convenient to introduce the vector and scalar potentials, A(r , t) andφ(r , t), in
place of the electromagnetic fields, E(r , t) and B(r , t). According to one theorem in
vector analysis, the divergence-free field B (eq. (1.1.4)) can be written as a rotation
of the vector potential A:

B = ∇ × A. (1.3.1)

Putting this into (1.1.1), one obtains

∇ × (E + ∂A/∂t) = 0. (1.3.2)

According to another theorem, the rotation-free field as given in (· · ·) of (1.3.2)

can be written as a gradient of the scalar potential φ:

E + ∂A/∂t = −∇φ. (1.3.3)

A general solution of the set of inhomogeneous equations (1.1.1–1.1.4) for φ and
A is given as the sum of a particular solution of the set and a general solution of the
homogeneous equations (obtained by putting J = 0 and ρ = 0 in (1.1.1–1.1.4)).
One particular solution which is well known is the retarded potentials φ(r , t) and
A(r , t) due to the charge and current densities ρ and J as their respective sources
at the spacetime point (r ′, t ′ = t − |r − r ′|/c), with the common integration kernel
(over r ′) being coulombic: |r − r ′|−1, as it should be. This solution plays an espe-
cially important role in studying how the oscillating charge and current as sources
give rise to electromagnetic waves at a remote location. We will not give the deriva-
tion here, leaving it to the standard text books.1,2

We are here concerned with a general solution of the homogeneous equations,
namely a superposition of the electromagnetic waves which are given by

A(r , t) = A0 exp[i(k · r − ωt)], A0 = E0/ iω = (ik−2) k × B0, (1.3.4)

as can be confirmed by eqs. (1.3.1, 1.3.3). They also satisfy the wave equation of
the form (1.2.1). The wave vector k can take arbitrary values in infinitely extended
space. A more realistic situation is a confined space such as a cavity. For the
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sake of simplicity, let us consider a cube of side L and impose a cyclic boundary
condition

A(r + Li, t) = A(r + Lj, t) = A(r + Lk, t) = A(r , t) (1.3.5)

where i, j and k are unit vectors along the three sides of the cube. Then k in (1.3.4)
takes only discrete values:

kx = 2πnx/L , ky = 2πny/L , kz = 2πnz/L (1.3.6)

where nx , ny and nz can take independently all integer values, inclusive of negative
values ansd zero.† Then the number of possible modes with kx within a small interval
dkx is given by dnx = (L/2π )dkx and similarly for y and z components. Since the
electromagnetic wave is a transverse wave and there are two possible directions
of polarization (defined to be along E0) for a given wave vector k, the number
per volume of possible modes contained within the spherical shell between k and
k + dk is given by

2dn/V = 2 × 4πk2dk/8π3 = 2 × 4πρ(ω)dω,

ρ(ω) ≡ ω2/8π3c3
0. (1.3.7)

The set of all uk(r ) = L−3/2 exp(ik · r ) with k given by (1.3.6) forms an or-
thonormal complete set such that (uk, uk′) ≡ ∫

druk∗(r )uk′(r ) = δk,k′. However, in
order to expand the vector potential A(r , t), one has to prepare the set of vector
basis functions

Ak j (r ) = ek j uk(r ) ( j = 1, 2) (1.3.8)

with the use of the two possible directions of polarization ek j for each k which
satisfy ek j ⊥ k (transverse wave!) and ek j · ek j ′ = δ j j ′. Denoting the set (k j) simply
by κ , one can see that (1.3.8) form an orthonormal set in the following sense:∫

dr A∗
κ (r ) · Aκ ′(r ) = δκκ ′. (1.3.9)

Then one can expand

A(r , t) = (4ε)−1/2
∑

κ
[qκ (t)Aκ (r ) + q∗

κ (t)A∗
κ (r )]. (1.3.10)

Although the first term in [· · ·] is sufficient as an expansion, the addition of the
second term automatically assures that the three components of the vector A(r , t)

† A more realistic electromagnetic boundary condition for the real-valued waves of the form sin(k · r ) sin(ωt)
may be that the waves vanish at the boundary surface, which gives possible k values without the factor 2 on the
right hand sides of (1.3.6) but confines them to positive values. The two effects cancel out, keeping the number
of possible modes within the interval (k, k + dk), as given by (1.3.7), unchanged. Other possible shapes of the
cavity do not change (1.3.7) as long as we are concerned with the majority of k values which are much greater
than 1/L .
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are real quantities for any t . (The prefactor with ε, the dielectric constant, is for
the normalization of energy, as will be seen later.) It is convenient to introduce
real-valued dynamical coordinates

Qκ (t) ≡ [qκ (t) + q∗
κ (t)]/2 (1.3.11)

instead of the complex-valued qκs. In order that each term in (1.3.10) represents a
running wave as in eq. (1.2.2), qκ (t) should vary as exp(−iωκ t) where ωκ ≡ ωk .
The time derivative of (1.3.11) is then given by

d Qκ/dt = −iωκ (qκ − q∗
κ )/2. (1.3.12)

By introducing the momentum Pκ ≡ dQκ/dt as an independent dynamical variable,
one can rewrite the complex qκ , with the use of (1.3.11, 1.3.12), as

qκ = Qκ + (i/ωκ )Pκ . (1.3.13)

Now the energy density (1.1.9) can be rewritten as

U = (ε/2)[(∂A/∂t)2 + c2(∇ × A)2]

with the use of eqs. (1.1.5, 1.1.6) and (1.3.1, 1.3.3). Putting (1.3.10, 1.3.13) into
this expression and integrating over the volume which is the cube, one obtains

H ≡
∫

Udr =
∑

κ

(
P2
κ + ω2

κQ2
κ

)
/2 (1.3.14)

with the use of (1.3.9). The total energy of the transverse electromagnetic field is
thus reduced to a Hamiltonian H of an assembly of harmonic oscillators indexed
with κ . In fact, the canonical equations of motion: dQκ/dt = ∂H/∂Pκ and dPκ/
dt = − ∂H/∂Qκ give an harmonic oscillation with angular frequency ωκ .

The above procedure may seem to be artificial because in defining Pκ by (1.3.12)
we have made use of a solution yet to be obtained. However, this artifice is com-
mon to the canonical formalism in which the formula defining the momentum
P ≡ mdQ/dt with mass m is to be derived from one of the canonical equations of
motion: dQ/dt = ∂H/∂P (= P/m for a general motion which is not harmonic). In-
troduction of P as an independent variable has the merit of lowering the differential
equations of motion to first order in time as compared to the Newtonian equations
of motion which are of second order. This facilitates the time–integration a great
deal, so as to more than cover the demerit of doubling the number of independent
variables. The canonical formalism turns out to be more natural in statistical me-
chanics in which P and Q are independent variables, and to be indispensable for
quantum mechanics in which P and Q are mutually conjugate variables subject to
the uncertainty relation.
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1.4 Thermal radiation field

We are now in a position to describe that experimental fact whose deviation from
the predictions of classical physics provided a clue to the discovery of quantum
mechanics. It is well known, even in daily experience, that the glowing radiation
emitted by a hot body shifts from red to yellow, namely toward shorter wavelengths,
as the temperature increases. The observed spectral distribution of this radiation
in an idealized situation, namely in a cavity which is in thermal equilibrium with
its wall, depends only on the temperature but not on the material of the wall, as
shown schematically by the solid lines in Fig. 1.1. The broken lines are the spectra
predicted by the classical theory available at that time, late in the 19th century when
the experiments were done. One finds that the theory deviates from the observation
significantly in the short-wavelength region.

Let us trace this theoretical prediction which was based on the classical me-
chanics and statistical mechanics applied to an assembly of harmonic oscillators
representing the radiation field as mentioned in the preceding section. A harmonic
oscillator with Hamiltonian given by H (Q, P) = P2/2 + ω2 Q2/2, which is in
thermal equilibrium at temperature T , obeys the Boltzmann distribution: the prob-
ability of finding the system within a small region of the phase space (Q, P) is
proportional to

exp[−βH (Q, P)]d Qd P, withβ ≡ 1/kBT (1.4.1)

Fig. 1.1 The spectral distribution of energy density, LT , of thermal radiation field at various
temperatures. Solid lines are experimental results (shown schematically) which can be fitted
by the quantum hypothesis of Planck. Broken lines are the predictions of classical field
theory.
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where kB is the Boltzmann constant. Consider the region of the phase space which
is surrounded by an ellipse given by H (Q, P) = E . Its area is given by

s(E) = π (2E/ω2)1/2(2E)1/2 = E/ν (1.4.2)

where ν = ω/2π is the frequency. Integrating (1.4.1) over the elliptic shell between
E and E + dE whose area is given by dE/ν, one obtains the Boltzmann distribution
for the energy: exp(−βE)dE/ν. The statistical average of the energy is then given by

〈〈E〉〉 =
∫ ∞

0
E exp(−βE)d(E/ν)/

∫ ∞

0
exp(−βE)d(E/ν)

= β−1 = kBT (1.4.3)

which does not depend on the frequency ν of the oscillator for the electromagnetic
wave concerned.

Let us rewrite (1.3.7), the number of normal modes of electromagnetic wave
within a small interval dk of wave number, into that within an interval dλ of
wavelength, making use of the relation k = 2π/λ. The number per unit volume
of the cavity space is then given by 8πλ−4dλ. Multiplying this by the energy per
mode (1.4.3), one obtains the energy density per λ of the thermal radiation field

LT (λ) = 8πkBTλ−4 (1.4.4)

which diverges at shorter wavelengths, as shown by the broken lines in Fig. 1.1.
In 1900, Planck put forth a working hypothesis,3 by which he could provisionally

evade the discrepancy of the theoretical prediction from the experimental result;
that concerned with the mechanics, not with the statistical distribution. In classical
mechanics, one tacitly assumes that the energy of a particle in motion can take con-
tinuous values as exemplified by the continuous distribution shown in the integral
of (1.4.3). For a harmonic oscillator with frequency ν, he tentatively replaced the
continuous values by the following set of discrete values:

En = nhν (n = 0, 1, 2, . . .). (1.4.5)

Here, h is an empirical constant to be determined later. The integral in (1.4.3) is
then to be replaced by a summation, with the following result:

〈〈E〉〉 =
∞∑

n=0

nhν exp(−βnhν)/
∞∑

n=0

exp(−βnhν)

= hν/[exp(βhν) − 1] = hν〈〈n〉〉. (1.4.6)

(Note: the summation in the denominator gives f (β) = [1 − exp(−βhν)]−1 so that
the numerator can be written as −d f (β)/dβ.) Hence, (1.4.4) was replaced by

LT (λ) = 8πλ−5hc0/[exp(hc0/kBTλ) − 1]. (1.4.7)
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Planck could reproduce the experimental spectra shown schematically in Fig. 1.1.
at all temperature by the new formula (1.4.7) by choosing an appropriate value for
h, the only adjustable parameter. In spite of this brilliant success, it took some time
before people realized the physical meaning of the working hypothsis (1.4.5) which
seemed so absurd from the viewpoint of classical physics. However, the constant
h introduced by him as an empirical parameter played a pivotal role in the groping
effort for new physical principles until quantum mechanics was discovered a quarter
of a century later. And in fact Planck’s hypothesis, (1.4.5), was successfully derived
subsequently when quantum mechanics was established, as will be described in
Sections 2.2 and 2.3. Planck’s constant h is now a universal constant governing the
entire quantum world. Its value is 6.626 068 76 × 10−34 J s according to a recent
measurement.

Returning to the problem of thermal radiation, we find that the new formula
(1.4.7) reduces to the classical one (1.4.4) in the limit of high temperature or long
wavelength, namely when kBTλ/hc0 = kBT/hν � 1. The spectral maximum of
the quantal expression (1.4.7) appears at λmax which is related to T by

λmaxT = (hc0/4.966kB) = 0.290 cm K. (1.4.8)

This reproduces Wien’s displacement law, the empirical law which had been found
before Planck put forth his hypothesis.

In contrast to traditional spectroscopy in which λ has been chosen as the variable,
it is more convenient to choose an angular frequencyω = 2πc0/λ. Then the energy
density in ω-space, defined by WT (ω)dω = LT (λ)dλ, is given by

WT (ω) = (��hω3/π2c3
0)〈〈n〉〉 = (��hω3/π2c3

0)/[exp(β��hω) − 1], (1.4.9)

where we have defined ��h ≡ h/2π which is nowadays more frequently used than h.
It takes its maximum value at

��hωmax = 2.821kBT (1.4.10)

which is different from the photon energy corresponding to the λmax of (1.4.8),
namely hc0/λmax = 4.966kBT .
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Quantum mechanics

2.1 Elements of quantum mechanics

Quantum mechanics was discovered in 1925 through groping efforts to compromise
two apparently contradictory pictures on the fundamental entities in nature. One was
the wave picture for light which was later extended to matter by de Broglie, another
was the corpuscular picture of matter which was later extended to light by Einstein.
Schrödinger’s wave equation came as a natural development of the first stream,
while Heisenberg’s matrix mechanics was presented as a unique proposal from the
second stream. In spite of completely different appearances, the two theories proved,
within a couple of years after their discoveries, to be equivalent. This is a most
beautiful example that the physical reality exists independent of the mathematical
framework formulated for its description.

In this chapter, we will give a very brief review of the principles of quantum
mechanics,1–3 mainly with the harmonic oscillator as a model system for the fol-
lowing reasons. The first is historical: the electromagnetic wave, whose interaction
with matter is the subject of this book, is a harmonic oscillator, a system which
was for the first time subject to “quantization”, thus opening a way to the discovery
of quantum mechanics. The second is technical: the harmonic oscillator is one of
very few examples of analytically soluble problems in quantum mechanics. The
third is pedagogical: the harmonic oscillator is a system best suited for realization
of the equivalence of the two different pictures mentioned above and hence for a
deeper understanding of the principles of quantum mechanics. Finally, the fourth
is practical and applies particularly to matter: in this book we will deal with a variety
of elementary excitations in solids, such as phonons, excitons and plasmons which
are approximately harmonic oscillators.

According to quantum mechanics, the state of a physical system is described by
a wave function ψt which is a complex quantity and varies with time t following

10



2.1 Elements of quantum mechanics 11

the Schrödinger equation:

i ��h(d/dt)ψt = Hψt . (2.1.1)

In quantum mechanics, the dynamical variables A, such as position q, momentum p
and the Hamiltonian H which is their functional – typically of the form H (q,p) =
p2/2m + V (q) – are linear operators (instead of ordinary numbers as in classical
mechanics) satisfying, by definition,

A(c1φ1 + c2φ2) = c1 Aφ1 + c2 Aφ2 (2.1.2)

for any wave function φ and complex number c. Operators, which transform a
wave function to another wave function as already implied in the above equations,
can be treated like ordinary numbers in their addition and subtraction, but not in
their multiplication. Namely, for arbitrary operators A and B, A(Bφ) �= B(Aφ) in
general. Such quantities which do not in general follow the commutation relation
AB = BA are called q-numbers (q is an abbreviation of “quantal”) while the or-
dinary numbers which follow the commutation rule are called c-numbers (c for
“classical”). If the equality holds for any φ, namely if AB = BA (product of opera-
tors is defined as ABφ ≡ A(Bφ)), one states that A commutes with B or vice versa.

The basic postulate of quantum mechanics is that position q and momentum p
satisfy the commutation relation:

[q, p]− ≡ qp − pq = i ��h. (2.1.3)

The quantity [ ] on the left hand side (l.h.s.) is called the commutator. In the
“q-diagonal representation” which is of most popular use, the position operator q
is treated as an independent variable (a real-valued c-number in this representation
only) to express φ(q) as a complex-valued function thereof, while p is a differential
operator:

p = −i ��h∂/∂q. (2.1.4)

In fact, for an arbitrary function φ(q), we have

{q(−i ��h∂/∂q) − (−i ��h∂/∂q)q}φ(q) = i ��hφ(q)

which is equivalent to the operator equation (2.1.3).
The expectation value of a physical quantity represented by an operator A, in the

state ψt , is given by

〈〈A〉〉t = (ψt , Aψt )/(ψt , ψt )

=
∫

dqψ∗
t (q)Aψt (q)/

∫
dqψ∗

t (q)ψt (q) (2.1.5)



12 2 Quantum mechanics

with the use of the scalar product (φ,ψ) = (ψ, φ)∗ defined by

(φ,ψ) ≡
∫

dqφ∗(q)ψ(q). (2.1.6)

The wave function cψ(q), where c is an arbitrary complex number, represents the
same physical state as ψ(q) itself, as is implied by (2.1.5).

Putting the position operator q (the operator of simply multiplying q in our
q-diagonal representation) for A of eq. (2.1.5) one finds that ψ∗

t (q)ψt (q)dq =
|ψt (q)|2dq represents the probability that the particle be found in (q, q + dq)
provided ψt is normalized: (ψt , ψt ) = 1.

An operator A† which satisfies the relation

(A†φ,ψ) = (φ, Aψ) (2.1.7)

for arbitrary wave functions φ,ψ is called the conjugate operator of A. The con-
jugate of a product of operators is equal to the inverted product of their conjugates:
(AB)† = B† A†, as can be proved by repeated use of (2.1.7). An operator A which
is conjugate to itself (A† = A) is called self-conjugate or an Hermite operator. The
expectation value of an Hermite operator is real as is obvious from

(ψ, Aψ) ≡ (A†ψ,ψ) = (Aψ,ψ) = (ψ, Aψ)∗.

The momentum operator p defined by (2.1.4) is an Hermite operator as long as
one confines oneself to wave functions which vanish at infinity or satisfy the cyclic
boundary condition (1.3.5). In fact, by partial integration we have

(φ, pψ) =
∫ b

a
dqφ∗(q)(−i ��h)∂ψ(q)/∂q

=
∫ b

a
dq{i ��h∂φ∗(q)/∂q}ψ(q) + (−i ��h)φ∗(q)ψ(q)|ba

=
∫ b

a
dq{−i ��h∂φ(q)/∂q}∗ψ(q) = (pφ,ψ)

where (a, b) denotes (−∞,+∞) or (0, L). The Hermiticity of q is obvious, whence
that of the functional H (p, q) ≡ p2/2m + V (q) follows immediately.

Multiplying (2.1.1) and its complex conjugate by ψ∗
t (q) and ψt (q), respectively,

integrating them over q and subtracting one from the other, one obtains

i ��h(d/dt)(ψt , ψt ) = (ψt , Hψt ) − (Hψt , ψt ) = 0 (2.1.8)

due to the Hermiticity of H . Namely, the normalization (ψt , ψt ) = 1 holds at any
time if it does at t = 0. One can then omit the denominator in (2.1.5).

Firstly, apply operator A to eq. (2.1.1) and multiply ψ∗
t (q) from the left side.

Secondly, take the complex conjugate of (2.1.1) and multiply Aψt (q) from the
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right side. Subtracting the former from the latter and integrating over q, one obtains

i ��h(d/dt)〈A〉t = i ��h(d/dt)(ψt , Aψt ) = (ψt , AHψt ) − (Hψt , Aψt )

= (ψt , [A, H ]−ψt ) (2.1.9)

where use has been made of the Hermiticity of H and of the commutator defined in
(2.1.3). Putting H for A, one immediately obtains the energy conservation: 〈H〉t =
constant.

In the Heisenberg picture, the dynamical variable A varies with time according
to the equation:

i ��h(d/dt)At = [At , H ]− (2.1.10)

while the state ψ does not depend on time. The expectation value of At , given by
〈At〉 ≡ (ψ, Atψ) as in the Schrödinger picture so far described, varies with time as

i ��h(d/dt)〈At〉 = (ψ, [At , H ]−ψ). (2.1.11)

Equations (2.1.9) and (2.1.11) describe the same reality in different ways, depending
on whether one ascribes the evolution of the system to that of the wave function
or to that of the dynamical variable. Equation (2.1.10) is called the Heisenberg
equation of motion. We will hereafter mainly use the Schrödinger picture, resorting
to the Heisenberg picture only when the latter is more convenient or appeals better
to intuition.

If, for a given operator A, Aψ represents the same state as ψ , namely, if

Aψ = aψ, (2.1.12)

the number a is called an eigenvalue of the operator A, and ψ is called the eigen-
function belonging to the eigenvalue a. For the latter reason, ψ in eq. (2.1.12) is
often written as ψa . The eigenvalues of an Hermite operator are real as is proved in
the same way as was done for the expectation value. For instance, the momentum
operator (2.1.4) has plane waves ψp(q) = exp(ikq) as eigenfunctions each belong-
ing to the eigenvalue p = ��hk where k can take any of the discrete values given by
(1.3.6), which tend to continuous values in the limit of L → ∞. Eigenfunctionsψa

and ψa ′ belonging to different eigenvalues a and a ′ are orthogonal to each other,
(ψa, ψa ′) = 0, as is readily proved: (i) consider the eigenvalue equations Aψa =
aψa and Aψa ′ = a ′ψa ′, (ii) take the scalar product of ψa ′ with the first equation and
that of the second equation with ψa , (iii) subtract the equation resulting from the
latter from that resulting from the former, (iv) note that the l.h.s. vanishes because
of eq. (2.1.7) with A† = A while the r.h.s. gives (a − a ′)(ψa ′, ψa), whence follows
the orthogonality for a �= a ′. If there is more than one eigenfunction belonging to
an eigenvalue, we can make them orthogonal to each other by taking an appropriate
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set of their linear combinations: ψa1, ψa2, . . . . Renumerate all the suffixes by
j , denote the corresponding eigenvalue by a j , and normalize the eigenfunctions
ψ j . Then the eigenfunctions of an Hermite operator A form an orthonormal set:
(ψi , ψ j ) = δij, as was the case with the uk(r )s of Section 1.3 which are the eigen-
functions of the momentum operator in three-dimensional space. Moreover the
entire set of eigenfunctions (ψi ) of an Hermite operator A forms a complete set in
the sense that any wavefunction ψ(q) can be expanded in terms of them as

ψ(q) =
∑

i
ciψi (q), where ci = (ψi , ψ) (2.1.13)

(as was also the case with the Fourier expansion of an arbitrary function in terms
of the uk(r )s). The expectation value (2.1.5) can now be written as

〈A〉 = (ψ, Aψ) =
∑

j
|c j |2a j (2.1.14)

provided that ψ is normalized. It means that a physical quantity A can take only
the values a j (discrete and/or continuous depending on the operator A) and that the
probability of finding the value a j is given by |c j |2.

The eigenvalues E j and eigenfunctions ψ j (q) of the Hamiltonian which satisfy

H (q, p)ψ j (q) = E jψ j (q) (2.1.15)

play a particular role in considering the time dependence of the state ψ . Putting the
linear combination of the form (2.1.13) into the Schrödinger equation (2.1.1) and
multiplying ψ j from the left and integrating, one obtains the equation i ��hdc j/dt =
E j c j . Putting in the solution: c j (t) = c0

j exp(−itE j/
��h), we obtain the general

solution:

ψ(q, t) =
∑

j
c0

j exp(−i t E j/
��h)ψ j (q) (2.1.16)

which will play an important role in studying the dynamical behavior of the system,
as will be seen later.

In passing, it is to be noted that each term in (2.1.16) can be rewritten as

exp(−itE j/
��h)ψ j (q) = exp(−itH/��h)ψ j (q)

provided that one defines the function f (H ) of the operator H as an operator with
eigenvalues f (E j ) and eigenfunctions ψ j (q). Inserting this into (2.1.16), one can
write

ψ(q, t) = exp(−i t H/��h)ψ(q, 0) (2.1.17)

which is nothing but the result of formal integration of the Schrödinger equation
(2.1.1) treating H as a c-number. The fact that such a procedure is justified under the
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definition of the operator function f (H ) mentioned above will be used in Section
3.5 and later chapters.

Likewise, the Heisenberg equation of motion, (2.1.10), can be integrated as

At = exp(i Ht/��h)A0 exp(−i Ht/��h) (2.1.18)

(matrix elements:(At ) jk = exp(iE j t/
��h)A0 exp(−iEkt/��h)),

as is readily seen by differentiating (2.1.18) with respect to t :

dAt/dt = exp(i Ht/��h)(i/��h)[H, A0]− exp(−i Ht/��h)

= (i/��h)[H, exp(i Ht/��h)A0 exp(−i Ht/��h)]−

and confirming that the result agrees with (2.1.10).

2.2 Quantum mechanics of a harmonic oscillator

As was already mentioned in Section 1.4, it was with the harmonic oscillators of the
electromagnetic waves in a thermal radiation field that the deviation from classical
physics was first noticed and this finally opened a way to the discovery of quantum
mechanics. Here we present the quantum mechanics of a harmonic oscillator, which
is most intructive in realizing the nature of the difference between classical and
quantum mechanics.

The Hamiltonian H (q, p) of a harmonic oscillator is given by

H (q, p) = p2/2m + mω2q2/2 (2.2.1)

where m is the mass of the particle and ω is the angular frequency. Let us first solve
the eigenvalue problem of the energy:

H (q,−i ��hd/dq)ψ(q) ≡ {−(��h2/2m)(∂/∂q)2 + (mω2/2)q2}ψ(q)

= Eψ(q), (2.2.2)

which is one of few analytically solvable eigenvalue problems in quantum mechan-
ics. For simplicity, we introduce a dimensionless coordinate x with a unit of length
a defined by

x ≡ q/a, a ≡ (��h/mω)1/2, (2.2.3)

and a dimensionless operator b and its conjugate b† defined by:

b, b† ≡ 2−1/2{x ∓ (d/dx)} = 2−1/2{(1/a)q ± i(a/��h)p}, (2.2.4)

in terms of which the original operators are given by

q = a × 2−1/2(b + b†), p = (−i ��h/a) × 2−1/2(b − b†). (2.2.5)
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The commutation relation (2.1.3) between the coordinate q and the momentum p,
is now to be replaced by

[b, b†]− ≡ bb† − b†b = 1. (2.2.6)

With the use of an operator n defined by

n ≡ b†b = bb† − 1, (2.2.7)

the energy operator given in (2.2.1) can be written in a compact form:

H = (bb† + b†b)��hω/2 =
(

n + 1

2

)
��hω. (2.2.8)

Comparing this with (2.2.2), we have only to solve the eigenvalue problem of n:

nψη = ηψη. (2.2.9)

Since the eigenvalue η is the expectation value in the corresponding eigenstate, one
can rewrite

η = (ψη, nψη) ≡ (ψη, b
†bψη) = (bψη, bψη)

under the normalization condition (ψη,ψη) = 1 (as will hereafter be assumed for
any eigenfunctions unless otherwise mentioned). In the third equality we used the
fact that b is the conjugate of b†. It is convenient to define ψ ′

η by

ψ ′
η ≡ bψη, (2.2.10)

with which one can further rewrite the above equation,

η = (ψ ′
η, ψ

′
η) =

∫
dq|ψ ′

η(q)|2 � 0 (2.2.11)

Making use of eqs. (2.2.6, 2.2.7, and 2.2.10), one can write

nψ ′
η = (bb† − 1)bψη = b(b†b − 1)ψη = (η − 1)ψ ′

η. (2.2.12)

Equation (2.2.12) indicates thatψ ′
η is that eigenfunction (not normalized) of the op-

erator n which belongs to eigenvalue (η − 1). According to the inequality (2.2.11),
there should be the smallest eigenvalue η0, which is either (i)> 0 or (ii) = 0. In case
(i), η0 − 1 is also an eigenvalue according to (2.2.12), since ψ ′

η is not an identically
vanishing function according to the inequality (2.2.11). This contradicts the defini-
tion of η0 as the smallest eigenvalue, leaving only possibility (ii), namely η0 = 0.
In this way, we find that the eigenvalues of the operator n are given by

η = 0, 1, 2, . . . . (2.2.13)
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Hereafter n will be called the number operator since its eigenvalues η are non-
negative integers. One also finds from eq. (2.2.11) that ψ ′

0 = 0 when η0 = 0, and
so, from (2.2.10), that

bψ0 = 0. (2.2.14)

While eq. (2.2.10) shows how to get the eigenfunctionψη−1 fromψη except for the
normalization constant, one can obtain the eigenfunction ψη+1 from ψη by

cη+1ψη+1 = ψ ′′
η ≡ b†ψη (2.2.15)

except for the normalization constant c, as is confirmed as follows:

nψ ′′
η ≡ b†b b†ψη = b†(b†b + 1)ψη = b†(η + 1)ψη = (η + 1)ψ ′′

η.

The normalization factor c is obtained from

(ψ ′′
η, ψ

′′
η) = (b†ψn, b

†ψη) = (bb†ψη,ψη) = (η + 1)(ψη,ψη)

as cη+1 = (η + 1)1/2, and from (2.2.15) one obtains the normalized eigenfunction:

ψη+1 = (η + 1)−1/2b†ψη. (2.2.16)

With the repeated use of this recursion formula, one obtains the set of orthonormal
eigenfunctions:

ψη = (η!)−1/2(b†)ηψ0 (η = 0, 1, 2, . . .). (2.2.17)

According to (2.1.13), an arbitrary wave function φ(q) can be expanded in terms
of the orthonormal set ψη(q) as

φ(q) =
∑

η
cηψη(q), where cη ≡ (ψη, φ) (2.2.18)

and the scalar product of two wave functions φ ′ and φ as

(φ ′, φ) =
∑

η
c ′∗
η cη, (2.2.19)

namely, as the scalar product of two complex vectors whose ηth components are
c ′
η and cη, respectively. Since cη given by (2.2.18) is of the form of the projection

of φ upon the ψη-axis, the wave fuction φ(q) can alternatively be represented by a
vector {cη}. Denoting this vector by a one row matrix 〈φ|, or a one column matrix
|φ〉, one can rewrite (2.2.19) as

(φ ′, φ) = 〈φ ′|φ〉, (2.2.20)

namely, as the scalar product of “bra” vector 〈φ ′| and “ket” vector |φ〉, thus clos-
ing the bracket: 〈|〉, as Dirac,1 their “godfather”, joked. Corresponding to the
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vector components cη ≡ (ψη, φ), the matrix elements Aη ′η of an operator A are
defined by

Aη ′η ≡ (ψη ′, Aψη) ≡ 〈ψη ′|A|ψη〉 or more briefly 〈η ′|A|η〉. (2.2.21)

Thus, one can choose whichever representation one considers more convenient,
the operator acting on the wave function, or the matrix multiplied on the
vector.

The harmonic oscillator is the best and most tractable system to confirm this
equivalence. With the use of (2.2.16), one obtains the matrix elements of the operator
b† defined by (2.2.21) as

(b†)η ′η ≡ (ψη ′, b†ψη) = δη ′,η+1(η + 1)1/2, (2.2.22)

so that the matrices of b† and b can be written as

b† =




0
√

1 0 · · ·
0 0

√
2 · · ·

0 0 0
√

3
· · · · · · · · · · · ·


 b =




0 0 0 · · ·√
1 0 0 · · ·

0
√

2 0 · · ·
· · · · · · √

3 · · ·


 . (2.2.23)

The commutation relation (2.2.6) can now be confirmed by matrix algebra. The
number operator n = b†b has diagonal form:

n =




0 0 0 · · ·
0 1 0 · · ·
0 0 2 · · ·

· · · · · · · · · 3


 (2.2.24)

as it should since the basis functionsψη defining the matrix elements are the eigen-
states of n belonging to the respective eigenvalues η according to (2.2.9).

Switching back to the wave function, let us rewrite (2.2.14), with the use of
(2.2.4), as a differential equation for ψ0(q):

−q/a2 = (dψ0/dq)/ψ0 = d(lnψ0)/dq.

Integrating and normalizing, we obtain the ground-state wave function:

ψ0(q) = (πa2)−1/4 exp[−q2/2a2]. (2.2.25)

Application of eqs. (2.2.4, 2.2.17) gives the normalized excited-state wave
functions:

ψη(q) = {η!2η}−1/2{q/a − a(d/dq)}ηψ0(q) (η = 1, 2, . . .). (2.2.26)
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Let us see how the expectation value of the position coordinate q varies with
time, making use of eqs. (2.1.16), (2.2.4, 2.2.5), (2.2.18) and (2.2.22):

〈q〉t ≡ (ψ(q, t), qψ(q, t))

= 2−1/2a
∑

η

∑
η ′c

∗
η(0)cη ′(0) exp{i(Eη − Eη ′)t/��h}(ψη, {b + b†}ψη ′)

= 〈q〉0 cosωt + 〈p〉0ω
−1 sinωt (2.2.27)

which agrees with the classical motion of a harmonic oscillator for the given ini-
tial conditions for q and p. Derivation of (2.2.27) in the Heisenberg picture is
more straightforward since the Heisenberg equations of motion (2.1.10) for the
Hamiltonian (2.2.1) gives the results:

dq/dt = (i/��h)[H, q]− = p/m, dp/dt = (i/��h)[H, p]− = −mω2q, (2.2.28)

which are exactly the same as the classical ones. Hence (2.2.27) follows imme-
diately. Such an agreement between quantal and classical motion is characteristic
of harmonic oscillation. In the Schrödinger picture, it is ascribed to the common
energy difference ��hω between adjacent energy levels which are connected only
by nonvanishing matrix elements of b, b† and hence of q, as is seen from the fact
that only the products of the form c∗

η(0)cη±1(0) contribute to 〈q〉0 and 〈p〉0. This
quasi-classical feature, however, is absent in each eigenstate ψη in which 〈q〉t and
〈p〉t always vanish. In general, the classical picture of dynamics is found not in
individual energy eigenstates – stationary states, but in the transitions or phase
relations between them. This is the best example of the realization of the corre-
spondence principle which had been advocated by Bohr and thereafter played an
important guiding role towards the discovery of quantum mechanics (see Preface).

2.3 Uncertainty relation and complementarity

We found in Section 2.2 that the harmonic oscillator with Hamiltonian (2.2.1) has
energy eigenvalues:

En =
(

n + 1

2

)
��hω (n = 0, 1, 2, . . .) (2.3.1)

where we have rewritten the eigenvalueη of the number operator n defined by (2.2.7)
simply as n (as is often done in applications of quantum mechanics), assuming that
no confusion is caused thereby. Except for the additional term ��hω/2 which is
called the zero-point energy, this agrees with the working hypothesis (1.4.5) due to
Planck, so that the temperature-dependent part of thermal radiation discussed there
is exactly reproduced by quantum mechanics. The integral of the zero-point energy
multiplied by the number density 8πλ−4dλ of the normal modes κ , which diverges
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as λ→ 0, is considered to belong to vacuum itself and hence is not observable.
The observable part, n��hω, is interpreted as the ensemble of n photons with energy
��hω per mode, according to Einstein. Correspondingly, b and b† defined by (2.2.4)
are called annihilation and creation operators, respectively, of a photon because
of their matrix elements given by (2.2.22) or (2.2.23). Equation (2.3.1) indicates
that any number of photons can be found per one mode (κ , see Section 1.3) or one
state. Such particles are called Bose particles or, briefly, bosons. In the case of the
harmonic oscillator of material particles, the zero-point energy is a quantity which
is measurable: the dissociation energy of a molecule and the cohesive energy of a
solid include a negative contribution from the zero-point vibrational energies of the
atoms involved.

The zero-point energy of a harmonic oscillator is the result of the uncertainty
principle. According to this general principle of quantum mechanics, any dynamical
variables q and p which are canonically conjugate to each other, namely, which
satisfy the commutation relation:

[q, p]− ≡ qp − pq = i ��h (2.3.2)

(as is valid for q and p defined by (2.1.4)), can be determined simultaneously only
with accuracies limited by the inequality, the so-called uncertainty relation:

�q ·�p � ��h/2. (2.3.3)

Here the uncertainty �q in the state ψ is defined by a dipersion: (�q)2 ≡ 〈(q −
q0)2〉ψ where q0 ≡ 〈q〉ψ . The inequality (2.3.3) can be proved as follows. With
a real number λ we define φ ≡ {λ(q − q0) + i(p − p0)}ψ , and rewrite its scalar
product with itself, making use of eqs. (2.1.7) and (2.3.2), as follows:

(φ, φ) = (ψ, {λ(q − q0) − i(p − p0)}{λ(q − q0) + i(p − p0)}ψ)

= (�q)2λ2 − ��hλ+ (�p)2

= {�qλ− ��h/(2�q)}2 − (�q)−2{(��h2/4 − (�q)2(�p2}. (2.3.4)

Since the l.h.s. cannot be negative for anyλbecause of its definition, the second curly
bracket {· · ·} on the r.h.s. cannot be positive, whence follows the inequality (2.3.3).

This proof allows us also to see when the equality holds in (2.3.3). It is realized
only when φ = 0, namely

{λ(q − q0) + i(p − p0)}ψ = 0 (2.3.5)

for the value λ = ��h/{2(�q)2} which makes the first curly bracket {· · ·} on the r.h.s.
of eq. (2.3.4) vanish. Equation (2.3.5) can be integrated with the use of (2.1.4). The
normalized wave function is given by

ψ(q) = {2π1/2(�q)2}−1/2 exp{−(q − q0)2/4(�q)2 − i p0(q − q0)/��h}. (2.3.6)
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It reduces to the ground-state wave function of the harmonic oscillator, (2.2.25),
when one puts p0 = q0 = 0 and m−1/2� p = m1/2ω�q = (��hω/2)1/2. This indi-
cates that the zero-point energy, hω/2, of the harmonic oscillator is entirely due to
the uncertainty principle. Note that (2.3.6) includes also plane waves (�q → ∞) as
well as completely localized state δ(q − q0) (�q → 0). Ignoring mathematical
rigor, one can consider the latter as an eigenfunction of the position operator
q belonging to the eigenvalue q0 : qδ(q − q0) = q0δ(q − q0). What we called “q-
diagonal representation” below eq. (2.1.3) is that representation in which the op-
erator q is diagonalized, namely the wave function is expanded on the basis of the
eigenfunctions δ(q − q0) with (−∞ < q0 < +∞) : ψ(q) = ∫ dq0ψ(q0)δ(q − q0).

Corresponding to (2.3.3), there is another uncertainty relation between time and
energy:

�t�E � ��h/2. (2.3.7)

One should note an important difference between (2.3.3) and (2.3.7): the posi-
tion coordinate q is a q-number (operator) while the time coordinate t remains a
c-number in quantum mechanics. In fact, the classical uncertainty relation between
time and angular frequency:

�t�ω � 1/2 (2.3.8)

was well known long before Planck’s discovery of h and played an important role
in spectroscopy. Putting the fourth component of the Einstein–de Broglie relation
(p, E) →← (��hk, ��hω) between particle and wave (which played a pivotal role in the
discovery of quantum mechanics) into (2.3.8), one readily obtains (2.3.7).

The classical uncertainty relation, (2.3.8), is obtained as follows. By superpos-
ing oscillations with different angular frequencies ω by a suitable ω-dependent
amplitude f (ω), one can form a pulse g(t) in the time domain:

g(t) =
∫ +∞

−∞
exp(−itω) f (ω)dω. (2.3.9)

As a simple example, let us take a Gaussian spectral distribution

f (ω) ∝ exp[−(ω − ω0)2/4(�ω)2]

characterized by dispersion �ω in its intensity | f (ω)|2:

(�ω)2 ≡
∫ +∞

−∞
(ω − ω0)2| f (ω)|2dω/

∫ +∞

−∞
| f (ω)|2dω. (2.3.10)

The Fourier transform (2.3.9) gives an intensity |g(t)|2 ∝ exp[−2(�ω)2t2] with
dispersion �t = (2�ω)−1 according to the definition (2.3.10), which corresponds
to the minimum possible value of �t�ω in (2.3.8). The inequality (2.3.8) for
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a general form of f (ω) can be derived from the Fourier transform (2.3.9), or can
readily be imagined in anology with the derivation of (2.3.6) as the case of minimum
uncertainty between q and p.

A commutation relation similar to (2.1.3) holds between the phase φ (to be
defined later) of an electromagnetic wave and the number n of photons of the same
mode:

[φ, n]− = i, (2.3.11)

which is equivalent to putting n = −i∂/∂φ (compare with (2.1.4)). Applying
(2.3.11) or its equivalent to the power series expansion of exp(−iφ), one obtains

[exp(−iφ), n]− = exp(−iφ) = i∂/∂φ{exp(−iφ)}. (2.3.12)

Let us now define the phase φ by

b = exp(−iφ)n1/2. (2.3.13)

This definition is partly legitimized by the fact that the scalar product of the conju-
gate operator: b† = n1/2 exp(iφ) with the operator (2.3.13) (paying attention to this
order of multiplication) gives immediately b†b = n in agreement with the definition
of n, eq. (2.2.7). The commutation relation between b and n:

[b, n]− = b (2.3.14)

which follows from (2.2.6), turns out to be equivalent to (2.3.12). In fact, multiplying
n1/2 from the right to (2.3.12) and using the definition (2.3.13) one obtains (2.3.14).
Thus we have a posteriori confirmed (2.3.12) and hence (2.3.11).

The commutation relation (2.3.11) leads to the uncertainty relation

�φ�n �
1

2
(2.3.15)

in the same way that (2.3.2) led to (2.3.3). Since the wave picture and the cor-
puscular picture are valid for �φ � 1 and �n � 1, respectively, the inequality
(2.3.15) means that the two pictures for the electromagnetic field are not simulta-
neously valid but rather are complementary to each other. This complementarity
is the quantum mechanics answer to the “wave–particle duality” which was contro-
versial throughout the age of the old quantum theory. N.B. The word “old quantum
theory” is popularly used among physicists, being distinguishable from quantum
mechanics. Old quantum theory consists of various provisional theories and models
framed between 1900 and 1925.
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2.4 Density matrix

In this section, we will give a mathematical framework with which we can describe
quantum-mechanical states in more general situations. Readers new to this field are
advised to make use of this section only as a reference since the use of the density
matrix introduced here will be avoided in this book (except in a few sections) for
pedagogical reasons. After having read the main part of the book they may find this
section to be useful and possibly of profound interest.

Let us begin by introducing some kinds of quantum-mechanical operators and
the theorems they satisfy.

If an Hermite operator A satisfies the inequality

(ψ, Aψ) > 0 or (ψ, Aψ) � 0 (2.4.1)

for any function ψ(q), A is called a positive-definite or non-negative operator. The
Hamiltonian (2.2.1) for a harmonic oscillator is such an example. Because of the
Hermiticity of p and q, we have

(ψ, p2ψ) = (pψ, pψ) � 0, (ψ, q2ψ) = (qψ, qψ) � 0

and hence (ψ, Hψ) � 0, non-negative. (In fact, H is positive-definite because of
zero-point vibration.)

Let us now define the trace of an Hermite operator A by the sum of all its
eigenvalues an:

Tr(A) ≡
∑

n
an =

∑
n
(ψn, Aψn) (2.4.2)

where ψn(q) is the eigenstate corresponding to an . Consider another orthonormal
complete set of functions {uk(q)} such as, for example, the plane-wave eigenstates
of the free particle Hamiltonian K = p2/2m given in Section 1. 3, satisfying in
general the relations

(uk, uk ′) = δkk ′ (2.4.3)

which is of the same form as

(ψn, ψn ′) = δnn ′. (2.4.4)

One can expand ψn in terms of {uk} as

ψn(q) =
∑

k
cnkuk(q). (2.4.5)
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Inserting (2.4.5) into (2.4.4) and making use of (2.4.3), one obtains the orthonor-
mality condition for the expansion coefficients:∑

k
c∗

nkcn ′k = δnn ′. (2.4.6)

Putting (2.4.5) into (2.4.2) and making use of (2.4.6), one obtains

Tr(A) =
∑

k

∑
k ′
∑

n
c∗

nkcnk ′(uk, Auk ′) =
∑

k
(uk, Auk). (2.4.7)

Comparison of the r.h.s. of (2.4.2) and (2.4.7) indicates that Tr(A) is the sum of
the diagonal elements of A, being independent of (invariant against) the choice
of the orthonormal set with which to take the matrix element. This indicates the
physical significance of Tr(A) as is exemplified by the partition function Z and
the free energy F mentioned below, and one can calculate it without necessarily
solving the eigenvalue problem of A.

We will give here some theorems concerning the trace of the products of opera-
tors. In the first place, we have

Tr(AB) =
∑

k
(AB)kk =

∑
k

∑
k ′ Akk ′Bk ′k =

∑
k ′(B A)k ′k ′ = Tr(B A). (2.4.8)

By repeated applications of this rule to the triple product, we obtain

Tr(ABC) = Tr[A(BC)] = Tr[(BC)A] = Tr(BC A) = Tr(C AB). (2.4.9)

Namely, the order of operators in their product can be changed only cyclically, not
arbitrarily, within the trace operation.

With the harmonic oscillator, one can confirm (2.4.1) for each eigenfunction ψn

of H since (ψn, Hψn) = an = (n + 1
2 )��hω > 0. However, the summation in (2.4.2)

diverges to infinity. As an example with a finite value of trace, let us consider an
exponential operator A ≡ exp(−βH ) with positive β. The operator A is so defined
that it has eigenvalues exp(−βEn) with eigfenfunctions {ψn} being the same as
those of H . With H of the harmonic oscillator, we have in fact

Z ≡ Tr[exp(−βH )] (definition for general H ) (2.4.10)

= exp(−β��hω/2)[1 − exp(−β��hω)]−1 <∞.
(for a harmonic oscillator).

If β represents the reciprocal temperature defined in (1.4.1), the normalized positive
definite operator defined by

ρ ≡ exp(−βH )/Tr[exp(−βH ], with Tr(ρ) = 1 (2.4.11)

represents the quantal version of the classical Boltzmann distribution function given
by (1.4.1) in the sense that the thermodynamical average of the quantum-mechanical
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expectation values of an arbitrary physical quantity B is given by

〈〈B〉〉 =
∑

n
ρn Bn =

∑
n

∑
m
ρnδnm Bmn

=
∑

n
(ρB)nn = Tr(ρB). (2.4.12)

Hamiltonians of all realistic physical systems are considered to have finite Z since
the number density dn/d En of eigenstates usually varies with a power function of
En asymptotically with increasing En . It can be shown that the free energy F of
the system is given by

F(T ) = −β−1 ln Z (β). (2.4.13)

Let us now study how the expectation value of a physical quantity B, given by
(2.4.12), changes with time t under the time-dependent Hamiltonian Ht . According
to eq. (2.1.10) representing the Heisenberg picture, Bt is subject, within a small
time interval �t , to a small change given by

i ��h�Bt = [Bt , Ht ]−�t. (2.4.14)

Since the state does not change according to this picture, we have a small change
of the expectation value (statistically averaged) given by

i ��h�〈〈Bt〉〉 = i ��hTr(ρ�Bt ) = Tr(ρ[Bt , Ht ]−�t. (2.4.15)

With the use of the cyclic exchange rule (2.4.9), the r.h.s. of (2.4.15) can be
rewritten as

Tr({[Ht , ρ]−�t}Bt ).

According to the Schrödinger picture in which one ascribes the change in the
expectation value to the change in the state�ρ, the l.h.s. of (2.4.15) can be written as

i ��hTr({�ρ}Bt ).

In order that the change in the expectation value of the physical quantity is inde-
pendent of the picture used, one must equate this change in the Schrödinger picture
to (2.4.15) in the Heisenberg picture. Dividing both sides by �t , one obtains a
differential equation

i ��hdρt/dt = [Ht , ρt ]− (2.4.16)

in the Schrödinger picture, where the suffix t to ρ is revived since the latter is now a
function of time. As in the case of the wave function description, the time derivative
of ρt in the Schrödinger picture is opposite to that of the physical quatntity Bt in
the Heisenberg picture.
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Let us start with the system in thermal equilibrium as given by (2.4.11). Be-
cause Ht is different from H which governed the thermal equilibrium, the system
is brought into a non-equilibrium state. The density matrix ρt representing this
state can be quite general except that it is a normalized posititive-definite opera-
tor. Therefore, the most general state of a system is represented by a normalized
non-negative density matrix, not by a wave function. What does the wave function
mean from this generalized viewpoint? To see this, let us forget the time depen-
dence for the moment, and note that any normalized non-negative Hermite operator
ρ has non-negative eigenvalues wn and eigenstates ψn(q) satisfying the eigenvalue
equations

ρψn(q) = wnψn(q), (2.4.17)

and the normalization relation ∑
n
wn = 1. (2.4.18)

For example, the eigenfunctions of the density matrix (2.4.10) for thermal equi-
librium are those of the Hamiltonian H . In the q-diagonal representation (see
Section 2.1), a general density matrix can be written as

ρ(q, q ′) =
∑

n
wnψn(q)ψ∗

n (q ′), (2.4.19a)

an integral kernel with which (2.4.17) can be rewritten as∫
ρ(q, q ′)ψn(q ′)dq ′ = wnψn(q). (2.4.17a)

Alternatively, with the use of ket and bra vectors, ρ can be written as

ρ =
∑

n
|ψn〉wn〈ψn| (2.4.19b)

with which (2.4.17) can be written as

ρ|ψn〉 = wn|ψn〉. (2.4.17b)

Let us now consider an operator equation

ρ(1 − ρ) = 0. (2.4.20)

Since the operator on the l.h.s. has the same set of eigenfunctions as ρ itself, (2.4.20)
is equivalent to

wn(1 − wn) = 0 (for all n). (2.4.21)

Because of the normalization relation (2.4.18), eq. (2.4.21) means that wn = 1 for
only one n, say 1, and zero for all other ns. Such a state ρ1, which is called a
“pure state” in contradistinction from a “mixed state” expressed by (2.4.19a, b),
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is equivalent to what we expressed by the wave function ψ1(q). Thus, the wave
function can represent only a restricted class among all possible states of a system.

Let us come back to our time-dependent problem. The evolution of the density
matrix (2.4.19a) according to its equation of motion (2.4.16) is such that each
ψn(q, t) follows the time-dependent Schrödinger equation

i ��hdψn(q, t)/dt = Htψn(q, t) (2.4.22)

while wn is kept constant. The latter fact has often been erroneously used to argue
against the irreversibility of a system. Putting aside such a profound problem of
statistical mechanics, let us ask what physical meaning this time-dependentψn(q, t)
has. It is not an instantaneous eigenstate of Ht when the latter varies with time.
What has been done in most applications of quantum mechanics to time-dependent
problems is not a consecutive pursuit of a single wave function but that of its
expansion coefficients as projected on a fixed (time-independent) complete set of
orthonormal wave functions. The eigenfunctions of important physical quantities
such as energy, momentum and angular momentum are especially useful for such
purposes, as will be shown by many examples in this book. Sometimes, it is more
useful to pursue the evolution of the density matrix itself instead of that of the
wave function (see Sections 11.3–11.5). Even in such a case, the calculations can
be performed only with the use of a fixed set of orthonormal functions.

Consider two interacting systems, I and II. It can be shown by a simple argument
that the state of the subsystem (I or II) is in a mixed state even when the composite
system (I + II) is in a pure state. An obvious example is the matter system (I) in
thermal equilibrium with a heat bath (II), which is in fact in the mixed state (2.4.11).
This fact is of particular importance when we describe the measurement of a physical
quantity of a microscopic system (I) by a measuring apparatus (II). Well-known
paradoxes concerning quantum-mechanical descriptions of a measuring process
can be shown4 to originate from an unjustifiable description of the microscopic
system in terms of a pure state.

It must be mentioned, in this context, that the statistical distribution of the results
of measuring a microscopic quantity inherent in quantum mechanics on the one
hand, and the statistical distribution of the state of a matter system in contact with
a heat bath on the other, share the same origin. Although the quantum-mechanical
expectation value and the thermodynamical average are shown respectively by 〈. . .〉
and 〈〈. . .〉〉 in this book to indicate different procedures of calculation, they have
the same origin when everything (including the heat bath as well as the measuring
apparatus) is described by quantum mechanics.
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Interaction of radiation with matter

3.1 A and B coefficients of Einstein

Absorption and emission of a photon by matter are the simplest elementary
processes of radiation–matter interaction. Before the establishment of quantum
mechanics, Einstein1 put forth a general argument concerning them with the use of
a model consisting of a photon field and many identical atoms all with two energy
levels: a ground state E1 and an excited state E2, contained in a cavity. The rela-
tionships he derived for the rates of absorption, spontaneous emission and induced
emission have been confirmed by quantum mechanics and are still valid.

He assumed that absorption and emission of photons take place with energy ��hω =
E2 − E1 by excitation and de-excitation of the atoms, with the rates (transition
probabilities per unit time) N1 B12w(ω) and N2 B21w(ω), respectively, where N1

and N2 denote the number densities of atoms in the ground and excited states,
respectively, and w(ω) the spectral energy density of radiation at ω which will
be specified later. He further considered the spontaneous emission of a photon by
excited-state atoms with the rate N2 A21, which is independent ofw(ω) by definition.
This term must be considered in order for thermal equilibrium between radiation
and matter to be realized, as will be seen. The rate equation is then given by

d N 1/dt = −d N 2/dt = N2 A21 − N1 B12w(ω) + N2 B21w(ω). (3.1.1)

Einstein considered the general situation where w(ω) consists of an incident elec-
tromagnetic field and a thermal radiation field.

In the absence of an incident field, (3.1.1) should have a solution in which atoms
are in thermal equilibrium with the thermal radiation field with temperature T .
Putting d N 1/dt = 0, one obtains

w(ω) = A21/[(N1/N2) B12 − B21]. (3.1.2)

28
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In thermal equilibrium, the population of atoms obeys the Boltzmann distribution:

N2/N1 = g2 exp(−E2/kBT )/g1 exp(−E1/kBT ) = (g2/g1) exp(−��hω/kBT )

(3.1.3)

where g1 and g2 are the degeneracies of the states 1 and 2. In order that (3.1.2)
agrees with, WT , the spectral energy density (1.4.9) of the thermal radiation field,
the following relations must be satisfied:

g1 B12 = g2 B21,
(

��hω3/π2c3
0

)
B21 = A21. (3.1.4)

The coefficients A21, B12, B21 for the three processes are called the Einstein co-
efficients. The relations (3.1.4) among them hold quite generally, irrespective of
the origin of the radiation field concerned. Quantum-mechanical calculation of the
individual coefficients for typical radiation–matter interactions will be presented in
a later section, which in fact satisfy the Einstein relations (3.1.4).

Let us compare the rates of two kinds of emission from an excited-state atom,
spontaneous emission, and induced emission due to a thermal radiation field.2 They
are given by A21 and B21w (ω) = A21n(ω) (see eqs. (1.4.9) and (3.1.4)), respec-
tively. Their ratio, n(ω)−1 = exp (��hω/kBT ) − 1, is greater or smaller than unity
according as ��hω > or < 0.693 kBT ≡ ��hωT . Since the corresponding wavelength
λT is 70 µm at room temperature, spontaneous emission is predominant in the
infrared and shorter wavelength region whereas thermally induced emission dom-
inates in the region where the wavelength is longer than the far infrared.

If the incident field with a mode characterized by a definite wave vector k is
much greater than the thermal radiation field, the third term on the r.h.s. of (3.1.1)
represents the induced emission of radiation in the same direction as the incident
wave. If the population is kept inverted (N2/g2 > N1/g1) by external pumping in
a cavity in which the radiation field is confined, this term overcomes the second
term, resulting in an indefinite amplification of a few particularly favorable modes
of the electromagnetic wave due to self-organization. This is the principle of the
laser, the intense and coherent light source which plays an important role in modern
spectroscopy and in a variety of technological applications. The increasing energy
of the electromagnetic waves is supplied by an external source of pumping through
atoms excited thereby as they are de-excited by the overwhelming induced emission,
while the initial seed of the amplification, before the k wave is established, is the
spontaneous emission of pumped atoms.
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3.2 Relation between absorption and emission spectra in thermal
equilibrium

In molecules and insulating solids, one often encounters the situation in which opti-
cal transitions take place between a group of ground states {i} and a group of excited
states { j} which energetically are well separated from each other but are close by
within each group. In such a situation, the absorption (as well as the emission)
spectrum consists of a band of densely distributed lines with ��hω j i = E j − Ei . As a
typical example, let us consider a molecule. A group represents an electronic state,
the ground or the excited state which are typically separated by orders of eV, and
members within a group consist of vibrational states which are typically separated
by the order of 0.01 eV since the atoms are much heavier than the electrons. With
each transition (i →← j) are associated Einstein’s A and B coefficients which satisfy
the relations (3.1.4).

Assuming a Boltzmann distribution in the ground states: pi = Z−1gi ×
exp(−βEi ), Z ≡ ∑

i gi exp(−βEi ) and neglecting the population in the excited
states because the excitation energies ��hω j i are much larger than kBT , the absorp-
tion spectrum is given by

B(E) =
∑

i

∑
j

Z−1gi exp(−βEi )Bi jδ(E j − Ei − E). (3.2.1)

When matter is excited into any of the excited states comprising group { j}, it will
be promptly (typically in 10−12 s) repopulated towards the Boltzmann distribution
within that group { j} of excited states, since the spontaneous emission therefrom
takes a much longer time (10−8 s, see eq. (3.5.7)). Then the luminescence spectrum
is given by

A(E) =
∑

i

∑
j

Z ′−1g j exp(−βE j )A jiδ(E j − Ei − E) (3.2.2)

where Z ′ ≡ ∑
j g j exp(−βE j ).

With the use of the relations (3.1.4), one finds that the emission and the absorption
spectra are related by

A(E) = (E3/π2��h2c3)(Z ′/Z ) exp(−βE)B(E) (3.2.3)

where the light velocity c0 in a vacuum is replaced by c = c0/n(ω) in a medium with
index of refraction n(ω) at that frequencyω. Note that we are using the same notation
n(ω) for the refractive index and the number of quanta (photons and phonons) in
accordance with historical convention, hoping no confusion is caused thereby.

The relation (3.2.3) will prove to be useful not only for the comparative study
of the two spectra, but also as a criterion to confirm to what extent thermalization
among the excited states has been achieved during their radiative lifetime after
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optical excitation. Under the assumption of complete thermalization, (3.2.3) in-
dicates that at absolute zero of temperature the absorption and emission spectra
appear only on the high and low energy sides, respectively, of a common energy
point E0 where a line spectrum (such as a zero-phonon line) can appear.

A typical system for which the relation (3.2.3) can be realized is a localized
electron in a solid as is described in Section 4.6. However, if the photo-excited
electron has insufficient time to be thermalized before it emits a photon, as in the
case of resonant second-order optical processes to be described in Section 11.4, the
deviation from (3.2.3) appears as a hot luminescence component, as is most clearly
seen in the figures in Appendix 2. The polariton bottleneck of the exciton lumines-
cence to be described in Section 10.8 is an intrinsic situation in which thermalization
can never be realized.

3.3 Canonical form of radiation–matter interaction

It is convenient to make use of the canonical formalism for the radiation–matter
interaction to describe the optical processes in quantum mechanics.3 Consider a
particle with charge e with position r and velocity v in an electromagnetic field,
which is subject to the Lorentz force:

F = e[E(r , t) + v × B(r , t)] (3.3.1)

as is obtained from (1.1.7) under the assumption that the charge density ρ(r ) is
concentrated at the particle position r . The classical-mechanical motion of this
particle with mass m can be described in terms of the Hamiltonian:

H = (p − eA(r , t))2/2m + eφ(r , t) (3.3.2)

where A(r , t) and φ(r , t) are respectively vector and scalar potentials related to
B(r , t) and E(r , t) through (1.3.1) and (1.3.3). To confirm that (3.3.2) is the appro-
priate Hamiltonian, let us write down the canonical equations of motion derived
therefrom:

dr/dt = ∂H/∂ p = [ p − eA(r , t)]/m,
(3.3.3)

dpx/dt = −∂H/∂x = (e/m)[ p − eA(r , t)] · ∂A/∂x − e∂φ/∂x, etc.

Inserting (3.3.3) and its time-derivative into both sides of the latter equation, one
obtains

md2x/dt2 = e[(−∂Ax/∂t − ∂φ/∂x) + dy/dt(∂Ay/∂x − ∂Ax/∂y)

−dz/dt(∂Ax/∂z − ∂Az/∂x)] = e[Ex + (dy/dt)Bz − (dz/dt)By].
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This is nothing other than the Newtonian equation of motion for the charged particle
since the r.h.s. is the Lorentz force (3.3.1).

The quantum-mechanical Hamiltonian for the system composed of interacting
charged particles (ei ,mi , r i ) and electromagnetic waves can then be written as

H =
∑

i
[pi − ei A(r i )]

2/2mi +
∑∑

i< j
ei e j/[4πε|r i − r j |] +

∑
λ

nλ
��hωλ

= HM + HR + H (1)
I + H (2)

I (3.3.4)

where

HM =
∑

i
p2

i /2mi +
∑∑

i< j
ei e j/[4πε|r i − r j |], (3.3.5)

HR =
∑

λ
nλ

��hωλ, (3.3.6)

H (1)
I = −

∑
i
(ei/mi )pi · A(r i )

= −
∑

i

∑
λ
(��h/2εωλV )1/2(ei/mi )(eλ · pi )

×[bλ exp(ik · r i ) + bλ† exp(−ik · r i )], (3.3.7)

H (2)
I =

∑
i

(
e2

i /2mi
)

A(r i )
2. (3.3.8)

In the above we have made use of eqs. (1.3.8, 1.3.10, 1.3.13) and (2.2.3, 2.2.5,
2.2.8) (the zero-point energy is removed for the reason mentioned in Section 2.3)
and of the commutation relation:

pi · A(r i ) − A(r i ) · pi = −i ��h∇i · A(r i ) = 0 (3.3.9)

which is valid because of the transverse nature of the electromagnetic waves. It
may be more convenient to rewrite (3.3.7) in the integral form with the use of the
current density operator j(r ):

H (1)
I = −

∫
dr j(r ) · A(r )

= −
∑

λ
(��h/2εωλV )1/2eλ · ( j kbλ + j †kb†

λ) (3.3.7a)

where j(r ) ≡
∑

i
(ei/mi )(1/2)[δ(r − r i )pi + piδ(r − r i )], (3.3.10)

j k ≡
∫

j(r ) exp(ik · r )dr . (3.3.11)

The symmetrization procedure for the non-commuting r i and pi as given by (1/2)
[· · ·] in (3.3.10) is generally needed to assure the Hermiticity of the operator j(r )
although it is immaterial in the present case of a transverse field (see (3.3.9)).

Equation (3.3.7) contains annihilation and creation operators bλ and b†
λ of a

photon (see the statement after eq. (2.3.1)), contributing to the absorption and
emission of light in its first-order perturbation, as will be shown in Section 3.5.
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Equation (3.3.8), which is quadratic in bλ and b†
λ, contributes, in its first-order

perturbation, to two-photon processes such as light scattering, together with the
second-order perturbation of H (1)

I .

3.4 First-order optical processes: absorption and emission of photon

Let us denote the eigenenergy and eigenstate of the matter by Ea and |a〉, re-
spectively, and those of the radiation field by E (. . . , nλ, . . .) and | . . . , nλ, . . .〉,
respectively. One can then write

HM|a〉 = Ea|a〉, (3.4.1)

HR| . . . , nλ, . . .〉 = E(. . . , nλ, . . .)| . . . , nλ, . . .〉, (3.4.2)

E(. . . , nλ, . . .) =
∑

λ
nλhωλ. (3.4.3)

Here nλ denotes an eigenvalue of the operator nλ in (3.3.6). The same letter is used,
hoping that will not cause any confusion.

One can now calculate the rate of transition of the non-perturbed system: H0 ≡
HM + HR from its initial state |i〉 = |a〉 . . . , nλ, . . .〉 to either of the final states
| f 〉 = |b〉| . . . , nλ ∓ 1, . . .〉, corresponding to absorption or emission of a photon
of mode λ specified by wave vector k and polarization vector eλ, through the
perturbation H (1)

I , with the use of the well-known formula,4 the so-called Fermi’s
golden rule (or also as will be derived in Section 3.5 in the context of a comparison
between classical and quantal derivations):

Wabs. (orWem.) = (2π/��h)
∑

f

∣∣(H (1)
I

)
f i

∣∣2δ[{Eb + E(. . . , nλ ∓ 1, . . .)}
−{Ea + E(. . . , nλ, . . .)}]

=
∑

λ
δ(ωba ∓ ωλ){nλ or (nλ + 1)}

×{π/(��hεωλV )}|eλ · ( j±k)ba|2 (3.4.4)

where we have defined: ��hωba ≡ Eb − Ea , and assigned the upper and lower of the
∓ and ± signs to the absorption and emission processes, respectively. If we take
Eb > Ea, a and b in (3.4.4) as well as in the definitions of |i〉 and | f 〉 should be
replaced by b and a, respectively for the emission process. Then the expression
| · · · | in (3.4.4) is identical for either process.

Let us consider an incident photon flux within a small solid angle �� around
a given direction of propagation k/k, polarization eλ and having a spectral energy
density given by

w(e,k)(ω) = nλ
��hωλρ(ω)��. (3.4.5)
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Then the rate of absorption of a photon is given, according to (3.4.4), by

W (e,k)
abs. = B(e,k)

ab w(e,k)(ωba) (3.4.6)

where

B(e,k)
ab = (π/ε)(��hωba)−2|eλ · ( j k)ba|2. (3.4.7)

That part of the emission rate (3.4.4) which is proportional to nλ represents the
induced emission and is denoted by W (e,k)

ind. em.. It is exactly equal to eq. (3.4.6). That
part of (3.4.4) which is proportional to unity represents the spontaneous emission
since it arises independently from (and hence even in the absence of) incoming
electromagnetic waves. A photon can be emitted in any direction k/k so long as the
energy conservations: ω(= ck) = ωba is satisfied. Its polarization, however, cannot
be perpendicular to the vector: ( · · · )ba of (3.4.7).

To see this point more clearly, let us neglect k in the exponent of (3.4.7) by
assuming that the corresponding wavelength is much greater than the extension of
the electronic or atomic wave functions represented by (r i )ba . Writing down the
Heisenberg equation of motion for the system M:

pix/mi ≡ dxi/dt = i ��h−1[HM, xi ]− (3.4.8)

and taking its matrix element, one obtains

(pix )ba/mi = (i/��h){Eb(xi )ba − (xi )ba Ea} = iωba(xi )ba. (3.4.9)

In the case of neutral atoms and molecules, one can define the electric dipole
moment

µ =
∑

i
eir i (3.4.10)

as an operator independent of the choice of the origin of the position coordinate
since

∑
ei = 0. Noting that the atomic or molecular size is much smaller than the

wavelengthλ = 2π/k of the electromagnetic wave except in X-ray and high-energy
regions, one can approximate the matrix element in (3.4.7) as

( j k)ba � iωbaµba (3.4.11)

where µba is called the transition dipole moment. This approximation (neglection
of k) is therefore called the dipole approximation. Note that the non-diagonal
matrix element µba can be defined also for ionized atoms and molecules since
it is independent of the origin of position.

While the dipole moment is inherent in the material system M with its eigenstates
a and b, the energy flux of radiation spontaneously emitted in the direction k/k and
with polarization eλ is proportional to (eλ ·µba)2. Since eλ is perpendicular to k, the
flux varies as sin2 θ where θ is the angle between k and µba , and the polarization
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should be in the plane spanned by µba and k. Taking the directional average:
〈sin2 θ〉 = 2/3 and making use of (1.3.7) without the factor 2 for polarization, one
obtains

Aba ≡ Wspont. em. = (ω3
ba/3πε

��hc3)|µba|2. (3.4.12)

If M consists of identical molecules randomly oriented, we can take the directional
average: 〈|eλ ·µba|2〉 = |µba|2/3. The rate of absorption and induced emission is
then given by

Wabs. = Wind. em. = Babw(ωba), (3.4.13)

Bab = (π/3ε ��h2)|µba|2. (3.4.14)

Thus the relation (3.1.4) is confirmed by the quantum-mechanical calculation which
takes explicit account of directional average, in the non-degenerate case. It is more
practical to consider degeneracy in connection with the symmetry of the system
concerned – atoms, molecules or solids – as we will do in the individual cases.

3.5 Quantal vs. classical field description of absorption process

In the preceding section, we described quantum mechanically both the material
system and the radiation field. However, the latter can be approximated by a classical
electromagnetic field if the field is intense enough that the number of photons nλ
per mode is much greater than unity and the annihilation–creation operators bλ
and b†

λ can be treated as c-numbers (namely, if their commutator can be neglected
compared with nλ). We will prove here the equivalence of the quantal and classical
descriptions for the absorption process in an intense field, partly for later use and
partly as another example of the correspondence principle.

Consider the Schrödinger equation for the interacting matter and radiation
field:

i ��hd�/dt = (HM + HR + HI)ψ = (H0 + HI)�. (3.5.1)

Here H (2)
I of (3.3.8) is omitted while H (1)

I of (3.3.7a), abbreviated as HI, is
rewritten as

HI =
∑

λ
(bλhλ + b†

λh
†
λ), (3.5.2)

where hλ and bλ are operators of the matter and radiation systems, respectively.
Introduce � by a unitary transformation:

� = S� ≡ exp(−i H 0t/��h)�. (3.5.3)

(Unitarity: S† = S−1 is satisfied since H0 is an Hermite operator. See the end of
Section 2.1 for the definition of the exponential function of an operator H .) It
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satisfies the equations

i ��hd�/dt = exp(i H 0t/��h)HI exp(−i H 0t/��h)� (3.5.4)

= exp(i H Mt/��h)HI(t) exp(−i H Mt/��h)�, (3.5.4a)

where

HI(t) ≡ exp(i H Rt/��h)HI exp(−i H Rt/��h) =
∑

λ
(bλ(t)hλ + b†

λ(t)h
†
λ)

=
∑

λ
{bλ exp(−iωλt)hλ + b†

λ exp(iωλt)h
†
λ}. (3.5.5)

Let us begin with the fully quantum-mechanical description. Consider the tran-
sition in the non-perturbed system H0 with eigenvalues Ei = Ea + E(. . . , nλ, . . .)
and eigenstates�i = |a〉| . . . , nλ, . . .〉 caused by the interaction HI with the use of
(3.5.4). Putting the expansion:

�(t) =
∑

i
ci (t)�i (3.5.6)

into (3.5.4), taking the scalar product of �f with the equation thus obtained, one
finds

i ��hdc f (t)/dt =
∑

j
exp(iω f j t)HI f j c j (t), ω f j ≡ (E f − Ei )/

��h. (3.5.7)

For short times, one can insert the initial condition: c j (t) ∼= c j (0) = δi j on the r.h.s.
After integration one obtains

c f (t) = HI f j {exp(iω f i t) − 1}/��hω f j i . (3.5.8)

For the process in which the matter is excited to the state |b〉 absorbing one
photon from various possible modes λ, one has the total transition probability:∑

λ
|cλ(t)|2 =

∑
λ

nλ|hλba|2[4 sin2{(ωba − ωλ)t/2}/��h2(ωba − ωλ)2]. (3.5.9)

Considering the photon flux within the solid angle��, the summation on λ can be
replaced by the integral: ∑

λ
→
∫

dωλρ(ωλ)�� (3.5.10)

where ρ(ω) is the spectral density of normal modes given by (1.3.7). If t is large
enough, the function [· · ·] in (3.5.9) has so sharp a peak at ωλ ∼ ωba that it can be
replaced by a δ-function:

[ · · · ] � t(2π��h−2)δ(ωλ − ωba)

where use has been made of the formula:
∫ +∞
−∞ dx sin2 x/x2 = π . The transition

rate is then given by W = ∑
λ |cλ(t)|2/t which can be readily confirmed to agree

with (3.4.6, 3.4.7).
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Let us next describe the same process semi-classically, and consider the transi-
tion a → b in the system M with the use of (3.5.4a). In this case, the Hamiltonian,
(3.5.5), should be considered as an oscillating (withωλ) electromagnetic field driven
externally by HR with c-number amplitudes |bλ| = (nλ)1/2. The probability ampli-
tude of the system M in the state b at time t is then given by

cb(t) =
∑

λ
hλbabλ[1 − exp{i(ωba − ωλ)t}]/��h(ωba − ωλ). (3.5.11)

Since bλs with different λ have phase factors which have no correlation in the case
of an ordinary light source, one can put

〈bλ′b∗
λ〉phase = δλ′λnλ (3.5.12)

in calculating 〈|cb(t)|2〉phase. The result is the same as that obtained above from the
quantal field description, as can be readily confirmed.

3.6 Oscillator strength and the sum rule

For order of magnitude estimation and for comparisons of the rates of different
optical transitions, it is convenient to normalize the matrix elements µba into di-
mensionless quantities so as to satisfy the sum rules5 to be described below.

Let us start with the commutation relations and the Heisenberg equation of motion
for the i th particle of the material system M:

δij = (i ��h)−1[xi , p jx ]−, p jx = m j dx j/dt = m j i
��h−1[H, x j ]−,

and take the diagonal matrix element (a, a) of the former with the use of non-
diagonal elements of the latter:

δij = (i ��h)−1
∑

b
(xiab p jxba − p jxab xiba)

= 2��h−1m j

∑
b
ωba(xiabx jba + x jab xiba), (3.6.1)

where |a〉 and |b〉 are eigenstates of an appropriate Hamiltonian H to be specified
later.

If we define the oscillator strength f by

f (x)
iba ≡ 2��h−1miωba|xiba|2 = 2��h−1(miωba)−1|pixba|2, (3.6.2)

we obtain from (3.6.1) the sum rule for the i th particle:∑
b

f (x)
iba = 1. (3.6.3)

If i represents one of the n identical particles, the summation of (3.6.1) over i and
j gives ∑

b
f (x)
ba = n (3.6.4)
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where

f (x)
ba ≡ 2��h−1mωba

∣∣∣(∑
i

xi

)
ba

∣∣∣2 = 2h−1(mωba)−1
∣∣∣(∑

i
pix

)
ba

∣∣∣2 . (3.6.5)

Equations (3.6.3) and (3.6.4) are the sum rules for one- and n-particle systems,
respectively. Only the latter is useful for an interacting n-particle system, as will
be seen below.

In the case of an atom (or ion) consisting of n electrons and a nucleus with
atomic number Z , we first separate their center of mass motion and consider the
Hamiltonian H for the electrons relative to the point charge +Ze fixed at the
center, and then apply (3.6.4) as an exact relation apart from the extremely small
reduced mass correction. Due to the spherical symmetry, one-electron states are
characterized by quantum numbers n, l and m, and it is convenient to redefine
the oscillator strength by taking the average over m(= −l, . . . ,+l) of the gl(=
2l + 1)-fold degenerate initial states and by summing over m ′ of the degenerate
final states:

fn ′l ′,nl ≡ g−1
l

∑
m

∑
m ′

〈
f (x)
n ′l ′m ′,nlm

〉
, (3.6.6)

which no longer depends on the polarization direction (x) of the electromagnetic
wave. In the case of the hydrogen atom which is exactly solvable, one can read-
ily confirm the sum rule (3.6.3) (ionization continuum must be included in the
final states) for any initial states. Note that there are negative contributions of the
downward transitions from initial states 2p and higher.

The outermost electron in alkali atoms, which can be approximately described
by an effective one-electron Hamiltonian h, satisfies the sum rule (3.6.3) approxi-
mately, where a denotes the one-electron state of h. It is only the sum rule (3.6.4)
for n electrons with their many-body Hamiltonian H that holds exactly.

In the case of molecules and solids which will be considered in later sections, the
interatomic motion remains even after separation of center-of-mass and rotational
motions. In the first step of the adiabatic approximation to be discussed in Chapter 4,
the electrons are assumed to move around the atoms which are fixed at their equilib-
rium positions. Then one can apply the sum rule (3.5.4) for the electronic system.
In the second step, the atoms are considered to vibrate around their equilibrium
positions under the adiabatic potential of the electronic state under consideration,
say the ground state. One can then apply a similar sum rule (not shown here ex-
plicitly since we have different atomic species) for the atomic motions with their
vibrational states. In solids, vibrational and electronic transitions contribute within
their respective characterisic ranges of frequency to the dispersion of the dielectric
constant. The physical meaning of the oscillator strength and the sum rule will be
made more clear in connection with dielectric dispersion described later.
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Finally we relate the rate of spontaneous emission, A, to the oscillator strength,
f , of the transition. As a typical case, consider an atom in which an electron makes
a transition from a p-like excited state to an s-like ground state by emitting a photon
of energy E = ��hω into a vacuum spontaneously. Inserting the matrix element of
x obtained from (3.6.2) into (3.4.12) where µ2/3 is to be replaced by (ex)2, one
obtains

A = (ω2e2/2πε0mc3
0) f = 0.438 × 107s−1 E(eV)2 f, (3.6.7)

which will be useful for an order of magnitude estimation.



4

Electronic vs. nuclear motions and the optical spectra of
localized electrons in solids

4.1 Born–Oppenheimer approximation

Molecules and condensed matter consist of electrons and nuclei, the latter being
ten thousands times heavier and hence moving much more slowly than the former.
According to Born and Oppenheimer1, it is appropriate to describe such systems in
the following two steps: first one solves for the electronic state � with eigenenergy
E�(q) for fixed positions q of the nuclei as parameters, and then solves the nuclear
motion under the adiabatic potential W�(q) which consists of the electronic energy
E�(q) and the internuclear potential U (q). Then the eigenenergy E�n with quantum
number n gives the total energy of the system. In order for this approximation to
be valid, however, the electronic state E� should be a discrete level well separated
from other levels. This situation is realized with the electrons of molecules up to
medium size or of localized electrons in bulk insulators, and also with the ground
electronic state of an insulator which is separated from the excited electronic states
by a bandgap.

Let us consider a system consisting of electrons and nuclei with positions rj and
qα, respectively. Since the potential V for the electrons depends on q (representative
of all qαs) as well as on r (all r j s), one can write the total Hamiltonian as

H = −
∑

j
(��h2/2m)∇2

j + V (r, q) + U (q) −
∑

α
(��h2/2Mα)∇2

α, (4.1.1)

where ∇ means the vector differential operator defined below (1.1.4) with respect
to the coordinate shown by the suffix j for the j th electron andα for theαth nucleus.
(Note (2.1.4) which brings the kinetic energy in (3.3.5) into the first and third terms
in (4.1.1).)

One first solves the electronic eigenvalue problem for fixed q:

[
−
∑

j
(��h2/2m)∇2

j + V (r, q) − E�(q)
]
��(r, q) = 0, (4.1.2)

40
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and then solves the eigenvalue problem for the nuclear motion with the use of this
eigenenergy E�(q) for each electronic state �:[

−
∑

α
(��h2/2Mα)∇2

α + W�(q) − E�n
]
χ�n(q) = 0, (4.1.3)

where W�(q) ≡ E�(q) + U (q). (4.1.4)

The wave function of the total system is then given by

��n(r, q) ∼= ��(r, q)χ�n(q). (4.1.5)

To see the accuracy of this approximation, we take the scalar product of χ�n with
eq. (4.1.2) and the scalar product of �� with eq. (4.1.3) and add them. Then the
discrepancy of E�n and ��n from the exact eigenenergy and eigenfunction of H is
given by

(H − E�n)��n = −
∑

α
(��h2/2Mα)

[∇2
α,��n

]
−χ�n(q)

= −
∑

α
(��h2/2Mα)

[
2(∇α��n) · (∇αχ�n) + (∇2

α��n
)
χ�n
]
.

(4.1.6)

Taking derivatives with respect to q of �(r, q) and χ (q) amounts, in order of
magnitude, to dividing by the electronic and nuclear de Broglie wavelengths λel

and λnuc (to be defined later in this section), respectively. (Note that the electronic
wave function � depends on q only through the relative coordinates (rj − qα).)
Therefore, the first and second terms of (4.1.6) are of order of magnitude (λnuc/λel)
and (λnuc/λel)2 times the nuclear kinetic energy given by the first term in [· · ·]
of (4.1.3).

Let us expand the adiabatic potential around its minimum point which naturally
depends on �: W�(q) = W�(q0�) + Mω2

�(q − q0�)2/2 + · · ·. Since the ω�s for dif-
ferent �s are of the same order of magnitude, they will be represented by a common
ω for the estimation below. In the harmonic approximation, the vibrational energy
quantum is given by

��hω ∼ ��h2/2Mλ2
nuc ∼ Mω2λ2

nuc/2, (4.1.7)

whereas the electronic energy Eel defined as the difference of two adjacent energy
levels is related to λel by

Eel ∼ ��h2/2mλ2
el. (4.1.8)

Note that W�(q) contains the term E�(q) whose q dependence comes from that of
V (| r j − qα|) in (4.1.2) as mentioned before. Since the internuclear bonds come
from the energy of the electrons participating in the bonds, a nuclear displacement
as large as the electron de Broglie wavelength would change the electronic state
completely, as is seen from the typical situation depicted in Fig. 4.1. Thus the
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Fig. 4.1 Adiabatic potentials, Wg,e(q) for the ground and excited states, with the Franck–
Condon principle for the optical transitions shown by upward (absorption, with peak fre-
quency νa) and downward (emission, with peak frequency νe) arrows. Here λel is the de
Broglie wavelength of the electron.

extrapolation of W�(q) to |q − q0| ∼ λel gives:

Mω2λ2
el/2 ∼ Eel(∼hνa in Fig. 4.1) (4.1.9)

which relates the nuclear motion to the electronic energy. From (4.1.7 to 4.1.9)
one obtains

(λnuc/λel)
2 ∼ (��hω/Eel) ∼ (m/M)1/2. (4.1.10)

Thus we see that the electronic energy, the nuclear vibrational energy, the first, and
the second correction terms in (4.1.6) are in the ratio 1: (m/M)1/2 : (m/M)3/4 :
(m/M).

For small molecules, one should also consider the rotational motion, whose
energy is of the order of (m/M), the same as the second correction to the Born–
Oppenheimer approximation, and will be ignored here.

4.2 Classical approximation of vibrational motion

Since the nuclear masses are of the order of 104 times larger than the electronic
mass, the vibrational energy quanta ��hω are 10−2 times the electronic transition
energy Eel and the nuclear motion can be treated by classical mechanics in the first
approximation. Moreover, the nuclei can be assumed to stay in the same positions
during the time ∼��h/Eel (the minimum duration of incident light according to the
uncertainty principle between time and energy) needed for the electronic transition
to be completed (not to be confused with the waiting time for the transition which
is the reciprocal of the rate (3.4.13) and hence depends on the intensity of the light).
The absorption spectrum for the electronic transition from the ground state g to
an excited state e, as a function of the photon energy E , is given, with the use
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of (3.4.13, 3.4.14), by the statistical average of energy of vertical transition (the
Franck–Condon principle, see also Fig. 4.1):

B(E) = (π/ε��h2)
∫

dqwg(q)|µλeg(q)|2δ[We(q) − Wg(q) − E], (4.2.1)

where

µλeg(q) ≡
∫

dr�∗
e (r, q) eλ · µ(r ) �g(r, q) (4.2.2)

is the component, in the direction eλ of polarization of the incident light, of the
q-dependent electronic transition dipole moment and

wg(q) ≡ Z−1
g exp[−βWg(q)], Zg ≡

∫
dq exp[−βWg(q)] (4.2.3)

is the Boltzmann distribution of the vibrational coordinate q. In the above, q is to
be understood to represent multi-dimensional coordinates, {qi }.

4.3 Perturbation theory in electron–vibration interaction

Let us expand V (r, q), the only term which depends both on r and q in (4.1.1),
around q0 (to be specified later) in a power series

V (r, q) = V (r ) +
∑

i
Vi (r )(qi − qi0) + · · · , (4.3.1)

and also expand the eigenenergies E�(q) and the wave functions ��(r, q) in the
same way. Defining the electron–vibration interaction HI by the q-dependent term
(the second term on the r.h.s.) of (4.3.1), we apply the perturbation theory to solve
the eigenequation (4.1.2).2 The coefficients of the zeroth and the first powers of
(q − q0) are then given by

[H0 − E�]�� = 0, H0 ≡ −
∑

j
(��h2/2m)∇2

j + V (r ), (4.3.2)

[Vi − E�i ]�� + [H0 − E�]��i = 0. (4.3.3)

The scalar product of �� ′ with (4.3.3) gives

Vi� ′� − δ� ′�E�i + [E� ′ − E�](�� ′,��i ) = 0.

By putting � ′ = �, one obtains the coefficient of the first-order energy:

E�i = Vi��. (4.3.4)

From the non-diagonal terms � ′ �= �, one obtains the expansion coefficient of the
first-order wave function:

ci�� ′ ≡ (�� ′,��i ) = Vi� ′�/[E� − E� ′]. (4.3.5)
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As for the coefficient ci��, one obtains, from the first-order term in the expansion of
the normalization condition: δ�� ′ = (��,�� ′), the relation: ci�� + c∗

i�� = 0, namely,
its real part vanishes while the imaginary part is arbitrary and hence can be taken
to be zero. Hence ci�� = 0. It has been assumed in the above that the state � is not
degenerate.

In studying the absorption spectrum of the transition g → e, it is convenient to
take qi0 as the minimum point of Wg(q) and to choose their origins as qi0 = 0 and
Wg(0) = 0. One can then expand

Wg(q) =
∑

i
ω2

i q2
i /2 + · · · , (4.3.6)

We(q) = Ea −
∑

i
ω2

i ∆i qi + Wg(q) + · · ·
= E0 +

∑
i
ω2

i (qi − ∆i )
2/2 + · · · , (4.3.7)

ER ≡ Ea − E0 =
∑

i
ω2

i ∆
2
i /2, (4.3.8)

where the qi s are normal modes so chosen as to diagonalize the quadratic term of
the potential energy Wg(q) as shown in (4.3.6) and the kinetic energy as

∑
i p2

i /2
with unit mass. The linear interaction term in (4.3.7) are given by

V (q) = −
∑

i
ω2

i ∆i qi ≡
∑

i
(Viee − Vigg) qi (4.3.9)

with the use of (4.3.4) for the relative displacement of the equilibrium position.
In the harmonic approximation where the third- and higher-order terms . . . in

(4.3.6) are neglected, the terms . . . in (4.3.7) consist of the second- and higher-order
perturbations in HI (although the second-order terms are already included in the
ground-state harmonic potential Wg(q)). We shall hereafter refer to this approxi-
mation (the neglection of terms . . . in (4.3.7) and (4.3.6)) as linear interaction of
electrons with the harmonic vibration (see Fig. 4.1). With further use of the Condon
approximation which neglects the q dependence of the electronic transition dipole
moment, one readily finds from (4.2.1) that the normalized absorption spectrum
has a Gaussian lineshape:

F(E) = (2πD2)−1/2 exp[−(E − Ea)2/2D2], (4.3.10)

〈〈E〉〉 ≡
∫

E F(E) d E = Ea (4.3.11)

〈〈E2〉〉 ≡
∫

E2 F(E) d E ≡ D2 = 〈〈(V (q))2〉〉 = 2ERkBT . (4.3.12)
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4.4 Relaxation of nuclear positions after electronic transition

We are now in a position to consider what takes place in the nuclear positions after
optical excitation of the electronic state. According to the Franck–Condon principle,
the nuclei immediately after electronic excitation have the same positions 〈〈qi 〉〉 = 0
and momenta 〈〈pi 〉〉 = 0 as they had before the excitation. We can resort to classical
mechanics in describing the subsequent motions of nuclei so long as we take the
harmonic approximation for the adiabatic potential, because quantum mechanics
gives the same result (on the expectation values of the position coordinates) as
classical mechanics according to (2.2.27 to 2.2.28). Starting from the Franck–
Condon state mentioned above, the nuclei move under the potential We(q) given
by (4.3.7). Hence, each normal mode makes a harmonic oscillation around its new
equilibrium position ∆i with amplitude ∆i :

qi (t) = ∆i (1 − cosωi t). (4.4.1)

The quantity that is spectroscopically observable is the vertical transition en-
ergy hν = We(q) − Wg(q) = Ea + V (q) (see (4.3.7, 4.3.8)) between the adiabatic
potentials according to the Franck–Condon principle, rather than the individual
motion of each normal mode. It varies rapidly, sub-picosecond, the typical period
of the vibrational motions. However, the time-resolved observation of weak light
emitted during these motions is well within the scope of recent spectroscopic tech-
niques which operate in the femtosecond regime. Since V (q) is a linear function
of the qi s as given by (4.3.8), it is most straightforward to take it as one of the new
coordinate axes.

For this purpose we first make a canonical transformation: qi → q ′
i ≡ ωi qi and

pi → p ′
i ≡ ω−1

i pi by which the potential Wg is brought into an invariant form at
the cost of bringing back the kinetic energy K to a non-invariant form:

Wg =
∑

i
q ′2

i /2, K =
∑

i
ω2

i p ′2
i /2. (4.4.2)

Second, we make an orthogonal transformation {q ′
i } → {Qα}(α is not to be confused

with α in Section 4.1) such that Q1, the first of the new coordinates, is proportional
to V (q) given bv (4.3.8):

V (q) = −
∑

i
ωi∆i q

′
i = −cQ1, (4.4.3)

c2 =
∑

i
ω2

i ∆
2
i = 2ER. (4.4.4)

Q1 is called the interaction mode since it is proportional to the interaction V (q)
except for a constant c to be defined as a coupling coefficient, while the other Qαs
do not appear in the interaction. The interaction mode was first introduced to de-
scribe the Jahn-Teller degenerate excited states – the optical transition thereto and
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Fig. 4.2 Contours of adiabatic potentials for the ground and excited electronic states in the
configuration coordinate space (q1, q2, . . .), and the interaction mode Q1 upon which the
relaxational motion (thick arrow) is to be projected so long as one is concerned only with
the optical spectra.3

the lattice relaxation therefrom – in a tractable way with the use of the configura-
tion coordinate model3 as will be described in detail in Section 4.7. In that case,
several interaction modes with a few coupling coefficients are needed depending
on the symmetry of the system. The concept is still useful in the present case of a
non-degenerate excited state with a single interaction mode with its one coupling
coefficient. It is to be noted that the combined transformation {qi } → {Qα} is a
non-orthogonal one as shown schematically in Fig. 4.2. Then one can rewrite the
adiabatic potentials in terms of the new coordinates:

Wg(Q) =
∑

α
Q2
α/2, (4.4.5)

We(Q) = Ea − cQ1 + Wg(Q) = E0 + (Q1 − c)2/2

+
∑

α�2
Q2
α/2. (4.4.6)

The quadratic form K is no longer diagonal in the new momenta Pα, making the
situation complicated. However, since we are concerned only with the adiabatic
potential along the Q1-axis, the axis relevant to spectroscopy, we can pursue the
temporal behavior explicitly given by

cQ1(t) =
∑

i
ω2

i ∆
2
i (1 − cosωi t) = 2

∫
dωs(ω)��hω(1 − cosωt), (4.4.7)

s(ω) ≡
∑

i
Siδ(ωi − ω), Si ≡ (ωi∆

2
i /2

��h). (4.4.8)

The integral expression in (4.4.7), with the use of coupling function s(ω) as defined
by (4.4.8),4 is convenient in studying a localized electron at a defect in a solid and,
in particular, the different roles of localized and delocalized modes of the lattice
vibrations which constitute the discrete and continuous spectra of s(ω).

In the absence of localized modes, s(ω) is a continuous function of ω with an
upper bound ω0 common to the host crystal. All modes are extended, with ∆i being
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Fig. 4.3 (a) One-dimensional configuration coordinate model with interaction mode Q1
upon which the relaxational motion is projected.3,4 (b) Expected time-resolved emission
spectra. (See also Section 11.5 and compare with Fig. 11.6.)

on the order of N −1/2 (N : the total number of atoms in the crystal) since they interact
with the localized electron only at several atoms in its neighborhood. The integral
(4.4.7) tends to cQ1(∞) = c2 as a result of dephasing among oscillations with
differentω, though with some to-and-fro motion on its way. The emission spectrum
after photoexcitation is expected to change during the relaxation (∼10−13 s, as
shown schematically in Fig. 4.3,5 although the intensity of this hot luminescence
is extremely small compared with the ordinary luminescence from the relaxed
excited state at Q1 = c where the system stays much longer (during the natural
lifetime which is of the order of 10−8 s, see (3.6.7)). All other Qαs (α �= 1) make
oscillative (but not periodic) motions with amplitude of the order of N −1/2 as t tends
to ∞. These motions constitute the heat energy dispersed over the entire crystal,
the energy originating from the local relaxation energy: ER = c2/2. When one
resorts to the one-dimensional configuration corodinate (C. C.) model, as shown
schematically in Figs. 4.1 and 4.3, which has for many years been very useful in
describing the optical transitions (inclusive of emission) as well as the subsequent
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relaxations, the abscissa should be considered to represent the interaction mode
described above. The ordinate of the relaxed state should be intepreted as the free
energy (F = U − TS in conventional thermodynamics) of the electron localized
in the lattice since the energy, ER, lost during relaxation is converted to the heat
energy (TS, where S is the entropy) of the lattice.

However, the localized normal modes, if they exist, contribute discontinuous
(line) spectra to s(ω), and, according to (4.4.7), Q1(t) continues to oscillate until
the anharmonic terms in We(q), which have so far been neglected, dissipate their
energy as heat.

4.5 Vibrational structures in absorption spectra

Let us now treat the nuclear motions quantum mechanically. If we confine ourselves
to the Condon approximation, the transition dipole moment defined in (3.4.11) is
factorized into the electronic and vibrational ones:

µen,gm = (�e,µ�g)(χen, χgm). (4.5.1)

Apart from a constant factor, the absorption spectrum at temperature T is given by

F(E) = Z
∑

m
exp(−βEgm)

∑
n ′δ(Een − Egm − E)|(χen, χgm)|2, (4.5.2)

with Z ≡
∑

m
exp(−βEgm) (4.5.3)

where F(E) is normalized as is obvious from the completeness of the eigenfuctions
{χen}.

According to the model of linear interaction of the electrons with the muti-
dimensional harmonic vibrations as introduced by (4.3.6) to (4.3.8), the eigenstates
are specified by (gm) ≡ (g; . . . ,mi , . . .) and (en) ≡ (e; . . . , ni , . . .), and the overlap
of their vibrational states are given by the product over all normal modes i :

(χen, χgm) =
∏

i

∫
dqiχni (qi − ∆i )χmi (qi). (4.5.4)

Let us confine ourselves to the one-dimensional harmonic oscillator for the mo-
ment. At T = 0, only the lowest vibrational state: m = 0 is populated. With the use
of the wave functions (2.2.25, 2.2.26), partial integration and recursion formula,
one can rewrite a typical integral of (4.5.4) for m = 0 as

cn(∆) ≡
∫

dqχn(q − ∆)χ0(q)

= (2n)−1/2
∫

dq ′χn−1(q ′){q ′/a + a(d/dq ′)}χ0(q ′+ ∆)

= (2n)−1/2(−∆/a)cn−1(∆) = (n!)−1/2(−∆/
√

2a)nc0(∆) (4.5.5)
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Fig. 4.4 Poisson distribution of phonon lines (b) in the electronic absorption spectra for
the model (a) of linear electron–phonon interaction for a one-dimensional harmonic lattice
vibration (see eq. (4.5.6)).

where a ≡ (��h/ω)1/2 (see eq. (2.2.3) for unit mass). Hence, the normalized inten-
sities of the vibrational lines (of the transition n ← 0) are given by the Poisson
distribution:

In = |cn(∆)|2 = exp(−S) × Sn/n!
(∑

n
In = 1

)
, (4.5.6)

where S ≡ ω∆2/2��h = ER/
��hω (4.5.7)

(see Fig. 4.4), and the normalized absorption spectrum by

F(E) = exp(−S) ×
∑

n
(Sn/n!)δ(E0 + n��hω − E). (4.5.8)

By putting the intensity ratio: In/In−1 = (S/n) ∼= 1, one finds that the maximum
of the Poisson distribution (4.5.6) is at ∼n − (1/2) ∼= S − (1/2). On the other hand,
the mean value 〈n〉 and its fluctuation∆n defined by (∆n)2 ≡ 〈(n − 〈n〉)2〉 = 〈n2〉 −
〈n〉2 of the distribution (4.5.6) are found to be equal to S and

√
S, respectively. The

former result gives the mean energy of the optical transition: 〈E〉 = E0 + 〈n〉��hω =
E0 + S ��hω = E0 + ER = Ea which is nearly at the above-mentioned peak Ep

∼=
E0 + (S − 1/2) ��hω, the small discrepancy being due to the positive skewness of
the Poisson distribution characterized by a longer tail at higher n. Here S represents
the coupling strength of the phonons with the localized excitation.

The generalization to the multi-dimensional case is as follows.2,6 Restoring the
indices of the normal modes, i , one can write the normalized absorption spectrum
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at T = 0 as

F(E) = exp
(
−
∑

i
Si

)∑
n1

∑
n2

· · ·
∏

i

(
Sni

i /ni !
)
δ
(

E0 +
∑

i
ni

��hωi − E
)
.

(4.5.9)
Here the δ-function with its coefficients indicates that energy quanta ��hωi are emitted
simultaneously with the electronic excitation energy E0, with the probability Si .
A vibrational quantum of interatomic motion is often called a “phonon”. This
terminology originates in solids where the acoustic mode of lattice vibrations with
long wavelengths correspond to sound waves, but is now used in more general
systems.

The complicated summation in (4.5.9) is greatly simplified by taking its Fourier
transform, the so-called generating function.2,7

f (t) ≡
∫ +∞

−∞
d E F(E) exp(−i Et/��h) = exp[−i E0t/��h − S + S(t)], (4.5.10)

where

S(t) ≡
∑

i
Si exp(−iωi t) =

∫ ∞

0
dωs(ω) exp(−iωt), (4.5.11)

S ≡ S(0) =
∑

i
Si =

∫ ∞

0
dωs(ω). (4.5.12)

These expressions provide us with an insight to their extension to finite temper-
ature. One has to multiply each term with suffix i in S(t). representing the sponta-
neous emission of a phonon as mentioned above, by nβ(ωi ) + 1 so as to include the
induced emission which is proportional to nβ(ωi ) = [exp(β��hωi ) − 1]−1, the aver-
age number of phonons in thermal equilibrium. (See the arguments in Chapter 3
where the quantum concerned was a photon.) At the same time, one has to consider
the phonon absorption term, with the − (minus) sign replaced by a + (plus) sign in
the exponent of (4.5.11), and multiplied by the factor nβ(ωi ), instead of nβ(ωi ) + 1
(see Refs. [2, 6 or 7] for the proof). With the use of (4.4.8), one obtains:

fT(t) = exp[−i E0t/��h − ST + S+(t) + S−(t)], (4.5.10a)

where

S±(t) ≡
∫ ∞

0
dω{nβ(ω) + 1, or nβ(ω)}s(ω) exp(∓iωt), (4.5.11a)

ST ≡ S+(0) + S−(0) =
∫ ∞

0
dω coth (��hω/2kBT )s(ω). (4.5.12a)

The absorption spectrum is obtained as the inverse Fourier transform of the
generating function:

F(E) = (2π��h)−1
∫ ∞

−∞
dt f (t) exp(i t E/��h). (4.5.13)
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Note that the zeroth and first-order terms in the power series expansion in S+(t) of
(4.5.10a) at T = 0 gives the following terms for the absorption spectrum:

F0(E) = exp(−S) δ(E − E0), (4.5.14)

F1(E) = exp(−S) s((E − E0)/��h)/��h. (4.5.15)

Equation (4.5.14) represents the zero-phonon line, and (4.5.15) the one-phonon
sideband on its higher-energy side reflecting the spectral coupling s(ω) of the inter-
acting phonons. Likewise, the two-phonon sideband is obtained from the second-
order terms in the power series expansion in the form of a convolution:

F2(E) = exp(−S)(2!)−1
∫

d E ′s((E − E ′− E0)/��h)s(E ′/��h)/��h. (4.5.16)

At finite temperature the sidebands of the phonon absorption appear on the low-
energy side of the zero-phonon line, and the mixed bands of phonon emission and
absorption on both sides of it, all of which are given in convolutions of s(ω) (see
Fig. 4.5).

For high temperature and/or strong electron–phonon coupling where the mean
square root width D of the absorption spectrum, given by

D2 ≡ 〈〈V (q)2〉〉T =
∫

dω cot(��hω/2kBT )(��hω)2s(ω), (4.5.17)

is large compared to the typical phonon energy ��hω, only the region with small t of
fT (t) contributes to F(E). Expanding the exponent of (4.5.10a) in powers of t , one
obtains −i Eat/��h − (Dt)2/2��h2, resulting in the Gaussian lineshape (4.3.10) with
dispersion 〈〈(E − Ea)2〉〉 = D2. In such a situation where ST ∼ (D/��hω)2 is much
larger than unity, the intensity of the zero-phonon line, exp(−ST ), is negligibly
small, and successive phonon sidebands, if continuous, can hardly be resolved
from each other. Note that D tends to eq. (4.3.12) in the high-temperature limit, as
it should.
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Fig. 4.5 The zero-phonon line followed by one-, two-, and three-phonon sidebands
(schematic) of the electronic absorption spectra (see eqs. (4.5.14 to 4.5.16)).
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4.6 Emission vs. absorption spectra

While relaxation after photo-excitation takes place within the order of a picosecond,
spontaneous emission from the excited state takes much longer than nanoseconds
according to (3.6.7). It is therefore quite reasonable to suppose that thermal equi-
librium among vibrational states within the excited electronic state is established
well before spontaneous emission takes place. Hence, the emission spectra A(E)
can be derived in the same way as the absorption spectra. For instance, one obtains
the classical approximation:

A(E) = (E3/πε
��h4c3)

∫
dq we(q)|µλeg(q)|2δ[We(q) − Wg(q) − E] (4.6.1)

where we(q) denotes the Boltzmann distribution within the excited electronic state
as obtained by replacing g by e in (4.2.3). One can readily confirm that (4.2.1) and
(4.6.1) satisfy the relation (3.2.3) as they should.

With the model of linear interaction with the harmonic vibrations presented in
Section 4.3, the emission spectrum in the classical approximation has a Gaussian
lineshape (apart from the factor E3) with the same dispersion D2 as in (4.3.10) but
with its peak Ee shifted by the Stokes shift:

Ee = E0 − ER = Ea − 2ER (4.6.2)

as shown schematically in Figs. 4.1 and 4.3. After emission, the nuclei return to the
original positions they were at before excitation, again with the relaxation energy
ER. Quantum-mechanical treatment of the same model gives the generating function
which is obtained by replacing exp(∓iωt) by exp(±iωt) in (4.5.11a), corresponding
to the fact that the simultaneous emission of phonons contributes now to the low
energy shift of the emitted photon. Its inverse Fourier transformation, which gives
the emission spectrum apart from the factor E3, turns out to be a mirror image of
the absorption spectrum with the zero-phonon line as the point of reflection.

It is to be noted that the reflection symmetry is valid only for the model of linear
interaction with harmonic vibrations, whereas relation (3.2.3) is valid for any model
provided that thermal equilibrium is established within the excited-state subspace
before the emission. The time-dependent weak emission during the relaxation, as
depicted in Fig. 4.3, makes by itself a negligible contribution to this relation be-
cause it is only one channel of relaxation (starting from a particular initial state –
the Franck–Condon (F.C.) state) towards thermal equilibrium among innumerable
channels. (In this connection one is to be reminded of the ergodic theory relating
the reversible mechanical law to the irreversible processes which finally establish
thermodynamical equilibrium.)
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4.7 Interaction modes in degenerate excited states

As we have seen in Sections 4.3 and 4.4, the absorption spectrum of a molecule or
a localized electron in solids with non-degenerate ground and excited states can be
described, in the adiabatic limit, with the use of the one-dimensional configuration
coordinate (C.C.) model, under the simplified assumption of linear interaction of
the electron with the harmonic vibrations of the atoms. This assumption allowed
us to define the interaction modes as that linear combination of the normal modes
which is proportional to the interaction Hamiltonian itself. Although the interaction
mode is not a normal mode, the lineshape of the absorption spectrum in the classical
limit can be described by the C.C. model with this interaction mode alone, the other
modes playing the role of a heat reservoir which accepts the energy released during
relaxation of the interaction mode toward its new equilibrium position (see Fig. 4.3).

However, molecules and lattice defects in solids8 with which we are familiar very
often have high symmetry, so that the optically allowed excited states are degenerate
even if the totally symmetric ground state is not. Consider a lattice defect with cu-
bic symmetry (Oh). A well-known example is the F center in alkali halides9 which
consists of a halide-ion vacancy with a captured electron. It has a strong absorption
band (called the F band) in the visible region, resulting in complementary coloring
of otherwise transparent crystals – the origin of the German name: Farbzentren. The
ground state of the captured electron is a totally symmetric A1g state (similar to the
atomic s state) which is non-degenerate, while the excited states responsible for
the strong absorption band are triply-degenerate T1u states (similar to the atomic
p state). Another example known for its phosphorescence is the impurity cen-
ter with a heavy-metal ion with an outermost shell of (ns)2 configuration (such
as In+,Sn2+(n = 5),Tl+,Pb2+(n = 6)) substituting for an alkali ion. The optical
absorption spectra of this center (sometimes called a Tl+-like center, representa-
tively) consist, in order of increasing energy, of a spin–orbit-allowed A band, a
vibrationally-allowed B band (both originating from the spin triplet excited state)
and a dipole-allowed C band. We shall be mainly concerned here with the C band
which can be approximately considered as a one-electron transition: ns → np, sim-
ilar to the F band. However, the electron responsible for the optical transition is well
localized within the impurity atom in the Tl+-like center, but spread to neighboring
host ions in the F center.

According to the well-known Jahn-Teller theorem,10 the orbitally degenerate
states are stabilized in the distorted configurations in which the degeneracy is re-
moved. This is caused by the interaction of the electron with modes (patterns)
of atomic displacements with lower symmetries. For instance, T1u states which
transform like a vector (x, y, z) are subject to a linear interaction with totally sym-
metric A1g modes represented symbolically by Q1, two-dimensional Eg modes
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(Q2, Q3) transforming like ((
√

3/2)(x2 − y2),− (1/2)(x2 + y2) + z2), and three-
dimensional T2g modes (Q4, Q5, Q6) transforming like (yz, zx, xy)11 through the
Hamiltonian HI of the matrix form:

x y z
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

HI =
(

a ′Q1 + b ′{(√3/2)Q2 − (1/2)Q3} c ′(
√

3/2)Q6 c ′(
√

3/2)Q5

c ′(
√

3/2)Q6 a ′Q1 + b ′{−(
√

3/2)Q2 − (1/2)Q3} c ′(
√

3/2)Q4

c ′(
√

3/2)Q5 c ′(
√

3/2)Q4 a ′Q1 + b ′Q3

)

(4.7.1)

Here Q1, . . . , Q6 are linear combinations of all normal modes {q1i }, . . . , {q6 j } of
the corresponding symmetries with coefficients {γ1i }, . . . , {γ6 j } common within
each of irreducible representations A1g,Eg and T2g. By appropriate transformation
of the C.C.s within each irreducible representation, one can now reduce the N-
dimensional C.C. space to a six-dimensional one with three independent coupling
coefficients a ′, b ′, c ′, instead of a one-dimensional one with one coupling coefficient
c as was done in Section 4.4 for the non-degenerate case.

Adding three eigenvalues of the energy matrix (4.7.1) to the relevant part of
the lattice potential energy, (Q2

1 + · · · + Q2
6)/2, one obtains three sheets (surfaces)

of adiabatic potentials in the six-dimensional C.C. space. For any direction in this
space, the eigenvalues of HI are linear functions of the radial coordinate Q and hence
each branch of the adiabatic potentials has a minimum as in the non-degenerate
case of Section 4.4. Considering all directions, one can find a few (how many is
not obvious) equivalent minima of the adiabatic potentials in the six-dimensional
C.C. space. This is the Jahn-Teller effect.

Does this splitting of the adiabatic potential in the excited state cause a split line-
shape of the absorption band? To answer this question, let us first consider the cases
in which only one among a, b, c is nonvanishing. The first case with a �= 0, b =
c = 0 is trivial since all eigenvalues are equal to aQ1 (degeneracy is not removed),
giving three identical adiabatic potential surfaces with only one minimum −ER =
−a ′2/2 at (Q1, Q2, . . .) = (−a ′, 0, . . .), which is a totally symmetric configuration.
One obtains a Gaussian lineshape with dispersion D = a ′(kBT )1/2. In the second
case with b ′ �= 0, a = c = 0 the degeneracy is certainly removed. Taking the third
diagonal element as an eigenvalue, one finds the adiabatic potential We(Q2, Q3) =
Ea + b ′Q3 + (Q2

2 + Q2
3)/2 has a minimum −ER = −b ′2/2 at (Q2, Q3) = (0,−b ′).

Since Q2 does not interact, one obtains a Gaussian lineshape with dispersion
D = b ′(kBT )1/2. Two other sheets of the adiabatic potential are obtained simply
by rotating this sheet by 120◦ and 240◦ on the (Q2, Q3) plane. Hence, the lineshape
is a simple Gaussian in spite of the removal of degeneracy for given (Q2, Q3).
The situation is different in the case of a = b = 0, c �= 0 where one obtains a split
lineshape reflecting in fact the removal of degeneracy,3 as will be shown below.
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Fig. 4.6 (a) Three solutions of eq. (4.7.2), and (b) differential solid angle (d�/dλ) given
by eq. (4.7.6), as functions of λ.3

Introducing the radius Q with directional cosines � = Q4/Q,m = Q5/Q and
n = Q6/Q in the three-dimensional space (Q4, Q5, Q6), one can write the eigen-
values of HI as c ′Qti where ti (λ)s are roots of the cubic equation

t3 − (3/4)t − (33/2/4)λ = 0, where λ ≡ �mn. (4.7.2)

Three roots t1, t2 and t3 in increasing order are illustrated in Fig. 4.6(a), as func-
tions of λ which varies between −γ and +γ where γ = 3−3/2. Since (t1)min = −1
appears at λ = −γ , the adiabatic potential has minima, −ER = −c ′2/2 at Q = c ′

in four equivalent directions with one or two of (�,m, n) being +3−1/2 and the
others −3−1/2. We have defined the interaction coefficients (a ′, b ′, c ′) in (4.7.1)
in such a way that the corresponding lattice relaxation energy ER is given by
a ′2/2, b ′2/2, c ′2/2, respectively, in accordance with the non-degenerate case (4.4.4).
They are related with (a, b, c) used in Refs. [3, 13, 20–22] by a = √

2a ′, b =√
3b ′/2, c = √

3c ′/2.
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The normalized lineshape for the A1g → T1u transition in the Condon approxi-
mation is then given by

F(E) = (1/3)
∑

i

∫
d�

∫ ∞

0
Q2d Q(2πkBT )−3/2

× exp[−Q2/2kBT ]δ[E − {Ea + c ′Qti (λ)}], (4.7.3)

where d� = (d�/dλ) dλ is the differential solid angle of the directional region in
which �mn falls between λ and λ+ dλ. If the photon energy measured from the
Franck–Condon excitation energy is normalized by

x = (E − Ea)/(2c ′2kBT )1/2, (4.7.4)

the corresponding lineshape function f (x), defined by F(E)dE = f (x) dx, can be
written as

f (x) = 3−1π−3/2
∑3

i=1

∫ γ

−γ
x2ti (λ)−3 exp[−x2ti (λ)−2](d�/dλ) dλ. (4.7.5)

The differential solid angle is calculated as

(d�/dλ) =
∫ π

0

∫ 2π

0
sin θdθdφδ[(1/2)(cos θ sin2 θ sin 2φ) − λ]. (4.7.6)

As is readily seen, eq. (4.7.6) diverges logarithmically as |λ| → 0. The results of
numerical computation of (4.7.6) and (4.7.5) are shown in Figs. 4.6 (b) and 4.7. The
logarithmic divergence in the former is brought into the latter. What is interesting is
the split lineshape caused by the split adiabatic potential in spite of the directional av-
erage. Since d�/dλ diverges as |γ | → 0, an important contribution to the lineshape
(4.7.5) comes from the region with small |λ| with well-split ti (λ)s in Fig. 4.6(a).
The dispersion D of this lineshape is given by D2 = (1/3)Trace〈〈(HI)2〉〉 =
(3/2)c ′2kBT .

To sum up, we have seen three different types of interaction mode as regard their
roles in removal of degeneracy of excited states dipole-allowed from the totally
symmetric ground state and in splitting of the corresponding absorption band (in the
adiabatic limit in which vibrational quanta are negligible). The first is the inactive
mode which causes no level splitting and hence no band splitting (totally symmetric
A1g). The second is the potentially active mode which gives rise to level splitting
but not to band splitting (two-dimensional Eg). The third is the active mode which
gives rise to level splitting and also to band splitting (three-dimensional T2g). This
classification of interaction modes is extended to systems with various symmetries
and tabulated in Table 4.1.3 There are only two possible types of split lineshape. One
is the triplet lineshape already shown in Fig. 4.7. The second type with a doublet
structure appears with the E mode in the electronic transition A → E in a C3 system,
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Table 4.1 Active and potentially active modes of lattice vibrations around the
point imperfection for a dipole-allowed electronic transition from the totally

symmetric ground state to a degenerate excited state.

Symmetry of the point Potentially active
imperfection Electronic transition Active modes modes

C4 = 4
S4 = 4̄

}
A → E B

C4h = 4/m Ag → Eu Bg

C4v = 4 mm
D2d(Vd) = 4̄2 m
D4 = 422


 A1 → E B1,B2

D4h = 4/mmm A1g → Eu B1g,B2g

C3 = 3 A → E E
S6(C3i) = 3̄ Ag → Eu Eg
C3v = 3 m
D3 = 32

}
A1 → E E

D3d = 3̄ m A1g → Eu Eg
C6 = 6 A → E1 E2

C3h = 6̄ A ′ → E ′ E ′
C6h = 6/m Ag → E1u E2g
C6v = 6 mm
D6 = 622

}
A1 → E1 E2

D3h = 6̄ m2 A ′
1 → E ′ E ′

D6h = 6/mmm A1g → E1u E2g

T = 23 A → T T E
Td = 4̄3 m A1 → T2 T2 E
Th = m 3 Ag → Tu Tg Eg
O = 432 A1 → T1 T2 E
Oh = m 3 m A1g → T1u T2g Eg

Source: Toyozawa, Y. and Inoue, M. (1996) J. Phys. Soc. Jpn 21, 1663.

representatively. The adiabatic potentials and the absorption lineshapes are shown
in Figs. 4.8 and 4.9, respectively. Quantum theoretical treatment of this system has
been performed by Longuet-Higgins et al.12 Figure 4.9 almost coincides with the
envelope of the densely distributed line spectra they calculated in the situation
that the vibrational quantum is small compared with the classical band width
(a2kBT )1/2.

Throughout the study of the various systems shown in Table 4.1, one realizes
that the origin of the difference between the potentially active and the active mode
is whether the Franck–Condon point is merely an intersection point of the adiabatic
potentials or a branching point.
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Fig. 4.7 Calculated absorption band for the optical transition A1g → T1u of a localized
electron at a defect with Oh symmetry, with Jahn-Teller splitting through the interaction of
the T1u state electron with T2g modes of the lattice vibration.3

Extensive study of the lineshapes of the A1g → T1u transition in the Oh system
has been performed by Cho13 for the most general case of nonvanishing coupling
coefficients a, b and c of the interactions with A1g,Eg and T2g modes, respectively.
In Fig. 4.10 are reproduced only the results for a = 0, b ≥ 0 and c > 0 since
inclusion of a �= 0 results in smearing of the splitting through the convolution of
the width of the Gaussian due to a alone and may be conjectured qualitatively
from this figure. One can see how the mixing of the potentially active mode Eg

with the active mode T2g changes the lineshape. Close observation reveals that
the height of the peaks on both sides becomes comparable to that of the central
peak in the intermediate cases around b/c ∼ 1, while the central peak becomes
a small hump on the broader band (bell shape) at 4 < b/c(=b ′/c ′) < 9, tending
to a simple Gaussian as b/c → ∞. This is a characteristic feature of mixing the
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Fig. 4.8 Adiabatic potential surfaces for the electronic states A and E of a system with
trigonal symmetry C3, in the two-dimensional configuration coordinate space (Q1, Q2) of
the E mode.3
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Fig. 4.9 Calculated absorption band for the optical transition A → E in Fig. 4.8, reflecting
the Jahn-Teller-split adiabatic potential of the E state.3
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Fig. 4.10 Calculated lineshape of an electronic system, such as that in Fig. 4.7, interacting
with Eg and T2g modes with various ratios b/c (= b ′/c ′) of coupling coefficients. The abscissa
is normalized in units of the square root of the second moment of the lineshape which is
proportional to {kBT [b2 + (3/2)c2]}1/2. Due to Cho.13

potentially active mode which can never be seen in the case of mixing the inactive
mode.

We will now discuss the experimental studies which motivated the theoretical
studies mentioned above. Yuster and Delbecq14 observed the triplet structure in
the C band of KI: Tl, which they suspected to be due to the Jahn-Teller effect of
the excited state. Subsequently, several authors15,16 have observed the structures
in the A and C bands of various alkali halide phosphors. Systematic studies of the
absorption spectra, for various combinations of host alkali halides and impurity
ions, have been carried out by Fukuda et al.17 They revealed that, in contrast to the
triplet structure of the C band (see Fig. 4.11), the A band has doublet structures (see
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Fig. 4.11 Observed B and C absorption bands in KCl:Sn at various temperatures: 2)
77 K, 3) 133 K, 4) 175 K, 5) 211 K, 6) 243 K, 7) 285 K. Due to Fukuda et al.17

Fig. 4.12 Observed A and B bands in KCl: In at various temperatures: 1) 20 K, 2) 77 K, 3)
133 K, 4) 175 K,5) 211 K, 6) 243 K, 7) 285 K. Due to Fukuda et al.17

Fig. 4.12). The splitting energies of these bands increase as temperature rises, which
fact strongly supports vibration-induced splitting as the underlying mechanism.
The possible participation of a great number of normal modes made quantitative
theoretical description of these spectral structures difficult.

In view of the observed temperature-dependent splitting without phonon struc-
tures, the concept of the interaction mode was introduced3 which reduced the N-
dimensional C.C. space to a six-dimensional one, thereby facilitating quantitative
study of lineshapes though within the adiabatic limit (namely, at the cost of replac-
ing the quantal description of lattice vibrations by the classical one). As a result, the
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triplet structure of the C band has been explained at a quantitative level.13 In fact,
the observed lineshapes of the C band in various combinations of guest monovalent
metal ions (see below for divalent ions) and host alkali halides can be almost fitted to
some of the lineshapes in Fig. 4.10, except for the asymmetry in the former which is
presumably due to negative curvatures of the adiabatic potentials originating from
interaction with higher energy excited states.

In order to explain the peculiar lineshape of the A band, one must take account
of the exchange and spin–orbit interactions in the excited states with (ns) (np)
configurations which result, in order of decreasing energy, in spin-singlet-originated
1P1 (1T1u) states {C band}, and triplet-originated 3P2(3Eu + 3T2u) states {B band},
3P1(3T1u) states {A band} and 3P0(3A1u) states {not observed}. Here the notation
within a parenthesis (· · ·) is exact for cubic symmetry (Oh) while that before the
parenthesis is the corresponding state within the atomic (spherical) approximation.
Within the curly brackets {· · ·} are the observed absorption band assigned by Seitz18

to correspond to the excited states mentioned there. The last three of the four states
mentioned above are separated from the first one by the exchange energy and from
each other by the spin–orbit interaction which also has the effect of mixing the
first one with the third one, making the latter optically allowed. If one assumes that
the matrix elements of the electron–phonon interaction HI between the first and
the third and within the third states consist of the same interaction modes as were
introduced within the first states, one can calculate the lineshape of the A band using
the same interaction coefficients, the observed energy difference and the intensity
ratio of the C and A bands (governed by the exchange and spin–orbit interaction) as
discussed by Sugano19 in his extension of Seitz’s argument to the molecular orbital
model. The result of a calculation with c �= 0, a = b = 0 is shown in Fig. 4.13.
The asymmetry, with the lower-energy tail growing with temperature, is due to the
negative curvature of the adiabatic potential originating from interaction with the
1T1u state through HI – the pseudo Jahn-Teller effect. It reproduces the observed
doublet structure with temperature-dependent splitting and asymmetry (inclusive
of reversal of relative peak heights) shown in Fig. 4.12.

The symmetry of the relaxed excited states (static Jahn-Teller effect) has also
been studied with the use of polarized light at the A absorption band and by detecting
the polarization of emitted light, in correlation with that of the incident light and as
referred to the crystal axis. The correlation turned out to be greater for the incident
light at the lower side of the absorption peak than at the higher side, as is expected
from the Jahn-Teller split adiabatic potential.20 The study of the polarization of
emitted light under uniaxial stress and isotropic pressure by Shimada and Ishiguro21

and by Masunaga et al.22 revealed the fine detail of the nature and symmetries of
the relaxed excited states which can be explained only by considering the Q1-
dependences of the coupling coefficients b and c.
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Fig. 4.13 The calculated lineshapes of the A band at various temperatures in the limit of
no triplet–singlet mixing. Note the temperature-dependent asymmetry and intensity ratio
of the split peaks which are due to the pseudo Jahn-Teller effect of being repelled from
the C band (situated above the A band) through the T2g mode interaction, the only mode
considered here.3

The coupling coefficients a, b and c can be estimated with the quasi-molecular
model in which the central metal ion and neighboring six halide ions, with their
Coulomb interactions and the electronic polarization of the latter, are considered
and use is made of suitably corrected local elastic moduli instead of the individual
interatomic forces. Reasonable agreements with observations are obtained, inclu-
sive of the general tendency that divalent ions have greater coupling coefficients
than monovalent ones because of the polarization due to the extra charge. A certain
part of the discrepancy between the observed lineshapes from those of Fig. 4.10
in the case of divalent ions, however, are supposed to come from an associated
alkali-ion vacancy on the second-nearest site which neutralizes the extra charge, a
static origin of the splitting.23

Recently, Ueda et al.24 measured the absorption band due to the carbon 1s elec-
tron of CF4 molecules using high-resolution X-ray specroscopy. The results were
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Fig. 4.14 Quantum-mechanically calculated C 1s absorption band of CF4 molecule. The
parameter values are taken so as to reproduce the experimental results (shown in the inset).
Due to Itoh et al.25

analysed theoretically by Itoh, Tanaka and Kayanuma.25 The final state of the opti-
cal transition is a T2 state composed of four C–F antibonding σ ∗ orbitals, and this
main absorption band is followed on its higher-energy side by a series of Rydberg
states. The former is subject to (1) the Jahn-Teller effect due the T2 mode vibration
composed of four C–F stretching modes, (2) the pseudo Jahn-Teller effect due to
the interaction with the optically forbidden A state a little above it and the afore-
mentioned Rydberg states through the same T2 mode, and (3) the interaction with
the totally symmetric S mode vibration consisting of the stretching modes, being a
system somewhat analogous to the Tl+-like center in an alkali-halide crystal. Due
to the simplicity of the molecule, the T2 interaction mode is exactly a normal mode,
there being no other normal modes with the same symmetry. This facilitated a full
quantum mechanical calculation of the absorption spectrum, the result of which
is in fact in excellent agreement with the observation down to the fine detail of
the asymmetrically split T2 band and the Fano antiresonance (see Sections 10.2
and 12.7) between the T2 band and the Rydberg states, as shown schematically in
Fig. 4.14 and its inset (observed data). The result was also compared with the semi-
classical calculation, revealing the relative contributions to the asymmetry of the
quantum effect and the pseudo Jahn-Teller effect. Experimentally, photo-excitation
to the T2 state results in dissociation of the F atoms, indicating that in the relaxed
excited state of the molecule one of the four C F bonds is infinitely stretched.

4.8 Phonon coupling strength of localized electrons in solids

In contrast to the Tl+-like center in which the relevant electrons are well localized
within the Tl+ ion, the electron in the F center is spread over several and tens of
nearby host ions in its ground and excited states, respectively. Localized electrons
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in host crystals with smaller energy gaps and hence with larger dielectric constants,
such as donor electrons in Si, Ge and III–IV semiconductors, have orbital radii
as large as several to ten times the lattice constant. In eq. (4.5.12) we defined
the coupling strength, S, characterizing the total width of the optical absorption
band. This width reduces to D ∼ S1/2〈��hω〉 at the absolute zero of temperature, see
eq. (4.5.17). In order to see the dependence of S on the orbital radius of the electron,
which varies as much as 102 times depending on the center as mentioned, let us
consider a dipole-allowed transition from an s-like ground state to a px -like excited
state with wave functions given by

φg = (α3/π )1/2 exp(−αr ), φe = (β5/π )1/2x exp(−βr ) (4.8.1)

with respective mean square radii

r2
g ≡ 〈r2〉g = 3α−2, r2

e ≡ 〈r2〉e = (15/2)β−2. (4.8.2)

We replace the normal modes qi of the lattice vibrations, ignoring the perturbation of
the lattice defect, by those of the host lattice which consist of acoustic and optical
modes as is typical in ionic crystals. Namely, we do not distinguish the modes
of different symmetries around the defect such as A1g,Eg and T2g, but consider
them altogether. The qi -dependent part of the potential V (r , q) for the electron is
expanded as powers of {qi }, of which the linear term can be written as

HI =
∑

i
Vi (r )qi (4.8.3)

with the coefficients being given by

Vi (r) ≡ Vm,q,σ (r) = Vm,q ×
{

cos(q · r ) (σ = 1),

sin(q · r ) (σ = 2),
(4.8.4)

Vm,q =
{

[2�2/N M]1/2q (m = acoustic mode)[(
ε−1

e − ε−1
s

)
2e2ω2

�/Nv0
]
q−1 (m = optical mode)

(4.8.5)

where N is the total number of unit cells in the crystal, v0 and M the volume
and mass, respectively, of a unit cell, � the deformation potential constant, ω� the
angular frequency of the longitudinal optical mode, εe and εs the electronic and static
dielectric constants, respectively. The wave vector q with its magnitude q ≡ |q|
should not be confused with the normal mode coordinate qi . We leave the derivation
of (4.8.4, 4.8.5) to later sections (see eqs. (9.1.15, 9.1.16, 9.1.18) and (9.4.3)). Since
we make use of the normal mode coordinates qi (real quantities) for the standing
waves cos(q · r ) and sin(q · r ) in place of the annihilation–creation operators b
and b† (see (2.2.5)) of phonons for running waves exp(iq · r ) in Chapter 9, we have
to confine the q-summation to half of the q-space (say to qz > 0) here.
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With the use of (4.3.9) and (4.4.8), the displacement of the normal coordinate qi

due to the optical transition and the coupling function are given, respectively, by

∆i = −(Viee − Vigg)/ω2
i , (4.8.6)

s(ω) =
∑

i
(ωi∆

2
i /2

��h) δ (ωi − ω). (4.8.7)

In the case of an acoustic mode with the dispersion relation ωac,q = uq(q → 0),
where u is the longitudinal sound velocity, one readily finds that ∆ac,q ∝ q3 as
q → 0 and s(ω) ∝ ω5 as ω → 0. The expressions for s(ω) and S ≡ ∫

dωs(ω) are
somewhat lengthy. However, if one assumes that the orbital radius of the excited
state is significantly larger than that of the ground state (rp > 2rs), one obtains the
following approximate expressions in both the limits of a small- and large-radius
electron:

(I) rp < v
1/3
0 :

Sac ∼ 0.46[�2/
��hMu3]

(
rp/v

1/3
0

)4
, (4.8.8)

Sop ∼ 1.8
[(
ε−1

e − ε−1
s

)
e2/4π��hω�v

1/3
0

](
rp/v

1/3
0

)4
, (4.8.9)

(II) v
1/3
0 < rs

Sac ∼ 0.051
[
�2/

��hMu3
](

rs/v
1/3
0 )−2, (4.8.10)

Sop ∼ 0.54
[(
ε−1

e − ε−1
s

)
e2/4π��hω�v

1/3
0

](
rs/v

1/3
0

)−1
. (4.8.11)

It is interesting to note that the electron radius closer to the lattice constant (rp in
case (I) and rs in case (II)) is determinative of the coupling strength, namely the
electron interacts most effectively when its radius is comparable to the lattice con-
stant. This is also seen in the fact that both Sac and Sop given above become largest
when the orbital radius approaches the lattice constant. Putting values of parameters
typical for ionic crystals, the Ss are plotted as functions of the determinative orbital
radius in Fig. 4.15.4 The different powers in the r dependence in case (II) come
from the fact that the electron–phonon interaction is of short range in the case of the
deformation potential (see Section 9.4) and of long range in the case of electrostatic
interaction (see Section 9.1).

As for the coupling function s(ω), one should note an important difference be-
tween cases (I) and (II) for the acoustic mode interaction. While the small-radius
electron couples indiscriminately with phonons of any wavelength, the large-radius
electron interacts most effectively with phonons of wavelength comparable to the
radius and s(ω) decays rapidly when ω exceeds the corresponding frequency. On
the other hand, in the low-frequency region the factor ω5 appears in both cases
(I) and (II), the coefficient being proportional to the fourth power of rp, the larger
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Fig. 4.15 Coupling strength S for acoustic and optical modes in a typical ionic crystal, cal-
culated as functions of the orbital radius r of a localized electron following eqs. (4.8.8)
to (4.8.11). The parameters used are: v0 = 0.7 × 10−22 cm3,M/v0 = 3 g cm−3, � =
6 eV, c� = 0.3 × 106 s−1,

��hωop = 0.015 eV, εe/ε0 = 3, εs/ε0 = 6.4

of the electron radii which is more effective in interacting with long-wavelength
phonons. The two cases, with equal coupling strength Sac, are shown schemati-
cally in the left half of Fig. 4.16. In the case of the optical mode interaction, the
large-radius electron interacts most effectively with long-wavelength phonons be-
cause of the long-range interacton (see the factor q−1 in (4.8.5)), in contrast to the
case of the small-radius electron where s(ω) extends over the entire range of the
optical phonon frequency ωop(k) as shown in the right half of Fig. 4.16.

From Figs. 4.15 and 4.16, one can find favorable and unfavorable situations for
the observation of phonon structures as follows. For a localized electron with orbital
radius comparable to the lattice constant, the coupling strength S is too large (several
tens) for the phonon structure to be observable. The F center and the Tl+-like center
in alkali halides belong to this type. In fact, from the observed width or splitting
one can estimate the dipersion D and thence the coupling strength S, making use of
(4.5.17) and a suitable value of the average phonon frequency, to obtain S ∼ 20–40,
in qualitative agreement with S = Sac + Sop in Fig. 4.15. The zero-phonon line, with
expected fractional intensity exp(−S), is too small to be observed.

An electron radius moderately large compared to the lattice constant is favorable
for the appearance of a number of equidistant optical phonon lines as sidebands, not
only because of the moderate value of Sop(>Sac) but also because of the sharp peak
in the spectral coupling s(ω) as seen in Fig. 4.16. The well-known edge emission
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Fig. 4.16 Coupling function s(ω) for the cases of (I) small radius (solid line) and (II) large
radius (dashed line) of a localized electron.4

Fig. 4.17 Phonon structure associated with 8697 Å fluorescence line of MgO:V2+. Due to
Sturge et al.27

band in CdS, and the mirror symmetric set of absorption and fluorescence bands in
ZnTe seem to belong to this case.26 In the latter example, each of the equidistant mul-
tiple optical phonon lines is accompanied by a weak acoustic one-phonon sideband
with the shape sac(ω).

An electron well localized within the impurity atom is more favorable for the
observation of the coupling function s(ω) separately since multiphonon sidebands
are expected to be weak. As a typcal example, the fluorescence spectrum of V2+ in
MgO is shown in Fig. 4.17.27 Here one finds that the acoustic phonon sideband is
as strong as the optical one, in agreement with Fig. 4.15.
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Lattice vibrations

5.1 Simple crystal lattices

Atoms in molecules and solids are bound together by the valence electrons which
have been supplied by them and are shared among them. In this chapter we will
consider the motion of atoms under given interatomic forces without asking about
their nature – the electronic origin of the bonds. We will confine ourselves to solids1

and study some simple characteristics of the atomic motions within them – lattice
vibrations2 – brought about by the periodic structure of the crystal lattice. The
lattice vibrations will turn out to be a prototype of elementary excitations in a solid,
other examples of which will be given in later sections.

Consider an assemblage of a great number (N ) of identical atoms with interatomic
potential v(r ) which typically is attractive except for the hard-core repulsion, and
let them be arrayed in one-dimensional space with positions x1, x2, . . . in increasing
order. In the approximation that only the nearest neighbor potentials are considered,
as is allowed when v(r ) is short ranged, the total potential energy is given by
U � v(x1 − x2) + v(x2 − x3) + · · ·, and the most stable arrangement of the atoms
is a periodic array with equal distance a at which v(r ) is a minimum. If the atoms are
slightly displaced by ξn from their equilibrium positions xn = na (n = 1, 2, . . .),
they are subject to the restoring forces derivable from the potential energy which
is Taylor-expanded up to the quadratic terms (harmonic approximation)

U = (N − 1)v(a) + [v ′′(a)/2][(ξ1 − ξ2)2 + (ξ2 − ξ3)2 + · · ·]. (5.1.1)

The first term with reversed sign represents the binding energy of this one-
dimensional crystal but for the vibrational motion of the atoms. The equations
of motion are given by

Md2ξn/dt2 = −∂U/∂ξn = f [(ξn+1 − ξn) − (ξn − ξn−1)], (5.1.2)

where M is the atomic mass and f ≡ v ′′(a) is the force constant.

69
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Let us study the solution of (5.1.2) in which all atoms oscillate with the same
angular frequency ω, the so-called normal mode. Putting

ξn(t) = An exp(−iωt) (5.1.3)

in (5.1.2), one obtains simultaneous equations for the amplitudes

−Mω2 An = f (An+1 − An) − f (An − An−1). (5.1.4)

Being of identical form for all n, any solution of (5.1.4) should be such that succes-
sive Ans have a common ratio γ , namely An = Aγ n . In order to avoid the situation
of infinitely increasing or decreasing amplitude towards the ends, one should take
|γ | = 1, namely one can take

An = AN−1/2 exp(ikna), (5.1.5)

where k can take any real number. The situation is made even clearer if one considers
a chain of N (�1) atoms with finite but macroscopic length L = Na and imposes a
cyclic boundary condition (which amounts to imagining a ring of the same length)

ξN+1 = ξ1, (5.1.6)

as was done in Section 1.1 for electromagnetic waves. Then one finds that k can
take only discrete values given by

k = (�/N )b (5.1.7)

with integer �, where b is a basic reciprocal lattice defined by

b ≡ 2π/a (5.1.8)

(compare with eq. (1.3.6)).
In contrast to the continous space considered in Section 1.3, however, one should

note that any two wave vectors k and k ′ give identical waves when their difference
is an integer times b since (5.1.5) is a periodic function of k with period b. In order
to have mutually independent solutions, one has to confine k to an interval of finite
length b, corresponding to confining � to N successive integer values according to
(5.1.7) as is consistent with the number of degrees of freedom.

Putting (5.1.5) into (5.1.4), one readily obtains the dispersion relation between ω
and k:

ωk = 2( f/M)1/2| sin(ka/2)| (5.1.9)

where only a positive root of ω has been taken by definition. For N � 1, k given
by (5.1.7) is an almost continuous variable, and (5.1.9) is a continuous function of
k as shown in Fig. 4.2. We will confine k to the interval [−b/2,+b/2], a symmetric
choice among other possible intervals with length b.
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The general solution of (5.1.2) is given by a linear combination of the normal
modes given by (5.1.3) and (5.1.5) with (5.1.7), which we write as

ξn(t) = (2N M)−1/2
∑

k
[Ak exp (ikna − iωkt) + (c.c.)]

= (2N M)−1/2
∑

k

[
ηk(t) + η∗

−k(t)
]

exp (ikna). (5.1.10)

Here (c.c.), indicating the conjugate complex of the preceding term, has been added
to assure that ξn(t) is real irrespective of the choice of complex numbers Ak and,
after rewriting k by −k, has been united in the second line with the original term
ηk(t) ≡ Ak exp(−iωkt) (which is needed only for the purpose of expanding ξn(t)
in the complete set: exp(ikna)). Thus one can take any initial values of N positions
and N momenta by choosing N complex numbers Ak appropriately.

With the use of (5.1.10), the equation of motion: dηk(t)/dt = −iωkηk(t) and the
orthogonality relation

N−1
∑

n
exp [i(k − k ′)na] = δk,k ′, (5.1.11)

the kinetic energy can be written as

K = (M/2)
∑

n
[dξn(t)/dt]2 = (1/4)

∑
k
(ωk)2(ηk − η∗

−k)(η∗
k − η−k).

Combining this with the similar expression for U of eq. (5.1.1), one obtains the
total energy

H = K + U = (1/2)
∑

k
ω2

kηkη
∗
k = (1/2)

∑
k

(
P2

k + ω2
k Q2

k

)
(5.1.12)

with the use of (5.1.9) and the real variables Qk and Pk defined by

ηk = (Qk + i Pk/ωk)/
√

2. (5.1.13)

Interpreting Qk and Pk as the new coordinate and momentum, respectively, (though
both of them are mixtures of the original coordinate ηk and momentum dηk/dt),
one obtains a harmonic oscillation as the solution of the equation of motion with
the Hamiltonian H.

For long wavelengths with k much smaller than the basic reciprocal lattice b, ξn(t)
given by (5.1.3) and (5.1.5) is a slowly varying function of n and can be considered
as a continuous function of a variable x ∼ xn = na. Then one can approximate
(ξn+1 − ξn)/a by a derivative dξ (x)/dx at x = (n + 1

2 )a, the quantity in [ · · · ] of
eq. (5.1.2) by a2 times the second derivative d2ξ/dx2 at x = na, and the difference
equation (5.1.2) by a differential equation

∂2ξ/∂t2 = (C/ρ)∂2ξ/∂x2. (5.1.14)

Here ρ ≡ M/a is the density and C ≡ fa represents an elastic compliance defined
as the (tensile) stress σT = f (ξn+1 − ξn) divided by the strain (ξn+1 − ξn)/a. Both ρ



72 5 Lattice vibrations

and C are macroscopic quantities, and the equation of motion (5.1.14) for an elastic
continuum has a sound-wave solution ξ (x, t) ∝ exp(ikx − iωt) with sound velocity
cs ≡ ω/k being given by (C/ρ)1/2 in agreement with the long-wavelength limit of
(5.1.9). For this reason, the solution (5.1.3) with (5.1.5) is called the acoustic mode
of lattice vibration, in contradistinction to the optical modes with non-vanishing
ωk at k = 0 to be mentioned later.

A real crystal consists of a three-dimensional lattice with periodicity specified
by three basic lattice vectors a1, a2 and a3 which are not coplanar but not necessarily
orthogonal to each other, such that the translation from any point in the crystal by
a lattice vector

Rn1,n2,n3 = n1a1 + n2a2 + n3a3 (5.1.15)

with arbitrary integers ni brings one to an equivalent environment. A unit cell, a
parallelepiped spanned by a1, a2 and a3, has volume v0 = a1 · (a2 × a3) where ·
and × denote scalar and vector products, respectively.

Let us confine ourselves for the moment to simple crystal lattices of which a unit
cell contains one atom, deferring the description of more general types of crystal
to the subsequent section. One can then assume that the atoms are arrayed on the
lattice points Rn1,n2,n3 given by (5.1.15).

Similarly to the one-dimensional lattice, one can readily find that the normal
modes of the lattice vibrations in a three-dimensional lattice consist of running
waves:

ξn1,n2,n3
(t) = ξ exp

(
ik · Rn1,n2,n3 − iωt

)
. (5.1.16)

To see the allowed values of k, it is convenient to define three basic reciprocal
lattice vectors b1, b2 and b3 in the k-space by

b1 = (2π/v0) a2 × a3, b2 = (2π/v0) a3 × a1, b3 = (2π/v0) a1 × a2,

(5.1.17)
and the reciprocal lattice vectors by

K = K1b1 + K2b2 + K3b3 (5.1.18)

with arbitrary integers Ki. The basis vectors in r- and k-spaces satisfy the relations

ai · bj = 2πδij. (5.1.19)

Let us first note that the waves (5.1.16) for k and k ′ are equivalent when k − k ′

is a reciprocal lattice vector K of (5.1.18) as is readily seen from eqs. (5.1.15,
5.1.19). Hence, we have to confine k to a unit cell in the k-space spanned by the
basic vectors b1, b2 and b3 whose volume is given by b1 · (b2 × b3) = (2π )3/v0.
Second, we consider a large crystal lattice spanned by three edges Na1, Na2 and
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Na3(N � 1) and impose cyclic boundary conditions:

ξN+1,1,1 = ξ1,N+1,1 = ξ1,1,N+1 = ξ1,1,1. (5.1.20)

Equation (5.1.20) is satisfied by discrete values of k given by

k�1,�2,�3 = (�1/N )b1 + (�2/N )b2 + (�3/N )b3 (5.1.21)

with �i running on the integer values: 0, 1, . . . , N − 1 as readily seen from (5.1.15,
5.1.19).

The choice of the basic k-region with a more symmetric shape, corresponding
to the preference of interval [−b/2,+ b/2] to [0,+ b] in the one-dimensional
lattice, is performed as follows. Consider the planes bisecting those lines connecting
the origin k = 0 to all nonvanishing reciprocal lattice points K given by (5.1.12).
The region inside all such planes, the first Brillouin zone as it is called, is exactly
the basic region to be sought for. Its shape has the highest symmetry so far as it is
compatible with the symmetry of the crystal lattice. As for the unit cells and the first
Brillouin zones of various types of crystal lattices, see a standard text book on solid
state physics.1 Irrespective of this choice and the type of crystal, the number dn of
allowed values of k within the three-dimensional volume element dk is given by

dn = (V/8π3)dk (5.1.22)

where V = N1 N2 N3v0 is the total volume of the crystal, the same as eq. (1.3.7) for
the free space.

5.2 Lattice vibrations in general crystals

If the many identical atoms with interatomic force v(r ) mentioned in the preceding
section are put in three-dimensional space, they will be arrayed on the lattice which
has the greatest number of nearest neighbors, namely either the face-centered-
cubic lattice or the hexagonal-close-packed lattice which both have 12 nearest
neighbors and, hence, have a binding energy per atom of 6|v(a)|. Consideration of
the second-nearest neighbor interactions or the directional interactions (covalent
bonds) would result in a subtle problem concerning the preferment of other lattice
structures. Reducing the total binding of the atoms to the sum of pair interactions
as described above may be a poor approximation, as is the case for metals where
valence electrons are shared by all atoms. The most basic question of solid state
physics, why the assemblage of identical atoms chooses a periodic lattice structure
as its lowest-energy state, is not yet well-answered theoretically. The situation is
hopelessly complicated when there are more than one species of atom.

Leaving elsewhere3 this profound problem which is beyond the scope of this
book, we start with the three-dimensional crystal structures as given and generalize
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the previous description of vibrational motions of atoms so as to include the case of a
unit cell containing more than two atoms. The classical equations of motion for small
displacements from their equilibrium positions of the νth atoms (ν = 1, 2, . . . , σ )
in the nth unit cell (n = 1, 2, . . . , N ) are given by

Mνd
2ξnν/dt2 = −

∑
mµ

f nν,mµξmµ (5.2.1)

as can be derived from the harmonic potential

U = (1/2)
∑

nνi,mµj
fnνi,mµjξnνiξmµj ( fnνi,mµj = fmµj,nνi) (5.2.2)

where i and j refer to the rectangular components of the vector ξ and the force
tensor f nν,mµ. The latter can be written as f νµ(Rn − Rm) since it depends on n
and m only through the distance Rn − Rm between the two lattice points due to the
translational symmetry of the lattice. One then expects that (5.2.1) has a running
wave type solution as in the case of the simple lattice. Instead of ξ and f , however,
let us use

ηnν ≡ M1/2
ν ξnν, gnνi,mµj ≡ (MνMµ)−1/2 fnνi,mµj. (5.2.3)

Putting ηnν = ηνN−1/2 exp[ik · Rn − iωt + iφ], equations (5.2.1) for 3σN vari-
ables reduce to those for 3σ variables (the factor three for the components of the
vector η):

−ω2ην +
∑

µ
gνµ(k)ηµ = 0 (5.2.4)

where

gνµ(k) ≡
∑

m
exp[−ik · (Rn − Rm)]gνµ(Rn − Rm), (5.2.5)

gνiµj(k) = g∗
µjνi(k). (5.2.6)

For each wave vector k, equations (5.2.4) with Hermite matrix g(3σ × 3σ ) has
3σ real eigenvalues ωs(k)2 (non-negative for the lattice to be stable!) with complex
eigenvectors ην = ζ(s,k)

ν (s = 1, 2, . . . , 3σ ) which satisfy the following relations:∑
νi
ζ

∗(s,k)
νi ζ

(s ′,k)
νi = δs,s ′ (orthonormality), (5.2.7)

∑
s
ζ

∗(s,k)
νi ζ

(s,k)
µj = δνµδij (completeness), (5.2.8)

∑
νiµj
ζ

∗(s,k)
νi gνiµj(k)ζ (s ′,k)

µj = δs,s ′ωs(k)2 (diagonality). (5.2.9)

The modes are so chosen that angular frequencies ω(s)(k) (to be taken as �0) are
continous functions of k for each branch s. The wave vector k can take N (N is
the number of unit cells contained in the macroscopic crystal considered) discrete
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values uniformly distributed within the so-called first Brillouin zone of the k-space.
We have thus obtained the normal modes with total number 3σN being equal to
three times the total number of atoms.

The general solution ηn(t) is a linear combination of the normal modes given
above:

ηni (t) = (2N )−1/2
∑

s,k
As,kζ

(s,k)
νi exp(ik · Rn − iωs,kt) + (c.c.)

= (2N )−1/2
∑

s,k

[
ηs,k(t)ζ (s,k)

νi + η∗
(s,−k)(t)ζ

(s,−k)∗
νi

]
exp(ik · Rn). (5.2.10)

Here we have introduced the dynamical variables: ηs,k(t) = As,k exp(−iωs,kt).
Making use of (5.2.7) and the orthogonality

N−1
∑

n
exp[i(k − k ′) · Rn] = δk,k ′, (5.2.11)

one can calculate the kinetic energy as

K = (1/2)
∑

nνi
(dηnνi/dt)2

=
∑

s,k

(
ω2

s,k/4
)
[2η∗

s,kηs,k − ηs,kηs,−k − η∗
s,kη

∗
s,−k].

Adding the potential energy U which can be calculated in a similar way with the
use of (5.2.9), one finally obtains the Hamiltonian for the harmonic oscillators

H = K + U =
∑

s,k
ω2

s,kη
∗
s,kηs,k =

∑
s,k

[
P2

s,k + ω2
s,k Q2

s,k

]
/2 (5.2.12)

with the use of real coordinates Qs,k and real momenta Ps,k defined by

ηs,k(t) = [Qs,k(t) + (i/ωs,k)Ps,k(t)]/
√

2. (5.2.13)

It is of interest to study the nature of each running wave in eq. (5.2.10) which
can be written, in vector form, as

As,kζ
(s,k)
ν exp(ik · Rn − iωs,kt). (5.2.14)

One can include the phase factor of the complex amplitude As,k in that of ζ (s,k)
ν

since eqs. (5.2.7) to (5.2.9) are invariant against multiplication of exp[iφ(s,k)] to
ζ (s,k)
ν . It is to be noted, however, that the complex vector

ζ(s,k)
ν = ζ ′(s,k)

ν + iζ ′′(s,k)
ν (5.2.15)

cannot be brought into a real vector by multiplying by the scalar phase factor exp[iφ]
so long as ζ ′(s,k)

ν and ζ ′′(s,k)
ν are not parallel. Thus the mode (s, k) in (5.2.10) behaves

as a running wave

ζ ′(s,k)
ν cos(k · Rn − ωs,kt) − ζ ′′(s,k)

ν sin(k · Rn − ωs,kt). (5.2.16)

As time goes on, the atom nν moves elliptically away from the direction of the
axis ζ ′(s,k)

ν towards ζ ′′(s,k)
ν (Fig. 5.1), and this motion propagates in the direction



76 5 Lattice vibrations

Fig. 5.1 Elliptical rotational motion of normal modes of vibration in crystal lattices with
low symmetry. The ellipse shrinks to a line in crystals with higher symmetry.

of k with the phase velocity ωs,k/k. For the opposite direction −k, the tensor
gνµ(−k) as well as the corresponding eigenvector ζ(s,−k)

ν are complex conjugate
to those for k, so that one has to change the sign of the imaginary part ζ ′′(s,k)

ν .
Therefore, the elliptical motion is in the opposite direction for the opposite direction
of propagation. Combining this with (5.2.16) and dividing by 2, one obtains the
standing wave solution[

ζ ′(s,k)
ν cos(k · Rn) − ζ ′′(s,k)

ν sin(k · Rn)
]

cosωs,kt (5.2.17)

where the spatial pattern rotates helically from ζ ′(s,k)
ν to −ζ ′′(s,k)

ν as one proceeds
towards the direction of k (Fig. 5.1), and clearly has no inversion symmetry.

The situation is similar to the optically active crystals in which the polarization
vector of a plane-polarized electromagnetic wave rotates as the wave proceeds.
They have crystal structures without glide symmetry (see Ref. [11] of Chapter 4),
namely it is impossible to attain their mirror-imaged structures by combining any
rotation and translation of the original structures, and so they must be classified
into right-handed and left-handed helical structures which cannot be brought into
registry with each other by any rotation. In fact it can be shown that the tensor
gνµ(k) defined by (5.2.5), which is invariant against translation of the coordinate
R, is real in crystals with glide symmetry (ZnS structure has this symmetry al-
though it has no inversion symmetry). Namely, the eigenvector ζ(s,k)

ν can be taken
to be real, and the rotation reduces to a linear oscillation. In crystals without glide
symmetry, the imaginary part ζ ′′(s,k)

ν increases from zero as k increases from zero.
The pitch λ = 2π/k of the helical pattern decreases from infinity, and tends to a,
the pitch of the helical structure of the crystal itself, as k tends to the reciprocal
lattice b. Thus the helical pattern of lattice vibrations is inherently related to that
of the crystal lattice, and is no surprise, although this does not seem to be well
known.
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However, the situation is somewhat different in the case of optical activity, where
the electromagnetic wave is only weakly affected by the crystal lattice it traverses
due to the small radiation–matter interaction, resulting in a small rotation of the
polarization vector with a pitch much larger than its wavelength, as will be shown
in Section 6.7.

Let us now study the normal modes of lattice vibrations more elaborately in the
limit of long wavelength: k → 0, the region of spectroscopic relevance. Electromag-
netic waves with angular frequencies resonant to those of typical lattice vibrations:
ω ∼ 1013−14 s−1 have wave vectors k ∼ ω/c ∼ 105 m−1, which are much smaller
than the basic reciprocal lattice, b ∼ 1010 m−1, the average radius of the Brillouin
zone. Let us note the obvious fact that the translation of all atoms by a common
value ξ in eq. (5.2.1) causes no force on any atom, indicating that∑

mµ
f nν,mµ = 0. (5.2.18)

This means that eq. (5.2.4) has a triply-degenerate eigenvalue ω(s)(k → 0) = 0
with three ν-independent eigenvectors ξ(s,0)

νi = ξ(s,0)
i (s is assigned the values 1,

2 and 3). They correspond to the acoustic modes of lattice vibrations (see the
preceding section) in their long-wavelength limit in which all atoms in the same
unit cell make a common displacement ξ(t) at any instant. By expanding f νµ(k) up
to the quadratic terms in ki one can determine the three directions of displacement
ξ(s) with the corresponding velocities of propagation defined by c(s) = ω(s)(k)/k
unambiguously as functions of direction k/k. Velocity c(s) should coincide with the
sound-wave velocity calculated with the use of the macroscopic elastic compliance.

The remaining modes (s = 4, 5, . . . , 3σ ) have nonvanishing ω(s)(k = 0) in gen-
eral since the ν-dependent displacements within a unit cell give rise to some restor-
ing forces. They are called the optical modes, which may be somewhat misleading
since not all of them respond to electromagnetic waves (see the next section). For
convenience, however, we will follow this convention.

5.3 Interaction of optical modes with electromagnetic field

Different (species of) atoms in a unit cell are differently charged due to their different
electron affinities, and hence their relative motions are in general accompanied by
electric polarization which responds to electromagnetic waves. We study here how
the lattice vibrations respond to the electromagnetic waves. The purpose is twofold:
firstly, as a model system for studying the dispersion (frequency dependence) of
the dielectric constant, clarifying thereby the meaning of an electric field inside a
medium4,5 which is essential for a real understanding of the Maxwell equations,
and, secondly, as a starting model system for the linear response theory presented
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in the next chapter which will provide a better basis of studying other kinds of
elementary excitations.

Let us assume the νth atom of a unit cell is an ion with effective charge eν
which is an empirical parameter to be determined later. Although the total charge
of the unit cell vanishes, the displacement ξν of the ion gives rise to dipole moment
eνξν (eν is to be considered as a tensor unless the atom is in an environment of
cubic symmetry, as will be mentioned later), and if ξν depends on ν as in the optical
modes, the resultant dipolar field, being long ranged, acts upon other atoms in
distant unit cells. At a point r, such dipolar fields from all distant ions, in addition
to the external field, are to be included in the macroscopic electric field E(r, t)
which appears in the Maxwell equations presented in Chapter 1. It may be more
practical to consider that the atoms are subject to f ′

νµ, the short-range part of
the interatomic force, fνµ, and a long-range dipolar field to be included in E(r , t)
together with the external field, if any. This replacement of f by f ′has the merit of
avoiding possible ambiguity in the convergence in summing the long-range dipolar
fields. The related singularity of f (k) at k = 0, that it depends upon the direction
k/k even in the long-wavelength limit k → 0, is thus removed in f ′(k). Note also
that the replacement does not affect the previous argument on the acoustic modes
in their long-wavelength limit because they do not cause a dipolar field. One can
now rewrite (5.2.4) as

−ω2ην +
∑

µ
g ′
νµ(k)ηµ = M−1/2

ν eνE (ν = 1, 2, . . . , σ ) (5.3.1)

where E is to be determined self-consistently with ην · The tensor g ′
νµ is defined

in terms of f ′
νµ by (5.2.3). An important dependence of the lattice vibrations on

the direction k/k in the long-wavelength limit comes from that of E thus deter-
mined, as will be seen. We will solve (5.3.1) in the vanishing limit of k in the
following three steps.6 Only in the third step will we consider self-consistency
explicitly.

(I) Let us first solve the homogenous equation obtained by putting E = 0 in
(5.3.1). Its eigenvalue problem was solved formally in Section 5.2. Corresponding
to the replacement of g by g ′, we rewrite the eigenvalues of ω2 as �2

s and eigen-
vectors as ζ ′(s)

ν (s = 1, 2, . . . , 3σ ) satifying relations of the same form as (5.2.7)
to (5.2.9).

(II) For a given electric field E(t) = E exp(−iωt), we now study the forced
oscillation type solution of (5.3.1), ηnν(t) = ην(ω) exp(−iωt). One can expand
the amplitude ην(ω), a 3σ -dimensional vector, in terms of the complete set of 3σ
eigenvectors ζ ′(s)

ν , as

ηνi(ω) =
∑

s ′ a(s ′)(ω)ζ ′(s ′)
νi . (5.3.2)
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By multiplying both sides by ζ ′(s)
νi , summing over (ν, i) and making use of (5.2.7)

and (5.2.9), one obtains the equation for determining the expansion coefficients:

(�2
s − ω2)a(s)(ω) = p(s) · E, (5.3.3)

p(s) ≡
∑

ν
eνξ

(s)
ν (5.3.4)

where we have used ην = M1/2
ν ξν . Note that p(s) = 0 for the acoustic mode with

ν-independent ξ(s)
ν due to electric neutrality. With the use of (5.2.8) and (5.3.4), one

can derive the following sum rule:∑
s

p(s)
i p(s)

j =
[∑

ν
e2
ν/Mν

]
ij
. (5.3.5)

Let us note that the macroscopic polarization P consists of an electronic contri-
bution – the field-induced changes in the electronic wave functions of the ions –
and an ionic contribution – the displacements of the ions:

P = (εe − ε0)E + N0

∑
ν

eνξν (5.3.6)

where N0 is the number of unit cells in unit volume. As shown schematically in
Fig. 5.2 for a dielectric dispersion in a typical insulator with bandgap energy much
greater than the phonon energies (a condition which does not apply in narrow-gap
semiconductors and metals), εe is the notation for the dielectric constant ε(ω) in
that region of frequency ω which is (1) much higher than the lattice vibrational
frequencies but (2) well below the electronic bandgap εg divided by ��h. (Because
of (1) εe has often been called the high-frequency dielectric constant and written

Fig. 5.2 Typical dispersion of dielectric function ε(ω) of an insulator. At frequencies far
higher than those of optical phonons but a little below the bandgap appear dispersions due
to excitons associated with a valence-band hole (see Chapter 8). At even higher frequencies
appear dispersions due to excitons associated with a core hole (see Chapter 12).
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as ε∞ which, however, is confusing because of (2); in fact, ε(ω → ∞) = ε0, the
vacuum dielectric constant.) In this optically transparent ω-region of an insulator,
which usually overlaps with the visible region (εe has often been called the optical
dielectric constant for this reason, but its abbreviated notation εo, which has also
been used, is in danger of being confused both with ε0 and ε(ω → 0) ≡ εs, the
static dielectric constant), only the electronic polarization (due to electrons bound
within atoms, filling up the valence band just below the energy gap as well as the
inner atomic core states) can follow the oscillating electric field instantaneously
(whence the suffix of εe used in this book).

Since E and thereby the forced ξs oscillate as exp(−iωt) in (5.3.6), the same is
true for P and the electric flux density D = εE = ε0 E + P . With the use of this
equation and eqs. (5.3.3) to (5.3.5), the dielectric constant ε as a function of ω – the
dielectric function – is given by

ε(ω) = εe + N0

∑
s

p(s) p(s)/
(
�2

s − ω2
)
, (5.3.7)

where p(s)p(s) represents a symmetric tensor whose (i j)-component is given by
p(s)

i p(s)
j . Likewise, the dielectric function ε(ω), its high-frequency value εe as well

as the effective charge eν which are proportionality constants relating two vector
quantities, are symmetric tensors, which reduce to scalars only in those crystals
(for macroscopic quantities such as ε) or environments (for microscopic quantities
such as eν) with cubic symmetry.

(III) We now consider self-consistent solutions for the lattice vibrations. While
the general relations derived in (II) hold irrespective of the origin of E, we now
specify E to be purely of internal origin; namely, we consider only the depolarizing
field given by

0 = ρ = divD = ik · (ε0 E + P) (5.3.8)

for the polarization wave of the form exp(ik · r − iωt) (k → 0). Since ∇ × E = 0
under the neglection of the retardation effect (take the limit of c → ∞ in eqs. (1.1.1,
1.1.2)), E is a longitudinal field given by

ε0 E = −k (k · P), k ≡ k/k. (5.3.9)

Combining this with the relation P = (ε(ω) − ε0)E, one obtains

[ε0 + {(ε(ω) − ε0) k }k ·]P = 0 (5.3.10)

which assures that the lattice vibration has been solved self-consistently under the
depolarizing field caused by itself. In a coordinate system with z ′-axis taken parallel
to k, eq. (5.3.10) can be written as

ε0 Px ′ + εx ′z ′Pz ′ = 0, ε0 Py ′ + εy ′z ′Pz ′ = 0, εz ′z ′Pz ′ = 0, (5.3.10a)
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A non-trivial (P �= 0) solution of (5.3.10) exists only when ε‖ ≡ εz ′z ′, the determi-
nant for the tensor in [· · ·] divided by ε2

0 , vanishes, namely, at ω satisfying

ε‖(ω) = εe‖ + N0

∑
s

(
p(s)

‖
)2
/
(
�2

s − ω2
) = 0. (5.3.11)

Among the optical modes (s = 4, 5, . . . , 3σ ), those with nonvanishing p(s) are
called infrared active since they interact with and absorb the electromagnetic waves,
mostly in the infrared region. The remaining modes, with vanishing p(s) because of
the symmetry of the crystal structure, are infrared inactive. Here the�ss themselves
give the eigenfrequencies of the lattice vibrations irrespective of direction k since
they have been obtained by ignoring the depolarizing field. (Note that a zero point
of ε‖(ω) tends to the pole �s in the vanishing limit of p(s).) Most of these infrared-
inactive modes can be observed by Raman scattering (Raman active modes) in
which incident light with ω is scattered to ω ∓�s (Stokes and anti-Stokes lines)
through the dependence of the polarizability on the atomic displacements.7

Let us study the infrared-active modes in more detail. Renumbering them as a =
1, 2, . . . , h (� 3σ − 3), we show the dielectric dispersion (5.3.11) schematically in
Fig. 5.3(a), in which k-independent poles �a and k-dependent zeros ωa(k) appear

Fig. 5.3 (a) Dispersion of ε‖(ω) in anisotropic crystal in which poles�s and zerosωs (eigen-
frequencies) appear alternately. (b) Dispersion of −1/ε‖(ω) with zeros �s and poles ωs .
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alternately. Noting that ε(ω) tends to εe after ω has exceeded the highest �h , one
can factorize (5.3.11) as

ε‖(ω)/εe‖ =
∏

a
[ωa(k)2 − ω2]/

(
�2

a − ω2
)
. (5.3.12)

Take the x-axis along p(a), the z-axis and x ′-axis within the z ′(‖k)–x plane keeping
the y-axis unchanged, and denote the angle between z ′ and x by θ . As k tends
perpendicular to p(a) (namely, cos θ → 0), ωa(k) (or ωa−1(k)) −�a tends to 0
as cos2θ while the dominant term of εx ′z ′ ∝ p(a)

x ′ p(a)
z ′ /(�2

a − ω2
a) ∝ (cos θ )−1 and

hence Pz ′/Px ′ ∝ cos θ , namely, P and k tend parallel to and perpendicular to p(a),
respectively. This means that all modes of lattice vibrations with frequency�a and
with k perpendicular to p(a) are transverse waves of macroscopic polarization P (but
not necessarily of the displacements of individual ions). This is quite natural since
the difference ωa(k)2 −�2

a originates in the depolarizing field.
A study of a few examples of differing crystal structures will be of practical

use. In uniaxial crystals such as CdS, some �as are doubly degenerate with two
independent p(a)s of equal length which are perpendicular to the principal c-axis
and to each other, while others are non-degenerate with p(a) parallel to the c-axis.
The former case can be considered as a limiting case of �a+1 → �a . The modes
of lattice vibration with ωa sandwiched between them tend to transverse waves for
any k (note that one can always find p(a) perpendicular to both k and the principal
c-axis) in the limit. Other modes with ωa ′(a ′ = a + 1 or a − 1) are mixed modes
which tend to transverse waves as k tends parallel to the c-axis and ωa ′ tends to
�a = �a+1. The proof is left to the reader.

Another important example is an isotropic crystal with cubic symmetry, of which
the �as are always triply degenerate with three mutually perpendicular vectors
p(a), p(a+1) and p(a+2) which can be taken arbitrarily to the crystalline axis. One can
readily find that ωa = ωa+1 ≡ ωat(=�a) represent transverse waves while ωa+2 ≡
ωa�(>�a) represent longitudinal waves for any k. The proof is again left to the
reader. Renumbering a so as to represent each set of the triply degenerate �a and
noting that ε is a scalar here, one can rewrite eq. (5.3.12) as

ε(ω)/εe =
∏

a

(
ω2

a� − ω2
)
/
(
ω2

at − ω2
)
. (5.3.13)

Isotropic ionic crystals with a pair of ions in a unit cell, such as the NaCl type
and the CsCl type, have one set of infrared-active modes. Denoting the “effective”
charges of a cation and an anion by ±e ′ and their reduced mass by Mr(M−1

r ≡
M−1

+ + M−1
− ), one obtains |p(a)| = e ′/

√
Mr with the use of the sum rule (5.3.5).

Thus one can rewrite (5.3.7) as

ε(ω) = εe + (N0e ′2/Mr )/
(
ω2

t − ω2
) = εe + (εs − εe)ω2

t /
(
ω2

t − ω2
)

(5.3.14)
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where εs ≡ ε(ω = 0) is the static dielectric constant. By putting ω = 0 in (5.3.14),
one obtains

ω2
� = ω2

t + N0e ′2/εe Mr , (5.3.15)

ω2
� /ω

2
t = εs/εe. (5.3.16)

The second term of (5.3.15) originates from the depolarizing field caused by the
relative displacement of the ions, the same as that caused by the plasma oscillation
of the electron gas in metals and the ionized gases which will be mentioned later.
The relation (5.3.16), connecting the longitudinal and transverse frequencies with
the dielectric constants at appropriate frequencies was generalized by Cochran and
Cowley8 and Kurosawa,6 as is obtained by putting ω = 0 in (5.3.13). The values
of the effective charge “e ′” introduced above can be obtained from the analysis of
the observed dielectric dispersion, and turn out to be a few tens percent away from
the integer values simply expected for monovalent, divalent, . . . ions.

Finally, we make some remark on the effective charge eν , which was introduced
at the beginning of this section and defined explicitly in (5.3.6) as a tensor relating
the polarization to the atomic displacements. Although it was used earlier in (5.3.1),
the force on its r.h.s. can be derived from the definition as follows. The work done
by the electric field to polarize matter can be written, according to (5.3.6), as dW =
E · d P = N0

∑
νij Eieνijdξνj = N0

∑
νij dξνi eνij Ej (we have used the fact that eν is

a symmetric tensor as ε is, the properties derivable from energy conservation),
whence the force on the ion ν is given by N−1

0 ∂W/∂ξνi = ∑
j eνij Ej, as shown in

(5.3.1). This definition, though logically natural and practically useful, does not
necessarily fit a naive interpretation. As one example, the effective charge e ′ of
ions in alkali halides which are supposed to be ideal monovalent ionic crystals,
determined by (5.3.15) with the use of the measured values of ωt, ω� and ε∞,
deviates significantly (though not too much) from the electronic charge |e|. As a
second example, a unit cell of the triclinic Se crystal consists of three Se atoms
in non-equivalent sites, because of which they have finite effective charges, giving
rise to an infrared-active mode. In contrast, a unit cell of diamond consists of two
carbon atoms occupying equivalent sites, which is the reason for the absence of
infrared-active mode.

5.4 Localized and quasi-localized modes

If a host atom of the crystal lattice is replaced by an impurity atom, the lattice
vibrations are perturbed in its neighborhood, and there can arise a localized mode
with ω as a discrete spectrum outside the continuous frequency spectrum of the
unperturbed lattice vibrations. To obtain basic concepts, we consider the simplest
situation in which only the change of mass (M → M ′ = M +�M) but not of the
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force constants of the atom on the site n = 0 of a monatomic lattice is taken into
account. Assuming that only the impurity atom has charge e0, the equations of
motion for the atoms under an alternating electric field are written as

(M + δn0�M)d2ξn/dt2 = −
∑

m
f (Rn − Rm)ξm(t) + δn0e0 E exp(−iωt).

(5.4.1)
As was shown in Section 5.2, the host lattice has normal modes given by

ξ(s,k)
n = N−1/2ξ(s,k) exp(ik · Rn), (5.4.2)

M
∑

n
ξ∗(s,k)

n · ξ(s ′,k ′)
n = Mξ∗(s,k) · ξ(s ′,k)δkk ′ = δss ′δkk ′, (5.4.3)

ω2
s,k = ξ∗(s,k) f (k)ξ(s,k), f (k) ≡

∑
m

f (Rn − Rm) exp[−ik · (Rn − Rm)].

(5.4.4)

One can expand the amplitude of the forced oscillation solution of (5.4.1),

ξn(t) = ξn exp(−iωt), (5.4.5)

in terms of of the complete set (5.4.2) as

ξn =
∑

s ′,k ′as ′,k ′ξ (s ′,k ′)
n . (5.4.6)

Inserting (5.4.5, 5.4.6) into (5.4.1) and multiplying it by
∑

n ξ
∗(s,k)
n , one obtains the

equations for the expansion coefficients:(
ω2

s,k − ω2
)
as,k = N−1/2ξ∗(s,k) · [�M/M)ω2ξ0 + (e0/M)E]. (5.4.7)

With the use of (5.4.2, 5.4.6 and 5.4.7), one obtains a self-consistent equation for
ξ0 and E:

ξ0 = G(ω2)[(�M/M)ω2ξ0 + (e0/M)E] (5.4.8)

where G(ω2) is a tensor which reduces to a scalar in the cubic lattice:

G(ω2) ≡ N−1
∑

s,k
Mξ(s,k)ξ∗(s,k)(ω2

s,k − ω2
)−1

(5.4.9)

= (3N )−1
∑

s,k

(
ω2

s,k − ω2
)−1

(cubic). (5.4.9a)

In deriving the latter, one has only to calculate the trace of the tensor with the use
of (5.4.3)

M trace[ξ(s,k)ξ∗(s,k)] = M
∑

i
ξ

(s,k)
i ξ

∗(s,k)
i = 1

and then apply the cubic symmetry.
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In order to describe appropriately the dissipation when ω of the incoming elec-
tromagnetic wave is inside the continuous spectrum of ωs,k of the lattice vibrations,
let us add an infinitesimal imaginary part iγ (γ → +0) to ω, leaving a more sound
basis of argument to Chapter 6. Then one can redefine the complex function G(ω2)
analytic in the upper half of the complex plane of ω:

G(ω2) ≡ limγ→0 G((ω + iγ )2) ≡ G ′(ω2) + i(G ′′(ω2)

= (3N )−1
∑

s,k

[
P
(
ω2

s,k − ω2
)−1 + iπ sgn(ω)δ

(
ω2

s,k − ω2
)]

(5.4.10)

where P is the principal value and sgn(ω) ≡ ±1 according as ω> or <0.
The energy absorbed per time by the impurity atom, divided by the energy density

of the electromagnetic wave, |E |2, namely, the absorption rate, is given, with the
use of the solution of (5.4.8) for ξ0 and dξ0/dt = −iωξ0, by

W (ω) = Re [(dξ0/dt)e0 E∗]/|E |2 = [
e2

0/M
]
2ωG ′′(ω2)

× [{1 − (�M/M)ω2G ′(ω2)}2
I + {(�M/M)ω2G ′′(ω2)}2

II

]−1
(5.4.11)

The calculated spectra of W (ω)/ω are shown in Fig. 5.49 for the simple cubic
lattice with the nearest neighbor force f and hence with ω2

s,k = (2 f/M)[3 −∑
xyz cos(kxa)]. The abscissa is chosen as ω2/(2 f/M). With �M = 0, the

normalized density D(ω2) = (3N )−1∑
s,k δ(ω

2
s,k − ω2) = π−1G ′′(ω2) of the host

lattice vibrations is directly reflected on the differential absorption spectrum

Fig. 5.4 Calculated absorption spectra, W (ω)/ω, due to a charged impurity atom with mass
M ′ substituted for a host atom with mass M whereby the force constant is assumed not to
change. In the case of M/M ′ = 1.94, a line spectrum due to a localized mode appears (not
shown in the figure) above the upper end of the continuum of the host lattice vibrations so
as to conserve the integrated area of the spectra.9
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[W (ω)/ω]d(ω2) = 2W (ω)dω through the charge e0 of the impurity atom (see the
symmetric curve with M/M ′ = 1 in Fig. 5.4). With�M �= 0, the lattice vibrations
are distorted near the impurity atom, giving rise to the distortion of the absorp-
tion spectrum. When the impurity mass M ′ = M +�M is smaller than a certain
value, which is 0.69 in this case, there appears a line spectrum due to a local-
ized mode at a frequency higher than the continuous spectrum of the extended
modes, at the position ω = ωloc where the expression in {· · ·}I of eq. (5.4.11) van-
ishes. (In fact, by expanding {· · ·}I = c(ω2 − ω2

loc) + · · · one finds that (5.4.11)
gives a Lorentzian function of ω2 with width proportional to G ′′(ω)2 which is
infinitesimally small here outside the continuum.) As M +�M increases, ωloc ap-
pears in the continuum, giving rise to a peak with finite width due to the finite
value of {· · ·}II, though the peak is only significant near both ends of the continuum
where the density D(ω2) is small. The peak can be interpreted as a quasi-localized
mode with finite lifetime. A more exact statement is that the spacially extended
lattice vibrations with ω near ωloc have enhanced amplitudes at the impurity atom,
and hence respond more strongly to the electromagnetic wave. However, the total
area of the absorption spectrum, inclusive of the discrete line if any, satisfies the
sum rule ∫ ∞

0
d(ω2)W (ω2) = πe2

0/(M +�M), (5.4.12)

as it should. (The proof of this with the use of contour integration on the complex
plane of ω is left to the reader.) The result is consistent with eq. (5.3.5).

5.5 Quantum mechanics of lattice vibrations

It is straightforward to quantize the harmonic lattice vibrations. Similarly to the case
of electromagnetic waves, one has only to consider the real dynamical variables
Qs,k and Ps,k introduced by (5.2.13) as the quantal coordinate and momentum
(although they do not represent the pure coordinate and momentum) of the harmonic
oscillator (s, k) or, if more convenient, to introduce the annihilation and creation
operators bs,k and b†

s,k defined by (see eq. (2.2.4))

bs,k, b
†
s,k ≡ (ωs,k/2h)1/2[Qs,k ± i Ps,k/ωs,k]. (5.5.1)

The displacement of the νth atom in the nth unit cell is expressed by

ξnν = (2N Mν)
−1/2

∑
s,k

(��h/ωs,k)1/2

×[bs,kζ
(s,k)
ν exp(ik · Rn) + b†

s,kζ
∗(s,k)
ν exp(−ik · Rn)

]
, (5.5.2)
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whereas the Hamiltonian for the lattice vibrations is given by

H =
∑

s,k
��hωs,k

(
b†

s,kbs,k + 1

2

)
. (5.5.3)

The energy quantum ��hωs,k of the mode (s, k) of the lattice vibration is called a
phonon irrespective of whether the mode is acoustic (the origin of the word) or
optical.

The quantal nature of lattice vibrations was first noted by Einstein (1907) to
explain the anomalous decrease at low temperature of the specific heat of solids.
This was soon after his proposal of the quantal nature of light (1905) to explain
the photoelectric effect. The success of these studies on two different systems lent
strong support to Planck’s working hypothesis, making an important contribution
to the discovery of quantum mechanics. Similarly to the thermal radiation field, the
thermal energy of lattice vibrations is given by

E(T ) =
∑

s,k
〈〈Es,k〉〉 =

∑
s,k

��hωs,k

[(
1

2

)
+ {exp(β��hωs,k) − 1}−1

]
. (5.5.4)

In contradistinction to the case of the radiation field, the zero-point vibrational
energy (the term ( 1

2 ) in [· · ·]) of the lattice vibration is an observable quantity which
in fact decreases the binding energy of a solid and even prevents solidification of
light atoms such as helium under no applied pressure. At high temperatures each
mode contributes energy kBT , in agreement with the result of classical statistical
mechanics and hence with the empirical rule due to Dulong and Petit that the specific
heat of a solid is 3kB per atom. The low-temperature behaviors of the contribution
to the specific heat are quite different between the acoustic modes with vanishing
energies with k → 0 and the optical modes with nonvanishing energies. The specific
heat rises as T 3 in the former modes but much more slowly in the latter, as is well
known.

The anharmonic part of the interatomic potentials (the third and higher orders
in b and/or b†), which we have ignored, causes the interaction among phonons
which is absent in the harmonic approximation, giving rise to a variety of scattering
processes in which three or more phonons participate either by absorption (b) or
emission (b†). In order that the scattering process is completed as a real process,
the energy should be conserved between the initial and final states, but the wave
vector k (��hk is to be distinguished from real momentum) needs only to satisfy
the conservation rule with the possible participation of the reciprocal lattice K
(see eq. (5.1.18)) in order to be compatible with the translational symmetry of
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the lattice. For instance, in three-phonon processes in which a phonon k and a
phonon k ′collide and are converted to a phonon k ′′, the wave vector conservation is
given by

k + k ′ = k ′′+ K . (5.5.5)

The process with nonvanishing K is called the Umklapp process, and plays an
important role in keeping thermal conduction by phonons to a finite value.



6

Electric susceptibility and dielectric constant

6.1 Linear response theory for electric susceptibility

In the preceding chapter, we introduced the dielectric constant for harmonic lattice
vibrations for which the response (polarization) was necessarily linear in an exter-
nal electromagnetic field. That is not the case in general systems such as anharmonic
vibrational systems and electronic systems. Nevertheless, for a small external field,
one expects that the responses of the system are linear in the field, and in fact one
can give general expressions for the proportionality coefficients, such as suscepti-
bilities and transport coefficients, of a general system which otherwise is in thermal
equilibrium, provided the Hamiltonians of the system and its interaction with the
external field are explicitly given.1,2

For example, application of a small electric field E gives rise to small electric
polarization P and a small electric current J = dP/dt in the system, the coefficients
being electric susceptibility χ and electric conductivity σ , respectively. When the
external field varies with position and time, so does the response, which one can
write as

P(r , t) =
∫

dr ′
∫

dt ′χ (r , t ; r ′, t ′)E(r ′, t ′) (6.1.1)

with the use of the spacetime-dependent response function for the susceptibility
tensor χ , since the linearity assures the superposition principle: the sum of the
causes leads to the sum of the corresponding results. Since the result can never
precede the cause, one has the relation:

χ (r , t ; r ′, t ′) = 0 (t < t ′) (causality). (6.1.2)

(Note that we have ignored the relativistic requirement thatχ vanishes for |r − r ′| >
c0(t − t ′), assuming the light velocity to be infinite.)

If one is concerned with macroscopic quantities in macroscopic systems in ther-
mal equilibrium, neglecting microscopic fluctuations over microscopic times, one

89
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also expects translational symmetry in time:

χ (r , t ; r ′, t ′) = χ (r ; r ′, t − t ′) (stationarity). (6.1.3)

If the system can be considered spacially homogeneous, one also expects transla-
tional symmetry in space:

χ (r , t ; r ′, t ′) = χ (r − r ′, t − t ′) (homogeneity). (6.1.4)

Since crystals have translational symmetry with finite lattice constants as periods,
(6.1.4) is meaningful only when one is concerned with the position r on the macro-
scopic scale.

Let us now derive the microscopic expression for the macroscopic linear response
coefficient χ , for given Hamiltonians H for the unperturbed system and H ′

t for its
interaction with a time-dependent external field. The interaction of matter with an
electromagnetic field was given by eqs. (3.3.7, 3.3.10), which we write

H ′
t = −

∫
dr j(r ) · A(r , t), (6.1.5)

j(r ) ≡
∑

i
(ei/mi )[piδ(r i − r ) + δ(r i − r )pi ]/2 (6.1.6)

for our program in which we take the vector potential A(r , t) as a given external
field which should be treated as a classical quantity (c-number), not the quan-
tal field (q-number) as was given in (3.3.7). However, the current density j(r ) of
the “system” should be treated quantum-mechanically, and hence should be sym-
metrized with respect to non-commuting position r i and momentum pi so as to be
an Hermite operator, while r is simply the macroscopic position (c-number) as a
function of which we define the fields A and j.

Let us solve the time-dependent Schrödinger equation for the perturbed system,

i ��h∂�/∂t = (H + H ′
t )� (6.1.7)

with the help of the interaction representation in which the unperturbed Hamiltonian
H is removed as follows. By putting

�(t) = exp(−i t H/��h)� ′(t) (6.1.8)

and inserting it into (6.1.7), one obtains the Schrödinger equation for � ′(t):

i ��h∂� ′/∂t = H ′
t (t)�

′ (6.1.9)

with the use of the Heisenberg representation (see eq. (2.1.18)):

H ′
t (t) ≡ exp(i t H/��h)H ′

t exp(−i t H/��h) (6.1.10)

of H ′
t defined in terms of the unperturbed H . The interaction representation, (6.1.8),

is so to speak the mixture of the Schrödinger and Heisenberg representations.
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Denote the eigenvalues and eigenstates of the system Hamiltonian H by E� and
φ� and expand � ′(t) in terms of the set {φ�} as

�(t) =
∑

�
c�(t)φ�. (6.1.11)

Putting (6.1.11) into (6.1.9), multiplying φ∗
� and integrating, one obtains

i ��h dc� ′(t)/dt =
∑

�
(H ′

t (t))� ′�c�(t). (6.1.12)

Starting from the initial state � at t = −∞, the wave function of the system at time
t is given, up to the first order in H ′

t , by

� ′
�(t) = φ� +

∑ ′
� ′φ� ′(i ��h)−1

∫ t

dt ′(H ′
t ′(t ′))� ′� (6.1.13)

where the prime ′ of
∑ ′ indicates that the term with � ′ = � is to be omitted.

Let us now define the operators for electric polarization and current density as
functions of the macroscopic position coordinate r (c-number) by

P(r ) ≡
∑

i
eir i
(r − r i ), (6.1.14)

J(r ) ≡
∑

i
ei [pi
(r − r i ) +
(r − r i )pi ]/2, (6.1.15)

where the summation is to be extended on all charged particles with charge ei and
position coordinate r i (operator) of the material system, and the locator 
(r ) is
a positive smooth function which is nonvanishing only within a macroscopically
small region: r < aM (defined in (6.1.17) below) and satisfies∫

dr
(r ) = 1. (6.1.16)

The symmetrization in (6.1.15) is needed for j(r ) to be an Hermite operator. It
is an elaboration of the earlier definition (3.3.10). Equation (6.1.14) is a natural
extension of the dipole moment µ, defined by (3.4.10), of a molecular system of
microscopic size am to that of a material system of macroscopic size in the form of
density – dipole moment per unit volume at a macroscopically specified position r.
The spatial integration of (6.1.14 and 6.1.15) correctly gives the total moment and
the total current, respectively, due to the normalization (6.1.16). On the other hand,
we are going to describe the response of matter to an external field which spatially
varies smoothly in the macroscopic region, as is more explicitly specified by the
wavelength λ in the case of an electromagnetic wave. Namely, we have to define the
position coordinate r with an accuracy: |δr | � λ in order that our space-dependent
description of P(r) against the external field A(r ′) is meaningful. Thus we have to
impose the following restriction on what we call the macroscopically small size aM:

am � aM � λ. (6.1.17)
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The expectation value of the polarization density in the state (6.1.13) is then
given by

(��(t), P(r )��(t)) = (� ′
�(t), P(r , t)� ′

�(t)) = P(r )��

+
∑

(i ��h)−1
∑ ′

� ′(P(r , t))�� ′
∫ t

dt ′(H ′
t ′(t ′))� ′�

−
∑

(i ��h)−1
∑ ′

� ′(P(r , t))� ′�

∫ t

dt ′(H ′
t ′(t ′))∗� ′� (6.1.18)

where we have made use of the interaction representation of P(r):

P(r , t) = exp(i t H/��h)P(r ) exp(−i t H/��h). (6.1.19)

Although the macroscopic relation J = ∂P/∂t does not hold for operators them-
selves, one can readily prove the following equation in the spatially integrated form:

−
∫

dr ′J(r ′, t ′) · A(r ′, t ′) = −
∫

dr ′∂P(r ′, t ′)/∂t ′· A(r ′, t ′). (6.1.20)

In fact, the Heisenberg equation of motion gives

∂Pα(r ′, t ′)/∂t ′ = (i/��h)
∑

i
(ei/2mi )

×
{

exp(i t ′H/��h)
∑

α ′
[

p2
iα ′, riα
(r ′− r i )

]
exp(−i t ′H/��h)

}
(6.1.21)

since only the kinetic energy contributes to the commutator with P(r) which con-
tains the position coordinates r i . With the use of the Heisenberg representations of
individual operators, one can rewrite the expression {· · ·} in (6.1.21) as

(i/��h)[, ] = piα ′{δαα ′
(r ′− r i ) − riα(∂/∂r ′
α ′)
(r ′− r i )} + (h.c.).

The integration on r ′ of the gradient term in {· · ·} multiplied by the much more
slowly varying function Aα ′(r ′, t ′) vanishes because∫

dr ′(∂/∂r ′
α ′)
(r ′− r i ) = 0 (6.1.22)

as is obvious from the fact that 
(r ′− r i ) vanishes when |r ′− r i | is greater than
aM (but still much smaller than λ). With the use of (6.1.15), one can thus bring the
r.h.s. of eq. (6.1.20) into the form of the l.h.s.

The time integral in the second line of (6.1.18) can then be rewritten, by partial
integration, as∫ t

dt ′(H ′
t ′(t ′))� ′� = −

∫
dr ′
∫ t

dt ′J(r ′, t ′)� ′� · A(r ′, t ′)
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= −
∫

dr ′
∫ t

dt ′∂P(r ′, t ′)� ′�/∂t ′· A(r ′, t ′)

= −
∫

dr ′{P(r ′, t)� ′� · A(r ′, t) −
∫ t

dt ′P(r ′, t ′)� ′� · E(r ′, t ′)}.
(6.1.23)

The external field A(r ′, t ′) is assumed to vanish at t ′ = −∞, the lower bound of
integration so far not written explicitly, in order to assure the convergence of the
integral. This assumption justifies the above omission of the integrand at the lower
end.

In this way, the field induced part (the second and third lines of (6.1.18)) of the
polarization is given by

∫
dr ′{(i/��h)([P(r, t), P(r ′, t) · ]−)��A(r ′, t)

+
∫ t

dt ′(i/��h)([P(r , t), P(r ′, t ′) · ]−)��E(r ′, t ′)}. (6.1.24)

Since P(r) contains only the position coordinates r i of the particles, the com-
mutator [P(r ), P(r ′)] vanishes, and so does the first commutator in (6.1.24)
which is its Heisenberg representation. Taking the statistical average on the ini-
tial states � with Boltzmann distribution:w� = exp[−β(E� − F)] with free energy
F = −β−1ln[

∑
� exp(−βE�)], one obtains the expression for the ij- (hereafter used

for αα ′-) component of the susceptibility tensor χ defined in (6.1.1) as

χij(r ; r ′, t − t ′) = 〈〈(i/��h)[Pi(r , t), Pj(r ′, t ′)]−〉〉
= (i/��h)

∑
�� ′w�[Pi(r )�� ′Pj(r ′)� ′� exp{−iω� ′�(t − t ′)}

−Pj(r ′)�� ′Pi(r )� ′� exp{iω� ′�(t − t ′)}]. (6.1.25)

The correlation functions on the r.h.s., such as

∑
�� ′w�Pi(r )�� ′Pj(r ′)� ′� = 〈〈Pi(r )Pj(r ′)〉〉,

are expected to depend only on the difference r − r ′ in homogeneous systems in
agreement with (6.1.4). It is also important to note that the integration on t ′, the
time when the external field acts upon the system, has been extended up to t (and
not beyond), the time when the response is recognized, without any definition of
(6.1.25) at t < t ′. This is consistent with the causality (6.1.2).

For practical applications, it may be more convenient to transform the description
in spacetime into that in the reciprocal space, k and ω. For this purpose, let us
consider a volume V = L3 with cyclic boundary conditions as in Section 1.3 and
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introduce the Fourier transform:

E(r , t) = V −1/2
∑

k

∫
dωEk,ω exp(ik · r − iωt), (6.1.26)

P(r , t) = V −1/2
∑

k

∫
dωPk,ω exp(ik · r − iωt), (6.1.27)

P(r ) = V −1/2
∑

k
Pk exp(ik · r ) (q-number). (6.1.28)

Making use of the homogeneity approximation (6.1.4) and rewriting χ (r − r ′,
t − t ′) = χ (s, τ ), one can readily derive the susceptibility tensor χ (k, ω):

Pk,ω = χ (k, ω)Ek,ω, (6.1.29)

χ (k, ω) = limγ→+0

∫
ds
∫ ∞

0
dτχ (s, τ ) exp(−ik · s + iωτ − γ τ ) (6.1.30)

where ω has been replaced by ω + iγ (γ → + 0) to consider the afore-mentioned
initial condition that the external field (6.1.26) has been switched on infinitely
slowly, which assures the convergence of τ -integration in (6.1.30). Putting (6.1.25)
into (6.1.30), one obtains the susceptibility tensor:

χij(k, ω) =
∑

�� ′w�[(Pi,k)�� ′(Pj,−k)� ′�/(
��hω� ′� − ��hω − iγ )

+(Pj,−k)�� ′(Pi,k)� ′�/(
��hω� ′� + ��hω + iγ )]. (6.1.31)

One can readily confirm that this tensor has the properties:

χij(k, ω) = χ∗
ji (k, ω) = χji(−k,−ω). (6.1.32)

For those systems consisting of mobile (instead of bound) charges, it is more
convenient to rewrite eq. (6.1.31) in terms of charge densityρ(r ) = divP(r ), namely
ρk = ik · Pk, as

χ (k, ω)‖ = k−2
∑

�� ′w�
[|(ρ−k)� ′�|2/(��hω� ′� − ��hω − iγ )

+|(ρk)� ′�|2/(��hω� ′� + ��hω + iγ )
]
. (6.1.33)

The imaginary part of (6.1.33) can be rewritten, after replacement �→← � ′ in the
second line, as

Im[χ (k, ω)‖] = (2��hk2)−1[1 − exp(−β��hω)]
∫ +∞

−∞
dt exp(−iωt)〈〈ρkρ−k(t)〉〉.

(6.1.34)

For an isotropic system and at k = 0, eq. (6.1.31) can be written as

χ (0, ω) = χii(0, ω) =
∑

�� ′w�|(Pi)�� ′|2
×[(��hω� ′� − ��hω − iγ )−1 + (��hω� ′� + ��hω + iγ )−1]. (6.1.31a)
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6.2 Analytic properties, dispersion relation and sum rule

It is obvious from (6.1.31) that the susceptibility tensor is an analytic function of
the variable ω in the upper half of its complex plane, since all poles of (6.1.31)
are on the lower half. This is the general property of all kinds of linear response
coefficient, and is intimately related with the causality and the irreversibility of
systems that they should approach thermal equilibrium when left alone.

Making use of this analyticity, one can perform the contour integral of
χij(k, ω ′)/(ω ′− ω) with real ω along the path of ω ′ shown in Fig. 6.1, with the
result:

χij(k, ω) = (iπ )−1P
∫ +∞

−∞
dω ′(ω ′− ω)−1χij(k, ω ′). (6.2.1)

Taking the real and imaginary parts of (6.2.1), one obtains the dispersion relations:

Reχij(k, ω) = π−1P
∫ +∞

−∞
dω ′(ω ′− ω)−1Imχij(k, ω ′), (6.2.2)

Imχij(k, ω) = −π−1P
∫ +∞

−∞
dω ′(ω ′− ω)−1Reχij(k, ω ′). (6.2.3)

By putting k = 0 in the imaginary part of (6.1.31), and interchanging � and � ′ in
the second term, one obtains

Imχij(0, ω) = (π/h)
∑

�� ′(w� − w� ′)(Pi,0)�� ′(Pj,0)� ′�δ(ω� ′� − ω), (6.2.4)

from which one finds that Imχij(0, ω) is an odd function of ω. Applying the sum
rule which was derived in Section 3.6, one can derive the related sum rule for an
assembly of charged particles with mass mi and electric charge ei within a unit
volume:∫ +∞

−∞
ωImχij(0, ω)dω =

∫ +∞

−∞
Reχij(0, ω)dω = δijπ

∑
i
e2

i /mi (6.2.5)

with the use of the equations

σE = J = d P/dt = −iωP, or σ (k, ω) = −iωχ (k, ω) (6.2.6)

Fig. 6.1 The path for the integration on the complex ω ′-plane for the derivation of the
dispersion formula.
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and eq. (6.1.6). Equation (6.2.5) will have various applications in later sections
since the integrand with i = j is related to the absorption spectra.

6.3 Relation between electric susceptibility and dielectric constant

In Sections 6.1 and 6.2 we derived the microscopic expressions for electric suscep-
tibility χ and conductivity σ (see eq. (6.2.6) for their relationship) by assuming that
E(r ) acting on the charged particles of the system is an external field (hereafter writ-
ten Eeff(r )). Note, however, that the electric field E(r ) appearing in the Maxwell
equations and in definition (1.1.5) of the dielectric constant ε is a macroscopic
quantity, namely the spatial average over the region of macroscopic size r , of the
microscopic electric field e(r) which fluctuates in the microscopic region. Now,
e(r) consists of the effective internal field Eeff(r ) and the internal field due to the
charged particles in the system which is responsible for the microscopic fluctuation.
Thus, Eeff(r ), which is the macroscopic average of eeff(r ), is in general different
from the macroscopic E(r). Microscopic expressions for eeff(r ) and e(r ) as well as
the relation between susceptibility and dielectric constant, valid for general sys-
tems, have unfortunately not been given so far. Here we will put in order different
ways of relating them in terms of two approaches, the E method and the D method,3

taking typical model systems – insulators and conductors.
Under no external field, e(r ) ≡ −∇φmicro(r ) consists of the electric field due to

all charged particles of the system considered. If the ions are arrayed on a crys-
talline lattice, they will give rise to a periodic potential φmicro(r ). If, in addition,
there are free electrons, as in metals, their time-averaged density will also contribute
to this periodic potential. The individual free electrons are subject to the potential
(−e)φmicro(r ), forming the conduction band with effective mass mc. Obviously, the
average of e(r) over the macroscopic region vanishes. The remaining parts of the
interactions yet to be taken into account are the temporally fluctuating parts of
the electron–electron, ion–ion and electron–ion interactions which are supposed
be described by the screened Coulomb interactions (see Ref. [4] or Section 6.5 of
the present book), phonon energies (after including the kinetic energies of the
ions not mentioned above) and the electron–phonon interactions (described in
Sections 9.1 and 9.4), respectively. They altogether will be denoted by an effective
Hamiltonian: Heff.

Application of an electric field will induce polarization, namely the redistribution
of electrons and ions which, in turn, gives rise to a depolarizing field as was already
mentioned in Section 5.3 for lattice vibrations in an insulator. The redistribution of
free electrons in conductors results in surface charges in the regions adjacent to the
electrodes, thus screening the field ε−1

0 D(r ) originating from the electric charges on
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the electrodes to E(r) in the metal, if averaged over the macroscopic region. The use
of this E(r) for the effective field Eeff(r ) acting on the free electrons is well justified
since their de Broglie wavelengths are usually much greater than the interatomic
distance. As for insulators, we used E(r) for Eeff(r ) in step (II) of Section 5.3 to
calculate χ and ε (see eq. (5.3.7)) which are related by

ε(k, ω) − ε0 = (εe − ε0) + χeff(k, ω). (6.3.1)

Here we have phenomenologically separated the instantaneous susceptibility
(εe − ε0) contributed from oscillators with much higher frequencies than ω. The
Hamiltonians to be used for the calculation of χ for insulator and σ for conductors
are Heff mentioned above, for instance, the use of short-ranged f

′
instead of the

original force constants f in insulators (as was in fact done in Section 5.3) and
the use of short-ranged electron–electron interactions in conductors (as will be
described in Section 6.5).

The above procedure of putting Eeff(r ) � E(r ) in calculatingχ and σ by (6.1.31)
and (6.2.6) and relatingχ to ε by (6.3.1) will hereafter be called the E method. It can
be applied to a wide class of systems inclusive of anisotropic systems, provided that
one can find an appropriate or approximate Heff. Complete neglection of Coulomb
interactions among electrons in calculating the electric conductivity of a metal is
an example of this method at its extreme simplification (even the short-ranged
interaction remaining in Heff is neglected there); in spite of its apparent crudity and
the skeptical view on its legitimacy in its early days (in fact people wondered why
the free-electron model for metal due to Sommerfeld worked so well), it has proved
quite successful in explaining the observed temperature dependence of electric
resistivity in terms of electron–phonon interaction alone.

In general, however, it is difficult to find such an Heff on a sound theoretical basis
since there is no unique way of decomposing the Coulomb interaction into long-
and short-range parts. This ambiguity is a demerit of the E method.

Another important situation in which the E method is useful is an isotropic system
under an electromagnetic wave. Because of the absence of the depolarizing field
in the transverse wave, one is allowed to take E approximately as the external field
and to use a real Hamiltonian in calculating the transverse susceptibility χt(k, ω) by
the formula (6.1.31). Its relation with the dielectric constant is the same as (6.3.1):

ε(k, ω) − εe = χt(k, ω) (6.3.2)

where k is replaced by k since the dependence on the direction k is also excluded by
our definition. In Section 8.4 we will calculate the energies of transverse excitons
and the corresponding dielectric dispersion ε(ω) with the use of the real Hamiltonian
with Coulomb interactions fully considered, and the energies of longitudinal
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excitons will be given by the zeros of thus obtained ε(ω) in the same way as
we prescribed for the optical lattice vibrations in Section 5.3.

For the study of eigenvibrations of a system under no external field, one has to
add the self-induced depolarizing field (long range) to the short-range restoring
force. This was done in step (III) of Section 5.3 for optical lattice vibrations, where
the depolarizing field causes �–t splitting. In conductors, the depolarizing field
due to the redistribution of free electrons is the only restoring force for plasma
oscillations (see Section 6.5). A more systematic way of describing the effect of
the depolarizing field is the D method.

When the external field is longitudinal as is caused by charge density ρ(0) of
incident or extrinsic charged particles, one must resort to the D method which is
useful only for isotropic systems. The logic of this D method is as follows. The
charge density, ρ(0), gives rise to an electric flux density D through the relation
divD = ρ(0) (eq. (1.1.3)), namely ik · Dk ≡ ikD‖ = ρ(0)

k , and hence to the electric
field E(0) through the relation D = εe E (0), namely E (0)

‖ = ε−1
e D‖. In turn E (0)

‖ , as

the external field, induces electric polarization through the relation P‖ = χ�E (0)
‖

where χ�(k, ω) is the longitudinal susceptibility. The internal electric field E is
given by the identity D − P = εe E. Dividing both sides by D, one obtains

1 − εe/ε(k, ω) = χ�(k, ω)/εe (isotropic, use of H ). (6.3.3)

One must make use of the real Hamiltonian in calculating χ�(k, ω) by (6.1.31) or
(6.1.33) since E(0) is the purely external field.

So long as the macroscopic fields, E(k, ω) and D(k, ω), are definable in di-
electrics and their linear relation holds, the proportionality coefficient ε(k, ω) exists
independent of the way of relating it to the microscopically calculated susceptibility.
Eliminating this ε(k, ω) from (6.3.1) or (6.3.2) and (6.3.3), one can relate the two
kinds of susceptibility by

χ�/εe = χt/(εe + χt), χt/εe = χ�/(εe − χ�) (6.3.4)

where xt can also be replaced by χeff of the isotropic case.
The above relations can most readily be confirmed with lattice vibrations in an

isotropic crystal. In fact one finds from (5.3.13) the expressions

χt/εe =  a
(
ω2

a� − ω2
)
/
(
ω2

at − ω2
)− 1, (6.3.5)

χ�/εe = 1 − a
(
ω2

at − ω2
)
/
(
ω2

a� − ω2
)
, (6.3.5a)

with poles at transverse or longitudinal eigenfrequencies, as they should be.
Equation (6.3.4) has other applications. If one can find, by an appropriate

physical argument on a given many-body system, an effective Hamiltonian Heff

which allows easy calculation of χeff with the use of the E method, one readily
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obtains, with the use of (6.3.4), a first approximation to χ� which would be
obtained only with a complicated diagrammatic method by direct application of the
D method. An example is the plasma oscillation in an electron gas described in
Section 6.5.

The E method is a type of the so-called molecular field theory, mean field
theory or random phase approximation which has proved to be a useful first
approximation to a variety of many-body problems in condensed matter and nuclear
physics.

6.4 Dielectric constant in terms of phonons

So far we have described the contribution of optical lattice vibrations to the dielectric
constant by classical mechanics. We will show here that quantum mechanics leads
to exactly the same result. It is another example of the classical–quantal equivalence
of harmonic oscillators.

Equation (5.5.2) is a quantum-mechanical expression for the displacement of the
νth atom in the nth unit cell:

ξnν =
∑

s,k
(��h/2Nωs,k)1/2 M−1/2

ν ζ(s)
ν (k)

×[bs,k exp(ik · Rn) + b†
s,k exp(−ik · Rn)] (6.4.1)

where ζ(s)
ν (k) is the normalized eigenvector of the (s, k) mode of the lattice vibration

with frequency ωs,k in the real system (see Section 5.2). Comparing (5.3.6) with
(6.1.27), one can write the Fourier component of polarization for small values
of k as

Pk =
∑

s
(��hN0/2ωs)1/2q (s)(bs,k + b†

s,−k) (6.4.2)

where N0 is the number of unit cells within a unit volume and

q (s) ≡
∑

ν
eνM−1/2

ν ζ(s)
ν (6.4.3)

is a quantity corresponding to p(s) of (5.3.4) for a fictitious system. Noting that

b†
s,k and bs,k have matrix elements (2.2.23) for creating or annihilating one phonon

of the mode (s, k) with energy change ω� ′� = ±�s , and that
∑ ′
�[· · ·] in (6.1.31)

gives the �-independent term as the result of summation on � ′ = �± 1, one finally
obtains the temperature-independent result

χ (ω) = N0

∑
s

q (s)q (s)/
(
ω2

s − ω2
)
, (6.4.4)

which is the same as would have been obtained by classical mechanics. (In fact
the corresponding term in (5.3.7) for the fictitious term was obtained by classical
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mechanics.) Here we find again the classical–quantal equivalence as we did in
(2.2.20), which is characteristic of harmonic oscillations. Confining ourselves to
an isotropic system, one can put (6.4.4) into (6.3.3) to obtain ε(k, ω), which should
be the same as that ε(k, ω) which appears in (6.3.1), as was confirmed in the last
section.

6.5 Plasma oscillation and screening effect of electron gas

Consider an electron gas in a background of (almost) immobile neutralizing positive
charges. Examples are carriers in the conduction band of metals, those in the con-
duction or valence band of highly doped and/or high-temperature semiconductors
and an ionized gas at high temperature or low density. Here Coulomb interactions
play central roles, resulting in collective oscillations and charge screening, as has
been described by well-known methods for many-body problems.4

An alternative approach to the same problem will be presented here. Let us
consider, as a first approximation, the effect of Coulomb interactions only through
the macroscopic electric field, forgetting the individual interactions completely.
This is the simplest example of the E method mentioned in Section 6.3.

The one-particle state k with energy ε(k) is occupied with the Fermi distribution:
f (k) = [exp{β(ε(k) − µ)} + 1]−1 whereµ is the chemical potential determined by
the number of electrons, n, per unit volume, as∑

k
2 f (k) = n (6.5.1)

where the spin degeneracy 2 is taken into account. Consider the charge density
operator defined by

ρ(r ) = (−e)
∑

i
δ(r i − r ), (6.5.2)

or its Fourier component defined as in (6.1.26):

ρ−q = V −1/2
∑

i
exp(iq · r i ) (6.5.3)

where q for the density wave is used to avoid confusion with k for the individual
electrons. The operator (6.5.3), which appears in (6.1.33) with q being written as k,
has matrix element which corresponds to one electron, say the i th, being scattered
from state k to k + q . Since the probability for the final state to be vacant and hence
available is given by 1 − f (k + q), the sum of the first term in (6.1.33) with spin
degeneracy considered can be written as

V −1
∑

k
e22 f (k)[1 − f (k + q)]/[ε(k + q) − ε(k) − ��hω].
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The second term is obtained by changing the signs of q and ω, but with further
replacement k → −k or k → k + q, one obtains the final results:

χeff‖(q, ω)

= (e2/q2)V −1
∑

k
4 f (k)[ε(k) − ε(k + q)]/[(��hω)2 − {ε(k) − ε(k + q)}2] (6.5.4)

= (e2/q2)V −1
∑

k
2 f (k)[ f (k) − f (k + q)]/[ε(k + q) − ε(k) − ��hω]. (6.5.4a)

Putting ε(k) = ��h2k2/2m with isotropic effective mass m of the electrons, one find
αeff also to be isotropic. In the vanishing limit of q, eq. (6.5.4) gives the temperature-
independent value:

χeff(ω) = −ne2/mω2 (6.5.5)

where (6.5.1) has been used. From (6.3.4), one obtains

χ (ω) = (ne2/m)/
(
ω2

p − ω2
)
, (6.5.6)

ω2
p = ne2/εem (6.5.7)

where εe is the background dielectric constant due to bound electrons. Equation
(6.5.6) indicates that the electron gas has eigenvibration with angular frequencyωp.
As is obvious from (6.5.6) and (6.5.7), this vibration is the density oscillation of the
electron gas caused entirely by the depolarizing field. This collective motion of the
electron gas is called the plasma oscillation. In the harmonic approximation, the
plasma oscillation field can be described quantum-mechanically as an assemblage
of plasmons with energy quanta ��hωp, analogous to the photons of an electromagnetic
field and the phonons of lattice vibrations.

Let us next put ω = 0 and q to be small in (6.5.4a). Noting that the Fermi
distribution f (k) is a function of ε = ε(k), one finds that the summand can be
written as −2∂ f (ε)/∂ε. The static dielectric constant is then given by

ε(q, 0) = εe
(
1 + q2

s /q
2
)
, (6.5.8)

where q2
s = (e2/εe)V −1

∑
k
[−2∂ f (ε)/∂ε]. (6.5.9)

For the two limiting situations of statistics, one obtains

q2
s = ne2/εe(2εF/3) (degenerate Fermi distribution), (6.5.10)

q2
s = ne2/εekBT (Boltzmann distribution), (6.5.10a)

since one can replace −∂ f (ε)/∂ε by δ(ε − εF) and β in the respective cases. Here
the Fermi energy εF = ��h2k2

F/2m is the energy of the highest occupied states: kF =
(3π2n)1/3 in the degenerate case.
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The physical meaning of qs is as follows. Suppose a point charge Q is put at r = 0.
From divD(r ) = Qδ(r ), we have the Fourier component Dq = V −1/2 Qq/ iq2 and
that of the electric field Eq = Dq/ε(q, 0). From E(r ) = −gradφ(r ), we have the
Fourier component of the electrostatic potential φq = V −1/2 Q/q2ε(q, 0). With the
use of (6.5.8), we finally obtain

φ(r ) = V −1/2
∑

q
φq exp(iq · r ) = (Q/4πεer ) exp(−qsr ). (6.5.11)

It indicates that the electrostatic potential due to the point charge Q/4πε0r is (dielec-
trically) screened to Q/4πεer by the bound electrons and (metallically) screened
to the short-range potential (6.5.11) with screening distance q−1

s by the mobile
electrons. The screening constant qs is given by (6.5.10) or (6.5.10a) depending
upon the situation.

6.6 Energy loss of a charged particle injected into a dielectric

Suppose a particle with charge Ze and momentum ��hK is injected into the mat-
erial system. It gives rise to the electrostatic potential φ(r − R) = Ze/4πε0|r − R|
which interacts with the system through the Hamiltonian

H ′ =
∫

drρ(r )φ(r − R) =
∑

k
φkρ−k exp(−ik · R). (6.6.1)

Here ρ(r ) is the charge-density operator of the system and φk = V −1/2 Ze/ε0k2 is
the Fourier component ofφ(r − R). The rate at which this particle loses momentum
��hk and hence energy ��hω = ��h2 K 2/2M − ��h2(K − k)2/2M by exciting the system
in a state � to a state � ′ is given, in the Born approximation which is valid for
high-energy particles, by

W(k, ω) = (2π/��h)|φk|2
∑

�� ′w�|(ρ−k)� ′�|2δ(��hω� ′� − ��hω). (6.6.2)

While this can be related to the first term of (6.1.33), the susceptibility is to be
related to the dielectric constant by (6.3.3), namely by the D method since the
external force is due to the charged particle. Hence, the rate can be written in terms
of the dielectric constant as

W(k, ω) = (2/��h)|φk|2k2Im[−1/ε‖(k, ω)]. (6.6.3)

To sum up, the injected charged particle excites the longitudinal component
of polarization through Im[−1/ε‖(k, ω)] while the electromagnetic wave excites
the transverse component through Im[ε(k, ω)]. The plasma, the charge-density
oscillation, is obviously a longitudinal wave and can be excited by the charged
particle. This is how the plasma oscillations have been observed through electron
energy-loss spectra (EELS), (6.6.3), of high-energy charged particles.
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6.7 Optical activity

As a typical application of the anisotropy and spacial dispersion of the suscep-
tibility given by (6.1.31), we consider here the optical activity of a material in
the simplest case. Optical activity refers to the phenomena in which the plane of
polarization (containing E and k vectors) of linearly polarized light rotates grad-
ually as the light beam proceeds5 through materials with low symmetry. In other
words, the circularly polarized light beams, rotating right or clockwise (+) and left
or anticlockwise (−) (as viewed by the observer faced towards the light source)
propagate with different phase velocities due to different refractive indices, n+ and
n−. It seems to be of particular significance in clarifying the origin of life since
biomolecules on Earth consist of isomers that are either 100% right-handed or
100% left-handed depending upon the molecular species such as carbohydrates,
proteins and nucleic acids. This remarkable fact, called homochirality, is one of the
greatest wonders in life science. It is to be contrasted with the fact that, irrespective
of the species, biomolecules synthesized by abiotic experiments in chemical labo-
ratories always consist of equal amounts of right-handed and left-handed isomers.
It is also known that a dilute solution of identical isomers in an optically inactive
solvent shows optical activity opposite to that of opposite isomers with a spacially
inverted structure, in spite of the fact that the solute molecules have random orien-
tations in dilute solution. This indicates that the optical activity is already inherent
to a molecule although there are a number of optically active crystals, such as
quartz, which consist of both right- and left-handed isomers. For this reason we
consider here a dilute solution of identical solute molecules in an optically inac-
tive solvent which seems to be the simplest model in which to consider optical
activity.

Let us first study the symmetry of the dielectric tensor =ε(k, ω) of such a solution
with z-axis taken in the k direction. From the macroscopic isotropy of the system,
one has εxx = εyy due to the invariance against rotation around the z-axis. From
the general property of the susceptibility tensor, eq. (6.1.32), one has εyx = ε∗xy .
However, εyx = εxy is not valid due to the absence of inversion symmetry (note
that x → y, y → x, z → z is a mirror reflection which is not allowed).

One can calculate the susceptibility tensor =χ (k, ω) = ε(k, ω) − ε0 from (6.1.31)
with the use of an appropriate microscopic model. We begin with the contribution
of one solute molecule, with an electronic transition from the ground state g to an
excited state e, to the off-diagonal element χxy which is essential for the optical
activity. With the use of eqs. (6.1.6), (6.1.32) and the relation Jeg = (d P/dt)eg =
iωeg Peg, one obtains the contribution of the molecule at R to a matrix element
appearing in (6.1.31):

(Py,−k)eg = V −1/2(e/imωeg) exp(ik · R)[{py exp(ikz) + exp(ikz)py}/2]eg. (6.7.1)
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The term [· · ·]eg can be expanded in k as (py + ikpyz + · · ·)eg. The corresponding
matrix element [· · ·]ge in (Pxk)ge turns out to be (px − ikpx z + · · ·)ge. Multiplying
this with the above [· · ·]eg, we obtain a factor

(px )ge(py)eg + ik[(px )ge(pyz)eg − (px z)ge(py)eg] + · · · . (6.7.2)

Equation (6.7.2) has been calculated for a fixed orientation of the molecule under
consideration.

Assuming that the solute molecules in the dilute solution take random orientations
without any correlation among neighboring ones, one must take the average of
the orientations with the use of the Eulerian angles, and multiply by N, the total
number of solute molecules within the volume V. (In summing the contributions
of all solvent molecules, we note that the position-dependent factor exp(ik ·R) in
(6.7.1) multiplied by exp(−ik · R) of (Pxk)ge becomes position independent.) Only
the second term of (6.7.2) remains, giving

N0〈〈[· · ·]ge[· · ·]eg〉〉orientation = −ik N 0 Re[(1/3)
∑

xyz
(px )ge(lx )eg] + · · · ,

(6.7.3)
where lx ≡ ypz − zpy is the x-component of the angular momentum. Being of the
same form as the scalar product,

∑
can be written as pge · leg which is invariant

against the choice of the coordinate system, as it should be, being a quantity inherent
to the molecule. It is only for a molecule without inversion symmetry that the matrix
elements of linear momentum p and angular momentum l can coexist for the same
pair of states e and g, which is essential for the optical activity as will now be seen.
Moreover, the nonvanishing scalar product (the component of l along p) is the
reflection of a sort of helical structure which distinguishes right- and left-handed
isomers.

As can be readily seen in the above argument, l originates in the r-dependent
part of the response P(r) and hence of the external field A(r). As can be seen from
(3.3.7), the interaction of an electron with the k-component of electromagnetic field
Ak(r ) can be expanded as

HI = (e/m)p · Ak(r ) = (e/m)(p ·e)A0(1 + ik · r + · · ·) (6.7.4)

where e is the polarization vector of the electromagnetic field Ak and hence
is parallel to the electric field Ek. The first term H ′

I in the expansion on the
r.h.s. of (6.7.4) gives rise to the optical transition associated with the electric
dipole moment as is considered in the major part of this book and has appeared
as (p)ge in (6.7.3). The second term can be rewritten, with the use of the well-
known identity of vector algebra: (k × e) · (r × p) = (k · r )(e · p) − (e · r )(k · p),
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as follows:

H ′′
I = (ie/m)A0(p · e)(k · r ) = (ie/2m)A0[(e · p)(k · r ) + (e · r )(k · p)]

+(ie/2m)A0(k × e) · (r × p). (6.7.5)

Since B0 = (ik × A0e) gives the amplitude of magnetic flux density B = ∇ × A
of the electromagnetic field and r × p ≡ l is the orbital angular momentum, the
second term on the r.h.s. of (6.7.5) gives rise to the optical transition associated
with the magnetic dipole moment with the Landé factor (e/2m). In the expression
(6.7.3), the angular momentum l appears in the form of a scalar product with linear
momentum p, indicating the role of helicity of the molecule in the optical activity,
as mentioned above. The first term of (6.7.5) gives rise to that associated with the
electric quadrupole moment which is irrelevant in the present problem of optical
activity. We will see another example of the magnetic dipole playing a role in
two-photon absorption in Section 11.2 (see Ref. [23] of Chapter 11).

The off-diagonal component of the electric susceptibility tensor (6.1.31) is then
given by

χxy(k, ω) = −χyx (k, ω)

= (2N0e2/3��hm2)
∑

e
ω−1

eg

{
ω2

eg − (ω + iγ )2
}−1

[−ikRe(pge · leg)],

(6.7.6)

while the corresponding contribution to the diagonal element is given by replacing
[· · ·] in (6.7.6) by (pge · peg).

Consider now the right and left circularly polarized light beams proceeding in
the z-direction:

E (±) = (Ex ± i E y) = E exp(ik±z − iωt). (6.7.7)

The corresponding electric flux density is given by

D(±) = (εxx ∓ iχxy)E (±) = ε0n±E (±), (6.7.8)

k± = (ω/c0)n± = (ω/c)[1 ∓ iχxy/2εxx ]. (6.7.9)

The polarization vector of a linearly polarized light beam, which can be expressed as
a superposition of the right and left circularly polarized beams, rotates by an angle:

φ = (k− − k+)z/2 = π (n− − n+)z/λ0, λ0 ≡ c0/ω (6.7.10)

for distance z. The rotatory power is therefore given by

φ/z = π (ε0εxx )−1/2(−iχxy) = (2π2/ε0λ
2
0)(2N0e2/3��hm2)

×
∑

e
ω−1

eg

{
ω2

eg − (ω + iγ )2
}−1

Re(pge · leg)

(6.7.11)
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which, in the transparent region (ω < ωeg), is of the order of (N0a3)aλ−2
0 where a

is the molecular radius. Namely, the rotation angle per wavelength is of the order
of concentration times a/λ0, which is quite small since typically a ∼ 10−9m while
λ0 ∼ 6 × 10−7 m for visible light.

To conclude, it is emphasized again that the general theory for the dielectric
tensor with spatial dispersion is enough for the derivation of a concrete molecular
expression of optical activity with coexistent matrix elements of l and p indicative
of helicity (nonvanishing only for molecules without parity), the fact which indi-
cates the usefulness of the general theory. The situation resembles the helicity of
an elementary particle defined by h = s · p /|p| where s is the spin instead of the
orbital angular momentum. For instance, neutrinos and anti-neutrinos have helicity
of opposite signs, −1/2 (left-handed screw) and +1/2 (right-handed screw), respec-
tively, as has been clarified in the famous experiment confirming the violation of
parity.



7

One-electron states in solids

7.1 Energy band

In this chapter, we shall describe very briefly the electronic states of crystals, based
on a one-electron picture and with the tight binding approximation, mainly as a basis
for the many-body problems to be studied later. Let us imagine an assemblage of N
identical atoms arrayed on a fictitious crystal lattice with lattice constant a which is
to be varied gradually from ∞ to the value a0 of the real crystal. The electronic state
φµ(r − Rn) of an isolated atom at Rn will resonate with that on the neighboring
atoms Rn ′ and, due to the periodic array of atoms, better eigenstates should be
running wave type linear combinations of them:

ψµk(r ) = N−1/2
∑

n
exp(ik · Rn)φµ(r − Rn). (7.1.1)

The corresponding eigenenergy εµ(k) is a continuous function of k within the first
Brillouin zone, forming an energy band µ similarly to the lattice vibrations we
learned of in Chapter 5. This is the tight binding approximation, an approach to the
Bloch statesψµk from the atomic states. Another approach, the nearly free electron
approximation, starts from the free-electron states exp(ik · r ) in a vacuum and takes
account of the periodic potential of the crystal as a perturbation. We omit here the
description of this method, referring the reader to standard text books on solids.1,2

There are available a number of more realistic methods of calculating the Bloch
function ψµk(r ), but, irrespective of the method, it can be written as a product of
the form

ψµk(r ) = exp(ik · r )uk(r ), (7.1.2)

where uk(r ) is a periodic function such that uk(r + Rn) = uk(r ) for any lattice
vector Rn (see (5.1.15)). The validity of this Bloch theorem can be readily confirmed
for the two typical approaches mentioned above. For instance, in our tight binding

107
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approximation we have only to multiply (7.1.1) by exp(−ik · r ), to obtain:

exp(−ik · r )ψµk(r ) = N−1/2
∑

n
exp[−ik · (r − Rn)]φµ(r − Rn).

The r.h.s. is readily confirmed to be a periodic function of r as uk(r ) above is, since
replacing r by r + Rm amounts to renumbering of the lattice points from Rn to
Rn − Rm which keeps the function invariant under the cyclic boundary condition.
(See Refs. [1, 2] for a general proof.) Being energy eigenstates of an electron under
a common periodic potential, the normalized Bloch functions for all (µ, k) form an
orthonormal complete set

(ψµk, ψµk ′) = δµ,µ ′δk,k ′. (7.1.3)

With a given set of Bloch functions, one can define Wannier functions by

aµ(r − Rn) ≡ N−1/2
∑

n
exp(−ik · Rn)ψµk(r ). (7.1.4)

In the particular case of the tight binding approximation (7.1.1) without overlap
of atomic wave functions, aµ(r − Rn) is nothing other than the atomic function
φµ(r − Rn), but are different for differently obtained ψµk(r ) although the r.h.s. of
(7.1.4) is always a function of (r − Rn) due to (7.1.2). Since ψµk(r ) multiplied
by an arbitrary phase factor exp[iα(k)] is also an eigenfunction, one can obtain
different Wannier functions for different phase function α(k). Making use of this
fact, one can minimize the spacial extension of the Wannier functions so as not to
be too much extended compared with the atomic wave function. Let as assume this
and consider them as quasi-atomic states. Wannier functions are convenient set of
basis function since they satisfy the orthonormality relations∫

dr a∗
µ(r − Rn)aµ ′(r − Rn ′) = δµµ ′δnn ′, (7.1.5)

which are not satisfied by the overlapping atomic functions with n �= n ′.
For g-fold degenerate atomic states, the corresponding energy bands consist of

the g branches with particular lines or points of degeneracy in the k-space. The
correspondence of the band to the atomic state from which it originates is obvi-
ous for inner atomic states, but not so clear for outermost states with bandwidths
comparable to energy separations of the corresponding atomic states. A typical
example is the covalent crystal of fourth-column elements such as diamond, silicon
and germanium. The bonding and antibonding states between neighboring atoms
which consist of their tetrahedral s–p hybridized orbitals extended towards each
other constitute the occupied valence band and the empty conduction band, respec-
tively. Even in this situation one can define the Wannier functions for the valence
and conduction bands separately in terms of the corresponding Bloch states, not in
terms of atomic states.
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7.2 Band model for the classification of solids

The electrons are populated in the lowest possible energy bands at low tempera-
tures. The electrical and optical properties of the crystal are completely different
depending upon the occupancy of the highest populated band. If a finite bandgap εg

exists between the highest filled-up band (valence band) µ and the lowest unoccu-
pied band (conduction band) ν, as in molecular or ionic crystals with closed-shell
structures of the constituents, or in the covalent crystals mentioned above, the elec-
tric current conveyed by the electron k with group velocity ∂εµ(k)/∂(��hk) is always
canceled out by that of the electron −k with exactly opposite velocity up to that
bandµ, there being no electrons to be accelerated by the applied electric field unless
an excitation energy at least equal to εg is supplied. As a result, the crystal behaves
as an insulator.

However, if the bandgap is not large enough, as in silicon, germanium and
many III–V compounds, some electrons are thermally excited from the valence
band µ to the conduction band ν except at low temperatures, and the carriers
of both signs, the electrons in the conduction band and the positive holes in the
valence band, are readily accelerated by the applied electric field. As a result, the
crystal behaves as an intrinsic semiconductor.

If the highest populated band is partly filled, as in alkali metals with outermost
atomic s-shell half filled, the electrons at the Fermi energy which is well inside the
band can be excited to empty states with different ks by an infinitesimally small
energy supply. Hence an appreciable fraction of the electrons contribute to the
electric current under the applied electric field, typical of metallic conduction.

Alongside these, there are a variety of solids which are not appropriately de-
scribed in terms of the one-electron band picture because of strong correlations
among electrons, some of which will be mentioned in later chapters.

7.3 The roles of impurity atoms

Real crystals contain a significant number of impurity atoms and lattice defects.
In insulators and semiconductors, an impurity atom with valency one greater than
the host atom it replaces can readily supply the extra electron, which is no longer
needed to participate in the host crystal bond, to the normally unoccupied band ν,
contributing to the electric conduction. The impurity atom thus acts as a donor, and
the crystal behaves as extrinsic semiconductor of n-type. As a result, the impurity
atom is positively charged and can loosely capture the extra electron in its attractive
Coulomb potential at a low enough temperature.3

In contrast, an impurity atom with valency one smaller than the host atom it
replaces deprives one electron from the filled bandµ (also called the valence band)
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in order to complete the bond in the host crystal, thus acting as an acceptor, which
amounts to supplying a positive hole to the otherwise filled band µ. The crystal
behaves as an extrinsic semiconductor of p-type. The liberated positive hole can
be loosely captured around the negatively charged impurity atom at a low enough
temperature.

Intrinsic semiconductors become extrinsic semiconductors at low temperatures
where the carriers excited across the gap are predominantly those supplied by the
impurities.

7.4 Effective mass approximation for shallow impurity states

Shallow donor (acceptor) states mentioned in the previous section can be described4

as follows. The states have split off from the conduction band due to the attractive
Coulomb potential v (r ) = −e2/4πεer . Otherwise, there are no eigenstates of an
electron within the bandgap (which is also called a forbidden band for this reason).
In expanding the donor-state wave function on the basis of the complete orthogonal
set of the Bloch functions of all bands, it is reasonable to suppose that the conduction
band ν makes the predominant contribution since energetically it is by far the
band closest to the donor state. The Schrödinger equation for the donor-state wave
function can then be written as

[h + v(r ) − E]
∑

k
f (k) ψνk(r ) = 0 (7.4.1)

where h, the one-electron Hamiltonian given by h = −(��h2/2m)∇2+ (periodic
potential of the crystal due to all nuclei and all electrons in the filled bands), has
the eigenenergies and eigenfunctions mentioned before:

[h − ενk]ψνk(r ) = 0. (7.4.2)

It may be more intuitive to rewrite the wave function in (7.4.1) as a linear com-
bination, with coefficients F (Rn), of the Wannier functions with the use of (7.1.4).
Multiplying (7.4.1) by a∗

ν (r − Rn) and integrating on r , one obtains the equations∑
n ′[hνnn ′ + vnn ′ − Eδnn ′]F(Rn ′) = 0 (7.4.3)

where

hνnn ′ ≡
∫

dr a∗
ν (r − Rn)haν(r − Rn ′) ≡ hν(Rn − Rn ′) (7.4.4)

= N−1
∑

k
exp[ik · (Rn − Rn ′)]εν(k), (7.4.4a)

vnn ′ ≡
∫

dr a∗
ν (r − Rn)v(r )aν(r − Rn ′) ∼= δnn ′vnn, (7.4.5)
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F(Rn) ≡ N−1/2
∑

k
exp(ik · Rn) f (k), (7.4.6)∑

n
|F(Rn)|2 =

∑
k
| f (k)|2 = 1. (7.4.7)

The first term of (7.4.3) can be rewritten as∑
n ′hν(Rn − Rn ′)F(Rn ′) =

∑
m

hν(Rm)F(Rn − Rm)

=
∑

m
hν(Rm)

∑
p
(p!)−1[−Rm · ∇n]p F(Rn)

=
∑

m
hν(Rm) exp[−Rm · ∇n]F(Rn)

= εν(−i∇n)F(Rn) (7.4.8)

where use has been made of the Taylor expansion of F(Rn − Rm) at Rn with ∇n

being the gradient with respect to Rn , and the inverse transform of (7.4.4a):

εν(k) =
∑

m
hν(Rm) exp[−ik · Rm] (7.4.9)

with k being replaced by the operator −i∇n .
Expand the energy of the conduction band around its bottom kc as

εν(k) = εc + (��h2/2)(k − kc)m−1
c (k − kc) + · · · (7.4.10)

where mc is the effective mass tensor. If the binding energy of the donor state
is small, F(Rn) is a spatially extended slowly varying function. Hence, the dif-
ference equation (7.4.3) can be approximated by a differential equation with∑

n ′hνnn ′F (Rn ′) being replaced by εν(−i∇)F(R) and, moreover, it is sufficient
to consider, in the expansion (7.4.10), up to the quadratic term. After replacement
F(R) = exp(ikc · R) F ′(R), one can write

εν(−i∇)F(R) = exp(ikc · R)[εc − (��h2/2)∇(mc)−1∇]F ′(R).

Additionally, if kc = 0 and the effective mass is isotropic, the difference equation
turns out to be of the same form as that for the hydrogen atom

[−(�2/2mc)∇2 − e2/4πεe R]F(R) = (E − εc)F(R), (7.4.11)

except for the replacements of ε0 (vacuum dielectric constant) by εe (dielectric
constant contributed from bound electrons of the host crystal) and of m (electron
mass) by mc (the effective mass of the conduction band). The binding energy Bn

and the orbital radius an of the donor-electron state with principal quantum number
n is given by

Bn ∼ Ryd/n2(n = 1, 2, . . .), Ryd = (mc/m)(ε0/εe)2 Ry, (7.4.12)

an ∼ adn2, ad = (m/mc)(εe/ε0)aH, (7.4.13)

Ry = me4/32π2ε2
0

��h2 = 13.6 eV, aH = 4πε0
��h2/e2m = 0.053 nm (7.4.14)
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where Ry is the Rydberg constant expressed in units of energy and aH is the orbital
radius of the hydrogen atom.

In typical semiconductors such as Si, Ge and GaAs, the relative dielectric constant
εe/ε0 is of the order of 10 and the relative effective mass mc/m of the conduction
band is smaller than unity, so that the binding energy and the orbital radius in the
ground state are of the order of 0.01 eV (� εg ∼ 1 eV) and 10 nm (�lattice constant
∼0.3 nm), respectively. This justifies the use of the effective mass approximation
mentioned above.

To elaborate, the bottom of the conduction band kc is not at k = 0 in Si and Ge,
being on [001] and equivalent directions (six valleys) in Si, and on the Brillouin
zone edge point along [111] and equivalent directions (four valleys) in Ge, with
longitudinal mass m� larger than the doubly-degenerate transverse mass m t as is
observed by cyclotron resonance experiments. While the equi-energy surface in
the k-space of each valley is thus an oblong spheroid, the corresponding donor-
state wave function in the r-space is an oblate spheroid. The formula (7.4.12)
for the hydrogen-like series is no longer valid. The correct wave functions of the
donor ground state are linear combinations of those from the six (or four) valleys,
the degeneracy being removed as the central cell correction is taken into account
beyond the effective mass approximation.

7.5 Isoelectronic impurity

If the impurity atom has the same valency as the host atom it replaces, the bonds with
the neighboring host atoms are already completed in its neutral state, no electron
being liberated into the conduction band. However, if the electron affinity of the
impurity atom, Ai, is sufficiently larger than that of the host atom, Ah, the impurity
atom can capture another electron from the conduction band. Roughly speaking
the difference −(Ai − Ah) acts as a short-range attractive potential at the site of
the impurity atom only. The problem is mathematically equivalent to the localized
mode of lattice vibrations due to the presence of a low-mass impurity atom as
described in Section 5.4, except that ω2 in the latter corresponds to the decreasing
direction of energy in the former (the localized mode appears at frequencies above
the continuum of the host lattice phonons while the donor-bound state is at energies
below the continuum of the conduction band). The bound state of the extra electron
exists only when (Ai − Ah) is comparable to the bandwidth. As will be mentioned
later, an excition, a bound electron–hole pair, is more readily bound by isoelectronic
impurities.
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Excitons

8.1 Frenkel excitons

When we considered low-energy elementary excitations such as optical phonons
(Section 5.3) and the low-energy binding of donor electrons (Section 7.4), we de-
scribed the background polarization effect of the electrons tightly bound to host
atoms phenomenologically in terms of a constant susceptibility εe − ε0 assuming
that the polarizations have characteristic frequencies high enough to follow instan-
taneously the aforementioned low-frequency motions. In this chapter we will be
concerned with the high-energy elementary excitations of tightly bound electrons
contributing to susceptibility εe − ε0 of the background polarization, in particu-
lar with excitons,1 which is a first step to incorporating configuration interactions
among one-electron excitations.

As the simplest model, consider an isolated atom (or ion) with one elec-
tron in the 1s state with energy ε1s. An applied electric field gives rise to
electronic polarization of the atom which quantum mechanically is due to the
mixing of wave functions of odd parity np(n = 2, 3, . . .) states with energies
εnp to that of the even-parity 1s state. After the field is removed, the mixing
coefficients contributing to the polarization oscillate with angular frequencies
ωn = (εnp − ε1s)/

��h. Namely, the elementary excitations responsible for the polari-
zation of an atom are excitations of its electron to higher states with different
parity.

If identical atoms (or molecules) form an assemblage, the excitation of an atom
resonates with those of neighboring atoms and, via the interatomic interactions,
the excitation energy will propagate from atom to atom like a wave if the atoms
are arrayed on a crystal lattice. The propagating wave of excitations in a molec-
ular crystal was first conceived by Frenkel,2 and the quantum of this elementary
excitation is now called a Frenkel exciton.

113
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One can describe this as follows. The ground-state wave function of the assem-
blage of identical atoms is given by

� (g)(r1, . . . , r N ) =
∏

m
φs(rm − Rm) (8.1.1)

if one neglects wave function overlap among different atoms and ignores anti-
symmetrization among electronic coordinates. Within the same approximation, the
wave function of the state in which only the nth molecule is in the excited state p
is given by

�n(r1, . . . , r N ) = φp(rn − Rn)
∏

m(�=n)
φs(rm − Rm). (8.1.2)

The Hamiltonian of the system consists of the atomic Hamiltonians hn and their
interactions vnm :

H =
∑

n
hn +

∑∑
n<m

vnm . (8.1.3)

If the atoms are arrayed on a crystal lattice, the expectation value of the energy in the
excited state, H (e)

nn ≡ (�n, H�n), should be independent of n due to the translational
symmetry. Its difference ε from the ground-state energy E (g) of the crystal is given by
the energy difference (εp − εs) between the excited and ground states of an isolated
atom corrected by the difference (�p −�s) of their environmental energies due to
the vs.

However, (8.1.3) has matrix elements between different �ns due to the inter-
atomic interactions, namely

H (e)
nm ≡ (�n, H�m) =

∫
drn

∫
drmφp(rn − Rn)φs(rm − Rm)vnm

×φs(rn − Rn)φp(rm − Rm). (8.1.4)

All other terms vanish due to the orthogonality of φs and φp. In vnm , consisting
of the interactions between an electron and a nucleus of the nth atom at Rn and
those of the mth atom at Rm , only the electron–electron Coulomb interaction:
e2/4πε0|rn − rm | remains to contribute to the matrix element (8.1.4) since the
electron–nucleus and internuclear interactions contribute nothing because of the
orthogonality of φs and φp. Assuming the spacial extensions of the wave functions
φs and φp to be small compared to the interatomic distance |Rnm | ≡ |Rn − Rm |, one
can make mutipole expansions of the product φpφs around the respective centers in
the integral (8.1.4). The first term is the dipole–dipole interaction, which is the only
one we will consider here. Denoting the transition matrix element of the electric
dipole by

µ ≡
∫

drφp(r )(−er )φs(r ), (8.1.5)



8.1 Frenkel excitons 115

one can write (8.1.4) as the dipole–dipole interaction at distance Rnm :

Hnm = [
µ2/R3

nm − 3(µ · Rnm)2/R5
nm

]
/4πε0 ≡ D(Rnm). (8.1.6)

As in the case of lattice vibrations, the Hamiltonian H (e) can be diagonalized by
taking the running wave-like linear combination of �n:

�
(e)
K = N−1/2

∑
n

exp(iK · Rn)�n (8.1.7)

with diagonalized energy

E (e)
K = (

�
(e)
K , H� (e)

K

) = E (g) + (ε + DK ), (8.1.8)

DK ≡
∑

n(�=0)
D(Rn) exp(−i K ·Rn). (8.1.9)

Equation (8.1.7) indicates that eigenstates in the subspace of one-electron excita-
tion are the waves in which excitation propagates from atom to atom with definite
wave vectors K. What propagates here is not the electron but the energy of exci-
tation within the present approximation which neglects the overlap of wave func-
tions at different atoms (the effect of overlap will be considered in Sections 8.2
and 8.3). The excitation energy EK = ε + DK of one-electron excitation is a
continuous function of the wave vector K, forming the exciton band. Its energy
width is due to the interactions between the transition dipole moments of different
atoms.

Dipolar interaction D(Rnm) is a long-range interaction which decays as R−3
nm , and

the summation (8.1.9) on the three-dimensional lattice points sometimes causes a
singular convergence depending on the direction K ≡ K/K in the vanishing limit
of K.3 Let us take K to be much smaller than the reciprocal lattice b, and consider
a macroscopically small sphere of radius Rc such that a � Rc � K −1 around
the origin Rn = 0 where a is the lattice constant (see eq. (5.1.17) for as and bs
and their relations). Divide the summation on n to the inner region (Rn < Rc)
and the outer region (Rn > Rc). One can replace the outer-region summation by
integration: N0

∫
dR · · · (where N0 ∼ a−3 is the number of atoms per unit volume)

since Ka � 1. With the use of polar coordinates with K along the z-axis and with
µ to be on the z–x plane from which the longitude angle φ is to be measured, the
integral is given by

I = (N0µ
2/4πε0)

∫ ∞

Rc

d R/R
∫ π

0
exp(−i K R cos θ ) sin θdθ

×
∫ +π

−π
(1 − 3 cos2 θ ′)dφ

= −(N0µ
2/3ε0)[(1 − 3 cos2 θ0) + O[(K Rc)2]
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where θ ′ is the angle between µ(θ0, 0) and R(θ, φ) given by cos θ ′ = cos θ0 cos θ +
sin θ0 sin θ cosφ. Since one can put exp(−i K · Rn) ∼= 1 in the inner region, one
finally obtains

DK =
∑

Rn<Rc
D(Rn) − (N0/3ε0)[µ2 − 3(µ · K)2] (K a � 1). (8.1.10)

The independence of integral I on the choice of lower bound Rc assures the
independence of summation in (8.1.10) on the upper bound Rc. It should be
mentioned in passing that this summation vanishes for any lattice with cubic
symmetry. Note that (8.1.10) depends on the direction K, the singular convergence
as we mentioned before.

However, we must mention also the less singular situations which occur rather
often. As a first example, let us note that the atomic p-states of our model are in fact
triply degenerate, and we must generalize (8.1.10) to 3 × 3 matrices corresponding
to px , py and pz components, each with equal length µ = |µ| of the transition
dipole moment from the s-like ground state. Then the ij-component of this matrix
for any lattice with cubic symmetry is given by

(DK )ij = −(N0µ
2/3ε0) [δij − 3Ki Kj/K 2], (8.1.11)

which is diagonalized by taking the coordinate system with the z-axis along K.
In fact, one obtains one longitudinal wave with µ ‖ K and energy (DK )33 =
+ (2/3)(N0µ

2/ε0), and two transverse waves with µ ⊥ K and energy (DK )11 =
(DK )22 = −(1/3)(N0µ

2/ε0). Their energy difference, N0µ
2/ε0, exactly corre-

sponds to the force constant difference N0e ′2/εe between longitudinal and trans-
verse optical modes (see (5.3.15)), both originating from the depolarizing field. The
convergence singularity is removed by this �–t splitting since the energy or force
constant within each of the �- and t-branches is now a continuous function of K
with no anomaly at K = 0.

For the second example, we should mention that many organic molecular crystals
consist of unit cells containing more than two identical molecules with different
orientations, presumably because the molecules with structural symmetry lower
than an atom can form an energetically favorable close-packed crystal structure by
so doing. Even when the excited state of a molecule is non-degenerate, the dipolar
interaction DK is a matrix with the dimensionality being the number of molecules
in a unit cell. This results in the so-called Davydov splitting of the absorption
spectra,4 as has been confirmed in a number of aromatic molecular crystals. The
convergence singularity in the neighborhood of K = 0 is removed in many of the
cases of Davydov splitting studied so far.
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8.2 Wannier excitons

We are well aware of the fact that atoms and molecules have a host of higher excited
states tending to the Rydberg states in which the excited electron is still bound in
the Coulomb potential arising from the ion left behind. At still higher energies they
exhibit the ionization continuum.

In the case of a crystalline assemblage of atoms or molecules, one-electron states
are the Bloch states extended throughout the entire space of the crystal and forming
continuous energy bands. In insulating crystals characterized by the existence of
a finite bandgap εg between the top of the valence band and the bottom of the
conduction band, the ionization continuum of an atom or a molecule corresponds
to excitation of an electron from the valence band to the conduction band or, equiv-
alently, to creation of a free pair of an electron in the conduction band and a hole
in the valence band, while the Rydberg states correspond to Coulomb-bound states
of an electron–hole pair with energy given by εg − Bn . The binding energy Bn

is expected to tend to those of the Rydberg-like series, and the orbital radius an of
the electron–hole relative motion to the hydrogen-like ones, with the difference that
the electronic mass m is to be replaced by the reduced mass mr = (m−1

e + m−1
h )−1

of the effective masses me and mh of an electron in the conduction band and a hole in
the valence band, and the dielectric constant ε0 is to be replaced by εe of the crystal:

Bn ∼ Ryex/n2(n = 1, 2, . . .), Ryex = (mr/m)(ε0/εe)2 Ry, (8.2.1)

an ∼ aexn2, aex = (m/mr)εe/ε0)aH, (8.2.2)

analogous to eqs. (7.4.12) to (7.4.14) for the donor electron.
The bound electron–hole pair is called a Wannier exciton. The hydrogen-like

series of the Wannier exciton has been observed as line spectra in several insulators
(alkali halides, cuprous halides, rare-gas solids, Cu2O, etc.) whose conduction-
band bottom and valence-band top are at the same point, k = 0, of the Brillouin
zone, each with isotropic effective masses of me and mh (except for some compli-
cations due to degeneracy of the valence band), though such an idealized situation
is not realized in other insulators. Since εe/ε0 is as large as ten in insulators with
not too large εg, the binding energy of even a 1s exciton is as small as 10−1–
10−2 eV.

An assumption underlying (8.2.1, 8.2.2) that the electron–hole pair is subject to
the screened Coulomb potential: −e2/4πεe|r e − rh| as if it were in the dielectric
continuum is justified only if the exciton radius an is much larger than the lattice con-
stant (see Section 7.4). A significant deviation from the hydrogen-like series is found
for the lowest lines (small n) even in these idealistic crystals. The Frankel exciton de-
scribed in Section 8.1 can be considered as an extreme example of such a deviation.
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As another criterion, the use of εe is justified since the binding energy Bn is much
smaller than εg which is the smallest binding energy of host bound electrons in an
insulator (see Section 9.3). For exciton binding energy even smaller than the energy
of a longitudinal optical phonon, the polaron effects of the individual electron and
hole must be taken into account, with εe to be replaced by the static dielectric
constant ε(0)(>εe), as will be mentioned in Section 9.2.

We have been concerned thus far only with bound states of an electron–hole pair.
The pair also has ionized states with continuous energy characterized by the wave
vector k of the relative motion. The pair can also make a translational motion with
mass mex = me + mh and wave vector K, irrespectively of bound or ionized states.
Therefore, the total energy of an electron–hole pair consists of energy E ′

λ for the
relative motion with quantum number λ = (n, l,m) or k and translational kinetic
energy with quantum number K:

E(λ, K ) = εg + E ′
λ + ��h2 K 2/2mex, (8.2.3)

E ′
λ = −Bn (bound states), = + ��h2k2/2mr (ionized states). (8.2.4)

8.3 Elementary excitations in many-electron system of insulator

In the preceding sections, we have described two aspects of an exciton, one as a
propagating wave of intra-atomic (-molecular) excitation energy, and another as
a bound pair of a conduction-band electron and a valence-band hole. The two
aspects can be incorporated into a general theory in which the exciton is considered
as an elementary excitation in the many-electron system of an insulator.5 In the
ground state �g of an insulator, all lower bands up to the band µ are completely
occupied by electrons while all upper bands starting from the band ν are empty.
In the Hartree–Fock approximation, �g is expressed as a Slater determinant of all
Bloch functions of the lower bands (so as to change sign against the exchange of
coordinates of any two electrons in accordance with the Pauli exclusion principle).
According to the band picture, the subspace of one-electron excitation is spanned by
all the states �(ν, k1 ← µ, k2) (where ν : conduction band, µ: valence band, both
being assumed to be degenerate; k1, k2 in the first Brillouin zone) each of which
is obtained by replacing the Bloch function ψµk2 by ψνk1 in the above-mentioned
Slater determinant.

The energy eigenstate should be specified by total wave vector K = k1 − k2 due
to the translational symmetry of the system (the minus (−) sign before k2 is due to
the fact that the electron with wave vector k2 has been removed). Hence, we write
k1 = k and k2 = k − K and consider the set of all k for a fixed value of K . Let us
note that the state �(νk ← µk − K ) has excitation energy ενν(k) − εµµ(k − K )
in the one-electron picture in which the interaction between the electron and the
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positive hole left behind is neglected. Here ενν ′(k) is the energy matrix for the de-
generate conduction band which is a generalization of εν(k) for the non-degenerate
conduction band ν.

Due to the electron–hole interaction, however, one has to consider the config-
uration interaction. Namely, the energy eigenstates of the many-electron system
within the subspace of one-electron excitation should be a linear combination of
�νµkK ≡ �(νk ← µk − K ) with respect to (νµk). One can derive, on the basis
of the many-electron theory within the Hartree–Fock approximation, the energy
matrix H (K )νµk,ν ′µ ′k ′ for the set of functions �νµkK such that the eigenvalue EλK

of H (K ) with eigenfunction�λK gives the excitation energy (the energy measured
from that of the ground state) of the interacting electron–hole pair:∑

ν ′µ ′k ′ H (K )νµk,ν ′µ ′k ′ fλK (ν ′µ ′k ′) = EλK fλK (νµk), (8.3.1)

�λK =
∑

νµk
fλK (νµk)�νµkK . (8.3.2)

Leaving a somewhat lengthy calculation to Appendix 1, we give here only the
result:

H (K )νµk,ν ′µ ′k ′ = δkk ′[δµµ ′ενν ′(k) − δνν ′εµµ ′(k − K )]

−vνkµ ′k ′−Kµk−Kν ′k ′ + vµ ′k ′−Kνkµk−Kν ′k ′, (8.3.3)

vλ1k1λ2k2λ3k3λ4k4 ≡
∫ ∫

dr dr ′ψ∗
λ1k1

(r )ψ∗
λ2k2

(r ′)v(r − r ′)

×ψλ3k3 (r
′)ψλ4k4 (r ). (8.3.4)

One notes that the terms −v . . . and +v . . . in (8.3.3) represent the Coulomb and
exchange interactions, respectively, between the electron and the positive hole.
Namely, the electron and the hole move in their respective bands with Coulomb
attraction and exchange repulsion, their sign reversal being due to the positive hole
instead of the second electron.

It may be more intelligible to transform the Bloch basis to the Wannier basis with
the use of transformations (7.1.4) and (7.4.6). One can then write the eigenequation
(8.3.1) as∑
ν ′µ ′� ′ H (K )νµ�ν ′µ ′� ′FλK (ν ′µ ′R� ′) = EλK FλK (νµR�), (8.3.5)

H (K )νµ�ν ′µ ′� ′ ≡ N−1
∑

kk ′exp(ik · R�)H (K )νµk,ν ′µ ′k ′exp(−ik ′· R� ′)

= [δµµ ′ενν ′(−i∇�) − δνν ′εµµ ′(−i∇� − K )]

−δ��′vνν ′µµ ′(R�) + δ�0δ� ′0
∑

m
exp(−i K · Rm)vνµν ′µ ′(Rm), (8.3.6)

vνν ′µµ ′(R�) ≡
∫ ∫

drdr ′a∗
ν (r − R�)aν ′(r − R�)v(r − r ′) aµ(r ′)a∗

µ ′(r ′).

(8.3.7)
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where ∇� denotes the gradient with respect to R�. In deriving the interaction terms
in (8.3.6) from those in (8.3.3), we have considered only those terms with n1 = n4

and n2 = n3 in the integral∫ ∫
drdr ′a∗

λ1
(r − Rn1 )a

∗
λ2

(r ′− Rn2 )v(r − r ′)aλ3 (r
′− Rn3 )aλ4 (r − Rn4 )

because of the small overlap of Wannier functions at different sites. Note that we
have chosen the definition for the matrix elements of v in (8.3.7) to be different
from that of (8.3.4) as regards the order of suffixes of the wave functions, for the
sake of better insight into the physical meaning as seen below.

As is obvious by inspecting the band-diagonal elements (ν = ν ′, µ = µ ′), the first
interaction term in (8.3.6) represents the attractive Coulomb interaction between
the electron excited to the site R� and the hole left behind. The second interac-
tion term originating from the exchange term (the last term in (8.3.3)) represents
the Fourier transform of the dipole–dipole interaction corresponding to (8.1.9),
with its prefactor δ�0δ� ′0 indicating that the dipole transition is confined within the
same site due to the above approximation of neglecting the overlap of Wannier
functions.

One can readily take into account the electron spin, so far ignored, by interpreting
the above ν and µ to include implicitly the spin variables, or more explicitly by
replacing ν → (ν, τ ) andµ→ (µ, σ ) and interpreting the integration on the spatial
coordinates r to include the sum on the spin variables τ (or σ ) which can take
±(1/2). In the absence of spin–orbit interaction (to be described in Section 8.5),
the one-electron energy ενν ′ is independent of the spin variable and one can write
the r.h.s. of eq. (8.3.6) as

δττ ′δσσ ′[δµµ ′ενν ′(−i∇�) − δνν ′εµµ ′(−i∇� − K )

−δ�� ′vνν ′µµ ′(R�)] + δτσ δτ ′σ ′δ�0δ� ′0Wνµν ′µ ′(K ), (8.3.8)

where we have used the Fourier transform of the exchange integral:

Wνµν ′µ ′(K ) ≡
∑

m
exp(−iK · Rm)vνµν ′µ ′(Rm). (8.3.9)

While the spin prefactor of the first term of (8.3.8), δττ ′δσσ ′, is the “unit” or “identity”
operator 1 = 1e × 1h in the two-electron spin space, that of the second term, δτσ δτ ′σ ′,
has to be diagonalized in this space in order to obtain the energy eigenvalue of
(8.3.8). This can be done in terms of the spin singlet and triplet states as follows. In
the present space of one electron and one hole, the total spin is given by S = τ − σ
since the hole has spin − σ where (µσ ) is the state from which the electron has
been removed. With the spin states |τσ 〉 as basis, the triplet (S = 1) and singlet
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(S = 0) states are given, somewhat differently from the two-electron problem, by

SZ = +1 : −| ↑↓〉,
S = 1 SZ = 0 : (| ↑↑〉 − | ↓↓〉)/

√
2, (8.3.10)

SZ = −1 : | ↓↑〉,
S = 0 (| ↑↑〉 + | ↓↓〉)/

√
2. (8.3.10a)

One can readily confirm, by taking matrix elements of δτσ δτ ′σ ′ with respect to the
basis functions of (8.3.11), that it is diagonalized as 2 δS,0. Thus the Hamiltonian
(8.3.8) is diagonalized in the spin space as

[δµµ ′ενν ′(−i∇�) − δνν ′εµµ ′(−i∇� − K ) − δ�� ′vνν ′µµ ′(R�)]

+ 2δS,0δ�0δ� ′0Wνµν ′µ ′(K ). (8.3.11)

By far the most dominant among the terms in (8.3.9) is the band-diagonal element
of the intra-atomic exchange term

vνµνµ(0) =
∫ ∫

drdr ′a∗
ν (r )aµ(r )v(r − r ′)aν(r ′)a∗

µ(r ′) (8.3.12)

(see (8.3.7)). It is positive definite because of its form of Coulomb interaction
of the complex charge density ρ(r ) ≡ a∗

ν (r )aµ(r ) with its complex conjugate
ρ∗(r ). Hence the singlet exciton is energetically always higher than the triplet
exciton.

To be more exact, one must use the screened Coulomb potential: v(r − r ′) =
e2/4πεe|r − r ′| in the Coulomb integral (8.3.7) for R� �= 0 instead of the unscreened
one: v(r − r ′) = e2/4πε0|r − r ′|, since the angular frequency of the electron–hole
relative motion in an exciton (∼Ryex/

��h) is much slower than that of the motion
of bound electrons in the host crystal (∼εg/

��h). The same situation has been seen
with the slow motion of atoms (lattice vibrations) and shallow bound donor elec-
trons. This screening, which is introduced here phenomenologically, belongs to the
many-body effect which is beyond the scope of the one-electron excitation model
considered here. The theoretical foundation of this screening effect will be given
in Section 9.3 in terms of the electronic polaron. The screening for the exchange
integral is a more subtle problem and will be studied in two steps: later in this
section and in Section 8.4.

Let us solve the electronic eigenvalue problem of the Hamiltonian (8.3.11), treat-
ing the second term as a small perturbation. For simplicity, we consider isotropic
crystals and moreover confine ourselves to a model case where

ενν ′(k) = δνν ′εc(k), εc(k) = εc + ��h2k2/2me,

εµµ ′(k) = δµµ ′εv(k), εv(k) = εv − ��h2k2/2mh, (8.3.13)
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It is convenient to expand the one-electron energy in the Taylor series around its
minimum km(K ) ≡ (me/M)K for a given K, as

εc(k) − εv(k − K ) = ε(m)(K ) + (��h2/2)(k − km)mr(K )−1(k − km) + · · ·
= εc − εv + ��h2 K 2/2mex + ��h2(k − km)2/2mr, (8.3.14)

where translational mass mex and reduced mass mr are defined by

mex ≡ me + mh, m−1
r ≡ m−1

e + m−1
h . (8.3.15)

Then, rewriting FλK (R) = exp(ikm(K ) · R)F ′
λ(R), one can solve the eigenvalue

problem of the unperturbed part of (8.3.11) as the effective mass equation for the
relative motion:

[−(��h2/2mr)∇2 − v(R)]F ′
λ(R) = E ′

λ0 F ′
λ(R). (8.3.16)

Then the eigenenergy and eigenfunction of the two-body problem are given respec-
tivly by the sum of the energies

EλK ≡ ��h2 K 2/2mex + E ′
λ0, (8.3.17)

and the product FλK (R) of the eigenfunctions of the translational and relative
motions.

The contribution of the last term of (8.3.11), given by

2δS,0|F ′
λ(0)|2Wνµν ′µ ′(K ) (8.3.18)

in the first-order perturbation theory, is not yet diagonalized with respect to the
band indices ν and µ. Let us confine ourselves to the optically allowed transition
ν→←µ, the only case in which interatomic terms of Wνµν ′µ ′(K ) are non-vanishing.
Consider the s→←p transition as a typical example, and rewrite the suffix µ for
px , py, pz bands as j = 1, 2, 3 to avoid confusion with the transition dipole moment
µ. Then the first term of (8.3.9), the intra-atomic exchange energy, is diagonal:

vsjsj ′(0) = δjj ′
∫ ∫

drdr ′a∗
s (r )aj(r )v(r − r ′)as(r ′)a∗

j (r ′) (8.3.19)

(see also (8.3.12)), while the sum of the interatomic terms, the dipole–dipole inter-
actions, can be diagonalized as in to Section 8.1, to give

DK t = −(1/3)N0µ
2/εce, DK � = +(2/3)N0µ

2/εce, (8.3.20)

where t and � denote the transverse (µ⊥ K ) and longitudinal (µ ‖ K ) excitons,
respectively. As the screening constant we have provisionally used the dielectric
constant εce contributed by atomic core electrons only, because we are considering
the optical transitions of valence electrons in a background medium with dielectric
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constant εce. However, it has to be corrected by contributions of other transitions
of the valence electrons, as will be seen in Section 8.4.

8.4 Optical spectra of excitons

We are now in a position to study the fundamental absorption spectra of an insu-
lator due to the one-electron excitations described in the preceding sections. Since
we have made use of the real Hamiltonian with long-range Coulomb interactions
explicitly considered, we can resort to either of the E (transverse case, (6.3.2)) and
D methods mentioned in Section 6.3 if we confine ourselves to isotropic crystals.
Here we start with the E method, which is directly connected with the optical spec-
tra, and relate it to the D method in a more elaborate study of longitudinal excitons
in this section and in the study of the motion of a charged particle in the field of
these longitudinal excitons in Section 9.3.

In the absence of spin–orbit interaction, one can remove the individual spin in-
dices and confine ourselves to the singlet excited states S = 0 which alone contribute
to the electric susceptibility. Denoting by q the wave vector in the crystal of an in-
coming photon with frequences ω, one can write the corresponding susceptibility
(6.1.31) as

χt(q, ω) = χt(q, ω)ii

= 2
∑

λK
[(Pi,q)g,tλK (Pi,−q)tλK ,g/(E0tλK − ��hω − iγ )

+(Pi,−q)g,tλK (Pi,q)tλK ,g/(E0tλK + ��hω + iγ )], (8.4.1)

where we have considered a single ground state and transverse waves of one-
electron excited states tλK , ignoring the effects of lattice vibrations which will be
considered in Chapter 10. The factor 2 on the r.h.s. of (8.4.1) is for the contribution
of two electrons with opposite spin, and E0tλK denotes the energy of a singlet
transverse exciton with relative motion quantum number λ and translational wave
vector K . Writing down the identity d P(r )/dt = j(r ) with eq. (3.3.10) and taking
the matrix elements of its Fourier component, one obtains

i(EλK /
��h)(P−q)tλK ,g = (−e/m)

[∑
i
(1/2){exp(iq · r i )pi

+ pi exp(iq · r i )}
]

tλK ,g
. (8.4.2)

Note that �λK is a linear combination of �νµkK (see (8.3.2)) and that the ma-
trix element of [· · ·] between the Slater determinants �νµkK and �g represent-
ing a transition of one electron from µk − K to νk can be written as (see also
Appendix 1)∫

drψ∗
νk(r )(1/2){exp(iq · r )p + p exp(iq · r )}ψµk−K (r ).
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This is non-vanishing only when K = q due to the Bloch theorem (7.1.2). Since
q for visible light is much smaller than the reciprocal lattice, one can neglect the
difference of the periodic function uk(r ) for small difference �k = q. The above
expression can then be approximated as

δK ,q pνµ(k), where pνµ(k) ≡
∫

drψ∗
νk(r )(−ih∇)ψµk(r )

and the matrix element in (8.4.2) can be written as

[· · ·]λK ,g = δK ,q

∑
νµk

pνµ(k) f ∗
λK (νµk). (8.4.3)

If one neglects the electron–hole interaction in (8.3.3), and approximates K =
q ∼= 0, one can simply put λ→ k, EλK = εν(k) − εµ(k), fλK (νµk ′) = δk ′k, and
obtain from (8.4.1)

Imχt(ω) =
∑

νµk
(2e2/m2ω2)|piνµ(k)|2πδ[{εν(k) − εµ(k)} − ��hω − iγ ].

(8.4.4)
This represents the absorption spectra due to the interband transition in the one-
electron approximation. But for the k dependence of pνµ(k), it reflects the joint
density of states which rises as [ ��hω − ε(m)(0)]1/2 from the absorption edge ε(m)(0) =
εg (see the broken line in Fig. 8.1(a)).

Let us now study the effect of the electron–hole Coulomb interaction, neglecting
the �–t splitting energy for the moment. If F ′

λ0(R) is a slowly varying function, the
Fourier transform fλ0(k) of F ′

λ0(R) exp(ikm(0) · R) has a sharp peak at km(0) where
one can use the expansion

pνµ(k) = p(m)
νµ + (k − km(0)) · ∇p(m)

νµ + · · · (8.4.5)

1s

2s

(1s)

2p 3p
∞s

∞p

hω hω
εg εgεg – R εg – R

(a) Allowed band edge (b) Forbidden band edge

Fig. 8.1 The effect of the electron–hole Coulomb interaction on the fundamental absorption
edge. The broken lines represent the interband absorption edge without the Coulomb effect.
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to a good approximation. One can thus classify the following two cases with their
characteristic spectral features, as first studied by Elliott.6

(a) Allowed band edge: p(m)
νµ �= 0

One can neglect the second term of (8.4.5) and obtain

Imχt(ω) =
∑

λ
(2N0e2/m2ω2)

∣∣p(m)
νµ

∣∣2∣∣F ′
λ(0)

∣∣2πδ(E0λ0 − ��hω − iγ ). (8.4.6)

Only the s-like states with nonvanishing F ′
λ (0) appear in the absorption spectra as

shown schematically by the solid line in Fig. 8.1(a). The discrete lines for bound
states with λ = n = 1, 2, . . . at

En = εg − Ryexn−2 (8.4.7)

have relative intensities

|F ′
n(0)|2 = π−1

(
v0/a

3
ex

)
n−3. (8.4.8)

As n tends to ∞, they overlap due to their finite spectral widths (to be studied later),
forming a plateau of height

|F ′
n(0)|2|d En/dn|−1 = (

v0/a
3
ex

)
(2πRyex)−1 (8.4.9)

as shown in Fig. 8.1(a).
The s-like continuous states with radial component k of the wave vector k for

the relative motion with energy

Ek = εg + ��h2k2/2mr (8.4.10)

have relative amplitudes∣∣F ′
k(0)

∣∣2 = v0(πα) exp(πα)/ sin h (πα) (α ≡ 1/ak) (8.4.11)

due to the enhancement by Coulomb attraction. The density (per energy) of relative
intensity is given by ∑

k
|F ′

k(0)|2δ(Ek − ��hω). (8.4.12)

With the use of state density δ(Ek − ��hω) = (4π2)−1(2µ/ ��h2)3/2 E1/2, (8.4.12) is
readily found to tend to the same value as (8.4.9) as ��hω tends to the continuum edge
E0 = εg, as shown in Fig. 8.1(a).

(b) Forbidden band edge: p(m)
νµ = 0

With the use of the second term of (8.4.5), one obtains the result with p(m)
νµ replaced

by ∇k p(m)
νµ and F ′

λ(0) by ∇R Fλ(0) in (8.4.6). As a result, only the p-like states appear
in the spectra as shown schematically by the solid line in Fig. 8.1(b). Discrete lines
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appear at En , the same as in (8.4.7) but with n = 1 missing, with relative intensities
given by

|∇x F ′
npx (0)|2 = π−1

(
v0/a

5
ex

)
(n−3 − n−5). (8.4.13)

As n tends to ∞, the line spectra (8.4.13) form a slanted plateau which back-
extrapolates to the forbidden line at n = 1:

|∇x F ′
npx (0)|2|d En/dn|−1 → (

2πRy2
ex

)−1(
v0/a

5
ex

)
[��hω − {ε − Ryex}]. (8.4.14)

It can be shown, in the same way as before, that the r.h.s. of (8.4.14) connects
smoothly to the real continuous spectra due to the p component of the ionized
states, as shown schematically in Fig. 8.1(b).

The exciton spectra Fig. 8.1(a) for the allowed band edge and Fig. 8.1(b) for
the forbidden band edge are called first class and second class, respectively. It
can be argued that the intensities of the second class spectra are of the order of
(a/aex)2(�1, usually) times those of the first class where a is the lattice constant.

As typical examples of observed exciton spectra of the first and second classes,
we show the fundamental spectra of KCl due to Tomiki7 in Fig. 8.2 and the yellow
series exciton spectra of Cu2O due to Nikitine et al.8 in Fig. 8.3, respectively. The
doublet structure in the hydrogen-like series I of the former is due to spin–orbit
splitting of the valence band which will be described in Section 8.5.

Let us now consider the exchange energy which has so far been neglected.
According to (8.3.18, 8.3.20) the �–t splitting for the s ← p transition with transition

Fig. 8.2 Fundamental absorption spectra of KCl crystal at 10 K. Due to Tomiki.7
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Fig. 8.3 The yellow series excitons at the fundamental absorption edge of Cu2O crystal at
4.2 K. Due to Nikitine et al.8

dipole moment µ is provisionally given by

Gλ ≡ (2N0µ
2/εce)|F ′

λ(0)|2. (8.4.15)

Rewriting the valence-band indexµ = px , py, pz by j = 1, 2, 3 and the conduction-
band index ν by s, making use of the relations

(e/m)(pi)sj = iωsje(xi)sj, e(xi)sj = µδij (8.4.16)

and approximating the transverse exciton energies ��hωλt = E0λ − (1/3)Gλ by the
bandgap energy εg = ��hωsj, one can write (8.4.6) in a simpler form:

Imχt(ω)/εce =
∑

λ
Gλπδ(

��hωλt − ��hω). (8.4.17)

While the �–t splitting Gλ with screening constant εce (see (8.4.15)) contributed
only from core electrons (see Fig. 5.2) plays the role of intensity in (8.4.17), a
more consistent value G ′

λ for the �–t splitting will be obtained from the dispersion
of ε(ω).

Applying the dispersion relation (6.2.2) to Im αt(ω) which is an odd function,
one readily obtains

Reχt(ω)/εce =
∑

λ
2ωλt(Gλ/

��h)
(
ω2
λt − ω2

)−1
. (8.4.18)

Remember that we are now studying the valence electrons contributing to dielectric
constant ε(ω) in a background medium with dielectric constant εce. One can then
apply eq. (6.3.2) relating dielectric constant ε(ω) to susceptibility χt(ω):

ε(ω) − εce = χt(ω). (8.4.19)

Just as we saw in Chapters 5 and 6, polesωλt and zerosωλ� of ε(ω) which alternately
appear as ω increases represent the energies of the transverse and longitudinal
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excitons, respectively, which one can express in a compact formula:

ε(ω)/εce =
∏

λ

(
ω2
λ� − ω2

)
/
(
ω2
λt − ω2

)
, (8.4.20)

similar to eq. (5.3.13). Under the assumption that Gλ � ��hωλt, the energy ��hωλ�
of the longitudinal exciton is obtained by equating ε(ω), given by (8.4.19) with
(8.4.18), to zero. The thus-obtained �–t splitting G ′

λ ≡ ��h(ωλ� − ωλt) is given by

G ′
λ � (εce/ε

′
λ)Gλ = [2N0µ

2/ε ′
λ]|F ′

λ(0)|2, (8.4.21)

ε ′
λ ≡ ε ′

λ(ωλ�), (8.4.22)

ε ′
λ(ω) ≡ εce +

∑
λ′(�=λ)

2ωλ ′tGλ ′/
[

��h
(
ω2
λ′t − ω2

)]
. (8.4.23)

Namely, the �–t splitting of the mode λ (and the corresponding dipole–dipole inter-
action) is screened by the residual dielectric constant ελ ′(ω) defined by (8.4.23) at
ω = ωλ� (which is to be sought for). Here “residual” means the dielectric constant
with the contribution of the relevant mode λ being deleted. This is a reasonable
result which can also be confirmed from the polariton dispersion (see Section 8.6).

It can be shown that the ratio of the �–t splitting G ′
λ(λ→← n) to the energy separa-

tion from adjacent exciton lines,�En ≡ |d En/dn|, is of the order of (a0/aex)2 � 1
independent of n where a0 is the lattice constant and aex is the radius of the
1s-exciton). This justifies a posteriori our procedure of treating �–t splitting as
a small quantity.

8.5 Spin–orbit and exchange interactions in a crystal field

The importance of the spin–orbit interaction rises rapidly as the atomic number of
a constituent element of the material increases, as is well known in atomic physics.
Let us consider the exciton with valence (and/or conduction) band originating
from orbitally degenerate atomic states, and study how the spin–orbit interaction
interplays with the exchange interaction.9 As a typical material, we consider this
problem in alkali-halide crystals, in which the bottom of the conduction band is
at k = 0 with an orbitally non-degenerate Bloch function consisting mainly of the
lowest unoccupied s state of the cation, and the top of the valence band is also at
k = 0 with a triply-degenerate (but for the spin–orbit interaction) Bloch function
consisting of the outermost occupied p states of the anion.

The spin–orbit interaction (��h/2m2c2
0)[σ × ∇V (r )] · p can be approximated by

(��h2/2m2c2
0)(dV/rdr )σ · l inside each anion since the periodic crystalline potential

V (r ) becomes almost spherically symmetric in the neighborhood of the nucleus
where the gradient of V (r ) takes the greatest value. Here ��hl ≡ r × p represents the
orbital angular momentum of the electron around the anion nucleus. As in the case
of an isolated atom, the triply-degenerate p-like valence bands at k = 0 are split, due
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to the spin–orbit interaction, into jv = 3/2 and jv = 1/2 states where jv = l + σ

is the total angular momentum of the electron. Since 2σ · l = j2
v − l2 − σ2 =

jv( jv + 1) − 2 − 3/4, the spin–orbit energies in the two states are given by +λ/3
and −2λ/3, where the splitting energy λ(> 0) is expected to be close to the atomic
value. However, the bottom of the conduction band is not split since l = 0 gives
only jc = 1/2.

In the j– j coupling scheme, the excited states | jc, jv〉 consists of |1/2, 3/2〉
and |1/2, 1/2〉, for which the square bracket in (8.3.11) with spin–orbit interaction
included can be written as

[−(��h2/2mc)∇2
� − v(R�) + εg

]+
{

−(1/3)λ ( jv = 3/2),

+(2/3)λ ( jv = 1/2).
(8.5.1)

Here εg denotes the bandgap energy in the absence of λ and the dispersion of
the valence bands has been neglected. Since the sum of the total angular mo-
mentum of electron and hole is given by J = j c − jv, one obtains J = 2 and 1
from |1/2, 3/2〉, and J = 1 and 0 from |1/2, 1/2〉. Among them, J = 2 and J = 0
states originate purely from spin triplet S = 1 since in the L–S coupling scheme
(J = L + S) one has L = 1 because lc = 0 and lv = 1. For these two states, one
can use (8.5.1) as they stand, since the exchange interaction vanishes for the spin
triplet.

On the other hand, the two sets of J = 1 states should be a linear combination
of spin triplet and singlet. According to the well-known formula relating j– j and
L–S coupling schemes, the J = 1 states obtained from |1/2, 3/2〉 and |1/2, 1/2〉 are
given respectively by (1/3)1/2| triplet〉 + (2/3)1/2| singlet〉 and −(2/3)1/2| triplet〉 +
(1/3)1/2| singlet〉. Calculating the exchange energy (8.3.18) with the use of 1s-state
wave function F(R�) of the purely orbital part [· · ·] of (8.5.1) and adding the spin–
orbit part, one obtains the first-order energy matrix

〈1/2, 3/2|
〈1/2, 1/2|

[
−(1/3)λ+ (2/3)∆ (

√
2/3)∆

(
√

2/3)∆ +(2/3)λ+ (1/3)∆

]
(8.5.2)

where the exchange energy ∆ is given by

∆ = 2|F(0)|2W (0). (8.5.3)

To obtain W (0), one puts, in (8.3.8), the s-like and px -like atomic functions
φs and φx respectively for the Wannier functions aν and aµ, and takes the
limit of K → 0 (K ⊥ x) in (8.3.9) obtained therefrom, considering the optically-
allowed transverse exciton. With the use of (8.4.22) for the effective screening
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Fig. 8.4 (a) Schematic energy levels, with (b) their intensity ratio of absorption, of the 1s
exciton in an alkali halide. Here λ represents the spin–orbit splitting of the valence band at
the � point and � represents the electron–hole exchange energy.9

constant: ε ′ ≡ ε ′
1s(ω1st), one obtains

W (0) =
∫ ∫

drdr ′φs(r )φx (r )[e2/4πε0|r − r ′|]φx (r ′)φs(r ′) − N0µ
2/3ε ′.

(8.5.4)
The eigenvalues of the energy matrix (8.5.2) for J = 1, as functions of ∆, are

shown by solid lines C and A in Fig. 8.4(a), together with the ∆-independent
energies of the pure triplets J = 2 and 0 shown by broken lines B and D. In Fig. 8.4
(b) is shown the partition of the oscillator strengths between C and A which is
obtained from the weights of the optically-allowed spin singlet state contained in
the eigenstates of (8.5.2). With ∆ = 0 ( j– j coupling), the intensity ratio is given
by C( jv = 3/2) : A( jv = 1/2) = 2 : 1 as a reflection of multiplicity 2 jv + 1, while
it tends to 0 : 1 in the L–S limit of ∆ → ∞ (or λ→ 0) where C and A tend to pure
triplet and singlet states, respectively.

The deviation of the intensity ratio of the spin–orbit components �(1/2, 3/2) and
�(1/2, 1/2) from 2:1, as shown in Fig. 8.4 and in fact found in the observed spectra
of Fig. 8.2, is due to the exchange interaction; conversely, one can estimate ∆ and
λ from this deviation and the splitting energy.



8.5 Spin–orbit and exchange interactions in a crystal field 131

A continuous variation in the intensity ratio of the spin–orbit split lines as a
function of λ/∆ has been observed by Kato, Yu and Goto10 in a mixed crystal
system: CuCl1−x Brx (0 < x < 1). Both CuCl and CuBr of the zinc-blende type
have band structures similar to those of alkali halides in that the bottom of the
conduction band and the top of the valence band are at k = 0, respectively, with
single and triple (but for the spin–orbit coupling) orbital degeneracies. However,
the valence band consists not only of halide p-orbitals but of also Cu d-orbitals.
Depending sensitively on this mixing ratio, the energy difference λ of the spin–
orbit bands Z1,2( jv = 3/2) and Z3( jv = 1/2) is negative in CuCl while positive in
CuBr. Since the exchange energy ∆ given by (8.5.3) is small compared to |λ| in
these crystals due to their excitonic radii being larger than those in alkali halides,
the situation is closer to the j– j coupling scheme so that the intensity ratio of
the first and the second exciton peaks is not far from 1:2 in CuCl and 2:1 in
CuBr.

It is known that the mixed crystals CuCl1−x Brx are also of zinc blende structure
in the entire concentration range: 0 < x < 1. The observed peak positions and
intensity ratio of the first and second exciton peaks are shown in Fig. 8.5 (a) and (b),

Fig. 8.5 (a) Observed energies, and (b) intensity ratio of Z1,2 and Z3 excitons in a mixed
crystal: CuCl1−x Brx as functions of the concentration x . Due to Kat., Yu and Goto.10
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respectively, as functions of the concentration x . Assuming that the mixed crystals
have band structures determined by the averaged periodic potential of the two
components, one would expect that λ varies continuously (a band structure of the
amalgamation type to be discussed in Section 8.8) from negative to positive values as
x increases from 0 to 1, but that∆, being always positive, does not vary significantly.
The ratio ∆/λ would vary in such a way that in Fig. 8.4(a) one proceeds to the left
starting from a slightly negative value of the abscissa, turns from −∞(λ = −0)
to +∞(λ = +0), proceeds again to the left down to a slightly positive value. For
λ < 0, one must invert the ordinate of Fig. 8.4, and hence transpose the first and the
second peaks. In this way, one sees how the characteristic features of the observation
shown in Fig. 8.5 can be explained in terms of the competition of the spin–orbit
and exchange interactions.

So far we have confined ourselves to situations which can be described within
the atomic model for the interplay of exchange and spin–orbit interactions. We will
now describe the general situations with the effects of crystalline field and external
field taken into account. The valence band in ZnO, due to the uniaxial crystal field of
this wurtzite type structure, is split into three sheets A, B and C (not to be confused
with A, B, C and D of Fig. 8.4 which are two-particle states) which should not
split any more under perturbation with time-reversal symmetry since each of them
is a Kramers doublet. In spite of this, Koda and Langer11 found that each of the
A and B exciton lines is split into a doublet under uniaxial stress along the c-axis,
and ascribed this to the exciton effect. In fact, Akimoto and Hasegawa12 explained
this in terms of the electron–hole exchange interaction under stress, and estimated
therefrom the exchange energy.

Koda et al.13 also found that a uniaxial stress applied on a CuCl crystal
gives rise to significant mixing of the optically-allowed transverse exciton and
the forbidden longitudinal exciton, and ascribed this to the k-linear term in
the valence-band structure caused by the stress in this crystal without inversion
symmetry.

A systematic formulation to describe more general situations of orbital and spin
degeneracies of the conduction and valence bands taking into account the crystal
fields and external fields has been presented by Cho14 and applied to the analysis
of exciton spectra in various semiconductors (see also Section 11.2).

8.6 Polaritons and optical constants

The optical transition for creating an exciton or an optical phonon, the typical el-
ementary excitation associated with electric polarization, has enormous oscillator
strength of the order of the number N0 of atoms included in a solid of macroscopic
size under consideration, which is concentrated in a single absorption line. This
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is obvious from (8.4.6)), or more generally from the sum rule (6.2.5), the r.h.s.
summation of which extends over N0 particles. It may be inappropriate to describe
such a strong absorption process by a simple perturbation theory. In fact, in mat-
ter, the electromagnetic waves with a frequency ω in the vicinity of the intrinsic
absorption region are so strongly coupled with the (transverse) polarization waves
that it is inappropriate to treat them as separate entities with only a one-way transfer
of energy. On the contrary, one must consider a coupled wave of the electromag-
netic and polarization fields (energy is transferred so to speak to and fro between
them; namely, absorption and emission take place alternately)15 before describ-
ing the optical absorption process. The quantum of the coupled wave is called
a polariton with the implication of being partly a photon and partly a quantum
of polarization (exciton or optical phonon), after Hopfield16 who first presented
a quantum-mechanical description of the interacting Boson fields of photon and
exciton. In fact, the corpuscular nature of the polariton reveals itself in a variety
of optical processes, as will be seen later. Here, however, we will start with the
classical field description of the coupled waves since this is more transparent in
relating them to the dielectric dispersion which is a vital aspect of the polariton
picture.

Let us confine ourselves to isotropic solids, with dielectric constant ε(ω) and
magnetic permeability µ0 which is the same as in a vacuum. The equation for the
transverse part of the electromagnetic field within the matter, obtained from eqs.
(1.1.1, 1.1.2, 1.1.6) with J = 0, reads:

µ−1
0 ∇2 E = ∂2 D/∂t2. (8.6.1)

Putting in a plane-wave solution: exp(ik · r − iωt), dividing by −ω2ε0 E and mak-
ing use of (1.1.5), one obtains the dispersion

c2
0k2/ω2 = ε(ω)/ε0 = n(ω)2, (8.6.2)

where c0 = (ε0µ0)−1/2 is the velocity of light in a vacuum and n(ω) is the refractive
index of the matter. The phase velocity of light in matter is given by

c(ω) = ω/k = c0/n(ω). (8.6.3)

The electric polarization of matter consists of contributions from various modes
of oscillators, which may be atomic (optical modes of lattice vibrations) or elec-
tronic (excitons). Out of them we consider explicitly a particular oscillator with
its contribution P , confining ourselves to the region of ω in the vicinity of ωt,
the eigenfrequency of the oscillator. Describing the contributions from all higher-
frequency oscillators phenomenologically by the residual dielectric constant (see
Section 8.4), ε ′ (assumed here to be positive), while neglecting (legitimately) those
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from lower-frequency (ωt � ω) oscillators (if any), one can write

D = ε ′E + P. (8.6.4)

At frequency ω significantly smaller than ωt, P will follow E instantaneously
with polarizability χ of that oscillator. For example, χ is given by N0e′2/Mrω

2
t

in the case of optical lattice vibration in a diatomic crystal (see (5.3.14)), and by
4N0µ

2|F1s(0)|2/E01s with ωt
∼= E01s/

��h (see (8.4.15, 8.4.18)) in the case of a 1s
Wannier exciton. The equation of motion for this oscillator is then given by

∂2 P/∂t2 + ω2
t P = ω2

t χE. (8.6.5)

On the other hand, the electromagnetic equation (8.6.1), combined with (8.6.4),
can be written as

ε ′∂2 E/∂t2 + ε0c2
0k2 E = −∂2 P/∂t2. (8.6.6)

Since P||E due to isotropy, the plane-wave solutions of the coupled equations
(8.4.5, 8.4.6) satisfy(

−ω2 + ω2
t −χω2

t

−ω2 −ε ′ω2 + ε0c2
0k2

)(
P

E

)
= 0. (8.6.7)

By equating the determinant of the coefficients to zero, one obtains the eigenfre-
quencies ω of the P–E coupled modes as functions of wave vector k. Alternatively,
one can solve for k as a function of ω:

c2
0k2/ω2 = ε(ω)/ε0 = [

ε ′+ χω2
t /
(
ω2

t − ω2
)]
/ε0

= (ε ′/ε0)
(
ω2

� − ω2
)
/
(
ω2

t − ω2
)
, (8.6.8)

ω� = ωt + ∆, ∆ = [(1 + χ/ε ′)1/2 − 1]ωt. (8.6.9)

The energy ε ′ may be assumed to be ω independent if the eigenfrequencies of the
other oscillators are far enough away from the region ω ∼ ωt with which we shall
be concerned.

Equation (8.6.8) gives the wave vector k and dielectric constant ε as functions of
ω, which are schematically shown in Fig. 8.6(a), (b). Namely, the electromagnetic
wave propagating through matter with dielectric dispersion as given in Fig. 8.6(b)
has the ω(k) dispersion as shown in Fig. 8.6(a). The quantum of this coupled wave
is called the polariton, as mentioned already. It is to be noted that there are two
branches of polariton for a given k.

It does not make sense to ask whether the electromagnetic field of the polari-
ton comes from the external source or not. The polarization field P is always
accompanied by the electric field E and vice versa, through the coupled equations
(8.6.5, 8.6.6), irrespective of the origin of E. Denoting the intersecting point of the
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Fig. 8.6 (a) Dispersion of polariton, ω(k). (b) Dielectric dispersion, ε(ω). (c) Reflectivity,
R(ω).

uncoupled polarization wave and electromagnetic wave (shown by dotted lines in
Fig. 8.6(a)) by kp ≡ (ε ′)1/2ω/c0, one finds that the lower and upper branches of the
polariton in region (I) k � kp are respectively a pure polarization wave and a renor-
malized electromagnetic wave with index of refraction n = (ε ′)1/2. In region (III)
k � kp, the opposite limit, the lower branch represents a renormalized electromag-
netic wave with index of refraction n = (ε ′+ χ )1/2, the difference from the upper
branch of region (I) being the participation of the particular oscillator of our con-
cern. The upper-branch polariton in this region is subject to the depolarizing field
E = −P/ε ′ since the second term on the l.h.s. of (8.6.6) is negligible. This is the
reason why the frequency of the upper-branch polariton tends to the longitudinal
frequency ω� with vanishing k, in spite of its transverse nature. The intermediate
region (II) around kp is the typical polariton region where the continuous change
of the two features – electromagnetic and matter waves – takes place within each
branch. Simple notions of elementary processes, such as absorption and emission
of a photon by matter, must be reconsidered more carefully as will be done below
and in later sections.

For the reasons mentioned above, the spectroscopic observation of the polar-
ization wave in matter reduces to the problem of a boundary condition through
which the polariton inside the matter is connected to the electromagnetic wave
outside. An electromagnetic wave of the form: exp(ik0z − iωt) incident perpen-
dicularly upon the surface of the matter will give rise to a polariton wave of the
form: exp[ik(ω)z − iωt] inside the matter, where k0 and k(ω)are given by ω/c0

and [ε(ω)]1/2ω/c0, respectively (see (8.6.8)). The latter is shown schematically in
Fig. 8.6(a). The fraction R of incident electromagnetic energy which is reflected by
the surface and the fraction 1 − R which penetrates into the matter as a polariton
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are determined by the boundary conditions associated with Maxwell’s equation –
the continuity, across the surface, of the tangential components of E and H and
normal components of D and B. For normal incidence, the reflectivity is given by

R(ω) = |[n(ω) − 1]/[n(ω) + 1]|2 = [
(nr − 1)2 + n2

i

]
/
[
(nr + 1)2 + n2

i

]
,

(8.6.10)
where n(ω) = nr(ω) + ini(ω) = ε(ω)1/2 is the complex refractive index. The re-
flectivity, R(ω), corresponding to Fig. 8.6(a), (b) is shown in Fig. 8.6(c).

In the region ωt < ω < ω�, the dielectric constant is negative while the refrac-
tive index and the wave vector is purely imaginary as shown in the left halves of
Fig. 8.6 (a), (b). There is no propagating mode in thisω region. Instead, E and P have
the form exp[−ki(ω)z − iωt], with amplitude decaying exponentially with attenua-
tion coefficient ki(ω). This does not mean, however, that the incident electromagnetic
energy is absorbed by the matter. Instead, it is totally reflected by the surface without
energy loss as shown in Fig. 8.6 (c). The imaginary part of ε(ω) which is related to the
absorption is zero in the present case, although n(ω) and k(ω) are purely imaginary.

However, the electromagnetic wave withω = ωt should be subject to the resonant
absorption: ε(ω) with real part (8.6.8) should have the imaginary part of δ(ω − ωt)
type according to the dispersion relation (6.2.2, 6.2.3). To be more realistic, one can
take into account a damping of the oscillator phenomenologically by adding the term
−γ dP/dt to the r.h.s. of (8.6.5). This modifies the dielectric constant (8.6.8) into

ε(ω) = ε ′+ χω2
t /
[
ω2

t − ω2 − iγω
]
. (8.6.11)

The situation varies depending on the relative magnitude of the damping constant
γ and the �–t splitting ∆ given by (8.6.9). In the “dissipative” case where

∆ � γ /2 � ωt, (8.6.12)

one finds from (8.6.9) that χ/2ε ′ ∼ ∆/ωt < 1 and, hence, that the second term
of (8.6.11) is small compared to the first by a factor ∆/(γ /2) even at resonance:
ω = ωt. One then finds from (8.6.2) that the energy density of the electromagnetic
wave decays exponentially as it penetrates the matter, with the absorption
coefficient (twice the attenuation coefficient for the amplitude):

A(ω) = 2ki(ω) ∼= (ω/c0)(ε ′)−1/2Im{ε(ω)}
∼= (ω/c0)(ε ′)1/2∆(γ /2)/[(ωt − ω)2 + (γ /2)2]. (8.6.13)

Namely, the spatial attenuation of an electromagnetic wave in this case is almost
entirely due to the absorption of its energy by the matter. Within the narrow
resonance region in which ε ′can be taken as constant, it is proportional toωImε(ω).
The lineshape of the absorption spectrum, except for the factor ω, is a Lorentzian,
with full width at half-maximum being given by the damping constant γ .
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On the other hand, it is in the “dispersive” case:

γ /2 � ∆ (8.6.14)

that the polariton effect manifests itself most clearly. In the region γ /2 < ω − ωt <

∆, namely, in the greatest part of the �–t gap (ωt < ω < ω�), the spatial attenuation
of the electromagnetic wave is associated with total reflection (see Fig. 8.6(c)), not
with energy absorption by the matter.

In the spectroscopic study of matter, it is more usual to measure (twice) the
attenuation coefficient which is directly related with the energy absorption. This is
justified only for cases of small oscillator strength such as impurity absorption bands
and weak host absorption lines. For strong exciton lines such as in alkali halides,
the conductivity spectra, Re{σ (ω)} = ωIm{ε(ω)}, obtained by the Kramers–Kronig
analysis of the measured reflectivity spectra, has been preferred (to the absorption
spectra) as the more fundamental quantity related with energy absorption as was
shown in Fig. 8.2.7

The notion of coupled modes of electromagnetic and polarization waves was
known with optical phonons,15 before the word polariton was introduced for the case
of excitons. At present, one distinguishes them by “phonon polariton” and “exciton
polariton”. We will have many occasions of referring to the latter in connection
with a variety of excitonic processes.

8.7 Coherent potential approximation for exciton in mixed crystals

Some crystals of chemically similar species can often form binary mixed crystals or
alloys with the same crystal structures as the pure ones over the entire range of their
mixing ratio x(0 < x < 1). As will be shown in Section 8.9, the observed exciton
spectra of such binary mixed crystals can be classified into two typical cases. In
the amalgamation (A) type, there is one spectral peak of the exciton state with the
same quantum number, whose energy position varies continuously with x , as seen
in alkali halides with mixed alkalis such as Kx Rb1−x Cl. In the persistence (P) type,
there appear two spectral peaks of the same exciton state corresponding to the two
constituent crystals, whose intensity ratio varies continuously with x, as in alkali
halides with mixed halides such as KCl1−x Brx . On the other hand, CuCl1−x Brx

shown in Fig. 8.5 belongs to the amalgamation type in spite of being halide mixtures:
each of the spin–orbit split components, Z1,2 and Z3 peaks, moves continuously
and almost linearly with x except in the anomalous region of anticrossing due to
the exchange interaction.

As the simplest model, one can characterize an exciton in a mixed crystal by two
parameters:∆ and B. Here∆ is the energy difference of the exciton peaks in the two
constituent crystals (to be distinguished from the exchange energy∆ of Section 8.5)
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while 2B is the total width of the exciton band assumed to be common to the two.
It is obvious that experimentally classified A and P types correspond respectively
to the limits of ∆/B � 1 and �1 of this model. The exciton moving from site to
site with transfer energy |t | ∼ B/ν (where ν is the number of nearest neighbors
in the crystal) is subject to a potential fluctuation of amplitude ∆ depending on
the atomic species of the site. If ∆ � B, the exciton will move in the averaged
potential, being weakly scattered by the fluctuation which results in a small level
width and shift. If ∆ � B, the exciton will prefer to be localized in either site
than moving about. Therefore, the persistence versus amalgamation problem is a
special case of the localization versus delocalization problem of a particle moving
in spatially fluctuating fields.

In order to see how the spectral features change from the A type to the P type
as ∆/B increases, one must find a theory which works somehow throughout the
intermediate region. For this purpose, a heuristic method interpolating the self-
energy of the moving particle between the two limits was proposed and applied to
the calculation of exciton spectra,17 as shown below. The method itself turned out
to be equivalent to the coherent potential approximation (CPA) developed to study
lattice vibrations18 and the electronic structures of alloys,19 as was most clearly
shown by Velicky et al.20 We will present here the CPA formalism in view of its
generality.

Let us begin with the Frenkel exciton in a pure crystal described in Section 8.1,
and denote the state�n of (8.1.1), in which only the nth site atom is excited, by the
ket vector |n〉. The Hamiltonian for a Frenkel exciton can then be written as

H =
∑

n
|n〉En〈n| +

∑
n

∑
m

|n〉tnm〈m| (tnn = 0). (8.7.1)

Here the diagonal element En represents the atomic excitation energy at the nth site
which, in Section 8.1, was denoted by ε independent of n due to the translational
symmetry of the crystal lattice. For the same reason, the non-diagonal element tnm ,
the transfer energy of the exciton between the nth and mth sites, depends only on
the difference Rn − Rm of their positions as is explicitly given by (8.1.6) for the
Frenkel exciton, and the eigenstates |K 〉 of (8.7.1) is given by the running wave
type linear combination of |n〉 as given by (8.1.7). The print-type H is used for
the operators (matrices) to distinguish them from ordinary numbers, only for the
sake of mathematical clarity in the following description.

For a binary mixed crystal consisting of atoms (or molecules) A and B with
respective concentrations cA ≡ c and cB = 1 − c randomly distributed over the
regular lattice sites, we assume that the intrasite excitation energy En takes a value
EA or EB according as the site is occupied by atom A or B, but the transfer energies
tnm take common values irrespective of the species of atoms occupying the sites
n and m, just for simplicity (the so-called diagonal randomness model). Let us
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now decompose H to its ensemble average H0 ≡ 〈〈 H 〉〉 and the fluctuation V
therefrom:

H = H0 + V, (8.7.2)

H0 =
∑

n
|n〉E〈n| +

∑
n

∑
m

|n〉tnm〈m| =
∑

K
|K 〉EK 〈K |, (8.7.3)

V =
∑

n
|n〉vn〈n| ≡

∑
n

Vn, vn = En − E, (8.7.4)

E ≡ 〈〈En〉〉 = cA EA + cB EB, (8.7.5)

EK = E + tK , tK =
∑

n
t0n exp(i K · Rn). (8.7.6)

Because of the random occupation of the sites by A and B atoms, the intersite
correlation can be assumed to vanish:

〈〈vnvm〉〉 = 〈〈vn〉〉〈〈vm〉〉 = 0. (8.7.7)

The principle of the CPA is to incorporate into H0 the main effect of exciton
scattering by V in the form of an average effective potential u (or self-energy in a
different terminology), in such a way that the residual effect of scattering by the
remaining potential

V ′ ≡ V − uI =
∑

n
|n〉v ′

n〈n| ≡
∑

n
V ′

n, v ′
n ≡ vn − u, (8.7.8)

where I ≡
∑

n
|n〉〈n| =

∑
K

|K 〉〈K |, (8.7.9)

is minimized (in a way to be seen below). Here I is a unit (or identity) operator
within the subspace of one Frenkel exciton. Let us define the resolvent operator
(sign reversed from the conventional definition) by

R(z) ≡ (zI − H)−1, (8.7.10)

where z ≡ E − iγ is to be understood as a complex number with infinitesimally
small negative imaginary part (γ → + 0). If all the eigenvalues E j and eigenvectors
| j〉 of H are obtained, the state density of the exciton is given by

ρ(E) ≡
∑

j
δ(E − E j ) = π−1Im

[∑
j
〈 j |R(z)| j〉

]
≡ π−1Im[TrR(z)]. (8.7.11)

The optical absorption spectrum is given by

F(E) =
∑

j
|〈 j |K = 0〉|2δ(E − E j ) = π−1Im[〈0|R(z)|0〉], (8.7.12)

since only the K = 0 component of the state | j〉 contributes to the optical transition
(see Section 8.4) provided that the transition dipole moments of A and B atoms are
equal. The quantities of physical importance are thus derivable from the resolvent
operator R(z).
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In order to calculate R(z), we expand it in powers of V ′ (instead of V):

R(z) = [zI − (H0 + uI) − V ′]−1

= D + D
∑

n
V ′

nD + D
∑

n
V ′

nD
∑

m
V ′

mD + · · · , (8.7.13)

where D is an operator diagonal in K :

D(z) ≡ [zI − (H0 + uI)]−1 =
∑

K
|K 〉(z − EK − u)−1〈K |. (8.7.14)

A part of the expansion (8.7.13) can be rearranged in such a way that successive
scattering at the same site are collected into the so-called t-matrix, which we write
here by upper case T to distinguish it from the transfer energy t appearing in
(8.7.1)–(8.7.6):

V ′
n + V ′

nDV ′
n + V ′

nDV ′
nDV ′

n + · · · = |n〉v ′
n(1 − Gv ′

n)−1〈n|
≡ |n〉Tn〈n| ≡ Tn, (8.7.15)

G(z) ≡ D(z)nn = N−1
∑

K
(z − EK − u)−1 = G(0)(z − u), (8.7.16)

G(0)(z) ≡ D(0)(z)nn = N−1
∑

K
(z − EK )−1. (8.7.17)

Note that the imaginary part of G(0)(z) represents π times the normalized density
of states ρ(0)(E) in the unperturbed lattice. The expansion (8.7.13) can then be
rewritten as

R(z) = D + D
∑

n
TnD + D

∑
n

TnD
∑

m(�=n)
TmD

+ D
∑

n
TnD

∑
m(�=n)

TmD
∑

�( �=m)
T�D + · · · (8.7.18)

where none of the successive pairs of T scattering takes place at the same site.
Then, in view of (8.7.7), it would be a good approximation to replace the ensemble
average of the product of T s by the product of the averages of T :

〈〈R(z)〉〉 � D + D
∑

n
〈〈Tn〉〉D + D

∑
n
〈〈Tn〉〉D

∑
m(�=m)

〈〈Tm〉〉D
+ D

∑
n
〈〈Tn〉〉D

∑
m(�=n)

〈〈Tm〉〉D
∑

�(�=m)
〈〈T�〉〉D + · · · .

(8.7.19)

In fact, the lowest-order discrepancy appears in the third-order terms:

〈〈TnTm T�〉〉 �= 〈〈Tn〉〉〈〈Tm〉〉〈〈T�〉〉 when � = n.

Let us choose the effective potential u in such a way that the ensemble average
of the T -matrix vanishes:

〈〈Tn〉〉 = 〈〈v ′
n(1 − Gv ′

n)−1〉〉 = 0, (8.7.20)

namely, G(z) = 〈〈[G(z)−1 − vn + u]−1〉〉. (8.7.21)
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The coherent potential u(z) as well as the individual potential v ′
n(z) thus determined

are energy-dependent complex quantities. Equation (8.7.19) is then written, with
the use of (8.7.14), as

〈〈R(z)〉〉 ∼= D(z) = [zI − {H0 + u(z)I}]−1 =
∑

K
|K 〉[z − EK − u(z)]−1〈K |.

(8.7.22)
The approximation (8.7.22) with u(z) determined by (8.7.20) or (8.7.21) is the

CPA. The normalized state density (8.7.11) and the optical spectrum (8.7.12) are
then given by

ρ(E) ∼= π−1Im[G(0)(E − u(z))], (8.7.23)

F(E) ∼= π−1Im[{z − E0 − u(z)}−1], (8.7.24)

where use has been made of (8.7.16, 8.7.17).
The CPA is exact in various limiting situations, as that was the primary aim of

the heuristic method. In the weak scattering regime, it agrees with the perturbation
theory up to the second order as is obvious from the statement which follows
(8.7.19). Remembering (8.7.4 and 8.7.8), one obtains from (8.7.21)

u(z) = 〈〈v2
n〉〉G(z) + (higher-order terms in v), (8.7.25)

〈〈v2
n〉〉 = c(1 − c)∆2, ∆ ≡ EB − EA. (8.7.26)

Namely, (8.7.25) reduces, in its lowest order, to the renormalized (G(z) instead of
G(0)(z)) second-order perturbation theory.

The CPA is exact again in the strong scattering limit: ∆ � B. Neglecting the
band width, one can put EK

∼= E and G(0)(z) ∼= (z − E)−1. Because of (8.7.16),
(8.7.21) can be written as

[z − E − u(z)]−1 ∼= 〈〈[z − E − vn]−1〉〉. (8.7.27)

Hence, the normalized density of states and the optical absorption spectrum
reduce to

ρ(E) � F(E) ∼= cAδ(E − EA) + cBδ(E − EB). (8.7.28)

8.8 Giant oscillator strength of an impurity-bound exciton

The coherent potential approximation stated in Section 8.7 turns out to be exact
also in the dilution limit (c ≡ cA → 0 or cB → 0), as is obvious from the fact that
single site scattering is considered up to infinte order as given by (8.7.15). Let us
rewrite (8.7.21) as

u(z) − vB = −c∆[1 + G(z){∆ + [u(z) − vB]}]−1, (8.8.1)
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and then neglect [u(z) − vB] in the denominator since it is O(c2) in the dilution
limit (c → 0). Then the K = 0 element of (8.7.22) can be expanded as

〈〈R(z)〉〉00 = {z − (E0 + vB) − [u(z) − vB]}−1

= (z − EB0)−1 − c∆(z − EB0)−2[1 + ∆GB(z)]−1 + O(c2),
(8.8.2)

where

G B(z) ≡ DB(z)nn = N−1
∑

K
(z − EBK )−1, (8.8.3)

DB ≡ (zI − HB)−1, (8.8.4)

EBK = EB + tK = vB + EK (8.8.5)

are defined for pure B crystal. If there is a solution E = Eb, below the band edge
EB0 of the B crystal, of the equation

1 − (−∆)GB(E) = 0. (E < EB0), (8.8.6)

the term linear in c in (8.8.2) contributes a line spectrum

F(E) = c[−dGB(Eb)/d Eb]−1(EB0 − Eb)−2δ(E − Eb). (8.8.7)

The solution Eb represents a bound exciton state due to a guest atom A subsituted
for a host atom B, say at the site n = 0. In fact, the eigenequation for this system:

(HB + V)ψ = Eψ, Vnm = −δn0δm0∆ (8.8.8)

can be solved, with the use of (8.8.4), as

ψb(n) = −∆[DB(Eb)]n0ψb(0). (8.8.9)

The bound-state wave function ψb(n) can be normalized with the use of the
identity: −[dDB(z)/dz]00 = ∑

n |DB(z)]n0|2 which is obtained by differentiating
(8.8.4). Noting that

∑
n[DB(z)]n0 = [DB(z)]K=0, one obtains

fb ≡
∣∣∣∑

n
ψb(n)

∣∣∣2 = [−dGB(Eb)/d Eb]−1(EB0 − Eb)−2. (8.8.10)

The quantity fb represents the oscillator strength of the optical transition to the
bound exciton state in units of the atomic oscillator strength, as is obvious from
comparison with (8.8.7), and also from the fact that∣∣∣∑

n
ψb(n)

∣∣∣2 = N |〈ψK=0|ψb〉|2. (8.8.11)

The r.h.s. represents the oscillator strength borrowed from ψK=0 into which the
total oscillator strength of N atoms is concentrated in the pure crystal case. The
l.h.s. of (8.8.11) represents the number M of those sites over which the bound-state
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wave function extends with significant amplitude, since ψb(n) is of the order of
M−1/2. The binding energy εb ≡ EB0 − Eb and the orbital radius ab of the bound
exciton are related by εb ∝ a−2

b due to the uncertainty principle. Hence one finds

fb ∼ M ∝ (ab)d ∝ (εb)−d/2, (8.8.12)

where d is the dimensionality of the crystal.
Thus, a shallowly bound exciton bears giant oscillator strength, corresponding

to the number of atoms it covers. This fact was first pointed out by Rashba and
Gurgenishvilli,21 and confirmed experimentally by Henry and Nassau22 through
the measurement of the radiative lifetime of weakly bound excitons in CdS which
was of the order of nanoseconds in agreement with theoretical estimation. The
notion of giant oscillator strength plays another important role for the excitonic
molecule, a pair of excitons weakly bound together, as will be mentioned in
Chapter 15.

8.9 Amalgamation- and persistence-type excitons in mixed crystals

We present here the results of a model calculation for a Frenkel exciton in a mixed
crystal using the method described in Section 8.7. The normalized density of states
of the averaged crystal is assumed to be of the semi-spherical form

ρ(0)(E) ≡ N−1
∑

K
δ(E − EK ) = (2/πB2)[B2 − (E − E)2]1/2, (8.9.1)

which rises at the bottom (E − B) and ends at the top (E + B) of the band in a
way appropriate to the three-dimensional lattice (proportionally to the square-root
energy). The state with K = 0 is assumed to be at the band bottom: tK=0 = −B.
The function G(0)(z) defined by (8.7.17) is then given by

G(0)(z) =
∫

d Eρ(0)(E)/(z − E) = (2/B2){(z − E) − [(z − E)2 − B2]1/2},
(8.9.2)

where one is to take that square root with negative imaginary part.
Figure 8.7 shows how the density of states (dashed line), the absorption spectrum

(solid line) and the imaginary part of the self-energy (dot-dashed line) of an exciton
in a mixed crystal vary with ∆/2B for fixed c = 0.5. The A and B atomic states are
amalgamated into a single band or persist as split bands according as ∆/2B is small
or large. As shown by the dot-dashed lines, the perturbation is most remarkable
near the (pseudo-) gap of the bands where the mixing of the two atomic states is
greatest. The transition from the amalgamation (A-) type to the persistence (P-)
type depends of course on the composition, as shown in Fig. 8.8. The amalgamated
band and the split bands are shown against concentration c in Figs. 8.9 and 8.10.
The lower edge of the amalgamated band, which is close to the absorption peak,
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Fig. 8.7 Density of states (dashed lines), optical absorption spectrum (solid lines) and
imaginary part of the self-energy (dot-dashed lines) of an exciton in 50:50 mixed crystals
with various values of ∆/2B.17

Fig. 8.8 Amalgamation and persistence regions in the coordinate space of composition and
∆/2B.17
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Fig. 8.9 Amalgamation band against concentration.17

shows downward quadratic bending against c from the linearly shifting averaged
band edge, EK=0 = cA EA + cB EB − B, due to the self-energy shift given by

Re{u(E0)} ∼ c(1 − c)∆2G(0)(E0), [G(0)(E0) < 0]. (8.9.3)

In Fig. 8.10 one sees how the impurity-bound excitons form the exciton band
which finally grows into the host band as c increases. In this persistence case, the
A and B absorption peaks which are close to the respective band bottoms shift
to opposite directions and nonlinearly. In the intermediate case (0.25 < ∆/2B <
0.5, see Fig. 8.8), the shallow bound exciton states form the impurity band which
then merges into the host band, as shown in Fig. 8.11. One can clearly notice the
giant oscillator strength characteristic of the weakly bound exciton; the ratio of the
oscillator strengths of the impurity bands and the host band is much greater than
the concentration ratio.

Before comparing the results of calculation with observations, we note that the
present model applies also to the one-electron bands in mixed crystals as far as the
density of states is concerned (except that there is no counterpart of the spectro-
scopically particular role of the exciton state K = 0). Since the Wannier exciton is
a composite particle comprising an electron in the conduction band and a positive
hole in the valence band, one expects a correlation between the P–A alternative of
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Fig. 8.10 Split band against concentration.17

the exciton and the combination of P–A alternatives of the valence and conduction
bands. As a typical case, consider alkali halides (A.H.). Their valence bands con-
sist mainly of halogen p-orbitals while their conduction bands consist mainly of
alkali s-orbitals. Hence, the valence band is directly perturbed by halogen-mixing
but not much by alkali-mixing, while the conduction band is directly perturbed
by alkali-mixing but not much by halogen-mixing. Since the half-width Bv of the
valence band is smaller than the electron affinity difference ∆h between different
halogen ions, the valence band in halogen-mixed A.H. belongs to P-type while the
conduction band indirectly perturbed remains A-type. In contrast, the half-width Bc

of the conduction band is larger than the ionization energy difference ∆a between
different alkali atoms, and remains A-type even against the direct perturbation by
alkali-mixing. Namely, neither the valence nor the conduction band is brought into
P-type by alkali-mixing, while only the valence band is brought into P-type by
halogen-mixing. This provides a clear explanation for the experimental fact23 that
the exciton in alkali-mixed A.H. is A-type, but is only consistent with the fact24

that the exciton in halogen-mixed A.H. is P-type since it is not immediately clear
whether P–A combination of the two bands should result in a P-type exciton. A
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Fig. 8.11 Impurity band merging into host band with increase in concentration, cA : cB, for
an intermediate value of ∆/2B = 0.4. Energy (abscissa) is measured from EA in units of
2B. Line designations are the same as in Fig. 8.7.17

more plausible explanation of the latter fact is to consider the electron–hole relative
motion in the Wannier exciton. Since the effective mass of the positive hole is much
larger than that of the electron (corresponding to Bv � Bc mentioned above), the
orbit of the electron is much further out than that of the hole for a fixed position
of the center of mass. This means that the hole is much more sensitive to the local
potential than the electron which feels a potential averaged over many sites. To
speak more generally, the Wannier exciton is governed by the perturbation on the
band to which the heavier of the constituent particles belongs.

The downward bending of the peak position of the amalgamated exciton against
the concentration c as predicted by Fig. 8.9 have been observed in a number of other
ionic crystals and semiconductors. The AgBr1−x Clx

25 and TlBr1−x Clx systems26

have (see Chapter 10) indirect exciton absorption edges followed by direct absorp-
tion peaks, both of which are as a whole A-type with downward bending against
x ; however, the indirect edges are complicated by the coexistent disorder-assisted
no-phonon transitions and the phonon-assisted transitions (with phonon-related
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A–P problems). Only a few examples of opposite shifts with x of the persistent
peaks as predicted by Fig. 8.10 are known.24

A systematic study of Wannier excitons in mixed crystals was made by Mahanti,27

who analysed the linewidths of the spin–orbit components of CuCl1−x Brx and
emphasized the importance of single-particle (an electron or a hole) scattering by
potential fluctuations and lattice vibrations.

Finally, it should be noted that the effect of impurity clusters are not included in
the coherent potential approximation. In fact it is based upon the t-matrix (8.7.15)
which describes exactly up to a single-impurity scattering but not more. Experimen-
tally, however, the cluster effects seem to play important roles in the relatively low
(but not too low) concentration region, especially in the P-type28 or near P-type.26

Extensive descriptions of the exciton spectra in pure and mixed molecular crystals
are presented by Broude, Rashba and Sheka.29
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Polaron and the self-trapped state

9.1 Polarons in ionic crystals

The behavior of an electron in polarizable medium has a long history of study with
versatile developments in condensed matter physics. In 1933 Landau1 conceived of
the self-trapping of an electron in a potential field of polarization induced by itself
(digging its own hole, so to speak) as a possible origin of the color center in alkali
halides (see Sections 4.7 and 4.8), recognized by their strong absorption bands in
the visible region. Although the color center itself turned out later to be an electron
at a lattice defect, his idea was further developed by Pekar,2 Fröhlich,3 Lee and
Pines,4 Feynman5 and others,6,7 partly stimulated by the field-theoretical ap-
proaches to an electron in a self-induced electromagnetic field in a vacuum, and
was applied to similar or related problems in condensed matter physics. We shall
describe some of these developments and applications in this chapter, with the use
of the dielectric theory developed in Chapters 5 and 6.

Let us consider the fluctuating electric field in an isotropic insulator caused by
lattice vibrations. The fluctuation–dissipation theorem allows us to express it in
terms of the dielectric dispersion as follows.8 In the absence of an external charge,
eq. (1.1.3) with D = εe E + P gives εek · Ek = −k · Pk. The polarization density
P due to lattice vibrations causes electrostatic potentialφ(r ) through E = −∇φ(r ).
The latter can be written, in the Fourier expansion in conformity with (6.1.27), as

φ(r ) = V −1/2
∑

k
φk exp(ik · r ) = ε−1

e V −1/2
∑

k
(−i/k) k · Pk exp(ik · r ).

(9.1.1)

Only the longitudinal part of the Fourier component Pk given by (6.4.2), and hence
q (s)

‖ (k) ≡ k · q (s)(k), is needed in (9.1.1). The latter can be obtained as follows.
Corresponding to (5.3.7) to be obtained by the E method (6.3.2), the D method
(6.3.3) gives

1/εe − 1/ε(k, ω) = ε−2
e

∑
s

N0
[
q (s)

‖ (k)
]2
/
(
ω2

s − ω2
)
. (9.1.2)

149
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Noting that the sth term becomes dominant at ω ∼ ωs , one obtains

[∂ε(k, ω)/∂(ω2)]ω=ωs = ε2
e/N0

[
q (s)

‖
]2
. (9.1.3)

Putting (6.4.2) and (9.1.3) into (9.1.1), one obtains

φ(r ) = V−1/2
∑

ks
[��h/∂ε(k, ωs)/∂ωs]1/2

×(−i/k)[bs,k exp(ik · r ) − b†
s,k exp(−ik · r )] (9.1.4)

where the sign of q (s)
‖ makes no difference since it can be absorbed in the defini-

tion of bs,k. The transverse modes with ωs = �s , for which ∂ε/∂ωs = ∞ (see
Fig. 5.4(a)), do not contribute to the electrostatic potential as is naturally ex-
pected, so that one can confine oneself to longitudinal modes which will be num-
bered �. Denoting the wave vector of a phonon by q to distinguish it from that
of an electron, k, one can write the interaction of the electron with optical
phonons as

HI = (−e)φ(r ) = (−e)V −1/2
∑

�q
[ ��h/∂ε(q, ω�)/∂ω�]

1/2

×(−i/q)[b�q exp(iq · r ) − b†
�q exp(−iq · r )]. (9.1.5)

Due to the factor q−1 (which originates from the Fourier component of the dipo-
lar potential ∝ r−2 of the polarization due to optical lattice vibrations), only
those phonons with small q have significant interaction (long-range interac-
tion) with the electron. One can therefore put q ∼= 0 in ε(q, ω�) and rewrite it
as ε(ω�).

In the case of one longitudinal optical mode, one can omit summation over � and
rewrite (9.1.5), with the use of (5.3.14) to (5.3.16), as

HI = (−e)φ(r ) = [(
ε−1

e − ε−1
s

)
e2��hω�/2

]1/2

×V −1/2
∑

q
(i/q)[bq exp(iq · r ) − b†

q exp(−iq · r )]. (9.1.6)

The Hamiltonian which has been used in the polaron with the effective mass
approximation described in Section 7.4 is as follows:

H = hc + HL + HI, hc = p2/2me, HL = ��hω�

∑
q

b†
qbq, (9.1.7)

where p ≡ −i ��h∂/∂r = −i ��h∇ is the pseudo-momentum of the electron in the
conduction band, and me ≡ mc is its effective mass at the band bottom from
which one-electron energy hc is to be measured (see eqs. (7.4.9, 7.4.10). The total
pseudo-momentum defined by

P = p +
∑

q
��hqb†

qbq (9.1.8)
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turns out to be a constant of motion, namely a quantity to be conserved throughout
the motion, since it commutes with H :

[P, H ]− ≡ [P, hc + HL + HI]− = [P, HI]− = 0 (9.1.9)

as is readily confirmed by operator algebra, or from the statement in the following
paragraph. Within a crystal, the pseudo-momentum, which is defined as ��h times the
wave vector k or q, must be distinguished from the true momentum. A more exact
statement is that the sum of the wave vectors of an electron and phonons is con-
served. This statement is certainly correct with the Hamiltonian (9.1.6, 9.1.7), but
more generally invalidated due the Umklapp processes. We will hereafter mostly
omit the term “pseudo”, confining ourselves to the former situation. As for the dis-
tinction between the pseudo-momentum and the true momentum, a more elaborate
argument is given by Fröhlich.3

The eigenstate of HL with nq phonons with wave vector q, nq ′ phonons with
wave vector q ′ and so on, can be expressed as

| . . . , nq, . . .〉 =
∏

q
(nq!)−1/2(b†

q)nq | . . . , 0, . . .〉 (9.1.10)

where the product is to run over all qs within the first Brillouin zone. The no-
phonon state | . . . , 0, . . .〉, also called the “phonon vacuum state”, will hereafter be
abbreviated as |0〉. The normalized wave function of the electron in the eigenstate
|k〉 of He with wave vector k (and pseudo-momentum ��hk) is given by 〈r |k〉 =
V −1/2 exp(ik · r ). The direct product of this electron state with the phonon state
mentioned above can then be expressed as |k; . . . , nq, . . . , 〉 ≡ |k〉| . . . , nq, . . . , 〉.
The first and second terms in [· · ·] of the second line of (9.1.6) have the effect
of scattering this electron to states with wave vector k ′ = k ± q by absorbing or
emitting a phonon with wave vector q, respectively, through the transition matrix
elements:

〈k ± q; . . . , nq + 1, . . . |HI|k; . . . , nq, . . .〉 (nq ′ with other q ′ unchanged)

= [(
ε−1

e − ε−1
s

)
e2��hω�/2

]1/2
V −1/2(±i/q)(nq or nq + 1)1/2, (9.1.11)

where the value of (9.1.8) is unchanged (the same between the states before and after
the transition). The value is kept constant for any times of scattering by phonons
with different qs.

The rate of scattering is given, by Fermi’s golden rule for the first-order
transition, as

(1/τ )abs. or em. = (2π/��h)
[(
ε−1

e − ε−1
s

)
e2��hω�/2

]
V −1

∑
q

q−2

×(nq or nq + 1)δ[(��h2/2me){(k ± q)2 − k2} ∓ ��hω�]. (9.1.12)
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The thermal averages of the phonon number and the electron kinetic energy in the
initial state are given respectively by

〈〈nq〉〉 = [exp(β��hω�) − 1]−1 ≡ 〈〈n〉〉, 〈〈(��hk)2/2me〉〉 = (3/2)β−1. (9.1.13)

At low temperatures such that β ��hω� � 1, only the scattering by phonon absorption
can take place due to the energy conservation, and the rate is given by

(1/τ ) � (1/τ )abs. = 2αω�〈〈n〉〉, (9.1.14)

where α, the polaron coupling constant, is given by

α ≡ (1/2)
[
(e2kp/4π )

(
ε−1

e − ε−1
s

)]
/

��hω�, (9.1.15)

with kp ≡ (2meω�/
��h)1/2. (9.1.16)

By phonon absorption, the electron obtains enough kinetic energy to emit a phonon.
Since the rate of emission is of the order of αω�(〈〈n〉〉 + 1) and much larger
than (9.1.14), the phonon absorption is so immediately followed by the phonon
emission that (9.1.14) can be taken to give the rate of the resonant two-phonon
scattering process. Since the electron in the final state of this scattering has al-
most isotropic distribution of momentum (the statistical average of cos θ of the
scattering angle θ is nearly zero), the mobility µc (defined as the mean velocity
of an electron divided by the applied electric field) of the electron is given by
eτ/me = (e/2meαω�)[exp(β��hω�) − 1]. This temperature dependence of the elec-
tron mobility has in fact been confirmed in many ionic crystals and, combined
with the determination of the effective mass mc by cyclotron resonance, served to
estimate the value of coupling constant α. However, the effective mass as well as
the mobility calculated above by perturbation theory must be corrected due to the
large value of α(∼ or > 1) in ionic crystals due to the polaron effect to be studied
here.

As will be seen below, kp is the reciprocal radius of the polaron, the phonon-
dressed electron. The dimensionless quantity α defined by (9.1.15) is the electron–
optical phonon coupling constant which is most popularly used in the polaron
theory. The interaction Hamiltonian (9.1.6) can then be rewritten as

HI = (−e)φ(r ) =
∑

q
Vqbq exp(iq · r ) + V ∗

q b†
q exp(−iq · r )], (9.1.17)

Vq ≡ i[4πα]1/2��hω�V
−1/2k−1/2

p q−1. (9.1.18)

Let us now study more elaborately the state of an electron in the phonon field
within the perturbation theory, confining ourselves to absolute zero of temperature
where there are no real phonons. However, the electron induces virtual phonons
in the following sense. Starting from the bare electron state |k; . . . , 0q, . . .〉, one
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finds the wave function for the electron–phonon system, correct up to the first-order
perturbation, as

|�k〉 = |k; . . . , 0q, . . .〉 +
∑

q
[(��h2/2me){k2 − (k − q)2} − ��hω�]

−1

× V ∗
q |k − q; . . . , 1q, . . .〉. (9.1.19)

Namely, the states with one phonon become mixed into the bare electron state
due to the electron–phonon interaction HI. The electron is, so to speak, dressed
with phonons which are virtually emitted (that is, without satisfying the energy
conservation). Such a dressed particle was named a “polaron”, implying that quanta
of electric polarization are induced around the electron. What are the effects of such
dressing?

In the first place, the electron with wave vector k is subject to an energy shift
∆k, the second-order term of the perturbation theory (note that the first-order term
vanishes because HI has no diagonal element):

∆k =
∑

q
|Vq |2/[(��h2/2mc){k2 − (k − q)2} − ��hω�]

−1. (9.1.20)

After integration on the direction of q, one obtains

∆k = −α��hω�(2π )−1
∫ ∞

0
dq(kp/2kq) ln

{[(
k2

p + q2
)+ 2kq

]
/
[(

k2
p + q2

)− 2kq
]}

= −α��hω�
∑∞

ν=0
(2ν + 1)−1(2ν)![(2)2ν(ν!)2]−1(k/kp)2ν, (9.1.21)

where the radius of convergence is readily shown to be (k/kp) = 1. For k � kp one
can expand

∆k = −α��hω� − (α/6)(��h2k2/2me). (9.1.22)

Adding this second-order correction energy to the bare electron energy, one finds
that

Ek = −α��hω� + ��h2k2/2mp, (9.1.23)

where mp = me/(1 − α/6). (9.1.24)

Corresponding to the mass correction (9.1.24), the threshold wave number beyond
which the electron can emit an optical phonon, as was initially given by kp of
(9.1.16), should be corrected to a greater value.

The expectation value n of the total number of virtual phonons in the polaron
state (9.1.19) is similarly calculated as

n ≡ 〈�k|
∑

q
b†

qbq |�k〉 =
∑

q
|Vq |2/[(��h2/2me){k2 − (k − q)2} − ��hω�]

−2

= (α/2)[1 − (k/kp)2]−1/2. (9.1.25)
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Let us rewrite (9.1.19), by retaining the electron coordinate r, as

�k(r ) = V −1/2 exp(ik · r )
[
1 +

∑
q
{(��h2/2me)[k2 − (k − q)2] − ��hω�}−1

× V ∗
q exp(−iq · r )b†

q

]
|0〉 (9.1.26)

with the use of the phonon vacuum state |0〉, and consider the electrostatic potential
φ(r ) (see eq. (9.1.6) of the polarization induced by the electron momentarily at
r e. Then the quantity 〈�k(r e)|φ(r )|�k(r e)〉, which is a function of the relative
coordinate r − r e only, represents the self-induced potential, at r, of the electron
at r e, (except for the normalization constant which can be taken to be unity in the
perturbation limit). Keeping (r − r e) ≡ ρ constant and performing the remaining
integration in r e over the volume V, one obtains the self-induced potential:

U (r − r e) =
∫
v

dr e〈�k(r e)|φ(r )|�k(r e)〉
= −(−e)−1

∑
q
|Vq |22 cos (q · ρ)[(��h2/2me){k2 − (k − q)2} − ��hω�]

−1

� (4/π )(α/e) ��hω�kp

∫ ∞

0
dq[sin(qρ)/qρ]/

[
k2

p + q2
]−1

(k � kp)

= −(−e/4π )
(
ε−1

e − ε−1
s

)
[1 − exp(−kpρ)]/ρ. (9.1.27)

One finds that U (ρ) tends to −(−e/4π )(ε−1
e − ε−1

s )/ρ at long distance as is ex-
pected for the self-induced potential by a point charge, but that it deviates therefrom
at short distance, tending to a finite value corresponding to the replacement of ρ
by k−1

p . Therefore, k−1
p represents, so to speak, the radius of the polaron which is

governed by the uncertainty principle for the electron with finite mass.
It is instructive to recapitulate here Fröhlich’s physical argument on the polaron

radius.3 Let us consider a dynamical problem of an electron with velocity v inter-
acting with the lattice with natural frequency ω�. The electron travels a distance
v/ω� within one oscillation of the lattice. As seen at a distance d1, the electron
looks like a static charge if the angular distance v/ω�d1 of the electron movement
is much smaller than unity. On the other hand, the electron has spatial extension of at
least d2 ∼ ��h/mev due to the uncertainty principle. The minimum distance d which
satisfies both requirements, namely, which enables one to see the charge as static
from its outside, is given by d ∼ k−1

p corresponding to the velocity v ∼ ��hkp/me, in
agreement with the above argument.

As is obvious from the definition of kp, (9.1.16), ��hkp represents the recoil mo-
mentum of a slow electron due to its virtual emission of a phonon. The electron–
phonon interaction, whose intensity is proportional to |Vq |2 ∝ q−2, is further
enfeebled by the factor (kp/q)2 (a kind of motional narrowing which will be studied
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in Chapter 10) when the recoil momentum ��hq is much greater than ��hkp, as can be
seen from the energy denominators in eqs. (9.1.20). The effective range of coupling
is thus confined within a small region of the first Brillouin zone since kp is several
to ten times smaller than the reciprocal lattice k0 in typical insulators. This justifies
the use of the electron–phonon interaction (9.1.6) which was derived in the long-
wavelength limit with the dielectric continuum model ignoring the discrete lattice
structure as well as the dispersion of ω�k.

It is to be noted that the negative energy shift given by (9.1.21) and the total
number of virtual phonons given by (9.1.25), both being the results of the lowest-
order perturbation theory, diverge to ∞ as k tends to kp. While the divergence itself
is obviously an artifact of perturbation theory, this breakdown is related with the
fact that the electron with k > kp can emit a phonon as a real process with finite
lifetime τ even at absolute zero of temperature. Namely, the electron is no longer
in a stationary state with a well-defined energy but in a decaying state with finite
level width ��h/τ .

Confining ourselves to the slow polaron with k � kp, we must note that it is not
the bare mass mc but the renormalized mass mp of the polaron which is experimen-
tally observed, say, by cyclotron resonance. One may well wonder if the enhanced
mass, given by (9.1.24) within the lowest-order perturbation theory, tends to diverge
for a large coupling constant α. This is not necessarily an unrealistic question since
α may be of the order of unity in typical ionic crystals, and can be as large as
several to tens in narrow bands with mc much larger than the free-electron mass.
For this reason, it is very important to improve or extend the perturbation theory
so as to cover the case of a larger coupling constant which was in fact the primary
motivation for this study.

9.2 Polaron theories for intermediate to strong coupling ranges

The intermediate coupling theory presented independently by Lee and Pines,4

Gurari9 and Tiablikov10 was a useful step towards extending the validity range
of the polaron theory beyond the perturbation theory. Being a variational theory
which gives an upper bound of energy, it can avoid the dangerous divergences in-
herent to the perturbation theory, providing us with more reliable judgements on
what really is going on. We will give here the main point of it briefly.

Since the total momentum P given by (9.1.8) commutes with Hamiltonian H
(see (9.1.9)), one can diagonalize them simultaneously. This can be performed as
follows. Let us rewrite the Schrödinger equation

H� = E� (9.2.1)
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which we have been studying, as a canonical transformation generated by

U1 = exp
[
−i
∑

q
(qb†

qbq) · r
] (

U †
1 = U−1

1

)
. (9.2.2)

The new wave function � and the new Hamiltonian H defined by

� ≡ U−1
1 �, H ≡ U−1

1 HU 1 (9.2.3)

must then satisfy the Schrödinger equation

H� = E�. (9.2.4)

The individual variables which appeared in (9.1.6, 9.1.7) are transformed
as p ≡ U−1

1 pU1 = p −∑
q

��hqb†
qbq , bq ≡ U−1

1 bqU1 = bq exp(−iq · r ),
P ≡ U−1

1 PU1 = p, etc., as can be derived from the commutation relation:
[p,U1]− = −ih∂U1/∂r and from the relation b f (n) = f (n + 1)b which is a
generalization of the commutation relation bn = (n + 1)b (n ≡ b†b) to an arbitrary
function f (n), whereas exp(−iq · r ) is unchanged because of its commutativity
with U1. H can therefore be written as

H =
∑

q
��hω�b

†
qbq +

∑
q
(Vqbq + V ∗

q b†
q) +

(
p −

∑
q

��hqb†
qbq

)2
/2me. (9.2.5)

Since the electron coordinate r is already eliminated in (9.2.5), the only variable p
which does not commute with r can be taken as a c-number. Because of the above
relations, this p is nothing other than the total momentum P . The expression (9.2.5)
with p replaced by P can therefore be taken as the Hamiltonian for the phonon
state in the subspace of each eigenvalue of P .

The next step is to solve the eigenvalue problem for H . Let us put � = U2|0〉
where |0〉 represents the phonon vacuum state and U2 is a unitary operator which
is a function of the phonon variables bq and b†

q . As an approximation, one takes a
variational method with a trial form:

U2 = exp
[∑

q
{b†

q f (q) − bq f ∗(q)}
]
, (9.2.6)

and chooses a trial function f (q) so as to minimize the energy

E = 〈0|U−1
2 HU2|0〉. (9.2.7)

Transformation (9.2.6) has the effect of displacing the harmonic oscillators:

U−1
2 bqU2 = bq + f (q), U−1

2 b†
qU2 = b†

q + f ∗(q) (9.2.8)

as is obvious from the relation [bq,U2]− = (∂/∂b†
q)U2 which is a generalization of

the commutation relation [bq, b
†
qbq]− = bq = (∂/∂b†

q)b†
qbq to an arbitrary function

U2. The transformed Hamiltonian H ≡ U−1
2 HU2, which can be readily calculated,
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consists of terms up to the fourth power in the bs. Decomposing it to H 1 which
contributes to (9.2.7) and the remainder H 2, one obtains

E = 〈0|H 1|0〉 = P2/2me +
∑

q
[Vq f (q) + V ∗

q f ∗(q)]

+(��h2/2me)
[∑

q
| f (q)|2q

]2

+
∑

q
| f (q)|2[��hω� − ��hq · P/me + ��h2q2/2me]. (9.2.9)

In order to minimize (9.2.9), one has to solve δE/δ f (q) = δE/δ f ∗(q) = 0, namely

Vq + f ∗(q)
[

��hω� − ��hq · P tot/me + ��h2q2/2me

+ (��h2/me) q ·
{∑

q ′ | f (q ′)|2q ′
}]

= 0. (9.2.10)

Since P is the only direction specified in the above expression, one can put∑
q
| f (q)|2��hq = ηP. (9.2.11)

Putting (9.2.10) in (9.2.11), one obtains the equation for η:

(η − 1)2η = (α/2)(P/��hkp)−3[sin−1 u − u(1 − u2)−1/2], (9.2.12)

u ≡ (η − 1)P/��hkp. (9.2.13)

The energy, given by

E = (P2/2me)(1 − η2) − α��hω�(sin−1 u)/u, (9.2.14)

can be expanded, when P � ��hkp, as

E = −α��hω� + P2/[2me(1 + α/6)] + O(P/��hkp)4hω�, (9.2.15)

whereas the number of virtual phonons is given by

〈〈n〉〉 = 〈�|
∑

q
b†

qbq |�〉 =
∑

q
|f(q)|2

= (α/2)[1 + (1/2)(P/��hkp)2(1 + α/6)−2] + O(P/��hkp)4. (9.2.16)

Although the P-independent term of energy (9.2.15) obtained by the variational
method is the same as that obtained by the perturbation theory, it is important that
(9.2.15) gives an upper bound for energy. In view of the fact that the variational
calculation with up to one-phonon states considered gives energy E = −x��hω� >

−αhω� where x is the positive root of the equation x(1 + x)1/2 = α, the states with
two and more phonons automatically included in the variational wave function
� = U2|0〉 contribute a significant part of the self-energy −α��hω� even at α ∼ 2.
The effective mass, mp = me(1 + α/6) of (9.2.15), is smaller and less divergent
than mp = me(1 − α/6)−1 predicted by the perturbation theory, although they are
equal up to the first-order term in α, as they should be.
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Although we did not give an expression for H 1, it can be shown that it is diago-
nalized together with b†

qbq when (9.2.10) is satisfied and, hence, the trial function
� = U2|0〉 is an exact eigenfunction of H 1 under the same condition. Therefore,
the second-order perturbation energy due to H 2 (the first-order energy vanishes)
will provide a judgement on the accuracy of the solution obtained above. In fact,
such an estimation was made by Lee, Low and Pines,11 to give

�E = −0.01592α2��hω� + 0.02α2(1 + α/6)−2 P2/2me, (9.2.17)

where the first term gives an exact coefficient of the α2 term in the conventional
perturbation theory.

The approach from the strong coupling limit was started by Pekar,2 following
Landau’s picture that an electron is captured by the electrostatic potential induced
by itself. He assumed a product form: � = ψ�, of the electronic wave function
ψ(r ) and the phonon wave fuction�, which are to be chosen so as to minimize the
expectation value of the total energy (9.1.7) under the normalization conditions:
〈ψ |ψ〉e = ∫

dr |ψ(r )|2 = 1, and 〈�|�〉L = 1. The resulting simultaneous equa-
tions can be written, with the use of Lagrange’s undetermined multipliers λ1 and
λ2, as

[−( ��h2/2me)∇2 + 〈�|HI|�〉L]ψ = λ1ψ, (9.2.18)[∑
q

��hω�b
†
qbq +

∫
ψHIψdr

]
� = λ2�. (9.2.19)

The former represents the Schrödinger equation for the electron in the electrostatic
field of the displaced lattice while the displacements are determined by the latter
equation. In fact the integral is given by∫

ψHIψdr =
∑

q
Vqbq

∫
dr |ψ(r )|2 exp(iq · r ) + (h.c.)

and hence [· · ·] on the l.h.s. of (9.2.19) can be written as∑
q

��hω�b
′†
q b ′

q −
∑

q
��hω�|〈bq〉|2, (9.2.20)

b ′
q ≡ bq − 〈bq〉, (9.2.21)〈
b†

q

〉 = 〈bq〉∗ = −(��hω�)
−1Vq

∫
dr |ψ(r )|2 exp(iq · r ). (9.2.22)

In the lowest vibrational state� ′
0(n ′

q ≡ b
′†
q b ′

q = 0) of the displaced harmonic oscil-
lators in (9.2.20), the self-consistent field in (9.2.18) is given by

〈
� ′

0|HI|� ′
0

〉
L = (

ε−1
∞ − ε−1

s

) ∫
dr ′e2|ψ(r ′)|2/4π |r − r ′|. (9.2.23)
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The expectation value of the total energy is then given by

E = 〈ψ� ′
0|H |ψ� ′

0〉 = −(��h2/2me)
∫

drψ∗∇2ψ −
∑

q
��hω�|〈bq〉|2

= −(��h2/2me)
∫

drψ∗∇2ψ − (
ε−1
∞ − ε−1

s

)
×
∫ ∫

drdr ′e2|ψ(r )|2|ψ(r ′)|2/4π |r − r ′|. (9.2.24)

Solving the self-consistent non-linear Schrödinger equation (9.2.18) with (9.2.23)
is equivalent to minimizing the total energy (9.2.24). If one puts a trial wave function
of the Gaussian form:

ψ(r ) = (µ2/π )3/4 exp(−µ2r2/2), (9.2.25)

into (9.2.24) and minimizes with respect to µ, one obtains

E = −(3π )−1α2��hω�, (9.2.26)

which gives lower, and hence, better energy than the corresponding value −α��hω�

(see (9.2.15)) of the intermediate coupling theory at α > 9.42. The expectation
value of the radius of the orbital (9.2.25) is given by

〈r〉 = 2π−1/2µ−1 = 4.24(αkp)−1, (9.2.27)

which is a few times the lattice constant even at α ∼ 10 which justifies the use of
the continuum model (the upper limit k0 of q-integration) up to this value of α.

The polaron energy in the strong coupling case such as (9.2.26) does not contain
��hω� as is obvious from (9.1.15), being purely an electrostatic energy. This is because
the angular velocity 〈vx〉/〈r 〉 ∼ (α2/4.5)ω� obtained from the orbital (9.2.25) is so
much greater than ω� in the strong coupling regime that the lattice cannot follow
the electronic motion, namely, the lattice is essentially static.

Although the calculation of the polaron mass in the strong coupling regime is
possible, it is less reliable than that of the energy, and will be omitted here.

Feynman applied his path integral method (PIM) to the polaron problem,5 the
method which had been presented by himself12 as a spacetime approach to describe
quantum mechanics. It is a kind of variational method which optimizes a trial model
action for the electron moving in the phonon fields. It turned out to be more powerful
than any other method available at that time over the entire range of the coupling
constant.

Mishchenko et al.13 applied the recently-developed quantum Monte Carlo
(QMC) method to the study of polarons, and showed that the calculation can be
extended to any desired higher-order diagrams of polaron propagation dependent
only on the cost of time on modern high-speed computers. Since the description
of these two powerful methods in their technical details is beyond the scope of the
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Fig. 9.1 Bottom of the polaron band as a function of α. Due to Mishchenko et al.13

Fig. 9.2 Effective mass as a function of coupling constant α. Calculated values (solid line)
are compared with perturbation theory and strong-coupling-limit results (dashed lines),
Feynman’s approach (filled squares), and the variational approach due to Feranchuk et al.
(open diamonds). Due to Mishchenko et al.13

present book, we will present here only the results obtained by the latter study in
comparison with those by the path integral and other methods.

The polaron energies at K = 0 as calculated by QMC (Mishchenko) and PIM
(Feynman) are shown against the coupling constant α in Fig. 9.1, by the filled
circles (the error is within the point) and open circles, respectively. One may
be impressed how the variational method (PIM) gives values close to the exact
method (QMC) over the entire range of α. The situation is somewhat different
with the effective mass mp as shown in Fig.9.2, where not only the perturbation
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theory and the strong coupling theory (both shown by broken lines) have large
deviations in the intermediate couping range, as they should, but also PIM and a
variational calculation by Feranchuk et al.14 show significant deviations from QMC
(solid lines, the error is smaller than the circle). The number of virtual phonons 〈n〉
calculated by QMC is shown by filled circles (relative accuracy better than 10−3)
in Fig. 9.3, in comparison with the intermediate coupling theory (dashed lines) and
the parabolic interpolation of the strong coupling theory (solid line). An interesting
feature appears with the spectral density gK (E), the weight of the bare electron
with K = 0 contained in the polaron states with energy E , as shown in Fig. 9.4.
In addition to the peak just beyond E = 1(≡ ��hω�) which is expected from the
perturbation theory), there appear extra peaks at ∼3.5 and at ∼8 whose heights

Fig. 9.3 The calculated average number of phonons (filled circles) in the polaron ground
state as a function of α. The dashed line is the perturbation theory result, and the solid line
is the parabolic fit for the strong coupling limit. Due to Mishchenko et al.13

Fig. 9.4 Evolution of spectral density with α in the crossover region from intermediate to
strong coupling. The energy is counted from the position of the polaron, in units of ��hω�.
Due to Mishchenko et al.13
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grow with increasing α without significant shifts in position. The physical origin
of these peaks which are tentatively called “many-phonon unstable states” by the
authors is not clear at the moment and is an interesting problem left for future study.

9.3 Electronic polaron, a renormalized electron in a many-electron field

We have so far considered the effect of the low-frequency components of elec-
tric polarization of an insulating crystal, the optical modes of lattice vibrations
which contribute to the difference ε−1

e − ε−1
s , and studied how and to what extent

they can follow a slow motion of an electron within a band. In this treatment,
the high-frequency component of electric polarization due to bound electrons of
the host crystal which contribute to the difference ε−1

0 − ε−1
e was considered to

immediately follow the slow motion of the electron and was taken into account phe-
nomenologically through the background dielectric constant εe. For the completion
of the polaron theory from the dielectric viewpoint, it is now necessary to study
how and to what extent the higher-frequency components of electric polarization
can follow a faster motion of an electron within a band. The electron dressed with
electronic polarization is called the “electronic polaron” in contradistinction to the
ordinary polaron studied thus far. The latter may be called the “phonon polaron”
when it is necessary to avoid confusion. In the phonon-polaron theory, it was im-
plicitly assumed that “bare electron” means the electronic polaron as is obvious
from the use of ε−1

e − ε−1
s in the coupling constant.

The concept of the electronic polaron was first introduced15 with the use of a
single longitudinal exciton band (in place of an optical phonon), the lowest branch
of elementary excitation of the electronic system in an insulator. While a single
longitudinal mode of the optical phonon is realistic, as is the case for isotropic
diatomic crystals, a single longitudinal exciton band (used in early papers, for
simplicity) is not, since there are a host of longitudinal exciton bands Eλ�K of
the Rydberg series (discrete quantum number, λ = n) followed by the ionization
continuum (continuous quantum number, λ = k). Moreover, the transitions from
all inner core bands below the valence band also make contributions (though small)
to the electronic polarization and hence to ε−1

0 − ε−1
e . Here all of these longitudinal

electronic excitation modes (λ, q) will be included in the Hamiltonian, which can
therefore be written, in view of (9.1.4) and (9.1.7), as

H = hc + He + HI, hc = p2/2me, HL =
∑

λq
Eλqb†

λqbλq,

HI = (−e)φ(r ) = V −1/2
∑

λq
[∂ε(q, Eλq)/∂Eλq]−1/2(ie/q)

×[bλq exp(iq · r ) − b†
λq exp(−iq · r )]. (9.3.1)

Here we have omitted the suffix � and chosen Eλq = ��hωλq as a variable in the
dielectric function ε(q, Eλq). This is the realistic generalized version of the early
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model with a single exciton band. The use of boson operators for excitons or
electron–hole pairs is only for the sake of a compact expression and need not be
justified since the coupling will turn out to be weak enough to allow perturbation
theory and the expected number of electron–hole pairs to be smaller than unity
(although the self-energy cannot be neglected).

Before studying the electronic polaron with the Hamiltonian (9.3.1), let us prove
here a sum rule for the coupling coefficients in HI which makes our problem
transparent from the viewpoint of the dielectric theory. Confining ourselves to
the long-wavelength limit (q → 0), we rewrite the reciprocal of (8.4.20), with εce

replaced by ε0 (so as to include the core electrons), as

ε0/ε(ω) =
∏

λ

(
ω2
λt − ω2

)
/
(
ω2
λ� − ω2

) = 1 −
∑

λ
Fλω

2
λ�/
(
ω2
λ� − ω2

)
. (9.3.2)

Differentiating with respect to ω2 and comparing both sides at ω ∼ ωλ� where the
λth term becomes dominant, one obtains the derivative:

[dε/d(ω2)]λ� = ε0
[
Fλω

2
λ�

]−1
. (9.3.3)

Inserting this in (9.3.2) and puttingω = 0 where ε(0) = εe (see below), one obtains
the sum rule:

ε−1
0 − ε−1

e =
∑

λ
[ω2dε/d(ω2)]λ�

−1 = 2
∑

λ
[Edε/d E]λ�

−1. (9.3.4)

The contributions to the dielectric constant ε(ω) from the bound electrons under
consideration and from lattice vibrations studied in Section 5.3 are shown schemat-
ically in Fig. 5.3. As is obvious, the contributions from electrons deep in atomic
core states must be considered in the summation on λ in (9.3.4) although they are
smaller than those from valence-band electrons as will be mentioned in Chapter 14.

Coming back to (9.3.1), one can calculate the self-energy ∆K of the electronic
polaron by the second-order perturbation theory in the same way as (9.1.20) for the
phonon polaron. Assuming parabolic forms for the conduction and exciton bands

εc(k) = ��h2k2/2me, Eλ�K = Eλ� + ��h2 K 2/2mex, mex ≡ mc + mv, (9.3.5)

and neglecting the q-dependence of ∂ε(q, Eλq)/∂Eλq , one obtains

∆K = −
∑

λq
(∂ε/∂Eλ)

−1(e/q)2[Eλ + ��h2q2/2mex + ��h2{(K − q)2 − K 2}/2me]
−1

= −(e2k0/2π
2)
∑

λ
(Eλ∂ε/∂Eλ)

−1
[
Pλ + Qλ

��h2m ′
e K 2/12m2

e Eλ
]
, (9.3.6)

where m ′−1
e ≡ m−1

e + m−1
ex , k0 = (6π2/v0)1/3 (Debye cut-off for the q-

integration) and

Pλ ≡ t−1
λ tan−1 tλ, Qλ ≡ t−1

λ tan−1 tλ − (
1 − t2

λ

)(
1 + t2

λ

)−2
, (9.3.7)

with tλ ≡ k0/kλ, kλ ≡ (
2m ′

e Eλ/h2
)1/2
. (9.3.8)
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Denoting the average of Pλ (and other quantities with suffix λ) over λ, with relative
weight (Eλ∂ε/∂Eλ)−1, by 〈〈P〉〉, etc., one can rewrite (9.3.6) as

∆K = −(ε−1
0 − ε−1

e

)(
e2k0/4π

2
)[〈〈P〉〉 + 〈〈Q/E〉〉 ��h2m ′

e K 2/12m2
e

]
. (9.3.9)

The expected number of virtual electron–hole pairs in the electronic polaron with
K = 0 is calculated as

n = V −1
∑

λq
(∂ε/∂Eλ)

−1(e/q)2
[
Eλ + ��h2q2/2m ′

e

]−2

= (e2/4π2)
(
ε−1

0 − ε−1
e

)〈〈RE−1/2〉〉, (9.3.10)

Rλ ≡ [
tan−1 tλ + tλ(1 + t2

λ )−1
]
/2. (9.3.11)

The electrostatic potential φ(r ′) (see (9.3.1)) due to the electronic polarization
caused by an electron at r e is calculated as

〈�(r e)|φ(r ′)|�(r e)〉field = −V −2
∑

λq
(∂ε/∂Eλ)

−1(−e/q2)

×[Eλ+ ��h2q2/2m ′
e

]−1[
exp{iq · (r ′− r e)} + exp{−iq · (r ′− r e)}

]
, (9.3.12)

where�(r e) represents the electronic-polaron wave function similar to (9.1.26) with
K = 0 and 〈· · ·〉b indicates that the expectation value is taken as regards the field
operators b and b†. Integrating the above expression on r e over the total volume V
keeping r ′− r e ≡ r constant, one obtains the self-induced electrostatic potential
φind.(r ) at distance r from the electron:

φind.(r ) =
∫
v

dr e〈�(r e)�(r e + r )|�(r e)〉b

= (e/π2)
∑

λ
(Eλ∂ε/∂Eλ)

−1
∫ k0

0
dk[sin(kr )/(kr )]/[1 + (k/kλ)

2]. (9.3.13)

Further study becomes somewhat complicated because of the λ-dependent quan-
tities. Since the weight (Eλ∂ε/∂Eλ)−1 in taking their average seems to be more or
less concentrated around the energy gap εg, we study the two limiting situations
as defined below, and apply the results to a qualitative study of various materials
which are somewhere between them. The first is the classical limit (c) with (most
of) tλ = k0/kλ � 1, namely, with the recoil kinetic energies of an electron and
an exciton, even at their maximum values, negligible against the exciton energies
Eλ and energy gap εg. It applies to wide-gap insulators. The second is the quantal
limit (q) with (most of) tλ = k0/kλ � 1 with the recoil kinetic energies being much
greater than εg, which is applicable to narrow-gap semiconductors. Note that the
phonon polaron studied in Sections 9.1 and 9.2 belongs to the (q) limit.

Let us first note that the integral in (9.3.13) can be replaced by∫ ∞

0
dk[sin(kr )/(kr )] = (π/2)r−1
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provided that k0r � 1 in the (c) limit and kλr � 1 in the (q) limit since in either
case (k/kλ) can be neglected in the region of k important for the integral. With the
use of (9.3.4), one obtains

φind.(r ) = −(−e/2π )
∑

λ
(Eλ∂ε/∂Eλ)

−1(1/r )

= −(−e/4π )
(
ε−1

0 − ε−1
e

)
(1/r ). (9.3.14)

Adding this induced potential to the direct potential φdir.(r ) = −e/4πε0r of the
electron, one finally obtains the screened potential:

φscr.(r ) = φind.(r ) + φdir.(r ) = (−e)/4πεer (9.3.15)

at long distance, as is expected. This is the microscopic foundation for the use of
the screened potential with the macroscopic dielectric constant εe for an electron
with kinetic energy greater than the optical phonon energy but smaller than the
energy gap of the crystal. The minimum distance down to which (9.3.15) holds is
the radius of the electronic polaron which can be seen from the above argument
and will be given explicitly later on.

Let us then study other quantities, starting with the (q) limit with tλ � 1 which
allows better comparison with the phonon polaron since the latter is also in the (q)
limit. One can put Pλ ∼ Qλ ∼ (π/2)t−1

λ in (9.3.9) and obtain

∆
(q)
K = −αepεg{(ε ′

g/εg)1/2}I − (αep/6){(m ′
e/me)(εg/ε

′′
g)1/2}II

��h2 K 2/2me,

(9.3.16)

α(q)
ep ≡ (1/2)

[(
ε−1

0 − ε−1
e

)
/4π

]
e2kep/εg, (9.3.17)

k(q)
ep ≡ (

2m ′
eεg/

��h2
)1/2
, (9.3.18)

ε ′1/2
g ≡ 〈〈E1/2〉〉, ε

′′ − 1
2

g ≡ 〈〈E−1/2〉〉. (9.3.19)

Namely, with definitions (9.3.17, 9.3.18) of the electronic polaron which are ob-
tained from those of the phonon polaron (9.1.15, 9.1.16) by replacing ��hω� by εg, kp

by k(q)
ep and me by m ′

e (the reduced mass of the conduction electron and the exciton).
Equation (9.3.16) compares directly with (9.1.22) but for minor correction factors
{· · ·}I and {· · ·}II for �0 and effective mass change, respectively. The expected
number of virtual electron–hole pairs are given, since Rλ ∼ π/4, by

n(q) = (1/2)α(q)
ep (εg/ε

′′
g)1/2, (9.3.20)

which is to be compared with (9.1.25) at k = 0. The induced electrostatic potential
at r = 0 turns out to be

φ
(q)
ind.(0) = −(−e)[kep/4π ]

(
ε−1

0 − ε−1
e

)
(ε ′

g/εg)1/2 = 2∆0/(−e). (9.3.21)
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One can define the radius rep of the electronic polaron by equating the long-distance
formula (9.3.14) at r = rep to φind.(0) of (9.3.21):

r (q)
ep = k(q)−1

ep (εg/ε
′
g)1/2, (9.3.22)

which is to be compared with rp = k−1
p for the phonon polaron (see (9.1.16) and

the statement below (9.1.27)).
It should be noted here that for a quantitative study of narrow-gap semiconductors

the non-parabolicity of the conduction and valence bands and the correction factors
(ε ′

g/εg) > 1 will play important roles.
In the opposite (c) limit, one notes 〈〈P〉〉 = 1 and 〈〈Q/E〉〉 = 0 in (9.3.7),

whence one obtains

∆
(c)
K = −(1/2)

(
ε−1

0 − ε−1
e

)
(e2/4π )(2k0/π ), (9.3.23)

with no change in the effective mass mc of the electron. The expected number of
virtual electron–hole pairs is given by

n(c) = |∆(c)|〈〈1/E〉〉 ∼ (|∆|/εg)(εg/ε
′
g). (9.3.24)

The induced electrostatic potential at r = 0 is given by

φ(c)(0) = −(ε−1
0 − ε−1

e

)
(−e)k0/2π

2. (9.3.25)

By comparing this with the long-distance formula (9.3.14), one can define the radius
of the electronic polaron in the (c) limit by

r (c)
ep = π/2k0. (9.3.26)

Equations (9.3.22) and (9.3.26) give the lower bound of the validity range of the
screened potential (9.3.15) used on a phenomenological argument. As is obvious
from eqs. (9.3.23, 9.3.25 and 9.3.26) which contain neither ��h nor εg, the electronic
polaron in the (c) limit is almost a classical point charge imbedded within a medium
of dielectric continuum except for the finite Debye cut-off k0 or the lattice constant
a ∼ π/k0.

It is also interesting to note that the bottom of the self-induced potential
(−e)φ(c)(0) is again twice ∆(c), exactly the same factor as in the (q) limit. This
is related to the fact that the self-energy can be written as

∆ = −(1/2)
(
ε−1

0 − ε−1
e

)
(e2/4πrep) (9.3.27)

in both the limits, (q) and (c).
The fact that the coupling constant of the electronic polaron, αep in the (q) limit

and∆/εg in the (c) limit, and the expected number n of the virtual electron–hole pairs
are a few tenths justifies the perturbation theory a posteriori. However, the sum of
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the electron and hole self-energies (the latter may be larger in magnitude because
usually mv > mc) due to the electronic-polaron effect amounts to a significant
fraction of the energy gap calculated without consideration of such a correlation
effect, as was studied more quantitatively and extensively for a variety of insulators
by Fowler,16 Inoue, Mahutte and Wang,17 and Kunz and collaborators.18 Referring
to a more recent study, the first-principle calculation of electronic states in one-
dimensional polydiacetylene due to Suhai19 gave a bandgap of about 5.8 eV in the
Hartree–Fock aproximation, which was reduced was reduced to 3.7 eV by taking
account of the correlation effect in terms of the electronic-polaron theory.

The screening of the Coulomb potential of a point charge e/4πε0r in a vacuum
into e/4πεer in a dielectric medium with electronic polarization only, as described
by (9.3.15), applies also to the effective potential between an electron and a hole in a
dielectric medium, as was shown by Haken20 by considering the electronic-polaron
effect of both particles, with the validity range for r chosen to be greater than
the sum of the radii of electronic polarons of the electron and the hole. He had
also derived the effective potential in a dielectric medium with both electronic and
displacement polarizations to be given by e/4πεsr with the validity range for r
chosen to be greater than the sum of the radii of phonon polarons (described in
Sections 9.1, 9.2) of the electron and the hole. In this case, the origin of the energy
of the two particles at r = ∞ is at the bandgap which is renormalized both by the
electronic-polaron effects and the phonon-polaron effects of the two particles. At
long distance the screening factor is given by 1/εs , while at short distance it is given
by 1/εe since the displacement polarization (if any) can no longer follow the rapid
relative motion of the polarons in this region, but the screened potential of the latter
type must be measured from the bandgap renormalized by the electronic-polaron
effects only.

A virtual exciton around the electron and the hole of a real exciton, as expected
in the electronic-polaron theory, reveals itself as an exciton sideband of the real
exciton, at around twice the exciton energy in the optical and the energy-loss spectra
in alkali halides, as was pointed out by Miyakawa,21 Hermanson,22 and Devreese,
Kunz and Collins.23 Recently, the exciton sidebands of valence-electron excitation24

and inner core excitation25 in solid rare gases were unambiguously resolved from the
background absorption by short-time excitation spectra of exciton luminescence.

From a more rigorous point of view, the electronic polaron must be considered
self-consistently in the context of the many-body problem in the following sense.
One starts from the field of electronic polarization based on given exciton and
band structures and studies its effect on individual electrons. However, the renor-
malized energy of the electron must be incorporated into the exciton and band
structures assumed on the starting point and the calculation of the individual en-
ergy must be repeated, and so on until everything converges to the same point, just
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like the Hartree or Hartree–Fock calculations. Namely, the renormalized energies
of individual electrons on the one hand and the exciton and band structures on the
other hand must be solved in a self-consistent way. This amounts to an entire story
of the many-body problem in a solid which has never been solved but which may
turn out to play an important role in the electronic properties of known as well as
unknown materials. The role of the electronic-polaron theory is to depict one aspect
of the complicated many-body problem.

9.4 Short-range electron–phonon interaction and self-trapping

Throughout the study of the phonon polaron described in Sections 9.1 and 9.2, it has
been repeatedly suspected that the electron–optical phonon interaction might have a
certain threshold coupling constant beyond which the self-trapped state as predicted
by Landau becomes more stable than the polaron state studied by Fröhlich and
others. All studies of the effective mass of the phonon-dressed electron indicated
a continuous, instead of an abrupt, transition from the almost free or polaron-
like state to the almost self-trapped state. However, the self-trapped hole found in
alkali halides by the electron spin resonance study due to Känzig et al.26 showed
a completely localized molecule-like structure, namely a positive hole shared by
a pair of halide ions (X−

2 ) which are closer than their normal distance as nearest
neighbors. This self-trapped hole seemed almost immobile at low temperatures. It
differed from what can be imagined for an electron in a dielectric continuum in its
strong but realizable coupling constant, with respect to the effective mass and the
microscopic structure.

The reason why the optical phonon was considered as the primary candidate
responsible for self-trapping is that the direct Coulomb interaction between an
electron (or a hole) and ions seemed to be of predominant importance in ionic
crystals. Once incorporated into the conventional formalism of the electron–
phonon interaction, this long-range interaction turned out to be more effective in
its long-wavelength region, which justified the use of a dielectric continuum model
a posteriori. It seems that this vicious circulation ruled out a possible role from
short-range interaction.

However, it is not only the coupling strength but also the force range which char-
acterizes the electron–phonon interaction. The acoustic mode of lattice vibrations,
which is universal in all types of crystals – metallic, covalent, molecular as well as
ionic – has a short-range interaction with an electron and, as will be shown below,
this interaction behaves completely differently from the long-range interaction with
the optical mode.

Consider an elastic continuum described by the field of an elastic strain tensor
eij(r ), in place of the dielectric continuum described by the polarization field P(r ).
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The energy of the bottom of the conduction band will be subject to change which
is a linear function of the components eij(r ) if they are small enough. In isotropic
crystals, the conduction-band bottom, if situated at k = 0, is subject to a local
energy change at position r which is given by

�
∑

i
eii(r ) ≡ �[∂ξx/∂x + ∂ξy/∂y + ∂ξz/∂z] ≡ �∆(r ) (9.4.1)

in terms of a single coefficient � and a single field variable ∆(r ) due to the as-
sumed symmetry of the crystal. Here, ξ(r ) and ∆(r ) ≡ div ξ(r ) represent local
displacement and local dilation, respectively, of the elastic continuum. An elec-
tron at or near the conduction-band bottom is subject to the potential given by
(9.4.1) which is therefore called the “deformation potential”, and � is called the
deformation-potential constant, or simply deformation potential. It was first intro-
duced by Bardeen and Shockley27 to calculate the mobility (average velocity under
unit electric field applied) of electrons in non-polar semiconductors. The value of
� is obtained by measuring the electron mobility, or by a quantum-mechanical cal-
culation of the band energy as a function of the lattice constant. It is usually a few to
several electron volts, beings of the same order of magnitude as the bandwidth as is
seen from its definition (9.4.1). (Note that ∆ is a dimensionless quantity.) This is a
typical short-range interaction of contact type, and is in contrast to the long-range
point–dipole interaction between an electron and ionic displacements.

One can expand the displacement ξn ≡ ξ(r = Rn) of the nth unit cell at Rn in
terms of the acoustic modes of lattice vibrations as

ξn =
∑

sq
( ��h/2N Mωsq)1/2usq[bsq exp(iq · Rn) + b†

sq exp(−iq · Rn)], (9.4.2)

where M is the mass of a unit cell and usq is a unit vector in the direction of displace-
ment of the normal mode (sq), with s = 1, 2, 3 representing the three branches of
the acoustic mode. The expression (9.4.2) can be derived from (5.5.2) with nor-
malization condition (5.2.7) in the case of a monatomic lattice, and its generaliza-
tion to a lattice consisting of polyatomic unit cells with the help of the relation
M−1/2
ν ζ(sq)

ν ≡ ξ(sq) (independent of ν) ≡ M−1/2u(sq). In calculating divξ(r ) with
the use of (9.4.2), one again considers ξn ≡ ξ(Rn) as a continuous function of a
continuous variable r = Rn . Since div[usq exp(iq · r )] = iq · usq exp(iq · r ), one
finds that only the longitudinal component q · u(sq) of each mode contributes to
the deformation potential (9.4.1). Hence, with further approximation that the three
acoustic modes consist of one purely longitudinal and two purely transverse modes
(which holds only for particular directions of q with high symmetry even in isotropic
crystals), one can confine oneself to the longitudinal mode (u(sq) ‖ q) dropping its
suffix s and write down the potential energy (9.4.1) for an electron at the nth site
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Rn in the field of acoustic phonons as

〈n|HI|n〉 = � div ξ(r = Rn)

=
∑

q
�( ��h/2N Mωq)1/2iq[bq exp(iq · Rn) − b†

q exp(−iq · Rn)]. (9.4.3)

We will adopt the Hamiltonian HI with diagonal elements given by (9.4.3) and van-
ishing non–diagonal elements (〈n|HI|n ′〉 = 0 for n �= n ′) for the electron–acoustic
phonon interaction.

In conformity with (9.4.3), the electron energy within the conduction band will
also be written in the site representation as

〈n|hc|n ′〉 = tnn ′ = t(Rn − Rn ′) (9.4.4)

(see Section 7.4). The corresponding k-representation, the Fourier transform of
(9.4.4), gives the dispersion of the conduction band:

〈k|hc|k〉 = εc(k) =
∑

m
t(Rm) exp(−ik · Rm). (9.4.5)

We will take the long-wavelength approximation for the angular frequency,
ωq = c�q with isotropic phase velocity c� of the longitudinal sound wave in the
phonon Hamiltonian

HL =
∑

q
��hωqb†

qbq (9.4.6)

and in the interaction Hamiltonian HI. Since the interaction coefficient in (9.4.3) is
proportional to q1/2, in contrast to q−1 in the electron–optical phonon interaction
(see (9.1.6)), the short-wavelength phonons play a dominant role here. This is the
reason why we adopted site representation in (9.4.3) and (9.4.4) and considered the
entire band structure (9.4.5) instead of expanding it in powers of p = ��hk (effective
mass approximation (9.1.7)).

Another point of difference is the critical wave vector kap beyond which the
electron can emit an acoustic phonon. Within the perturbation theory, it is given
by kap = 2mec�/

��h from the inequality ��h2k2/2me >
��hc�k. It is of the order of one-

hundredth of the reciprocal lattice and one-tenth of kp given by (9.1.16) since the
sound velocity in a solid is ∼103 m s−1. Namely, the region in which the electron
is in a stationary state is confined to a very small part of the first Brillouin zone so
long as the perturbation theory is valid.

Let us write the wave function for the stationary state of the electron–acoustic
phonon system with total wave vector k, the acoustic polaron, in a most general
form compatible with the translational symmetry of the lattice,28 as

�k = (N S)−1/2
∑

m
exp(ik · Rm)ψk(m)χk(m) (9.4.7)
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where

ψk(m) =
∑

n
φk(Rn)|m + n〉 (9.4.8)

is the electron wave function with finite extension around the site m, and χk(m)
is the lattice wave function with finite extension of its distorted part around the
site m. Note that the vectorial notation m is used to describe the three-dimensional
lattice.

Let us apply the discrete lattice version of the Lee–Low–Pines variational method
which amounts to choosing a trial wave function of the displaced lattice (without
changing the frequencies ωq) as shown by (9.2.6) to (9.2.8). In order to be com-
patible with the translational symmetry of the system, one puts the trial function
as

χk(m) = exp
[∑

q

{
f ∗
k (q) exp(iq · Rm)bq − fk(q) exp(−iq · Rm)b†

q

}] |0〉 (9.4.9)

where |0〉 represents the phonon vacuum state. According to (9.2.8), the transfor-
mation exp[· · ·] in (9.4.9) has the effect of displacing the oscillator q by

∆bq = − fk(q) exp(−iq · Rm)

and hence the nth site atom by

∆ξn = −
∑

q
(��h/2N Mωq)1/2uq[ fk(q) exp{iq · (Rn − Rm)} + (c.c.)]

according to (9.4.2). The fact that it depends on n only through (Rn − Rm) assures
the above-mentioned statement on χk(m) and hence the compatibility of �k given
by (9.4.7) with translational symmetry of the system. The Ansatz (9.4.8) which is
also necessary to assure compatiblity replaces the role of the first transformation U1

(see (9.2.2, 9.2.3) for consideration of electron–phonon recoil obeying the (pseudo-)
momentum conservation rule which no more holds in the discrete lattice due to the
Umklapp processes).

For the second step, we ignore possible recoil effects and put φk(Rn) = δn0.
Then �k of (9.4.7) satisfies the normalization condition: 〈�k|�k〉 = 1 while the
expectation value of the electronic energy (9.4.4), with only the nearest neighbor
transfer t(tnn ′ = t when Rn ′ − Rn = δ, and = 0 otherwise, where δ indicates the
distance to any of the nearest neighbor sites) being considered for simplicity, turns
out to be

〈�k|hc|�k〉 = t
∑

δ
exp[ik · δ − σk(δ)], (9.4.10)

where δ is to run over all nearest neighbors and

σk(�) ≡
∑

q
| fk(q)|2[1 − exp(−iq · �)]. (9.4.11)
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The above results are obtained by noting the following expression for the overlap
integral between the differently displaced lattice states:

〈χk(m)|χk(m + �)〉 = exp[−σk(�)]. (9.4.12)

Equation (9.4.12) is obtained by noting that the transformation exp[
∑

q{· · ·}] of
(9.4.9) giving χk consists of the product:  q{· · ·} due to the commutativity of the
bqs with different qs. The calculation of (9.4.12) then reduces to that of the following
type of expression for each q:

F(λ) ≡ 〈0| exp(−λA) exp(λA ′)|0〉 (9.4.13)

with

A = α∗b − αb†, A ′ = α ′∗b − α ′b†. (9.4.14)

One can verify that the derivative of F(λ) is

F ′(λ) = 〈0| exp(−λA)(−A) exp(λA ′|0〉 + 〈0| exp(−λA)A ′exp(λA ′)|0〉
= {α∗(α ′− α) − α ′(α ′∗ − α∗)}λF(λ)

by commuting the b operator to the right and the b† operator to the left. Integrating
one obtains

F(λ) = exp[{α∗(α ′− α) − α ′(α ′∗ − α∗)}λ2/2], (9.4.15)

whence follows (9.4.12) with (9.4.11).
The expectation values of the interaction and phonon Hamiltonians are readily

calculated as

〈�k|HI|�k〉 = −
∑

q
Ed(��h/2N Mc�)

1/2iq1/2{ fk(q) − f ∗
k (q)}, (9.4.16)

〈�k|HL|�k〉 =
∑

q
��hc�q| fk(q)|2. (9.4.17)

Adding (9.4.10), (9.4.16) and (9.4.17) and minimizing with respect to the trial
function fk(q) gives

fk(q) = −iq1/2�(��h/2N Mc�)
1/2

×
[
−t
∑

δ
{1 − exp(iq · δ)} exp {ik · δ − σk(δ) + ��hc�q

]−1

I
. (9.4.18)

Substituting this into (9.4.11) gives a set of ν simultaneous equations for the σ s
(where ν is the number of nearest neighbors)

σk(δ) =
∑

q
�2(��h/2N Mc�)q[1 − exp(iq · δ)][· · ·]−2

I , (9.4.19)
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where [· · ·]I is the same energy denominator as appeared in (9.4.18). The corre-
sponding value of the total energy is given by

E(k) = t
∑

δ
[1 + σk(δ)] exp[ik · δ − σk(δ)]

−
∑

q
�2(��h/2N Mc�)q[· · ·]−1

I . (9.4.20)

We study the behavior of this function in two limiting cases:
(i)� small. In this case fk ∝ � and σk ∝ �2. Noting that the band energy in the

nearest neighbor transfer t (assumed hereafter to be negative for the band bottom
to be at k = 0) is given by

εc(k) = −|t|
∑

δ
exp(−ik · δ), (9.4.21)

one can write the total energy as

E(k) = εc(k) −
∑

q
�2(��h/2N Mc�)q/[εc(k − q) + ��hc�q − εc(k)] + O(�4).

(9.4.22)
The second term is the perturbation theory expression for the self-energy of the
electron in the phonon field.

(ii) � large. In this case σk � 1 and the total energy reduces to

E(k) = −�2/2Mc2
� ≡ −ER. (9.4.23)

It represents the self-trapped state with infinite effective mass. ER represents the
energy of the lattice relaxation due to the localized electron, and corresponds to
the energy ER of molecular relaxation after optical excitation. Note that the band
energy εc(k) and the transfer energy t do not play any role in (9.4.23), suggesting
that the two states (i) and (ii) are completely different in nature.

It is therefore of interest to study how the two states are connected as the coupling
constant increases continuously. To see the essential features we approximate the
band energy by a parabolic form

εc(k) − εc(0) = −|t |
∑

δ
[exp(−ik · δ) − 1] ∼= ��h2k2/2me, (9.4.24)

and solve (9.4.19) for k = 0. The equations will be expressed in terms of two
dimensionless parameters:

γ ≡ ��hc�k0/
(

��h2k2
0/2me

)
, (9.4.25)

g ≡ ER/ν|t |, (9.4.26)

where k0 is the Debye cut-off wave number defined below (9.3.6). We shall call g the
coupling constant and γ the non-adiabaticity parameter. The parameter γ is the ratio
of the maximum phonon energy to the bandwidth and is usually of the order of 10−2

to 10−1. It compares the rapidity of phonon motion to that of electron motion, and
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as γ → 0 one obtains adiabatic conditions. In terms of these parameters, one can
write eqs. (9.4.19, 9.4.20) as

σ0(δ) ≡ σ = 3gγ exp(2σ )
∫ 1

0
dtt3[t + γ exp(σ )]−2, (9.4.27)

−E(0)/ν|t | = (1 + σ ) exp(−σ ) + 3gγ exp(σ )
∫ 1

0
dt t2[t + γ exp(σ )]−1.

(9.4.28)

Instead of eliminating σ , it is more convenient to take the parametric representation
of E and g, with σ as a parameter. When γ exp(σ ) � 1, we have

g−1 ∼ 3γ exp(σ )/2σ, and − E(0)/ν|t | ∼ (1 + 2σ ) exp(−σ )

while, when γ exp(σ ) � 1,

g−1 ∼ 3/4γ σ, and − E(0)/ν|t | ∼ 4γ σ/3.

The behavior of these two functions is shown in Fig. 9.5. The coupling constant
is not a monotonic function of σ ; its actual functional dependence leads to the for-
mation of a closed loop in the E–g curve as shown in Fig. 9.6. As the loop is always
above the rest of the curve, the lower part of the loop represents a metastable state;
the upper part (that is the solution with the highest energy) seems to correspond to
the saddle point, or the activated state through which the stable state is connected

Fig. 9.5 Coupling constant g and calculated energy E , plotted against parameter σ , which
is a measure of the distortion.27
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Fig. 9.6 Plot of E as a function of g. The arrows on the curves are in the direction of
increasing σ .27

with the metastable state. The stable part of the curve exhibits a discontinuous transi-
tion from the nearly free electron (moving with small distortion through the lattice)
to the self-trapped state; i.e., σ changes discontinuously from σ F

c ∼ 3γ /2(� 1)
to σ S

c ∼ 3/4γ (�1) at this kink point which corresponds to gc = 1 + 0(γ ). Now σ ,
given by (9.4.11) with � = δ, is related to the number of virtual phonons around
the electron,

n = 〈�k|
∑

q
b†

qbq |�k〉 =
∑

q
| fk(q)|2.

The ground state includes very few (�1) or a great number (�1) of phonons
according as g < gc or g > gc. One can define the effective mass of the dressed
electron from the k dependence of the total energy (9.4.20). The weak coupling
solution has an effective mass m∗ almost equal to mc, while in the strong coupling
solution mp/me = exp(σ ), which is an enormous quantity, since σ > 3/4γ for
g > gc, i.e., σ is of the order of 10 to 100. It is then almost meaningless to speak
of the self-trappped electron forming a band. Because of this large effective mass,
the critical wave vector kap(∼2mpc�/

��h)1/2 beyond which the electron can emit an
acoustic phonon is supposed to be too large to be meaningful in the strong coupling
case. The situation is quite different for the case of the polaron, where neither the
discontinuity nor such a large distortion is expected to take place.

It should be emphasized that the large discontinuity and the coexistence of essen-
tially different states are due to the smallness of the non-adiabaticity parameter γ .
In fact, if γ is larger than a certain critical value γ0 (of the order of unity) the curve of
g−1 against σ becomes monotonic and the discontinuity disappears. The situation
is analogous to the problem of a gas–liquid transition, if we let γ correspond to
temperature.
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We must now discuss the approximation we have made, especially our Ansatz,
φ(Rn) = δn0. If we treat the polar mode in the same way, with the same Ansatz,
there appears a discontinuity, somewhat less significant but of the same kind as was
obtained here. However, this discontinuity is an artefact of the above-mentioned
Ansatz. That the Ansatz φ(Rn) = δn0 is inappropriate for the polar mode but
appropriate for the acoustic mode will be shown from a different viewpoint in
Section 9.5.

Although the above statements based on the variational method are supposed to
be essentially correct from the physical viewpoint, one must be more careful about
the nature of what we called the discontinuous change of the electron–phonon state
against the continuous change of the coupling constant, as viewed with mathemat-
ical rigor. A real discontinuity can appear only in the adiabatic limit, γ → 0. Let
us consider the problem in a more practical way. Even if the two states, stable and
metastable, coexist in a certain region of the coupling constant within the varia-
tional method with the specified form of trial wave function as we have mentioned,
they are not exactly orthogonal to each other. If we were to consider a linear com-
bination of the almost free and almost self-trapped states and minimize the total
energy with respect to the coefficients of the linear combination, we would find a
mathematically continuous but physically abrupt change of the nature (inclusive
of the effective mass) of the true ground state against a continuous change of the
coupling constant. A simple estimation of this abruptness is as follows. The tunnel-
ing energy between the two states mentioned above is of the order of ν|t | exp(−σ )
while their energy difference ∼ER − ν|t | changes as (g − gc)ν|t |. Therefore, the
crossover between the two states takes place practically within an extremely small
range of �g ∼ exp(−σ ). This enormous rapidity might be significantly reduced
if one relaxes the constraint of φ(Rn) = δn0. How to relax the constraint and to
what extent the rapidity is reduced is not known. An important problem is to study
how the rapidity of change with coupling constant depends on γ . This problem
was studied by Sumi29 with the use of the dynamical coherent potential method, a
version of the coherent potential approximation for static fluctuation (Section 8.7)
extended to dynamical fluctuation such as lattice vibrations. The dispersionless
phonon model adopted because of technical reasons of calculation, which can be
usefully applied to non-polar optical modes in molecular crystals, is supposed to un-
derestimate the rapidity of change mentioned above, to which the long-wavelength
acoustic phonons might contribute more because of their greater adiabaticity.

9.5 Continuum model for self-trapping

We learned in the preceding section that an electron in the phonon field may have
two different states (one stable and the other metastable) in the adiabatic limit
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(γ → 0) corresponding to different local minima of the adiabatic potential. The
lifetime of the metastable state is proportional to the reciprocal of its quantum-
mechanical overlap integral with the stable state (∼ exp(−σ ′), σ ′ ∼ γ−1), and may
be quite long. It is instructive to study the possible extrema of the adiabatic potential
of an electron in a deformable lattice, confining oneself to the adiabatic limit.

The entire lattice consists of 3N configuration coordinates where N is the total
number of atoms contained in it, an intractably large number. However, our primary
concerns are the qualitative aspects: which of the free state or the self-trapped state
does the electron prefer, what is the spacial extension of the latter (namely, how
to relax the restrictive Ansatz φk(Rn) = δn0, how do the different force ranges of
the optical and acoustic mode interactions feature in the adiabatic potential and
what is the effect of coexistence of the optical and acoustic modes, and, finally,
what is the role of the dimensionality of the lattice? To answer these questions, it
is enough to treat the lattice as a continuous medium and the Bloch electron as a
free electron with effective mass mc as the only parameter. The optical and acoustic
modes of the lattice vibrations can then be described in terms of a continuum with
an appropriate dielectric constant ε (given by ε−1 = ε−1

e − ε−1
s , as will be seen

later) and an appropriate elastic constant C . Putting aside the kinetic energy (KL)
of the lattice, one can write the energy of the interacting system of an electron and
the medium as a functional of the electron wave function ψ(r ), the dilation field
∆(r ) and the electrostatic potential Φ(r ) due to the displacement polarization P(r)
of the medium,30 as

W [ψ,∆,Φ] = (��h2/2me)
∫

dr (∇ψ)2

+�
∫

drψ(r )2∆(r ) + (−e)
∫

drψ(r )2Φ(r )

+(C/2)
∫

dr∆(r )2 + (ε/2)
∫

dr [∇Φ(r )]2. (9.5.1)

The first term on the r.h.s. represents the electron kinetic energy (one-electron
energy hc measured from the band bottom), the second and third the interactions
(HI) of the electron with the deformation potential (see (9.4.1) and the electrostatic
potential, respectively, and the fourth and fifth the potential energies (UL) of the
dilation and polarization fields, respectively. The longitudinal modes of the acoustic
and optical vibrations are now replaced by the fields ∆(r ) and ∇Φ(r ), respectively,
of a continuous variable r.

By minimizing (9.5.1) with respect toψ , one would obtain the adiabatic potential
W [∆,Φ] for the lowest electronic state in the ∞-dimensional configuration coordi-
nate space (∆(r ),Φ(r )). This will be done in a simplified form later on. On the other
hand, if one is interested only in the extrema of the adiabatic potential W [∆,Φ],
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one can make an alternative but simpler approach by inverting the order of extrem-
ization, following Kubo31 who first considered the electron–polarization interaction
by the field theoretical picture. By first minimizing (9.5.1) with respect to ∆ and
Φ, one obtains ∆(r ) = −(�/C)ψ(r )2 and ∇2Φ(r ) = −(−e/ε)ψ(r )2. (By compar-
ing the solution of the latter equation at long distance, Φ(r ) = −(−e)/4πεr with
the self-induced potential (9.1.27) of the polaron at long distance, one can con-
firm that ε−1 = ε−1

e − ε−1
s as mentioned above.) Putting them back into (9.5.1)

gives

W [ψ] = (��h2/2me)
∫

dr (∇ψ)2

−(1/2)
∫ ∫

drdr ′ψ(r )2[(�2/C)δ(r − r ′) + (e2/4πε)|r − r ′|−1]ψ(r ′)2.

(9.5.2)

as a functional of ψ . The second line represents the self-interaction, namely, the
electron-induced lattice distortions acting back upon the electron. It consists of −1
from HI (the second and third terms of (9.5.1) which is linear in the fields) and+(1/2)
from UL (the fourth and fifth terms which is quadratic), being an example of the
virial theorem. The different forms of the kernels of the self-interaction originate
from the different force range – the short-range electron dilation interaction and the
long-range electron polarization interaction.

For the second step, we have to find the extrema of the functional (9.5.2) with
respect to the wave function ψ(r ). Choosing the trial function ψ(r ) = (2/a2)3/4 ×
exp[−π (r/a)2] with variational parameter a, one obtains

W [ψ] = W (a) = 3π��h2/2mea
2 −�2/2Ca3 − e2/4πεa. (9.5.3)

Since we are based on the effective mass theory for the electron,ϕ(r ) here represents
the envelope function F(Rn) of Section 7.4. Hence the orbital radius a in the electron
wave function cannot be taken smaller than the lattice constant, a0. For this reason,
it is more convenient to rewrite (9.5.3) as

W (a) ≡ E(λ) = Bλ2 − E (ac)
R λ3 − E (op)

R λ (9.5.4)

in terms of the degree of localization λ defined by

λ ≡ a0/a (0 < λ < 1), (9.5.5)

where

B ≡ 3π��h2/2mea
2
0, E (ac)

R ≡ �2/2Ca3
0, E (op)

R ≡ e2/4πεa0 (9.5.6)

represent, respectively, the electron kinetic energy and the lattice relaxation energies
due to the acoustic and optical modes, at complete localization: λ = 1.
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Fig. 9.7 Adiabatic energy of an electron in a deformable lattice as a function of the degree
of localization λ.

As a function ofλ(0 < λ < 1), the energy (9.5.4) has one or two minima as shown
schematically in Fig. 9.7, depending on the values of the short- and long-range
electron–phonon coupling constants defined by

gs ≡ E (ac)
R /B, g� ≡ E (op)

R /B. (9.5.7)

The first minimum F at λF(< 1) represents a relatively delocalized state accompa-
nied by moderate polarization but little contraction (or dilation depending on the
sign of �), while the second minimum S at λS(=1) corresponds to a completely
localized state (self-trapped state) with strong contraction (dilation) as well as
strong polarization. The maximum between them represents the energy barrier
(saddle point of the adiabatic potential) separating the states F and S. The height
of the energy barrier for the F → S transition amounts to

εb = WM − WF = (4/27)Bg−2
s (1 − 3gsg�)

3/2, (9.5.8)

as is readily derived from (9.5.4, 9.5.7). Figure 9.8 is the phase diagram (different
from the conventional usage of this terminology) for the stable and metastable
(shown in parenthesis) states on the (gs, g�)-plane. The thick solid line, across
which the stable state changes abruptly from F to S, starts from the gs-axis (at
gs = 1) and terminates at g� = 1, gs = 1/3 without reaching the g�-axis; obviously
the only trigger for the F–S discontinuity is the short-range interaction, while the
F-state is dominated by the long-range interaction with optical phonons.

It should be noted that the polaron state of the weak through strong coupling
regime described in Sections 9.1 and 9.2 corresponds to the F-state of the above
phase diagram along the g�-axis (note that α ∼ g�(B/��hω�)1/2). The fact that our
solution for the F-state apparently corresponds to the strong coupling polaron of
the Pekar type is an artefact of our adiabatic description (ω� → 0 so that α → ∞ in
spite of finite g�). Not only the weak coupling but also the strong coupling polaron
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Fig. 9.8 Phase diagram for the stable and metastable (in parentheses) states where gs and
g� denote the electron–phonon coupling constants of short and long ranges, respectively.30

should be well distinguished from the S-state. The latter wants to be as small as
possible (a = a0) while the former has an optimum radius which is usually much
greater than a0. For this reason, F- and S-states are sometimes called “large” and
“small” polarons, respectively. This nomenclature, although convenient, should be
used with some caution since it may give the impression that the latter is simply
the strong coupling limit of the electron–polarization (optical phonon) interaction.
The real S-state, which is well distinguished from, and can coexist with, the F-state,
is triggered by the short-range interaction with acoustic phonons, although optical
phonons make a comparable contribution to this state. The importance of the short-
range interaction for self-trapping was first pointed out by Rashba.32 See also his
review article on self-trapping of excitons.33

For the d(=1, 2 and 3)-dimensional lattice, the second term (short-range interac-
tion) in (9.5.3) turns out to be proportional to a−d . In the absence of the long-range
interaction whose dependence on dimensionality cannot be defined unambiguously,
this short-range interaction in a one-dimensional lattice plays the same role as the
long-range interaction did in a three-dimensional lattice, resulting in the absence
of a discontinuity, as was pointed out by Emin and Holstein.34 The situation in a
two-dimensional lattice is peculiar and critical: the stable state is either completely
free without any distortion (λ = 0) or completely localized state (λ = 1) according
as gs < or > 1, there being no metastable state under any situation. See, however,
the adiabatic approach given later on in this section.

The discontinuity line in Fig. 9.8 indicates that the stable states of the electronic
carriers – electrons, holes or excitons – in insulators are distinctly classified into F-
and S-types, except in extremely narrow bands such that g� ∼ α(��hω�/B)1/2 > 1.
On both sides of the discontinuity line, there are regions with coexistent stable and



9.5 Continuum model for self-trapping 181

metastable states separated by an adiabatic potential barrier. This is borne out by a
variety of experimental studies on different types of materials as will be described
later in this section.

While we have so far resorted to the inverted order of minimization of total
energy, we now return to the normal order and study the adiabatic potential as a
functional of the dilation field, ignoring the polarization field since our purpose is
to study the multistability in the configuration coordinate space which arises only
in the former field. We will extend our study to lower-dimensional systems, partly
to elucidate the role of dimensionality for multistablity and partly for application
to such material systems which are increasingly coming to reality in these days.

Although it is intractable to deal with infinite-dimensional configuration coordi-
nate (C.C.) space of dilation field∆(r ), it is enough, for our purpose of characterizing
the C.C. path to self-trapping, to consider the two-dimensional C.C. space (∆, a),
the magnitude and the spacial extension of the dilation ∆(r ).27 For simplicity, we
put ∆(r ) = ∆ for r < a and ∆(r ) = 0 for r > a. Then the Schrödinger equation
for the electron can be written, with suitable scaling, as

[−
−1∇2
ρ − u(ρ)]ψ(ρ) = [E(∆, a)/(−�∆)]ψ(ρ) (9.5.9)

where ρ ≡ r/a, u(ρ) = 1 or 0 according as ρ < or > 1,


 ≡ −�∆/K , K ≡ ��h2/2mea
2 (9.5.10)

and E(∆, a) denotes the lowest eigenenergy of the electron, be it bound or free
state. In terms of the depth, −�∆, of the square well potential, one can write the
binding energy as

−E(∆, a) = (−�∆) fd(
). (9.5.11)

The function fd(
) calculated for dimensionalities d = 1, 2, 3 are shown in Fig. 9.9,
the features of which are well known in the quantum mechanics of a square well
potential35 and are essentially the same in the discrete lattice.

Fig. 9.9 The ratio binding energy to square well potential depth as a function of the latter,
in 1-, 2-, and 3-dimensional lattices.36



182 9 Polaron and the self-trapped state

By adding UL, one obtains the adiabatic energy

W (∆, a) = γd(C/2)ad∆2 − (−�∆) fd(
) (9.5.12)

where γd is the volume of the d-dimensional sphere of unit radius. For one- and
three-dimensional cases, one can bring (9.5.12) into the parameterless form

w(x, y) = λd/2x2−(d/2) − fd(
)x (
 = x/y) (9.5.12a)

by rescaling the energy in units of W0:

−�∆ = W0x, K = W0 y, W = W0w, (9.5.13)

(2meW0/
��h2)(d/2)−1 ≡ γd

��h2C/4me�
2 (d = 1, 3). (9.5.14)

This procedure is impossible with d = 2, the marginal dimensionality; for any
choice of W one obtains

w(x, y) = G−1λx − f2(
)x (d = 2) (9.5.12b)

with an irremovable coupling constant

G ≡ 4me�
2/π

��h2C (d = 2). (9.5.15)

The adiabatic potentials for d = 1, 2 and 3 systems calculated with the use of
(9.5.12a, 9.5.12b) and fd(
) (Fig. 9.9) are shown on the x (lattice distortion) – y
(inverse square of the radius of distorted region) plane in Fig. 9.10 (a, b, b ′ and
c), respectively,36 where the negative energy region is shown by hatching. Noting
that the volume γdad of the distorted region should not be smaller than the atomic
volume ad

0 of the discrete lattice, one finds the upper bound

y(u)
d = γ 4/(2d−d2)

d (8dg)−2/(2−d) (d = 1, 3) (9.5.16)

for the physically meaningful y range where use has been made of (9.5.13, 9.5.14)
and the relations ER = �2/2Cad

0 and

��h2/2mea
2
0 = |t | = B/2d. (9.5.17)

With increasing g, the critical line y = y(u)
d moves downward for d = 1 and upward

for d = 3.
Note in Fig. 9.10(a) that the free state (∆ = 0) in a one-dimensional lattice is

always unstable against lattice distortion ∆ and there is only a minimum indicated
by ×. This means that as g increases the optimum radius of the distorted region
and the electron orbital decreases as g−1 while the optimum distortion |∆m | and
the stabilization energy −Wm increases as g3/2 and g2, respectively (9.5.10, 9.5.13,
9.5.14), always continuously. Even after y = y(u)

1 traverses this minimum point,
|∆m| and −Wm still increase continuously.
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Fig. 9.10 (a)–(c) Adiabatic potentials for an electron in an elastic medium. The values of x
and y−1/2 are proportional to the strength of distortion and the radius of the distorted region,
respectively. The energy is zero along the ordinate and negative along the hatched region. (b)
and (b ′) represent the weak and strong coupling cases, respectively, of the two-dimensional
lattice.36

In contrast, the stable state in a three-dimensional system changes discontinu-
ously from the free state F(∆ = 0) to the self-trapped state S[∆ �= 0, a = (γ3)1/3a0

being the minimum possible value] when g exceeds gc = 2.3 (namely, when
y = y(u)

3 reaches the negative energy region in Fig. 9.10(c)). The height of the po-
tential barrier from F- to S-state (the saddle point marked with + in Fig. 9.10(c) is
given by εb = 0.79g−2 B. It should also be noted that the F-state remains metastable
for gc < g <∞ and that the S-state is metastable for g ′

c < g < gc where g ′
c = 1.86

corresponds to y(u)
3 = y (saddle point). The result justifies a posteriori the Ansatz

φk(Rn) = δn0 for the trial wave function which led to the discontinuous transition
from F- to S-states in Section 9.4.

The situation is varied in a two-dimensional lattice: as g = (π/16)G exceeds
gc = 1.83, the negative energy region sets in like an opening fan (Fig. 9.10(b ′)).
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The stable state changes discontinuously from F- to S-state at g = gc; moreover,
there is neither a potential barrier nor the F–S coexistence range of gc, in contrast to
the three-dimensional system. It should be noted, however, that this peculiar feature
of the two-dimensional system is lost as soon as the band energy deviates from the
parabolic form.

The above results for one- to three-dimensional cases are in agreement with those
obtained before by the variational method. One should be more careful in ascribing
these features to the dimensionality effect only. In fact, the non-parabolicity of the
electronic band εc(k) completely changes the peculier F–S transition in the critical
two-dimensional lattice, and can significantly influence the gradual F–S change in
a one-dimensional lattice.37

It is of interest to see how the situation depends on anisotropy. Pertzsch and
Rössler38 studied the effect of anisotropy in a three-dimensional system, with par-
ticular attention to the limiting situations of nearly one- and nearly two-dimensional
systems.

So far we have considered the multistability of the electron–phonon system,
which of course also applies to the hole–phonon system. The situation is more varied
in the exciton–phonon system if we consider the phonon effect on the electron–hole
relative motion, in addition to the translational motion. With the use of various forms
of trial wave function for an electron and a hole mutually attracting through the
Coulomb force and individually interacting with the acoustic phonon field through
respective deformation potentials �e and �h, Sumi39 obtained the phase diagram
for the stable states, as shown in Fig. 9.11 for the case of me : mh = 1 : 4. (Note
that the lower half of the phase diagram is the inversion of the upper half with
respect to the origin 0 since the simultaneous sign changes of �e and �h result
in the same energy but with dilation being replaced by contraction.) In addition

Fig. 9.11 Phase diagram for the stable state of an electron–hole (e–h) pair with Couomb
attraction, on the coordinate plane of electron and hole deformation potential constants.
The e–h mass ratio is taken to be 1 : 4. Due to A. Sumi.39
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to the region Fex where the free exciton state is stable, the region Sh : e where
the hole becomes self-trapped with the electron loosely bound by its Coulomb
field and the similar but opposite region Se : h, Sumi found two new phases. In the
region Sex, �e and �h act constructively to make electron and hole self-trapped on
the same place under a less imposing condition than for individual self-trapping
(as seen from the slanted borderline between Fex and Sex regions). In the region
Se : Sh, �e and �h act destructively to make electron and hole self-trapped on
different but neighboring (due to Coulomb attraction) sites. The same and opposite
signs of�e and�h result in attractive and repulsive phonon-mediated electron–hole
interactions, respectively. In the opposite case, the electron wants to dilate, and the
hole to contract, the surrounding lattice (or vice versa), being incompatible if they
were on the same site.

We will now survey the results of experimental studies which are related to
the foregoing arguments on the relative stability of free and self-trapped states,
leaving the microscopic structure of the latter to a subsequent section. A few typical
examples of electronic carriers – electrons, holes and excitons – are shown in
Fig. 9.12, being assigned to appropriate regions of the phase digram presented in
Fig. 9.9 according to their types on the basis of relevant experimental facts. While all

Fig. 9.12 Electrons, holes and excitons in typical insulators allocated in appropriate regions
of the phase diagrams of Fig. 9.8 on the basis of various experimental studies.
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electronic carriers in IVth column and III–V compound semiconductors belong to
the F-region, the holes in many ionic crystals belong to S- or S(F)-regions in contrast
to the electrons which are mostly F-type. Self-trapped holes25 and self-trapped
excitons40 in alkali halides were recognized early on. Excitons, because of the
absence of long-range coupling with phonons due to their electrical neutrality, are
put on the gs-axis which has no pure S region (see Fig. 9.12). This means that
the optically-created excitons, initially in the F-state, have to overcome potential
barriers with finite height εb before they relax to the S-state even when the latter is
more stable: S(F)-region. This barrier has been observed in a number of materials
in the study of coexistent emission bands from F- and S-excitons, with εb being
estimated in alkali halides by Luschchik et al.,41 Hayashi et al.,42 Nishimura et al.43

and Khiem and Nouhailhat44 from the decrease in temperature of the intensity of
the emission bands from the metastable F-excitons. In general, the emission band
from the self-trapped exciton is Stokes-shifted from the absorption peak and has a
large width due to the strong lattice relaxation in contrast to that from the unrelaxed
free exciton which is a resonant sharp line, as will be described in Chapter 10.
The temperature dependence of the intensity ratio of the two types of emission
bands in pyrene and α-perylene, as studied by Matsui et al.,45 indicates that the
populations of the F(metastable)- and S(stable, excimer)-states are in quasi-thermal
equilibrium (in contrast to the case of alkali halides), wherefrom they estimate the
energy difference between the two states.

It is worth noting that the holes and excitons are self-trapped in AgCl but are free
in AgBr in spite of the similarity of the two materials in the electronic structures
of their ground and unrelaxed excited states. It indicates that the carriers (holes
and excitons) in the two materials are to be located probably close together but
definitely on different sides of the discontinuity line, as shown in Fig. 9.12. Even
more direct evidence for the discontinuity line is provided by the observation by
Kanzaki, Sakuragi and Sakamoto46 of the abrupt change of the exciton emission
bands of AgBr1−x Clx alloys from the F-type to the S-type as the composition
x exceeds 0.45. The mobility measurements in AgBr by Hanson47 and TlBr by
Kawai et al.48 indicate that the positive holes in these materials are to be allo-
cated to the F(S) region: the anomalous decrease in their mobilities with increasing
temperature can be explained only by assuming a metastable S-state a fraction of
an electron-volt above the F-state.49 According to Takahei and Kobayashi,50 ex-
citons in thallous halides are also near the marginal situation: although they are
F-type both in TlBr and TlCl, they are subject to extrinsic (impurity-assisted) self-
trapping in TlCl:Br; the impurity-bound excitons appear only in the luminescence
(Stokes-shifted broad band, indicating a significant lattice relaxation) and not in the
absorption spectra. Extrinsic self-trapping51,52 will be described in more detail in
Section 13.7.
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9.6 Microscopic structures of self-trapped electrons, holes and excitons

According to the foregoing section based on the continuum model of the lattice,
the self-trapped electron, in contrast to the free electron, wants to take as small
an extension as is compatible with its finite transferability to neighboring sites
on the given structure of the lattice. For the study of the self-trapped state itself,
therefore, it is of primary importance to consider its local microscopic structures,
which however vary depending on the material being examined. Rather than at-
tempting a systematic classification or theoretical deduction of this variety, we will
first describe individual examples of self-trapped electrons, hole and excitons found
experimentally in various materials and then explain them on the basis of (i) the
atomic origins of the conduction, valence and exciton bands, (ii) the nature of bonds
forming the crystal lattice and (iii) the types of electron–phonon interaction. See
also the book by Song and Williams53 for an extensive study of these problems
based on the quantum-mechanical calculation to solve self-consistently the elec-
tronic structures and atomic rearrangements of the self-trapped excitons in various
materials.

The simplest insulator consisting of a single element is the rare gas, in its gas,
liquid and solid phases. Rare-gas atoms, due to their closed-shell structures, can
exert only a weak van der Waals force upon each other, resulting in small cohesive
energies and low melting points (He, due to its light mass and large zero-point
motion, remains a liquid down to 0 K, and can be solidified only under applied
pressure, being the only such element). It is for this reason that the gas, liquid and
solid phases of the same rare-gas element have more or less similar absorption
spectra, the corresponding lines being only slightly displaced among the different
phases. The same applies to some extent even to the emission spectra, namely to
the relaxed excited states,54 as will be seen later.

Relaxed electrons in solid and liquid 4He and in liquid Ne are considered to
be self-trapped,55 in view of their mobilities, as low as 10−4–10−2 cm2 V−1 s−1,
the regime of the hopping motion. In fact, a bubble, a cavity in the medium, is
formed around the electron, due to the negative electron affinity (measured to
be −1.05 eV in liquid He, and −1.3 eV in Ne though in the solid state, referred to
the vacuum level as zero) which makes the electron repel the surrounding medium.
It corresponds to the negative deformation potential �c in our terminology which,
if large enough, results in the self-trapped state with dilation of the surrounding
lattice (see Section 9.4). The effective mass of this negative carrier in liquid He
was experimentally obtained56 as m∗

− = 76M(4He) which corresponds to a 12 Å
radius of the cavity. The electronic structure and the cavity radius were discussed
by Fowler and Dexter57 in terms of competition between the kinetic energy of
the confined electron and the surface tension of liquid He. The electrons in solid
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Ne, and in solid and liquid Ar, Kr and Xe have high mobilities of the order of
thousand cm2 V−1 s−1 and are considered to be in the nearly free state. The electrons
in solid Ne are presumed to be particularly close to, but still below the critical con-
dition for self-trapping in view of the situation in the liquid case mentioned before
and also of the later statement on the formation of a bubble around an exciton.

In contrast, the positive hole in solid and liquid He II is considered to produce a
cluster of He atoms, called a snow-ball,58 with effective mass m∗

+ = 45M(4He) in
the solid. It seems to be a self-trapped state due to a positive deformation potential
resulting in contraction of the surrounding lattice. The large radii of the bubbles
and the snow-balls are to be ascribed to the small cohesive energies (as seen from
the low melting points) of He and Ne.

Positive holes in other rare-gas solids also have low mobilities, less than
10−2 cm2 V−1 s−1, and are considered to be in the self-trapped state of a molecular
type: R+

2 (R denotes a rare-gas atom) in analogy to the self-trapped holes in alkali
halides with a well-established molecular structure. The valence bands in solid rare
gases (except He) originate from the highest occupied np-shells (n = 2, 3, 4 and
5 for Ne, Ar, Kr and Xe respectively) while the valence bands of alkali halides
originate from the highest occupied np-shells of halide ions (n = 2, 3, 4 and 5 for
F−, Cl−, Br− and I− respectively). The self-trapped hole was first found in an alkali
halide by Känzig25 who determined its structure, unambiguously, with the use of
electron spin resonance experiments, to be of a molecular type: X−

2 (X denotes a
halogen atom). The triply-degenerate atomic p-orbitals are oriented perpendicularly
to each other, and tend to form a covalent bond with the p-orbital of opposite sign
of a neighboring atom if both atoms come closer to each other than their normal
distance in the lattice. To be more exact, in a closer pair of X−, two electrons occupy
the bonding orbital and two the antibonding orbital, the remaining eight being in
orbitals perpendicularly oriented and irrelevant to our problem. The destabilized
antibonding orbital tends to release one of the paired electrons by recombining
with a positive hole, if one such is wandering about. Namely, a positive hole can
be captured by a pair of X− if the latter are sufficiently closer than the normal
distance, thus forming a stable center: X−

2 . One could describe this simply as the
result of a positive hole attracting a pair of X− together, but what is important here
is the oriented nature of degenerate p-orbitals, in contradistinction to the unoriented
s-orbitals which in fact cannot form a molecular-type self-trapped state as far as the
available experiments are concerned. In fact, the only example of a molecular-type
self-trapped electron is in PbCl2 and PbBr2,59,60 whose conduction bands originate
from the 6p-orbital of Pb (note that p-originated conduction bands are rather few
among simple insulators).

The relaxed state of an exciton naturally reflects the natures of those of their
consituents, the electron and the hole. The most intense emission bands in all
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condensed rare gases are considered to originate from molecular-type self-trapped
excitons, as seen from their resemblance to those of the excimers (excited dimers:
X∗

2) in the gases exploited in “excimer lasers”. The bond formation is ascribed to
the positive hole in the p-originated valence band in Ne, Ar, Kr and Xe, but rather to
the resonant transfer of the 1s → 2p excitation energy in the case of He (the same
mechanism may partly be responsible to the formation of excimers in the above rare
gases); the positive hole in He is 1s-orginated while the excited electron is busy in
forming the bubble around the already relaxed molecular-type exciton. In the case of
condensed He, there appears also a weaker emission band with vibrational structures
(characteristic of a molecule) closer to the absorption band, which corresponds
to the initial stage of excimer formation. The condensed Ne has both the atomic
(a)- and molecular (m)-type self-trapped excitons (STE). According to the time-
resolved absorption spectroscopy of solid Ne under electron pulse excitation due
to Suemoto and Kanzaki,61 the a-STE is initially formed, followed by the growth
of a bubble around it whose rate is determined by the inward diffusion of thermal
vacancies as is evidenced by the same activation energy. At a later stage (or if
induced by laser irradiation), the m-STE is formed which also is followed by the
growth of a bubble around it. It seems that the positive hole contributes to the
formation of an excimer while the electron to the formation of bubbles around a-
and m-STEs. It is the negative electron affinity of Ne that produces the a-STE as a
relaxed excited state in addition to the m-STE.

The role of an electron in m-STE is different in ionic crystals, due to the Coulomb
interaction between the electron and the ions. For instance, the contraction of the
X− X− distance due to the self-trapped hole in an alkali halide causes a fractional
anion vacancy at each end of the X−

2 center. So to speak, the net positive charge,
+e, of the m-STH (self-trapped hole) is divided into two centers at these fractional
vacancies. The electron captured by this two-centered Coulomb potential may cause
instability of this atomic configuration against the displacement of X−

2 as a whole
in either of two directions along its molecular axis which results in the formation
of an entire anion vacancy.

Song and collaborators62 pointed out, on the basis of their theoretical calcula-
tions, that the most stable state of self-trapped excitons in many alkali halides is in
such an off-centered configuration (with broken inversion symmetry) instead of the
on-center configuration which had thus far been accepted. The off-center STE is, so
to speak, the nearest pair of F- and H-centers, while more distant pairs correspond
to what had been considered as the independent defects formed by irradiation. The
symmetry-broken STE in alkali halides can also be considered as an example of the
self-decomposed exciton, Se : Sh, which had been predicted by A. Sumi;39 as far as
the anion sublattice is concerned, the positive hole and the electron want, respec-
tively, to contract and dilate the surrounding lattice, namely through positive and
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Fig. 9.13 The correlation between the Stokes shift of exciton luminescence (the ordinate)
and the Rabin–Klick parameter (the abscissa) in various alkali halides, indicating three types
of lattice relaxation in increasing order of magnitude. (1) STE, (2) monomer (m) and (3)
dimer (d) mean an exciton self-trapped around a nearest pair of (1) host halogen atoms,
(2) host and guest (impurity) atoms and (3) guest halogen atoms, respectively. Reproduced
from Kan’no, Matsumoto, Kayanuma.63

negative deformation potentials (�h > 0, �e < 0), which are compatibly realized
when the electron and the hole are a little decomposed, as they are. Kan’no et al.
showed,63 on the basis of careful analysis of their time-resolved spectroscopy of
emission spectra and by correlating the available data on the Stokes shift (a mea-
sure for the strength of lattice relaxation for self-trapping) with the Rabin–Klick
parameter (the ratio of the gap distance between adjacent halide ions to the di-
ameter of a halide ion) as shown in Fig. 9.13, that STEs in alkali halides can be
unambiguously classified into three types: (I) on-center, (II) weakly off-center, and
(III) off-center types. This tendency is qualitatively consistent with calculations by
Song and collaborators.62 The long-standing confusion on the interpretation of the
varied emission spectra of STEs has been clearly resolved by these two groups.

PbCl2 and PbBr2 belong to very few examples of both the electron and the
positive hole being relaxed into an m-exciton, the electron at a pair of cations (the
conduction band originates from the 6p-orbits of Pb) and the positive hole at a pair
of anions (the valence band from the hybrid np-orbits of the halogen and 6s-orbit of
Pb). Iwanaga, Watanabe and Hayashi64 observed long-lived blue–green emission
mainly excited under ionizing radiation and short-lived blue emission under light,
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creating an exciton. The former seems to be the tunneling recombination radiation
of separated pairs of STH and STEL (self-trapped electron), while the latter to
be the recombination radiation of the adjacent pairs (a modified form of the self-
decomposed exciton), though this assignment is as yet tentative. The reason why
self-trapping of the p-electron appears only in a heavy metal (such as Pb) compounds
will be mentioned in Section 13.1.

A different type of a-STH and a-STE were found in AgCl whose valence band
consists of hybrid Cl 3p-orbit and Ag 4d-orbit. The ESR study of STH shows its
tetragonally distorted lattice configuration, indicating that the STH consists mainly
of an Ag 4d-orbit.65 The STE is considered to consist of an electron weakly bound
by this STH. The absence of STH and STE in AgBr which has a similar electronic
structure provides evidence of the discontinuity line in the phase diagram of Fig. 9.8
caused by short-range hole–phonon and exciton–phonon interactions.
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Optical spectra of exciton in the phonon field

Overview

In this chapter, we will be concerned with one of the principal subjects of this
book, the spectroscopic study of microscopic dynamical processes in matter, with
the exciton in the phonon field as a model system. The linear response of matter
to an electromagnetic wave of definite frequency reveals a component, with the
same frequency, of the motion of the charged particles (electrons and nuclei) in the
matter. The linearity of this response is usually assured under not-too-intense light
due to the weak radiation–matter interaction. Therefore, the frequency dependence
of the linear response such as the lineshape of absorption spectra (imaginary part
of susceptibility apart from an unimportant factor), tells us what is going on in the
microscopic world.

Both light and matter have the dual nature of wave and particle and obey the
uncertainty principle of quantum mechanics, facts which govern all aspects of
the spectroscopic study of matter. An exciton, a typical elementary excitation in
an insulating solid, behaves as a quasi-particle with definite dispersion (energy–
momentum relation), and can be created by annihilation of an incoming photon.
Due to the energy–momentum conservation rule, this elementary process can take
place only with a photon with definite energy equal to that of the exciton with the
same wave vector; namely, the absorption spectrum consists of an infinitely sharp
line. Monochromatic light with infinite duration time corresponds to an exciton
with definite energy and hence infinite lifetime. However, a real exciton, which is
under a fluctuating potential field due to lattice vibrations, has a finite lifetime τ
of being scattered to states with different wave vectors, and the resulting energy
width ��h/τ of the exciton is reflected in the lifetime broadened Lorentzian spectrum.
Namely, the shape and width of the absorption spectrum tells us about the exciton
scattering by lattice vibrations (Section 10.2).

192
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If the amplitude of the local potential fluctuation is larger than the intersite trans-
fer energy, one should consider a localized exciton subject to occasional transfer
to a neighboring site, rather than a free exciton subject to occasional scattering.
In this situation, the fluctuation of local potential obeying a Gaussian distribution
is directly reflected in a Gaussian lineshape of the absorption spectrum. The two
contrasting pictures, the localized and delocalized (free) excitons, are on the oppo-
site extremes of the position–momentum uncertainty. In fact, the gradual transition
from a localized to a delocalized exciton as reflected in the spectral shape and width,
known as motional narrowing, takes place as the intersite transfer energy exceeds
the local fluctuation energy, thus preventing the exciton from experiencing the latter
to its full extent in accordance with the uncertainty principle (Section 10.3).

In the low-energy tail of the absorption spectrum away from its peak, however, the
momentarily localized states of an exciton under temporal and spatial fluctuations
show up even in the case of weak exciton–phonon scattering (Section 10.6). The
duration time of this momentary localization is of the order of (or less than) the
reciprocal of energy distance between the peak and the tail region we are concerned
with, according to the uncertainty principle.

In this way, the spectral shape of an exciton line is, so to speak, a window or a
slit through which one can look into the microscopic world. In the case of multiple
exciton lines corresponding to different internal states, or of multiple slits in our
analogy to quantum mechanics, the interference of beams from different slits –
from different internal states as intermediate states – shows up in the spectral
anomaly (Section 10.2), known as the Fano effect in atomic spectroscopy. The
matrix elements of the exciton–phonon interaction between different internal states,
which are responsible for this interference effect, are also relevant to the polaron
effect of the electron–hole relative motion (Section 10.1).

The quantal aspect of the fluctuation due to lattice vibrations shows up as
phonon structures in the spectra (Sections 10.4 and 10.5), in a way which depends
upon the situation. In the motionally-narrowed situation, the phonon structures
are implicitly contained in the energy dependence of the width function in the
Lorentzian expression of lineshape, while in the opposite situation they show up
more directly as multiple phonon sidebands through the exciton–phonon coupling
function.

While the absorption spectra tell us about the behaviors of an exciton immedi-
ately after its creation, the emission spectra tell us about the behavior immediately
before its annihilation. This means also that one can speculate about the exciton
behavior between its birth and death by studying the correlation of absorption and
emission spectra (Section 10.6). Since the radiative lifetime of an exciton is finite,
the two spectra are not entirely independent of each other. In fact, with high enough
sensitivity and resolving power one can in principle find, in the absorption spectra,
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the faint zero-phonon line due to the self-trapped state which can be reached only
after quantum tunneling from the free state in real time. This does not contradict
the uncertainty principle since one is concerned here with an extremely sharp zero-
phonon line whose recognition needs extremely long time, both being limited by
the radiative lifetime of the self-trapped exciton. In the case of no self-trapping,
the emission spectrum of a direct exciton is to be described in terms of polaritons
which are populated around the bottleneck (Section 10.8) in a way different from
thermal equilibrium due to their finite lifetime.

Readers, after having finished this chapter, are recommended to come back here
to confirm or to reinterpret, in their own ways, what has been stated in this overview.
A more explicit pursuit of the exciton dynamics throughout its entire life span can
be performed by time-resolved spectroscopy or pump-and-probe type experiment,
as will be described in later chapters.

10.1 Exciton–phonon interaction and the polaron effect of an exciton

While the exciton is an elementary excitation in a many-electron system, each
electron (i = 1, 2, . . .) is subject to the phonon interaction HI(ri ), as given by
(9.1.17) and (9.4.3) in the cases of optical and acoustic mode, respectively. Con-
fining ourselves to a single-exciton subspace, let us calculate the matrix element
of the scattering of an exciton between different states �λK . Noting that they are
a linear combination of the type (8.3.2), and that the matrix element between the
one-electron excited states �νµkK on the r.h.s. of (8.3.2) is given as the sum of
those of electron–phonon and hole–phonon interactions with respective coupling
coefficients Vc(q) and −Vv(q), one obtains1,2

∫ ∫
· · · dr1dr2 · · ·�∗

λK

[∑N

i=1
HI(r i )

]
�λ ′K ′

= Vλλ ′(K − K ′)bK−K ′ + V ∗
λλ ′(−K + K ′)b†

−K+K ′, (10.1.1)

where

Vλλ ′(q) ≡ Vc(q)ηλλ ′(peq) − Vv(q)ηλλ ′(−phq), (10.1.2)

ηλλ ′(q) ≡
∫

d RF ′
λ(R)F ′

λ ′(R) exp(iq·R), (10.1.3)

pe,h ≡ mh,e/(me + mh). (10.1.4)

The form factors ±ηλλ ′(±pe,hq) represents the effective charges of the electron and
the hole in the exciton seen by the phonon q when the exciton is scattered from λ ′ to
λ of the internal motion. Note that ±pe,h R represent the coordinates of the electron
and the hole, respectively, relative to their center-of-mass coordinate.
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For the intraband (here the band means an exciton band) scattering of a 1s exciton
(λ = λ ′ = 1s), as an example, one obtains

η(q) = [1 + (aBq/2)2]−2 (10.1.5)

since F1s(R) ∝ exp(−R/aB). This means that those phonons with wavelengths
2π/q larger than the exciton radius aB are ineffective for scattering the exciton
due to the cancellation effect among different phases of the wave. In the case of
optical phonon interaction for which Vc(q) = Vv(q) (electrostatic potential being
common), we have moreover the cancellation effect at long wavelengths of the
intraband scattering due to the charge neutrality of an exciton, as seen from

V1s,1s(q) = Vc(q){[1 + (peaBq/2)2]−2 − [1 + (phaBq/2)2]−2}. (10.1.6)

Since V1s,1s(q) ∝ q in contrast to Vc(q) ∝ q−1 for small q, the exciton has no long-
range interaction with optical phonons. This is the reason why the exciton always
(a single electron or hole not always!) has to surmount a potential barrier of finite
height before it is relaxed into a self-trapped state even if the latter is more stable,
as mentioned in Sections 9.5 and 9.6 and in particular in connection with Fig. 9.12.
A more eleborate study of this problem is presented in Ref. [3], where the coupling
coefficient (10.1.6) for a free exciton should be used to study how the potential
ascends (rises) towards the barrier although the situation changes completely as
soon as self-localization starts.

While the intraband scattering matrix elements are subject to the partial (com-
plete in the particular case of pe = ph) cancellation of the electron and hole charge
distributions, the interband elements cause mixing among different internal states,
resulting in a change in the relative motion. Haken4 started from a pair of an
electron polaron and a hole polaron instead of a bare electron–hole pair as mentioned
above, and described this problem in terms of the effective potential between the
electron polaron and a hole polaron, which turned out to be given by −e2/4πεer
and −e2/4πεsr at an electron–hole distance r small and large, respectively, com-
pared to the sum of the polaron radii.

Extensive calculations of the renormalized exciton states were performed by
Matsuura and Büttner,5 with the use of a variational method first proposed by
Pollmann and Büttner.6 The point of this method consists in the determination
of the electron–hole relative motion self-consistently with the renormalization
of the translational motion by a Lee–Pines-type canonical transformation (see
Section 9.2). The important results of the calculation are as follows. The polaron
effect is insignificant for excitons with binding energy much larger than the optical
phonon energy and hence with radius aB much smaller than the sum of the polaron
radii due to the cancellation effect in conformity with (10.1.6). The polaron effect is
significant for excitons with larger radius and with much different electron and hole
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effective masses. The consequence of their study on the optical phonon sideband
will be mentioned in Section 10.4.

In the case of the acoustic mode interaction, the deformation potential constants
�e and �h are independent quantities. The cooperative or destructive cases appear
according as they have the same or opposite sign, instead of the cancellation ef-
fect mentioned above, as was also mentioned in connection with self-trapping in
Section 9.6.

10.2 Phonon-induced interference in multicomponent exciton spectra

The effect of phonons on the exciton spectra have various aspects which have
been studied more or less independently. The first is the temperature-dependent
shifts and widths of exciton lines2 – the direct exciton transitions represented by
vertical arrows (g → λ ′0) in Fig. 10.1 which is the energy scheme for one-electron
excitations in an insulator. The second is the phonon-assisted (shown by wavy
arrows) indirect exciton transitions7 (g → λ ′0 → λK in Fig. 10.1) contributing to
the continuous spectra (because of continuous exciton band EλK in the final states)
which form the tail parts of the broadened exciton lines. The third is the interference

Fig. 10.1 Mutichannel indirect transition consisting of optical creation (straight arrows) of
an exciton with simultaneous emission or absorption of a phonon (wavy arrows).8
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effect8 between different exciton lines caused by the fact that there are different
intermediate states λ ′ 0 to reach the same final state λK , as shown by different
sets of vertical followed by wavy arrows. The fourth is the phonon-originated fine
structures (such as steps and even distinct peaks) in the exciton spectra, which
are concealed in the energy dependence of the width function �(E).9 All of these
aspects can be incorporated into a unified theory as seen in the following heuristic
derivation.

Let us start with the second-order perturbation theory for the indirect exciton
spectra. Apart from unimportant factors, the rate of this second-order process –
through various intermediate exciton states λ ′ 0 by virtual absorption of a photon
with energy E , to the final state with the exciton being scattered to λK by simul-
taneous emission or absorption of a phonon with wave vector +K – is given by

F(E) =
∑

λK s±

∣∣∣∑
λ ′(HI)

(s±)
λKλ ′ 0 Pλ ′g/(E − Eλ ′ 0)

∣∣∣2
×δ(EλK ± ��hωs,∓K − E). (10.2.1)

Here Pλ ′g is the matrix element of the polarization density for the optical transition
(g → λ ′ 0) and

(HI)
(s±)
λKλ ′ 0 =

{
V (s)∗
λλ ′ (−K )(ns,−K + 1)1/2

V (s)
λλ ′(K )(ns,K )1/2

(10.2.2)

represents the matrix element for exciton scattering λ ′ 0 → λK by emission (+) or
absorption (−) of a phonon of the sth branch. The thermal average over the phonon
numbers, ns,K , is to be taken on the r.h.s. of (10.2.2).

It is convenient to introduce the second-order self-energy matrix ΣK ′(E)
defined by

Σλ ′λ ′′K ′(E) ≡ ∆λ ′λ ′′K ′(E) + iΓλ ′λ ′′K ′(E)

=
∑

λK s±(HI)
(s∓)
λ ′K ′λK (HI)

(s±)
λKλ ′′K ′

×{P[E − EλK + ��hωs,∓(K−K ′)
]−1

+ iπδ
[
E − EλK + ��hωs,∓(K−K ′)

]}
. (10.2.3)

The real and imaginary parts of a diagonal element (λ ′ = λ ′′) of this matrix are the
self-energy and the half-width, respectively, of the λ ′K ′ exciton in the lowest order
of the perturbation theory. It is easy to see that the matrices ∆ and Γ are Hermitian,
with Γ being non-negative. Similarly we define a diagonal matrix HeK with its (λλ)
element being given by the exciton energy EλK , and a one-column matrix P with
its λth row element given by Pλg and its adjoint one-row matrix P†. We can then
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rewrite (10.2.1) more compactly, with the use of the matrix representation, as

F(E) = π−1
∑

λ ′λ ′′ P
†
gλ ′(E − Eλ ′ 0)−1

Γλ ′λ ′′ 0(E) (E − Eλ ′′ 0)−1 Pλ ′′g (10.2.4a)

= π−1 P†(E − He0)−1
Γ0(E)(E − He0)−1 P. (10.2.4b)

Decomposing the cross terms (λ ′ �= λ ′′) in (10.2.4a) as

(E − Eλ ′ 0)−1(E − Eλ ′′ 0)−1

= (Eλ ′ 0 − Eλ ′′ 0)−1[(E − Eλ ′ 0)−1 − (E − Eλ ′′ 0)−1], (10.2.5)

we can rearrange the double summation in it into a single summation:

F(E) = π−1
∑

λ
fλ[Γλλ0(E) + Aλ(E)(E − Eλ0)]/(E − Eλ0)2 (10.2.6)

where

fλ ≡ |Pλg|2, (10.2.7)

fλAλ(E) ≡
∑

λ ′(�=λ)
2Re{PgλΓλλ ′ 0 Pλ ′g}/(Eλ0 − Eλ ′ 0). (10.2.8)

The divergence of each term in (10.2.6) at E = Eλ0 is obviously an artifact of the
second-order perturbation theory. Since the intermediate state λ0 is subject to shift
and broadening as given by (10.2.3), the denominator in (10.2.6) would have to be
replaced by

[E − Eλ0 − ∆λ ′λ ′′ 0(E)]2 + [Γλ ′λ ′′ 0(E)]2

in higher-order theory. Then we obtain the asymmetric Lorentzian lineshape, as was
pointed out in Ref. [2]. For a complete formal consistency, however, the diagonal
and non-diagonal elements of the self-energy should together be incorporated into
(10.2.4a) in the matrix form:

F(E) = π−1 P†[E − He 0 − ∆0(E) − iΓ0(E)]−1
Γ0(E)[E − He0 − ∆0(E)

+ iΓ0(E)]−1 P = π−1 P†{[E − He0 − ∆0(E) − iΓ0(E)]−1 − [h.c.]}P.

(10.2.9)

In fact, it can be shown that (10.2.9) is the exact formula for the lineshape of multi-
component exciton spectra provided that the following exact expression for the
self-energy is used:

ΣK ′(E) =
∑

K s±(HI)
s∓
K ′K [E − HeK ∓ ��hωs,∓(K−K ′)

−ΣK (E ∓ ��hωs,∓(K−K ′))]
−1(HI)

s±
K K ′ + (higher-order terms).

(10.2.10)

Note that the matrix form of HI with respect to (λλ ′) has been used in (10.2.10).
See Ref. [8] for an exact derivation of (10.2.9).
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Let us diagonalize the renormalized energy matrix by a transformation TK (E)
(not unitary),

TK (E)[HeK + ∆K (E) + iΓK (E)]TK (E)−1 = H K (E) + iΓK (E). (10.2.11)

Here H K (E) and ΓK (E) are real, diagonal matrices whose λth element will be
denoted by EλK (E) and ΓλK (E), respectively, Using (10.2.11), we can rewrite
(10.2.9) as

F(E) = (2π i)−1
∑

λ

[(
P†T −1

0

)
λ
(T0 P)λ(E − Eλ0 − iΓλ0)−1 − (c.c.)

]
=
∑

λ
f λπ

−1[Γλ0 + Aλ(E − Eλ0)]/
[
(E − Eλ0)2 + Γ 2

λ0

]
(10.2.12)

where

(
P†T −1

0

)
λ
(T0 P)λ ≡ f λ + i f λAλ. (10.2.13)

Note that the renormalized quantities with overbars are E dependent. If we ne-
glect their energy dependence, each term in (10.2.12) represents an asymmetric
Lorentzian lineshape, with a dip on the low- or high-energy side of the peak ac-
cording as Aλ, the degree of asymmetry, is positive or negative. As is obvious
from (10.2.7), the expression for Aλ in the lowest-order approximation which re-
sulted from the decomposition of the cross terms (10.2.5), the asymmetry results
from the interference between different intermediate states Eλ0. It is well known
in atomic physics as the Fano effect, which takes place when a discrete spectrum
overlaps with continuous spectra of different origin (different intermediate states in
our case).

A beautiful example of the asymmetric lineshapes in multicomponent exciton
spectra was observed in the yellow series excitons in Cu2O as already shown in
Fig. 8.3. In this case of forbidden band edge (case (b) of Section 8.4), only np
excitons (n = 2, 3, . . . for discrete states, and n = k for ionization continuum) are
optically allowed contributing to the λth Lorentzian peaks in (10.2.12), while the
phonons bring these direct excitons to entire exciton states (with K �= 0) includ-
ing λ = 1s. The latter contribute to the continuous background of the absorption
spectrum (nothing other than the Lorentzian tails) which starts at the 1s band edge
(± phonon energies) reflecting its density of states. The Fano effect of a discrete
line np takes place as its interference with this continuous background absorption
although the latter comes also from various λ ′-terms of the former. In other words,
the Fano effect in this case takes place due to the interference between a direct
transition line and the indirect transition continuum.

If the bottom of the lowest exciton band λ is not at K = 0, but at K i (in general,
there is more than one point with the same symmetry in the first Brillouin zone), the
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absorption spectra at T = 0 starts as [E − (E K i + ��hωs,−K i )]
1/2 for each phonon

mode s reflecting the density of exciton states which rises as [E − E K i ]
1/2 (see

(10.2.3) for Γ(E)). At finite temperature, the absorption edge consists of several
such steps with phonon absorption as well as emission,7

F(E) =
∑

s
Cs{ns,K i [E − (E K i − ��hωs,K i )]

1/2

+(ns,K i + 1)[E − (E K i + ��hωs,K i )]
1/2} (10.2.14)

where [· · ·]1/2 is to be taken as zero when the argument is negative. If symmetry
forbids the scattering of any of the optically-allowed excitons λ ′ 0(Mλ ′g �= 0) to
λK i by the (s, K i ) phonon, the exponent of the sth absorption edge is three-halves
instead of one-half since the (λ ′0 → λK ) scattering matrix element increases pro-
portionally to |K − K i |.

The direct absorption edge of the form (10.2.14) has been observed in a variety
of crystals such as Si, Ge7 and silver halides.10 In thallous halides with the exciton-
band bottom at the corner point (R) of the first Brillouin cube, all phonon modes
are forbidden due to the high symmetry of the R point, and all edges rise with
three-halves power of energy.11

Other types of phonon structures concealed in the energy dependence of �(E)
will be described in Section 10.4.

10.3 Motional narrowing of exciton linewidth

We are now in a position to study the linewidth W (to be defined as full width at
half maximum, hereafter) of the exciton λ which according to the general formula
(10.2.12) is given by 2Γλ0(Eλ0) (��h times the reciprocal scattering time τλ0 of the
optically-produced exciton λ0 by phonons of various modes), provided (i) the en-
ergy dependences of the renormalized quantities (the ones with overbars, inclusive
of Γλ0(E) itself) are negligible and (ii) the degree of asymmetry, Aλ, vanishes.
We will for the moment confine ourselves to the lowest exciton line for which
condition (ii) holds since the line is not subject to superposition of background ab-
sorption due to higher exciton bands. Condition (i) holds approximately, for weak
exciton–phonon coupling, if Eλ0 is neither at the bottom nor at the top of the exciton
band EλK since the state density ρλ(E) ≡ ∑

K δ(E − EλK ) can be approximated
by a constant within the range ±Γλ0 of E = Eλ0 if a possible anomaly due to the
van Hove singularity is negligible. One must be more careful in the bottom (top)
case since the energy dependence of Γλ0(E) plays a crucial role for the lineshape.
Neglecting the phonon energies for the moment, one obtains the width function
from (10.2.2,10.2.3)

2Γλ0(E) = ��h/τλ0 = 2π
∑

K,s

[∣∣V (s)(K )
∣∣2(2ns,K + 1)

]
δ(E − EλK ). (10.3.1)
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If the quantity [· · ·] is independent of K as is the case for long-wavelength acoustic
phonon scattering of an exciton near the band bottom (note that the form factor η
defined by (10.1.3) can be approximated by unity, |V (s)(K )|2 ∝ K (see (9.4.3)) and
(2ns,K + 1) � 2kBT/��hc�K ), one can rewrite (10.3.1) as

2Γλ0(E) = 2π
[

N
∑

s

∣∣V (s)(K )
∣∣2(2ns,K + 1)

]
N−1ρλ(E). (10.3.2)

For qualitative purposes, one can replace the factor N in [· · ·] by summation over
all K. The sum can be written as D2 similarly to (4.3.12). In fact, D2 represents the
mean squared amplitude of the local potential fluctuation to which the exciton is
subject. One can thus write the width function, irrespective of the position of Eλ0

within the band [EλK ], as

2Γλ0(E) ∼ 2πD2 N−1ρλ(E). (10.3.3)

If Eλ0 is neither at the bottom nor at the top of the band λ, one can replace the
normalized density of states N−1ρ(Eλ0) by its average 1/2B for an order of mag-
nitude estimation, where 2B is the width of the exciton band. The resulting width
is estimated as

2Γλ0 ∼ (π/2)D × (D/B). (10.3.4)

This means that the linewidth W = 2(2 ln 2)1/2 D for the localized excitation (see
(4.3.10) to (4.3.12)) is reduced by a factor ∼(D/B) due to the translational mo-
tion of excitation for a wide-band exciton: B � D (weak scattering condition
as it is called).1 This is an example of the motional-narrowing effect which is
well known in the visible to microwave spectroscopy of moving entities.12,13 In
our case, the exciton is transferred to a neighboring site within a time ∼��h/B,
which is shorter than the minimum time ��h/D required by the uncertainty principle
for that exciton to fully experience the local fluctuation D. The width is propor-
tional to T at high temperatures due to (4.3.12), in contrast to T 1/2 for a localized
excitation.

If Eλ0 is at the bottom of the exciton band as was often assumed in Chapter 8, the
situation is more complicated since the energy dependence of �λ0(E)(∝ ρ(E) ∝
(E − Eλ0)1/2 above, and = 0 below, the band bottom E = Eλ0) plays a crucial role.
Qualitatively, one can determine the width self-consistently by putting

E − Eλ0 = Γλ0(E). (10.3.5)

As it implies, one has to take the value of the width function Γλ0(E) at the
peak energy E of the absorption spectrum which is presumably a half-width Γλ0

above the band bottom Eλ0. Assuming a parabolic exciton band which ends at
K0 with total bandwidth 2B = ��h2 K 2

0/2mex, one can write the normalized density
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of states as

N−1ρλ(E) = (3/4
√

2)B−3/2(E − Eλ0)1/2. (10.3.6)

Putting this into (10.3.5), one obtains the linewidth:

Wλ ∼ 2�λ0(E) ∼ (9π2/16)D × (D/B)3 = (9π2/4)
(
E (ac)

R

)2
B−3(kBT )2,

(10.3.7)

where E (ac)
R ≡ (�e +�h)2/2Ca3

0 (10.3.8)

(see (4.3.12) and (9.5.6)). Namely, the motional-narrowing effect is much more
significant than in (10.3.4).14 The T 2 dependence of the linewidth Wλ indicates that
two-phonon scattering (instead of one-phonon) makes a dominant contribution to
the width. In fact, eq. (10.3.5) indicates that a typical exciton with wave vector K
contributing to the width satisfies

τλ0(K ) ∼ τc(K ) (10.3.9)

where τc(K) is the duration time of an exciton–phonon collision given by

τc(K ) = (2π/K )/(��hK/mex), (10.3.10)

namely, the de Broglie wavelength of an exciton divided by its velocity. Equa-
tion (10.3.9) indicates that excitons with wave vector K or smaller (for which the
equality ∼ in (10.3.9) is to be repaced by the inequality< since τλ0(K ) ∝ K−1) are
subject to successive collisions inseparably. In other words, simultaneous two- and
multiphonon scatterings predominate over one-phonon scattering.

A more elaborate calculation with higher-order phonon scatterings taken into
account in the self-energy expression (10.2.3) endorses this. The convergence in
summing the higher-order terms is so slow that one has to devise a method of
extending the summation to infinity. One such calculation which considers all terms
up to the sixth-order scatterings and a part of the higher-order (up to infinity) ones
has been performed.15 The resulting lineshape is strongly asymmetric with a high-
energy tail as is expected, with linewidth of the same form as (10.3.4) but with a
constant factor 6.3 times as great.

The continuous transition of the spectral feature from the weak to the strong
scattering limit, namely from the motionally-narrowed type to the local fluctua-
tion type, as a function of D/B, has been studied by Sumi16 with the use of the
coherent potential approximation (CPA, see Section 8.7). The fluctuation of local
potential En is assumed to have a Gaussian distribution with dispersion D as is
the case for localized excitation with linear interaction with a harmonic lattice de-
scribed in Chapter 4, while the state density of the unperturbed exciton band is
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Fig. 10.2 Optical absorption spectra (solid lines) and density of states (dashed lines) of an
exciton for various values of scattering strength (D/B)2 which is proportional to tempera-
ture. Energy is measured from the band center in units of B. Due to Sumi.16

assumed to be of semi-spherical form with total bandwidth 2B as in eq. (8.9.1).
The optically-allowed exciton state, K = 0, is assumed to be at the bottom of this
band. Figure 10.2 shows how the calculated spectra (solid line) and the density of
states (dashed line) change as the fluctuation D increases against B (energy unit).
If the abscissa is rescaled in units of D, one can see how the spectral width gets
motionally narrowed as B increases against D (see the figure arranged in reversed
order).

The above statements are based on the approximation of elastic scattering in
which the phonon energies are neglected against the kinetic energy of the exciton.
However, the finiteness of phonon energies removes the singular nature of the band
bottom scattering mentioned above to a certain extent. The optically-created exciton
at K = 0 can be scattered to Kac or Kop by absorbing an acoustic or optical phonon,
with wave vector and energy conservation:

��h2 K 2
ac/2mex = ��hc�Kac ≡ ��hωac = 2mexc2

� ≡ kBTac, Kac ≡ 2mexc�/
��h,

(10.3.11)

��h2 K 2
op/2mex = ��hω� ≡ kBTop, Kop ≡ (2mexω�/

��h)1/2. (10.3.12)
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The corresponding linewidths are given by

2Γac = [exp(Tac/T ) − 1]−1
[
E (ac)

R /2π
]
(Kaca0)3, (10.3.13)

2Γop = [exp(Top/T ) − 1]−1
[
E (op)

R

]
(Kopa0)

×[{1 + (��hω�/4Ryex)(mh/me)}−2

−{1 + (��hω�/4Ryex)(me/mh)}−2]2, (10.3.14)

where E (ac)
R and E (op)

R defined in (9.5.6) (with � ≡ �e +�h) have been used. The
form factors have been set at unity for the acoustic mode since Kacaex � 1.

The width (10.3.13) due to one-acoustic-phonon scattering becomes less than
the width (10.3.7) at a temperature T given by

T > T2 ≡ 0.01(Kaca0)B2
(
E (ac)

R

)−1
k−1

B . (10.3.15)

Since the mechanism with the greater rate is to be considered the more ap-
propriate, the multiphonon-scattering picture with elastic scattering is justified
a posteriori at this high temperature. The criterion (10.3.15) is in fact consis-
tent with the theoretical argument on the validity of elastic scattering.15 Itoh,
Watanabe and Ueta measured the width of the excitonic molecule (instead of
an exciton) in CuCl by giant two-photon absorption and analyzed its tempera-
ture dependence with the use of a one-phonon scattering rate at low tempera-
ture and a multiphonon-scattering rate at high temperatures.17 According to them
T2 = 50 K, Tac = 9.0 K, �mol = 2.6 eV and mmol = 5.29 times the free-electron
mass.

Depending upon the matter, optical-phonon scattering may be the more impor-
tant. Miyata18 found that the linewidths of the lowest excitons (which are well
separated from their spin–orbit partners and expected to allow accurate linewidth
analysis) in NaBr and NaI increase much more rapidly with temperature than would
be extrapolated from low-temperature behavior through the coth-law based on the
one-acoustic-phonon scattering model, and tentatively ascribed that to one-optical-
phonon scattering.

10.4 Motional reduction of phonon sidebands and the zero-phonon line

Let us now study the phonon structures in the exciton spectra, confining ourselves
to the absolute zero of temperature where the spectra can most clearly be resolved
into a zero-phonon line and phonon sidebands of successive orders. Since the
width function 2�0(E) for the lowest exciton (the suffix, λ = 1s, will be omitted
hereafter) at its renormalized energy E = E0 (where E K is the solution of E =
E K (E) ≡ EK + ∆K (E)) vanishes as T tends to 0, one can write its normalized
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lineshape as

π−1
Γ0(E)/[(E − E0)2 + Γ0(E)2] ∼ [1 − d E0(E0)/d E]−1

I [δ(E − E0)

+
∑

K s
(HI)

s−
0K (HI)

s+
K 0(E K + ��hωs,−K − E0)−2δ(E − E K − ��hωs,−K )]II

(10.4.1)

where contributions from other exciton bands (λ ′ �= λ = 1s) to Γ0 and A0 are ne-
glected. The first and second terms in [· · ·]II represent the zero-phonon line and
the one-phonon sideband, respectively, with their integrated intensities equal to the
first and second terms in [· · ·]I thus assuring the normalization of the integrated
spectrum of (10.4.1). (The equality of the second term of [· · ·]I and the integral of
the second term of [· · ·]II can be confirmed with the use of the dispersion relation
between the real and imaginary parts of the self-energy similar to (6.2.2, 6.2.3).)

Let us take the parabolic form of the renormalized exciton band

E K = E0 + ��h2 K 2/2mex (10.4.2)

with the renormalized effective mass mex, and define

��h�s,K ≡ ��hωs,K + ��h2 K 2/2mex. (10.4.3)

Solving this for ωs,K , one puts

ωs,K = ω∗
s (�s,K ). (10.4.4)

The functional relation between ω and� for acoustic and optical modes (s) can be
read from Fig. 10.3. If the exciton were not mobile (mex → ∞), the second term of
[· · ·]II would give the one-phonon sideband of a localized excitation, namely, ��h−1

times the coupling function defined by (4.4.8):

ss(ω) =
∑

K
(HI)

s−
0K (HI )s+

K 0(��hωs,K )−2δ(ω − ωs,K ). (10.4.5)

The one-phonon sideband of the exciton line is given in terms of the coupling
function

s̈s(�) = ss(ω∗
s (�)) · dω∗

s (�)/d� · [ω∗
s (�)/�

]2
. (10.4.6)

Equation (10.4.6) indicates that the coupling strength for the exciton is
[ω∗

s (�)/�]2(<1) times that for the localized excitation (as integrated). This is the
“motional reduction” of the phonon sideband.9 As shown schematically in Fig. 10.4
for the typical case of a wide exciton band, the reduction is much more significant
for the acoustic mode than for the optical mode. In this figure, the coupling function
s(ω), shown by dashed lines, has been estimated for a localized electron at a lattice
defect (or within an impurity atom) with s-like ground state of orbital radius rs and
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Fig. 10.3 Energies/��h = �k (thick solid lines) of the states consisting of an exciton (dashed
line) and an acoustic phonon or an optical phonon (ωK , solid lines) as functions of k.9 See
text for a detailed explanation.

Fig. 10.4 Coupling function s̈(�) for an exciton (solid line) is compared schematically with
the corresponding coupling function s(ω) for a localized excitation (short-dashed lines).9

For shallow excitons, exciton-phonon bound state (EPBS, long-dashed lines) may split off
from the optical branch s̈op(�).20
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p-like excited state with rp(� rs) in a typical ionic crystal, with S ≡ ∫
dωs(ω)

behaving as was shown in Fig. 4.15 as a function of rs(� a0) (or rp(<a0)) (note
that the electron radius closer to the lattice constant is more effective for the coupling
strength S, see Section 4.8).

While sac(ω) rises linearly with ω, s̈ac(�) reaches its maximum quite soon, at
� ∼ mexc2

� /2
��h = ωac/4 (see (10.3.11)), and the motional reduction of the coupling

strength given by S̈ac/Sac is of the order of (ωac/ωm)2[ln(ωm/ωac) − 2] where ωm

is the maximum point of s(ω). Assuming (ωac/ωm) to be of the order of 10−2 as is
typically the case, one obtains a reduction factor ∼10−4. Since the energy separation
between the zero-phonon line and the acoustic phonon sideband is also as small
as 10−4 eV, they are unseparable (as is the case in most inorganic insulators and
semiconductors) if the former is subject to inhomogeneous broadening of the same
order due to crystal imperfections.

If the self-trapped state is more stable, the bottom of the free-exciton band which
would be obtained by finite order renormalization is a metastable state with fi-
nite lifetime due to the quantum-mechanical tunneling to the former, and the true
zero-phonon line is the optical transition to the self-trapped state (below the free
state), with oscillator strength being reduced to exp(−S) times that of free state
which is too small to be observed when S > 10 (the situation found in typical ionic
crystals with self-trapping).

The strength of the two-acoustic-phonon sideband of an exciton which can be
calculated with the higher-order terms included in (10.2.10) is not given by S̈2

ac/2!
as in the localized excitation. In fact, it is much larger, larger even that S̈ac, being
of the order of (ωac/ωm)Sac which can be comparable to the zero-phonon line.

In this way, the multiphonon structures in exciton spectra are completely different
from those of localized excitation as far as the acoustic branch is concerned, except
for those molecular crystals with exciton transfer energy as small as the average
acoustic-phonon energy. Except at very low temperatures, the acoustic-phonon
structures do not show up in exciton spectra and, in most cases, the overall lineshapes
have been analysed without decomposing them into multiphonon structures.

The difference between the multiphonon structures of localized excitation and
those of an exciton is less drastic for the optical branch. Assuming a small electron–
hole effective mass ratio, one can estimate the motional reduction factor: S̈op/Sop ∼
rh · kp ∼ O(10−1) where rh is the orbital radius of the hole in the exciton and kp is the
reciprocal polaron radius defined by (9.1.16). In fact, an optical-phonon sideband
has been observed at an energy somewhat above that of the 1s exciton plus one
optical phonon, with strength S̈op an order of magnitude smaller than Sop estimated
for the corresponding localized excitation, as seen in Fig. 10.5 which is the spectra of
NaBr due to Miyata.18 The 2s and higher excitons with larger radii can be scattered
only by longer-wavelength phonons, which means that the effective recoil kinetic
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Fig. 10.5 (a) Conductivity (σ ) spectrum of NaBr in the energy region of the � (3/2, 1/2)-
exciton. (b) LO-phonon sidebands on expanded scale. Due to Miyata.18

energy of these excitons is smaller. Namely, the larger-radii excitons behave more
like the localized excitation as far as the phonon sidebands are concerned. This is
consistent with the observation of several optical-phonon sidebands of 2s excitons
in the reflection spectrum of KI with intervals almost equal to the optical-phonon
energy due to Baldini et al.,19 as seen in the inset of Fig. 10.6. A weak hump on
the high-energy side of the 1s-exciton peak, which was tentatively ascribed to the
localized mode optical phonons because of their greater splitting energy, is now to
be ascribed to the optical-phonon sideband of the recoiled exciton as mentioned
above. These features of small- and large-radii excitons are consistent also with the
theoretical studies of the exciton polaron due to Matsuura and Büttner5 mentioned
in Section 10.1.

Depending upon the matter, there can arise a bound (or quasi-bound) state of an
exciton and an optical phonon (EP(Q)BS) due to the internal states of the former
resonating with the latter, the mechanism proposed20,21 to explain the absorption
peak somewhat below the energy of the 1s exciton plus one optical phonon observed
in some ionic crystals, such as ZnO,22 MgO and BeO,23 TlCl and TIBr.24,25 This
is an example of a final-state interaction: the interaction between two particles
simultaneouly created by optical excitation results in energy structures different
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Fig. 10.6 Reflectivity spectrum of 1s- and 2s-exciton peaks of KI. The 2s exciton is also
indicated on expanded scale in the inset. Due to Baldini et al.19

from the sum of the energies of the two particles, with possible formation of bound
states. An exciton itself is the simplest example of a final-state interaction between
the optically-created electron and hole.

Coming back to the general formula (10.2.12), both the main part of the exciton
line and its phonon sidebands are incorporated into a single Lorentzian expression,
the former through the value of the width function Γλ0(E) at the renormalized
energy E = Eλ0 as described in Section 10.4, and the latter through the energy
dependence of Γλ0(E) as has been described above. This feature is clearly seen in
Figs. 10.5 and 10.6.

10.5 Phonon sidebands of vibronic excitons in molecular crystals

We have so far considered crystals in which the exciton bandwidth is much greater
than the phonon energy. The situation is different in those molecular crystals in
which the intermolecular transfer energy te of intramolecular excitation is smaller
partly due to the smaller overlap of molecular wave functions. Moreover, the in-
tramolecular excitation consists of a series of vibronic states due to the intramolec-
ular vibrations. The normalized intensity of the nth vibronic line is given by the
Poisson distribution: In = exp(−S)Sn/n! (the squared overlap integral of the nth
vibrational state in the electronic excited state with the lowest vibrational state
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of the electronic ground state) in the case of one harmonic oscillator with linear
interaction with the electron through the coupling strength S as was described in
Chapter 4. Since the interatomic bonds within a molecule are much stronger than
the intermolecular bonds, a quantum of an intramolecular vibration is much greater
than the typical phonon energy of the lattice vibrations. Hence, it is more realistic to
consider each vibronic state as an excited state which forms its own Frenkel exciton
band, often called a “vibronic exciton”. The transfer energy of a vibronic exciton
is given by t = te exp(−S)Sn/n! since the squared transition dipole moment of a
molecule is reduced by the factor In . The transfer energy te which itself is small is
thus further reduced by more than an order of magnitude for the vibronic-exciton
band if S is greater than 3. If t thus reduced is smaller than the phonon energies,
the phonon sidebands are more similar to those of the localized excitation, and the
recoil kinetic energy of the exciton plays only a subsidiary role.

As a model material with such vibronic excitons, we will take NaNO2, which
has been studied most systematically by Kato and his collaborators.26–31,33 It is
an orthorhombic body-centered crystal, ferroelectric with dipoles of bended NO−

2

molecules aligned along the b-axis below the order–disorder transition temperature
Tc = 163◦C. The uv absorption, attributed to the electronic transition 1A1 → 1B1

with transition dipole moment perpendicular to the molecular plane of the NO−
2

molecule and along the a-axis of the crystal, consists, at very low temperatures,
of a number of vibronic lines: ν ′

n1,n2
= ν00 + n1ν

′
1 + n2ν

′
2 with non-negative in-

tegers n1 and n2 where ν00 = 25975 cm−1 (zero-phonon line), ν ′
1 = 1020 cm−1

and ν ′
2 = 630 cm−1 according to Kamada, Yoshikawa and Kato,26 as shown in

Fig. 10.7(a). (Note that ν represents the wave number, per unit length, of light in
a vacuum, ν/c0, the conventional unit in spectroscopy.) Correspondingly, the lu-
minescence spectrum consists of vibronic lines, νn1,n2 = ν00 − n1ν1 − n2ν2 where
ν1 = 1328 cm−1 and ν2 = 826 cm−1 according to Kamada, Yoshimura and Kato.27

The wave numbers ν1 (ν ′
1) and ν2 (ν ′

2) correspond respectively to the stretching and
bending modes in the ground (excited) state of the NO−

2 molecule. Several vibronic
lines of the latter mode are observed in the absorption and luminescence spectra,
with coupling strength S ′

2 ∼ 3 and S2 ∼ 4 as estimated from the intensity ratio of
the successive vibronic lines.

The last fact is consistent with the configuration coordinate model.27 Modifying
Fig. 4.4 so as to consider the difference in the vibrational frequency between the
ground and excited states, one can construct the configuration coordinate model for
the bending mode q2 with relative displacement ∆ in the equilibrium position as
shown in Fig. 10.8. According to Section 4.5, the relaxation energy defined as the
difference of the adiabatic energy between the Franck–Condon state (immediately
after the optical transition) and the relaxed state can be written, for the ground and
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Fig. 10.7 (a) The uv absorption spectra of NaNO2 polarized along the crystallographic
a-axis. (b) One-phonon sidebands near the zero-phonon line on expanded scale. Due to
Kamada et al.26

excited states, as

E (g)
R = (2πν)2∆2/2 ≡ Shν, E (e)

R = (2πν ′)2∆2/2 ≡ S ′hν ′. (10.5.1)

Exactly speaking, the intensity distribution among successive vibronic lines is
not a Poisson distribution when ν �= ν ′. However, each vibrational state has its
greatest amplitude at its classical-mechanical turning point (where the particle
spends the longest time), and that vibrational state which has its turning point at the
Franck–Condon state has the greatest overlap with the lowest vibrational state
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Fig. 10.8 Configuration coordinate model of a molecule, with displaced (by ∆) equilib-
rium positions and with different vibrational frequencies (ν, ν ′) of the ground and excited
electronic states.

before the optical transition. Hence, the fact that the vibronic line has the great-
est intensity at n(n ′) = S(S ′) − 1/2, namely that S(S ′) is given by the peak vi-
bronic line n plus 1/2, holds even if ν �= ν ′. The observed ratios S ′/S = 3/4 and
ν ′/ν = 0.76 are in satisfactory agreement with the relation S ′/S = ν ′/ν obtained
from (10.5.1).

Each vibronic line of the absorption (luminescence) spectra is accompanied on
its high- (low-) energy side by a phonon sideband which is contributed by three
acoustic, three optical and three (molecular) librational modes, as is seen more
clearly in the expanded Fig. 10.7(b). The structures in the phonon sideband of the
00-line in the absorption spectra have been analysed on the basis of the energy–
momentum conservation of the exciton–phonon system: E = ε(q) + hν(−q) where
E is the photon energy, and with the help of the dispersion curves of phonons due
to the neutron diffraction studies by Dolling, Sakurai and Cowley.28 The dispersion
of the 00-vibronic excitons, which turned out to be small compared with that of
phonons, was further studied through the secondary emission under energy selective
excitation by Sakai et al.29 and by comparison of the phonon sidebands in the
absorption and luminescence spectra by Ashida et al.30 The results indicate that
the width of the 00-exciton band is 3–5 cm−1, more than an order of magnitude
smaller than the typical phonon energies of a few hundreds cm−1. These studies
revealed also that at low temperatures the exciton cannot be thermalized, before its
radiative annihilation, in this narrow band where the one-phonon absorption and
emission processes satifying energy–momentum conservation cannot take place.
Time-resolved study of the lineshape of ν0,2 luminescence spectra by A. Kato
et al.31 revealed that the thermalization time is proportional to T −7, indicating
the dominance of two-acoustic-phonon scattering studied by Holstein, Lyo and
Orbach.32 These situations are never met in wide-band excitons. A zero-phonon
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line separated from the acoustic phonon sideband, which has never been observed
in wide-band excitons due to the motional effect, is in fact observed in this vibronic
exciton due to its extremely small dispersion (absence of the motional effect).

If the self-trapped state is more stable than the free state in materials with a
wide exciton band, as was mentioned in Sections 9.5 and 9.6 with many examples,
the genuine zero-phonon line is the transition to the former state, which has never
been observed. The reason is obviously the reduction factor exp(−S), with S ∼
several tens for alkali halides with exciton radius of the order of the lattice constant
as can be read from Fig. 4.15. For the same reason, the enormous effective mass
m∗ = mex exp(S) of the self-trapped exciton allows one to imagine a practically
immobile localized entity.

In comparison with the self-trapped state in wide-exciton-band materials, one
may well ask about the contribution Sph of the phonon sideband to the reduction
factor of the bandwidth of the 00-vibronic exciton in NaNO2. The total coupling
strength S consists of the contributions S1 and S2 from intramolecular vibrations (the
third intramolecular vibration, the antisymmetric stretching mode, has no linear cou-
pling so that S3 = 0) and Sph. The oscillator strengths analysed from the reflection
spectra33 leads to S2 ∼ 3 and S1 ∼ 0.4. The one-phonon sideband is continuous and
cannot be well separated from its multiple sidebands consisting of the convolutions
of the former (see (4.5.16)). Their total intensity,

∑∞
n=1(Sph)n/n! = exp(Sph) − 1,

is roughly estimated to be 1.5 ∼ 4 times S2 from the comparison of the area of the
continuous phonon sidebands with that of the vibronic lines n2 = 1 in Fig. 10.7,
and hence Sph = 1.7 ∼ 2.6. Thus one estimates S = 5 ∼ 6 and the total reduc-
tion factor of the 00-line intensity and hence of the 00-exciton band width as
t/te = exp(−S) = 0.007 ∼ 0.002. The moderate value of Sph in NaNO2 compared
to the large value of S (several tens) in alkali halides is due to the orbital radii of
the ground- and excited-state electrons within a NO2 molecule which are small
compared to the lattice constant (see the left pieces of the curves in Fig. 4.15),
while the not-too-large values of S1 and S2 are due to the high frequency ν of the
intramolecular vibrations (S = ER/hν). Thus, S for NaNO2 is not so large as to
make the zero-phonon line invisible, and the 00-vibronic exciton band is to be called
narrow band rather than self-trapped state. The difference in S is greatly magnified
in exp(S), resulting sometimes in qualitatively different situations.

10.6 Correlation of absorption and emission spectra
of excitons in the phonon field

10.6.1 The Urbach rule

Since the discovery of this empirical rule by Urbach34 in siver halides, it has been
established for a variety of insulators – organic as well as inorganic35 – that the
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lower-energy side of the first exciton absorption peak decays exponentially as en-
ergy decreases, with a decay constant proportional to the reciprocal temperature at
high enough temperatures:

Fa(E) = A exp[−σ (E ′
0 − E)/kBT ], (10.6.1)

as shown in Fig. 10.9 for KI crystal due to Haupt.36 The convergence point, E ′
0,

of the extrapolated semilogarithmic plots of the absorption spectra at various tem-
peratures is usually situated near the absorption peak at the lowest temperature.
The dimensionless “steepness coefficient”, σ , is a material constant of the order
of unity. The exponential form of (10.6.1) holds over a few to several decades in
Fa(E). The absorption spectra at low temperatures are more varied: in some ma-
terials the exponential energy dependence holds approximately with kBT being
replaced by ( ��hω/2) coth(��hω/2kBT ) with appropriate angular frequency ω, while
in other materials the spectra show some deviation from the exponential form.

The universality and simplicity of this empirical rule at high temperatures – now
called the Urbach rule – have evoked a number of theoretical and experimental
studies to explain it on a microscopic basis. It is difficult to review these studies,
which are so varied and diverse, within a reasonable space. We will trace only a

Fig. 10.9 Semilogarithmic plot of the attenuation coefficients (solid lines) of KI crystal
versus photon energy at various temperatures. Due to Haupt.36
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few of them from our viewpoint, referring to Refs. [35] and [37] for more complete
references.

First, in view of its temperature dependence, the exponential tail is undoubtedly
an effect of lattice vibrations on the electronic state, as was discussed by Dexter.38

Second, it is almost obvious, in view of the absence of phonon structures in this tail
part (except possibly at low temperatures where this rule no longer holds), that the
adiabatic and classical treatment of lattice vibrations is enough for its explanation.

A tentative microscopic model to derive the empirical rule (10.6.1) analytically
was proposed, in which an exciton was supposed to couple linearly with an even
mode, and quadratically with an odd mode, of the lattice vibrations,39 although such
an adiabatic picture was admitted to be applicable to a localized exciton but not to
a free exciton due to its recoil scattering by phonons. This two-mode model was
revived by Mahr40 to explain his data on the absorption band due to an impurity-
bound exciton which is Gaussian in the central part (ascribed to linear coupling)
and of the Urbach form in the lower-energy tail (ascribed to quadratic coupling).
His argument is legitimate since a bound exciton is not recoiled.

In view of the apparent similarity between the Urbach rules for intrinsic and
extrinsic excitons, another attempt was made to apply the two-mode model to an
intrinsic exciton, this time not directly to its free states but to the “momentarily
localized states” (which vary from time to time, adiabatically following the lattice
vibrations).41 This notion was introduced, not only for the ad-hoc reason of being
recoilless, but also due to the realization15 that the successive perturbation theory
starting from free-exciton state is an extremely roundabout approach to the expla-
nation of the exponential tail. The existence of localized states below the mobile
states in a randomly perturbed lattice was also widely realized due to the famous
paper by Anderson.42 However, it seemed extremely difficult to give a quantitative
study of the configurational statistics for momentarily localized states. Although a
correlation between the width of the tail – the reciprocal of the steepness coeffi-
cient σ – and the exciton–phonon coupling constant g (introduced in Section 9.5
and to be redefined later) was noted in these qualitative derivations of the Urbach
rule, and hence a correlation between the absorption (unrelaxed exciton) and emis-
sion (relaxed exciton) spectra was recognized, it was desired to find a theoretical
framework to treat quantitatively the momentarily localized states induced by the
spacially fluctuating field of the lattice vibrations.

Substantial progress was made by the application of the average t-matrix approx-
imation (ATA)43 and the coherent potential approximation (CPA)44 which had been
developed to study random lattice problems as already mentioned in Section 8.7. In
these approximations, the localized states are directly and properly incorporated in
the self-energy. As a result, the low-energy tail of the Gaussian distribution of site
energies manifests itself as a pseudo-exponential tail of the absorption spectrum



216 10 Optical spectra of exciton in the phonon field

resembling (10.6.1) in its energy and temperature dependence. From a quantitative
point of view, however, there remained a non-trivial discrepancy. In particular, the
fact that the lineshape is convex just below the peak seems to originate from the
well-known limitation of ATA and CPA that coherent scattering by more than two
sites is not taken into acount. A correction to this underestimation seemed desirable
to improve the calculated lineshape towards (10.6.1), because the shallowly local-
ized states due to coherently negative potentials would contribute giant oscillator
strength to this spectral region.

A different mechanism was proposed by Dow and Redfield45 who ascribed the
exponential tail to the Franz–Keldysh type broadening due to exciton ionization
under the fluctuating electric field caused by the lattice vibrations. What is con-
cerned here is the electron–hole relative motion, instead of the translational motion
considered thus far. An experimental study of the effect of a static electric field on
the exponential tail46 seemed to favor this theory. A difficulty with the theory is the
unrealistic assumption of a uniform electric field in calculating the ionization rate
of a large-radius exciton although the statistical distribution of the electric fields
is considered carefully. Moreover the Urbach rule has been observed in non-polar
crystals as well, in which the lattice vibrations are not accompanied by strong
electric fields.

10.6.2 A model Hamiltonian for an exciton in a deformable
lattice – fluctuation and relaxation

Coming back to the translational motion, the only tractable method to overcome
the remaining difficulty inherent to the one-site approximations seemed to be to
resort to a direct numerical calculation, which was performed by Schreiber and
Toyozawa.37 Although the problem of exciton–phonon interaction has been treated
in various ways in the preceding sections, it is useful, for our purpose of correlating
the absorption (fluctuation) and emission (relaxed state) spectra, to simplify the
model Hamiltonian H into the following form:14,47

H = He + HI + UL + KL, (10.6.2)

where

He =
∑

n
|n〉Ea〈n| +

∑∑
n �=m

|n〉tnm〈m|, (10.6.3)

HI = −
∑

n
|n〉c Qn〈n|, (10.6.4)

UL =
∑

n
Q2

n/2, KL =
∑

n
(ω2)nn ′Pn Pn ′/2. (10.6.5)

In (10.6.3) we consider an exciton in the tight-binding picture, with intrasite excita-
tion energy Ea and intersite transfer energy tnm . (The electron–hole relative motion
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is ignored since we are here to ascribe the exponential tail to the translational motion
of an exciton in the fluctuating field.) The eigenstates of He consist of the exciton
band with eigenenergy given by

EK = Ea +
∑

m
t0m exp(i K · Rm). (10.6.6)

Denote by B the energy difference between the band center given by N−1∑
K EK

and the band bottom which is at K = 0 under the assumption t0m > 0 (for all m),

B ≡ Ea − E0 = −
∑

m
t0m . (10.6.7)

But for the exciton–phonon interaction HI, the optical transition from the ground
state is allowed only to the state |K = 0〉 of the exciton band due to the K-selection
rule. The normalized absorption spectrum is then given by

Fa(E) = δ(E0 − E), (10.6.8)

as shown schematically in Fig. 10.10(a) and (a ′) for small and large |t |, respec-
tively. For definiteness, we will assume a simple lattice with transfer t only
to the 2d nearest neighbors where d(=1, 2, 3) is the dimensionality of the lat-
tice. Then the state density is symmetric around the center, with total band
width 2B.

The fluctuation of site energy, given by (10.6.4), originates from lattice vibrations
with Hamiltonian HL = KL + UL given by (10.6.5). The local vibrational coordi-
nates {Qn} are so chosen that UL, instead of KL, is diagonal and the frequency
ω appears in the kinetic energy KL which is non-diagonal. (The reasons for this
unconventional choice will be mentioned later.)

Fig. 10.10 Configuration coordinate models for localized excitation (c) and the exciton [(b)
or (b ′)], and the dispersion of the exciton band in the rigid lattice [(a) or (a ′)]. The strong
and weak coupling cases (B≶ER) are represented by (a), (b) and (a ′), (b ′), respectively.41,47
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In the absence of transfer (tnm = 0), the localized excitation (say, |n〉) gives an
eigenstate, with adiabatic potential

Wen(Q) = 〈n|He + HI|n〉 + UL(Q) = Ea − cQn +
∑

n ′ Q
2
n ′/2

= Ea − ER + (Qn − c)2/2 +
∑

n ′( �=n)
Q2

n ′/2, (10.6.9)

where ER ≡ c2/2. (10.6.10)

The adiabatic potential of the ground state is simply given by

Wg(Q) = UL(Q). (10.6.11)

After Franck–Condon excitation of the nth site (vertical transition in Fig. 10.10(c))
at Q = 0, the lattice will relax to a new equilibrium at Qn = c, Qn ′ = 0 (n ′ �= n),
thereby releasing the lattice relaxation energy ER to other sites through KL of
(10.6.5) even under the assumption t = 0. Let us take into account the effect of
lattice vibrations on the absorption spectra by assuming the Boltzmann distribu-
tion: exp[−Wg(Q)/kBT ] in the initial state. Applying the Franck–Condon principle
with a Q-independent transition dipole moment, we can calculate the normalized
absorption spectra as

Fa(E) =
∫

d Q1 · · ·
∫

d QNδ[Wen(Q) − Wg(Q) − E] exp[−Wg(Q)/kBT ]

÷
∫

d Q1 · · ·
∫

d QN exp[−Wg(Q)/kBT ] (10.6.12)

= (2πD2)1/2 exp[−(E − Ea)2/2D2], (10.6.12a)

where D2 ≡ 〈
V 2

n

〉 = 2ERkBT . (10.6.13)

The amplitude of the local energy fluctuation Vn = −cQn is reflected in the
Gaussian width D. The luminescence spectrum can be calculated in the same way
if thermal equilibrium within the local excited state |n〉 is reached before the emis-
sion process; the spectral shape is the same as (10.6.12a) with Ea replaced by
Ee = Ea − 2ER. Here Qn is a sort of the interaction mode which was defined for
the relaxation of localized excitation in Section 4.4.

It should be noted in passing that HI,UL and hence the relaxation energy ER of
a localized exciton are quantities of electronic origin, being independent from the
atomic masses (as they should) which are relevant only to the kinetic energy KL

through ω. What we called an unconventional choice of Q and P in the above is
physically a natural choice. The second reason for this choice is that KL with ω
is relevant to the fine structures of spectra due to phonons but not to the overall
lineshape concerned here for which the classical description of lattice vibrations
with the use of the adiabatic potential is enough.
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In the general case with c �= 0 and t �= 0, the configuration coordinate model
corresponding to Fig. 10.10(c) is obtained by incorporating the continuum of
the exciton band of Fig. 10.10(a) or (a ′) into (c), as shown schematically in
Fig. 10.10(b) or (b ′).41,47 As we switch on the local distortion Qn and hence
the local potential −cQn at the cost of lattice energy Q2

n/2, the energy levels
of extended exciton states are subject to an infinitesimal change of O(N−1), be-
ing parallel to the ground-state parabola, while a bound state splits off out of
this continuum, possibly forming another minimum S. The state S is nothing but
the self-trapped state – the exciton is stabilized by being trapped by the lattice
distortion it has induced. With increase of Qn , this discrete level asymptotically
approaches the broken line which is a reproduction in Figs. 10.10(b) and (b ′) of
the We(Q) line (completely localized excitation) in Fig. 10.10(c) with the same
value of c. Neglecting the small energy difference between the solid and broken
lines at S(∼z|t |2/2ER = B2/2zER, minus the second-order perturbation energy of
the latter, if the transfer energy, t , to the z nearest neighbors is considered), one has
a lower- or higher-energy than F (the lowest free state without lattice distortion)
according as B < or > ER, corresponding to the case (b) or (b ′). The existence
of a potential barrier between the free state F at the bottom of the exciton band
and the self-trapped state S (due to the short-range exciton–phonon interaction
in the three-dimensional lattice as stated in Sections 9.4 and 9.5) is schemati-
cally incorporated in (b ′) and (b). Therefore, the stable exciton state in the phonon
field changes abruptly from F- to S-state as the exciton–phonon coupling constant,
defined by

g ≡ ER/B, (10.6.14)

exceeds gc ≡ 1 − (2z)−1 ∼ 1 (note that (2z)−1 = 0.083 for a simple cubic lattice).
The exciton usually stabilizes itself in the lattice (in ∼10−12 s) well before it emits
a photon (in ∼10−9 s). Hence, the emission band appears at Ea − B = E0 (F-type:
sharp line, resonant to the absorption band; Fig. 10.10(b ′)) or at Ea − 2ER (S-type:
broad, Stokes-shifted band; Fig. 10.10(b) according as g < or > gc, as also shown
in the lower half of Fig. 10.11.14 The feature of the emission band changes abruptly
when g/gc exceeds unity.

The upper half of Fig. 10.11 describes the feature of the absorption spectra which
is governed by the competition of D and B and varies gradually from weak to strong
scattering as D/B increases. As can be seen by comparison of the upper and lower
parts of the figure, the region D/B ∼ 1 of gradual transition between weak and
strong scattering is different from the boundary ER/B = gc(∼1) of abrupt tran-
sition between weak and strong coupling, in such a way that there is a region
with strong coupling but weak scattering provided kBT � B. The configuration
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Fig. 10.11 Perspective on localization versus delocalization of an exciton in the phonon
field as reflected in the optical spectra. Note that B increases towards the right with D and
ER being fixed.14

coordinates {Qn} relevant to the absorption spectra are confined to thermal vibra-
tions with amplitude much smaller than the displacement c in the relaxed excited
state. The normalized lineshape of the absorption spectra is given by

Fa(E) =
∑

i
〈0|i(Q)〉δ[E − Ei (Q)]〈i(Q)|0〉 (10.6.15)

where |0〉 means the free-exciton state with K = 0, |i(Q)〉 and Ei |(Q) are eigen-
states and eigenenergies of He + HI(Q) for a configuration Q ≡ (Q1, Q2, . . . QN )
and · · · indicates to take the average over the Boltzmann distribution of Q as
was done in (10.6.12). Thus we have to solve a typical eigenvalue problem of
a random lattice where the electron (exciton) is subject to a spacially random
potential Vn = −cQn obeying the Gaussian distribution exp(−V 2

n /2D2) without
mutual correlation: VnVm = 0. Instead of the integration (10.6.12), the summation
on the Monte Carlo distribution of (Q1, Q2, . . . , QN ) was taken for the calcula-
tion of (10.6.15) in Ref. [37]. A linear chain (d = 1) of 30 sites, a square lattice
(d = 2) of 13 × 12 sites and a simple cubic lattice (d = 3) of 10 × 9 × 8 sites were
taken.
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10.6.3 Calculated lineshapes – the central part

Typical lineshapes calculated37 for 1-, 2- and 3-dimensional lattices for the case of
g ≡ ER/B = 1 and at typical temperatures well within the weak scattering regime
are shown in Fig. 10.12 by solid lines. For comparison, the Lorentzian curve fitted
to the high-energy side of the peak is also shown by a broken line. The abscissa
denotes the photon energy E measured from the band center Ea as origin with
energy unit 2B = 1.0 eV, the total bandwidth (so that the unrenormalized band
bottom is at −0.5). The most remarkable feature is the strong asymmetry (due not
to the A-term but to the E dependence of the width function �(E) in (10.2.12))
with steeper drop on the lower-energy side, indicating far fewer eigenstates Ei

below the renormalized band bottom (∼peak position). On the opposite side of the
peak, the sign of the discrepancy of the calculated lineshape from the Lorentzian
with increasing energy depends on dimensionality. This is to be ascribed to the
energy dependence of �(E) (proportional to the renormalized density of states)
which decreases, stays constant or increases as E increases above the renormalized
bottom of the exciton band according as d = 1, 2 or 3, as is well known. In fact, if
one calculates the renormalized density of states

ρ(E) = N−1
∑

i
δ[E − Ei (Q)] (10.6.16)

and the average oscillator strength per state (AOSPS) defined by

f (E) ≡ Fa(E)/ρ(E) = N [|〈0|i(Q)〉|2]Ei (Q)=E , (10.6.17)

one finds that f (E) fits almost exactly to a Lorentzian curve in the weak scattering
regimes in accordance with our perturbation theory interpretation of the linewidth
as (scattering-limited) lifetime broadening. This behavior of Fa(E) and f (E) will

Fig. 10.12 Calculated exciton absorption spectra (solid line) for three dimensionalities,
compared with Lorentzian (broken line) best-fitted to the high-energy side of the peaks.37
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Fig. 10.13 Calculated linewidths (symbols) are plotted against temperature and compared
with perturbation theory (lines).37

be analyzed in more detail in (Subsection 10.6.4) with particular attention to the
different origins of the high- and low-energy tails.

The widths of the calculated lineshapes are plotted against temperature in
Fig. 10.13, and are in good agreement with the perturbation theory calculations de-
scribed before, especially in that the temperature dependence is given by T 2/(4−d).
The deviations from this in the d = 3 case at low and high temperatures are due,
respectively, to the number of lattice sites considered – too few to calculate this
small width – and to the onset of the intermediate scattering regime. It should
also be noted that the inclusion of higher-order scattering terms in the perturbation
expansion is essential to obtain the right order of magnitude of the linewidth.

Quantitative analysis of the observed lineshapes of exciton absorption spectra
has been performed for a variety of materials. Among them we mention the works
by Tomiki and his collaborators48 and by Miyata18 on alkali halides and those by
Burland et al. on some organic molecular crystals.49 (See also Section 10.3 for
excitonic molecules.) While the general features of the observed lineshapes are in
accordance with the above theory, quantitative explanation of their details seems
to need more elaborate models for the scatterers (various modes of phonons and
impurities) and the exciton band structures.

10.6.4 Calculated lineshapes – the low-energy tail

The semilogarithmic plots of the lineshapes (calculated with g = 1, B = 0.5 eV
and Ea = 0 as before, and for various temperatures) in the low-energy tail part,
shown in Fig. 10.14, indicate that the exponential dependence on energy of the em-
pirical rule (10.6.1) is reproduced over a range of a few to several decades in each
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Fig. 10.14 Semilogarithmic plots of calculated absorption spectra of the direct exciton at
various temperatures, with g = 1, Ea = 0 and B = 0.5 eV.37

dimensionality. It is instructive to make a scaling argument before asking whether
the temperature dependence is reproduced as well. If the Urbach rule (10.6.1) is
derivable from our model Hamiltonian ((10.6.2) to (10.6.5)), the steepness coeffi-
cient σ in the former should be related to physical parameters appearing in the latter
in the following way. Let us rescale various quantities of energy dimensionality in
units of B: (E − E0)/B, cQn/B, etc. The temperature comes in only through the
Boltzmann distribution, that is, in the form (cQn/B)2 = 2ERkBT/B2 = D2/B2

(see (10.6.10, 10.6.13)). Therefore, the exponent in (10.6.1) with its energy and
temperature dependence can be obtained only in the form:

const. [(E ′
0 − E)/B]/[ERkBT/B2]. (10.6.18)

This means that the steepness coefficientσ is related to the exciton–phonon coupling
constant g ≡ ER/B, (10.6.14), by

σ = s/g. (10.6.19)

The dimensionless constant s, the steepness index, no longer depends on the material
constants (such as g) but only on the geometrical structure of the lattice, in particular
on its dimensionality.

Coming back to the temperature dependence of the decay constants in Fig. 10.14,
one finds proportionality to T −1 for d = 2 and 3 in conformity with (10.6.18) but
to T −2/3 for d = 1. This is shown by the broken lines in Fig. 10.15, where the value
s = σ × g obtained by best fitting of (10.6.1) to the calculated lineshape at each
temperature is plotted by the symbols �,� and � for d = 1, 2 and 3.

By inverting the sign of the transfer energy t , one obtains another model for
band structure with the direct exciton peak (K = 0) at the top and the indirect
exciton edge at the bottom of the band. Figure 10.16 is a semilogarithmic plot
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Fig. 10.15 Calculated steepness index s (plotted by �,� and � for d = 1, 2 and 3, respec-
tively) of the Urbach tail for direct and indirect excitons (longer- and shorter-dashed lines,
respectively). The one-dimensional results are best fitted by T 1/3 lines.37

Fig. 10.16 Semilogarithmic plots of calculated absorption spectra of the indirect exciton at
various temperatures, with g = 1, Ea = 0 and B = 0.5 eV.37

of the thus-calculated indirect absorption edge, with the same parameter values
as before. One finds again an exponential dependence on energy over a range of
2.5–4 decades of intensity for various temperatures. The temperature dependence
of the decay constant is the same as before as shown by the short-dashed lines in
Fig. 10.15. The slope is more gentle in the indirect edge than in the direct edge for
each dimensionality.
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Fig. 10.17 Calculated AOSPS (average oscillator strength per state) spectra, with the same
parameter values as in Fig. 10.14 and 10.16.37

In order to see the physical origins of the low- and high-energy tails of the ab-
sorption spectra, we show in Fig. 10.17 the calculated AOSPS spectra f (E) defined
by (10.6.17), for the direct edge only. (The calculated density-of-states curves are
not shown here.) What is most remarkable here is the energy and temperature
dependence which is completely different on the high- and low-energy sides of
the peak. For all dimensionalities, the high-energy side of f (E) fits to a Lorentzian
(with temperature-dependent width as shown in Fig. 10.13) much better than Fa(E)
does. This indicates that the high-energy tail is due to the scattering-limited lifetime
broadening of a delocalized exciton, as was already discussed in Subsection 10.6.3.
In contrast, the low-energy tail is rather insensitive to temperature and decays with
decreasing energy more rapidly for higher dimensionality. These features clearly
indicates that the low-energy tail is due to the momentarily localized exciton states
as has been postulated.15,39,41 As shown in (8.8.10) for the case of a single-site
attractive potential and by subsequent qualitative analysis applicable to more gen-
eral cases, the oscillator strength of a localized state is essentially a function of its
binding energy only (measured from the effective band edge E0 which is close to
the absorption peak Ep), being insensitive to the momentary potential, Vn = −cQn ,
of the individual site. In fact, one finds that the low-energy tail of f (E) in Fig. 10.17
decays as (Ep − E)−d/2 in accordance with (8.8.12) if one takes for Ep the peak of
the calculated Fa(E) at each temperature.

Starting from the model Hamiltonian ((10.6.2) to (10.6.5)), one can thus derive
numerically the empirical rule (10.6.1) without being prepossessed by any particu-
lar physical picture and without the use of any approximation. Through the analysis
of the calculated spectra of f (E), however, we have been able to unambiguously
ascribe the exponential tail of Fa(E) to the momentarily localized exciton states.
Thus, the introduction of ATA and CPA into the present problem turns out to be
an important step towards reality; the remaining difficulty inherent to these one-site
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approximations, however, has to be resolved by resorting to direct numerical
calculation.

A question may well arise here. Can theoreticians be really satisfied with the nu-
merical derivation of an analytically very simple empirical rule? The answer is that
the former is the only way of directly connecting the proposed model Hamiltonian
to the latter without any approximation whose accuracy is difficult to assess. A
useful hint concerning this question, if not an answer, may be found in the scaling
argument given for this problem by Ihm and Phillips.50 As another question, has the
two-mode model nothing to do with the present numerical theory? The former gave
an analytical explanation of the Urbach rule for an impurity-bound exciton, and one
is tempted to explain the apparently same rule for intrinsic and extrinsic excitons by
the same mechanism. It should be mentioned, in this connection, that the numerical
calculation of lineshapes for a crystal with an impurity was also performed using
the same Hamiltonian as above (except for the inclusion of an attractive potential
at the impurity site), and that the Urbach tails were thereby obtained for extrinsic
(the last paper of Ref. [37]) as well as for intrinsic edges. It is easy to show that
the numerical theory is equivalent to the two-mode model as far as the extrinsic
absorption band (discrete level) is concerned. It seems difficult, however, to find
out how and where the two-mode mechanism is concealed in the numerical theory
for the intrinsic exciton.

10.6.5 Comparison with experiments

The relation (10.6.19) between σ and g, together with the values of s obtained by the
numerical calculation, serves to correlate two independent groups of experiments.
While σ is obtained from the absorption spectra, g characterizes the emission
spectra which are predicted to be F-type or S-type according as g < or > gc =
1 − (2z)−1 (Subsection 10.6.2, Fig. 10.11). Considering a simple cubic lattice for
which gc = 0.917 and s = 1.50 (direct edge) or 0.85 (indirect edge), we find the
critical values σc = 1.64 (direct) or 0.93 (indirect) below which the exciton is
expected to be self-trapped.

Table 10.1 shows some examples of materials for which the Urbach rule has been
established for the direct or indirect edge, in increasing order of σ . In the column
headed “emission” we indicate the nature of relaxed excitons distinguished by the
emission spectra – the Stokes-shifted broad emission band from a self-trapped
exciton (S) or the resonant sharp emission line from a nearly free exciton (F). Thus,
the two groups of experimental data can be correlated with each other in satisfactory
consistence with the theoretical predictions on σc in spite of the simplified model
used for that.
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Of particular interest in Table 10.1 is the indirect exciton in AgBr1−x Clx , of
which the gradual decrease of σ with increasing x (see Fig. 10.18) and the abrupt
F–S transition of the luminescence (see Fig. 10.19) were observed and correlated by
Kanzaki, Sakuragi and Sakamoto.68 Moreover, the value of σ they found at the F–S

Fig. 10.18 Observed change of steepness coefficient σ in the Urbach rule for the absorption
edge (indirect) of AgBr1−x Clx at 293 K against composition x . Due to Kanzaki et al.68

Fig. 10.19 Absorption edge (left) and photoluminescence (right) spectra at 2 K of
AgBr1−x Clx for x ≥ 0.4. Due to Kanzaki et al.68
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transition turned out to be in excellent agreement with σc obtained by numerical
calculations.

Another interesting fact is the observation of the Urbach rule in the emission70

as well as in the absorption spectra of the exciton in PbI2, the former obeying

Fe(E) ∝ exp[−(σ − 1)(E ′
0 − E)/kBT ] (10.6.20)

where σ is the steepness coefficient which appeared in the Urbach rule for the
absorption spectra of the same material.60 Namely, the absorption and emission
spectra in this narrow spectral region of the exponential tail satisfy the general
relation (3.2.3) derived from the Einstein relation under the assumption of thermal
equilibrium in the excited state. The fact that the exciton in this material (σ = 1.48)
is close to the (theoretical) F–S boundary (σc = 1.64) may be helping to bring it
into thermal or quasi-thermal equilibrium before emitting a photon.

A similar situation may exist in pyrene (σ = 1.38),71 β-perylene (σ = 1.38) and
even in α-perylene (σ = 0.93)72 the emission spectra of these materials consist of
two components originating from F- and S-excitons in quasi-thermal equilibrium
with an F–S energy difference of the order of one to several hundred cm−1. This
is in contrast to the alkali halides in which F- and S-excitons are far from thermal
equilibrium (see Section 9.5). In aromatic compounds, B is small and hence the
F–S energy difference is small even if σ is not so close to σc. In connection with
this, some aromatic crystals with σ close to σc, such as anthracene and tetracene
can be brought from the F-type to the S-type by applying high pressure.73

In contrast, some of II–VI compound semiconductors have large σ -values, being
consistent with the weak exciton–phonon coupling constant generally accepted in
these materials. At low temperatures, however, the low-energy tail of the exciton
absorption deviates significantly from the exponential form, and a perturbation-
theory approach to describe the tail as the sidebands of multiphonon absorption
was proposed by Segall74 in analysing the measurement on CdTe due to Marple.75

This is not inconsistent with our semi-classical approach which is expected to
give the high-temperature asymptote of such sidebands. It is no wonder that some
structures due to successive phonon sidebands reveal themselves in weak electron–
phonon-coupling materials. In fact, Liebler et al.76 showed by cumulant expansion
calculation of the lineshape that the multi-optical-phonon sidebands approach the
Urbach lineshape at high temperatures.

In connection with this, it is interesting to note the different behaviors of TiO2

depending upon its crystal structure; the Urbach rule has been observed and corre-
lated with the emission spectra by Tang, Levy, Berger and Schmid.53 The anatase
form shows Urbach tails with σ ∼ 0.6–0.7 down to the lowest temperature mea-
sured, in contrast to the rutile form whose Urbach tail with σ ∼ 0.9 changes to
step-like phonon sidebands at low temperatures (see Table 10.1). In the former,
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the S-type luminescence had in fact been found and ascribed to the self-trapped
exciton,77 “which was later confirmed to be polarized as E ⊥ c,78 the same as
the direct-exciton Urbach tail situated lower than the indirect-exciton tail with
E ‖ c. According to a recent study by time-resolved spectroscopy,79 this S-type
emission consists of two components. The exponential decay component which
is dominant for the excitation energy near the absorption edge is ascribed to the
direct process of exciton self-trapping. The power-law decay component which
increases for the higher excitation energy is supposed to originate from once ion-
ized electron–hole pairs. In constrast to anatase, a free-exciton luminescence was
observed in purified rutile80 which is consistent with the above-mentioned be-
havior of the absorption edge at low temperatures. The value of σ = 0.9 is
not inconsistent with σc = 0.93 for the indirect edge; note that this Urbach tail
is associated with a weak indirect edge, not with the strictly forbidden direct
edge.

The fact that the weakly phonon-coupled excitons without self-trapped states re-
veal step-like structures due to phonon absorption at low temperatures even if they
obey the Urbach rule at high temperatures is consistent with the renormalization
theory in Section 10.2 applied to the zero-phonon line and the phonon sidebands
in Section 10.4. The renormalization theory is convergent in the absence of self-
trapping, and as T tends to zero the phonon-absorbing sidebands (hot bands) should
disappear, making the absorption edge very sharp even if the zero-phonon line can-
not be separated from the phonon-emitting sidebands. Admittedly, such an idealized
situation may be difficult to realize since real crystals contain some amounts of lat-
tice imperfections giving rise to shallow bound excitons which contribute giant
oscillator strengths (see Section 8.8 and Subsection 10.6.4) to the low-energy tail
of the absorption.

In contrast, it is natural to expect that strong exciton–phonon coupling favors the
adiabatic approach and smooth lineshape even at low temperatures although kBT
in the empirical Urbach rule must be replaced by the effective zero-point energy
��hω/2 at the lowest temperature. These points will be studied more carefully in the
following section.

10.7 Examination of model Hamiltonians

The questions remain as to whether and to what extent the simplified model
Hamiltonian (10.6.2 to 10.6.5) represents realistic situations. For instance, (i) does
the localized mode Qn represent the acoustic mode or the optical mode, or both?
(ii) Can the interaction between a large-radius exciton and the lattice vibrations
be described by the short-range and on-site interaction (10.6.4)? We will begin by
giving three model systems to which the Hamiltonian is applicable.
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The first is an exciton, with its internal structure ignorable due to a large binding
energy, which is subject to the deformation potential of the acoustic-phonon field.
Approximate the exciton kinetic energy by

KL = (
c2

� /2a2
0

)∑
n

∑
n ′
∑

1
[δn,n ′ − δn,n ′−1]Pn Pn ′. (10.7.1)

Here the vector 1 runs over six nearest neighbors (±1, 0, 0), (0,±1, 0) and
(0, 0,±1) of the simple cubic lattice. The Fourier transform

Pn = N−1/2
∑

k
exp(−ik · na0)Pk, Qn = N−1/2

∑
k

exp(−ik · na0)Qk

(10.7.2)
gives in fact

KL = (1/2)
∑

k
ω2

k P∗
k Pk, UL = (1/2)

∑
k

Q∗
k Qk, (10.7.3)

ω2
k = (

c2
� /a

2
0

)∑
xyz

2[1 − cos(kxa0)] ∼= (c�k)2 (ka0 � 1), (10.7.4)

as is appropriate for the acoustic mode with longitudinal sound velocity c�. Accord-
ing to (9.4.1, 9.4.3) the deformation potential for a structureless exciton is given by
the diagonal Hamiltonian HI with

〈n|HI|n〉 = �∆n = −cQn, (10.7.5)

while the elastic energy of the lattice is given by

UL = (
Ca3

0/2
)∑

n
∆2

n, (10.7.6)

with C being an appropriate elastic constant. Equations (10.7.1., 10.7.5, 10.7.6) are
in accordance with our model Hamiltonian, (10.6.4, 10.6.5). From (10.7.2, 10.7.4,
10.7.5) one finds

c = a−3/2
0 C−1/2�. (10.7.7)

The second and obvious example is an exciton with short-range interaction with
the optical mode with dispersionless frequencies: (ω2)nn ′ = δnn ′ω2

0 (the so-called
Einstein model) which will be considered later in more detail. Since the site number
n as it appears in the interaction 〈n|HI|n〉 denotes the center-of-mass coordinate of
the exciton, this on-site interaction is not subject to the neutrality cancellation as
far as me �= mh.

Thirdly, under the coexistence of the above two modes which, together with their
interaction coefficients c, shall be suffixed by ac and op, respectively, one can define
the interaction mode Qn by

〈n|HI|n〉 = −cQn ≡ −cac Qac
n − cop Qop

n (10.7.8)

and the non-interacting mode Q ′
n after an orthogonal transformation

(Qac
n , Qop

n ) → (Qn, Q ′
n), and rewrite the Hamiltonian with the interaction modes
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alone, leaving the non-interacting modes aside since the latter have no effect on the
lineshape (remember how the interaction mode was introduced in Section 4.4). This
is our answer to question (i). The acoustic mode ubiquitous in all crystals has the
effect of smoothing the lineshape because of its continuous spectrum. For this rea-
son, the classical approximation for the interaction mode Qn will provide a useful
description of the overall lineshape, especially at high temperatures where the struc-
tures due to the optical phonons are blurred by the participation of acoustic modes.

The internal structure of an exciton (electron–hole relative motion), which is
incorporated into the scattering matrix element (10.1.1) with (10.1.2) to (10.2.4),
retains the site diagonality of HI, but its diagonal element 〈n|HI|n〉 now contains
Qn ′ of the neighboring sites n ′ which are within the distance of the exciton radius,
though with smaller coefficients than c. They could be incorporated in an extended
version of the model Hamiltonian, with which the numerical calculation could be
performed to see whether the exponential rule still holds or not. Such an extended
calculation could give an answer to question (ii).

Apart from the Urbach rule, it is instructive to complement the semi-classical
approach to realistic systems in the preceding section by a quantum-mechanical
study of an idealized model Hamiltonian. A typical one is the Einstein version of
(10.6.2 to 10.2.5) with (ω2)nn ′ = ω2δnn ′ and with nearest neighbor transfer t(<0).
Taking the origin of energy at Ea (atomic or molecular excitation energy) +N ��hω/2,
one can write

H =
∑

m

∑
�
|m〉t〈m + �| − (ER

��hω)1/2
∑

m
|m〉(bm + b†

m)〈m|
+ ��hω

∑
m

b†
mbm, (10.7.9)

where m extends over all sites, � over z nearest neighbor sites, and bm, b
†
m are,

respectively, the annihilation, creation operators of a phonon (see (2.2.3, 2.2.4)) at
site m. The first term of (10.7.9) gives the unperturbed exciton band with energy
given by

t(K ) = t
∑

�
exp(i K · R�). (10.7.10)

Here we have three physically independent parameters: the half-width B = z|t | of
the exciton band, the relaxation energy ER and the phonon energy ��hω. The dimen-
sionless parameter, S ≡ ER/

��hω, is called the electron–phonon coupling strength.
This model Hamiltonian has been studied theoretically by a number of authors in
the context of a variety of problems.81–86

In the wide-band case, B � ��hω, the stable state of an exciton is classified
rather distinctly to a nearly free state and a self-trapped state according as
g ≡ ER/B < or > gc(∼1) as was studied in detail with the use of various model
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Hamiltonians in Sections 9.4 to 9.6. However, the distinction becomes obscure as
the ratio B/��hω decreases down to 3 or 4.

In the opposite case of a narrow band, B < ��hω, as is realized in molecular crys-
tals with small intermolecular transfer energy and large intramolecular vibrational
quanta (see Section 10.5), it is more appropriate to start from the nth vibrational
state (explicit form given by (2.2.17)) of a molecule with energy n��hω and then
consider the vibronic band formed therewith:

|n, K 〉 = N−1/2
∑

m
exp[i K · Rm](n!)−1/2(b†

m)n|0〉ph|m〉, (10.7.11)

En(K ) = n��hω + Int(K ), (10.7.12)

In = exp(−S)Sn/n!, (10.7.13)

where |0〉ph denotes the phonon vacuum state. In order that the nth vibronic exciton
is transferred from site m to its neighbor m + 1, the molecule on site m must return
from the nth to the 0th vibrational states while that on the neighbor from the 0th to
the nth. Hence, one has the reduction factor In for the transfer energy t where In

is the square of the overlap integral between the 0th and nth vibrational states (see
eqs. (4.5.5, 4.5.6)).

Let us consider the 0th and 1st vibronic bands (0) and (1) which are ex-
tended on the energy intervals ±B exp(−S) and ��hω ± BS exp(−S), respectively,
and the continuum (0 ′) of the former plus one-phonon extended on the interval
��hω ± B exp(−S), The band (0) does not overlap the continuum (0 ′) as long as
2B/��hω < exp(S), while the band (1) stays within or just out of the continuum (0 ′)
according as S < or > 1. Thus we have different types of energy diagram depend-
ing on the parameter values S and B/��hω. The dispersion of the vibronic bands,
defined as the functional dependence of En(K) on t(K), will be subject to change
when the interaction between different vibronic bands, so far neglected, is taken
into account.

Sumi86 presented an extensive study of this model Hamiltonian over the entire
range of dimensionless parameters S and B(≡ B/��hω of the above notation), apply-
ing the dynamical coherent potential approximation (d-CPA), devised by himself
as an extension of the CPA (see Section 8.7) to the case of temporally fluctuating
potential. Some of the results he obtained will be reproduced here. In Fig. 10.20 are
shown some examples of the energy (in unit of ��hω) diagram of vibronic bands (solid
lines) and their plus-one-phonon continuums (hatched regions) as functions of the
bare band energy t(K ) (in units of 2B) for different sets of parameter values. Note
that the bottom of the lowest vibronic band is taken as the origin of energy. One
finds here not only the varied features of the energy diagram mentioned above but
also the abrupt increase of the effective mass of the exciton polaron (the reciprocal
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Fig. 10.20 Energy diagram of the exciton–phonon system for S = 3 (upper half ) and
S = 10 (lower half ). Note that (Ek − E0)/��hω on the ordinate is plotted as a function of
(tk − t0)/2B. Due to Sumi.86

of the initial slope of the lowest vibronic band) as B becomes less than about S,
especially when S is large (as is expected for wide band, B � ��hω). Some of the
calculated exciton absorption spectra are shown in Fig. 10.21. One finds how the
zero-phonon line (at the bottom of the lowest vibronic band, chosen as the origin
of energy) splits from the main absorption peak as B becomes less than about S,
and soon becomes unobservably weak indicating that the exciton is self-trapped. If
one looks at the envelope of the absorption peaks, one clearly observes its motional
narrowing as B increases against S, which reminds us of Fig. 10.2 indicating the
close relationship between CPA and d-CPA.

10.8 Polariton bottleneck for exciton–photon conversion

As we have seen in the preceding section, the features of the emission spectra are
quite different according as the exciton as the initial state is in the nearly free state
(F) or the self-trapped state (S). Confining ourselves to the former case, we note
that there is another difference in the emission process and hence in the emission
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Fig. 10.21 Absorption spectra for various values of B(≡ B/��hω of the text) with fixed
S = 10. The zero of energy and the unit of the abscissa are taken to be the lowest exciton–
polaron energy and ��hω, respectively. Due to Sumi.86

spectra between the direct and the indirect exciton. In the indirect case, an exciton
thermalized (in a time of the order of 10−12–10−11 s at the band bottom at K b �= 0
emits a photon (in a time of the order of 10−6 s with simultaneous emission or
absorption of a phonon – the indirect radiative annihilation which can be described
by the second-order perturbation theory (the inverse of the indirect radiative creation
described in Section 10.2). The width of each emission line corresponding to each
participating mode is expected to be of the order of kBT reflecting the Boltzmann
distribution of the excitons.

The situation is not only different but even embarrassing in the direct case. If
one were to consider this as the limiting case, K b → 0, of the indirect transi-
tion mentioned above, the energy denominator E0 ± ��hω±K b − EK b in the second-
order matrix element would tend to zero as K b → 0 in the case of acoustic mode,
resulting in the divergence of the emission rate. If one considers the problem
straightforwardly assuming the excitons thermalized around the band bottom at
K = 0, the square of the optical transition matrix element becomes of the order of
N ∼ ∞ singularly only at K � 0, invalidating the first-order perturbation theory.
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Fig. 10.22 Polariton picture for direct radiative annihilation of an exciton in the weak
coupling case, with bottleneck between b and c.87

This is the very region where the polariton effect is essential as was described in
Section 8.6.

According to the polariton picture which is reproduced in Fig. 10.22, the conver-
sion of an exciton into a photon takes place gradually,87 not as a quantum transition
process as is described by first- or second-order perturbation theory. An exciton (or
electron–hole pair), excited by light well above the lowest exciton absorption peak,
will tend to be thermalized, first by emitting optical phonons (the most efficient
way of losing kinetic energy as far as they can do so), and then by emitting or
absorbing acoustic phonons, towards the band bottom (a→b of Fig. 10.22). If the
exciton can somehow reach the region c of the polariton with a significant mixture
of a photon, it has a good chance of getting out of the crystal as a photon so as to be
observed as emission, as is also obvious from the reflectivity curve (c) of Fig. 8.6
according to which a polariton with ω < ωt has a chance of not being totally re-
flected (R(ω) < 1) at the crystal surface. There is a bottleneck, however, for the
polariton b near the band bottom impeding its reaching region c for the following
reason. The matrix element as well as the density of final states for the acoustic-
phonon scattering decrease as the exciton wave vector K decreases, resulting in the
retardation of thermalization as one approaches the band bottom. The conversion
rate of the polariton into an external photon increases due to the decrease in R(ω)
with the decrease of polariton energy ��hω as mentioned above. As a result, the po-
laritons tend to be populated within a more or less limited region of K ≡ |K|, called
a “bottleneck”, forming a quasi-steady state under the balance of inflow from the
higher-K region of photoexcitation through energy loss by phonon scattering and
the outflow to the lower-K region where they are subject to a higher probabilty of
conversion to external photons.
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The earliest experiment to confirm the existence of a bottleneck was per-
formed by Heim and Wiesner with the use of time-resolved spectroscopy of
photoluminescence.88 They found the decay time of the polariton in CdS to de-
pend on its energy, indicating the non-equilibrium population at low temperatures,
and could locate the bottleneck at ∼1 meV below the transverse exciton energy
Et(= E0, the band bottom mentioned above) on the basis of various experimental
facts, and in particular by showing that the decay time increases as the polariton
energy decreases towards this region.

Sumi89 presented a quantitative theory of this bottleneck effect by taking into
account the statistical distribution of polaritons and their scattering by optical as
well as acoustic phonons and the impurity quenching of luminescence. Thereby
he calculated the lineshape of the polariton luminescence (zero-phonon line) and
its optical phonon (emission) sideband in CdS, and succeded in explaining the
observed width of the former as well as the intensity ratio of the latter to the former
which are both much larger than predicted by the non-polariton thermal equilibrium
theory. Figure 10.23 is the semilogarithmic plot of calculated (a) radiative decay
rate and (b) phonon-assisted decay rate as functions of polariton energy around the
exciton band bottom E0. Their sum makes a deep valley at slightly below E0, a
clear indication of the bottleneck.

Askary and Yu90 studied the decay of the photoluminescence in CdS and CdSe
by time-resolved spectroscopy and analysed the results elaborately by taking into

Fig. 10.23 (a) Calculated radiative decay rate for the crystal thickness L = 1, 5 and 25 µm
and (b) phonon–assisted decay rate for temperature 0, 4 and 8 K, of a lower-branch polariton
in CdS with energy around the lowest exciton energy E0 = Et. Due to Sumi.89
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Fig. 10.24 Energy dependence of the decay times τ1, τ2 and the rise time τr of polaritons
in ZnTe deduced by the deconvolution calculation. Due to Oka et al.91

account the existence of the upper-branch polariton (which in fact shows up as
a kink in the luminescence spectra) with the use of Pekar’s additional boundary
condition, and confirmed that the decay time has in fact a maximum at the bottleneck
approximately the same as was located by Heim and Wiesner.

Oka, Nakamura and Fujisaki91 studied this problem in ZnTe by picosecond time-
resolved spectroscopy, in the context of elucidating the evolution of Raman scat-
tering via hot to ordinary photoluminescence. As shown in Fig. 10.24, they found
two exponential decay components of the photoluminescence with time constants
τ1, τ2, and one decay component τr on the supply side, as functions of the emit-
ted photon energy E , similar to the result of Askary and Yu on CdS. The longest
component τ2 = 2 ns which is E independent and is equal to the decay time of the
time-integrated intensity represents the lifetime of quasi-thermalized polaritons,
while τ1 shows a sharp maximum of 1.5 ns at E a little below the transverse exci-
ton energy E0, indicating the temporal change of polariton redistribution piling up
towards the bottleneck. The shortest component τr represents the early rise time of
the polariton population in the bottleneck region supplied from the higher-energy
region of optical excitation. They found furthermore the effective temperature of
the distribution of polaritons well after reaching the steady state (at 1 ns after pho-
toexcitation) to be 16 K, which is considerably higher than the lattice temperature
4.2 K, whereby they emphasized that the polariton population is still “hot” even in
the steady state.
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Higher-order optical processes

11.1 Nonlinear responses and multiphoton processes

The invention of the laser – a light source device making use of “light amplifi-
cation by stimulated emission of radiation” as its working principle1 – brought
about revolutionary developments in the spectroscopic study of matter. The high
intensity, monochromaticity, coherence and directivity of this new light source,2

have all contributed to the development of adaptable technologies which can meet
a variety of the high-grade requirements in spectroscopic research. In particular,
the intensity can be made high enough to give rise to nonlinear responses of matter
up to quite high orders.3 Fortunately, these responses can be well separated into
successive orders, on the basis of their dependence on the amplitude of the incident
electromagnetic field and their characteristic frequency dependence, unless the in-
tensity is too high. In fact, the response can be expanded in a power series in the
field, the good convergence of which originates primarily from the smallness of
the radiation–matter coupling constant compared to other interactions within the
matter.

To make the statement more definite, we start with the lowest-order nonlinear
response. Consider two independent electromagnetic waves, E1exp(ik1 · r − iω1t)
and E2exp(ik2 · r − iω2t) propagating in the same direction (k1 ‖ k2) within matter
with refractive index n(ω) as defined by (1.2.5). Ignoring their spatial dependence
for the moment, one can consider that part of the polarization which is induced as
a second-order response to E1 and E2 of the form (cross terms)

P (2)
ω = χ (2)(ω;ω1, ω2) : E1 E2 (ω = ω1 + ω2), (11.1.1)

corresponding to the linear response given by (6.1.29). Here the second-order sus-
ceptibility χ (2) represents a tensor of the third rank with components χ (2)

ijk , the
coefficients connecting the ith component of P to the jth and kth components of
E1 and E2, respectively. In the same way as was done in deriving (6.1.31) for the
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linear susceptibility χ , one can derive the microscopic expression for the second-
order susceptibility χ (2) which consists of terms with the products of three (instead
of two) matrix elements of the Ps and two (instead of one) energy denominators
corresponding to two intermediate states, with the use of second-order perturba-
tion theory once using the −P · E1 term and once using the −P · E2 term of the
perturbation Hamiltonian (see the second term on the r.h.s. of (6.1.23)). It is obvi-
ous from this derivation that the resulting polarization P(2)

ω has angular frequency
ω = ω1 + ω2, and wave vector k = k1 + k2 if the spatial factors are revived in the
derivation.

This P(2)
ω , as a new source, will generate a new electromagnetic wave E(2)

ω with
the same ω and k through the equation

∇2 Eω + [
n(ω)2ω2/c2

0

]
Eω = − [

ω2/ε0c2
0

]
P (2)
ω (11.1.2)

obtained from eqs. (1.1.1, 1.12) with J ≡ ∂P/∂t as the source term and with
the use of the refractive index n(ω) ≡ c0/c = c0k/ω (see the definition (1.2.5)),
provided, in the case of parallel ks, that the phase-matching condition

k = n(ω)ω/c0 = n(ω1)ω1/c0 + n(ω2)ω2/c0 (ω = ω1 + ω2) (11.1.3)

is fulfilled. In a trivial case of a vacuum with n(ω) = 1 where it holds identically,
we have unfortunately no optical nonlinearity. In isotropic matter, it is possi-
ble neither within a region of normal dispersion (n(ω) increasing, hence n(ω) >
n(ω1), n(ω2)) nor within that of anomalous dispersion (n(ω) decreasing, hence
n(ω) < n(ω1), n(ω2)). It can be fulfilled however in anisotropic matter if one makes
use of the different polarization directions of E1 and E2 with different n(ω) func-
tions. Under the phase-matching condition satisfied in this way, the electromagnetic
wave with sum frequency ω will spatially grow as it proceeds in the same direction
as the incident waves with ω1 and ω2.

In this way, the electromagnetic wave with sum frequency ω = ω1 + ω2, and
naturally the second harmonic wave with ω = 2ω1, too, can be generated from
those with lower frequencies ω1 and ω2 through the second-order susceptibility
χ (2), thus contributing to obtaining a light source with higher frequency via the
use of lasers with lower frequencies. In the same way, one can also generate the
electromagnetic wave with difference frequency, ω = ω1 − ω2. These processes
described in terms of the electromagnetic waves represent three-photon processes
in which the photons ��hω1 and ��hω2 are absorbed and a photon ��hω = ��h(ω1 + ω2) is
emitted, or the photon ��hω1 is absorbed and photons ��hω2 and ��hω = ��h(ω1 − ω2) are
emitted, as is obvious from the correspondence principle described in Section 3.5.

The use of the second-order susceptibility for higher-harmonics generation is
restricted to those materials without inversion symmetry. As mentioned above, χ (2)

consists of terms containing the products Pm� ′P� ′�P�m with two intermediate states
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� and � ′, and vanishes identically in materials with inversion symmetry where P
connects only those states with different parities. In this respect, the third-order
susceptibility χ (3) has no such restriction on materials used and has moreover much
more varied applications for nonlinear optics because of the participation of four
photons. However, it is usually much smaller than χ (2) because of the smallness of
the radiation–matter coupling constant mentioned before, and in order to have large
enough χ (3) it is desirable to choose materials and incident (or generated) photon
energy so as to make the energy denominator for the intermediate state as small
as possible (a nearly resonant intermediate state). In these higher-order optical
responses, the material system, virtually brought into excited states �, � ′, etc. in
the intermediate steps, returns finally to the initial state m, so that what has really
occurred is the conversion of the incident light waves to other light waves. For the
purpose of developing a variety of nonlinear optical technologies, a combined use
of these dispersive optical processes is most useful. See the references in Ref. [3]
for more details.

For the spectroscopic study of matter which is the main purpose of this book,
however, the dissipative optical processes in which the matter is brought to final
states different from the initial state are more useful, as we already learned with
the one-photon absorption and emission spectra. Coming back to the second-order
response, let us consider the optical transition processes in which the second states � ′

of the material system, to be reached as a result of absorbing two photonsω1 andω2,
or absorbing one photon ω1 and emitting another photon ω2, are not intermediate
but final states n which are different from the initial state m. These two processes,
which satisfy the energy conservation En − Em ≡ ��hωnm = ��hω1 ± ��hω2 instead of
the phase-matching condition, are two-photon absorption and Raman scattering
(light scattering is a more general terminology including elastic scattering: En =
Em), respectively.

Two-photon absorption is sometimes more useful than the ordinary one-photon
absorption for the spectroscopic study of electronic excited states of insulators (such
as excitons, inclusive of the ionization continuum), since a photon resonating to
these intrinsic excitations often has so large a cross-section that it is absorbed within
a depth smaller than a wavelength from the surface, being unsuitable for quantitative
study of the bulk absorption coefficient. Each of two photons in the transparent
region (energy ��hωi smaller than the lowest exciton energy) can penetrate deep into
the crystal without attenuation, while two-photon absorption has so small a cross-
section, even when the total energy ��hω1 + ��hω2 is in the region of intrinsic excitation,
that it takes place almost uniformly over the entire thickness of the crystal. There is
a similar situation in the Raman scattering process. Here the intermediate states m
are electronic excited states (non-resonant to ��hω1) as before, but the final states f
(resonant to ��h(ω1 − ω2)) to be studied are usually the excited states of intrinsic
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lattice vibrations (host phonons) which are again difficult to measure directly with
one-photon spectroscopy because of too large an absorption cross-section.

Historically, Raman scattering preceded two-photon absorption, for the reason
described in the historical review by Fröhlich.4 For pedagogical reasons, however,
we will invert this historical order in the following descriptions.

11.2 Two-photon spectroscopy

Two-photon absorption was theoretically described by Goeppert-Mayer5 as early as
1931, but it was not until the appearance of intense laser light that this process was
detected in the optical frequency region. Kaiser and Garret6 observed two-photon
absorption of a 6943 Å ruby laser beam by CaF2 : Eu2+ which was transparent
for this wavelength, confirming that the intensity of the accompanying lumines-
cence, with wavelength at 4250 Å, is proportional to the square of the intensity of
the incident beam. Braunstein7 calculated the two-photon absorption coefficient
due to excitation of electrons from the valence band to the conduction band, while
Loudon8 took into account the exciton effect. The first two-photon spectroscopy
of excitons was performed by Hopfield et al. in KI,9 thereby confirming that the
two-photon absorption edge is of the forbidden band edge type (second class) in
contrast to the one-photon edge which was known to be of the allowed band edge
type (first class) (see Section 8.4 (a) and (b)).

The merit of two-photon spectroscopy mentioned towards the end of Section 11.1
was in fact utilized for a quantitative study of exciton linewidths in CuC110 and
SnO2,11 including temperature dependence which is difficult to measure directly
by one-photon spectroscopy because of too large an absorption coefficient in this
region of intrinsic excitation.

Another merit of two-photon absorption is the greater degree of freedom in
choosing the energy and momentum of photons and elementary excitations, which
enables one to do the spectroscopy in the k-space as well and hence to directly
study the polariton dispersions.12 This technique is further extended to multiphoton
processes as will be mentioned in Section 11.7.

There are further degrees of freedom of photons, their polarization directions.
These can be utilized, through their combined use in the multiphoton process, as
a tool for studying the symmetries of electronic structures, providing a technique
which is much more powerful than that available with the one-photon process. As
the simplest example, consider a crystal with inversion symmetry where the dipole
matrix element connects between states with different parities. The two-photon
transition brings the system to the excited states n (via intermediate states �) with the
same parity as the initial state m, which are inaccessible by the one-photon process.
This alone provides only complementary knowledge on the electronic structure
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of the excited states. However, the dependence of the cross-section of two-photon
absorption or Raman scattering on the directions of polarization of the incident
and/or scattered light beams as referred to the crystalline axis provides us with
much more abundant knowledge on the symmetries of the excited states, especially
in isotropic materials where the one-photon absorption spectrum is just isotropic.

To make this point clearer, let us calculate the rate of two-photon absorption by
the second-order perturbation theory with H (1)

I given by (3.3.7) as the perturbation.
Under the incident beams 1 and 2 of Nλ photons with angular frequency ωλ and
polarization eλ(λ = 1, 2), this rate is given, apart from an unimportant factor, by

W = N1 N2δ[En − Em − (��hω1 + ��hω2)]

× |〈n|e2 · P
(ω1)e1 · P + e1 · P
(ω2)e2 · P|m〉|2, (11.2.1)

where the
(ωλ)s are operators defined by the following summation over all inter-
mediate states |�〉:


(ωλ) =
∑

�
|�〉(E� − Em − ��hωλ)

−1〈�|, (λ = 1, 2). (11.2.2)

It is convenient to introduce


± ≡ 
(ω1) ±
(ω2) (11.2.3)

and rewrite the expression within the outer | · · · | of eq. (11.2.1) as

G(e1, e2) ≡ 〈n|e2 · [(P
+ P)S + (P
− P)AS] · e1|m〉 (11.2.4)

where the sufixes S and AS mean the symmetric and antisymmetric parts, re-
spectively, of the tensor (· · ·), namely, (· · ·)Sij ≡ [(· · ·)ij + (· · ·)ji]/2 and (· · ·)ASij ≡
[(· · ·)ij − (· · ·)ji]/2.

In order to study the polarization dependence of (11.2.4), we resort to a sim-
ple group theoretical argument13 (those who are not familiar with group theoretical
terminologies (italicized) and notations such as� can also follow the argument with
the help of the geometric or algebraic analogy shown in the parentheses below) and
classify the final states n according to its symmetry which is represented by an
irreducible representation of the point group to which the crystal belongs. As
a typical system, we consider a crystal of cubic symmetry with point group Oh

with a totally symmetric ground state g with one-dimensional representation �+
1

(like the atomic s state). Since any vector P with three components belongs to the
three-dimensional representation �−

4 (which behaves like x, y, z), a one-photon
transition brings the�+

1 -state through P to the states with irreducible representation:
�+

1 × �−
4 = �−

4 (where × indicates group-theoretic multiplication), while the
two-photon transition brings it through P × P to the states with any of four ir-
reducible representations: �+

1 × �−
4 × �−

4 = �+
1 + �+

3 + �+
4 + �+

5 , where �+
3 is a
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two-dimensional representation behaving like x2 − y2, (2z2 − x2 − y2)/
√

3, �+
4

a three-dimensional one behaving like yz − zy, zx − xz, xy − yx , and �+
5 an-

other three-dimensional one behaving like yz + zy, zx + xz, xy + yx . One can
then decompose the tensor [· · ·] in eq. (11.2.4) into the parts corresponding to the
components of the four representations. Denoting the rectangular components of
ei by �i,m i, ni (i = 1, 2), (11.2.4) can be written as follows:

G(e1, e2)

= (1/3)(�1�2 + m1m2 + n1n2)(Px
+ Px + Py
+ Py + Pz
+ Pz) �+
1

+ (1/2)(�1�2 − m1m2)(Px
+ Px − Py
+ Py)
+ (1/2

√
3)(2n1n2 − �1�2 − m1m2)

×(1/
√

3)(2Pz
+ Pz − Px
+ Px − Py
+ Py)


 �+

3

+ (1/2)(m1n2 − n1m2)(Py
− Pz − Pz
− Py) + (cyclic sum.) �+
4

+ (1/2)(m1n2 + n1m2)(Py
+ Pz + Pz
+ Py) + (cyclic sum.). �+
5

(11.2.5)

The angular dependence of the rate of each transition is therefore given by

�+
1 → �+

1 : (�1�2 + m1m2 + n1n2)2 = (e1 · e2)2,

�+
1 → �+

3 : �2
1�

2
2 + m2

1m2
2 + n2

1n2
2 − (�1�2m1m2 + m1m2n1n2 + n1n2�1�2),

�+
1 → �+

4 : 1 − (�1�2 + m1m2 + n1n2)2 = (e1 × e2)2,

�+
1 → �+

5 : 1 − (
�2

1�
2
2 + m2

1m2
2 + n2

1n2
2

)
+ 2(�1�2m1m2 + m1m2n1n2 + n1n2�1�2). (11.2.6)

The angular dependence for all point groups, namely, for crystals of all symmetries,
are derived and tabulated in Refs. [14–16].

The first experiment to study the polarization dependence of two-photon absorp-
tion spectra was that by Matsuoka on TlCl crystal.17 He found that the symmetry
of the final state is A1g-like from the band edge at 3.56 eV up to 4.2 eV, above
which the Eg component starts to mix. It was later pointed out by Fröhlich et al.18

that there are only three linearly independent angular functions among the four
expressions of (11.2.6), and that the use of circularly (in addition to linearly) po-
larized light beams is necessary for the unique decomposition of the final state into
individual components. A detailed review on studies of the one- and two-photon
spectroscopies and band structures of thallous halides is presented by Kobayashi.19

In insulators with a dipole-allowed direct bandgap at k = 0 (case (a) of
Section 8.4), namely with pcv(0) ≡ (ψ∗

c0, (−i ��h∇)ψv0) �= 0, the product of the Bloch
functionsψc0ψ

∗
v0 has�−

4 symmetry, and only the excitons with s-like (�+
1 ) envelope

functions Fns and hence with total wave functions Fnsψc0ψ
∗
v0 are one-photon dipole-

allowed (�+
1 × �−

4 = �−
4 ) as already mentioned in Section 8.4, while the p-like (�−

4 )
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excitons with total symmetry �−
4 × �−

4 = �+
1 + �+

3 + �+
4 + �+

5 are two-photon
allowed with the n = 1 exciton line missing. The latter is what was found in two-
photon absorptions in alkali halides.9,20 In insulators with a dipole-forbidden direct
bandgap at k = 0 with pcv(0) = 0, but with ∇kpcv(0) �= 0 (case (b) of Section 8.4),
only the p-like excitons with total symmetry �−

4 × �+
1 = �−

4 are one-photon al-
lowed as was observed in the yellow series excitons of Cu2O (see Section 8.4).
Since the product ψc0ψ

∗
v0 is an even function in the present case (b), the two-

photon-allowed excitons (which should in general be even-parity states) should
consist of even-parity envelope functions with angular momentum l = 0 (s), 2 (d),
etc., in the spherical effective mass approximation, but the more exact symmetry
of the exciton states with n � 2 was found unambiguously to be �+

5 (among other
possibilities) by Fröhlich et al. with the use of the polarization dependence of two-
photon absorption.21 To be more elaborate, each of the n � 3 members consists of
doublet lines (as seen in Fig. 11.1 where one- and two-photon spectra are shown
for comparison) resulting from the mixing of ns- and nd-states of the yellow series
excitons and the n ′s-states of the green series (originating from the spin–orbit-split
lower valence band) through the electron–hole exchange interaction and other non-
spherical perturbation terms. These points were made very clear by Uihlein et al.
through elaborate theoretical arguments.22

Two-photon spectroscopy of even-parity states was further extended to the study
of spin-forbidden odd-parity states23 by making use of the second-order transition

Fig. 11.1 One- and two-photon spectra of Cu2O. (a) One-photon data at 4.2 K from: J. B.
Grun, S. Nikitine, J. Phys. (Paris) 23, 159 (1962); S. Nikitine, J. B. Grun, M. Certier,
Phys. Kondens. Mater. 1, 214 (1963). (b) Two-photon data at 4.2 K; the yellow 1s line
was measured at 20 K. (c) Splitting of green 1s exciton in a magnetic field of 8.5 T (Voigt
configuration). Note the enlarged energy scale for the yellow 1s region. Due to Fröhlich
et al.21
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matrix elements in which one of two electric dipoles ED in the electric field (∝
e · p) is replaced by a magnetic dipole MD in the magnetic field (∝ ik × e · m)
(see eqs. (6.7.4, 6.7.5)). In this magnetic–electric dipole two-photon absorption
(MED-TPA), one is to replace the expression in the outer | · · · | of eq. (11.2.1) by

〈 f |(M D)2
(ω1)(E D)1 + (M D)1
(ω2)(E D)2|g〉 (11.2.7)

plus the corresponding terms with (MD) and (ED) being exchanged. The magnetic
field of the electromagnetic wave with electric polarization e and direction of prop-
agation k is directed along b = k × e, and behaves like an axial vector (vector
product) which belongs to the irreducible representation �+

4 . Thus the transition
(MD) × (ED): (�+

4 × �−
4 ) can in general bring the totally symmetric �+

1 ground
state to any of the states:�−

1 + �−
3 + �−

4 + �−
5 . If only one laser beam is used for the

two-photon transition, the transition�+
1 → �−

1 vanishes because b and e are perpen-
dicular while the transition�+

1 → �−
4 vanishes because
− ≡ 
(ω1) −
(ω2) = 0

(see 11.2.3) and �−
4 term in (11.2.5)).

Let us recall the purely triplet exciton state (paraexciton) of alkali halides shown
by a dashed line B in Fig. 8.4, which is below the triplet–singlet mixed state
(orthoexciton) C by 2/3 times the (isotropic) exhange energy ∆ if ∆ (>0) is small
compared to the spin–orbit splitting λ (see eq. (8.5.2)). The state B, which is de-
generate in the spherical effective mass approximation used in Section 8.5, in fact
consists of �−

3 and �−
5 in the cubic field, which are split by the anisotropic ex-

change energy εex according to Cho et al.24 With the use of laser light propagating
along the (001) direction with polarizations e ‖ (110)(→ �−

3 ) and e ‖ (100)(→ �+
5 ),

Fröhlich et al. obtained directly the splitting εex to be 16, 50 and 260 µeV in
RbI, NaI and NaBr, respectively, and the corresponding values ∆ = 33, 17 and
40 meV from their distance to the transverse 1s exciton C measured by other
methods.

M. Itoh and Tanimura25 compared the magnetic field splitting of the paraex-
citon in NaI measured by the MED-TPA technique mentioned above with the
magnetic field shift of the free-exciton luminescence and, on the basis of the
agreement between the lower-energy component of the former with the latter, con-
cluded that the optically-excited orthoexcitons are almost exclusively scattered into
the paraexciton state during intraband relaxation well before self-trapping. This
resolved the long-standing question as to why the singlet self-trapped exciton
luminescence is hardly excited when the lowest orthoexcitons are generated by
one-photon absorption.

The study of matter with two- and multiphoton processes has been extended to
a variety of directions,26 inclusive of the studies of the phase transitions,27 and is
now an ordinary and indispensable technique of spectroscopy.
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11.3 Light scattering

The elastic and inelastic parts of light scattering are also called Rayleigh scattering
and Raman scattering, respectively. Raman scattering was predicted by Smekal in
1923,28 and experimentally confirmed by Raman in 1928,29 earlier than the predic-
tion as well as the confirmation of two-photon absorption. The lower-energy shift of
the scattered light waves from the incident one,ω1 − ω2, is called Stokes shift. Scat-
tered light waves with positive and negative Stokes shifts are called Raman–Stokes
and Raman–antiStokes lines, respectively. The dependence of the cross-section of
light scattering on the polarization directions of the first (incident) and the second
(emitted) photons30,31 is similar to that of the two-photon absorption described in
the preceding section, except that in (11.2.1, 11.2.2) N2 andω2 are to be replaced by
N2 + 1 and −ω2, respectively. Raman scattering of frequent use in molecules and
insulating solids is such that the final states n are vibrationally different from, but
electronically the same as, the initial state m while only the intermediate states � are
electronically excited states. Namely, the energy difference between the final and
initial states, given by ��hωnm ≡ En − Em = ��hω1 − ��hω2, corresponds to a quantum
of molecular or lattice vibrations which is usually much smaller than the electronic
excitation energies ��hω�m of the intermediate states �. Hereafter within this chap-
ter, we will use the atomic unit system with ��h = 1 for the sake of simplifying the
quantum-mechanical expressions, and the notations with capital letters�1 and�2

for the energies of incident and emitted photons, respectively, in order to reserve the
lower case letter ω for the electronic or vibrational energies of the material system.

Being a second-order optical process, Raman scattering has a much smaller
cross-section (∝ W/N1(N2 + 1) in (11.2.1)) than one-photon absorption. However,
the cross-section can be greatly enhanced by making �1 nearly resonant to the
intermediate excitations ω�m . For such resonant secondary radiation – resonant
Raman scattering as it is conventionally called – one can neglect the second term
in the outer | · · · | of (11.2.1) against the resonantly-enhanced first term and write
down the cross-section as

S(�1, �2) =
∑

n

∣∣∣∑
�
(P2)n�(P1)�m/(ω�m −�1)

∣∣∣2 2πδ(ωnm −�1 +�2)

(11.3.1)
apart from an unimportant factor, where P1 ≡ e1 · P, etc.

Here we come upon a conceptual problem of quantum mechanics – separabil-
ity of successive elementary processes. One can consider the situation in which
the incident photon �1 is absorbed as a real (instead of virtual) process to raise
the system to resonant excited states �(ω�m −�1 = 0) which will sooner or later
be de-excited to the states n emitting another photon �2, again as a real process
(ωn� +�2 = 0). Can one distinguish these successive real processes (absorption
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and emission) from the Raman scattering which is usually considered to be suc-
cessive virtual absorption and emission at least in the non-resonant condition? In
the resonant situation, are these apparently different descriptions, one as successive
two elementary processes of first order and another as a single elementary process
of second order, in principle and conceptually distinguishable, or merely different
aspects of the same reality? The right answer will turn out to be the latter. Still,
one may well ask how the different aspects are logically related. The answer to this
intriguing question is not simple, as has been discussed by a number of authors in
different situations and by different methods and models.32–47

Light scattering itself is a vast field of physics and chemistry. Confining ourselves
to the solid state, we can refer to a series of books, Light Scattering in Solids edited by
Cardona and Güntherodt,48 which contain many excellent review articles covering
quite a variety of problems. Here in the present book, we will focus our attention on
the above-mentioned problem, the effect of resonance, mainly from the theoretical
viewpoint.

Let us recapitulate the argument in Section 3.5 where the rate of the one-photon
process was derived by the time-integration of the Schrödinger equation (see (3.5.8))
and apply that to the present two-photon process to derive (11.3.1) although it is a
well-known general formula for the second-order process. By repeated use of the
integrated expression (3.5.8), the amplitude of the final state n reached from the
initial state m by first absorbing a photon 1 and then emitting a photon 2 can be
written as

cn(t) = C
∫ t

0
dt2

∫ t2

0
dt1 exp[−i(ωn +�2)(t − t2)]

×
∑

�
(P2)n� exp[−iω�(t2 − t1)](P1)�m exp[−i(ωm +�1)t1], (11.3.2)

where the irrelevant constant C contains factors, other than P1 and P2, of the
interactions of matter with radiation fields 1 and 2.

In the second-order perturbation theory (11.3.2), the system is considered to stay
in the excited state � from time t1 until t2. More exactly speaking, however, the
system is always subject to radiative decay which is of the same origin as we are
considering here as the second step but consists of contributions from all possible
modes 2 ′of photons and all possible final states n ′of the system. Let us take account
of this radiative decay phenomenologically by a decay constant γ� appearing as a
(negative) imaginary part of energy ω� in units of angular frequency. Since the
population of the state � is proportional to its amplitude squared | exp[−i(ω� −
iγ�)(t2 − t1)]|2 = exp[−2γ�(t2 − t1)], the decay rate is given by 2γ�. In order to
incorporate this decay into (11.3.2) from first principles of quantum mechanics, one
has to consider higher-order terms of the perturbation expansion than the second
order (see Ref. [32] for a comprehensive description of the resonance fluorescence
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Fig. 11.2 Feynman diagram for resonant second-order optical process. �1 and �2 are
energies of incoming and outgoing photons, respectively.45

of an atom, and also Ref. [43] for general situations where γ is to be considered as
a dynamical variable (operator)).

Taking the statistical average on the initial state m with Boltzmann factor wm ,
one can now write the transition probability in the form of the four-fold integral:∑

m
wm |cn(t)|2 = |C |2

∑
m

∫ t

0
dt2

∫ t2

0
dt1

∫ t

0
dt ′

2

∫ t ′
2

0
dt ′

1 exp[i(ωn +�2)t2]

×
∑

�
(P2)n� exp[−i(ω� − iγ�)(t2 − t1)](P1)�m exp[−i(ωm +�1)t1]

× wm exp[i(ωm +�1)t ′
1 ]
∑

� ′(P1)m� ′exp[i(ω� ′ + iγ� ′)(t ′
2 − t ′

1 )]

× (P2)� ′n exp[−i(ωn +�2)t ′
2 ], (11.3.3)

as shown schematically in Fig. 11.2. We will study the asymptotic behavior of this
integral for large enough t , the upper bound of the integration.

Instead of the four time coordinates, it is convenient to make use of a mean time

s ≡ (t1 + t2 + t ′
1 + t ′

2 )/4 (11.3.4)

and four relative times

τ ≡ t2 − t1, τ
′ ≡ t ′

2 − t ′
1, σ ≡ t1 − t ′

1, µ ≡ t2 − t ′
2(= σ + τ − τ ′) (11.3.5)

of which three are independent. The four-fold integration can now be rewritten as∫
ds
∫

dτ
∫

dτ ′
∫

dσ (11.3.6)

since the Jacobian ∂(s, τ, τ ′, σ )/∂(t1, t2, t ′
1, t

′
2 ) for this transformation of variables

is unity. However, the region to be integrated on the new time variables is somewhat
complicated.

The product of the four exponentials in (11.3.3) is now written as

exp[i(ωnm −�1 +�2)σ ] exp[−i(ω�n − iγ� −�2)τ ]

× exp[i(ω� ′n + iγ� ′ −�2)τ ′]. (11.3.7)

Let us first note that the second and third exponentials decay with increasing τ and
τ ′ due to the finite decay constants γ�. The integration on τ and τ ′ converges well
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before the right hand ends of the trapezoidal diagram of Fig. 11.2 reaches the upper
bound t, provided that t is taken to be large enough (much larger than any of γ−1

� ).
Let us put s (the center of the trapezoid) to be remote enough (�γ−1

� ) from the
lower (0) and upper (t) bounds. Then the integration on σ gives∫ +∞

−∞
dσ exp[i(ωnm −�1 +�2)σ ] = 2πδ(ωnm −�1 +�2). (11.3.8)

The remaining integration on s gives approximately t (the upper bound) if the latter
is large enough, since the integrand is independent of s. In this way, the transition
rate, which is the transition probability (11.3.6) divided by t, can be calculated,
through some rearrangements, as

Limt→∞
[∑

m
wm |cn(t)|2/t

]
= |C |2

∫ ∞

0
dτ
∫ ∞

0
dτ ′

∫ ∞

−∞
dσ

× exp[−i�1σ + i�2µ]
∑

n

∑
m

∑
� ′(P1)m� ′exp[i(ω� ′ + iγ� ′)τ ′](P2)� ′n

× exp[iωnµ]
∑

�
(P2)n� exp[−i(ω� − iγ�)τ ](P1)�m exp[−iωmσ ]wm

= |C |2
∑

n

∑
m
wm

∣∣∣∑
�
(P2)n�(P1)�m/(ω�m + iγ� −�1)

∣∣∣2
× 2πδ(ωnm −�1 +�2) ≡ |C |2Sγ (�1, �2). (11.3.9)

Sγ (ω1, ω2) is nothing other than the expression (11.3.1) for the second-order pro-
cess except for the inclusion of the decay term γ� as the imaginary part of the
energy (in angular frequency) ω� of the excited state. The inclusion is essential for
the convergence of the rate of the resonant second-order process. Otherwise the
transition probability (11.3.3) would increase as t2 instead of t due to the τ -and
τ ′-integrations provided there are excited states � resonant to the incident light:
ω�m − ω1(= ω�n − ω2) = 0 (see (11.3.7)).

If one defines the Hamiltonians for the ground- and excited-state subspaces by

Hg ≡
∑

m
|m〉ωm〈m| (n is included among the ms)

and

He ≡
∑

�
|�〉ω�〈�|, (11.3.10)

respectively, the density matrix for the ground states by

ρg ≡
∑

m
|m〉wm〈m| (11.3.11)

and the operator for the radiative energy width in the excited-state subspace by

γ ≡
∑

�
|�〉γ�〈�|, (11.3.12)
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one can write the relevant part of (11.3.9) in a more compact form:

Sγ (�1, �2) =
∫ ∞

0
dτ
∫ ∞

0
dτ ′

∫ ∞

−∞
dσ

× Trg{P1 exp[i(He + iγ )τ ′]P2 exp[i(Hg +�2)µ]

× P2 exp[−i(He − iγ )τ ]P1 exp[−i(Hg +�1)σ ]ρg} (11.3.13)

The trace operation Trg indicates to take summation of all diagonal elements of the
propagator in {· · ·} within the ground-state subspace:

∑
m{· · ·}mm .

The propagator · · · to be read from right to left corresponds to the trapezoid in
Fig. 11.2 to be traced clockwise. Starting from the lower left corner of the trapezoid
at time t ′

1, the system propagates in the ground state (Hg) interacting through P1 with
the incident photon�1 until time t1 when it is excited, absorbing the photon, then it
propagates with energy He being always subject to the radiative decay through the
imaginary part γ until time t2 when it is de-excited, emitting a photon �2 through
the interaction P2, and then repeats the same processes in opposite order and in
the opposite time direction corresponding to the conjugate complex of the wave
function.

Let us first consider a two-level atom with a non-degenerate ground state (ωm =
ωg) and excited state (ω� = ωe = ωg + ε), for which (11.3.13) gives

Sγ (�1, �2) = 2π |(P1)eg|2|(P2)ge|2δ(�2 −�1)[(�2 − ε)2 + γ 2]−1, (11.3.14)

as was described in Ref. [32]. For monochromatic incident light with intensity
I (�1) = I0δ(�1 −�0), we have the emitted light with intensity

I (�2) ∝
∫

d�1Sγ (�1, �2)I (�1)

∝ I0δ(�2 −�0)[(�0 − ε)2 + γ 2]−1. (11.3.15)

Namely, it is elastic scattering (also called Rayleigh scattering) with cross-section
proportional to the absorption spectrum of the Lorentzian shape. The atom has only
been virtually (not really) excited during this scattering process, while the photon
has only been scattered as is obvious from �2 = �0. For pulsed and hence white
(due to the uncertainty principle) incident light with I (�1) = I (constant), we have
the emitted light with intensity

I (�2) ∝ I [(�2 − ε)2 + γ 2]−1, (11.3.16)

indicating that the atom has once absorbed an incident photon�1 as a real process,
and re-emits another photon�2 after it has lost the memory of which photon energy
it has absorbed (�2 �= �1 although both of them are within ∼ ±γ from ε). The
interpretation of what has taken place in these opposite limits of incident light is
most clear, one being scattering and another being absorption followed by emission.
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Although the interpretation becomes obscured in the intermediate situations of
incidence, it is obvious that the two interpretations are different aspects of the same
reality. It is left for the interested reader to confirm this statement with the use of the
time-dependent description (11.3.13) applied to a (temporally as well as spectrally)
general form of incidence.

In the general case where both Hg and He have internal structures (consist of
many states), let us note that (11.3.13) can be rewritten, by changing the variable
σ to µ with the use of (11.3.5), as

Sγ (�1, �2) =
∫ ∞

−∞
dµ exp[i(�2 −�1)µ]〈〈α†�1

α�1 (µ)〉〉 (11.3.17)

where α�1 is an operator defined by

α�1 ≡
∫ ∞

0
idτ exp(i�1τ ){P2 exp[−i(He − γ )τ ]P1 exp[i Hgτ ]}, (11.3.18)

α�1 (µ) = exp(i Hgµ)α�1 exp(−i Hgµ) is its Heisenberg representation at time µ,
and 〈〈· · ·〉〉 ≡ Trg{· · · ρg}. Note that

〈〈α�1〉〉 = e1 · χ (�1) · e2 (11.3.19)

where χ (�1) is the susceptibility tensor given by

χ (�1)ij =
∑

m

∑
�
wm(Pi)m�(ω�m − iγ� −�1)−1(Pj)�m (11.3.20)

as is obtained from the tensor components and matrix elements of (11.3.18) by
performing the time integration. It is in fact the first term (resonant part) of
(6.1.31) with infinitesimal γ replaced by finite decay constant γ� and Fourier
component Pk by P0. The operator α�1 defined by (11.3.18) will be called the
polarizability operator to distinguish it from susceptibility which is its expected
value.

Equation (11.3.17) can be decomposed as

Sγ (�1, �2) = 2πδ(�2 −�1)
〈〈
α
†
�1

〉〉〈〈
α�1

〉〉
+
∫ ∞

−∞
dµ exp[i(�2 −�1)µ]

〈〈{
α
†
�1

− 〈〈
α
†
�1

〉〉}{
α�1 (µ) − 〈〈

α�1

〉〉}〉〉
(11.3.21)

under the assumption of the ergodicity within the subspace g:

Lim|µ|→∞
〈〈
α
†
�1
α�1 (µ)

〉〉 = 〈〈
α
†
�1

〉〉〈〈
α�1

〉〉
(11.3.22)

which is usually expected to be valid for large systems.
Equation (11.3.21) means that the average and the fluctuation therefrom of

polarizability are responsible for the elastic and inelastic parts, respectively, of
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light scattering, namely, the Rayleigh and Raman scattering. This is in accordance
with the semi-classical picture for light scattering which was already considered in
non-resonant situations.49 Namely, the incident light �1 induces oscillating elec-
tronic polarization with proportionality constant α�1 which in turn emits the sec-
ondary radiation. If α�1 itself, as a dynamical variable, has vibrating components
(for instance, the electronic polarizability of a diatomic molecule depends on the
interatomic distance which is vibrating), the frequency �2 of the thereby scattered
light will be shifted from �1 by this vibrational frequency. Integrating (11.3.17
and 11.3.21) on �2, we find that the fractional intensity of Rayleigh scattering is
given by

R0 = 〈〈
α
†
�1

〉〉〈〈
α�1

〉〉
/
〈〈
α
†
�1
α�1 (µ)

〉〉
. (11.3.23)

The above decomposition of the four-time correlation function (11.3.13) into the
two-time correlation function (11.3.17) of polarizability, as schematically shown
in the upper half of Fig. 11.3, is one aspect of the resonant second-order optical
process. There is an alternative decomposition into two-time correlation functions
for absorption and emission processes, as shown in the lower half of the figure.
The complementarity of these dual aspects of the resonant second-order process
was discussed in Ref. [45]. In the following two sections, we will study these two
aspects of the secondary radiation using a localized electron interacting with lattice
vibrations as a model system.

Fig. 11.3 Two complementary ways of decomposing the second-order optical process.
(a) Light scattering in terms of auto-correlation of polarizability. Correlated absorption and
emission processes.45
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11.4 Resonant light scattering by a localized electron

As typical systems for resonant light scattering, we will consider (i) a two-level lo-
calized electron in this and the following section, and (ii) an exciton in Section 11.6,
both being microscopic entities interacting with lattice vibrations as their macro-
scopic background. Stochastic models for the latter as an external source (like a heat
bath) of fluctuation of various specified characteristics provide sometimes illumi-
nating answers to the questions mentioned below (11.3.1). However, we will take
here the dynamical description of both the microscopic and macroscopic systems
on an equal footing since we want to take into account a finite reaction of the latter –
lattice relaxation – to the optical excitation of the former.

We denote the ground and excited states of a localized electron by |g〉 and |e〉,
and their adiabatic potentials by Wg(Q) and We(Q), respectively, where Q repre-
sents the displacements of all atoms of the lattice. Adding the kinetic energy of
the lattice, KL, to Wg, we obtain the Hamiltonian HL = KL + Wg for the lattice
vibrations when the electron is in the ground state. Let us decompose the adiabatic
excitation energy�W (Q) ≡ We(Q) − Wg(Q) into the electronic part εa and devi-
ation δV (Q) therefrom. How to decompose it will be mentioned later. The deviation
δV (Q) will be called the interaction of the electron with the lattice vibrations. One
can then write the total Hamiltonian of the system as

Hg = |g〉HL〈g|, He = |e〉(HL + Ea + δV )〈e|. (11.4.1)

While Wg(Q) and We(Q) depend on the displacements of atoms of the entire lattice,
the electron-originated difference�W (Q) and hence δV (Q) depend only on those
of the atoms within the spatial extension of the electron. If, moreover, one assumes
Wg(Q) to be harmonic and δV (Q) to be linear in the atomic displacements Q,
the system reduces to that described in Chapter 4, a harmonic lattice with linear
electron–lattice interaction. However, we do not specify the model here beyond
the Hamiltonian (11.4.1) with macroscopically extended HL and microscopically
localized δV (Q).

With the use of (11.4.1), (11.3.13) can be written as

Sγ (�1, �2) = |(P1)eg|2|(P2)eg|2
∫ ∞

0
dτ
∫ ∞

0
dτ ′

∫ ∞

−∞
dσ

×〈〈exp[i(HL + Ea + δV + iγ )τ ′] exp[i(HL +�2)µ]

× exp[−i(HL + Ea + δV − iγ )τ ] exp[−i(HL +�1)σ ]〉〉, (11.4.2)

where 〈〈· · ·〉〉 ≡ Tr{· · · ρg}, ρg = exp(−βHL)/Tr[exp(−βHL)].

(11.4.3)
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Let us now define

f (σ ) ≡ 〈〈exp[i(HLσ ] exp[−i(HL + Ea + δV )σ ]〉〉 = exp(−i Eaσ )〈〈Sσ 〉〉
(11.4.4)

where Sσ ≡ exp[i HLσ ] exp[−i(HL + δV )σ ]. (11.4.5)

The Fourier transform of f (σ ) gives the normalized absorption spectrum (without
the γ -effect) of this localized electron:

Fa(�1) = (2π )−1
∫ ∞

−∞
exp(i�1σ ) f (σ )dσ

= (2π )−1
∫ ∞

−∞
exp[−i(�1 − Ea)σ ]〈〈Sσ 〉〉dσ. (11.4.6)

This can be seen by denoting the eigenvalues and eigenstates of HL by ωm and |m〉,
respectively, those of HL + Ea + δV by ω� and |�〉, and explicitly writing down
(11.4.6) as

Fa(�1) =
∑

m

∑
�
wm |〈m|�〉|2δ(ω� − ωm −�1). (11.4.6a)

Since Sσ satisfies the differential equation

(d/dσ )Sσ = −i exp[i HLσ ]δV exp[−i(HL + δV )σ ] = −iδV (σ )Sσ , (11.4.7)

where

δV (σ ) ≡ exp(i HLσ )δV exp(−i HLσ ), (11.4.8)

it can be written, with the repeated integration of (11.4.7), as an infinite series:

Sσ = 1 − i
∫ σ

0
dσ1δV (σ1)Sσ1

= 1 − i
∫ σ

0
dσ1δV (σ1) −

∫ σ

0
dσ1

∫ σ1

0
dσ2δV (σ1)δV (σ2) + · · · . (11.4.9)

By choosing Ea, so far unspecified, in such a way that the average of fluctuation
δV on the ensemble (and hence on time since HL commutes with ρg) vanishes:

〈〈δV (σ )〉〉 = 0, (11.4.10)

the average of (11.4.9) can be expanded as

〈〈Sσ 〉〉 = 1 −
∫ σ

0
dτ (σ − τ )〈〈δV (τ )δV 〉〉 + (higher-order terms), (11.4.11)

= exp

[
−
∫ σ

0
dτ (σ − τ )〈〈δV (τ )δV 〉〉 + (higher-order cumulants)

]
,

(11.4.11a)
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namely, in terms of the second- and higher-order correlation functions or
cumulants50 of δV . In the case of a harmonic lattice with linear electron–lattice
interaction as described in Chapter 4, the higher-order cumulants in (11.4.11a)
exactly vanish as can be readily confirmed below.

Let us decompose the correlation function into the Fourier components as

〈〈δV (τ )δV 〉〉 =
∫ ∞

−∞
J (ω) exp(−iωτ )dω. (11.4.12)

Putting this into the integral in (11.4.1) and the thus-obtained 〈〈Sσ 〉〉 into (11.4.5),
we can write f (σ ) as

f (σ ) = exp[−iσ {Ea −
∫ ∞

−∞
dωJ (ω)ω−1}

−
∫ ∞

−∞
dωJ(ω)ω−2 +

∫ ∞

−∞
dωJ(ω)ω−2 exp(−iωσ )]. (11.4.13)

This can be identified term by term with eq. (4.5.10a), which is an exact expres-
sion for the harmonic lattice with linear electron–lattice interaction, by noting the
following correspondence:

J (ω)ω−2 ⇔ s(ω){nβ(ω) + 1}, (nβ(ω) = [exp(βω) − 1]−1)∫ ∞

−∞
dωJ (ω)ω−1 ⇔

∫ ∞

0
s(ω)ωdω = ER, (11.4.14)

{· · ·} in (11.4.13) ⇔ E0

The expression 〈〈· · ·〉〉 in (11.4.2), after separation of c-number factor, can now be
rewritten in terms of this Sσ , defined by (11.4.6), and its Heisenberg representation
Sσ (µ) defined by (11.4.8), as

〈〈exp[i(HL + δV )τ ′] exp[i HLµ] exp[−i(HL + δV )τ ] exp[−i HLσ ]〉〉
= 〈〈S−τ ′S†

−τ (µ)〉〉. (11.4.15)

Inserting (11.4.9) and making use of the cumulant expansion technique as was done
in (11.4.11a), one obtains, following Hizhnyakov and Tehver34 who presented a
pioneer work on this problem,

〈〈S−τ ′S†
−τ (µ)〉〉 = 〈〈S−τ ′〉〉〈〈S†

−τ 〉〉 exp[K (τ, τ ′, µ) + (higher-order cumulants)],
(11.4.16)

where

K (τ, τ ′, µ) ≡
∫ −τ ′

0
ds ′
∫ −τ

0
ds〈〈δV (s ′)δV (s + µ)〉〉 (11.4.17)

=
∫ ∞

−∞
dωJ (ω)ω−2 exp(iωµ)[1 − exp(−iωτ )]

× [1 − exp(iωτ ′)]. (11.4.18)
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J (ω) ≡ (2π )−1
∫ ∞

−∞
exp(−iωt)〈〈δV δV (t)〉〉dt . (11.4.19)

It is noted in (11.4.16) again that the higher-order cumulants vanish for a harmonic
lattice with linear electron–lattice interaction.

Noting that 〈〈S−τ 〉〉 = exp(−i Eaτ ) f (−τ ), one can write (11.4.2) as

Sγ (�1, �2) = |(P1)eg|2|(P2)eg|2
∫ ∞

0
dτ
∫ ∞

0
dτ ′

∫ ∞

−∞
dµ

× exp[(i�1 − γ )τ + (−i�1 − γ )τ ′+ i(�2 −�1)µ]

× f ∗(−τ ) f (−τ ′)
∑

n=0
[K (τ, τ ′, µ)]n/n!

=
∑

n
Sn(�1, �2). (11.4.20)

Let us note that the susceptibility component relevant to the light scattering is
given by〈〈

α�1

〉〉
/(P2)ge(P1)eg ≡ �γ (�1) =

∫ ∞

−∞
d�F(�)[�−�1 − iγ ]−1 (11.4.21)

as can be seen from (11.3.18) with the use of (11.4.1, 11.4.4) and the inverse
transform of (11.4.6). Then nth order Raman term of (11.4.20) can be rewritten as

Sn(�1, �2) = |(P2)ge(P1)eg|2
∫ ∞

−∞
J (ω1)dω1 · · ·

∫ ∞

−∞
J (ωn)dωn

× δ(�1 −�2 − ω1 − · · · − ωn)(n!)−1
∣∣∣{∏n

ν=1
∂(ων)

}
�γ (�1)

∣∣∣2
(11.4.22)

where ∂(ων) is the difference operator defined by

∂(ω)�γ (�) ≡ [�γ (�) −�γ (�− ω)]/ω. (11.4.23)

The zeroth-order term represents the Rayleigh scattering. While an expression
equivalent to eq. (11.4.22) was given in Ref. [51], we give here the present form in
terms of the difference operator for later use.

Let us now study the two limiting situations of the temporal behavior of the cor-
relation function 〈〈δV δV (t)〉〉 characterized by the two parameters, the amplitude
D and the correlation time τc, defined as:

D2 ≡ 〈〈(δV )2〉〉, (11.4.24)

D2τc ≡
∫ ∞

0
〈〈δV δV (t)〉〉dt ≡ � = π J (0). (11.4.25)

The two limiting situations are characterized as follows:

Dτc � 1 (slow modulation, or strong coupling), (11.4.26)

Dτc � 1 (rapid modulation, or weak coupling, or motional narrowing).
(11.4.27)
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Let us note that the integral in (11.4.11a) can be approximated as∫ σ

0
dτ (σ − τ )〈〈δV δV (τ )〉〉 ∼ D2σ 2/2 or ∼ �σ

according as σ� τc or σ� τc. The lineshape of the absorption spectrum, (11.4.6),
is governed by the behavior of the integral in the σ -region where it is of the order
of unity (provided the higher-order cumulants are negligible), and is therefore
given by

Fa(�1) = (2πD2)−1/2 exp[−(�1 − Ea)2/2D2] (slow modulation),

(11.4.28)

= π−1�[(�1 − Ea)
2 + �2]−1 (rapid modulation). (11.4.29)

The successive Raman terms in the rapid-modulation case are calculated as
follows. Putting (11.4.29) into (11.4.21) and (11.4.23), we obtain

�γ (�)[ε −�− i(� + γ )]−1, (11.4.30)

∂(ων)�γ (�) ≡ �γ (�)�γ (�− ων). (11.4.31)

With the repeated use of eq. (11.4.31), we obtain{∏n

ν=1
∂(ων)

}
�γ (�) = �γ (�)�γ (�− ω1 − ω2 − · · · − ων)

×
∑

n!
�γ (�− ων1 )�γ (�− ων1 − ων2 ) . . . �γ (�− ων1 · · · − ωνn−1 ),

(11.4.32)

where the summation runs over all the possible permutations (n Pn−1 = n!) of
(n − 1) numbers: ν1, ν2, . . . , νn−1 out of (1, 2, . . . , n). In calculating the contribu-
tion of the square of each summand in eq. (11.4.29) to the integral in eq. (11.4.19),
we note that J (ων) can be taken to be constant ∼ J (0) = �/π within the region
ων = O(� + γ ) where |�γ |2 has a significant value, so long as

�τc
( = (

D2τ 2
c

) � 1 and γ τc � 1. (11.4.33)

The contribution of each cross term vanishes in the same approximation. In this
way, we have

Sn(�1, �2) = 2|(P2)ge(P1)eg|2�n/(� + γ )n−1

× [(�1 − Ea)2 + (� + γ )2]−1[(�2 − Ea)2 + (� + γ )2]−1,

(11.4.34)

S0(�1, �2) = 2|(P2)ge(P1)eg|2[(�1 − Ea)2 + (� + γ )2]−1πδ(�1 −�2),

with fractional intensities given by

Rn = γ�n/(� + γ )n+1 (n � 0). (11.4.35)
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Fig. 11.4 (a) Resonance Raman spectra of successive orders, and (b) their fractional inten-
sities, for the weak coupling case (lum.: luminescence).45

The result (11.4.31 to 11.4.32) is a simplified version of those which were
obtained by the resolvent method applied to a particular model of quadratic
electron–lattice interaction with the phonon structures being retained in the width
function Γ (ω).44

The spectral behaviors and the fractional intensities of successive Raman
scatterings given by (11.4.31) and ()11.4.32) are shown in Fig. 11.4(a) and (b),
respectively. The characteristc feature of light scattering in the rapid-modulation
case is that already the first- (and hence, also higher-) order Raman scattering be-
haves essentially like the luminescence. The intensity ratio of the sum of Raman
scattering of all orders, which is to be interpreted as luminescence, to the Rayleigh
scattering is given by Γ : γ , in accordance with the result obtained by other methods
such as stochastic models.35,42,46

In contrast, Raman spectra of successive orders in the case of slow modulation
gradually change their nature, through hot luminescence, towards the ordinary
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Fig. 11.5 (a) Resonance Raman spectra of successive orders, and (b) their fractional inten-
sities, for the strong coupling case (lum.: luminescence; abs.: absorption).45

luminescence, as shown schematically in Fig. 11.5(a) and (b). In fact, the difference
operator defined by (11.4.23) can be approximated by a differential operator since
the width D of the absorption band (11.4.28) is much larger than the typical phonon
energy ων . We have therefore

Sn(�1, �2) � |(P2)ge(P1)eg|2
∣∣�(n)
γ (�1)

∣∣2/n!

×
∫ ∞

−∞
J (ω1)dω1 . . .

∫ ∞

−∞
J (ωn)dωn2πδ(�1 −�2 − ω1 − · · · − ωn).

(11.4.36)

It should be noted that the spectral shape of the nth-order term as a function of
energy shift �1 −�2 is given by the n-fold convolution of the fluctuation spec-
trum J (ω). Because of the relation J (ω)/J (−ω) = exp(βω), generally valid for
a quantum-statistical system (see also the first line of eq. (11.4.14)), J (ω) and
the Stokes-shift �1 −�2 in the Raman spectra are of positive predominance
(the Stokes lines (�1 −�2 > 0) are always stronger than the corresponding anti-
Stokes lines). The �1 dependence appears only through the relative intensity of
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successive terms:

Rn ∝ ∣∣Dn�(n)
γ (�1)

∣∣2/n!. (11.4.37)

The ratio of successive terms, Rn+1/Rn is of the order of unity for the resonance
case (|�1 − Ea| < D) while it is of the order of D/|�1 − Ea| for off-resonance,
provided γ < D.

It is to be noted, however, that the approximation (11.4.36) based on the use of
differential operator for (11.4.23) no longer holds when n times the phonon energy
becomes comparable to D since �γ (�1) cannot be taken to be a slowly varying
function compared to the convolution spectra of J (ω) which shift and broaden
indefinitely toward lower energy as n increases (see Fig. 4.5). For this reason, the
higher-order spectra no longer shift indefinitely towards lower energy. Instead, they
converge to the spectral shape of the ordinary luminescence as shown schematically
in Fig. 11.5(b). It should also be noted that the approximation by a differential
operator cannot be applied to that part of the absorption spectrum which varies
significantly while ω changes by the phonon energy ων . In a rigorous treatment of
the linear electron–phonon interaction with a harmonic lattice, Kotani52 showed that
in the mathematical limit of vanishing γ the zero-phonon line makes a predominant
contribution to the Raman scattering of all orders. With a more elaborate argument,
one finds that the above description which considers only the smooth part of the
absorption spectra holds under the condition.

(γ /ων)
1/2 > ST exp(−ST ), (11.4.38)

whereων represents the typical phonon energy. Putting realistic values: γ ∼ 108 s−1

and ων ∼ 1013 s−1, one finds the condition ST > 7. It is valid for most of the color
centers with well-localized electrons (see also Fig. 10.5), but not for shallow centers
in semiconductors (most of which, however, are to be classified among the weak
coupling cases).

That the higher-order Raman processes make contributions comparable to those
from lower-order ones irrespective of the coupling strength is an important feature
of the resonance Raman scattering. One can see from Fig. 11.4(b) and Fig. 11.5(b)
that increasingly higher order terms, with less memory of the incident energy �1,
make predominant contributions as γ tends to 0 (note the limitation (11.4.38) in the
strong coupling case). However, the way the Raman spectra of successive orders
retain the memory and how they approach the ordinary luminescence depends very
much upon the coupling strength or the modulation rapidity, as shown in Fig. 11.4(a)
and Fig. 11.5(a) in the two contrasting cases.
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11.5 Correlated absorption and emission of a localized electron

Let us now study the condition under which the resonance Raman scattering can be
considered as luminescence in the conventional sense of the concept. Transforming
the integration variables (τ, τ ′, σ ) of (11.4.2) into (τ0 ≡ (τ + τ ′)/2, µ, σ ) with the
use of (11.3.5), we can write the scattering rate as

S(�1, �2) ∼ |(P2)eg|2
∫ ∞

0
dτ0

∫ ∞

−∞
dµ

× Tr{exp[i(HL +�2)µ/2] exp[−i(HL + Ea + δV )µ/2]A(�1, τ0)

× exp[−i(HL + Ea + δV )µ/2] exp[i(HL +�2)µ/2]}, (11.5.1)

A(�1τ0) ≡ exp[−i(HL + Ea + δV − iγ )τ0]A(�1)

× exp[i(HL + Ea + δV + iγ )τ0], (11.5.2)

A(�1) ≡ (P1)eg|2
∫ ∞

−∞
dσ exp[−i(HL + Ea + δV )σ/2] exp[−i(HL +�1)σ/2]

× ρg exp[−i(HL +�1)σ/2] exp[i(HL + Ea + δV )σ/2]. (11.5.3)

According to (11.4.6), the trace of A(�1) gives the absorption spectra:

Tr[A(�1)] = |(P1)eg|2 Fa(�1) > 0. (11.5.4)

The µ-integral in (11.5.1) has a structure similar to the σ -integral in (11.5.3)
except for the interchange e→←g and +�2→←−�1, if A(�1, τ0) is interpreted as a
density matrix within the subspace e. In fact, A(�, 0) = A(�) is such, with the
positive normalization constant as given by (11.5.4). Then one can interpret A(�1)
as the density matrix immediately after the excitation with a photon �1, which
evolves according to (11.5.2) as time elapses. Hence, the τ0-integrand in (11.5.1)
can be interpreted as the emission spectra at time τ0 after the optical excitation
(time-resolved spectra). The absorption and emission are correlated through the
propagator: exp[−i(HL + Ea + δV − iγ )τ0].

The above interpretation holds only when τ0 is much larger than the convergence
range of σ - and µ-integrations in (11.5.3, 11.5.1). Since the latter is of the order of
the reciprocal of the half-width h of the absorption and emission bands, we have to
assume

γ � h (11.5.5)

in order that the above interpretation holds for the dominant range of τ0.
Let us consider the local excitation represented by the density matrix ρ ′. The

operator A(�1)]/Tr[A(�1)] (see (11.5.3)) is an example of such a ρ ′. We now
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assume the ergodicity:

ρ(τ ) ≡ τ−1
∫ τ

0
dτ ′exp[−i(HL + Ea + δV )τ ′]ρ ′exp[i(HL + Ea + δV )τ ′]

→ ρe
(
τ � τc ∼ ω−1

ν

)
. (11.5.6)

Namely, starting from any locally excited state ρ ′, the system approaches, with
the relaxation time τc, always to the same thermal equilibrium with density matrix
given by

ρe = exp[−β(HL + Ea + δV )]/Tr{exp[−β(HL + Ea + δV )]} (11.5.7)

(compare with (11.4.3)). We expect this behavior simply because the system of
lattice vibrations is very large (playing the role of heat bath in thermodynamic
terminology), being insensitive to the way that the local excitation was introduced.
Assuming γ � τ−1

c , the τ0-integral of A(�1, τ0) in (11.5.1) can be carried out, with
the use of eq. (11.5.6), the partial integration:∫ ∞

0
dτ exp[−i(HL + Ea + δV )τ ]ρ ′exp[i(HL + Ea + δV )τ ] exp(−2γ τ )

=
∫ ∞

0
dτ · d[τρ(τ )]/dτ · exp(−2γ τ ) ∼ ρ(∞)/2γ,

and eqs. (11.5.1) to (11.5.4). One finally obtains

S(�1, �2) ∼ (2γ )−1|(P1)eg|2 Fa(�1)|(P2)ge|2 Fe(�2)
(
γ � τ−1

c , h
)

(11.5.8)

where Fe(�2) is the normalized spectrum of emission from the relaxed excited
state ρe:

Fe(�2) =
∫ ∞

−∞
dµ exp[i�2µ]Tr{exp[i HLµ] exp[−i(HL + Ea + δV )µ]ρe}.

(11.5.9)
Equation (11.5.8) represents the ideal situation where the resonance light scatter-

ing is factorized into two independent real processes, absorption and emission. The
condition for this is shown in the parentheses. This factorization has been proved
for two special cases: excitation of a localized electron with strong but almost linear
interaction with the harmonic lattice of an insulator,34 and core electron excitation
interacting with conduction electrons in a metal.53 We have shown that any ergodic
system behaves in the same way.

There are many realistic systems, however, for which the ergodicity in its simplest
form (11.5.6) is not valid within the radiative lifetime γ−1. A typical situation may
be that some modes of the system relax rapidly (τc � γ−1) but other modes rather
slowly (τ ′> γ−1). For example, in the case of a localized electron with a number
of excited states designated by α = 1, 2, . . ., the lattice will relax rapidly within
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each adiabatic potential α, but the thermal equilibrium among different αs may
be attained much more slowly through multiphonon processes. The parameter α
may also represent branches of Jahn-Teller-split adiabatic potentials of degenerate
electronic states, spin directions in a weakly spin–orbit coupled system, different
sites of excitation in the problem of energy transfer, or the lattice sites of a self-
trapped exciton in the problem of host excitation. The generalization of (11.5.6),
with damping factor included, can then be written as

exp[−i(HL + Ea + δV − iγ )t]ρ ′exp[i(HL + Ea + δV + iγ )t]

→
∑

α
aα(t)ρα (τc � t ∼ O(τ ′)), (11.5.10)

where ρα represents local equilibrium. To be precise, the l.h.s. should be understood
as the time average over a time interval �t(τc � �t � τ ′) around t. The time-
dependent coefficients aα(t) in (11.5.10) would satisfy the rate equations (with
radiative damping rate γα and transition rate pα �=α ′ ∼ O(τ ′−1):

daα/dt =
∑

α ′ pαα ′aα ′ − γαaα
(∑

α ′ pαα ′ = 0
)
, (11.5.11)

independently from ρ ′, but their initial values aα(0) (at t such that τc < t � τ ′)
depend of course on the starting ρ ′. For normalized ραs, we have∑

α
aα(0) = 1 (11.5.12)

since γ τc � 1.
Let us now apply the generalized ergodicity Ansatz (11.5.10) to the time-

resolved emission spectra after pulse excitation. For this purpose, let us first
calculate the second-order response (11.3.3) to the step form excitation, at finite
but large t(� h−1) by changing the time variables into σ,µ, τ0 = (τ + τ ′)/2 and t2
(see (11.3.5) or Fig. 11.2). Since the important range of σ and µ are ∼ O(h−1)
and � γ−1 according to the assumption (11.5.5), we can translate the graph in-
variantly by keeping the relative times σ,µ and τ0 fixed but sliding t2 between
τ0 + O(h−1) and t + O(h−1). In this way, we obtain the response

∫ t
0 dτ0(t − τ0) · · ·

where the omitted part of the integrand is the same as the τ0-integrand of (11.5.1).
In order to obtain the time-resolved emission spectrum L for unit pulse ex-
citation, we have only to take the second derivative of the above expression;
namely,

L(�1, �2, t) = |(P2)ge|2
∫ ∞

−∞
dµTr{exp[i(HL +�2)µ/2]

× exp[−i(HL + Ea + δV )µ/2]A(�1, t)

× exp[−i(HL + Ea + δV )µ/2]

× exp[i(HL +�2)µ/2]}. (11.5.13)
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This is in accordance with what we mentioned below eq. (11.5.4), as it should be.
Inserting (11.5.10) into (11.5.13), and making use of the normalization (11.5.4),
we obtain

L(�1, �2, t) = Fa(�1)
∑

α
aα(�1, t)F (α)

e (�2), (11.5.14)

where the component emission F (α)
e (�2) is given by (11.5.9) with ρe re-

placed by ρα. The coefficients aα(t) depend on �1 through the initial density
matrix A(�1)/Tr[A(�1)] and, hence, correlate the emission with the absorption
spectra.

In the case of absorption spectra consisting of several component bands α which
are separable in energy or polarization and of which each is adiabatically contingent
to the relaxed excited state ρα, it is not unusual that the initial value aα(�1, 0) = 1
or 0 according as �1 (with its polarization) belongs to the α-component band,
F (α)

a (�1), or not. Then we can write (11.5.14) as

L(�1, �2, t) =
∑

αα ′ F
(α ′)
a (�1)a(α ′)

α (t)F (α)
e (�2), (11.5.15)

where a(α ′)
α (t) represents the solution of (11.5.11) with initial condition a(α ′)

α (0) =
δαα ′. In analyzing the so-called excitation spectra, the correlator a(α ′)

α (t) plays an
important role.

The inequality t � τc characterizing the kinetic stage (where the kinetic equa-
tions (11.5.11) hold), on the one hand, and the inequality t � h−1 assumed in the
derivation of (11.5.13), on the other hand, are independent conditions. If τc � h−1

as is the case for a localized electron interacting strongly with the lattice (where
τ−1

c is of the order of the typical phonon energy ων), one can in principle observe
the time-resolved emission spectra not only in the kinetic stage but even in the
dynamical stage, by choosing the pulse excitation with duration time �t � τc (so
that one can follow the response for the interval 0 < t < τc) and the spectral width
��1 � h (so that one can study the�1 dependence of the response). This problem
will be treated more elaborately below. It should be noted, however, that the resolv-
ing power in time-resolved spectroscopy is limited by��1 ∼ ��2 ∼ �t−1 � τ−1

c

where �t is the pulse duration or the observation interval.
As mentioned above, the correlation between absorption amd emission is gov-

erned by the relaxation and thermal equilibrium state of the system within the
excited-state subspace |e〉. To distinguish them from those in the ground-state sub-
space |g〉 so far described, we introduce the following notations:

δV (e)(t) ≡ exp[i(HL + δV )t]δV exp[−i(HL + δV )t], 〈〈δV 〉〉e ≡ Tr[ρeδV ],

δV (t) ≡ exp[i HLt]δV exp[−i HLt], 〈〈δV 〉〉 ≡ Tr[ρgδV ]. (11.5.16)
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For instance, 〈〈δV (e)(t)〉〉 starts from 〈〈δV 〉〉 = 0 (see (11.4.10)) at t = 0, and tends
to 〈〈δV 〉〉e at t = ∞ under the ergodicity assumption. In fact, in the expression〈〈

δV (e)(τ ′)
〉〉 ≡ Tr{ρg exp[i HL + δV )τ ′]δV exp[−i(HL + δV )τ ′]}

= Tr{exp[−i(HL + δV )τ ′]ρg exp[i(HL + δV )τ ′]δV }
obtained by cyclic permutation of operators allowed within Tr{· · ·}, we take the
long-time average, τ−1

∫ τ
0 dτ ′, of both sides and note that the operator in the bracket

{· · ·} on the r.h.s. can be replaced by ρe for arbitrary ρ ′ (which in the present case
is ρg). Then we obtain

Limτ→∞

[
τ−1

∫ τ

0
dτ ′〈〈δV (e)(τ ′)

〉〉] = Limτ→∞
〈〈
δV (e)(τ )

〉〉 = Tr[ρeδV]

(11.5.17)
as mentioned above.

With this in mind, we define the instantaneous fluctuation by

δVe(t) ≡ δV (e)(t) − 〈〈
δV (e)(t)

〉〉
, (11.5.18)

and rewrite (11.4.15) as

〈〈exp[i(HL + δV )τ ′] exp[i HLµ] exp[−i(HL + δV )τ ] exp[−i HLσ ]〉〉
= 〈〈

S(e)
µ (τ ′)S†

σ

〉〉
. (11.5.19)

In expanding Sσ defined by (11.4.5), we follow the evolution within the excited-
state subspace in conformity with the above; namely, we start from the differential
equation

(d/dσ )Sσ = −i exp[i HLσ ]δV exp[−i(HL + δV )σ ] = −i Sσ δV
(e)(σ ) (11.5.20)

(note the difference of the r.h.s from that of (11.4.7)), and repeatedly integrate it
to have

Sσ = 1 − i
∫ σ

0
dσ1Sσ1δV

(e)(σ1)

= 1 − i
∫ σ

0
dσ1δV

(e)(σ1) −
∫ σ

0
dσ1

∫ σ1

0
dσ2δV

(e)(σ2)δV (e)(σ1) + · · · .
(11.5.21)

One can thus expand (11.5.19) as〈〈
S(e)
µ (τ ′)S†

σ

〉〉 = 1

− i
∫ µ

0
dµ1

〈〈
δV (e)(µ1 + τ ′)

〉〉+ i
∫ σ

0
dσ1

〈〈
δV (e)(σ1)

〉〉
+
∫ µ

0
dµ1

∫ σ

0
dσ1

〈〈
δV (e)(µ1 + τ ′)δV (e)(σ1)

〉〉
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−
∫ µ

0
dµ1

∫ µ1

0
dµ2

〈〈
δV (e)(µ2 + τ ′)δV (e)(µ1 + τ ′)

〉〉
−
∫ σ

0
dσ1

∫ σ1

0
dσ2

〈〈
δV (e)(σ1)δV (e)(σ2)

〉〉+ (higher-order terms).

(11.5.22)

In calculating the logarithm of (11.5.22), one finds that the second-order term of the
second line of the r.h.s. can be added to the first-order term of the third to fifth lines
resulting in the change of δV (e)(σ1) into δVe(σ1), etc. in accordance with (11.5.18).
Thus we have

ln
〈〈

S(e)
µ (τ ′)S†

σ

〉〉 = [
−i
∫ µ

0
dµ1

〈〈
δV (e)(τ ′+ µ1)

〉〉
−
∫ µ

0
dµ2

∫ µ2

0
dµ1

〈〈
δV (e)(τ ′+ µ1)δV (e)(τ ′+ µ2)

〉〉+ · · ·
]

+
[

i
∫ σ

0
dσ1

〈〈
δV (e)(σ1)

〉〉
−
∫ σ

0
dσ1

∫ σ1

0
dσ2〈〈δVe(σ1)δVe(σ2)〉〉 + · · ·

]

+
[∫ µ

0
dµ1

∫ σ

0
dσ1〈〈δVe(τ ′+ µ1)δVe(σ1)〉〉 + · · ·

]
(11.5.23)

where we have rearranged the terms into µ-integrals, σ -integrals and mixed inte-
grals. Since the first and second brackets represent the cumulant expansion of the
logarithms of 〈〈S(e)

µ (τ ′)〉〉 and 〈〈S†
σ 〉〉, respectively, one can rewrite (11.5.23), with

the use of Ke defined by (11.4.17) with δV (t) replaced by δVe(t), as〈〈
S(e)
µ (τ ′)S†

σ

〉〉 = 〈〈
S(e)
µ (τ ′)

〉〉〈〈
S†
σ

〉〉
× exp[Ke(−σ,−µ,−τ ′) + · · ·]. (11.5.24)

The higher-order cumulants shown by · · · in eqs. (11.5.23, 11.5.24) vanish for the
linear interaction with a harmonic lattice as was mentioned in the preceding section.

Equations (11.4.16) and (11.5.24) represent the dual nature of the resonant sec-
ondary radiation. In (11.4.16), the first two factors represent the polarizability (when
Fourier-transformed over the half-space τ > 0) while the third factor represents how
the polarizability is correlated with itself at different timeµ. In (11.5.24), the second
factor represents the absorption (when Fourier-transformed over −∞ < σ < +∞)
as is seen from (11.4.6), the first factor the emission at time τ ′ after the absorption,
while the third factor describes how the preceding two are correlated. It should
be noted, however, that in spite of extracting this correlation factor, the first factor
keeps its memory of the initial state though the averaging 〈〈· · ·〉〉 on ρg, and depends
on τ ′ (note that [HL, δV ] �= 0), in contrast to (11.4.16) where the second factor on
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the r.h.s. no longer depends on µ. Moreover, when we take σ,µ and τ ′ as inde-
pendent variables, the ranges of integration for S (�1, �2) are no longer mutually
independent because of the restriction that τ = τ ′− σ + µ � 0. The duality is not
symmetric.

It is instructive to study this second picture for the resonant secondary radiation in
the two limits of weak and strong coupling. In the weak coupling case, the difference
in propagation through HL + δV and HL is not important. Replacing δV (e)(t) and
δVe(t) by δV (t) in (11.5.23), and making use of 〈〈δV (t)δV (t ′)〉〉 = 2�δ(t − t ′), one
can write

ln〈〈Sµ(τ ′)S†
σ 〉〉 = −�(|µ| + |σ |) + 2�

∫ µ

0
dµ1

∫ σ

0
dσ1δ(µ1 + τ ′− σ1).

(11.5.25)
Inserting this in (11.4.2), we obtain the well-known result32,35

S(�1, �2) = 2π |(P1)eg|2|(P2)ge|2[(�1 − Ea)2 + (� + γ )2]−1

× {δ(�2 −�1) + (�/γ )(� + γ )/π [(�2 − Ea)2 + (� + γ )2]−1},
(11.5.26)

which is also in agreement with (11.4.34). It should be noted here that the last
term in (11.5.25), originating from the correlation term Ke in (11.5.24), is non-
vanishing only for those diagrams such that the intervals (t1, t ′

1 ) and (t2, t ′
2 ) are

overlapping, namely such that absorption and emission are not separable in time
ordering. Only these diagrams (see Figs. 11.2 and 11.3) contribute to the first term
in {· · ·} of (11.5.26).

In the strong coupling case, there is a significant difference in propagation be-
tween HL and HL + δV which causes the time-dependent emission as mentioned
before. The expression (11.5.13) for the time-dependent emission spectra for a
pulse excitation can be rewritten, with the use of Sσ defined by (11.4.5), as

L(�1, �2, t) = |(P2)ge|2
∫ ∞

−∞
dµ

∫ ∞

−∞
dσ exp[−i(�1 − Ea)σ

+ i(�2 − Ea)µ− 2γ t]
〈〈

S(e)
µ (t + {σ − µ}/2)S†

σ

〉〉
,

(11.5.27)

where we have made use of the symmetrized time t ≡ (τ + τ ′)/2 for the elapsed
time between absorption and emission. The correlation function in (11.5.27) is
explicitly given by (11.5.23) where τ ′ = t + (σ − µ)/2 is to be inserted. It would
be enough to expand it in powers of σ and µ up to the quadratic terms considering
the strong coupling condition. Making use of the relation such as

−i
〈〈

(d/dt)δV (e)(t)
〉〉 = 〈〈

[HL + δV, δV (e)(t)]
〉〉 = 〈〈δV, δVe(t)〉〉,
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one obtains

ln
〈〈

S(e)
µ (t + {σ − µ}/2)S†

σ

〉〉 = [−〈〈(δV )2〉〉σ 2/2] + [−i
〈〈
δV (e)(t)

〉〉
µ

− 〈〈
(δVe(t)

2)
〉〉
µ2/2] + [〈〈{δV, δVe(t)}〉〉σµ]

(11.5.28)

where {A, B} ≡ (AB + BA)/2 is the symmetrized product.
But for the last term on the r.h.s of (11.5.28), the Fourier transform (11.5.27)

would give the product of the absorption spectrum with its peak at Ea and dis-
persion 〈〈(δV )2〉〉 = D2 and the time-dependent emission spectrum with its peak
at Ea + 〈〈δV (e)(t)〉〉 and dispersion 〈〈(δVe(t)2)〉〉 = 〈〈[δV (e)(t) − 〈〈δV (e)(t)〉〉]2〉〉
which reduces to the former at t = 0. In fact, however, the emission is cor-
related with the absorption through this last term which is the σ − µ cross
term. To see this, let us consider the incident photon flux of spectral width
δ : I (�1) = I0(2πδ2)−1/2 × exp[−(�1 −�0)2/2δ2]. In order that time-resolved
emission spectroscopy be useful for the study of a relaxation process which takes
place within time ∼τc, the duration time �t of the pulse excitation as well as that
of the observation should be �τc. The spectral widths δ for excitation and ��2

(resolving power) for observation should be much larger than τ−1
c (but can still be

made smaller than D). The time-resolved emission spectrum for this pulse excita-
tion is given by

∫
d�1L(�1, �2, t) × I (�1). Making use of (11.5.27, 11.5.28),

one finds that the peak and dispersion of the emission spectrum are given as
follows:

�2(t) = 〈〈
δV (e)(t)

〉〉+ 〈〈{δV, δVe(t)}〉〉[〈〈(δV )2〉〉 + δ2]−1(�0 − Ea),

(11.5.29)

{�2(t) −�2(t)}2 = 〈〈(δVe(t))2〉〉 − 〈〈{δV, δVe(t)}〉〉2[〈〈(δV )2〉〉 + δ2]−1.

(11.5.30)

One can see how the correlation effect mentioned above disappears for white inci-
dence (δ � D). For the general case, and at t = 0, the peak of the emission band
is at the weighted mean (D2�0 + δ2 Ea)/D2 + δ2) of �0 and Ea while the width
is given by Dδ/(D2 + δ2)1/2 which is closer to the smaller of D and δ when they
are much different. For t � τc, the second terms of (11.5.29, 11.5.30) disappear
(corresponding to the loss of memory of the excitation conditions,�0 and δ) while
the first term approaches the values Ea + 〈〈δV 〉〉e ≡ Ee and 〈〈(δV − 〈〈δV 〉〉e)2〉〉e.
The average −〈〈δV 〉〉e(>0) is the so-called Stokes shift.

Calculated time-resolved emission spectra for the nearly monochromatic and
nearly white excitations are shown schematically in Fig. 11.6(b) by solid and thick
dashed lines, respectively, for a localized electron with linear interaction with the
harmonic lattice, corresponding to the relaxation within the excited state as depicted
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Fig. 11.6 (a) Configuration coordinate model, and (b) time-resolved emission spectra, of a
strong coupled localized electron–phonon system under photoexcitation.45

by the configuration coordinate model in Fig. 11.6(a). It is left to the reader to derive
these results from (11.5.29, 11.5.30), with the help of the description in Section 4.4.
Note that Fig. 4.3(b) corresponds to the nearly white excitation (thick dashed lines)
of Fig. 11.6(b).

In addition to the stationary and time-resolved spectra for the second order
optical process described in the preceding and the present section, respectively,
another type of spectrum described in Appendix 2 turns out to be useful for some
purposes.
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11.6 Resonant light scattering in an exciton–phonon system

Let us now consider the resonant excitation of host electrons instead of a localized
electron, namely an exciton as the resonant intermediate state of light scattering.
This is a typical case in which the radiative damping γ is an operator with singular
dependence NδK 0 on the exciton wave vector K where N is the number of unit
cells in the macroscopic crystal. Radiative damping takes place only when the
exciton with K = 0 is created or annihilated through the transition dipole Peg which
has singularity of the form N 1/2δK 0 as was mentioned in Section 8.4. Confining
ourselves to the lowest exciton band and to a single mode of lattice vibrations
representatively with their respective suffixes λ and s being omitted, we can write
the excited state Hamiltonian in (11.4.1) as

He =
∑

K

∑
K ′ |K > [(E(K ) + HL)δK K ′ + (HI)K K ′]〈K ′|

≡ H(e) + HL + HI ≡ H0 + HI, (11.6.1)

with the use of linear interaction HI of an exciton with a single mode of phonons
(different modes will be considered later) given by

(HI)KK ′ = V(K − K ′)bK−K ′ + V∗(−K + K ′)b†
−K+K ′ (11.6.2)

(see (10.1.1)) and the cross-section for light scattering, (11.3.1), as

S(�1, �2) = |(P1)eg|2|(P2)ge|2
×
∑

m
wm

∑
n
|〈0n|[�1 + Em − He]−1|0m〉|2δ(ωnm −�1 +�2) (11.6.3)

where Em and En are the initial and final vibrational states of HL. Since the |�〉s in
(11.3.1) represent all the eigenstates of He, namely

He =
∑

�
|�〉E�〈�|,

we have made use of the abbreviation for the �-summation in (11.3.1) in operator
form ∑

�
|�〉[�1 − ω�m]−1〈�| = [�1 + Em − He]−1 ≡ [z − He]−1 (11.6.4)

in deriving (11.6.3).
We can expand the resolvent (11.6.4) in a power series in HI, as we did in

Section 8.7, as

[z − He]−1 = [z − H0]−1

+ [z − H0]−1 HI[z − H0]−1

+ [z − H0]−1 HI[z − H0]−1 HI[z − H0]−1 + · · · , (11.6.5)
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of which the nth order term inserted into (11.6.3) corresponds to the Raman process
in which n phonons are emitted or absorbed. In the following, we will describe the
cases of (i) a direct exciton (with its band bottom at K = 0) and (ii) an indirect
exciton (band bottom at K �= 0) separately since the situations are quite different.

11.6.1 Direct exciton

For simplicity, we confine ourselves to the absolute zero of temperature where only
the emission of phonons takes place, and consider for the moment longitudinal op-
tical phonons with dispersionless energy ω�. As for the excitonic part, the nth-order
term gives a contribution

|〈 0|[�1 − nω� − E(0)]−1
∑

K 1
. . .
∑

K n−1
V∗(−K n−1)

×[�1 − (n − 1)ω� − E(K n−1)]−1V∗ . . . [�1 − ω� − E(K 1)]−1V∗(K 1)

× [�1 − E(0)]−1|0〉|2δ(�2 + nω� −�1) (11.6.6)

to the nth-order Raman Stokes line at �2 = �1 − nω�(n � 2). One can assume
that the wave vector Kn ′ of the intermediate exciton state (1 � n ′ � n − 1) with
no radiative decay γ does not take the value 0 since such a case (with enormous
γ -value(∼N ) as mentioned before) is already counted as the n ′(<n)th order term
of (11.6.5).

As a function of �1, the cross-section S(�1, �2) is enhanced at �1 = E(0) +
nω�(n � 2) due to the outgoing resonance (vanishing of the leftmost energy de-
nominator [�1 − nω� − E(0)] in (11.6.6)), the scattered light being at �2 = E(0).
This remarkable feature was first found by Goto, Takahashi and Ueta54 in their
study, in CuBr, of the excitation spectra for free-exciton luminescence at�2 = E(0)
(rather than as the Raman spectra), with periodic structure�1 = E(0) + nω� in the
incident energy �1, as shown in Fig. 11. 7, and was explained in terms of multiple
real scattering processes such that all the energy denominators in (11.6.6) vanish.

Of course, the nth-order term, (11.6.6), of S(�1, �2) contains the factor δ(�2 +
nω� −�1) which indicates the existence of the Raman line at�2 = �1 − nω� with
constant Stokes shift nω� from incident energy�1 as a variable, and the entire fea-
tures of coexistent Raman lines and luminescence band were extensively studied by
Permogorov and others in a variety of ionic semiconductors.55 Equation (11.6.6) in-
dicates that as a function of�1 the intensity of the nth-order Raman line is enhanced
at�1 = E(0) and�1 = E(0) + nω� (namely at�2 = E(0) where the Raman line is
superposed on the broad luminescence band), the so-called incoming and outgoing
resonance effects, respectively. Under the assumption of real transitions only (note
that the exact formula (11.6.6) contains the virtual processes), the populations of
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Fig. 11.7 Excitation spectra of free- and bound-exciton emissions and a broad band of pair
recombination type in CuBr. Due to Goto et al.54

the n ′th intermediate excition states are approximately equal due to the balance of
numbers of excitons cascading down into and out of the n ′th step, as described by
Permogorov.

The entire behavior consisting of incoming, outgoing and intermediate state
resonances was clearly observed in CdTe by A. Nakamura and Weisbuch.56 Of
particular interest is the fact that at resonances the sharp Raman lines become
broader and coalesce with the emission band, instead of simply being superimposed
upon the latter and keeping their own sharpness as had been found in other materials.
They ascribed this to the long lifetime of excitons in their high-purity samples such
that the excitons have enough time to be thermalized.
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Kurita, Sakai and Kotani studied,57 in their calculation of Raman spectra with
acoustic-as well as optical-phonon scattering considered, how the virtual and real
scattering processes compete and how multiple scattering by acoustic phonons
makes a dominant contribution to the final stage of exciton thermalization towards
the band bottom, resulting in the broad emission band.

In this connection, it is interesting to note that in the Raman process with one-
acoustic- and one-optical-phonon emission in ZnTe, the former is emitted first in
the incoming resonance and the latter first in the outgoing resonance because of the
better intermediate state resonance in the respective cases, as noted by Oka and
Cardona.58

The Raman process with one-phonon emission can take place only when one
takes into account the finite wave number of photons so far neglected. For a quantita-
tive description of the resonance Raman scattering inclusive of higher-order-phonon
processes, one has to resort to the polariton picture (see Section 8.6). According
to this picture, the first-order Raman scattering within matter is nothing other than
the (intra- or interbranch) scattering of a polariton by one phonon instead of being
the second-order optical process. This improved description is essential for the res-
onant Brillouin scattering in which acoustic phonons are emitted or absorbed. As
a result, more than a couple of Stokes and anti-Stokes Brillouin lines can appear,
with the latter being more intense (contrary to the non-resonant Brillouin lines
with ratio (n + 1) : n) and more shifted.59 We refer to an extensive review article
by Weisbuch and Ulbrich60 for the polariton description of resonance light scat-
tering via an exciton, where one can find also many useful tables of the physical
parameters of exciton-polaritons in a number of ionic semiconductors.

Among distinguished works which appeared after this review article, we re-
fer here to an extensive study of β-ZnP2 mainly due to Arimoto, Sugisaki and
K. Nakamura,61–65 but partly in collaboration with other groups. In spite of a com-
plicated structure with eight molecules per unit cell and extremely anisotropic
optical properties with singlet excitons for E ‖ c and triplet excitons for E ‖ b polar-
izations, both excitons consist of beautiful Bohr series (characteristic of spherical
bands) up to 4th and 7th sharp lines, and exciton–phonon interactions are extremely
weak except for one LO-phonon out of 72 modes. A variety of Raman lines with
resonance enhancements interplaying with luminescence, and singlet–triplet con-
version dynamics have been studied, revealing a detailed amount of what is taking
place.

11.6.2 Indirect exciton

Resonance Raman spectroscopy has also proved to be a powerful tool for studying
indirect excitons, for a reason somewhat different from the direct exciton case.
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With the use of incident light resonant to the indirect exciton, one can pass through
the radiatively singular K = 0 exciton state merely as a non-resonant intermediate
state and concentrate on the detailed study of intra- and intervalley scattering of
indirect excitons, as shown by von der Osten and collaborators66–76 in their ex-
tensive studies on silver halides. We will describe here the main points of their
results. Confining oneself to absolute zero of temperature, one has to replace, in
the expression (11.6.3), the direct transition matrix element (P1)eg by the indirect
one:

∑
λ ′(�1 − Eλ ′0)−1V∗

λλ ′s(−K)(P1)λ ′g and (P2)ge by
∑
λ ′(P2)gλ ′Vλ ′λs ′(K ′)(�2 −

Eλ ′ 0)−1 where
∑
λ ′ is to be extended over internal states λ ′ of the direct exci-

ton, and (−K, s) and (K ′, s ′) are the wave vectors and the modes of the phonons
emitted in the indirect excitation and de-excitation, respectively, of the electronic
system. (This amounts to taking the third and lower lines in (11.6.5) and rewrit-
ing the leftmost and rightmost blocks of all terms with momentum-conserving
phonons as shown above.) Confining oneself to the indirect excitons in the low-
est internal state λ(=1s), one has to replace the ket vector |0〉 by λK, 1−K,s〉 and
bra vector 〈0| by 〈λK ′, 1−K,s, n| where n represents the state of phonons emit-
ted while the indirect exciton is subject to intra- or intervalley scattering from
K to K ′. Putting Em = 0 (no phonons in the initial state), omitting the index λ
and denoting the energy of the intermediately emitted phonons by ωn , one can
write

S(�1, �2) =
∑

λ ′
∑

λ ′′ |(P1)λ ′g|2|(P2)λ ′′e|2(�1 − Eλ ′0)−2(�2 − Eλ ′′0)−2

×
∑

s,K

∑
s ′,K ′ |Vλ ′′λs ′(K ′)V∗

λλ ′s(−K )|2

×
∑

n
|〈K ′, n|[�1 − ω−K ,s − He]−1|K 〉|2

× δ(�2 + ω−K ,s + ωK ′,s ′ + ωn −�1), (11.6.7)

where we have, consistently with the addition of the term −ω−K,s in the energy
denominator, omitted the phonon (−K, s) from He as well as from the bra vector
〈| and the ket vector |〉 of the intermediate states, simply for the sake of avoiding
unnecessarily complicated notation.

The resolvent in (11.6.7) can be expanded in the same way as in (11.6.5) where
z ≡ �1 − ω−K,s in the present case. Here, however, we take the renormalized expan-
sion in which the unperturbed Hamiltonian H0 is supplemented with the self-energy
Σ = ∆ + iΓ (diagonalized together with H0) as we did in Section 10.2:

[z − He]−1 = [z − H0 − Σ]−1

+ [z − H0 − Σ]−1 HI[z − H0 − Σ]−1

+ [z − H0 − Σ]−1 HI[z − H0 − Σ]−1 HI[z − H0 − Σ]−1 + · · · .
(11.6.8)
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In the expansion (11.6.8) which holds exactly,77 one should restrict the intermediate
states in the product of each term so as to be different from each other and from
the initial and final states, because those terms which have returned to the same
intermediate states as before are factorized and already included within the self-
energy Σ in each factor of each term in (11.6.8).

With the incident energy �1 which is nearly resonant to the indirect absorption
edge, the produced indirect exciton has K not far from one of the equivalent band
bottoms Kα (the bottoms are at four equivalent L-points on the Brillouin zone edge
in the (111)-directions in the case of silver halides), and its kinetic energy ε can
be approximated by a quadratic function of momentum measured from the bottom,
kα ≡ K − Kα,

ε ≡ E(K ) − Eb = kα(1/2 Mα)kα (11.6.9)

where Mα is the effective mass tensor of the i th valley and Eb is the common
bottom energy. The K-summation in (11.6.7) would diverge at

E(K ) = �1 − ω−K ,s (11.6.10)

but for the imaginary part Γtot(K) ≡ Γt(ε) of the self-energy which represents the
scattering rate of the K-exciton with kinetic energy ε due to all energetically possible
processes of emitting phonons which in fact arises in the second and subsequent
lines in (11.6.8) as will be described below. Under the assumption of small Γt(ε),
the K–summation gives66

∑
K

→
∫

0
ε1/2[(Eb + ε + ω−K ,s −�1)2 + {Γt(ε)}2]−1dε ∝ ε ′ 1/2/Γt(ε

′)

(11.6.11)
where K in ω−K,s is replaced by Kα and then ω−K,s by a constant ωs independent
of the equivalent α, and ε ′ = �1 − Eb − ωs where (· · ·) in the denominator of the
integrand vanishes.

With small kinetic energy ε, the only possible process contributing to Γt(ε)
is intravalley scattering with emission of a longitudinal acoustic (LA) phonon.
Approximating the effective mass tensor Mα by isotropic mass M∗, and noting
that the matrix element for exciton–acoustic-phonon scattering is proportional to
deformation potential �ex = �e −�h times the square root of the phonon wave
vector q (see Sections 9.4 and 10.1), one finds that

Γac(ε) ∝ �2
ex

∑
q

qδ[{k2 − (k − q)2}/2M∗ − c�|q|] (11.6.12)

where c� is the velocity of the longitudinal sound wave. It turns out to be given by

Γac(ε) ∝ �2
exε (11.6.13)
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Fig. 11.8 Schematic diagram of exciton dispersion and intravalley scattering by long-
wavelength LA phonons. The dashed arrows correspond to TO(L) phonons. The final states
kf are along the dashed conical section. Also shown is the lineshape of the scattering spec-
trum expected from this scattering process. Due to Windscheif et al.69

provided M∗c2
� can be neglected against ε = k2/2M∗. According to (11.6.12), the

probability that the longitudinal acoustic phonon with energy ωLA(�)(q) = c�|q| is
emitted is given69 by the shaded lineshape illustrated in Fig. 11.8, with maximum at

ωLA(�)max = 2M∗c2
� [
(
2ε/M∗c2

�

)1/2 − 1] ≡ ωLA(ε). (11.6.14)

Further contributions to Γt(ε) comes from intervalley scattering L → L ′ by
phononsωs(KX) of various modes s with K ′

L − KL = KX at X-points on the Brillouin
zone edge at (111) directions.66 As a result, the energy �2 of the scattered light is
given by

�2 = �1 − ωs(L) − ωs ′(L) − ωs ′′(X) − ωLA(ε) (11.6.15)

with possible combinations of the last two terms not explicitly written corresponding
to possible phonon statesωn appearing in (11.6.7) and originating from appropriate
high-order terms in the expansion (11.6.8).

The observed spectra of Raman shift�1 −�2 are shown against�1 in Fig. 11.9.70

The horizontal lines represent emission of momentum-conserving phonons of
modes s and s ′ and intervalley scattering phonons of mode s ′′ in various combi-
nations, while the curved lines rising from each horizontal line with threshold at
the luminescence line S (with 45◦ slope) have an energy dependence as given by
(11.6.14). The intensities of the Raman lines as functions of�1, given by the points
in Fig. 11.10,71 can be explained by considering the energy dependence (11.6.13)
giving rise to the thresholds as shown by upward arrows, an energy-independent
rate Γtrap for being captured at traps and the onset of intervalley scattering giving
rise to a sharp drop (note the energy denominator on the r.h.s. of (11.6.11)) at
the downward arrows, as shown by the solid lines. The fact that Γtrap is orders of
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Fig. 11.9 Raman shift of various scattering processes in AgBr involving TA(X) and LA(X)
phonons vs excitation photon energy. The diagonal marks the energy position of the lumi-
nescence line S1. Dispersive LA(�) and forbidden TO(L) + TA(L) phonon scattering is
also shown. The triangular mark at the abscissa denotes the energy of the TO(L)-assisted
exciton absorption edge. Due to Windscheif et al.70

Fig. 11.10 Integrated scattered intensity as a function of excitation photon energy (in eV)
for allowed 2TO(L) and partially forbidden TO(L) + TA(L) resonant Raman scattering in
AgBr at 1.8 K. The open and full circles are experimental data, the solid lines theoretical
fits. The intensities are normalized with the 2TO(L) curve reduced by a factor of 50. Upward
arrows mark TA(L)- and TO(L)-assisted absorption thresholds, downward arrows indicate
corresponding onsets of intervalley TA(X) scattering. Due to Sliwczuk et al.71

magnitude larger in AgCl than in AgBr72 is ascribed to the self-trapping of the
exciton which takes place only in the former (see Section 9.5).

Resonance Raman spectroscopy of indirect excitons with its high resolving power
was extended to the study of the effects of hydrostatic pressure73 and magnetic
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field,74 and to the picosecond time-resolved observation75 of various relaxation
processes including even the dephasing process through quantum beats76 (the first
observation in solids) between internal levels with different spin states, revealing
the fine detail and rich physics of indirect excitons in silver halides.

11.7 Giant two-photon absorption and hyper-Raman scattering associated
with an excitonic molecule

Under intense laser light, one can readily obtain a significant density of excitons
even in a direct-gap material with a short radiative lifetime. What happens when
their density is so high that they have a good chance of coming close to one another?
In the analogy of a Wannier exciton X to a hydrogen atom H, one may well imagine
the possibility of two excitons forming an excitonic molecule (biexciton) X2 similar
to a hydrogen molecule H2. A great difference of the latter from the former is that
a proton is so much heavier (by 1840 times) than an electron that one can safely
apply the adiabatic approximation with electrons moving around the protons as
fixed point charges, thus forming the covalent bond between two hydrogen atoms.
Since the effective masses, me and mh, of the conduction-band electron and the
valence-band hole are both of the same order as the electron mass, the situation is
less favorable for the formation of a molecule: the zero-point vibrational energy
of the heavier particles may exceed the attractive potential mediated by the lighter
particles, even if the adiabatic approximation is admitted to be tolerable in such a
situation with mass ratio of the order of unity.

In fact, the excitonic molecule was experimentally confirmed in CuCl under
intense laser light, by the luminescence emitted when one exciton of the molecule
is annihilated leaving a single exciton78,79. Since an excitonic molecule is expected
to have an effective mass approximately twice as large as that of a single exciton,
mex, one can write the energy� of a photon emitted with conservation of momentum
��hK of the excitonic system as

� = [E(X2) + ��h2 K 2/4mex] − [E(X) + ��h2 K 2/2mex]

= E(X) − B(X2) − ��h2 K 2/4mex (11.7.1)

where

B(X2) ≡ 2E(X) − E(X2) (11.7.2)

is the binding energy of the excitonic molecule. Assuming that the molecules in the
initial states follow the Boltzmann distribution, one expects the emission spectra to
have an inverted Boltzmann distribution (longer tail on the lower-energy side):79

I (�) ∝ [E(X) − B(X2) −�]1/2 exp{−[E(X) − B(X2) −�]/kBT}. (11.7.3)
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The agreement of the observed lineshape with (11.7.3) (corrected by linewidth)
and the consistency of the B(X2) value (obtained from the observed peak position)
with theoretical estimation, together with the observed quadratic dependence of
the emission intensity on the exciton density provided convincing evidence for the
excitonic molecule in this material.

Akimoto and Hanamura,80 and Brinkmann, Rice and Bells81 carried out a
variational calculation of the ground-state energy E(2e, 2h) of the system, con-
sisting of two electrons with spin 1/2 and isotropic mass me and two positive
holes with spin 1/2 and isotropic mass mh, interacting with each other through
Coulomb potentials, with the use of various trial wave functions (reminiscent
of hydrogen molecular wave function for certain limiting values of variational
parameters). The spin multiplicity of the ground state turns out to consist of
the electron singlet and the hole singlet, with no exchange interaction between
electrons and holes since they are treated as particles of different species in this
model. The obtained binding energy of the excitonic molecule, given by B(X2) =
2E(e, h) − E(2e, 2h) where −E(e, h) ≡ Ryex (see (8.2.1)) is the electron–hole
binding energy in an exciton, is positive for any value of effective mass ratio
σ ≡ me/mh, namely, an excitonic molecule is always more stable than a dis-
tant pair of excitons in materials with such simple direct bandgap structures, of
which CuCl is an example. The binding energy of an excitonic molecule, nor-
malized to that of an exciton, namely B(X2)/Ryex, is a monotonically decreas-
ing function of σ in the interval [0, 1]. For the most recent calculation we refer
here to the work of Usukura, Suzuki and Varga82 who made use of the stochas-
tic variational method with correlated Gaussian basis which is widely used in
atomic and molecular physics. According to their result, B(X2)/Ryex = 0.348
at σ = 0 (the case of H2) and = 0.032 at σ = 1 (the case of Ps2, the positron-
ium molecule which has not yet been observed). Alongside this, they confirmed
two excited states of the excitonic molecule with positive binding energies for
any σ .

In materials with more complicated band structures at the direct or indirect band
edges, the electronic structure of excitonic molecules are more varied. In materials
with indirect band edges, the electron–hole metallic drops are more stable than the
gas of excitonic molecules at high e–h concentrations. Referring to a review article83

for more details of excitonic molecules in different materials and many-body effects
in high-density exciton systems, we will confine ourselves to the simplest case of
CuCl mentioned above, and describe qualitatively the giant cross-sections of two-
photon absorption and hyper-Raman scattering of which the excitonic molecule is
the final and the intermediate state, respectively.

Let us consider the creation of an excitonic molecule by a single process of
two-photon absorption, instead of creating two independent excitons by successive
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one-photon absorption. The photon energy � ′ needed for the former, given by

2� ′ = 2(εg − Ryex) − B(X2), (11.7.4)

is slightly smaller than that for the latter, � = εg − Ryex, since the binding en-
ergy B(X2) of an excitonic molecule, being only a fraction (0.03–0.35. see above)
of the exciton Rydberg energy Ryex, is much smaller than the energy εg − Ryex

of an exciton itself. In the expression (11.2.1) with (11.2.2) for the rate of two-
photon absorption, the most important intermediate state � is a single exciton with
E�m = εg − Ryex, with energy denominator B(X2)/2 being much smaller than � ′.
In addition to this enhancement factor, one has another factor due to the matrix ele-
ment Pf� for the second stage in which the second exciton is formed around the first
exciton as its bound state: the giant oscillator strength for the creation of a bound
exciton pointed out by Rashba and Gurgenishvilli (see Ref. [21] of chapter 8, in
particular eq. (8.8.12)). Altogether, one has an enormous enhancement factor pro-
portional to [B(X2)/εg]−7/4 due to the smallness of binding energy of the excitonic
molecule, as pointed out by Hanamura.84

It is to be noted that the second enhancement factor in the giant two-photon
absorption, namely the giant oscillator strength for the bound exciton, plays a role
also in the optical conversion of an exciton to an excitonic molecule,85 the inverse
process of the emission of an excitonic molecule mentioned before. For example,
the optical conversion of excitons with density as low as 1017 cm−3 in CdS takes
place at a rate comparable to the intrinsic absorption of the host crystal with
1022 cm−3 unit cells.

The first experiment of two-photon absorption for an excitonic molecule with
giant cross-section was done by Gale and Mysyrowicz in CuCl,86 while Nozue
et al.87 confirmed the excitonic molecule in CdS by giant two-photon absorption.

Giant two-photon absorption (GTA) opened a way to the experimental and the-
oretical studies of a variety of high-order optical processes. Among them we will
describe here the hyper-Raman scattering and luminescence which are emitted from
the excitonic molecule as intermediate or initial state and an exciton as the final
state. Here again, we encounter the problem of the coexistence of light scattering
and luminescence which was already studied in Section 11.6.

Nagasawa et al.88 confirmed the efficient generation of excitonic molecules by
GTA in CuCl and CuBr through the investigation of excitation spectra for the emis-
sion band therefrom. The emission band consists of ML- and MT-bands (with the
inverted Boltzmann distributions) in the case of CuCl, corresponding to the transi-
tion from the excitonic molecule (EM) to a longitudinal exciton (XL) and a trans-
verse exciton (XT), respectively. While the threshold position (see (11.7.3)) of the
former band was found to be exactly equal to the energy difference E(X2) − E(XL);
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Fig. 11.11 Energies of hyper-Raman lines associated with excitonic molecule as interme-
diate state in CuCl at 2 K vs internal scattering angle. Due to Ueta et al.89 Theory (solid
lines) is due to Inoue and Hanamura.90

the latter appeared at a somewhat lower energy than E(X2) − E(XT) which was
ascribed to the polariton effect of XT. With the use of laser light with a much
narrower spectral width, Ueta et al.89 found a number of Raman lines: MR

L, MR
T,

LEPs, HEPs (see Fig. 11.11), UP(II) and so on, depending upon the experimental
configurations: directions of two incident beams and of observation, in addition
to the emission bands ML and MT mentioned above. The observed dependence of
the energies of these Raman lines on the configurations as shown in Fig. 11.11
was explained by the theory of Inoue and Hanamura90 based on the use of energy
and momentum conservations in the four-photon process with two incident beams
�1, k1, k

′
1 and two emitted polaritons ω(K), ω ′(K ′):

2�1 = ω(K ) + ω ′(K ′), k1 + k ′
1 = K + K ′, (11.7.5)

where the polariton satisfies the dispersion relation (see (8.6.8)):

c2
0 K 2/ω2 = (ε ′/ε0)

(
ω2

L − ω2
)
/
(
ω2

T − ω2
)
. (11.7.6)

(Note that ωL ≡ E(XL), ωT ≡ E(XT).)

11.8 Seeking materials with large nonlinear susceptibilities

The two factors for the enhancement of the cross-section of higher-order optical
processes such as was seen in the previous sections, namely (i) a small energy
denominator due to the near resonance of the intermediate state, and (ii) a large
transition dipole matrix element, provide a key strategy in the development of new
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materials with large nonlinear susceptibilities, which are expected to play important
roles in modern optical technology.

Insulators with quasi-one-dimensional structures are especially suited for this
purpose since they satisfy both criteria. The low dimensionality has the effect of
enhancing the long-range Coulomb interaction in such a way that the oscillator
strength for the interband transition is strongly concentrated at the lowest exciton,
as is seen from the fact that the binding energies of a Wannier exciton in the effective
mass approximation in 3-, 2-91 and 1-92 dimensions are in the ratio 1 : 4 :∞. The
divergence in the one-dimensional system is to be removed by taking into account
the discrete lattice structures of realistic materials, as has been done in conjugated
polymers (such as polydiacetylene)93 and polysilanes.94 The interband oscillator
strength was found in fact to be strongly concentrated at the lowest exciton, and the
calculated nonlinear susceptibilities are in reasonable agreement with observations.

Enormous values of the third-order nonlinear susceptibility χ (3) have recently
been reported by Kishida et al.95 in one-dimensional Mott insulators with strong
electron correlation which are ascribed to the second enhancement factor character-
istic of these materials. The dominant term of the nonlinear susceptibility concerned,
of which the imaginary part represents the d.c. Kerr effect, is given, according to
their three-level model (0 for the ground state, 1 and 2 for the excited states to which
the transitions from 0 are dipole-allowed and -forbidden, respectively) by

χ (3)(−ω; 0, 0, ω) ∝ 〈0|x |1〉〈1|x |2〉〈2|x |1〉〈1|x |0〉
× [(ω1 − ω − iγ1)(ω2 − ω − iγ2)(ω1 − ω − iγ1)]−1

(11.8.1)

where x denotes the dipole moment along the one-dimensional axis. By com-
paring the susceptibilities of the Mott insulators with those of other types of
one-dimensional nonlinear materials, the greater values of χ (3) are unambiguously
ascribed to the greater values, in the former, of the transition dipole moment 〈2|x |1〉.
In the excited states |1〉 and |2〉, an electron is transferred from the occupied lig-
and state to the unoccupied upper Hubbard band states of the transition metal, and
〈2|x |1〉 is a measure of the spatial extension of the electron–hole wave function in
these states. The large values of χ (3) are consistent with the large transfer energy
resulting from strong hybridization between the transition-metal orbital and the
ligand orbitals. An advantage of these Mott insulators with strong electron correla-
tion is, according to the authors, that they can maintain a large optical gap in spite
of their large transfer energy.
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Inner-shell excitation

12.1 Inner-shell electrons and synchrotron radiation

We have so far been concerned with the electrons in the outermost shell of atoms
which play the main roles in the formation of interatomic bonds resulting in the
aggregation of atoms into molecules or condensed matter. Material properties sen-
sitive to external perturbations are governed by these electrons.

In contrast to these valence electrons (in insulators) and conduction electrons (in
metals and semiconductors), the inner-shell electrons (also called core electrons)
with which we shall be concerned in this chapter are more tightly bound around
each nucleus and can be assumed to a good approximation to be localized within a
particular atom. They are much less influenced by other atoms except through the
chemical shift due to surrounding atoms or ions which is more or less common to
all inner shells of the same atom (such as the Madelung potential). The inner-shell
electrons have been left out of the main stream of molecular and condensed matter
spectroscopy, simply because of the rather limited light sources in the regions
of energy (vacuum ultraviolet (VUV) to X-ray) needed for the excitation of such
deep-lying electrons.

The situation changed completely when synchrotron radiation (SR) became
accessible to spectroscopic and structural researchers. It is a sort of Bremsstrahlung,
the electromagnetic radiation emitted by electrons with high velocities in the rel-
ativistic regime which are constantly subjected to transverse acceleration (due to
the Lorentz force generated by the bending magnets) on their circular orbit in the
synchrotron. The primary purpose of this machine was to accelerate charged parti-
cles for the study of high-energy physics, and SR had been the main mechanism of
energy loss which needed significant microwave power to compensate it, but this
undesirable byproduct soon turned out to be not only a useful but an indispensable
tool for the spectroscopic and structural studies of matter.

284



12.1 Inner-shell electrons and synchrotron radiation 285

Due to the relativistic effect, studied in detail by Ivanenko and Pomerachuk1 and
Schwinger,2 the emitted radiation is concentrated mostly in the forward direction of
the instantaneous velocity of the electron, and is strongly polarized in the direction
of the instantaneous acceleration (towards the center of the circular orbit).3 The
spectral distribution of the emitted radiation is not confined to the fundamental fre-
quency of the revolution (∼MHz) but includes its harmonics (each being smeared
out) up to very high order due to the almost point-like charge electrons of rela-
tivistic velocities, providing a light source with a continuous spectrum extending
from infrared through visible and UV up to X-ray regions which is extremely use-
ful for the spectroscopic research of inner-shell electrons whose binding energies
are widely distributed from several to thousands of electron volts depending on
the principal quantum number n of the shell as well as on the atomic number Z .
The total power of the radiation emitted by an electron is proportional to E4/R2

while its spectral peak is at a wavelength proportional to R/E3 where E is the
stationary energy of the accelerated electron and R the radius of its circular orbit. As
for the basic principles of this device and its applications to inner-shell spectroscopy
see, for instance, Ref. [4].

Since the electronic states of inner shells are well known in atomic physics and
are relatively little influenced by surrounding atoms, as mentioned above, the main
interest of inner-shell spectroscopy in molecules and solids consists in studying (I)
the final electronic states of the optical transition which depend much more on the
nature of interatomic aggregation, and (II) a variety of electronic and atomic pro-
cesses inclusive of (IIα) simultaneous excitation of various modes of elementary
excitation in aggregates as reflected in the spectral width and sidebands (satellites)
and (IIβ) subsequent atomic displacements such as lattice relaxation, defect forma-
tion and chemical reaction. Since the energies of different inner shells (named K,
L, M, N, O, P, Q according as n = 1, 2, 3, . . . , 7) and subshells (� = 0, 1, 2, 3, . . .
denoted by s, p, d, f, . . . ) of different atoms are widely separated from each other, the
thresholds of the corresponding absorption spectra are clearly distinguishable. The
wide spectral range of SR facilitates a comparative study of the optical spectra due
to different shells and subshells of different atoms, providing useful complementary
knowledge on the electronic structure of the final states (item (I) mentioned above)
inclusive of their symmetry around the particular atom excited (selection of atom
and symmetry). As an example of such a comparison, one can think of the different
lineshapes at the allowed and forbidden band edges (described in Section 8.4(a)
and (b)) depending on the initial subshell. For the same reason, one can realize
selective desorption of an atom of a particular species out of a compound material
by selective excitation of the inner (sub)shell of an atom of the appropriate species
or site (the latter only in the case of inequivalent sites with different chemical
shifts), which will also shed light on the mechanism by which the excited atom
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transfers its energy to cause that nearby atom to be desorbed (item (IIβ) mentioned
above).

With SR spectroscopy, one can also study the entire range of the absorption
spectrum of a particular inner shell, which extends from its threshold over the range
of energy of the same order as the binding energy of that shell, and which consists
of hierarchical structures reflecting the short- and long-range arrays of atoms in
the aggregate as well as the nodal structure of the inner-shell wave function – an
interplay of local and band structures, so to speak – as will be described in the next
section.

12.2 Hierarchical structures in absorption spectra of inner shells

In order to obtain a basic understanding of inner-shell absorption spectra in atoms,
molecules and solids in a unified way, we will study here the redistribution of
oscillator strengths in an aggregate of atoms5,6 referred to those of the isolated
atoms which were studied in detail by Cooper and collaborators.7–9 Denoting the
atomic, molecular or valence orbitals of occupied states byφµ, we want to see how to
find the orbitals of unoccupied states φα. If the aggregate is electronically insulating
with a finite energy gap between the highest occupied states and the lowest unoccu-
pied states, it will be obvious to us, before solving for φα, what φµ we should take.
In the first approximation, theφµs consist of all atomic orbitalsφµi (r) ≡ φµ(r − Ri )
of the occupied states with quantum number µ(≡ (n, �,m, s)) of atoms (or ions in
the case of ionic compounds) at Ri and all occupied bonding orbitals (in the case of
covalent molecules or crystals). One can write the Schrödinger equation for the
unoccupied states in the aggregate as

[−(��h2/2m)∇2 + v(r )]φν = εν φν, (12.2.1)

where v(r ) is approximately given by the superposition of potentials Vi (r − Ri ) of
the constituent atoms (or ions) i at Ri with their electrons. The suffix i to V is to
distinguish the species of atom as is necessary in the case of compound aggregates.
Any unoccupied state φν must be orthogonal to the occupied states φµ and hence
can be written in the form

φν(r ) = χν(r ) −
∑ ′

µ
(φµ, χν)φµ(r ) (12.2.2)

where
∑ ′extends over all occupied states. Insert (12.2.2) into (12.2.1) and impose

a condition that χν(r ) be as smooth as possible, following the prescription of Cohen
and Heine10 which is appropriate for such a situation. Then one obtains the so-called
pseudo-potential vp, to be used in the effective Hamiltonian for χν , as the following
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integral operator

vp(r , r ′) = v(r ′)
[
δ(r − r ′) −

∑ ′
µ
φ∗
µ(r ′)φµ(r )

]
, (12.2.3)

where the second term in the square bracket arises from the orthogonalization.
As seen from the fact that vp given by (12.2.3) would vanish if the φµs formed
a complete set, vp is supposed to be much smaller in magnitude than the true
potential v. This is the cancellation of potential, well known in solid state physics.10

The effective Schrödinger equation for χν is thus expressed as

[−(��h2/2m) + vp]χν = ενχν. (12.2.4)

The orthogonalization gives another important effect, the cancellation of oscil-
lator strength5 in the absorption spectrum, as will be seen below.

(i) Cancellation of oscillator strength – giant and subgiant bands

In so far as we consider the gross structure of the absorption spectra in the energy
region of several tens of eV above the threshold, one can simply replace vp by
its average v0 (constant) over the entire space to obtain the solution of (12.2.4)
as plane waves χk(r) = exp(ik · r) with energies ε0(k) = v0 + ��h2k2/2m. To make
the mathematical analysis more transparent, we will confine ourselves, within this
subsection, to the aggregate of atoms with closed-shell structures such as rare-
gas solids and ionic crystals, and neglect the interatomic overlap of occupied-shell
orbitals. The oscillator strength of an electron in the (n�) subshell of an atom i to the
final state continuum per unit energy is given, according to the definition (3.6.6), by

f (n�i → k) = (
√

2m5/2/3π2��h5)��hω(��hω − ��hω ′
t)

1/2

×
∑

� ′=�±1
[(�+ � ′+ 1)/2(2�+ 1)][R(n�i, k� ′)]2, (12.2.5)

R(n�i, k� ′) ≡
∫ ∞

0
run�i (r )vn� ′(r )dr, (12.2.6)

vk� ′i (r ) ≡ wk� ′(r ) −
∑ ′

n ′ 〈un ′� ′i |wk� ′〉un ′� ′i (r ), (12.2.7)

wk� ′(r ) = (4π )1/2i�
′
j� ′(kr ). (12.2.8)

Here un� andwk� are r times the atomic (ionic) radial wave functions of the occupied
n-shell and the ionized state k, respectively, and j� ′(kr ) is the Bessel function. The
function un� satisfies the Schrödinger equation

{−(��h2/2m)(d/dr )2 + [Vi (r ) + ��h2�(�+ 1)/2mr2 + ζi ]}un�i = Eun�i (12.2.9)
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where the second term in [· · ·] is the centrifugal potential originating from the an-
gular part of the kinetic energy operator, −(��h2/2m)∇2. We have taken the potential
ζ (r) due to the surrounding atoms i ′ at Ri ′ �= Ri , which is given by

ζ (r ) =
∑

i ′ Vi ′(r − Ri ′), (12.2.10)

to be a constant ζi within the atom i, so that we can replace un�i by that of an isolated
atom with energy εn�i , and E by εn�i + ζi . The constant ζi is called chemical shift in
the case of compound aggregates. As an example, the Madelung potential in ionic
crystals amounts to the order of eV. In the similar equation for the extended state
wk�, we take, instead of ζi , the average v0 of vp over the entire space as already
mentioned. (Note that the contributions to (12.2.10) of the orthogonalization terms
in (12.2.3) from other atoms have been neglected within the atom of our concern,
as they can be.) Therefore, the threshold of the photon energy ��hω for ionization of
atom i , to be used in the formula (12.2.5), is given by

��hω ′
t = v0 − (εn�i + ζi ), (12.2.11)

although a more exact threshold, ��hωt, with the effect of vp − v0 taken into account,
will be given in (ii) below.

The oscillator strengths for the spherical wave components of the unorthogonal-
ized plane waves, i.e. f (n�i → k, � ′ = �± 1) obtained by putting vk� ′ = wk� ′, are
shown schematically by the thin and thick solid curves in Fig. 12.1. The maximum

Fig. 12.1 Schematic behavior of oscillator strengths from the (n�)-shell to � ′ = �± 1 com-
ponents of plane-wave states. The broken curve is for the orthogonalized plane-wave state.
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appears at higher energy for � ′ = �+ 1 than for � ′ = �− 1, corresponding to the
larger centrifugal potential ��h2� ′(� ′+ 1)/2mr2 to be added to the attractive poten-
tial from the atomic core in the Schrödinger equation for the radial wave function
wk� ′(r ). The average extension of the spectra beyond ��hωt is of the same order of
magnitude as the binding energy |εn�| of the initial state since R(n�, k� ′) is appre-
ciable only for those vk� ′(r ) with wavelength 2π/k being at least of the same order
of magnitude as the orbital radius of the initial state. Furthermore, if n > �+ 1,
nodes appears in the oscillator strength versus energy curve. These features are well
known in atoms.

The same features can be described in a more transparent way by resorting
to the pseudo-potential theory, as will be shown below. In the first place, the
effect of orthogonalization of the final-state wave function, represented by the
second term of (12.2.2), gives rise to cancellation of the oscillator strength,5,6 a
counterpart of the cancellation of the potential well known in the pseudo-potential
theory.10 In general, the number of filled shells (n ′, � ′) to which the final state (k� ′)
has to be orthogonalized, and hence the degree of cancellation of the oscillator
strength, is greater for � ′ = �− 1 than for � ′ = �+ 1. For instance, in the case
of 4d-shell photoabsorption of I, Xe and Cs, one has four filled p-shells (2p–5p),
whereas the lowest 4f-shell is still empty. Orthogonalization of the wave function
to these shells reduces the oscillator strength f (4d → kp) by one or two orders
of magnitude, while there is no filled f-shell with which the (kf) states must be
orthogonalized. These results based on orthogonalization provide an alternative
explanation to that found in the case of an isolated atom, in a form applicable
also to an aggregate of atoms. Furthermore, the subgiant band is found to oscil-
late, as shown by the thick broken curve in Fig. 12.1, because the orthogonalized
spherical wave state (12.2.7) has nodes near the atomic core. The separation of
the first node of the subgiant band from ��hωt is of the order of the binding energy
|εn ′,�−1| of the outermost occupied electron with quantum number �− 1. In less
ionic and more covalent crystals, this part of the subgiant band may be subject
to some change due to the existence of valence bonds as the outermost partially
occupied �− 1 orbitals which has not been considered in the above simplified
description.

The characteristics as depicted in Fig. 12.1 can be seen most clearly in the spectra
of (nd) core excitation in closed-shell insulators such as rare-gas solids and alkali
halides11–13 as shown in Fig. 12.2 for the Rb-3d core excitation in RbCl and the
I-4d core excitation in KI. One finds a broad and intense giant band, below which
a weak subgiant band with width of the same order as the binding energy of the
highest occupied p-shell of the atom, in accordance with the above-mentioned result
of the pseudo-potential theory.
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Fig. 12.2 Absorption spectra of (a) Rb-3d core (with Cl-2p to the right) in RbCl and (b) I-4d
core in KI. Due to Brown et al.13

(ii) Pseudo-potential and the energy band

For an isolated atom, where v(r) = V (r), the pseudo-potential for the final state
with � ′ is given by

v(� ′)
p (r , r ′) = V (r ′)

[
δ(r − r ′) −

∑ ′
n ′,m ′φ

∗
n ′� ′m ′(r ′)φn ′� ′m ′(r )

]
. (12.2.12)

As we increase the atomic number Z , v(� ′)
p as well as V become deeper, until a

new shell (n ′′, � ′) begins to be occupied. Consequently, the peak of the giant band is
expected to shift towards the threshold, since the effect of the centrifugal repulsion
is reduced due to v(� ′)

p . The 4d → εf giant band for the sequence I−, Xe, Cs+ (with
Z = 53, 54, 55, respectively) shows this tendency11–13 which is a typical example
of the resonance near threshold found in an atom.7–9 When a new subshell � ′is filled
up, we have to include it under the summation in (12.2.12), so that v(� ′)

p becomes
shallow again.

In molecules and solids, there appears, in addition to the shift of the giant band
mentioned above (intra-atomic effect), another effect (interatomic) which comes
from the pseudo-potential (12.2.3) instead of (12.2.12). The solutionsφν of (12.2.1),
obtained by putting the solution χν of the effective equation (12.2.4) into (12.2.2),
are now expressed as molecular orbitals, or Bloch orbitals φνk(r ) with associated
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energy band εν(k) = εν + ��h2k(m−1
c )k/2 + · · · which is to replace ε0(k) mentioned

in (i) above (mc is the effective mass tensor). These orbitals are in fact orthogonalized
to those of the occupied states due to (12.2.2). For example, we would obtain an
antibonding state φν which is orthogonal to the corresponding bonding state φµ for
a covalent bond. This gives rise to fine structures, characteristic of the respective
aggregates, superimposed on the subgiant bands of atomic origin. It is in this part
of the spectra that comparison with band theory has been successful.14,15 (See also
p. 57 of Ref. [16]). The energy scale of these fine structures is of the order of eV,
in contrast to those of the giant (several tens of eV) and subgiant (∼10 eV) bands.
The exact threshold ��hωt is given by

��hωt = εν − (εn�i + ζi ) (12.2.13)

with the use of the band-bottom energy εν in place of v0 in (12.2.11).

(ii ′) The electronic-polaron effect

The above-mentioned one-electron approximation should further be corrected for
many-body effects, especially the effect of electronic polarization around the excited
electron in the conduction band and the positive hole left in the inner shell (n�i).
Namely, their electronic-polaron self-energies (see Section 9.3), ∆ν and ∆n�i both
of which are negative and on the order of eV, should be added to the bare ener-
gies εν and −εn�i , respectively, so that the renormalized energies, εν = εν + ∆ν
and εn�i = εn�i − ∆n�i , are to be used in (12.2.13), resulting in a decrease in the
threshold energy of the order of a few eVs. It is to be noted, incidentally, that the
self-energy of the inner-shell hole belongs definitely to the classical case (c) and is
given by (9.3.23) since the corresponding band has negligible dispersion.

(iii) Effect of electron–hole Coulomb attraction

If the attractive Coulomb potential vc due to the positive hole, so far neglected
in the one-electron approximation, is taken into account, an infinite number of
bound states appear below the ionization threshold; they are Rydberg states in
atoms and molecules, and excitons in solids which we have described in detail
in Chapter 8. Usually, vc is smaller in solids because of dielectric screening. The
oscillator strengths of Rydberg states are significantly reduced in excitons, approx-
imately by (mc/m)(εeff/ε0)−3 where εeff is an effective dielectric constant some-
where between εe and ε0, the remainder being removed into the continuum of
band-to-band transition. The effective mass mc of the conduction band, instead
of the reduced mass µ = (m−1

c + m−1
v )−1, is to be used since the positive hole

in the inner shell has enormous effective mass (negligible interatomic transfer
energy).
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The fact that vc is small especially in solids warrants our successive approx-
imation above – (i) orthogonalized plane wave, (ii) pseudo-potential with
(ii ′) electronic-polaron effect, and then (iii) the Coulomb effect.

(0) Extended X-ray absorption fine structure (EXAFS)

In the inner-shell absorption spectra of molecules and solids a series of small-
amplitude oscillations with period of the order of 50 eV is observed up to 1000 eV
above the threshold. This oscillation arises from the scattering of outgoing waves
by the pseudo-potential vp, and has the same origin as that of the Bloch bands in
crystals when described by the nearly free electron model.

With large values of wave vector k corresponding to such high energies, the
scattered waves of the electron by atoms distant from the site of its inner-shell exci-
tation cannot effectively interfere with the primary outgoing wave to cause spectral
structures because of their smeared-out phases. Namely, more or less independent
vibrations of different atoms cause irregular change in the relative phases of the
scattered waves. More important are scatterings by nearby atoms which give rise
to the above-mentioned spectral structure, as will now be described very briefly.17

The outgoing wave of an electron excited from the inner shell of the atom at
R = 0 will be scattered by a nearby atom at R j with scattering amplitude S(θ ), so
that the back-scattered (θ = π ) wave will give, at R = 0, an additional contribution
to the oscillator strength f0(ω) of the primary wave given by (12.2.5):

f (ω) = f0(ω)[1 + g(k)], (12.2.14)

g(k) = |S(π )| sin(2k R j + φ)/
(
k R2

j

)
, (12.2.15)

S(π ) = |S(π )| exp(iφ). (12.2.16)

Note that 2R j and φ represent the distance of the return trip to the atom j and the
phase shift of the scattering thereby, respectively. Thus the period of EXAFS is
given by �k = π/R j (the same as the first Brillouin zone boundary well known
in the band theory), which corresponds to �(��hω) = (π��h/R j )[2(��hω − ��hω ′

t)/m]1/2

since (��hω − ��hω ′
t) = ��h2k2/2m. Assuming R j ∼ 2.5 Å (nearest neighbor distance

for Cu), for instance, we obtain typical values of the period �(��hω) ∼ 50 eV and
150 eV for (��hω − ��hω ′

t) ∼ 100 eV and 1000 eV, respectively.
Summing up the contributions of all constituent atoms, we finally obtain

g(k) =
∑

j
N j/

(
k R2

j

)|Sj (π )| sin(2k R j + 2δ ′
1 + φ j ) exp

(−2σ 2
j k2
)

exp(−γ R j )
(12.2.17)

where the first exponential is the Debye–Waller factor representing the above-
mentioned dephasing effect of the lattice vibrations, the second exponential is to
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account for the effect of inelastic scattering by the damping factor, and δ ′
1 represents

the effect of the potential of the excited atom itself due to the core hole left behind.
EXAFS, with its period reflecting the distance R j , provides us with knowledge

of the atomic arrangement in materials, as does low-energy electron diffraction
(LEED) or conventional X-ray diffraction. However, EXAFS has many advantages
over the last two: it is particularly sensitive to the local environment of atoms (short-,
rather than long range) and the surroundings of each species of atoms can be sep-
arately studied by tuning the corresponding absorption edge. Furthermore, unlike
LEED, complicated multiple scatterings average out and give no serious effect on
the lineshape except for some special cases. In view of these facts, as well as the
development of the SR source, there has recently been much interest in theoretical
and experimental studies of EXAFS, and its application to the structural investiga-
tion of various materials has been proposed and performed. For instance, EXAFS
is expected to be especially useful in the study of non-crystalline systems18,19 and
complex systems containing various chemical elements, such as biomolecules and
catalysts.20

12.3 Auger process and its competition with the radiative process

Inner-shell excitation with high energy can invoke a variety of secondary processes
by which a part of the excitation energy is converted into other channels of exci-
tation. Among them, the electronic processes take place in general more rapidly
than the atomic processes such as chemical reactions and lattice relaxations be-
cause the atomic mass is much heavier than the electronic mass. Since the positive
hole left behind in a deep inner shell (also called a core hole) is potentially much
more unstable (energetically higher and spatially more confined) than the excited
electron in a shallow level, the most efficient channels of conversion are associated
with the annihilation of the core hole by an electron in outer (less-inner) shells.
One is the Auger process21 in which another electron–hole pair is excited through
the Coulomb interaction as shown schematically in Fig. 12.3, another is the radia-
tive process in which the energy is converted into a photon. These two processes
contribute additively to the lifetime broadening of the core hole which is much
greater than that of outer-shell excitation, and manifest themselves in the absorption
and photoelectron spectra of the inner shell. The long-range Coulomb interaction
v(r − r ′) allows the Auger transfer of the excitation energy to an electron–hole pair
at other atoms (though with smaller rates) thus contributing to the spatial diffusion
of the excitation energy, while radiative annihilation is confined to electrons of the
same atom (or at most the nearest neighbors as will be seen in an example men-
tioned later in this section) due to the short-range electron–photon interaction (see
Section 3.3).
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Fig. 12.3 Schematic diagram for the Auger processes (solid arrows). Radiative transitions
are shown by dashed arrows. Solid circles represent the core electrons occupied in the
ground state.6

The matrix element for the Auger process corresponding to Fig. 12.3 consists of
two terms due to the indistinguishability of electrons:

Vkλ =
∫∫

drdr ′φ∗
µ1

(r )φ∗
k (r ′)v(r − r ′)φµ3 (r

′)φµ2 (r )

−
∫∫

drdr ′φ∗
µ1

(r )φ∗
k (r ′)vc(r − r ′)φµ2 (r

′)φµ3 (r ). (12.3.1)

If the orbital µ3 or µ2 belongs to an atom different from that of the core state µ1,
Vkλ represents the interatomic transfer of the excitation energy.

The optical absorption spectrum through the dipole matrix element Mλµ1 ≡ M
is expressed, apart from unimportant factors, as

I (ω) = π−1Im[M†GλλM]

= |M |2π−1Γ (ω)[{��hω − Eλ − ∆(ω)}2 + Γ (ω)2]−1 (12.3.2)

where

G = [z − (H0 + V )]−1, (z ≡ ��hω − iη, η → +0,

H0 : unperturbed Hamiltonian) (12.3.3)

∆(ω) = P
∑

k
|Vkλ|2(��hω − Ek)−1, (12.3.4)

Γ (ω) = π
∑

k
|Vkλ|2δ(��hω) − Ek), (12.3.5)

Eλ = ελ − εµ1, Ek = εk + ελ + −εµ2 − εµ3 . (12.3.6)

When the ω dependence of ∆(ω) and Γ (ω) is disregarded, I (ω) is of Lorentzian
lineshape.

In the above calculation, the level width 2Γ is ascribed to the lifetime of the
hole in the deep inner shell µ1, while the possible transitions of the electron in
shallow level λ has been ignored since its contribution is expected to be small. As
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Fig. 12.4 K-level width due to the Auger and radiative processes as a function of atomic
number Z .6

an example, 2Γ of the K-shell hole in an isolated atom, which is obtained by more
elaborate calculation,22 is shown in Fig. 12.4 as a function of atomic number Z .
The Auger width is found to increase monotonically with increase in Z .

As mentioned before, another contribution to the level width 2Γ of the core hole
comes from its radiative annihilation by an electron occupying the level εµ ′ higher
than the inner shell εµ1 concerned. One has only to sum over all possible µ ′ the
contribution ��h Aµ ′ where the rate A is given by (3.6.7) with ��hωµ ′

1
= εµ ′ − εµ1 and

the corresponding oscillator strength f1µ ′. In Fig. 12.4, the radiative width 2ΓR

of the K-shell in an isolated atom is also plotted. The width 2ΓR is found to be
approximately proportional to Z4, which is reasonable since the binding energy
of the K-shell is proportional to Z2 according to the hydrogen model and (3.6.7)
contains the factor (��hωµ ′

1
)2. In contrast, the Auger width changes with Z more

gradually, so that the two curves in Fig. 12.4 cross each other in the neighborhood
of Z ∼ 31.

For core states shallower than the K-shell the contribution of the Auger process
to the total width becomes more dominant. In fact, in isolated atoms as well as
monatomic crystals, the energy gap between successive inner shells is a rapidly
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decreasing function of the principal quantum number n, so that the radiative an-
nihilation of a core hole is usually governed by the Auger processes associated
with electrons in shallower shells (see Fig. 12.3). This simple rule does not apply
to compound materials since the energy gap between the core states of atoms of
different species is a completely independent parameter. Some ionic crystals have
been found in which the energy gap Eg between the conduction band and valence
band is smaller than the energy gap Evc between (by definition, the top of) the
valence band and the outermost core states. While the outermost core states and
the conduction band originate from the highest occupied np states and the lowest
unoccupied (n + 1)s (and possibly nd also, when n � 3) states of the cation, re-
spectively, the valence band originates from the highest occupied n ′p states of the
anion. Due to the Madelung potential with opposite signs for cation and anion sites,
the sign of Evc − Eg depends on the combination of cation and anion elements. If
Evc < Eg, luminescence (v → c) is the only possible process for the annihilation
of the core hole (type L); if Evc > Eg, the Auger process (across the gap) competes
with and (in most cases) dominates (type A) under the ionizing excitation (core to
conduction band). Among the type-L materials are23 CsF, CsCl, CsBr, RbF and24

BaF2. The luminescence in these materials is particularly named Auger-free lumi-
nescence since it is the exceptional case among the recombination luminescence
of the core hole in general (the hole in the K shell in heavy elements is also an
exception, see Fig. 12.4). Historically, it has also been called cross luminescence
since it is an interatomic (anion → cation) electronic transition.25,26

The Auger-free luminescence in Rb halides has been applied to an ultraviolet-
light amplifier with the following merits:27 (1) any intensity of ionizing radiation
can give rise to the population inversion (zero threshold) since the population inver-
sion between the core states and the valence band takes place as soon as a core hole
is produced; (2) since host atoms, instead of impurities, participate in the amplifi-
cation, the amplification coefficient is much higher than typical solid state lasers,
being promising as a nano-sized laser.

12.4 Lattice relaxation of core hole as reflected in recombination
luminescence spectra

Deep core holes are in general not long-lived enough to give rise to lattice distortion
(which needs 10−13 s) because of the recombination luminescence and the Auger
processes (see Fig. 12.4 for the case of the K shell), and hence we do not have to
consider the effect of lattice relaxation in the emission spectra due to these holes.
The annihilation of shallower core holes is in general dominated by Auger processes
which, in effects, suppress the observation of luminescence therefrom. However,
the Auger-free luminescence mentioned in the preceding section has a sufficient
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lifetime (∼10−9 s due to the small transition energy E , see (3.6.7)) for lattice
relaxation to be completed, resulting in the spectral lineshape characteristic of the
core hole which is quite different28,29 from that of the recombination luminescence
due to a positive hole or an exciton associated with the valence band.

The positive hole created in the core band of an ionic crystal by ionizing radiation
will give rise to displacement polarization of the surrounding lattice, thus forming
a polaron. Because of the narrow core band and hence the large effective mass,
the polaron is supposed to be in the strong coupling regime in which the hole
localization and the polarization around it are to be determined self-consistently
within the adiabatic picture (see eqs. (9.2.18, 9.2.19)). The polarization gives rise to
an electrostatic potential acting back upon the hole which behaves at long distance
(r � ap, where ap is the polaron radius) as

U (r ) ∼ −|e|2/4πεr, ε−1 ≡ ε−1
e − ε−1

s , (12.4.1)

(see for instance, eq. (9.1.7) derived for the weak coupling case, whose asymptotic
behavior at long distance, however, is common to any coupling regime).

During the optical transition of the positive hole to the valence band, this po-
larization field remains unchanged due to the Franck–Condon principle. Since the
effective mass of the hole in the valence band is smaller than in the core band,
it is now more shallowly bound by the potential U (r ) than it was in the core
band.28 Namely, the binding energy bc of the polaron (negative of the self-energy)
within the core band is reduced to bv(<bc) after its optical transition to the va-
lence band. As a result, one expects the optical spectrum to consist of a discrete
line at E = Ecv − bv + bc due to the bound-to-bound transition and a continuum
at (Ecv −�Ev − bv < E < Ecv − bv) due to the bound-to-continuum transition
(where �Ev is the width of the valence band). The higher Rydberg states (with
lower transition energy) of the former are expected to coalesce and merge into
the continuum. This is to be contrasted with the expected spectrum consisting of
only a continuum (Ecv −�Ev < E < Ecv) under the neglection of the polaron
effect.

Assuming bv to be ∼0.5 eV, the two pictures mentioned above are consistent
with the known values of Ecv and �Ev (from band calculations and photoelectron
spectroscopy) so far as the expected energy region where the spectra are observed
is concerned. The fact that there is always a small peak or hump on the high-
energy side of the main peak in Auger-free luminescence spectra lends support
to the existence of the polaron effect, although there remain some problems to be
confirmed quantitatively, in particular, whether the observed intensity ratio and the
binding energy are consistent with theoretical estimations.

A recent time-resolved study of Auger-free luminescence in the femtosecond
regime30 clarified that the continuum part of the spectra appears delayed by ∼200 fs
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compared to the discrete part, and this was interpreted in terms of the configuration
coordinate model29 based on the above-mentioned polaron picture.

Except in the K-shell excitations of heavy elements (Z > 30) and the shallow-
core excitations as described above, Auger processes make dominant contributions
to the decay rate of the hole. By the Auger process, the hole may be removed to a
shallower core while the excited atom becomes charged. Successive (if any) Auger
processes finally remove a valence electron which is responsible for the interatomic
bonding. It has been supposed that bond breaking and dissociation or desorption of
an atom take place after such multistep Auger processes with a multiply-charged
state which is naturally unstable.

However, recent studies by SR spectroscopy combined with simultaneous energy
analyses of Auger electrons and dissociated ions revealed that the initial motion
of atoms immediately after the core excitation can play important roles in the
reactions which follow and is even reflected in the Auger electrons. According
to the photoelectron spectroscopic study of molecular HBr due to Morin and
Nenner,31 the resonant excitation of Br-3d core electrons into the lowest unoccupied
4pσ level resulted in an Auger photoelectron which is unambiguously identified
(energetically) with those originating from an isolated Br∗(→ Br+ + e−). This Br∗

can be produced only after the chemical reaction: hν + HBr → H + Br∗ (superfix ∗

indicates the excited state of the relevant atom).
A more elaborate study of this problem was done on a BF3 molecule which is

of a planar triangular shape with B centrally located on the plane in the ground
state, but becomes destabilized, producing lateral movement of B out of the plane
in the 1s → 2a ′′

2 excited state of B. The simultaneous energy analyses of dissoci-
ated B+ and F− ions and Auger electrons for various excitations strongly indicate
that the lateral motion of B commenced during the Auger processes and before
the dissociation,32–34 as is in fact reflected in the the spectral shape of the Auger
electrons.35,36

12.5 Photoelectron spectroscopy

In the optical spectra so far described one can observe only the energy difference
εν − εµ(= ��hω) between the initial and final states of matter, whereas in photoelec-
tron spectroscopy37 one can find the energy εµ of the initial state independently
by direct measurement of the kinetic energy ε(= ��h2k2/2m) of the electron emitted
(the final state) out of the matter after its photoexcitation through the equation

−εµ = ��hω − ε(≡ EB). (12.5.1)

Namely, the depth of the initial state from which electron has been taken can be di-
rectly measured as the difference (EB) of the incident photon energy and the kinetic
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energy of the emitted electron. EB measures the binding energy of the electron in
the initial state, whence the suffix B. Of course, this simple principle is based on
the assumption that the photoexcited electron is subject to no energy loss before it
emerges from the matter, which needs preparation of such an idealized situation in
the case of solids. Any deviation of εµ from its atomic value, such as the chemical
shift which provides us with the information on the environment of the atom in
the case of inner-shell electrons and on the chemical bonding with surrounding
atoms in the case of valence electrons, can be measured by EB-specroscopy, as
was pioneered by Siegbahn and his group.37 (See Ref. [38] for a general survey of
more recent developments.) Using angle-resolved photoelectron spectroscopy, one
can even find the dispersion εµ(k) of the initial band by measuring the direction of
the photoemission, though within certain restrictions and with further experimental
requirements.39

Within the Hartree–Fock approximation, εµ denotes the one-electron energy of
the occupied state while (12.5.1) represents Koopman’s theorem. Due to the many
body effects, however, the hole energy−εµ is not only shifted by the renormalization
effect but is accompanied by simultaneous excitations of modes other than the
emitted electron.40,41 The most important renormalization effects in solids are the
electronic polarization of, and the charge screening by, the surrounding medium in
the cases of insulators and metals, respectively. These responses are described in
Sections 9.3 and 6.5 in terms of the dielectric constant ε(k, ω). Following Kotani,41

we proceed as follows.
The Hamiltonian of the medium is denoted by H0, and its ground state and energy

by |0〉 and E0, respectively:

H0|0〉 = E0|0〉. (12.5.2)

Note that we confine ourselves to absolute zero of temperature. By photoexcitation,
a core hole with charge +e is suddenly introduced at r = 0, which gives rise to the
electrostatic potentialφ(r) = e/4πε0r , acting upon the medium with charge density
fluctuation

ρ(r) = V −1/2
∑

q
ρq exp(iq · r) (12.5.3)

through the interaction Hamiltonian

HI =
∫

drρ(r )φ(r) =
∑

q
ρqφ−q, (12.5.4)

where φ−q ≡ V −1/2
∫

drφ(r ) exp(iq · r ) = V −1/2e/ε0q2. (12.5.5)
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The eigenstates and eigenenergies of the medium after the photoexcitation are
denoted by Ef and |f〉, respectively, so that

H |f〉 ≡ (H0 + HI)|f〉 = Ef|f〉. (12.5.6)

In the photoelectron spectroscopy of binding energy, the ordinate, the number
of photoelectrons, is in general a function of two variables, the energy ��hω of the
incident photon and the kinetic energy ε of the photoelectron, and not a function of
a single parameter EB = ��hω − ε. Apart from an unimportant factor which depends
gently on each of them, however, the photoelectron spectrum is considered to be
given by

F(EB) =
∑

f
〈0|f〉|2δ(ε − εµ + Ef − E0 − ��hω), (12.5.7)

which is rewritten in the Fourier transform of the generating function f (t) intro-
duced in (4.5.10) as

F(EB) = 〈0|δ(ε − εµ + H − E0 − ��hω)|0〉
= (1/πh)Re

∫ ∞

0
dt f (t) exp[i(EB + εµ)t/��h], (12.5.8)

where

f (t) = 〈0| exp[−i/��h)(H − E0)t]|0〉 = 〈0|L(t)|0〉, (12.5.9)

L(t) ≡ exp[(i/��h)H0t] exp[−(i/��h)(H0 + HI)t]. (12.5.10)

Under the assumption of a vanishing expectation value of the charge density in
the ground state of matter, namely

〈0|ρq |0〉 = 0 for all q, (12.5.11)

we have 〈0|HI|0〉 = 0, and hence obtain the cumulant expansion

〈0|L(t)|0〉 = exp

[
−��h−2

∫ t

0
dτ (t − τ )〈0|HI(τ )HI|0〉 + (higher-order cumulants)

]
,

(12.5.12)

by making use of the derivation of (11.4.11a) from the definition (11.4.5) where
S(t) is rewritten as L(t) in the present case.

The calculation of the correlation function in the second-order cumulant reduces,
because of (12.5.4), to that of the charge density which is obtained from the inverse
transform of (6.1.34):

〈0|ρq(τ )ρ− q|0〉 = −(��hq2/π ) ×
∫ ∞

−∞
dω exp(−iωτ )

× [1 − exp(−β��hω)]−1Im[χ‖(q, ω)]. (12.5.13)
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This is an example of the fluctuation–dissipation theorem, applied to the
charge density fluctuation versus dielectric loss. At absolute zero of temperature
(β → +∞) to which we confine ourselves, only the region of positiveω contributes
to the integral. Inserting (12.5.4) and (12.5.13) into (12.5.12) and integrating over
time, we obtain, neglecting the higher-order cumulants,

〈0|L(t)|0〉 = exp[−S − (i t/��h)∆ + S(t)] (12.5.14)

where

S(t) ≡
∫

dωs(ω) exp(−iωt), S ≡ S(0) =
∫

dωs(ω), (12.5.15)

∆ ≡ −
∫

dωs(ω)��hω, (12.5.16)

s(ω) ≡ (π��h)−1(e/ε0)2V −1
∑

q
q−2ω−2Im[χ‖(q, ω)]. (12.5.17)

By expanding (12.5.14) in powers of S(t), one finds that the photoelectron spec-
trum (12.5.8) starts with the zero-line at EB = −εµ + ∆, followed by its successive
sidebands (satellites) given by the convolutions of the fundamental spectrum s(ω) as
shown schematically in Fig. 12.5, the same as the zero-phonon line and its phonon

Fig. 12.5 Schematic representation of photoelectron spectra of a core state µ with self-
energy shift, accompanied by sidebands due to simultaneous excitations. The abscissa of
the spectra is the binding energy EB (increasing toward the left along the bottom line),
which is the incident photon energy ��hω minus the kinetic energy ε of the emitted electron.
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sidebands of the optical absorption spectrum of a localized electron described in
Section 4.5:

F(EB) =
∑∞

n=0
Fn(EB), (12.5.18)

F0(EB) = exp(−S)δ(EB + εµ − ∆), (12.5.19)

Fn(EB) = exp(−S)(n!)−1��h−1
∫

dω1

∫
dω2 . . .

∫
dωn−1

× s([{EB + εµ − ∆}/��h] − ω1 − ω2 · · · − ωn−1)

× s(ω1)s(ω2) . . . s(ωn−1). (12.5.20)

The integrated intensities obey the Poisson distribution, In = exp(−S)Sn/n!, and
I0 = exp(−S) represents the square of the overlap integral between the ground
states of H0 and H0 + HI.

One can rewrite the energy ∆, defined by (12.5.16) and (12.5.17), with the use of
the dispersion relation (6.2.2) withω = 0 applied to the odd function Imχ (q, ω ′) and
of the relation (6.3.3) with εe being replaced by ε0 (note that we are now concerned
with the contribution of electronic polarization to the dispersion of χ (q, ω ′) in the
background of a vacuum), as

∆ = −V−1
∑

q
(e2/2q2)

[
ε−1

0 − εe(q, 0)−1
]

= −(1/2)
∑

q

[
ε−1

0 − εe(q, 0)−1
]
D2

q (12.5.21)

where Dq = V −1/2eq/q2 = V −1/2ε0qφq is the Fourier component of the electric
flux density D(r) = −ε0∇φ(r) = er/r3 due to the positive charge e at r = 0. Here
∆ means the energy decrease (stabilization energy, or relaxation energy) due to the
introduction of electric charge e from a vacuum with dielectric constant ε0 into a
medium with electronic dielectric constant εe(q, ω). According to (12.5.8, 12.5.14),
∆ appears in the photoelectron spectrum in the form of (εµ− ∆), namely, the energy
of the core hole (the depth), −εµ(> 0), is diminished (stabilized) by |∆| due to the
electronic polarization of the medium, as shown schematically in Fig. 12.5.

In insulators, one can put q = 0 in the susceptibility χ since its spatial dispersion
is not so important, and obtain

∆ = −(e2k0/4π )(k0/π )
(
ε−1

0 − ε−1
e

)
(12.5.22)

which is in agreement with (9.3.23), the classical limit (appropriate since we are
neglecting the dispersion of the core band) of the electronic-polaron energy with
sign reversed (since we are concerned with the energy of a hole – anti-particle,
instead of an electron – particle). Here k0 is the Debye cut-off wave vector q
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defined by

N =
∑

q
(V/8π3)4π

∫ k0

0
q2dq, namely k0 = (6π2/v0)1/3. (12.5.23)

Equation (12.5.18) represents the self-energy of a charged particle with radius
a = π/2q0 embedded in a dielectric continuum with dielectric constant ε given by
ε−1 = ε−1

0 − ε−1
e , being consistent with (12.5.19).

In metals, one puts dielectric constant (6.5.8) into (12.5.18) and obtains

∆ = −(1/2)(e2/4πε0)(π/2)qs tan−1(k0/qs) (12.5.24)

where ��hqs is the Fermi momentum. Both (12.5.22) and (12.5.24) are of the order
of eV.

In insulators, the first-order satellite, given by s({EB + εµ − ∆}/��h), consists of a
series of simultaneously emitted longitudinal excitons (the valence exciton consist-
ing of a positive hole in the valence band and an electron in the conduction band).
However, the valence exciton produced around the core hole is expected to form
a state deeply bound to the core hole. In fact, the electron is subject to the dou-
bled attractive potential due to the valence-band hole and the core hole, resulting in
four times as large (in the optimum estimation) a binding energy of the valence exci-
ton and hence in a binding energy of core hole–valence exciton complex (CHVXC)
nearly three times as large, which is quite significant. Probably, the fractional in-
tensity exp(−S)S of the satellite is mostly concentrated to this complex. However,
there seems to be no report so far on such a structure. A similar mechanism has
been studied with the bound states of an optical phonon with a valence exciton
(EPBS).20,21 In order to estimate the coupling strength S governing the intensities
of the satellites, let us make a simplifying assumption that the spectrum of s(ω) is
concentrated at the energy ωex of a typical valence exciton or its complex with the
core hole. In view of (12.5.15, 12.5.16), one can write

s(ω) = Sδ(ω − ωex), S = ∆/
��hωex. (12.5.25)

Since both ∆ and ��hωex are of the order of several electron-volts in wide-gap insula-
tors, the coupling strength S is of the order of unity and the higher-order satellites
with intensities given by the Poisson distributions will not be so significant.

In metals, we have plasma resonance due to the collective motion of electrons

Imχ (0, ω) = (π/2)ε0ωpδ(ω − ωp)



304 12 Inner-shell excitation

according to (6.5.6, 6.5.7), and

s(ω) = (e2/4πε0)(k0/π )(��hωp)−1δ(ω − ωp). (12.5.26)

Namely, the plasma satellites are expected to appear at EB = εµ + ∆ + n��hωp with
the fractional intensities In = exp(−S)Sn/n!. Since ��hωp is of the order of several
electron-volts, at most one plasmon satellite is expected, as has in fact been observed
in 2p core photoelectron spectra of metallic Na.42 On the other hand, the low-
energy excitations of individual electrons make divergent contribution s(ω) ∝ ω−1

(ω → 0) with S → ∞ due to the finite state density at the Fermi energy. It is not so
simple to describe this problem with the use of the dielectric function as we were
able to do for the calculation of the energy shift ∆, and we will resort to a simplified
Hamiltonian in the next section.

Finally, we have to take into account the broadening effect of the core level by the
convolution, into the photoelectron spectra obtained above, of the broadening func-
tions such as the Gaussian band due to the fluctuating phonon field (Section 4.3)
and the Lorentzian band of lifetime broadening due to radiative annihilation and the
Auger process (Section 12.3). While the interactions with phonons and photons are
not included in the interaction HI (eq. (12.5.4)) with other electrons, one might sus-
pect undue double counting of the interelectron interaction, one in the photoelectron
spectra described above and one in the Auger lifetime. However, the Auger process
needs other electrons to annihiliate the core hole concerned, while no such process
is included in HI because other electrons are treated simply as a dielectric medium,
being distinguished from the core electron. This situation has some resemblance to
the zero-phonon line (Section 4.5) which was described with the same formalism
as the present one, and its broadening is caused by (i) radiative de-excitation and
(ii) nonradiative multiphonon de-excitation through the interstate matrix elements
of the electron–phonon interaction not considered in Chapter 4.

12.6 Many-body effects in normal metals

We have described the behaviors of the core hole, as reflected in the photoelec-
tron spectra, in terms of the dielectric theory in which the long-range part of the
Coulomb interactions among the electrons in the medium is taken into account
through the effective electric field as described in Section 6.3 (to be more specific,
through the relations (6.3.2) to (6.3.4) with εe replaced by ε0). In metals, collective
motions such as plasma oscillations are determined by the long-range Coulomb
interactions, while the individual electrons seem to behave as if they are almost
unaware of their mutual interactions, as has been recognized throughout the histor-
ical success of the free-electron model (Drude–Sommerfeld theory) in describing
the thermal and electrical properties of metals.43 It is now well understood44 that
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as a result of introducing collective excitation modes the interactions between in-
dividual electrons reduce effectively to the screened, short-ranged interactions as
given by (6.5.11). This justifies the use of the effective Hamiltonian Heff with weak
or no interactions as mentioned in Section 6.3, at least in describing the individ-
ual excitations of electrons. For simplicity, we consider electrons with no mutual
interactions but subject to short-range on-site interaction −v with the core hole.
Namely, we put

H0 =
∑

k
εka+

k ak, HI = −(v/N )
∑∑

k �=k ′a
+
k ak ′. (12.6.1)

The diagonal terms with k = k ′, which have been omitted from HI in (12.6.1) to
justify the use of cumulant expansion (12.5.12), contribute the first-order pertur-
bation energy ∆1 = −v in the case of a monovalent metal (Ne = N ). This on-site
interaction is to be defined, with the use of (6.5.10, 6.5.11), by

−v ≡ −v−1
0

∫
dr (e2/4πε0r ) exp(−qsr ) = −(2εF/3) (12.6.2)

where v0 is the volume of a unit cell, qs the reciprocal of the screening length and
εF the Fermi energy. In normal metals, this first-order energy ∆1 is already below ∆

of (12.5.25) which is a legitimate value. The discrepancy gets greater if the second-
order perturbation energy ∆ (<0) to be obtained through the following description
is added to ∆1, but would be diminished by considering the increase in the so far
neglected electron–electron interaction energy due to their charge redistribution by
the core hole. It is difficult to estimate and explain the still remaining discrepancy (if
any) since we are resorting here to the different Hamiltonian (12.6.1). Nevertheless,
we assume it to be enough for qualitative description of the divergent behaviors of
the spectra in metals with which we shall be concerned in this section.

Making use of the Heisenberg representation

HI(τ ) = exp(iτH0/
��h)HI exp(−iτH0/

��h)

= −(v/N )
∑∑

k �=k ′exp(iτεk/
��h)a+

k ak ′exp(−iτεk ′/��h),

one can write

〈0|HI(τ )HI|0〉 = (v/N )2
∑

k>kF

∑
k ′<kF

exp[−i(εk − εk ′)τ/��h]

where |0〉 is the ground state of H0 in which electrons occupy the Fermi sphere
with radius kF. Thus one obtains the generating function (12.5.15) with (12.5.16,
12.5.17) where

s(ω) ≡ (v/N )2ω−2
∑

k>kF

∑
k ′<kF

δ[ω − (εk − εk ′)/��h]

= αω−1(��hω � εF), α ≡ (ρv)2. (12.6.3)
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Here ρ is the density of state per unit volume of electrons which is assumed to be
constant within ��hω around the Fermi energy εF.

The factor ω−1 in (12.6.3), which originates from the finite density of state at
the Fermi energy and hence is characteristic of all metals, gives rise to the in-
frared (ω → 0) divergence of the integral S defined by (12.5.16). According to the
statement just below (12.5.21), this means that the ground states of H0 + HI and
H0 are orthogonal to each other, indicating the serious effect of charge redistribu-
tion caused by a positive charge introduced in metals, as it is called “orthogonal-
ity catastrophe”.45 The infrared divergence, s(ω) ∼ ω−1, causes the singular line-
shapes of photoelectron spectra as well as photoabsorption spectra in metals, as has
been extensively studied by Anderson,45 Mahan,46 Nozières and De Dominicis,47

Hopfield,48 Friedel,49 Doniach and Sunjic,50 and many others.
We now describe the singularity of the photoelectron spectra with the use of the

infrared divergent s(ω) given by (12.6.3). Denoting the upper cut-off energy ��hω in
(12.6.3) by D, one obtains the generating function as

f (t) = exp[−i t∆/��h − α ln(i Dt/��h)], (12.6.4)

and the photoelectron spectrum as

F(EB) =
{

0, (EB + εµ − ∆ < 0)

[DΓ (α)]−1[(EB + εµ − ∆)/D]−(1−α), (EB + εµ − ∆ > 0)
(12.6.5)

where Γ (α) is the Gamma function. The expectation value of the number of
electron–hole pairs excited simultaneously with the core-electron excitation is given
by 〈n〉 = S = ∞ due to the divergent contribution of low-energy excitations.

If one makes use of a more exact treatment of the singularity than the first-order
cumulant expansion (see (12.5.13)) and takes account of the spin degeneracy, the
α in eqs. (12.6.4, 12.6.5) is to be replaced by

α = 2
∑

�
(2�+ 1)[δ�(εF)/π ]2, (12.6.6)

where δ�(εF) is the phase shift of the partial wave with angular momentum � of the
conduction electron at the Fermi energy due to the core-hole potential v.

In connection with this, we should mention the Friedel sum rule concerning the
phase shift δ�(εF).51 Suppose a core hole is suddenly created at time t = 0. Then
the conduction electrons are scattered by its potential and thereby redistribute so as
to screen its charge. If one disregards the finite lifetime of the core hole, the system
tends to its lowest relaxed state |g ′〉 in the limit of t → ∞. The effect of screening
is represented by the phase shift δ�(ε) of the conduction electrons, which appear in
the asymptotic form of the radial wave function

uk�(r ) = sin[kr + δ�(ε) − �π/2]. (12.6.7)
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With the use of uk�(r ) one can calculate the change of the conduction electron
number around the core hole, which should be unity for perfect screening of the
hole charge:

(2/π )
∑

�
(2�+ 1)δ�(εF) = 1. (12.6.8)

This is the Friedel sum rule. It gives a certain constraint on the value of α given by
(12.6.6).

According to Anderson,45 the lowest states of the Fermi sea, |g ′〉 and |g〉 in the
presence and absence of the core hole, respectively, are orthogonal; more precisely,
the overlap integral 〈gN |g ′N 〉 in the N -conduction-electron system is expressed as

ln |〈gN |g ′
N 〉| = −

∑
�
(2�+ 1)[δ�(εF)/π ]2 ln N , (12.6.9)

so that

limN→∞〈gN |g ′
N 〉 = 〈g|g ′〉 = 0.

A singularity similar to that of the photoelectron spectrum appears also in the
photoabsorption spectrum corresponding to the excitation of core electrons to the
vacant states above the Fermi sea of the conduction band. We give here only the re-
sult. With the absorption edge given by Et = εF − εc − (Eg ′ − Eg), the absorption
spectrum of a core hole with orbital angular momentum � is given by

Fa(E) = F�−1(E)[D/(E − Et)]
α�−1 + F�+1(E)[D/(E − Et)]

α�+1, (12.6.10)

where F�±1(E) is the spectrum for vanishing v, and the �-dependent exponent is
given by

α� = (2δ�/π ) − 2
∑∞

� ′=0
(2� ′+ 1)(δ� ′/π ). (12.6.11)

This is the result derived originally by Nozières and De Dominicis.47 The spectrum
(12.6.10) is asymptotically exact when E approaches Et. If α�−1 or α�+1 is positive,
Fa(E) is enhanced and diverges at the Fermi edge, but if both of them are negative,
Fa(E) is suppressed and becomes a rounded edge. In the same way, the luminescence
spectrum also has a Fermi edge singularity with the same exponent as that of
the absorption spectrum. Some extensions of the result (12.6.10) have also been
made by taking account of the electron–hole exchange52,53 and the coexistence of
exchange and spin–orbit interaction,54 and by extending the validity range of E
with the use of spectral convolution.55

According to experimental studies,56–58 the spectra at the L23 edges of Na, Mg
and Al are sharp and peaked, while those of the K edges of Li and Al are broad and
rounded. If one assumes that the screened potential of the core hole is sufficiently
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short ranged, s-wave scattering is predominant, i.e. δ0 � δ1, δ2, etc., so that one ob-
tains α0 > 0 and α1 < 0 from (12.6.11), together with the Friedel sum rule (12.6.8).
This means that the L23 edge should be peaked and the K edge rounded, in qual-
itative agreement with the experimental data. However, it has been a subject of
controversy whether those line shapes are qualitatively reproduced by the Mahan–
Nozières–De Dominicis theory alone. It was pointed out by Dow (see Ref. [59] and
references therein) and others60 that the electron–phonon interaction is important
in the K edge spectrum of Li, and that one-electron characteristics, both effects of
band density of states and transition matrix element, are essential for the L edge of
Mg and K edge of Al.

12.7 Core-electron spectra of atoms with incomplete outer shells

As we look at the electronic configurations of all atoms which constitute the rows
and columns of the periodic table, we first note the general rule that the electrons
occupy one-electron energy levels from the lowest subshell to higher ones: 1s,
2s, 2p, 3s, 3p, 4s, 3d, 4p, 5s, 4d, 5p, 6s, 5d, 4f, 6p, 6d, 5f. A remarkable fact,
found in the groups of the so-called transition elements, is that with the increase of
atomic number Z the number of electrons occupying the nd or nf subshell with well-
localized orbitals increases one by one without affecting the occupation numbers of
the spatially outer shells (apart from a few irregularities within the sets): (4s, 3d), (5s,
4d), (5d, 4f), (6s, 5d), and (6d, 5f) (the latter in each set is more localized while the
former has a lower one-electron energy). This means that deepening of the Coulomb
potential due to an increase in Z is about enough to accommodate another electron
in the nd or nf subshell provided it is not yet completely filled up (incomplete
subshell), keeping the occupation of the outer subshell(s) unchanged because the
localized orbital is subject to much larger energy lowering than the extended ones.
It indicates that an increase of the nuclear charge by one is nearly compensated by
the increase of one electron in the inner subshell, leaving no significant effect on
the outer shell, and hence no change in the chemical properties of the elements.
This is the well-known explanation why several elements (transition elements)
with successive atomic number Z belong to one compartment (column-row) in the
periodic table.

In the condensed state, these transition elements are mostly metallic with a con-
duction band formed from the outer subshells mentioned above. The inner subshell
remains incomplete as it was in the atom, with no further electrons flowing in from
the conduction band. This fact indicates a large Coulomb repulsion between local-
ized electrons which prevents such an inflow. A simple concept of the Fermi level
based on the one-electron energy scheme applies to the conduction band but not to
the inner subshell which is subject to strong electron correlation.
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Fig. 12.6 Initial and final states in the optical excitation of a core electron, with unoccupied
d level εd pulled down below the Fermi level εF.

61

This argument leads us to imagine that the core-electron excitation of metals
with an incomplete subshell (nd or nf, which will hereafter be referred to as d shell,
representatively), being in effect equiavalent to an increase in the nuclear charge,
causes one of the conduction electrons to be pulled into the incomplete subshell of
the excited atom. It is natural to imagine that the energy level of the d orbital to be
filled up has been at ε0

d well above the Fermi level εF of the conduction electrons
before the core-electron excitation, but is now pulled down to εd due to the core
hole, possibly below εF, as shown schematically in Fig. 12.6. However, the d orbital
concerned is different from the orbital constituting the conduction band (denoted
by s orbital for convenience), and we need to consider the problem of the relative
probabilities of two independent events: a conduction electron plunges into the
pulled-down d level or not.61

If not, a hole is left behind at εd within the Fermi sea which is naturally subject
to subsequent annihilation by a conduction electron at a finite rate 1/τ . One might
imagine that as in normal metals the core electron can be excited only to the vacant
level above εF in the conduction band, forming a sharp absorption edge (step-like
but for the infrared divergence) at E ∼ εF − εc. However, this sharp edge is in fact
blurred by ��h/τ due to the above-mentioned lifetime of the hole in the Fermi sea as
the final state of the many-electron system, as shown schematically in region (A–2)
of Fig. 12.7.

The real threshold appears below this blurred edge, apparently contrary to the
Pauli exclusion principle within the one-electron picture. We will show this by
considering the first alternative case mentioned above in which the pulled-down
d level is occupied by an electron in the final state of core-electron excitation. From
the many-electron point of view, it is meaningless to ask whether the d electron came
from the core level or the conduction band. Anyway, the lowest possible energy
of the final state consists of one electron in the pulled-down d level at εd, and the
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Fig. 12.7 Schematic lineshape of absorption spectra in the case of εd < εF. The spectrum
in the absence of s–d mixing is shown with dashed lines.61
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Fig. 12.8 Schematic lineshape of absorption spectra in the case of εd > εF. The spectrum
in the absence of s–d mixing is shown with dashed lines.61

other electrons in the conduction band as before the excitation. The net energy
difference between this final state and the initial state before excitation is given
by E ∼ εd − εc(< εF − εc as mentioned above), as shown schematically in region
(A-1) of Fig. 12.7. This threshold shows a singularity due to the infrared divergence
(as mentioned in Section 12.6) of simulataneous excitations of conduction electrons
scattered by the localized d level which has suddently emerged.

One can thus expect two characteristic portions in the photoabsorption spectra:
the real threshold with singularity (A–1) of the many-electron system, and the
blurred Fermi edge (A–2) of the one-electron picture.

The above argument is confined to the case (A) of εd < εF. It is instructive to
consider the opposite case (B) of εd > εF and compare both results. In this case,
the Fermi edge at E ∼ εF − εc is the real threshold, with the singularity of infrared
divergence again as shown in region (B–1) of Fig. 12.8. The d level at E ∼ εd − εc

shows up as the Fano resonance with a dip on one side as shown in region (B–2)
of the same figure (an example of the Fano effect was presented in Section 10.2,
see the asymmetric Lorentzian lineshape of (10.2.12)) which is characteristic of a
discrete line embedded in the continuum.
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The conceivably simplest model to describe this situation is to ignore the spin
and d-orbital degeneracies, and to assume that the d level before and after the core
excitation is at ε0

d(→ ∞) far above the Fermi level εF and at εd, respectively.61

Before photoexcitation, we consider simply the system of conduction electrons
with Hamiltonian

H (0) =
∑

k
εka†

kak, (12.7.1)

which is Fermi degenerate in the ground state with energy Eg:

|g〉 =
∏(εk<εF)

k
a†

k |vac〉. (12.7.2)

After photoexcitation, we can write the Hamiltonian as

H = H0 + H ′, (12.7.3)

H0 =
∑

k
εka†

kak + εda†
dad, (12.7.4)

H ′ = V
∑

k
(a†

kad + a†
dak), (12.7.5)

where V is the s–d mixing interaction under the core-hole potential.
Neglection of the d level in (12.7.1, 12.7.2) is justified in the limit: ε0

d → ∞,
while the effect of the core hole is taken into account by the emergence of the
d level in (12.7.4) rather than simply by an attractive potential. Neglection of a
core hole in (12.7.3) to (12.7.5) makes the total number of electrons before and
after photoexcitation to be N and N + 1, respectively. Hence, one can write the
optical excitation operator with the use of the creation operators only, as

M† = Ms

∑
k

a†
k + Mda†

d, (12.7.6)

neglecting the k dependence of Ms, and the absorption spectra as

F(E) =
∑

f
〈f|M†|g〉2δ(E − Ef + Eg + εc), (12.7.7)

where the summation is to be extended over all eigenstates | f 〉 of H . One can
rewrite this as

F(E) = 〈g|Mδ(E + εc − H + Eg)M†|g〉
= π−1Im〈g|M(z − H + Eg)−1 M†|g〉
= π−1Im

[
M2

s

∑
k>

∑
k ′> Gkk ′ + Ms Md

∑
k>

(Gkd + Gdk) + M2
d Gdd

]
,

(12.7.8)

where the summation for the suffix k> is to be extended on k > kF, and

z ≡ E + εc − iη (η → +0), (12.7.9)

Gkk ′ ≡ 〈g|ak{z − H + Eg]−1a†
k ′|g〉, etc. (12.7.10)
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The summations containing the Gs in (12.7.8) are not independent but satisfy
the relations:

Gdd = G0
d + (

V G0
d

)2∑
k>

∑
k ′> Gkk ′, (12.7.11)∑

k>
Gkd =

∑
k>

∑
k ′> Gkk ′V G0

d =
∑

k>
Gdk, (12.7.12)

where

G0
d = 〈g|ad[z − H0 + Eg]−1a†

d|g〉 = [z − εd]−1. (12.7.13)

Equations (12.7.11) and (12.7.12) follow immediately from the operator identities:

[Z − H ]−1 = [Z − H0]−1 + [Z − H ]−1 H ′[Z − H0]

= [Z − H0]−1 + [Z − H0]−1 H ′[Z − H0]−1

+ [Z − H0]−1 H ′[Z − H ]−1 H ′[Z − H0]−1 (Z ≡ z + Eg)

if one takes appropriate matrix elements on both sides of them.
We will now study the analytic features of absorption spectra for various

situations.

Case (A) εd < εF

(A–1) Spectral region: E ∼ εd − εc where εd = εd + ∆d and ∆d is the self-energy
of the state a†

d|g〉 due to H ′. With the use of (12.7.11, 12.7.12) one can write F(E)
in the form

F(E) = [π−1ImGdd][Md + Ms(E − εd + εc)/V ]2. (12.7.14)

In calculating the first factor of the r.h.s. of this equation it is convenient to calculate
its Fourier transform, i.e., the so-called generating function (see eq. (4.5.10)):

fd(t) =
∫ +∞

−∞
d E exp(−i Et/��h)[π−1ImGdd]

= 〈g|ad exp[−i(H − Eg)t/��h]a†
d|g〉

= 〈g|ad exp[−i(H0 − Eg)t/��h]S(t)a†
d|g〉

= exp(−iεdt/��h)〈d|S(t)|d〉, (12.7.15)

where |d〉 ≡ a†
d|g〉 is the ground state of H0, and

S(t) ≡ exp[i H0t/��h] exp[−i Ht/��h] (12.7.16)

is of the same form as (12.5.10) and (11.4.5). The latter can be expanded in an
infinite series of integrals as in (11.4.9) which can symbolically be written in the
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Fig. 12.9 Diagrams making contributions to the most divergent terms. The solid line and
the wavy line represent propagators associated with s and d states, respectively. The vertices
(solid circles) mean the s–d mixing interaction.61

time-ordered exponential:

S(t) = T exp

[
−i
∫ t

0
dτH ′(τ )/��h

]
, H ′(τ ) ≡ exp[i H0t/��h]H ′exp[−i H0t/��h].

(12.7.17)

The time-ordering operator T indicates that in the general terms in the infinite series
expansion (11.4.9) the integral variables should be ordered such that σ1 > σ2 > . . .,
as is in fact the case.

According to the linked cluster expansion theorem, one can write

〈d|S(t)|d〉 = exp[L1(t)], (12.7.18)

where L1(t) is the sum of all the connected diagrams in the perturbation expansion
of the l.h.s. (similar to (11.4.9)). Assuming that ρV 2 � (εF − εd) where ρ is the
density of states of the s band, one calculates L1(t) in the most divergent term
approximation (so as to be asymptotically correct at |t | → ∞). It is found that the
most divergent term appears only in the diagram shown in Fig. 12.9, so that L1(t)
is expressed as

L1(t) ∼ −i∆dt + V 4(εd − εF)−2
∑

k>

∑
k ′<[exp{−i(εk − εk ′)t} − 1](εk − εk ′)−2

= −i∆dt − g ′2ln(i Dt) (|t | → ∞), (12.7.19)

where g ′ ≡ ρV 2/(εd − εF), (12.7.20)
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Fig. 12.10 Diagram for the self-energy correction with d hole.61

and D is the half-width of the s band. The term −i∆dt representing the self-energy
shift of the state |d〉 has been gathered from all orders of the perturbation expansion,
although it is not the most divergent term. From eqs. (12.7.15, 12.7.18 and 12.7.19)
one obtains

fd(t) ≡ exp(−iεdt)(i Dt)−g2
(|t | → ∞), (12.7.21)

the Fourier transform of which yields the final form of F(E):

F(E) →
{

0 (E + εc → εd − 0)

(Md + Ms∆d/V )2[DΓ (g ′2)]−1[(E + εc − εd)/D]−(1−g ′2)

(E + εc → εd + 0), (12.7.22)

where Γ is the Gamma function. It is of the same form as (12.6.5) for the photo-
electron spectrum, with the difference that the normalized scattering potential g ≡
−ρv in (12.6.3) is now to be replaced by g ′ of (12.7.20) which represents the
second-order scattering of a conduction electron at εF via the intermediate state d.

(A–2) Spectral region: E ∼ εF − εc where εF = εF + ∆g and ∆g is the self-
energy of the state |g〉 due to H ′. Here εF − εc is the threshold energy for the core
electron to be excited into the unoccupied states of the conduction band. In this
case it is convenient to rewrite F(E) as

F(E) =
[
π−1Im

∑
k>

∑
k ′> Gkk ′

]
[Ms + V Md/(E + εc − εd)]2 (12.7.23)

with the use of (12.7.11, 12.7.12). One can calculate Gkk ′ by taking account of
the self-energy correction of the final state with a d hole given by the diagram of
Fig. 12.10 whose imaginary part is responsible for the lifetime broadening of the
Fermi edge mentioned before:

Σk(z) = V 2
∑

k ′<(z − εk − εd + εk ′)−1

= ρV 2 log[(z − εk − εd + εF)/(z − εk − εd − D + εF)]

∼ ∆g + iπρV 2 (when E + εc ∼ εk ∼ εF), (12.7.24)

Gkk(z) = [z − εk − Σk(z)]−1 . (12.7.25)
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One obtains a rough description of the lineshape near the Fermi energy from[
π−1Im

∑
k>

Gkk

]
∼ ρ[(1/2) + (1/π ) tan−1{(E + εc − εF)/πρV 2}]. (12.7.26)

Namely, the Fermi edge is blurred out by the lifetime width 2πρV 2 of the d hole.
In an improved approximation the lineshape is given by

F(E)/ρM2
s = π−1[Im{J + ρV 2 J 2/(z − εd − ρV 2 J )}]

× [1 + V Md/Ms(E + εc − εd)]2, where J ≡ ρ−1
∑

k>
Gkk .

(12.7.27)

The lineshape in the entire region (A–1) through (A–2) is as already shown schemat-
ically in Fig. 12.7 whereas the derivation of (12.7.27) and the numerical calculations
are presented in Ref. [61].

Case (B) εd > εF

(B–1) Spectral region: E ∼ εF − εc. With the use of (12.7.23) one calculates the
generating function by taking advantage of the linked cluster expansion as follows:

fS(t) =
∫ +∞

−∞
d E exp(−i Et/��h)

[
π−1Im

∑
k>

∑
k ′> Gkk ′

]
=
∑

k>

∑
k ′>〈g|ak exp[−i(H − Eg)t/��h]a†

k ′|g〉
= L2(t) exp[L3(t)], (12.7.28)

where L2(t) and L3(t), respectively, are the sums of all the connected diagrams
with and without external lines. In the most divergent term approximation, they are
given by the diagrams in Fig. 12.9 and expressed as

L2(t) = (ρ/ i t)(i Dt)2g ′
exp(−iεFt), (12.7.29)

L3(t) = −i∆gt − g ′2 ln(i Dt). (12.7.30)

Putting eqs. (12.7.29, 12.7.30) into (12.7.28) and performing the Fourier transfor-
mation, one finally obtains

F(E) → ρ[Ms + V Md/(εF − εd)]2[Γ (1 − 2g ′+ g ′2)]−1

× [(E + εc − εF)/D]−(2g ′−g ′2) (E + εc → εF + 0), (12.7.31)

whereas F(E) = 0 when E + εc < εF. The singular lineshape is shown schemati-
cally in region (B–1) of Fig. 12.8.

It is interesting to note that the threshold singularity of region (A–1) is of the
same form as that of the photoelectron spectrum of normal metals, while that of
region (B–1) is of the same form as that of the absorption spectrum of normal
metals,55 except that g = −ρv is now replaced by g ′ given by (12.7.20). In the
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former cases, the core electron is excited to a definite level: the pulled-down d level
εd or the conduction band level corresponding to a definite kinetic energy ε of the
photoelectron outside. The singularity can then be described in terms of the sideband
due to simultaneous excitation of conduction electrons across the Fermi level εF

as was done in deriving (12.7.22) as well as (12.6.5). In the latter cases, the core
electron is excited to one of the vacant levels above εF, being now indistinguishable
from other electrons simultaneously excited from below εF. The negative power
of the singularity in these latter cases is obtained by replacing g ′ by 1 − g ′ (or g
by 1 − g) as argued by Hopfield,48 and hence by replacing (1 − α ′) ≡ (1 − g ′2) by
[1 − (1 − g ′)2] = 2g ′− g ′2.

(B–2) Spectral region: E ∼ εd − εc. The transition of the core electron to the
d state interferes with that to the s states through the s–d mixing interaction. It is
well known that when the excited states of the optical transition contain a discrete
state superposed on a background of continuous states with which it interacts, a
characteristic asymmetric peak with a dip on one side (called antiresonance) appears
in the absorption spectra, the so-called Fano effect.62 One defines the energy shift,
∆, and the level broadening, Γ, of the state a†

d|g〉 by the equation

Gdd = [z − εd − ∆ − iΓ]−1. (12.7.32)

Putting this into (12.7.14), one can rewrite F(E) in the following form which is the
same as Fano’s general formula62 for the antiresonance:

F(E) = (
M2

s Γ/πV 2
)
[E + εc − εd + (V Md/Ms)]

2/[(E + εc − εd − ∆)2 + Γ2]

= (
M2

s Γ/πV 2
)
(q + η)2/(1 + η2), (12.7.33)

where

η = (E + εc − εd − ∆)/Γ, (12.7.34)

q = [(V Md/Ms) + ∆]/Γ. (12.7.35)

If one assumes that ∆ and Γ are slowly varying function of E , the lineshape is
determined mainly by the value of q: when q = 0, the spectrum shows a dip,
i.e., a perfect antiresonance, and as |q| increases an asymmetric peak grows. The
asymmetric peak is located on the high- or low-energy side according as q> or
<0. One can obtain the value of q in the present model by calculating ∆ and Γ in
an appropriate approximation. See Ref. [61] for the results. The Fano resonance in
the case of q <0 is shown schematically in (B–2) region of Fig. 12.8.

Case (C) εd changing across εF

The negative power of singularities at (A–1) and (B–1), given by (1 − g ′2) and
(2g ′− g ′2), respectively, tends to ∞ as |εd − εF| → 0 (see eq. (12.7.20)), indicating
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the breakdown of the theory based on the most divergent term approximation. How-
ever, according to an improved description in terms of the phase shift of the scatter-
ing as mentioned in the latter half of Section 12.6, the power changes continuously
from the former expression to the latter as we increase the parameter εd across εF.
(See Ref. [61] for the detailed argument.)

Suzuki et al.63 observed the N4,5 absorption spectra of La and Ce. They also
determined the Fermi level from photoelectron spectroscopy. According to their
results, there is no sharp Fermi level threshold at the location of the Fermi level
while there exists one or several sharp peaks, which correspond to the electronic
transition from 4d to 4f levels, on the low-energy side of the Fermi level. These
unusual features can be described qualitatively by the case (A) mentioned above.

The emission spectra corresponding to the annihilation of the core hole at absolute
zero of temperature can be calculated in the same way. The results are shown
schematically in Fig. 12.11. The negative power of the singularity is always equal
to that of the absorption spectra in cases (A) through (C) to (B).

The photoelectron spectrum of the same model system was also studied.64 The
results corresponding to Figs. 12.7 and 12.8 are shown in Fig. 12.12. The physical

Fig. 12.11 Schematic lineshapes of emission spectra in case (A) εd < εF and case
(B) εd > εF. The spectra in the absence of s–d mixing are shown with dashed lines.
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Fig. 12.12 Schematic lineshapes of photoelectron spectra in the case of (A) εd < εF and
(B) εd > εF. The spectra in the absence of s–d mixing are shown with dashed lines.

argument on the results in comparison with the photoabsorption spectra is left for
the interested reader.

The two-peak structure as in case (A) of Fig. 12.12 has also been pointed out
for insulating compounds of the transition elements, with the conduction band of
the metal to be replaced by the valence band of the insulator, and hence with no
singularity in the (A–1) component.65

The simple model presented above was extended to more realistic ones, taking
account of the finiteness of ε0

d, the orbital and spin degeneracies and hence more
electrons in the d shell with their large Coulomb interactions, the exchange inter-
action between the core hole and the d electrons, spin–orbit coupling and so on.
As for the details and the comparison of theoretical results with observations, see
the comprehensive review articles by Kotani and collaborators66–68 and the refer-
ences therein. Of particular interest is the effect of valence mixing reflected in the
spectra which involves problems similar to those discussed in this section. The
last-referenced review, Ref. [68] deals with resonant inelastic X-ray scattering in
general, which is not covered by the present book.

As for the study of site-selective chemical reactions by core-hole excitation (a
molecular scalpel, so to speak), mentioned at the beginning of this chapter, see
Refs. [69, 70].
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Photo-induced structural changes

Overview

In this chapter, we will consider the origin and nature of interatomic bonds in the
context of optical transitions and subsequent atomic rearrangements. In ordinary
textbooks on the solid state, the description of interatomic bonds is put in earlier
chapters because that is the very basis of the microscopic structures of matter
inclusive of the condensation mechanisms which govern their thermal, electric,
magnetic and optical properties. The reason we have delayed our consideration of
these aspects until the penultimate chapter in this book is that optical excitation
often causes a drastic change in the interatomic bond (inclusive of bond creation
and annihilation) which is reflected in and thus revealed by, the optical spectra
(emission, as well as absorption spectra) themselves. Thus, the spectroscopic study
sheds new light on the nature of interatomic bonds in condensed matter.

Of course, we are well aware of the nature of interatomic bonds in familiar mate-
rials. However, interatomic forces acting upon any particular atom are altogether in
balance in the ground electronic state of the material (however large an individual
force may be), so that there is no way of singling out a force between any particular
pair of atoms as long as the system stays in the ground state. The best way to detect
the individual interatomic bonds is to change them locally by optical excitation to
an excited electronic state. The imparted imbalance of the interatomic forces will
cause the atoms to displace from their Franck–Condon (FC) configuration to a new
equilibrium configuration, the relaxed excited state (RES), as shown by the C.C.
(configuration coordinate) model of Fig. 13.1, where the abscissa representing the
interaction mode Q is drawn aslant (instead of horizontal) for the purpose of using
this C.C. model in a different situation to be mentioned later. The optical emission
spectra from this RES, if any, (not shown in this figure, see instead the down arrows
in Figs. 4.1 and 4.4) and its correlation with the absorption spectra (upward arrow)
will further reveal the nature of this relaxation and hence of the relevant interatomic
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Fig. 13.1 Bilaterally constructed configuration coordinate model useful for nearly bistable
situation, with different abscissas GQ and G ′Q ′ for different situations.

bonds, as was described in Section 10.6. Thus, the nature of the interatomic bonds
and the mechanism of condensation in the ground state can be revealed only by the
study of excited states in which the destroyed balance of forces is healed (by the
relaxation) and finally reconstructed (in the RES)1.

Underlying this viewpoint is a latent possibility that the lowest point of the
excited electronic state could be lower than that of the ground state in a different
situation with somewhat different values of the physical parameters, as shown again
by Fig. 13.1 with the same pair of adiabatic potentials but with a new abscissa
G ′Q ′ slanted oppositely to the abscissa GQ (symmetrical drawing is not essential).
Namely, what was considered as the excited electronic state is now the ground
electronic state in this new situation.

The purpose of the present chapter is to study photo-induced structural changes,
in particular those arising in nearly bistable situations as depicted in Fig. 13.1. In
the case of bulk insulating crystals, the lowest excited state in the FC configuration
is a free exciton, which becomes self-trapped (RES) in the deformable lattice when
the exciton–phonon coupling is strong enough. Namely, the relaxation consists of
electronic localization and atomic displacements. If the energy of a self-trapped ex-
citon (STE) were lower than that of the ground state, STEs would be spontaneously
generated (without optical excitation) at all sites of the entire lattice, forming an
electronically as well as structurally new phase of the same matter. The local exci-
tation in this new phase could be described with reference to the new abscissa G ′Q ′,
whilst still retaining the same pair of the electronic states as before since the excited
electronic state in the old phase is the ground electronic state in the new phase and
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vice versa. Which is the real ground state and which is the false ground state is a
subtle problem in a nearly bistable situation. Although such a situation seems to
be realized rather seldom in nature, it is worthy of serious consideration in order
to deeper our understanding of electronic–structural phase transitions. In the case
of a bulk phase transition, the new and old abscissas, G ′Q ′ and GQ, respectively,
should be macroscopic order parameters obtained by an appropriately normalized
linear combination of the interaction modes. Examples of the order parameter will
be seen in Section 13.4 (the dimerization parameter q) and Section 13.6 (alternating
mode N−1/2qa given in eq. (13.6.19)). Also, the interactions among STEs should
be included in the new adiabatic potentials.

As an obvious Gedankenexperiment for a false ground state (G ′) which is far
from bistability, let us consider an assemblage of the same number of neutral al-
kali and neutral halogen atoms arrayed alternately on a three-dimensional lattice
with a sufficiently large lattice constant r with weak interatomic forces of the
van der Waals type, and then excite a valence electron of an alkali atom opti-
cally to the lowest unoccupied orbital of a neighboring halogen atom at distance
r (FC ′). The excitation energy is positive if the redox potential (defined here as
ionization energy I of alkali atom minus electron affinity A of halogen atom)
plus the Coulomb potential (−e2/4πε0r ) of the thus-produced ion pair is positive,
namely if the lattice constant r is sufficiently large. The excited state would then
relax so as to decrease the nearest neighbor distance r and so make this ionized
pair more stable than the neutral pair state. Since this sign reversal takes place
already at r significantly larger than a typical lattice constant, the ionized pair
would spontaneously be generated at every site so as to form a condensed phase
of ionic pairs, namely, an ionic crystal which we know well. This is the obvious
reason why an alkali halide forms an ionic crystal rather than a van der Waals
crystal.

Although this is a trivial example, one can thereby realize that to imagine the
false situation on the opposite side of the reality is sometimes useful for a deeper
understanding of the real ground state and the nature of bonding, and that the
optical absorption and emission spectra provide a powerful means of detecting the
nature of this bond from the opposite side. This chapter contains many examples
of situations in which the relative stability of the real and false ground states is a
more subtle, and hence more instructive, problem. Some systems are subject to a
structural phase transition, which need not be thermally induced but can be photo-
induced, revealing intriguing dynamics of the growth and decay of the metastable
domain.

Before proceeding to these examples of bulk phase transitions, however, we will
present well-established examples of the covalent bond and the local photochemical
reaction in the following two sections.
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13.1 Role of p-holes in formation of covalent bonds

As is well known and was also mentioned in Section 12.1, the one-electron energy
in an atom depends mainly on the principal quantum number n (corresponding to
a shell) and to a lesser degree on the azimuthal quantum number � (corresponding
to a subshell) in low-mass elements. However, the large centrifugal potential for
�� 2 gives rise to an inverted order such that, energetically, 4s < 3d (<4p), 5s < 4d
(<5p), 6s < 5d, 4f (<6p), etc. These d and f orbitals are confined to the inner region
of atoms compared to s (and p) orbitals with higher quantum number n in spite of
being energetically higher than the latter (for s but not for p). As a result, d and f
subshells which are incompletely filled (due to strong Coulomb repulsion against
a further electron entering the same orbit) contribute to magnetic properties with
their resultant spin coming from those of the individual d (or f) holes (unoccupied
orbitals of the d or f subshell). The incompletely filled p subshell plays the main
role in forming interatomic covalent bonds with their directions being those of the
p orbitals of individual holes. Note that the unoccupied antibonding orbital (rather
than the occupied bonding orbital) contributes in effect to net bonding, as will be
made more clear in the following argument. The existence of a hole (rather than an
electron) is essential in both cases; a complete subshell contributes neither to the
intra-atomic magnetic moment nor to the interatomic covalent bond.

Let us consider how the exchange (transfer) of a hole(s) in the outermost p
subshell between two atoms gives rise to the interatomic bond. For this purpose
we start with a column 0 element with a closed np subshell (a rare gas with n � 2)
which is known to be chemically inactive, and shift leftward to elements with
smaller Z, with ν holes in the p subshell (0 < ν � 3 where 3 is the maximum
number of linearly independent p orbitals) in order to study the possible number of
interatomic bonds with like atoms, by considering the well-known empirical facts
which formed the basis of the periodic table.

A halogen atom with ν = 1 (column VII) can form one covalent bond with
another identical atom but not more, resulting in diatomic molecules such as F2,
Cl2, Br2 and I2. While there are two holes in a pair of halogen molecules in this
example, there is evidence that even one hole in a pair of rare-gas atoms is enough to
form a molecule. Consider an optically-excited atom in a rare gas with an electron
in a higher state and a hole in the np subshell. The hole has the effect of attracting
another atom still in the ground state through its resonance transfer between the
two atoms, resulting in the formation of an excimer (a molecule in an excited state)
as shown schematically in Fig. 13.2. The excited electron plays no direct role in the
excimer formation except that of leaving a hole behind. As soon as the electron is
optically de-excited (p-hole annihilated), the interatomic attractive force disappears
and the two atoms become separated as before. The photon thereby emitted can
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Ne*– Ne
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Ne*
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Fig. 13.2 Configuration coordinate model for an optically-excited rare-gas atom to form
an excimer Ne∗ + Ne → Ne∗

2.

be used as a laser light source because of population inversion at this interatomic
configuration (optical pumping produces RES while there is no population in the
Franck–Condon de-excited state). This is nothing other than the excimer laser.

As another example of one p-hole forming a covalent bond, consider the optical
interband excitation of an alkali-halide crystal which produces a positive hole in
the valence band consisting of np orbitals of halide ions X−. A hole naturally wants
to be in the highest possible electronic state, which is an antibonding state between
a nearest pair of neighboring X− ions. The attractive force mediated by the positive
hole makes the two X− ions come closer together. Namely, an X−

2 molecule, or
self-trapped hole of two-center type, arises in the crystal, which plays a central role
in a variety of photochemical processes, as will be described in Section 13.2.

Proceeding to the next example, let us consider a chalcogen atom with ν = 2
(column VI). It can form two covalent bonds with two neighboring atoms of the
identical species, with an angle somewhat greater than 90◦, as can be seen from
examples such as the bent ozone molecule O3, the crown-shaped S8 or Se8 molecule
consisting of a closed ring of a zig-zag chain (which can further aggregate to
form a crystal) and zig-zag chains of Se and Te arrayed regularly to form a three-
dimensional crystal or disordered to form the amorphous state.

The situation is more varied in ν = 3 elements (column V); besides the
3-coordinated structures such as the tetrahedral P4 molecule and molecules consist-
ing of N, P, As or Sb with three neighbors of H or a halogen, they can also form simple
molecules such as N2, NO and various compounds with apparently more than three
neighbors which may be ascribed to the lone-pair electrons (electrons not participat-
ing in the covalent bond) or to the removal of electrons to neighbors (ionic bonds).

The situation is even more varied with elements with ν = 4 (column IV) where
three independent np orbitals are not enough to make holes. In order to have four
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covalent bonds with four neighbors, one has to resort, at the cost (from the hole
viewpoint) of intra-atomic energy, to a lower-lying ns orbital as another independent
basis for hole orbitals. In other words, an environment of tetrahedral symmetry will
make the well-known set of four sp hybrid orbitals

φ1 = 2−1(s + px + py + pz), φ2 = 2−1(s + px + py + pz),

φ3 = 2−1(s + px + py − pz), φ1 = 2−1(s − px − py − pz) (13.1.1)

become energetically degenerate so as to form four covalent bonds with tetrahe-
drally coordinated neighbors, as is seen in the covalent crystals of C (insulator), Si
and Ge (semiconductors). This diamond structure is so stable that even the column
V and column III elements can be combined to form compound semiconductors
with the similarly framed zinc-blende structure by transferring an electron from
the column V to the column III element. The valence and conduction bands consist
of bonding and antibonding orbitals as mentioned later, so that the two statements
of (i) electrons occupying the stable bonding orbitals and (ii) holes occupying the
unstable antibonding orbitals are equivalent here.

However, the number-of-holes picture (hereafter the hole picture) for covalent
bonds starting from a column 0 element and moving to the left along a row of
the periodic table is obviously more natural than the number-of-electrons picture
(hereafter the electron picture) starting from the opposite end of the sp3 shell,
since the s orbital with which we have to start has no degeneracy and hence no
directionality, being irrelevant to the notion of an interatomic bond. In fact, column I
as well as column II elements hardly ever form molecules but coagulate together
to form metallic crystals in which the s electrons are quite mobile, being shared by
many atoms – the so-called metallic bond. The asymmetry of the hole and electron
pictures within the sp3 community comes also from one s orbital versus three p
orbitals with different energies. The electron picture within the (np)3 community
is not so useful as the hole picture, presumably because of the strong influence
from ns below np, especially for n = 2. For heavier elements with greater ns–np
splitting, however, there are the interesting examples of PbCl2 and PbI2 crystals in
which an electron in the conduction band consisting mainly of the 6p orbitals of
Pb is self-trapped symmetrically around a pair of Pb2− ions. These two compounds
are examples of the relatively few cases of electron self-trapping (see the end of
Section 9.6 inclusive of its references).

The column III elements do not really fit into either picture, presumably because
the highest occupied level is just above the s–p borderline. In fact, the lightest
element in this column, B, in which the s–p splitting is smallest, shows such unique
and versatile chemical bonds that it is even nicknamed “a lone wolf” among the
elements of the periodic table.
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An exception to the asymmetry of the hole and electron pictures is the first row of
the periodic table. Due to the absence of the 1p state, (1s)2 already forms a closed
shell. Hydrogen can be viewed either as a one-electron system or as a one-hole
system. In fact, the existence of a diatomic molecule H2 as well as the formation of
metallic hydrogen under extremely high pressure are consistent with the amphoteric
picture.

Let us now give a simple argument for the preference of the hole picture for the
covalent bond in the context of the Heitler–London-like theory. Instead of the 1s
atomic orbital, however, we begin with the 2p orbital without 2s mixture. Consider
two identical atoms with at least one 2p electron, approaching each other along the
z-axis. One can then imagine a bonding orbital

σb = 2−1/2(2pz1 − 2pz2) (13.1.2)

formed between the atoms 1 and 2 (the − sign gives a molecular orbital of even
parity because of the odd atomic orbital p). Considering the angular parts of the two
atomic orbitals and the absence of a node in their 2p radial wave function, one finds
that the orbital function σb is strongly concentrated in the interatomic region where
the attractive potentials due to the two atoms have a simultaneously large negative
contribution to the total energy (provided the interatomic distance is appropriate).
This is the well-known reason why the bonding orbital has one-electron energy
lower than an atomic orbital, and at the same time justifies the condition stated
within the parenthesis just above since the interatomic distance is so determined as
to maximize the negative contribution mentioned there. The same argument applies
to shells with n > 2; although the radial part of the np orbital has nodes and the
behavior of the bonding orbital in the interatomic region is more complicated than
in the 2p shell, the optimum interatomic distance is so determined as to maximize
the negative energy of the bonding state.

In contrast, the antibonding orbital σa, given by (13.1.2) with the − sign replaced
by +, has almost no energy gain since it avoids this comfortable interatomic region.
Thus, the antibonding state has an energy much larger than the bonding state.

If the two atoms have a closed-shell structure with np orbitals completely occu-
pied, we have to fill up the bonding and antibonding orbitals each by two electrons
with up and down spins in addition to other atomic orbitals npxi and npyi (i = 1, 2)
which do not participate in the covalent bond. The Slater determinant formed by
12 np electrons inclusive of bonding and antibonding orbitals and of up and down
spins is nothing other than that formed by 12 atomic orbitals forming closed shells.
Summation of the energies of the bonding and antibonding orbitals should result
in no net contribution to the interatomic binding energy. The contribution to the
binding energy comes only from holes in the atomic np shell; one or two hole(s)
should occupy the antibonding orbital with higher energy than the bonding orbital,
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thus contributing a negative energy and hence increasing the binding energy as
compared with a pair of closed-shell atoms. This is the reason why the hole picture
is more natural when one starts with a closed-shell structure. The second and further
holes in the atomic np shell, if any, must form covalent bond(s) with other atom(s)
in other direction(s) (x and/or y), or stay unbonded. The hole picture described here
is equivalent to what is called the 8 – N rule.

It is interesting to note that the interbond angles in the elements with ν = 2 or
3 mentioned above are known to be H2S: 92◦, H2O: 104.5◦, O3: 117◦, S–S–S . . .:
108◦, Se–Se–Se . . .: 103–106◦, NH3: 107◦, etc. The deviation of the angle from 90◦

expected for pure npx , npy, . . . orbitals indicates the corresponding mixing of the
ns orbital at the cost of np–ns splitting energy so as to counterbalance the repulsive
energy between the ligand atoms of the covalent bonds.

13.2 Photo-chemical processes in alkali halides

Alkali halides are ideal ionic crystals consisting of cations and anions both with
closed-shell structures, bound together by large Coulomb and small van der Waals
forces counterbalanced by short-range repulsive forces. Their electronic structure
is very simple, with a valence band consisting of the np subshell of the halide ion
(X−) and a conduction band consisting of the n ′s and possibly the (n ′− 1)d (n ′� 3)
subshell of the alkali ion (M+). To a first approximation, the binding energy consists
of the electrostatic Madelung potential minus the redox potential (the ionization
energy of the alkali atom minus the electron affinity of the halogen atom).

In contrast to this simple ground state, the electronic excited states behave quite
variably, especially in their lattice-relaxed configurations. The lowest optical ex-
citation is to bring back an electron from an anion to a cation which amounts to
reduction in chemical terminology. The sudden disappearance of the electronic
charges on the relevant ions and hence of the Coulomb energy which was respon-
sible for a significant part of the binding energy, as mentioned above, naturally
causes a drastic change in the balance of the interatomic forces, resulting in large
lattice relaxations with various patterns, as already mentioned in Section 9.6. The
lattice relaxation can be so large that defect pairs of an anion vacancy with an
electron (F-center) and an interstitial anion with a positive hole (H-center), or their
precursor (off-center-type self-trapped exciton (STE)) are produced thereby (see
Fig. 13.3, (d) + (d ′) or (c)), according to experimental studies. A single positive
hole, produced under ionizing radiation with energy greater than the bandgap,
becomes self-trapped symmetrically around a pair of anions which are thereby
brought closer together than their normal distance, forming a VK-center with net
charge +e as shown in Fig. 13.3(a), which is a typical pattern of a self-trapped hole
(STH) in ionic crystals. This STH can again capture an electron around its attractive
potential, forming an on-center-type STE as shown in Fig. 13.3 (b). Throughout
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Fig. 13.3 Various defects formed in a photoexcited alkali-halide crystal. Reproduced from
the article by Song and Kayanuma.2

(a)–(c) and (d ′), one finds that a positive hole prefers to be self-trapped around a
pair of anions by bringing them closer than their normal distance in the host crystal
irrespective of the different environments: in the intercation (a, b) or interstitial
(c, d ′) positions, under the absence (a) or presence (b, c, d + d ′) of a nearby elec-
tron, under the absence (a, b) or presence (c, d + d ′) of a nearby anion vacancy. It
indicates the primary importance of the hole-mediated interhalide bond mentioned
in Section 13.1 within the excited-state subspace with an electron and a hole.

At this point, we have to touch upon some of the historical turns and twists leading
finally to the established identifications of experimentally-found centers with defect
models shown in Fig. 13.3. After the model of STH shown in (a) was established
on the basis of an electron spin resonance study (see Ref. [21] of Chapter 9), it
was long believed that an STE is an electron captured around an STH keeping its
parity (inversion symmetry) (b). Although the broken parity was suspected through
an electron–nuclear double resonance study,3 it was not until the comprehensive
theoretical study by Song and collaborators4 (see also Ref. [53] of Chapter 9)
that certain alkali halides were found to have off-center structures (as shown by
(c)) as the most stable configuration of the STE. This meant that what had so far
been considered to be a pair of F- and H-centers should be reclassified into the
off-centered STE (the nearest pair, (c)) and more distant pairs (d + d ′). Kan’no
and collaborators (see Ref. [63] of Chapter 9) clarified that there are three types
of stable (or metastable) configurations of STE, on-center type I (Fig. 13.3(b)),
weakly off-center type II (not shown in Fig. 13.3) and strongly off-center type III
(Fig. 13.3 (c)) depending on the alkali halides, by elaborate comparative study of
their emission spectra as already mentioned in Section 9.6.

Starting with an ionized electron–hole pair produced by radiation, the first re-
laxation process to arise is breaking of translational symmetry, resulting in the
on-center STE (b). The next to arise would be breaking of parity, resulting in an
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off-center self-trapped exciton (c) or a pair of an F-center and H-center (d + d ′) as
if the X+

2 molecular ion is repelled by an electron of opposite charge. How does
this repulsion arise against the Coulomb attraction?

Kondo, Hirai and Ueta,5 through their transient spectroscopic study of the forma-
tion process of F- and H-centers by irradiation with a pulsed electron beam, clarified
that the centers are produced within nanoseconds, which is much shorter than the
radiative lifetime of the self-trapped excitons, and concluded that the formation
takes place while the electron is in the excited Coulomb-captured state(s) around
the STH. Independently, Itoh and Saidoh6 considered the down-hill adiabatic po-
tential of the STE towards the parity-breaking displacement Q2 of X−

2 as a whole
along its molecular axis (along (110) in the plane Fig. 13.3, which is defined here as
the z-direction), in order to explain the formation of F− and H–centers, (b) → (c or
d + d ′). Toyozawa7 reconciled the two pictures by ascribing the down-hill potential
to the pseudo Jahn-Teller effect of the ground (∼1s) and the excited (2pz) states of
the electron captured by the STH. The pseudo J-T effect was assumed to be signif-
icant only at the interanion distance where the 2pz and 1s levels are close enough
(so that also the nonradiative transition 2pz → 1s readily takes place) as shown
schematically in Fig. 13.4, in order to keep two different channels, one leading to
an STE and another to an F–H pair which were considered to be different entities
at that time. However, Song’s identification of the STE with the nearest F–H pair

Fig. 13.4 Configuration coordinate model with two competing channels of relaxation, one
leading to L, the self-trapped 1s exciton, from where intrinsic luminescence takes place,
and another to D, where a nearest pair of F- and H-centers are formed. P is the relaxed state
of the 2pz exciton, from which atoms can tunnel quantum-mechanically to the point T on
the adiabatic potential of the 1s exciton. C is the crossing point of the 2pz and 1s-exciton
adiabatic potentials where thermally activated de-excitation takes place.7
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(Fig. 13.3(c)) resolved the confusion through their calculation according to which
the down-hill potential due to the pseudo J-T effect exists even for the equilibrium
interanion distance in the VK-center,8 namely under a 1s–2pz difference as large
as ∼1 eV. In alkali halides with a type I STE, however, the model of Fig. 13.4 may
be applicable.

A simpler way of explaining the off-center stabilization ((b) → (c) of Fig. 13.3) is
that the electron prefers being captured by charge +e of an entire anion vacancy as
in (c) to being captured by two charges each with +e/2 due to half-anion vacancies
as in (b). The molecular ion X−

2 separating them acts to eliminate the resonance
effect of the electron between them.

However one views it, it is the much lighter electron which drives the heavy
X−

2 molecular ion in the (110) direction. Namely, a pair of an electron and a hole,
particles with effective masses of the order of m, created by a photon with energy
∼εg, produce a pair of defects with much larger effective masses of the order of anion
mass M . The hole-mediated interanion bond causes breaking of the translational
symmetry of a free exciton, while the adiabatic down-hill potential due mainly to
the electron–ion Coulomb interactions provides X−

2 with momentum, breaking its
parity.

13.3 Lattice relaxation of exciton across bandgap and its radiative and
nonradiative annihilation

We will now study various possible cases of lattice relaxation of the photoexcited
state, such as were described in the preceding section, in the context of compe-
tition between two channels of de-excitation, radiative and nonradiative, by ex-
tending the configuration coordinate (C.C.) Q of Fig. 10.10 to the point where the
adiabatic potentials of the ground and excited states intersect each other.9 Con-
sider the exciton band with width 2B and bottom energy at E0 measured from the
ground state, and local lattice distortion Q which gives rise to the local attractive
potential −cQ(c > 0) for the exciton. E0 will hereafter be called the exciton gap.
The energy of a localized exciton will tend to the asymptote Ee(Q) = E0 + B − cQ
as shown by the solid line in Fig. 13.5(a), since complete localization gives rise to ki-
netic energy B according to the uncertainty principle as mentioned in Section 10.6.
Assuming for simplicity the linearity of the exciton–phonon interaction throughout
the exciton gap, one finds that the energy Ee(Q) of the localized exciton inter-
sects the ground-state energy at Q0 = (E0 + B)/c. What is the physical meaning
of Q0? In insulators, the exciton gap E0, the interatomic charge transfer and the
lattice structure are self-consistently correlated with one another as stated in the
Overview. This means that the intersection Q0 is so large as to cause an entire change
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(b)

(a)

Fig. 13.5 (a) Energies of free and localized excitons vs. local lattice distortion Q. (b)
Adiabatic potentials of excited and ground states for different values of E0. The values of
ER and B are fixed to avoid undesirable complication of the figure; one should note that
the lattice relaxation energy ER relative to the exciton gap E0 increases in the order of
α, β, γ,U.9

of local electronic and lattice structures, possibly with different ionic valencies and
with a Frenkel lattice defect as exemplified in Section 13.2.

Making use of the harmonic approximation, we add energy EL(Q) = Q2/2
needed for the lattice distortion (Q is normalized so that the coefficient is 1/2), to
obtain the adiabatic potentials Wg(Q) and We(Q) for the ground and excited states,
respectively, as shown schematically in Fig. 13.5(b) for various values of exciton
gap E0. The adiabatic potential of the localized exciton, We(Q) = Ee(Q) + EL(Q),
will reach its minimum value We(Qm) at Qm = c, with lattice relaxation energy
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ER ≡ We(0) − We(Qm) = c2/2. Note that E0 ≷ We(Qm) according as the coupling
constant g ≡ ER/B ≶ 1 (only the latter case is shown in Fig. 13.5(b)). Note that
we have not specified the spatial pattern of atomic displacements represented by
the “local” mode Q. Obviously, a single material can have more than one type of
STE with different modes (e.g., with different symmetries) and different ER. The
argument below applies to any of these cases.

Let us now study how the adiabatic potential of the excited state, We(Q), inter-
sects with that of the ground state, Wg(Q) = EL(Q). Four typical cases, α, β, γ
and U are shown in Fig. 13.5(b) in order of decreasing exciton gap E0 with fixed
values of B and ER(>B). Case Sα is characterized by the inequality that the adi-
abatic potential at the intersection, given by We(Q0) = Wg(Q0) = (E0 + B)2/2c2,
is greater than the energy E0 of the free exciton at the band bottom wherefrom the
exciton started to relax. According to the Dexter–Klick–Russel criterion10 origi-
nally proposed for the presence–absence argument of the color-center luminescence
based on the assumption that the nonradiative transition can take place only at the
intersection of two adiabatic potentials (see Refs. [11–13] for the quantum the-
ory of nonradiative transition at the intersection), the above-mentioned inequality
excludes the possibility of “transient” nonradiative annihilation (during the re-
laxation) of the exciton, because a “thermally-activated” nonradiative process is
improbable insomuch as kBT is small compared to We(Q0) − We(Qm). This is a
situation favorable for the high quantum yield of F and S luminescences as well
as for the F–S thermal equilibration. In Fig. 13.6 representing the (E0, ER)-plane
with a fixed value of B, case α is realized in the region Sα which is bounded
by the above inequality: ER < (E0 + B)2/4E0 and the inequality: ER > B for
self-trapping.

In the opposite situation, We(Q0) = Wg(Q0) < E0, the transient nonradiative
transition of the exciton can take place rather efficiently at Q0 within one or a few

Sγ

∪ER

B

B E00

F

Sβ

Sα

Fig. 13.6 Classification of relaxed excited states.9
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cycles of damping oscillation of the lattice. The remaining excitons, which may be a
small fraction, will finally relax to the self-trapped state Qm. We must then classify
the situation into casesβ andγ according as We(Qm) ≷ Wg(Qm) (which is equivalent
to Q0 ≷ Qm and to ER ≶ (E0 + B)/2). In case β, the STE will also be annihilated
radiatively, emitting a photon with energy We(Qm) − Wg(Qm) > 0. However, the
quantum yield of luminescece is significantly smaller than in case α. The population
of F and S excitons, which are responsible for F and S emission bands, respectively,
are far from thermal equilibrium, being unfavorable to the latter because of the
transient nonradiative sink at Q0 which is on the S side of the F–S potential barrier.
It should be remembered here that the Dexter–Klick–Russel criterion is based on
the assumption that Q makes undamped oscillations starting from the unrelaxed
point Q = 0. In fact, Q is a sort of the interaction mode (see Section 4.4) which,
being a superposition of normal modes with different frequencies, makes damped
oscillations around the equilibrium point Qm. According to the dynamical theory
of defect reactions due to Sumi,14 this effect shifts the α–β boundary of Fig. 13.6
upward.

In case γ , the relaxed excited state Sγ can no longer luminesce since We(Qm) <
Wg(Qm). Moreover, Qm(>Q0) is probably so large that a sort of Frenkel defect
is already formed, as was mentioned for Q0 before. (This may happen even in
case β provided Q0 is close to Qm; it is only in a qualitative sense that Q0 rep-
resents the defect-formed state.) Sγ can be de-excited into the ground state only
nonradiatively – by thermal activation over Q0 at high temperature or tunneling
through Q0 at low temperature – whereby the electron–hole pair and the Frenkel
defect are simultaneously annihilated.

In Fig. 13.6, the region Sγ should be bounded by another inequality: We(Qm) =
E0 + B − ER > 0. Otherwise (the hatched region U in Fig. 13.6), the relaxed exci-
ton with negative energy We(Qm) (unstable exciton, so to speak) would be generated
spontaneously (without optical excitation) at every lattice site, resulting in an elec-
tronic and structural phase change of the bulk crystal. This means that the crystal
lattice and its ground electronic state from which we started is not a really stable
phase, corresponding to the situation of Fig. 13.1 with abscissa G ′Q ′. To be more
exact, the interactions among the relaxed excitons must be included when they are
spontaneously generated, so that the boundary between Sγ and U regions should
be shifted to either side as was also mentioned in the Overview. Be that as it may, it
is instructive and illuminating to study the stable phase of a many electron–many-
nuclei system from the viewpoint of exciton–phonon instability in a hypothical
crystal. We will give some examples in later sections.

Our argument is based on the conceivably simplest model – a single interaction
mode Q which is unspecified, the linear interaction of an exciton with a harmonic
lattice extrapolated as far as to the configuration of defect formation. Nevertheless,
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the conclusion therefrom qualitatively reproduces the general trend of the experi-
mental results on radiative and nonradiative decay processes of excitons depending
upon the relative magnitudes of three material constants: E0, B and ER. A few
examples will be mentioned.

Consider the excitons in crystals of aromatic molecules of Frenkel type, where
E0 corresponds approximately to the intramolecular excitation energy. For these
soft aggregates of hard molecules, B originates from the intermolecular resonance
interactions (consisting of dipole–dipole and exchange interactions, see Section
8.1) and ER originates from their change with intermolecular configuration, both
being of the same order of magnitude but usually much smaller than E0. There-
fore, excitons in these materials will be located not far from (but on both sides
of) the Sα–F boundary. This explains why some aromatic crystals have excitonic
luminescence of high quantum yield consisting of F and S components in quasi-
thermal equilibrium with their relative stability being readily inverted by applying
pressure.15

Among wide-gap narrow-band (E0 � B) ionic crystals, alkali halides are espe-
cially rich in the possible configurations (different modes) of the relaxed excited
state – STEs of type I, II, III and F–H pair (see Sections 9.6, 13.2 and Ref. [16]).
The STEs belong to Sβ in view of the low quantum efficiency of their luminescence
and their being far from thermal equilibrium with the free excitons such that the
height of the F to S potential barrier, instead of the F–S energy difference, can be
measured in the transient study of luminescence. However, the F–H pair in alkali
halides belong to Sγ in view of the absence of luminescence. It should be noted in
passing that α, β, γ and U in Fig. 13.5(b) are presented for a variable bandgap with
fixed values of B and ER. The Sβ and Sγ in alkali halides represent the existence
of different relaxed states with moderate and large ER and Qm for fixed E0.

A similar situation is found in amorphous chalcogens and chalcogenides.17 For
bandgap photoexcitation of a-Se, a-As2S3 and a-As2S3,18 there appears a photolu-
minescence band in the midgap region, which belongs to Sβ of our classification.
Note that the photoexcitation around the so-called bandgap in amorphous semicon-
ductors includes excitons and band-tail states without being resolved spectrally.
Bandgap photoexcitation also causes a structural change as observed by the photo-
darkening of thin films,19 the red shift of the absorption edge in the Urbach region,
which can be partly recovered by subsequent annealing near the glass-transition
temperature.20 (It should be mentioned that the Urbach rule mentioned in Section
10.6 for crystalline materials holds also in many amorphous semiconductors where
the origin of the tail is to be ascribed partly to distributed lattice defects inherent
to amorphous systems and partly to lattice vibrations.) The spectral dependence of
photodarkening efficiency has been studied, indicating that it rises at the absorp-
tion band edge and saturates or falls beyond that depending on the material.21 The
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photo-induced defects are to be classified as Sγ because they do not luminesce. In
fact, various C.C. models similar to Fig. 13.5(b) have been used independently22 to
explain their thermal- and photo-bleaching effects. Since amorpous materials are in
one of inumerable metastable states with various types of defects, photostructural
change may bring the system to either higher or lower states than the initial state (see
Fig. 13.1). We are, so to speak, in the vicinity of the Sγ –U borderline which itself
is already blurred as long as we stay in the amorphous, instead of the crystalline,
state. It is to be noted that recent in-situ observation by EXAFS (see Section 12.2)
of the photoexcitation effect of a-Se revealed23 that the coordination number of Se,
normally two, increases slightly (only during the photoexcitation) indicating the
formation of a small number of interchain bonds (a pair of atoms with coordination
number 3) possibly through the optical excitation of a lone-pair electron towards
a neighboring chain. While this local change of the electronic bond disappears as
soon as photoexcitation is stopped, the photo-induced structural disorder (mean
square relative displacement) remains, contributing to photodarkening, etc.

In the opposite limit of narrow-gap wide-valence-band semiconductors (E0 � B
where 2B can be taken to represent the valence-band width), one can readily find, in
Fig. 13.5, the reason why no STE with luminescence (neither Sα nor Sβ) is found in
these materials. Even the Sγ region for the nonradiative defect state is much smaller
than the F region. In principle, however, one can expect the existence of materials
belonging to the Sγ region which are so sensitive to light that nonluminescent and
hence long-lived defects are readily formed and stay. Some narrow-gap materials,
crystalline or amorphous, may possibly be such. It is to be noted in passing that the
glassy state is not in thermal equilibrium.

It is also to be noted that the configuration coordinate model of Fig. 13.5(b)
and the phase diagram of Fig. 13.6 can be applied also to molecules by putting
B = 0. There are many examples of photo-isomerized states of organic molecules.

RES

Q

1
C

2

Fig. 13.7 Configuration coordinate model for photo-isomerization of azobenzene which
can be reversed thermally (1) or by infrared irradiation (2). Due to Kumar and Neckers.24
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In azobenzene,24 for example, the trans and cis forms are the ground state and
RES, respectively, which can be converted to each other by a photon of appropriate
energy as schematically shown in Fig. 13.7. As another example of a photochemical
reaction, we have already shown the C.C. model for excimer formation in a rare
gas in Fig. 13.2. Since the excimer emits a photon with high efficiency, it belongs
to the Sα case.

13.4 Neutral–ionic phase transition in quasi-one-dimensional charge
transfer compounds

We shall be concerned in this section with charge transfer compounds consisting
of donor (D) and acceptor (A) molecules whose redox potential ∆ (∆ ≡ I − A
where I is the ionization energy of the donor and A is the electron affinity of the
acceptor) is not very different from the Madelung potential gain M in the ionic phase
consisting of the ionized donor and acceptor. Such compounds are near the boundary
between the neutral (N-) phase and ionic (I-)phase; they are in the N-phase (when
∆ − M > 0) or the I-phase (when ∆ − M < 0) depending upon the combination
of D and A molecules. They are typical examples of the nearly bistable situation
depicted by Fig. 13.1. Some compounds close to the boundary (∆ − M ∼ 0) take
N- and I-phases depending upon the temperature or pressure which cause a small
change in the lattice constant a and hence in M ∝ a−1. In contrast to typical ionic
crystals such as alkali halides which are far from the boundary (∆ − M is far on the
negative side), these compounds will provide us with a very good chance of studying
spectroscopically how various electronic and structural properties are different on
both sides of, and change through, the neutral–ionic phase transition.

The charge transfer compounds with which we are concerned here are quasi-
one-dimensional organic compounds consisting of chains of mixed-stack D and A
molecules. Contrary to inorganic ionic crystals, the neutral molecules D0 and A0

have an electronically closed-shell structure while the molecular ions D+ and A−

have unpaired electrons. Among such compounds,25 we mainly consider TTF
(tetrathiafulvalene, donor)-CA (p-chloranil, acceptor) which is subject to an N–I
phase transition as the temperature is lowered below Tc = 81 K or under an ap-
plied pressure above 10 kbar at room temperature. The degree ρ of ionicity in the
condensed phase, defined by D0A0 (isolated) → D+ρA−ρ (condensed), changes
abruptly from ρ ∼ 0.3 to ρ ∼ 0.7 at the N–I transition, as estimated from a change
in the intramolecular absorption spectra. The significant value of ρ even in the
N-phase (virtual transfer of electronic charge from D to A in the ground state),
is the origin of the name “charge transfer” compound. However, there is a peak
in the visible region of the absorption spectrum in the N-phase which is ascribed
to an optical transition corresponding to the real transfer of an electron from a D0
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molecule to a neighboring A0 molecule in the zeroth-order approximation, while
the corresponding peak in the I-phase is split into two components.26 This split-
ting will be related to the presence of free spin on A− and D+ in the I-phase
which is absent in the N-phase. The N–I transition is also accompanied by dimer-
ization – a structural transition such that the D–A distance a1 and the next A–D
distance a2 along a chain are different in the I-phase, in contrast to a1 = a2 in the
N-phase.27,28

We present here a theory which (i) describes exactly the long-range part of the
Coulomb interactions among the ions and electrons (the point-charge model) and
then (ii) explores the effect of intermolecular electron transfer energy t on the
N–I transition and the associated discontinuity of the degree ρ of charge trans-
fer using the unrestricted Hartree–Fock (UHF) approximation.29 The dimerization
arises in the I-phase due to the electrostatic instability in stage (i), as will be seen.

Let us consider a chain of N pairs of D2+ and A0 alternately arrayed with an
equal distance a along which 2N electrons can move through the highest occupied
D orbitals and the lowest unoccupied A orbitals. The electronic–ionic part He of
our Hamiltonian is written as

He =
∑2N

m=1
εmnm +

∑2N

m=1
Umnm↑nm↓

+
∑∑

m<m ′ Vmm ′(2ν(m) − nm)(2ν(m ′) − nm ′)

−
∑

σ

∑2N

m=1
tm,m−1(a†

m−1σamσ + a†
mσam−1σ ) (13.4.1)

where amσ and nmσ = a†
mσamσ are, respectively, the annihilation and number op-

erators of an electron with spin σ at the mth site, and nm = ∑
σ nmσ . Depend-

ing on whether m is odd or even, the ionic charge 2ν(m) takes the value 2 or
0, the on-site inter-electron Coulomb energy Um the value UD or UA, and the
site energy εm the value −I+ or −A, where I+ = I + UD represents the ioniza-
tion energy of D+. Of the possible structural changes, we consider only uniform
dimerization: a → a ± aq, whereby the intersite Coulomb energy is changed to
Vmm ′ = V |(m − m ′) + (ν(m) − ν(m ′))q|−1 where V = e2/a. Here q is an exam-
ple of an order parameter mentioned in the Overview. The corresponding change
in the transfer energy tm,m−1 will be neglected and equated to t0 since t0 itself is
small compared to V . The dimerization also causes a change in the short-range
intermolecular interactions which will be considered up to the fourth-order term

HV = N M rω
2
N (aq)2/2 + Nc(aq)4/4 (13.4.2)

where Mr is the reduced mass of D and A molecules.
Neglecting t0 (point-charge model) for the moment and taking the completely

neutral phase N(0) as the origin of energy He, one finds that the adiabatic energy of
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the completely ionized phase I(0) is given by

E (0)
I /N = ∆ − V

[
αM +

∑∞
ν=1

q2ν fν(0)
]

+ Mrω
2
Na2q2/2 + ca4q4/4 (13.4.3)

where αM is the Madelung constant and

fν(k) =
∑+∞

�=−∞ |2�− 1|−2ν−1 exp[−i(2�− 1)ka]. (13.4.4)

Considering terms up to the fourth-order of q, one finds that the lattice is destabilized
when η ≡ 2V f1(0)/(Mrω

2
N a2) > 1, being dimerized to a finite value qI with a new

vibrational frequencyωI = ωN [2(η − 1)]1/2 provided ζ ≡ 4V f2(0)/(ca4) < 1. The
electrostatic instability index readily exceeds unity in realistic situations as will
be seen later. The N(0)–I(0) boundary which was given by ∆ − αMV = 0 in the
above is now slightly shifted so as to favor the I(0) phase.

For a finite transfer energy, it is more convenient to introduce the donor and ac-
ceptor Bloch orbitals, the corresponding electron creation operators being given by

b†
kσ = N−1/2

∑N

�=1
a†

2�−1,σ exp[i(2�− 1)ka]
(13.4.5)

c†kσ = N−1/2
∑N

�=1
a†

2�,σ exp[i2�ka].

In order to study the ground state and the one-electron excited states of this
many-electron system, we use the unrestricted Hartree–Fock approximation
considering the possible existence of sublattice magnetization in the I-phase where
each site has free spin in the zeroth approximation I(0). For the one-electron state,
we use the partial charge transfer band defined by

d†
kσ = ukσb†

kσ + vkσ c†kσ , |ukσ |2 + |vkσ |2 − 1 = 0. (13.4.6)

The mixing coefficients ukσ and vkσ are determined so as to minimize the
expectation value of the ground-state energy: Ee = 〈G|He|G〉. The ground state
is given by |G〉 =  2N

kσ d†
kσ |0〉 where the product on (kσ ) is extended over the

one-electron states which are occupied according to the Pauli principle.
The extremization of Ee with respect to ukσ and vkσ with Lagrange’s inde-

terminate coefficients εkσ for their normalization condition leads to a two-row
eigenequation for εkσ , the Hartree–Fock one-electron energy. The two eigenval-
ues ε±kσ , representing the upper- and lower-band energies respectively, are given as
follows where the origin of energy is put at −I , the one-electron energy of D0:

ε±kσ = (1/2)
[
∆ − (UD − UA)ρ−σ ± (

B2
kσ + |Ckσ |2

)1/2
]
, (13.4.7)

Bkσ = Bσ − 2V Gσ (k), (13.4.8)

Bσ = ∆ +
[
U − 2V

{
αM +

∑∞
ν=1

q2ν fν(0)
}]
ρ − Usσ, (13.4.9)

ρ = ρ↑ + ρ↓ (ρσ = 〈n2�,σ 〉), s = ρ↑ − ρ↓ (13.4.10)
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Gσ (k) = N−1
∑

k ′ g(k − k ′)|vk ′σ |2, (13.4.11)

g(k − k ′) =
∑ ′∞

�=−∞ |2�|−1 exp[−2i�(k − k ′)a], (13.4.12)

Ckσ = 4t0 cos(ka) + 2V
∑∞

ν=0
q2νFνσ (k), (13.4.13)

Fνσ (k) = (2N )−1
∑

k ′ fν(k − k ′)yk ′σ . (13.4.14)

Here the summation on k ′extends over all occupied electron states. As mentioned in
connection with UHF, we assume that the sublattice spin s vanishes in the N-phase
and does not vanish in the I-phase, which is the only constraint imposed on the
self-consistent solutions. As a result, εkσ depends on σ only in the I-phase. The
eigenequations for all (kσ ) should be solved self-consistently since the eigenequa-
tion for (kσ ) depends on the occupancy of other (k ′σ ′) which in turn depends on their
one-electron energies εk ′σ ′ which are yet to be determined. The resulting nonlinear
integral equation for ykσ = 2u∗

kσ vkσ is given by

|Bkσ |ykσ (1 − |ykσ |2)−1/2 = Ckσ . (13.4.15)

This integral equation is solved numerically by setting N = 80 for the k-summation
in order to avoid the finite-size effect, while the �-summation for the intersite
Coulomb energies are considered up to a greater distance.

Taking TTF-CA as an example, we put a = 0.363 nm and V = 3.97 eV,
Mr = 1.85 × 10−25 kg, the LO-mode angular frequency ωN = 5.65 × 1012 s−1 ob-
tained by neutron scattering30 in the N-phase. Noting that f1 = 2.1036, one finds
η = 3.44, which satisfies the criterion: η > 1. That is, the I-phase is already sub-
ject to electrostatic instability towards dimerization within the point-charge model.
The degree of dimerization in the I-phase is qI ∼ 0.03 according to neutron28 and
X-ray31 diffraction studies. However, for the technical reason of making it feasible
to distinguish the adiabatic potentials of the N- and I-phases within the precision
of the numerical calculation, we put qI = 0.1. One then obtains ζ = 2.62 × 10−2

(note that f2 = 2.0095). It seems reasonable to put U ≡ (UD + UA)/2 = 1.5 × V .
Other energies such as ∆ and t0 will be measured in units of V . Using the
point-charge model and the above-mentioned parameter values, ωI is estimated
as ∼1.25 × 1013 s−1. It is consistent with the experimental results28 that ωI is
significantly larger than ωN.

Calculated adiabatic energies for the N- and I-phases are shown in Fig. 13.8 for
typical sets of (∆, t0)-values on both sides of the N–I boundary shown by the solid
lines on the phase diagram of Fig. 13.9. As seen from Fig. 13.8, the I-phase is
always dimerized while the N-phase is not for small t0. However, the N-phase also
is dimerized for large enough t0 (Fig. 13.8(b)) because of the significant value of
ρ. The boundary for the second-order transition to the dimerized N-phase is shown
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Fig. 13.8 Calculated adiabatic energies for the N-phase and the I-phase for different sets
of (∆, t0)-values (within the metastability region of Fig. 13.9.29

Fig. 13.9 Phase diagram for the first-order N–I transition (solid line) with metastability
regions on both sides (bounded by broken lines) and for the second-order transition (dotted
line) to dimerization of the N-phase.29

by the dotted line in Fig. 13.9. We note in Fig. 13.8 that for any fixed value of q
the lower branch of the two adiabatic curves represents the stable electronic state
to be realized since the UHF is based on the variational principle. As we increase
q, always tracing the lower branch, we get two minima, one before and one after
the N–I crossover. Namely, we have one stable and one metastable state in the case
of Fig. 13.8. This “metastability” is realized, on the phase diagram of Fig. 13.9,
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Fig. 13.10 Sub-band energies vs. k calculated with UD = 2 and UA = 1 for the N (right)
and I-(left) phases, for small (lower) and large (upper) values of t0.29

only within the region between the two broken lines, one with open squares and
the other with open triangles. Outside this region there is only the stable phase,
N or I.

Figure 13.10 shows the sub-band energies ε(+)
kσ against k, for the N-(right) and

I-(left) phases at their adiabatic minima and for small (lower half) and large (upper
half) values of t0. Here D ′(A ′) denotes the mixed band with D(A)-predominance.
In the I-phase, ε(+)

kσ depends on σ in accordance with our choice of sign: s > 0
on the A sublattice. In either phase, two lower bands are occupied and two upper
bands unoccupied, each being spin degenerate in the N-phase. The occupancy of
D ′

↓ and A ′
↑ bands in the I-phase corresponds in r -space to the antiferromagnetic

ordering between the D and A sublattices. As is well known, the lowest magnetic
excitations from such a ground state are spin waves with energy vanishing with
wave number k. In contrast, the energy gap for optical excitation conserving spin
and wave number is significant in both phases. The bifurcation of the optical gap
in the I-phase noted in Fig. 13.10(a) and (c) will be related to observations later
on. The energy width of each sub-band increases with t0, as expected. However,
each of the two lower and two upper bands in the I-phase tends to be degenerate
((c) to (a) in the figure), approaching the spin-independent bands in the N-phase (b)
asymptotically.

The three quantities, ρ, s and qmin, are subject to discontinuous changes as ∆

decreases across the N–I transition line. Comparing the observed value ρN ∼ 0.3 in
TTF-CA just above the transition temperature with the calculated ρN–t0 curve, one
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finds t0 ∼ 0.15(∼ 0.6 eV), which is larger than was estimated by other groups,32

but still falls below the dotted line in Fig. 13.9.
The results of the above calculation are consistent with experimental results on

TTF-CA with a discontinuous increase in ρ at the N–I transition and the presence
of dimerization and electron spin resonance (due to the spin solitons33 associ-
ated with the vanishing magnetic gap) in the I-phase only. Also, the existence of
two optical gaps with different energies in the I-phase (A ′

↑ → D ′
↑ and D ′

↓ → A ′
↓

in Fig. 13.10(c)) in contrast to a single optical gap in the N-phase (D ′
σ → A ′

σ in
Fig. 13.10(d)) is consistent with the observation of two exciton absorption peaks in
the I-phase in contrast to a single peak in the N-phase.26 As regards the presence
or absence of dimerization in the two phases, it is also of interest to compare the
phase diagram Fig. 13.9 with observations on TMB-TCNQ.34

While the application of the mean field theory to the phase transition in one-
dimensional systems is less controversial for long-range interaction, it seems to
predict that the N–I transition line persists up to too large a value of t0. Further
study with intrachain fluctuations and interchain coupling is desirable.

13.5 Photo-induced phase transition in TTF-CA

It was first shown by Koshihara et al.35 that excitation of the TTF-CA crystal below
the transition temperature Tc with light in the visible region induces the transition
from the ionic to the neutral phase, over a lattice region as large as hundreds of
unit cells per one photon. By careful examination of the change in the reflectance
spectrum, they concluded that the transition is not associated with any temperature
increase during photoexcitation but is induced by purely electronic stimulation. In
analogy with the fact that the site substitutional impurities with lower electronic
affinity than CA can induce a semi-macroscopic neutral domain in the I-phase,36

they considered this photo-induced phase transition (PIPT) from the I- to N-phase to
be due to photo-injection of neutral DA pairs into the I-phase. Correspondingly, the
photo-induced N- to I-phase transition of the crystal above Tc was also observed. In
either case, the photo-induced transformation due to a pulsed light (∼80 fs) takes a
time τ ∼hundreds ps as seen in Fig. 13.11, and the metastable phase remains for an
order of a millisecond. The dependence of the converted fraction on the intensity of
the excitation light shows a typical threshold behavior, indicating the cooperative
nature of the transformation process. See Refs. [37] and [38] for the reviews of
experimental and theoretical studies on PIPT and related phenomena in different
materials. According to a recent study,39 the threshold intensity in TTF-CA depends
on the photon energy of the excitation light, being negligibly small for higher energy
as shown in Fig. 13.12.
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Fig. 13.11 Time profiles of photoreflectance observed at 2.8 eV induced by irradiation
with a 1.55 eV light pulse with 80 fs pulse width. The photon flux for excitation was
1 × 104 cm−2. Due to Koshihara et al.37
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Fig. 13.12 Magnitude of the reflectance changes at 3.0 eV induced by 1064 nm and 532 nm
laser pulses, as a function of the excitation intensity of the laser pulses scaled in terms of
the fluence (total number of photons which have passed a unit area). Due to Suzuki et al.39

The motion of the neutral–ionic domain wall (NIDW),40 the role of dipole–dipole
interactions between the excited DA pairs,41 the model of excitonic strings for the
cooperative aspect of the many-electron excited states42 and adiabatic pictures
for the proliferation of charge transfer excitons leading to the formation of semi-
macroscopic metastable domains43 have been studied in order to depict various
aspects of PIPT in TTF-CA. As a complementary approach, we present here a
tentative semi-phenomenological adiabatic description of PIPT based on the theory
described in the preceding section.

Typical adiabatic potentials EN(q) and EI(q) for the neutral and ionic states,
respectively, such as were presented in Fig. 13.8 for typical values of parameters,
are now shown schematically in Fig. 13.13 against the dimerization coordinate
q as the abscissa, for the realistic value of t0(∼0.1) and in the low-temperature
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Fig. 13.13 Adiabatic potentials EI(q) and EN(q) against dimerization coordinate q for a
realistic value of t0 in the low-temperature phase (I).

region in which the ionic phase with dimerization q0 has the lowest energy. Let
us normalize the ordinate as the energy per unit cell. In accordance with the ar-
gument in Section 4.4, the minima of the adiabatic energies, EN(0) and EI(q0),
are to be considered to represent free energies (as is obvious from the fact that
the temperature-dependent lattice constant a and the dimerization coordinate q are
treated as phenomenological variables governing EN(q), EI(q) and hence the N–I
transition temperature in the theory of Section 13.4) per unit cell of the two phases,
whose difference is on the order of the thermal energy and approaches zero as T
tends to Tc. This is the obvious reason why so many unit cells are transformed into
the metastable phase per one photon (hν ∼ eV). According to the Franck–Condon
principle, the electronic transition between the ionic and neutral states in the con-
figuration coordinate space should take place vertically, keeping the coordinate q
(and the parameter a) fixed (the upward arrow in Fig. 13.13). Even at q0, the energy
difference EN(q0) − EI(q0) is much smaller than the photon energy hν as men-
tioned above. Within our phenomenological adiabatic model with two levels, I and
N, the real (energy-conserving) absorption of a photon can take place only over a
semi-macroscopic region consisting of m1(� 1) unit cells such that

m1[EN(q0) − EI(q0)] + EDW = hν, (13.5.1)

where we have added the energy EDW needed to form a pair of NIDWs. This
corresponds microscopically to simultaneous excitation of successive m1 pairs of
D+A− into D0A0 states (or m1 pairs of (inverse) charge transfer excitons).

Such a multi-electron transition by a single photon would be extremely im-
probable due to the weak electron–photon interaction but for a strong enough
electron–electron interaction which would promote a cooperative excitation. There
exists in fact a certain ground to argue for the latter situation. The excitation energy
to bring a single D+A− pair into the D0A0 state in the matrix of ionized pairs,
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given by (2αM − 1)e2/a − ∆(> 0) (under the neglection of the dimerization ef-
fect), is much larger than EN(q0) − EI(q0) which is on the order of the thermal
energy as mentioned above. It is the long-range electrostatic interactions (< 0) be-
tween dipoles caused by back-transferred charges (from A− to D+) on m1 pairs
that make the total energy, needed to transform the electronic states of the region
of m1 unit cells from I to N, as small as the l.h.s. of eq. (13.5.1). Namely, the inter-
action energies are so large and long ranged that they as a whole almost cancel the
sum of the individual excitation energies. Therefore, the coupling constant, defined
by the ratio of the interaction energies to the individual energies, is of the order
of unity, making multi-electron excitations as probable as individual excitations.
This seems to be the reason why the exciton string model was introduced, and
why one can expect the cooperative excitation of many electrons to be possible
thereby.

On the other hand, the dipole–dipole interactions are already included in
[EN(q0) − EI(q0)] calculated in Ref. [29] where the long-range Coulomb inter-
action was exactly considered. So we simply assume that for a given photon energy
hν the entire region of m1 unit cells (with m1 being given by (13.5.1)) can make
a cooperative optical transition from I to N with a reasonable finite rate, leaving
unspecified how one can calculate the rate of this multi-electron excitation process
by a single photon (in terms of say, a higher-order perturbation expansion in the
electron–electron interaction).

If we once assume a finite matrix element for this optical transition shown by
the upward arrow in Fig. 13.13, we can resort to the conventional C. C. model in
describing the lattice relaxation after the optical transition. The relaxation takes
place along the adiabatic potential EN(q) from q = q0 to q = 0, as shown by
the down-hill arrow. Because of weak interchain interactions, the energy released
thereby can only be transformed to extend the N-phase region from m1 to m ′

1 unit
cells within the same chain, as given by

m ′
1[EN(0) − EI(q0)] + EDW ′ = m1[EN(q0) − EI(q0)] + EDW, (13.5.2)

where EDW ′ in the lattice-relaxed state is smaller than EDW. The dipole–dipole
interaction energies in the relaxed state, as was discussed in Refs. [41, 44], are
included in EN(0), while those in the unrelaxed state are considered in the exciton
strings42 and included in EN(q0).

For P photons absorbed per unit length consisting of N0 unit cells, the fractional
volume of the metastable N-phase is given by

f 1
N = m ′

1 P/N0 = (P/N0)[hν − EDW ′]/[EN(0) − EI(q0)]. (13.5.3)

This result holds only for hν > EDW when one-photon absorption is possible.
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If (EDW/2) < hν < EDW, we have to consider the event that two photons are
absorbed at unit cells within the mutual distance m2 of the size of the transformed
region given by

m2[EN(q0) − EI(q0)] + EDW = 2hν. (13.5.4)

The probability for this event is given by P(2m2/N0) provided the latter is much
smaller than unity. Since the number of such pairs is given by (1/2)P2(2m2/N0),
the fractional number of the metastable N-phase is given by

f 2
N = (m ′

2/N0)(P2m2/N0) = (P/N0)2(2hν − EDW)[EN(q0) − EI(q0)]−1

×(2hν − EDW ′)[EN(0) − EI(q0)]−1 (13.5.5)

where m ′
2 is given by (13.5.2) with m1 and m ′

1 being replaced by m2 and m ′
2.

Equations (13.5.3) and (13.5.5) seem to qualitatively reproduce the two curves in
Fig. 13.12 for high- and low-energy photons, except that the threshold behavior
for the low-energy photon in the latter is represented by the quadratic curve in the
former, a discrepancy which could be overcome only by considering the many-body
aspect of the optical transition more appropriately. The energy EDW is estimated to
be between 1.17 eV and 2.33 eV, which is not unreasonable. The assumed existence
of a potential barrier due to EDW in the case of excitation with a low-energy photon
is consistent with the microscopic study of the adiabatic potential.43

The time τ needed for lattice relaxation is governed by the sound velocity in
the chain with which NIDW proceeds. In order for the NIDW to proceed a dis-
tance 300 times the lattice constant 2a(= 0.73 nm), as observed, with the sound
velocity estimated as 0.5 × 103 m s−1, it takes τ ∼ 0.4 ns, which is consistent with
observation.

13.6 T–U–S model for N-electron N-site systems

We shall now be concerned with one of the most ubiquitous systems among
molecules and solids, those consisting of N electrons and N equivalent sites, which
we have considered relatively little in the preceding sections in spite of their impor-
tance. One can find such systems with a great variety in size, dimensionality and
property, including the simplest, the hydrogen molecule (N = 2), up to monovalent
metals of macroscopic size (N = ∞3), as will be mentioned later. Our main concern
is how the electronic behaviors of such systems are governed by the competition of
the three independent elements of interaction which we have already introduced in
different contexts, (i) T : the energy of electron transfer between nearest neighbor-
ing (n.n.) sites (T , denoted thus far by the lower case t , is assumed to be positive),
(ii) U : the Coulomb repulsive energy of two electrons on the same site, (iii) S: the
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on-site electron–phonon interaction energy, defined here only as twice the lattice
relaxation energy ER(= S��hω) introduced in preceding sections.

Our model Hamiltonian is given in terms of these parameters as

H = He + Hep + Hp

= −T
∑∑(n.n.)

�,� ′
∑

σ
a†
�σa� ′σ + U

∑
�

n�↑n�↓

−S1/2
∑

�

∑
σ

Q�n�σ +
∑

�

(
Q2
� + ω2 P2

�

)
/2, (13.6.1)

where a�σ denotes the annihilation operator for an electron with (z-component
of) spin σ (↑ or ↓) at the �th site, and n�σ = a†

�σa�σ is the corresponding number
operator. The components of the spin s� at the �th site are given by

s�x = (1/2)(a†
�↑a�↓ + a†

�↓a�↑),

s�y = (−i/2)(a†
�↑a�↓ − a†

�↓a�↑),

s�z = (1/2)(n�↑ − n�↓). (13.6.2)

The r.h.s. of (13.6.1) without the second term is the Hamiltonian for the electron–
phonon system which results in self-trapping of an electron for large S against T
in a one-electron system as was described in Section 9.4 in a somewhat different
form. The first line of (13.6.1) is the so-called Hubbard Hamiltonian which de-
scribes45 the transition from metal to insulator in a solid with increasing U against
T and the gradual transition from Hund–Mulliken (molecular orbital) to Heitler–
London pictures in the hydrogen molecule, as shown on the triangular coordinate
diagram in Fig. 13.14. (A point on this diagram represents the parameter values
T,U and S which are proportional to their distances to US-, ST- and TU-sides.) In

Fig. 13.14 T –U–S triangular coordinate with typical 0-, 1- and 3-dimensional problems of
competition of two out of T,U and S.46 Here T represents the intersite transfer energy, U
the intrasite Coulomb repulsive energy and S twice the lattice relaxation energy.
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a one-dimensional lattice, the Peierls transition to an insulating phase with spin- or
charge-density wave takes place with infinitesimally small U or S against T . Along
the bottom of the triangle, we have the negative U effect in the system of two elec-
trons on two distant sites (T = 0) as we increase S against U . The superconducting
state follows from (13.6.1) when the phonon-mediated attraction between electrons
in the k-space overcomes the Coulomb repulsion. Although a finite phonon energy
��hω plays an essential role in the last-mentioned state, we shall confine ourselves to
the adiabatic limit neglecting ��hω against the other three energy parameters, T,U
and S, the competition between which is our concern here.

Let us introduce an orthogonal transformation in the N -dimensional space,
{Q�} → {q j }, {P�} → {p j } and {n�σ } → {ν jσ } defined by

Q� =
∑

j
c�j q j , P� =

∑
j
c�j p j , n�σ =

∑
j
c�jν jσ (13.6.3)

which keeps the following scalar products invariant:∑
�

Q2
� =

∑
j
q2

j ,
∑

�
Q�n�σ =

∑
j
q jν jσ , etc. (13.6.4)

For the validity of (13.6.4) the coefficients must satify the orthonormality relations:∑
�

c�j c�j ′ = δ j j ′. (13.6.5)

The reciprocal transformation of (13.6.3) is given, with the use of (13.6.5), by

q j =
∑

�
c�j Q�, etc. (13.6.6)

Let us now specify the first of the new coordinates as

q1 ≡ N−1/2
∑

�
Q�, etc., namely c�1 = N−1/2. (13.6.7)

The up–down sum of the corresponding number operators ν1σ turns out to be a
c-number:

ν1 ≡
∑

σ
ν1σ ≡ N−1/2

∑
�

∑
σ

n�σ = N 1/2. (13.6.8)

Therefore, in the new expression

Hep = −S1/2
∑

j

∑
σ

q jν jσ , (13.6.9)

the j = 1 term does not depend on the electronic state. Combining this term with
the j = 1 term of the new expressions of Hp, one obtains a harmonic oscillator

H1 = [{
q1 − (N S)1/2

}2 + ω2 p2
1

]
/2 − N S/2 (13.6.10)
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which is independent of the electronic state. One can thus decouple (13.6.10) from
(13.6.1) to obtain an effective Hamiltonian:

Heff ≡ H − H1 = He + H ′
ep + H ′

p, (13.6.11)

H ′
ep ≡ −S1/2

∑ ′
j(�=1)

∑
σ

q jν jσ , (13.6.12)

H ′
p ≡

∑ ′
j(�=1)

[
q2

j + ω2 p2
j

]
/2. (13.6.13)

Since the total spin defined by s = ∑
� s� commutes with the Hamiltonian

(13.6.1), one can specify s and sz in solving the eigenvalues of H . Let us consider for
reference the state with highest possible spin and its z-component: s = sz = N/2,
in which n�↑ = 1 and n�↓ = 0 for all �. Due to the spin constraint, the orbital motion
is completely quenched. In fact, 〈He〉 = 0 since 〈a†

�σa� ′σ 〉 = 0 and 〈n�↓〉 = 0, and
〈H ′

ep〉 = 0 since 〈ν jσ 〉 = ∑
� c�j 〈n�σ 〉 = δσ↑

∑
� c�j = N 1/2δ j1δσ↑ where we have

multiplied the factor 1 = N 1/2c�1 (see (13.6.7)) to each summand on the l.h.s. of
the last equation to obtain the r.h.s. Therefore, the origin of electronic energy in Heff

is at the state of the highest spin, S = N/2, where the orbital motion is completely
quenched.

In the following, we will begin with the simplest system and extend it to larger
systems with a variety of structures.

13.6.1 The 2-electron 2-site system46

The only mode q2 which interacts with the electrons and the corresponding electron
number ν2 are given, with the use of orthonormality (13.6.5) to the totally symmetric
mode q1 of (13.6.7), by

q2 ≡ 2−1/2(Q1 − Q2), ν2 ≡ 2−1/2
∑

σ
(n1σ − n2σ ), (13.6.14)

and the effective Hamiltonian by

Heff = He − S1/2ν2q2 + (
q2

2 + ω2 p2
2

)
/2

≡ H (q2) + (
q2

2 + ω2 p2
2

)
/2. (13.6.15)

Namely, the charge transfer ν2 interacts only with the antisymmetric mode q2, as it
should. Hereafter, we will confine ourselves to the adiabatic limit: ω → 0.

As for the spin, there is one triplet (t) S = 1 and three singlets (s) S = 0. The triplet
state, with each site being occupied by one electron, has He = 0 as mentioned before
in the general case. The singlet consists of homopolar (h) and ionized states (i):

|h〉 = 2−1/2(a†
1↑a†

2↓ + a†
2↑a†

1↓)|0〉,
|i〉 = a†

i↑a†
i↓|0〉, (i = 1, 2) (13.6.16)
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Fig. 13.15 Adiabatic potentials for vanishing (solid lines) and small-T (dashed lines) values
of the 2-electron 2-site system.46

with the corresponding energy matrix:

|h〉 |1〉 |2〉

H (s)(q2) :




0 −21/2T −21/2T

−21/2T U − S1/2q2 0

−21/2T 0 U + S1/2q2


 (13.6.17)

The adiabatic energy (13.6.15) for the three eigenstates of (13.6.17) with van-
ishing and nonvanishing T are shown in Fig. 13.15 by solid and dashed lines,
respectively. With very small T , subsidiary minima (metastable configurations)
of the lowest branch, which originate from the ionized states, appear for inter-
mediate electron–phonon coupling: U/2 < S < U and become more stable for
strong coupling: S > U . With finite T and U but vanishing S or q2, the sys-
tem is nothing other than a hydrogen molecule: (13.6.5) has eigenvalues Eg,e ′ =
[U ∓ (U 2 + 16T 2)1/2]/2 and Ee = U , of which the ground state (g) represents
the Heitler–London and the Hund–Mulliken states in the limits of 4T � U and
4T � U , respectively. With vanishing U but finite T and S1/2q2, the correspond-
ing eigenenergies are given by Eg,e ′ = ∓(4T 2 + 2Sq2

2 )1/2 and Ee(q2) = 0. The
minimum point of the adiabatic potential We(q2) = Eg(q2) + q2

2/2 bifurcates from
q2 = 0 to q2 = ±[2(S2 − T 2)/S]1/2 as S exceeds T , namely, charge transfer insta-
bility sets in at S = T as a second-order transition.

Figure 13.16 is, so to speak, a phase diagram indicating, for the whole region of the
(T,U, S) triangle, the stable (solid hatching) and metastable (broken hatching) con-
figurations of the lowest electronic state, where the horizontal and vertical hatchings
represent the symmetric (q2 = 〈ν2〉 = 0) and the asymmetric (q2 = S−1/2〈ν2〉 �= 0)
states, respectively. The adiabatic potential versus q for the ground and the lowest
excited (e) states are also shown schematically for each region. Symmetry break-
ing in the ground state takes place as a first-order transition across the solid line
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Fig. 13.16 Phase diagram for the 2-electron 2-site system. Horizontal and vertical hatch-
ings represent symmetric and non-symmetric (charge transferred) states, respectively; solid
and broken hatchings represent stable and metastable states, respectively. The adiabatic
potentials for the states g and e are shown schematically for each region.46

NO and as a second-order transition across the broken line OM. The first excited
state |e〉 is also subject to second-order symmetry breaking as T decreases across
the short-dashed circular arc; even a small S can cause this for T � U because
of the pseudo Jahn-Teller effect between the states e and e ′ which have an energy
difference of O(T 2/U ).

In Fig. 13.15, one can see how the relaxed excited state turns out to be the real
ground state in the parameter region with vertical hatching in Fig. 13.16. This is
the simplest example of the situation described in Fig. 13.1, which represents the
electronic–structural phase transition (of the first order) in macroscopic systems
(N → ∞) described later.

13.6.2 Ring systems with N -electrons N -sites

It is possible to solve exactly ring systems with not too great N . Instead of describing
the individual systems, however, we note the following general features.

Let us start with the case of U = S = 0. Then we have one-electron Bloch states

N−1/2
∑N

�=1
exp(ik�a)a†

�σ |0〉
with the pseudo energy band E(k) = −2T cos(ka), where the wave number k can
take values given by

Nak/2π = −(N/2) + 1,−(N/2) + 2, . . . , 0, . . . , + (N/2)

due to the cyclic boundary condition: the N th site is a nearest neighbor of the
first site in such ring systems (a is the nearest neighbor distance). Because of the
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spin degeneracy and of the orbital degeneracy E(k) = E(−k) except for k = 0, the
highest occupied level (the quasi-continuous Bloch band is up to about half filled,
EF ∼ 0 and kF ∼ π/2a = k0/2 when N � 1) is saturated when N = 4M − 2 but
only doubly occupied when N = 4M (M is a positive integer). In the latter case,
we have orbital degeneracy of the electronic states and, hence, instability against
the alternating mode qa ≡ N−1/2(Q1 − Q2 + · · · + QN−1 − QN ) (corresponding
to the wave vector kF = π/2a) even with an infinitesimal S, due to the Jahn-Teller
(J-T) theorem. Thus the Peierls instability exists already for a finite length chain
of N = 4M . If already U has a small but finite value, the orbital degeneracy is
removed since the two uppermost electrons will occupy cos(kna) and sin(kna)
orbitals (k = kF) one by one to avoid the Coulomb repulsion. We then have the
pseudo J-T effect, and a finite S, enough to cope with Coulomb splitting, is needed
for destabilization to take place. For this reason, the boundary between the distorted
and undistorted regions on the B(= 2T )–U–S triangle reaches the B vertex, as
shown in the lower right corner of Fig. 13.17 which is the exact result for the
N = 4 system.47

In contrast, the N = 4M − 2 systems have neither a J-T nor a pseudo J-T effect
as long as M is finite. The lattice instability occurs only when S is large enough.
This is the reason why the distorted region does not reach the B vertex as shown
in the lower left corner of Fig. 13.17 which is a reproduction of Fig. 13.16. The

Fig. 13.17 Phase diagrams of ring-shaped N -electron N -site systems, behaving differently
for three series of N .48 Here B = 2T .
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existence of a finite gap for electronic excitation makes these systems relatively
stable in comparison with N = 4M and N = odd (described below) systems. This
stability is known as Hückel’s 4n + 2 (n ↔ our M) rule in molecular science.49

Note that we are here concerned with oneπ -electron per carbon atom (in addition to
σ -electrons participating in the covalent bonds) in chemically saturated molecules
such as aromatic molecules. As M increases, the gap decreases as O(B/N ) and the
pseudo J-T effect due to neighboring |k|s become important, making N = 4M − 2
systems indistinguishable from N = 4 systems, as they should be.

From the foregoing argument on the “closed shell” structure of N = 4M − 2
systems, we find that the odd-N systems (N = 4M − 2 ± 1) behave similarly to
each other, as one-electron or one-hole systems. The unpaired electron (or hole)
has an orbital degeneracy (of sine and cosine types), which is no longer removed
by introducing U since there is no opponent for mutual repulsion. This means that
the region around the B vertex is subject to the J-T distortion. This is borne out by
an exact calculation for the N = 3 ring system due to Schreiber,50 as shown by the
phase diagram in the lower center of Fig. 13.17. In conformity with the orthonor-
mality condition (13.6.5), one can define, in addition to the totally symmetric mode
q1 (denoted by Q in Ref. [50]),

q2 ≡ 6−1/2(2Q1 − Q2 − Q3) and q3 ≡ 3−1/2(Q2 − Q3) (13.6.18)

(corresponding to q in Ref. [46]). The lattice instability always takes place except
along the U–B edge and the left half of the U–S edge. A bisectric symmetry remains
in the distorted 3-site ring in the region of the diagram with vertical hatching, while
no symmetry remains in the region with horizontal hatching. As one increases S
across the broken line (the second-order transition), each of the three equivalent
J-T patterns of distortion bifurcates into two patterns of lower symmetry, tending
towards the states with one and two electrons self-trapped on two sites, as shown
by the calculated adiabatic potential of the ground state in the (q2, q3)-plane. The
N = 3 system, like the trigonal lattice, is very interesting also in having “frustrated”
spin states, which have also been studied in detail through the spin correlations:
〈s1 · s2〉, etc. Here, “frustration” refers to the well-known, topologically intriguing
effect appearing in the system of antiferromagnetically coupled spins arrayed for
instance on a triangular lattice (similar to the present system), such that any nearest
pair of spins cannot take antiparallel directions in the ground state, that being against
minimization of the pair energy.

Obviously, the phase diagram along the U–S edge with negative U region on
its right half is common to any N or even to any dimensionality since there is no
interatomic transfer T .
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13.6.3 One-dimensional Hubbard–Peierls system

According to Peierls,51 degenerate electrons in a one-dimensional lattice with Fermi
wave number kF are unstable against the formation of a charge-density wave (CDW)
or a spin-density wave (SDW) with wavelength λ = 2π/kF even for small electron–
phonon interaction or interelectron Coulomb interaction. The stabilized state is an
insulator with a finite energy gap above the Fermi energy, implying that a one-
dimensional metal cannot exist (Peierls theorem). Since kF of the N -electron N -
site system is given by (L/2π )2kF = N , λ is given by 2(L/N ) = 2a, namely, the
induced superlattice has a periodicity twice as large as the original one.

In conformity with this theorem, the foregoing argument on the N -electron
N -site rings can be extended to an infinitely long chain (N → ∞) on the as-
sumption that the only symmetry-breaking mode of distortion or spin fluctuation
realized in the lowest electronic state is the alternating mode

qa = N−1/2
∑N/2

�=1
(Q2�−1 − Q2�), namely Q� = (2N )−1/2(−1)�−1qa. (13.6.19)

(see qa introduced in Subsection 13.6.2 and also compare with eq. (13.6.14)). Here
N−1/2qa is another example of the order parameter mentioned in the Overview. The
molecular field approximation,52 with further consideration of fluctuation,53 has
been taken for the electrons. The former exactly bisects the T –U–S triangle, with
the first-order transition line, into SDW and CDW regions, while the latter has the
effect of shifting the transition line slightly towards the S-side in the intermediate
region, similarly to the case of N = 4.

In connection with this, we refer to an interesting series of spectroscopic studies
on quasi-one-dimensional compounds (belonging to the Wolffram’s red salt) which
consist of chains with an alternating array of Pt-ions (represented by Ptn+) and
halide ions (X−) in their cores. Instead of a hypothetical equidistant array of Pt3+

and X−, the real structure is such that the metal ions are alternately Pt2+ and Pt4+,
with neighboring pairs of X−s being closer to the latter than to the former, as
shown schematically in Fig. 13.18. This is nothing other than the CDW structure
(in its strong limit in the sense that almost one electron is transferred from Pt3+

to a neighboring Pt3+) formed from the above-mentioned hypothetical structure
(see Fig. 13.1) by the Peierls transition with S overcoming U (corresponding to
the hatched region in the top phase diagram of Fig.13.17.) In the opposite case of
U > S, the system would have SDW structure. The interaction mode Q� which
appears in the Hamiltonain (13.6.1) represents the stretching mode of a pair of
X− ions around the �th Pt ion (even-mode around the latter). The real structure
is such that the alternating mode qa of (13.6.19) has been frozen in. The resonant
Raman spectrum consisting of twelve almost equidistant lines has been observed by
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Fig. 13.18 Structure of the chain in Wolffram’s red salt crystal.54

Fig. 13.19 Emission spectra (inclusive of Raman lines) of Wolffram’s red salt excited at
2.410 eV where the absorption is due to the charge transfer excitation from Pt2+ to Pt4+.
Here Ei(Es) is the electric field of the incident (scattered) light and the direction of the chain
is z.54

Tanino and Kobayashi54 for incident light resonating the exciton absorption peak
and with the only polarizations of the incident and scattered lights both parallel
to the chain axis (see Fig. 13.19), indicating that the stretching motions Q� of the
X− ion pairs (around the Pt ions) parallel to the chain axis are responsible for the
Raman lines and the alternate mode qa consisting of these motions is responsible for
the Peierls destabilization. Moreover, the Stokes-shifted broad emission has also
been observed on the low-energy side of the Raman lines, and has been ascribed
to the self-trapped exciton. The exciton in this material is of the charge transfer
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Fig. 13.20 Symmetry-breaking excitonic instabilities in a deformable lattice, with possible
condensation of excitons to form a new phase with charge-density wave.48

type. Namely, an electron is optically excited from Pt2+ to a neighboring Pt4+ (both
becoming Pt3+), whereby the surrounding X− ions are brought into vibration along
the chain axis due to the imbalanced forces caused by the charge transfer, relaxing
towards their new equilibrium positions which amounts to the local formation of a
hypothetical Pt3+ lattice. The situation can also depicted as in Fig. 13.20 in which
a hypothetical exciton in the false ground state (surrounded by a broken line) of the
hypothetical structure (all Pt3+) is supposed to be self-trapped, and self-decomposed
into a pair of ions (Pt2+ and Pt4+). Because the latter (relaxed excited state) has
negative energy, the ion pairs are spontaneously generated at all sites without optical
excitation, which is nothing other than the real structure shown at lower left. Note
that the hypothetical exciton in the hypothetical material is not that real exciton
observed in the real material which is not shown in this figure. The situation is one
example of that shown in Fig. 13.1.

Another interesting observation was made on the same materials by Suemoto
and collaborators.55 The time-resolved emission spectra of an exciton in the femto
second (fs) regime revealed the process of self-trapping of the exciton which can
be analyzed in terms of an oscillating emission peak, as is described in Figs. 4.3(a)
and 11.6(a) although these figures describe the relaxation of a localized excitation
instead of the self-trapping of an exciton. The observed period of oscillation is
somewhat smaller than the above-mentioned spacing of the Raman lines due to the
participation of acoustic modes in the interaction mode.
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More recent study of the same material by Sugita et al.56 with the use of 5-fs
resolution has revealed (1) the existence of two periods of the oscillation attributed
to the ground and excited electronic states and (2) a delay time for the free exciton
to be self-trapped which is interpreted to be the time spent at the flat part of the
potential (without barrier in this one-dimensional system).

For quantitative analysis of these spectra, see the theoretical study by
Kayanuma.57,58 [The effective period of the relaxational oscillation is about 3/5
times (2π/ω) in Fig. 1 of the former paper according to a private communication
by the author.] A theoretical study of the time-resolved spectra of the self-trapping
process of an exciton in a one-dimensional system (instead of the relaxation of
an excited localized electron) has been presented by Ishida59 using the molecu-
lar dynamics approach and by Tanaka and Kayanuma60 using the time-dependent
variational method. It is interesting to note that a delay time has been found in
exciton self-trapping in a one-dimensional system in these theories, which may be
related to observations.

In contrast to the above-mentioned compounds and those with Pd replacing Pt
which have CDW ground states, those with Ni replacing Pt have an SDW ground
state with halide ions situated equidistant from neighboring Ni3+ ions because of
the large values of U of the Ni-3d state (in accordance with the phase diagram
at the top of Fig. 13.17), as has been clarified by extensive studies by Yamashita
et al.61 They estimated U to be as large as 5 eV, while the absorption edge at around
1.5 eV was assigned to the charge transfer transition from halide ion to Ni3+ (upper
Hubbard band). Namely, these compounds are charge transfer insulators instead
of a Mott insulator, the lower Hubbard band being below the halide band. The
competition between the SDW and CDW states has been studied in great detail
on mixed crystals of Ni and Pd compounds with variable compositions,61 while
an elaborate study of photogenerated solitons, polarons and excitons with their
dynamics has been performed by Okamoto et al.62

13.6.4 Three-dimensional system with N sites and Ne electrons

A mean field theory for T –U–S problems has been worked out by Shinozuka,63

inclusive of the general case Ne �= N (
∑
� n�, the total number of electrons, com-

mutes with the total Hamiltonian and can be specified as Ne independently of N ).
Introduce n ≡ Ne/2N , the average number of electrons per site and per spin state.
The system is now supposed to be an alloy consisting of four kinds of site, specified
accordingly as

(m = 0) 〈n�↑〉, 〈n�↓〉 � n

(m = ↑) 〈n�↑〉 � n � 〈n�↓〉
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Fig. 13.21 Phase diagram for a half-filled electron case. Horizontal hatching represents
insulating phase and vertical hatching represents phase with structural change. The density
of states for ↑-spin electron is schematically illustrated for each phase (hatching represents
occupied states). Due to Shinozuka.63

(m = ↓) 〈n�↓〉 � n � 〈n�↑〉
(m = ↑↓) 〈n�↑〉, 〈n�↓〉 � n,

which are spatially distributed at random with the fractional concentration Pm .
The electronic states in this alloy are solved with the use of the coherent potential
approximation, by considering electrons in the semi-spherical density of states of
the non-perturbed band (T ) to be scattered by electron–electron (U ) and electron–
phonon (S) interactions at each site characterized by m. With the thus-obtained
spin-dependent density of states to be occupied according to the Fermi statistics,
the local density of spin and charge, Pm and the lattice distortion are determined
self-consistently. The resulting phase diagram is shown in Figs. 13.21 and 13.22
for the cases of n = 0.5 (Ne = N ) and 0.25 (Ne = N/2), respectively. The metallic
phase M, the insulating phases Is and Ic consisting of sites with nonvanishing spin
or charge, appear around the T -, U - and S-vertex, respectively, and small transition
regions appear which make M–Is and M–Ic transitions to be of the second order.
In the case of n = 0.25, there appears also the Ms-region, metallic but with sites of
nonvanishing spin.
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Fig. 13.22 Phase diagram for quarter- and three-quarters-filled cases. Horizontal hatching
represents insulating phase and vertical hatching represents phase with structural change.
The density of states for ↑-spin electron is schematically illustrated for each phase of a
quarter- (left) and three-quarters-(right) filled cases. Hatching represents occupied states.
Due to Shinozuka.63

13.6.5 Tetrahedral 4-site system with variable occupancy Ne

This is an interesting model for a point defect in tetrahedrally coordinated covalent
semiconductors such as column IV elements and III–V compounds, with sites
representing dangling bonds for a vacancy case and bonding or antibonding orbitals
for a substitutional impurity. The optical excitation and ionization give rise to
changes in structural symmetry and occupancy, which provide plenty of chances
to compare theory with observations. An extensive study of the ground and excited
states has been performed by El-Maghraby and Shinozuka,64 who found stable
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configurations of distortion with symmetries Td, C3v, C2v, Cs or C depending on
T, U, S as well as on the electron number Ne(= 0–8). An important difference from
the ring systems is the asymmetry between the electron and the hole originating from
the asymmetry of the unperturbed (U = S = 0) energy level structure: E = −3T
and +T (triply degenerate). For instance, the off-center instability of a substitutional
deep impurity is found to be more favorable for acceptor than for donor.

13.7 Extrinsic self-trapping, and shallow–deep bistability of donor state

We will be concerned here with the self-trapping of an electronic carrier(s) (electron,
hole or exciton) at a point defect of the lattice such as a substitutional impurity, an
antisite atom, vacancy, etc. It includes the situation in which phonon-induced local-
ization of an exciton takes place at an isoelectronic impurity but not in the host lat-
tice (extrinsic self-trapping which was mentioned briefly at the end of Section 9.5),
as well as the situation in which a donor in semiconductors normally with weak
electron–phonon coupling achieves a deep state with strong lattice relaxation by
capturing another electron (D− state with negative U , the so-called DX center) in
addition to the shallow state (D0). In either case, there are stable and metastable
states separated by a potential barrier of the adiabatic potential. These two situa-
tions will be studied in the same context in this section although historically they
were found and studied independent of one another.

It is conventional to refer to the lattice configuration in the delocalized (in the
case of a neutral defect) or shallow (in the case of a charged defect such as a
donor) state of the carrier(s) as the undistorted lattice and to consider that of the
localized or deep state (with greater electronic binding energy and with stronger
localization) to represent strong lattice relaxation. One finds more of an anomaly in
the localized or deep state from the conventional viewpoint that the delocalized or
shallow state is the normal state of the carrier. For example, the luminescence from
the extrinsic self-trapped exciton is a broad band with large Stokes shift in contrast
to a sharp resonant emission from a delocalized exciton, and a deep donor (D−)
has an optically accessible conducting state (a shallow donor D0 plus an electron
in the conduction band) which is long-lived due to the potential barrier separating
it from the stable deep state; one can thus observe a persistent photocurrent even a
day after optical excitation.

We will begin with a qualitative study of the condition for the appearance of
this bistability, in particular the general trend dictating how the relative stability of
the deep and shallow states depends on the physical parameters characterizing the
carrier, the defect and the host crystal.

In the above description of what has so far been found experimentally, one may
well wonder why in the donor case two electrons can cause a lattice distortion
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much greater than twice that caused by a single electron, creating a shallow–deep
bistability with a potential barrier. The answer to this and related questions will be
obtained through the following qualitative argument.

Let us start with the adiabatic energy functional (9.5.1) in the continuum model
for the interacting system of an electron and the phonon field, and introduce a
point defect at r = 0 with charge Ze(Z = 0 for an isoelectronic impurity and
Z = 1 for a donor atom) and an onsite potential vd (which depends upon the com-
bination of the guest atom and the host lattice). One can then write the energy
functional as65

E[ψ,∆,�] =
∫

drψ(r )
[− (��h2/2me)∇2 + vda3

0δ(r ) − Ze/4πεer
]
ψ(r )

+
∫

dr{�[ψ(r )]2 +�dδ(r )}∆(r )

+
∫

dr{(−e)[ψ(r )]2 + Zeδ(r )}Φ(r )

+
∫

dr (C/2)[∆(r )]2 +
∫

dr (ε/2)[∇Φ(r )]2, (13.7.1)

where the second terms in the curly brackets of the second and third integrands
represent the interactions of the point defect with the dilation field and the elec-
trostatic field, respectively. Here a0 is the interatomic distance in the host lattice,
and ε is a constant defined by ε−1 ≡ ε−1

e − ε−1
s with εe and εs being electronic and

static dielectric constants, respectively (see the explanation between eqs. (9.5.1)
and (9.5.2)).

By minimizing (13.7.1) with respect to ψ , one would obtain the adiabatic po-
tential W [∆,Φ] for the lowest electronic state in the ∞ dimensional configuration
coordinate space (∆(r ),Φ(r )). Since this can be done only in a restricted way (see the
argument associated with (9.5.9–9.5.17)), we will confine ourselves to the extrema
of the adiabatic potential W [∆,Φ] as was done in the earlier part of Section 9.5.
Namely, as the first step, we extremize (13.7.1) with respect to ∆ and Φ, and obtain
the “field-source” relations:

−C∆(r ) = �[ψ(r )]2 +�dδ(r), (13.7.2)

ε∇2Φ(r ) = (−e)[ψ(r )]2 + Zeδ(r ). (13.7.3)

One can imagine with (13.7.2) that a substitutional impurity with radius smaller or
larger than the host atom it replaces has positive or negative �d , respectively, and
correspondingly that an intersitial atom and a vacancy have negative and positive
�d , respectively. Putting (13.7.2 and 13.7.3) into (13.7.1) and removing the self-
energies of the defect itself in the phonon field (∝ �2

d,∝ (Ze)2) which do not
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depend on the electronic state, we obtain the functional

E[ψ] =
∫

drψ(r )[−(��h2/2me)∇2 + (
vda3

0 −��d/C
)
δ(r ) − Ze2/4πεer ]ψ(r )

−(1/2)
∫∫

drdr ′[ψ(r )]2[(�2/C)δ(r − r ′) + e2/4πε|r − r ′|][ψ(r ′)]2.

(13.7.4)

As the second step, we extremize E[ψ] with respect to ψ to obtain the extrema of
the adiabatic potential.

The difference of (13.7.4) from (9.5.2) is in the second and third terms in [. . .]
of the first integral which represent the potential originating from the defect. It is to
be noted that the product of the first and the second terms on the r. h. s. of (13.7.2)
contributes the short-range impurity potential (−��d/C)δ(r ), the defect-induced
deformation potential. The corresponding quantity from (13.7.3) contributes the
long-range screening potential Ze2/4πεr which screens the impurity Coulomb po-
tential −Ze2/4πεer into −Ze2/4πεsr . Proceeding in the same way as in Section 9.5
with the use of the same trial function ψ(r ), we obtain the adiabatic energy of this
system, consisting of one electron (suffixed or superfixed with 1) in the phonon
(with L) and defect (with d) fields, in a form similar to (9.5.5),

WZ .1(a) ≡ EZ .1(λ) = Bλ2 − E Z .1
s λ3 − E Z .1

� λ, (13.7.5)

with E Z .1
s ≡ EL

s + Ed
s , E Z .1

� ≡ EL
� + Ed

� , (13.7.6)

EL
s ≡ �2/2Ca3

0, Ed
s ≡ 23/2

(−vd +��d/Ca3
0

)
, (13.7.7)

EL
� ≡ e2/4πεa0, Ed

� ≡ 23/2 Ze2/4πεsa0. (13.7.8)

The short- (s) and long- (�) range parts of the defect potential E Z play the same
roles as the corresponding parts of the electron–phonon interaction EL. In fact, the
phase diagram for the stable and metastable states is given by Fig. 13.23, which is
identical to Fig. 9.8 except that the abscissa and ordinate represent the redefined
short- and long-range coupling constants:

gZ .1
s ≡ E Z .1

s /B, gZ .1
� ≡ E Z .1

� /B, (13.7.9)

respectively. For clarity, the adiabatic potential in the case of a charged defect (Z :
positive integer) is shown schematically in each region of the phase diagram, with
shallow (F)–deep (S) bistability in the regions F(S) and S(F) where the state in the
parenthesis is the metastable state. As is obvious from the adiabatic potential in the
S(F) region, the optical ionization energy (distance from the deep state S vertically
to the ionization continuum) is much larger than the thermal ionization energy
(distance non-vertically to the minimum point of the ionization continuum). What
is really deep is the optical (purely electronic) binding energy, not the thermal one.
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Fig. 13.23 Phase diagram for the stable (metastable when inside the parenthesis) state of
an electron subject to short-range (gs) and long-range (g�) interactions with the defect and
the phonon fields. F and S mean a shallow (delocalized for a Z = 0)) state and a deep state,
respectively. The adiabatic potential is also shown schematically for each region, where the
lowest line should be replaced by the broken line when Z = 0.65

Fig. 13.24 (a) Adiabatic potential of a carrier coupled to a short-range attractive potential
and a short-range phonon field through gd

s and gL
s , respectively. (b) Corresponding phase

diagram (for “extrinsic self-trapping”) on (gd
s , g

L
s )-plane.66

The adiabatic potential for an exciton (EL
� = 0) extrinsically self-trapped at an

isoelectronic impurity (Ed
� = 0) is given in Fig. 13.24, together with the corre-

sponding phase diagram on the coordinate plane of the short-range electron–phonon
(gL

s ≡ EL
s /B), ordinate) and electron–defect (gd

s ≡ Ed
s /B), abscissa) couplings.66
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Extrinsic self-trapping of an exciton was found in TlCl:Br by Takahei and
Kobayashi67 and also in ZnSe:Te by Lee, Mysyrowicz and Nurmikko68 through
the Stokes-shifted broad emission band which is absent in the pure crystal. Because
of the Franck–Condon principle, the effect of lattice relaxation does not manifest
itself in the absorption spectra even when extrinsic self-trapping takes place. The
dependence of the emission band on the impurity concentration is quite intriguing,
showing some indication of impurity percolation.

One can calculate the corresponding expressions for the system of two electrons
in the spin singlet state with identical orbital ψ(r j)( j = 1, 2). One has to multiply
by 2 the one-electron terms such as the first terms on the r.h.s. of (13.7.2) and
(13.7.3) and the first integral in (13.7.4) and multiply by 4 the self-interactions (the
second integral in (13.7.4)), and add the electron–electron Coulomb energy

U = (e2/4πεe)
∫∫

dr1dr2ψ(r1)2|r1 − r2|−1[ψ(r2)]2. (13.7.10)

The adiabatic energy is then given by

WZ .2(λ) = 2[Bλ2 − E Z .2
s λ3 − E Z .2

� λ], (13.7.11)

with E Z .2
s ≡ 2EL

s + Ed
s = E Z .1

s + EL
s , (13.7.12)

E Z .2
� ≡ 2EL

� + Ed
� − U/2 = E Z .1

� − EC, (13.7.13)

EC ≡ e2/4πεsa0 = (ε/εs)EL
� . (13.7.14)

Note that the second term on the far right hand side of (13.7.13) is the sum of
EL
� = e2/4πεa0 and −U/2 = −e2/4πεea0. The phase diagram for the stable and

metastable states is again given by Fig. 13.23, with the abscissa and the ordinate
representing

gZ .2
s ≡ E Z .2

s /B and gZ .2
� ≡ E Z .2

� /B, (13.7.15)

respectively.
It should be noted that we are assuming that the two electrons always occupy

the same orbital ψ(r ). Hence, the bistability studied with the above analysis and in
terms of the phase diagram of Fig. 13.23 is between the deep and shallow states of
D− in the case of Z = 1 to which we shall confine ourselves for the moment. The
discrete line in its inset represents the adiabatic potential of the D− state while the
hatched continuum that of the D0 state plus an electron in the conduction band.
The orbital radius in the shallow D− state (denoted by (ii) to distinguish it from the
states (i) and (iii) mentioned below) is larger than in the shallow D0 state, due to the
electron–electron Coulomb repulsion in the former. Other types of the shallow state
of the two-electron system come into play in realistic situations: (i) the shallow D0

state plus one electron in the conduction band (relevant to the description of the
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persistent current), and (iii) the shallow D0 state plus another electron in another
shallow D0 state at a distance. (The energy difference U∗ between the deep state of
D− and the state (iii) can be negative when the Coulomb repulsion U is exceeded by
the phonon-mediated attraction between the electrons, a situation which is called
“negative U”). For the energy analysis of these three shallow states, it is more
appropriate to make use of the hydrogenic wave functionψ = (α3/π )1/2 exp(−αr )
instead of the Gaussian function used in the above and in Section 9.5. Minimizing
the energy corresponding to eq. (13.7.9) with respect to α by neglecting the α3

term, one obtains the energies of the above states as:

(i) W1.1 + W0.1 = −εd(1 + γp)2 − εdγ
2
p , (13.7.16)

(ii) W1.2 = −2εd(1 − γ + γp)2, (13.7.17)

(iii) 2W1.1 = −2εd(1 + γp)2, (13.7.18)

where

γ ≡ (1/2)
∫∫

drdr ′[ψ(r )]2|r − r ′|−1[ψ(r ′)]2/

∫
dr [ψ(r )2]r−1 = 5.16,

(13.7.19)

γp ≡ γ (εs/ε) (13.7.20)

are the (negative) effect of electron–electron Coulomb repulsion and the polaron
effect on the reciprocal radius α of the donor electron, and

εd ≡ (me/m)(ε0/εs)
2 Ry (13.7.21)

is the donor electron binding energy in the effective mass approximation with
screening constant εs. The energies (13.7.16) to (13.7.18) are in the decreasing
order: (i)> (ii)> (iii) provided εs/εe > 1.233. The last condition, needed only for
the inequality (i) > (ii), should in fact be removed since an improved calculation
with electron correlation taken into account gives (i) > (ii) even for nonpolar
crystals (εs/εe = 1). Namely, a singly-charged defect can capture two electrons
((i) > (ii)) while two singly-charged defects prefer capturing one electron each
((ii) > (iii)). The ionization energies of D− and D0 in unit of εd are given by (i) −
(ii) = (1 − 4γ + 2γ 2) + (2 − 4γ )γp and (i) − (iii) = 1 + 2γp, respectively. Since
the short-range electron–phonon interaction is negligibly small for these shallow
(α � 1) states, there are no potential barriers between any two of them in contrast
to that between the shallow and deep D− states.

Let us now ask whether two self-trapped charge carriers (there are many examples
of self-trapped holes but rather few of self-trapped electrons) can form a bound
pair in a defect-free crystal. Dropping the defect terms in (13.7.5) to (13.7.8) and
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(13.7.11) to (13.7.14), one obtains the binding energy as

2W0.1(γ = 1) − W0.2(γ = 1) = 2B
[
g0.2

� − g0.1
� + g0.2

s − g0.1
s

]
= −2e2/(4πεsa0) + 2�2/

(
2Ca3

0

)
. (13.7.22)

Namely, the bound state can be formed when the phonon-mediated attraction (the
second term) exceeds the Coulomb repulsion (the first term). That might well
be possible for positive holes in alkali halides. To be more realistic, however,
the effective screening constant for two holes at atomic distance is expected to be
significantly smaller than the static dielctric constant εS of bulk matter, making the
binding more difficult.

As is seen from Figs. 9.8 and 13.23, the increase in the long-range coupling con-
stant g� has the effect of shrinking the region (seen along the horizontal line with
constant g�) of bistablity (F(S) plus S(F)) although it helps to induce larger lattice
polarization and greater binding energy. Moreover, it should be noted that the adia-
batic bistability is increasingly blurred towards the top cusp (see Fig. 13.23) of the
bistability region by the quantum-mechanical tunneling of atomic motions across
the potential barrier (the barrier height tends to zero as one approaches the cusp).

Note that the existence of a donor gives rise to a significant increase of g� ac-
cording to (13.7.6) and (13.7.7), but that the participation of the second electron de-
creases it again to some extent according to (13.7.13) (gL

� < gZ.2
� < gZ .1

� ). Namely,
the donor charge is unfavorable for the bistability, but the screening by another
electron mitigates that, making the donor closer to a neutral center, and favoring
the bistability (but probably not as much as in the host lattice). In contrast, the
short-range coupling constant gs is certainly increased by the participation of the
second electron according to (13.7.10), possibly causing a large lattice distortion
(as the representative point (gs, g�) traverses the F–S discontinuity line). The short-
range defect term (the second term on the r.h.s. of (13.7.6)) can work, depending
on its sign, positively or negatively for the stabilization of the deep state of the
two-electron system.

Let us consider an electron or hole in a typical semiconductor which is normally
free ((Z , n) = (0, 1) is within the region F in Fig. 13.25), and study how their
states change under the existence of an (attractive) charged defect (Z = 1) and/or
another carrier (n = 2) of the same species. A typical situation expected is shown
schematically in Fig. 13.25. For comparison, a situation in alkali halides is also
shown schematically where (1, 1) and (1, 2) represent the F center (see Sections 4.7
and 4.8) and an F ′ center, respectively. As a general trend, it is well conceivable
that the vector ḡ ≡ (gs, g�) on the phase diagram of Fig. 13.25 for one electron in
the conduction band (ḡ0.1) as well as at the donor (ḡ1.1) is well inside the F-region,
while for two electrons captured by the donor (ḡ1.2) it is situated in the bistable
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Fig. 13.25 Typical location of the states (Z , n) of n electrons at the defect with charge Ze
in weakly polar semiconductors (s.c.) and in ionic crystals on the (gZ .n

s , gZ .n
� )-plane of the

phase diagram.

S(F)-region (although the bistability of one electron at a donor cannot be excluded).
Combining this with the condition for the binding of two charged carriers mentioned
before, we can conclude as follows.

A large lattice distortion can be caused by the cooperation of two carriers even
when it is not caused by a single carrier as shown in Fig. 13.25 where the shallow-
deep discontinuity line divides (1, 1) and (1, 2) on its opposite sides, provided that
they are bound together. Because of their Coulomb repulsion, however, the phonon-
mediated attraction by itself is not enough but the assistance of the attractive
charged defect is needed to bind them together, in spite of the fact that the charged
defect by itself works unfavorably for the bistability.

The general trend of all that has been observed – the presence of an exciton (gL
� =

0 due to its neutrality) bistability (intrinsic and extrinsic self-trapping with potential
barrier), few known cases of (a single) charge carrier (gL

� �= 0) bistability in pure and
impure polar crystals (neither the self-trapped hole nor the F-center electron in alkali
halides has a potential barrier from the delocalized state), and a number of defects
with two electrons showing bistability which will be described in more detail later,
are all consistent with the above conclusions. A bound pair of self-trapped holes has
not yet been found even in alkali halides as is doubted above, but it may be found
extrinsically near a negatively charged defect due to the reason mentioned above.

While the continuum model can describe the general trend of the conditions
favorable for shallow–deep bistability, it cannot predict the microscopic details of



13.7 Extrinsic self-trapping, and shallow–deep bistability of donor state 367

the strongly localized state. In fact, the microscopic structures of localized carrier(s)
with bistability which have been revealed by a great number of experimental studies
and first-principle calculations during the last twenty years are much more intrigu-
ing and versatile than can be imagined within the continuum model. Referring to
Ref. [69] for a brief historical survey of these studies, we will describe here the
microscopic structures so far revealed of three typical defects with bistability, the
DX center and the EL2 center in covalent crystals and the DX-like center in ionic
crystals, and reconsider them in the light of what has been discussed above and in
the preceding sections.

The DX center is the negatively charged donor atom of a column IV (or VI)
element substituting the column III (or V) site of a III–V compound semiconductor,
such as GaAs:Si (or S). As shown in Fig. 13.26(a) or (c),70 all host and guest atoms
are covalently bonded to their four nearest neighbors when the donor is ionized
(D+) or neutral (D0). While an electron captured by the D+ center is in the shallow
effective mass state with large radius, the capture of a second electron results in

Fig. 13.26 Schematic views of the normal substitutional sites (left) and the broken bond con-
figurations (right) giving rise to DX centers in Si- (upper) and S- (lower) doped Alx Ga1−x As
alloys. Due to Chadi and Chang.70
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a non-centrosymmetrically distorted configuration (Fig. 13.26(b) or (d)), according
to the self-consistent calculation of total energy by Chadi and Chang.70 The stable
atomic configuration of this “DX” center is such that the dopant and one of its
neighbors have moved oppositely towards their respective intersitial sites. The
bonding of these two central atoms to their neighbors has changed thereby from
sp3 (with four neighbors) to sp2 (with three neighbors) configurations according to
the conventional description of the covalent bond.

The valence- and conduction-band states of covalent semiconductors consists of
bonding and antibonding orbitals, respectively, of each pair of neighboring atoms.
Then the well-localized electrons in the deep donor state can nearly be considered
to be in the antibonding orbital between the donor and one of its neighbors. To be
more exact, the transition from the donor-centered state to the bond-centered state
takes place with the pseudo Jahn-Teller displacements, as described by Dabrowski
and Scheffler.71

According to the description proposed in Section 13.1, a covalent bond is formed
by two p-holes in the spin singlet state occupying the antibonding orbitals. In the
band model of covalent semiconductors, these holes are to occupy the states above
the Fermi level which in n-type materials is around the bottom of the conduction
band which is antibonding. The atomic and electronic configurations of the D− state
in Fig. 13.26 are then straightforwardly described as the breaking of the covalent
bond between the donor atom and one of its neighbors by the annihilation of the
positive holes constituting that bond by the two electrons strongly localized due to
their cooperative effect. After bond breaking, the two electrons occupy the non-
bonding orbitals of the two atoms on each end of the broken bond. This is a typical
example in which the hole picture is preferable to the electron picture for the
covalent bond.

While the bistable behaviors of the DX center can be described by associating
it with the (Z , n) = (1, 2) state and the D0 (1, 1) plus e (1, 1) states in Fig. 13.25,
the situation is somewhat different in the EL2 center in GaAs, which is now generally
agreed to be AsGa, namely the antisite As atom.72 In the neutral state, this As atom
occupying a Ga site has two electrons not participating in the covalent bond which
are situated at around the middle of the bandgap. The center behaves as a deep
donor in n-type materials and as a deep acceptor in p-type materials, with nearly
equal ionization thresholds (∼0.76 eV, one-half of the energy gap) as seen from
photoluminescence excitation spectra.73 This binding energy is too large to be
described in the effective mass approximation for the divalent donor (Z = 2) even
if the lattice relaxation is considered, and can only be explained by considering
the local potential vd. The main contribution to vd comes from the fact that the
donor potential given by −Ze2/4πεsr at long distance is not so well screened at
interatomic distance r ∼ a0. If one replaces the macroscopic screening constant
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εs by an effective εeff which is supposed to be somewhere between εs and ε0, the
difference vd = −(ε−1

eff − ε−1
s )Ze2/4πa0 can well be as large as several eV (with

minus sign). Since this value significantly exceeds the bandgap (1.52 eV) of GaAs,
the donor (and acceptor) level is expected to be around the midgap (in agreement
with the observation) according to the calculation which takes into account the
conduction band and the valence band (the donor level is equally repelled by the
two bands). In the present effective mass approximation with only the conduction
band taken into account as the basis, the effective vd would have to be chosen so as
to give the observed depth.

For our model calculation, let us take this effective short-range potential vd to
be proportional to Z , and neglect the second term of Ed

s in (13.7.7). Then both the
short- and long-range parts of the defect potential are proportional to Z , and one
can compare the situations in the divalent donor ((2, 1) and (2, 2)) to those in the
monovalent donor ((1, 1) and (1, 2)) as shown schematically in Fig. 13.25. In this
model case, the divalent donor is too deep to have bistability (S region) in contrast
to the monovalent donor which is moderately deep to have a metastable state (S(F)
region). This is in agreement with what is observed in the EL2 center. While its
ground state is known to have a tetrahedrally coordinated structure without bista-
bility, its optically-excited state is subject to Jahn-Teller distortion which relaxes to
a configuration similar to that in the DX center according to Refs. [70, 71]. The re-
laxed excited state would correspond to an effective value Z∗ between 1 and 2 (see
the point EL2∗ in Fig. 13.25) since the excited electron with large radius will see the
divalent donor core plus another electron left in the ground state as a monovalent
donor. This off-center configuration is again considered to be a broken covalent
bond between the antisite As with one of its neighboring As atoms due to the an-
nihilation, by the excited electron, with one of the holes which was responsible for
the covalent bond. Since the holes responsible for the covalent bonds are populated
only above the Fermi level which is near the conduction-band bottom in the n-type
material, only the excited electron can make the annihilation. The deep electrons
in the ground state cannot find such holes to annihilate with in the nearby energy
region, which explains the electronic and structural stability of the EL2 center.

It is obvious in these two examples that the electrons causing bond breaking are
near the Fermi energy, and the resulting deep levels destroy the donor functionality
of readily supplying electrons from shallow levels to the conduction band. In fact,
discovering how to solve the doping difficulty encountered in some semiconductors
seems to have been an important motivation for the study of deep levels, leading to
the discovery of DX centers74 and other bistable systems. The doping limit is more
systematically studied by Zhang, Wei and Zunger.75

A third example of bistability is the CdF2 crystal doped with a column IIIb
element such as Ga or In76 which shows a bistability similar to the IIIb–Vb
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Fig. 13.27 Schematic structures of CdF2 consisting of simple cubic lattice of fluorines with
cations occupying the centers of alternate cubes. The substitutional position of donor core
Ga3+ with one electron (D0) and the displaced position of that with two electrons (D−) are
shown schematically by dotted and solid triangles, respectively. Due to Park and Chadi.78

semiconductor doped with a column IVb element. In addition to its two-electron
nature, the existence of an open volume in the deep donor state revealed by a
positron annihilation study77 gave convincing evidence of its similarity to the DX
center. In fact, the first-principle calculation due to Park and Chadi78 confirmed that
the donor which normally substitutes the Cd site is displaced, by capturing another
electron, into a neighboring empty cube of F ions, as shown in Fig. 13.27. In this
ionic crystal, the interionic Coulomb interaction plays a dominant role and the Ga+

ion, which is less repelled by Cd++ ions than Ga++ is, prefers this position by mak-
ing use of the interaction between their d electrons according to their calculation,
which is also endorsed by their result that this structure is not stable in the CaF2 host
without d electrons. Thus, the microscopic nature of the interatomic interactions
which stabilize this center is rather different from, in spite of the similarity of its
behavior to, the DX center in covalent semiconductors.

Concerning the shallow–deep bistability of the CdF2/In center, one should note a
remarkable difference of the optical spectra between shallow and deep states.79 The
absorption spectrum of the deep state rises at threshold reflecting its large optical
depth of ∼1.5 eV and has a width as large as 2 eV due to its strong electron–phonon
coupling, while that of the shallow state is characterized by a much smaller optical
depth and width, both being in accordance with the general argument in this section.

[Note added in proof ]
In a book by Itoh and Stoneham,80 recently published, some of the problems treated
in this chapter are described more extensively and from a view-point somewhat
different from ours, providing useful and complementary knowledge to interested
readers.
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Light, matter and life

(A scenario for the origin of life and its evolution)

14.1 Introduction

This chapter is of a different nature from the preceding chapters where more or less
well-established principles of the spectroscopic studies of microscopic motions in
condensed matter have been described, as is usual in texbooks and monographs.
In this last chapter, however, the author is going to present his personal viewpoint
on the role of solar radiation in creating life out of matter, sustaining living activities
and driving the evolution of the living world – topics which have generally been
considered to be beyond the scope of the physical sciences.

Obviously, life science is a vast interdisciplinary regime: the elucidation of life
will need the cooperation of all areas of natural science. The majority of scientists
working in any discipline will supposedly have a serious interest in the problem of
life even when they do not mention that explicitly. The particular reason why the
present author feels it necessary and useful to make remarks on this problem is that
the various photochemical processes described in the preceding few chapters and
the behaviors of charged particles in dielectrics described in other chapters have
something to do with, and to shed light on, the role of solar radiation as an energy
source and the role of water as a catalyst in living activities. Further investigation
of these roles might contribute to constructing a bridge from our small corner of
physical science, among many other such bridges under construction from different
areas of science, towards elucidating the physical origin and evolution of life itself.

What the author can do as a theoretical physicist is present speculations based
on the various empirical and experimental facts available. Nevertheless, there seem
to exist many reasons based on well-known fundamental physical principles that
lend support to these speculations. If unfortunately some of the speculations turn
out to be wrong, the responsibility is entirely down to the author’s misuse of his
knowledge and never on the side of the basic principles themselves established by
the cooperation of so many scientists. If fortunately some others prove to be true,

371



372 14 Light, matter and life

the merits are naturally due to the universality and ubiquity of the basic principles.
Even in the case of failure, the author considers that the interested reader may be
encouraged to find the reason for that failure and to seek for a better scenario. In
this way one can draw closer to a deeper reality of Nature.

14.2 Energy source for creating living matter and sustaining
living activities

Putting aside all mysteries of living organisms, the obvious energy source of living
activities is the chemical energy stored in the living matter. In typical textbooks
on biochemistry1 one can find the energy content of food constituents which are
also important constituents of living cells in general: carbohydrate contains 16,
protein 17 and fat 37 kJ per gram dry weight.2 It is this chemical energy that is
released as heat or some other form of energy when the constituent is decomposed,
by reaction with atmospheric oxygen, into inorganic matter such as water, carbon
dioxide and nitrogen. This means that the same amount of energy is needed in order
to synthesize the biochemical constituents from those inorganic materials, thereby
releasing the oxygen. Chemical energy is defined here by referring to water, carbon
dioxide, nitrogen and oxygen in their standard state, namely the present environment
of the earth, as energy zero. It is different from the conventional definition in which
H2 and carbon are chosen instead of H2O and CO2, respectively, as reference
materials.

It is more revealing, from a microscopic point of view, to estimate the chemical
energy per atom of these constituents with the use of their known atomic compo-
sitions. One finds readily the figures: 1.3, 1.3 and 1.8 eV for carbohydrate, protein
and fat, respectively,3 values which are (i) much greater than the thermal energy
on the earth: kBT ∼ 0.023 eV, and (ii) of the same order as the typical energy of
a photon from the sun: 1–3 eV, as shown in Fig. 14.1(a,b) Note (Fig. 14.1(a))
that the spectral peak of the intensity distribution depends on whether one takes the
wavelength or the photon energy as the variable, as seen in eqs. (1.4.8) and (1.4.10).
We take the latter – the photon-energy – as the abscissa in Fig. 14.1, instead of the
wavelength conventionally used in spectroscopy, although the choice is not really
important for our qualitative argument.

The more than an one order of magnitude difference mentioned above in (i)
indicates why biomolecules behave apparently against the thermodynamics which
govern the world of thermal energy. The biomolecules are, so to speak, far from
thermal equilibrium, and it is hopelessly difficult to synthesize them in a merely
thermal environment on the earth. Several tens times in energy mentioned in (i)
above means, according to statistical mechanics, exp (−several tens) ∼= 0 times in
probability!
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IR UV

(a)

(c)

(b)

(d)

Fig. 14.1 Comparison of energy quanta relevant to living activities. (a) Spectral dis-
tributions of solar and earth radiation fields; (b) chemical energy per atom of typical
biomolecules; (c) absorption spectra of photosynthetic pigments, with the highest-energy
peaks of chlorophyll a and b shown by solid lines; and (d) absorption spectrum of water.

In order to synthesize a biomolecule from simple inorganic molecules by succes-
sive addition of an atom or a molecule, each elementary chemical reaction needs
energy of the order of eV according to the above estimation. The fact (ii) men-
tioned above indicates that solar radiation is a good candidate for the promotion
of successive synthesis of biomolecules. This is obvious also from the fact that the
photosynthesis of biomolecules in plants under solar radiation has been and is now
feeding all living organisms (inclusive of animals and humans who eat plants or
other animals). It is of interest to find that chlorophylls have absorption spectra
in the region of energy somewhat higher than the per atom chemical energy of
biomolecules (see Fig. 14.1), which fact seems to contribute to the high efficiency
of photosynthesis for the storage of chemical energy.

It is true that there are external energy sources with energy quanta greater than the
solar photons, such as cosmic rays of various species, but they have a much smaller
total energy flux than the solar radiation. “Solar radiation” as defined here includes
only light – electromagnetic waves – from the sun, but does not include the other
rays of high-energy particles. The electric discharge in the lightning which may
have frequented the primordial earth has also been considered as a candidate for
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Table 14.1 Available energy on the primitive earth.

Solar light Energy, mW cm−2 Energy yield, nmole joule−1

far UV < 200 nm 0.004 1 × φa

UV 200–300 nm 0.4 2 × φ
near UV 300–400 nm 9 3 × φ
Visible 400–800 nm 70 6 × φ
Electric discharge 0.0005 10
Radioactivity 0.0001 ?
Volcanoes 0.00001 ?
Shock waves, meteors, etc. 0.00001 100

The data are from Miller and Orgel (1973).
aφ is the quantum yield of the photoreaction: moles of products/Einsteins or
moles of photons absorbed.
Source: Mauzerall, D. (1992) Oceanic sunlight and origin of life, in Encyclopedia
of Earth System Science, Vol. 3, pp. 445–453 (Academic Press, Inc.).

the energy source for the synthesis of biomolecules. However, lightning storms are
nothing other than local and temporal meteorological phenomena caused by the so-
lar radiation, and lightning cannot itself be the main source as viewed from the long
history of the earth. The hydrothermal vents found in the deep bottom of the sea, an
energy source of terrestrial origin in contradistinction from the above-mentioned
sources, have also been studied seriously, partly because of their temperature as
high as several hundreds of degrees kelvin. While the corresponding thermal energy
is still much smaller than the energy per atom of the biochemical constituents men-
tioned above, a more serious objection against this origin is that the thermal source
cannot by itself create the situation of population reversal as mentioned above.
Speculations on an extraterrestrial origin of life on earth, such as the panspermia
theory, do not help since they merely shift the origin of life to somewhere else
in (or outside of) the universe without solving the question (how life was created
there). Moreover, even if a small germ of a biomolecule of extraterrestrial origin did
happen to reach this earth, it would have needed to be converted into a biopolymer
here on the earth in order to have living activities, a task which itself is much more
laborious than creating the small germ.

While there are many arguments favoring solar radiation as the source energy
for living activities from the viewpoint of total energy flux as shown in Table 14.1
which is data due to Miller and Orgel,4 and Mauzerall,5 the above argument from the
viewpoint of an energy quantum supplied per an elementary photochemical process
lends independent support to solar radiation as the energy source for creating life
as well as for sustaining living activities. Further support will be given towards the
end of Section 14.3.
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For this reason, we will study the following scenario for the origin of life on the
earth mostly following Oparin and Haldane, the pioneers of the concept of chemical
evolution (see Section 1–4 of Ref.[1]): there took place successive photochemical
reactions in the prebiotic sea or ponds with simple inorganic (and possibly some
organic) molecules dissolved therein under the solar radiation impinging on, or
penetrating to some depth below, its surface. In our scenario, we will consider more
seriously how, to what extent and with what rate the photon energy absorbed by an
aqueous solution is stored as chemical energy of the synthesized molecules without
re-emission of a photon and nonradiative de-excitation and decomposition, rather
than specify the individual photochemical processes.

14.3 Conversion of radiation energy to chemical energy

Photoexcitation of a molecule, be it in atmosphere or in aqueous solution, gives rise
to changes in its electronic charge distribution and interatomic bonding, destroying
the balance of interatomic forces which kept the atomic positions as they were in
the ground electronic state, as was described in various contexts in the preceding
chapters. The atoms in that molecule and in the nearby medium (atmosphere or
solvent) start to displace under the suddenly generated forces due to this imbalance,
finally relaxing to their new equilibrium positions which depend upon the electronic
state to which the molecule has been excited.

This new electronic and atomic configuration is called the relaxed excited state
(RES), in contradistinction to the Franck–Condon (F.C.) state which refers to that
before the atomic displacements (see the configuration coordinate (C.C.) model of
Fig. 4.1). Here the one-dimensional abscissa represents the interaction mode, which
is a linear combination of the displacements of all relevant atoms as projected along
the direction of steepest descent of the excited-state adiabatic potential in multi-
dimensional C.C. space (see Section 4.4 and Fig. 4.2). It is almost equivalent to
what chemists call the reaction coordinate.

As for the ordinate, the energy difference between the F.C. state and the RES –
the relaxation energy – is imparted as vibrational energy to other modes irrelevant
to the electronic system of our concern, and in the case of a large molecule or a
molecule in solution, that energy is spatially dispersed and hence irreversibly lost
(dissipated) as heat. In this sense, the ordinate of RES in the C.C. model is to be un-
derstood as the free energy, F = U − TS, rather than the energy U itself. Note that
the first and second terms of F correspond to the energy of the F.C. state and the
energy lost as heat during relaxation, respectively. This interpretation of the C.C.
model is of vital importance when we consider the chemical energy (essentially
the same concept as the free energy) of molecules under the varying environment
of the earth from era to era as we will do in Section 14.7. In connection with this,
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the negative entropy, which Schrödinger once claimed to be the source of living
activity, should be described in terms of a large free energy, the storing mechanism
of which is our problem here. (The statistical mechanical definition of entropy as
S = kB ln W due to Boltzmann, where W is the number of microscopic configura-
tions corresponding to the macroscopic state concerned, allows no negative entropy,
the very point to which Schrödinger dared to ascribe the mystery of living matter.)

Let us resort to Fig. 13.5(b) which can also be applied to non-excitonic systems if
the potential barrier between the F.C. state (F) and the RES (S) is ignored. In the cases
α andβ where the ratio of the relaxation energy ER to the F.C. excitation energy E0 is
not too large (note that the figure is presented for variable E0 (increasing in the order
of U, γ , β, α) with fixed ER), the relaxed system will emit a photon and return to the
ground state (from S vertically down to the point on the adiabatic potential α or β
although the line is not shown) within a time of the order of 10−7 s (see eq. (3.6.7)).
The energy difference between the absorbed and emitted photons (the Stokes shift)
is dissipated as heat during the relaxations after optical excitation and de-excitation,
no energy being stored in the relevant system after the optical cycle.

In the case γ of stronger relaxation (relative to E0) where the adiabatic potential
of the excited state intersects that of the ground state before reaching the RES as
also shown in the left part of Fig. 14.2, the photoexcited system will stay in the
RES (M1 in Fig. 14.2) much longer, due to the absence of a radiative de-excitation
channel therefrom, than in the cases α and β. The only channel of de-excitation
is a nonradiative process which is much less probable than the radiative process

Fig. 14.2 Multi-dimensional configuration coordinate (Qn) model with the adiabatic poten-
tials (solid lines) for multistep photoexcitations (vertical wavy arrows), relaxations (along
broken arrows) and nonradiative transitions (along solid arrows). As for ‘R’ in the figure,
see the description towards the end of Section 14.7.
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mentioned above as will be detailed later. Thus, the case γ , with its longer lifetime,
is a situation most favorable for storage of the photoexcitation energy. Hereafter
we will confine ourselves to the case γ .

If the interaction mode Q0–Q1 of the C.C. model in Fig. 14.2 represents a chem-
ical reaction coordinate (as in the case of Fig. 13.2 for excimer formation, which
however belongs to the case β, not the γ of our concern), the RES (M1) of our
γ -type represents the ground state of a new molecule formed by a photochemical
reaction in which the molecule M0 is combined with another atom or molecule
in the surrounding medium – solvent or atmosphere. (Note that the reaction co-
ordinate Q0 → Q1 corresponds to the decreasing distance of these particles from
the central molecule M0 as in the case of Fig. 13.2 for excimer formation.) The
result is the storage of a part of the photexcitation energy as chemical energy
F = length (Q1 M1) of this new molecule M1. If a second photon hits this new
molecule during its lifetime, there may take place a second photochemical process
in which the molecule M1 combines with another atom or molecule in the medium
to form a molecule M2, as shown in the middle part of Fig. 14.2, and so on.

What fraction of the photon energy is stored as chemical energy in each pho-
tochemical reaction? To answer this question, let us recapitulate the argument in
Section 13.3. We put B = 0 for our problem of localized excitation (not exciton),
and slightly generalize the argument by assuming the curvature of the excited-state
adiabatic potential to be λ times that of the ground state in Fig. 13.5(b) in order
to meet more realistic situations. Namely, we put the adiabatic potentials of the
ground and excited electronic states as

Wg(Q) = Q2/2, We(Q) = E0 − cQ + λQ2/2. (14.3.1)

The minimum of We(Q) is at Qm = c/λ, giving We(Qm) = E0 − ER with relaxation
energy ER = c2/2λ. In order that the intersection of Wg(Q) and We(Q) appears at
Q < Qm – the condition to distinguish γ from β (see Fig. 13.6) – the inequality

ER > [λ/(1 + λ)]E0 (14.3.2)

must be satisfied, indicating that the slope of the boundary between Sγ and Sβ
is now given by λ/(1 + λ) instead of 1/2. The fraction � of the stored energy is
therefore limited by

� ≡ (E0 − ER)/E0 < (1 + λ)−1. (14.3.3)

The ratio λ of the curvatures is related with that of the vibrational frequencies ωe

and ωg in the excited and ground states by

λ = (ωe/ωg)2. (14.3.4)
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In the case of intramolecular excitation, it is generally supposed thatωe is smaller
than ωg since the interatomic bond and hence the interatomic force constant is
weakened by the electronic excitation. This is also endorsed by the observations, in
many molecules, of vibrational quanta ��hωe and ��hωg which appear in the absorption
and emission spectra, respectively (see, for example, Fig. 10.8 for a NO2 molecule).
The situation is supposed to be more varied in the case of a photochemical reaction
since a new bond with more distant atoms or molecules is formed in the excited
state and the parabolic approximation (14.3.1) is expected to be poorer. Thus, one
can expect that about half of the absorbed photon energy can be stored on each
step of photochemical reaction of the type γ even under the restriction (14.3.3).
This fact is consistent with the fact that the spectral region of strong absorption
of chlorophyll a and b, among photosynthetic pigments, is on the higher energy
(by 1.5–2 times) side of the chemical energy per atom of typical biomolecules as
shown in of Fig. 14.1(b, c). This consistency, in addition to the coincidence of
the chemical energy with the typical photon energy of solar radiation mentioned
before, lends further support to the model of successive photochemical reactions
which will be studied more quantitatively in the next section.

14.4 Kinetic equations for chemical evolution under solar radiation

With the known intensity of solar radiation on the earth, and with the conceiv-
able lifetime of nonradiative de-excitation in the case γ , the chance of successive
photochemical reactions is in general very small as may readily be supposed, but
will turn out to have a significant result in view of the fantastically long estimated
time-span of 4.6 billion years since the formation of the earth. The extremely small
chance for survival of the photochemical products, M1, M2, . . . necessitates a very
severe selection of photoexcited states (among others) with long-lived RES (Mi )
for each step, in order that they can make a significant contribution to the storage
of solar radiation energy in the form of biopolymers. Notwithstanding this, one can
expect a gradual but inevitably indefinite increase of the number and type of higher
polymers, some of which may apparently spontaneously display what are called
living activities by making use of their stored chemical energy.

For simplicity, we will confine ourselves to that photoexcited state, among oth-
ers, with the longest-lived RES of type γ for each step, and consider a series of
successive channels of photochemical reaction of this type, as shown in Fig. 14.2.
Most of the non-selected optical transitions at each step will result in de-excitation
with predominant probability and, hence, with no contribution to energy storage.
In each step of photochemical reaction, the molecule combines with another atom
or molecule in the medium and thereby grows larger. This extremely simplified
model of a series of single-channel events is not as restrictive as it may appear
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at first glance; for example, one can include the event in which the first molecule
is excited in the first step, the second molecule in the second step, and in the
third step one of them is photoexcited and comes closer to combine with the other
to form a new molecule. It should be noted in passing that any RES reached by
chemical reaction (instead of mere relaxation) represents the ground state of a new
molecule, so that the optical excitation therefrom does not mean the secondary
excitation.

The kinetic equation for the selected channel of photochemical reaction is then
given by3

d Pn/dt = [ fn−1 In−1 + αnγn−1]Pn−1 + αn+1 Pn+1

−[ fn In + αn + αn+1γn]Pn. (14.4.1)

Here Pn (n = 0, 1, . . . , where Pn with negative n is 0 by definition) denotes the
probability for the molecular system to be in the nth RES Mn with free energy
Fn = length (Mn Qn) at the configuration Qn of the C.C. model of Fig. 14.2.
The term fn In denotes the rate of an optical transition with oscillator strength fn

from this RES under solar radiation with intensity In at that transition energy (the
definition of I and its value on the earth is given in the Appendix of Ref. [3]). The
terms αn and αn+1γn denote the nonradiative transition rates for the de-excitation
(to the state n − 1) from the same RES.

The stationary solution of (14.4.1) is readily given by

Pm = P0

∏m

n=1
[γn−1 + fn−1 In−1/αn]. (14.4.2)

Under the assumption of detailed balance (which does not necessarily hold except
near thermal equilibrium), and ignoring the dependence on the concentrations of
the reactants, we have the relation γn−1 = exp[−(Fn − Fn−1)/kBT ] with ambient
temperature T . Putting (Fn − Fn−1) ∼ 1 eV, we find γn−1 as small as 10−20, which
means that the populations of the excited states in the dark (In = 0) are negligible,
as it should. However, the solar radiation, although weak, gives rise to a signifi-
cant effect. Putting the known intensity of solar radiation at the equator,6 averaged
through day and night and throughout a year and over the energy range mentioned
before, into the golden rule for the optical transition, one finds In ∼ 0.65 s−1.
The nonradiative de-excitation rate, given by the Eyring formula, αn = ν exp
(−εa/kBT ), can take a wide range of values depending upon the situation: ν, the
frequency factor, can take values from 1011 s−1 to 103 s−1 while the exponent also
is very sensitive to the activation energy εa which itself is typically a fraction of eV,
being more than ten times greater than kBT . In any case, one finds that the second
term in [· · ·] of (14.4.2) is still much greater than the first, indicating that the solar
radiation has a tremendous effect of populating the excited states, compared to the
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Fig. 14.3(a, b) Stationary solutions of the kinetic equations (14.4.1) for the populations
of successive excited states in typical situations; (b) represents schematically the quasi-
stationary states reached after a long time has elapsed since the primordial age.

dark case, as shown schematically in Fig. 14.3(a). For this reason, we hereafter
neglect the first term in [· · ·] of eq. (14.4.2). Yet, the second term is much smaller
than unity

fm−1 Im−1/αm � 1, (14.4.3)

so long as one puts the oscillator strength f ∼ 0.1 and α > 1 s−1, so that the
population Pm is a rapidly decreasing function of m. The inequality (14.4.3) justifies
our confinement of the kinetic equations to a single channel via the most long-lived
intermediate states, since the survival chance of less long-lived excited states can
be neglected.

On the other hand, we know that some of the simple biomolecules such as carbo-
hydrates, amino acids and lipids have lifetimes α−1 much larger than seconds and
possibly even than a day. If one assumes for simplicity that the inequality (14.4.3) is
violated for m � m0, Pm turns out to be an increasing function of m, and one cannot
normalize the stationary population (14.4.2). This means that once m0 is reached
the molecule would grow indefinitely. In view of the existence of biopolymers of
any length with long lifetime which violate the inequality (14.4.3), the stationary
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solution of eq. (14.4.1) does not exist, implying that evolution proceeds indefinitely
as long as the environment of the earth does not change drastically, in accordance
with our present recognition of the living world.

A realistic assumption for not too large m may be that (14.4.3) is first violated
at m = m0 but is valid again for m > m0, which results in two typical curves in
Fig. 14.3 (b). What it implies will be mentioned later. In view of the severe selectivity
(mentioned before) of successive photochemical reactions limited to the optimum
condition, it is also possible that a great number of identical long-lived molecules
are formed through parallel series of the same chains of reactions, especially in
the same environment (possibly under catalytic regulation of unknown entity). This
might be the physical mechanism underlying what is called self-replication of
biomolecules. It is hardly conceivable, from a physical point of view, that a molecule
replicates itself without an energy supply from outside, nor that the molecule knows
the prescription for that self-replication even with that energy supply.

A meaningful quantity in such a situation is the flow φ from m0 − 1 into m0,
which is given by fm0−1 Im0−1 × Pm0−1 according to eq. (14.3.1). Making use of
(14.4.2) with m = m0, one obtains

φ/P0 =
∏m0−1

0
fn In/

∏m0−1

0
αn. (14.4.4)

By multiplying both sides by time t and by the number of starting molecules needed
to form one biomolecule, which is of the order of m0, and equating them to 10%,
we find that the time t needed to produce a quantity of biomolecules equal to 10%
of the number of starting molecules is 0.2 billion years if one takes f ∼ 0.1, the
geometric mean 〈α〉 ∼ 10 s−1 and m0 = 9. This is not an unacceptable value in
view of the duration of chemical evolution generally accepted, although we have
too much allowance for the assumed values of the parameters. (Considering that
the frequency factor ν is small due to slow and large relaxation in aqueous solution
as will be described later and that we are selecting RES with the longest lifetime,
we assumed 〈α〉 to be smaller than would usually be expected.)

The molecules m < m0 play an indispensable role as intermediate steps towards
biomolecules, in spite of their shorter lifetimes and hence of their relatively low
populations even in daytime. They will be called virtual molecules. When night
comes, their population diminishes to insignificance within their short lifetimes,
while the biomolecule population remains high even at night due to their long
lifetimes, as shown schematically in Fig. 14.3(b). It is conceivable that the virtual
molecules have so far been overlooked for this reason. A possible example of
a virtual molecule will be mentioned later on. It should be emphasized that a
significant number of biomolecules are inevitably formed during a long span of
time, so long as their lifetimes are much larger than seconds.
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14.5 Origin of natural selection and specific structure of biomolecules

We have seen that only a small number (“only one” in the simplified argument in
the foregoing section) of the channels selected out of a great number of possible
ones in multistep photochemical processes can lead successfully to the realization
of biomolecules, other channels of molecular growth dropping out on the way. The
similarity of this feature of the theory of chemical evolution to natural selection in
biological evolution, and its dissimilarity to any events in nonliving systems which
are not far from thermal equilibrium, leads us to support the postulate that natural
selection itself started in the very beginning of chemical evolution. The absence
of a clear-cut distinction between chemical and biological evolution lends further
support to this viewpoint.

“Selected channels” of photochemical processes imply the “selected (and hence,
specific) structures” of (virtual molecules and) biomolecules. Note that different
optical transitions and different environments lead to different directions of relax-
ation in the multi-dimensional C.C. space, and hence generally to different RESs,
namely, to different structures of newly-formed molecules in each step. The princi-
ple of selection is the longest-lived RESs or, more exactly speaking, the maximum
probability of survival for the next photoexcitation. This principle of “maximal path
probability” for the evolving system (far from equilibrium) is completely different
in character from the principle of “minimal free energy” (equivalent to “maximal
configurational probability”) governing systems in thermal equilibrium. In the lat-
ter case, the assemblage of (a few kinds of) a great number of identical atoms takes
the form, at low temperatures, of a spatially (three-dimensionally) periodic array –
the crystal lattice, as is realized by crystal growth from a melt or solution under a
near-equilibrium situation – the better the equilibrium, the better the crystal! Con-
versely, in the former, the structures realized are very peculiarly shaped, some irreg-
ular chain-like array of atoms. Quasi-one-dimensional structures of biomolecules
may be telling the history of their growth or evolution, while there is no trace of
“time” recorded in a crystal, except for example in the screw dislocation – a one-
dimensional structure reflecting the history of the crystal growth.

The fact that only twenty naturally-occurring species of amino acids are found
in biomolecules among the many more species which can be synthesized in the
laboratory may also be related to the different principles governing their forma-
tion as mentioned above. All species of amino-acid molecules in solution can be
considered to be metastable states with a finite lifetime, corresponding to the local
(instead of the absolute!) minima of the adiabatic potential surface on the multi-
dimensional C.C. space of the assembly of constituent atoms, while very few of
them, under solar radiation, have been realized through the selected channels from
the prebiotic soup to be established as real biomolecules.
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An indisputable argument based on a simplified model calculation shows how
miraculous it is for a biomolecule with a complicated structure to be formed spon-
taneously from simple nonbiotic molecules.7 As for the mechanism for this miracle
to be realized, D. Voet and J. G. Voet state it as follows, 8 “How then did life arise?
The answer, most probably, is that it was guided according to the survival of the
fittest as it applies to the molecular level.” The scenario, presented here, of multi-
channel photochemical reactions severely selected is a microscopic model which
substantiates their speculation, from natural selection at the molecular level to the
specific structures of biomolecules ascribable to it.

While the high chemical energy stored within molecules is an absolutely neces-
sary condition for living activities, it is by no means a sufficient condition for that.
However, it is physically and topologically obvious that long-chain biopolymers –
a necessary consequence of the above scenario – have a great number of metastable
configurations within a small interval of chemical energy and that this multistability
could cause a variety of readily changeable functionalities of the biopolymers as
is well known with the folding of protein molecules. It would be a long way, but
not desperately long, from this multistability to the living activities. However, it
should never be forgotten that all living activities, inclusive of self-replications and
even the so-called free-will behaviors of animals, are driven by the energy of solar
radiation indirectly as is obvious from the energy conservation law.

14.6 The roles of water in photochemical reactions

The vital importance of water for living organisms is obvious from the fact that more
than half the weight of the human body consists of water. Water has been existent
here on the surface of the earth ever since its formation and hence in the prebiotic
era as well: there is no geological record that the entire water on the earth was
ever frozen. The latter fact is attributed to the specific gravity of water which, as a
function of temperature inclusive of its ice phase, takes its maximum at 4◦C (instead
of the monotonic decrease with temperature in normal substances). The bottom of
the sea has always been kept at this temperature, even in the coldest era, with floating
ice on the surface of the sea. This anomalous temperature dependence, especially
the anomalous increase of specific gravity at melting, is due to the hydrogen bond
between adjacent water molecules which constitutes the main part of the cohesive
force in solid and liquid water. The hydrogen bond has a particular orientation
with respect to the bent H2O molecule, and an ice crystal (Ih) consists of an ordered
network of oriented hydrogen bonds which is a rather spacious structure (opposite to
the close-packed structure characteristic of van der Waals crystals). The order in the
network is gradually destroyed as temperature rises, contributing a finite decrease
in specific volume at the melting point and further continuous decrease up to 4◦C.
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Water is characterized also by its large specific heat (per gram) due to the small
mass M of an H2O molecule (note that one atom in condensed matter demands 3kB

specific heat at high enough temperature according to the Dulong–Petit law), which,
together with the large total amount of water on the earth, contributes a great deal
to keeping the surface temperature of the sea so moderate, somewhere between the
freezing and boiling temperatures of water. The hydrogen bond, which is essentially
due to the interaction between the permanent dipoles of the water molecule, is
weaker than any of the ionic, covalent and metallic bonds. This is responsible for the
low melting- and boiling-points of water compared to other crystals (except for van
der Waals crystals which are formed by an even smaller interaction between induced
dipoles of the molecules). As a result, under solar radiation, water evaporates readily
which in turn contributes to keeping the temperature of the water left behind not
too warm because of the heat of evaporation needed.

The weak hydrogen bond contributes to the large static dielectric constant of
water, εs/ε0 ∼ 80, and hence to the large absorption coefficient in the infrared
region as shown in Fig. 14.1(d). Most of solar radiation in the infrared region is
absorbed near the surface of water, while that in the visible to near UV region
can penetrate much deeper as is obvious empirically from the high transparency of
clean water and is also shown in Fig. 14.1 with a vanishing absorption coefficient in
this region. Photochemical reactions can take place at very deep locations in the
clean sea and lakes, and at less deep locations in contaminated ponds, which con-
tributes to equalizing the depth-integrated productivity.

The intense evaporation caused by the near-surface absorption of infrared light
results in a column of heated vapor in the atmosphere, ascending to a height h
where it counterbalances with the decreasing Boltzmann factor exp (−Mgh/kBT )
where g is the gravitational acceleration on the earth. (The H2 molecules are so
light and soared so high that most H atoms escaped the weak gravitational field
of the earth in its early age except those in a compound form such as H2O.) The
water vapor is cooled due to the adiabatic expansion under decreasing pressure
during ascension, becomes oversaturated and forms clouds, which will now drift
horizontally towards lower pressure. Such convection of vapor brings about rain-
and snow-falls elsewhere, resulting in river streams and waterfalls, contributing
to the averaging and moderating of the climate (inclusive of moisture) between
distant regions and different seasons. It is solar radiation that drives this circu-
lating convection, which in turn provides environments most favorable to the liv-
ing activities. A logically more proper statement may be that living organisms
were created under, and evolved to adapt to, these environments. Nevertheless,
the environments seem to be so wonderfully suited for the creation and evolu-
tion of living organisms that such would be seldom found elsewhere in the entire
universe.
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Let us now consider the more microscopic aspects of the roles of water in the
creation of life. In this respect, the experimental study by Miller9 on the synthesis of
biomolecules by an electric discharge in a gas mixture of simple abiotic molecules
is very important. The high production of biomolecules in a relatively short time
indicates that the molecular ions produced and accelerated by an electrostatic po-
tential drop of several hundred volts which promoted their mutual collision played
an essential role in driving the chemical reactions.

The photon energies of solar radiation are, at most, several electron volts, which
are not enough to directly electrolyze water whose fundamental absorption band is
above 8.3 eV (see Fig. 14.1(d)). However, some of the prebiotic molecules or ions
which were presumably dissolved in the premordial sea or ponds may have had
absorption bands within the spectral range of solar radiation. They could then not
only play the role of a catalyst in electrolyzing water but could also form a chemical
bond with solvent ions as will be speculated below.

Because of the extremely high dielectric constant, εS/ε0 ∼ 80, of water as a
solvent, the screened Coulomb interaction, ±e2/4πεSr , between two electronic
charges at distance r is as small as 0.027 eV at r ∼ 5 Å, being of the same order as
the thermal energy kBT on the earth. This is a favorable situation both in promoting
and moderating the chemical reactions between ionic and/or dipolar molecules
which are of vital importance for living activities. However, the screening between
two molecular ions or dipoles which are adjacent to each other in aqueous solution is
much less effective due to the breakdown of the continuum model at this microscopic
distance, the effective screening constant being somewhere between 1/ε0 and 1/εS.
For this reason, a molecular ion with small radius is combined with an adjacent
water molecule with binding energy (point–dipole interaction) several to ten times
greater than kBT , forming, so to speak, a molecular cluster – the hydration effect.
For example, a proton H+ in water exists only in the form of the oxonium ion:
H3O+. It is to be noted in passing that the energy of the hydrogen bond in water
consisting of dipolar (or almost point–dipole) interactions is 0.26 eV, as can be
estimated from the vaporization energy of water.

Let us now remind ourselves of the fact that sodium chloride is automat-
ically hydrolyzed into ions as it is dissolved in water. This takes place be-
cause the hydration energies of the anion and cation exceed the binding energy
of the sodium-chloride crystal per pair of ions. Returning to our problem, the
photoexcited electron (in LUMO – lowest unoccupied molecular orbital) of any
solute molecule M has a much smaller binding energy than in the ground state
(HOMO – highest occupied molecular orbit), and might be ionized to form a hy-
drated electron leaving the hydrated M+ ion behind provided that the sum of their
hydration energies exceeds the binding energy of the excited electron (see Fig. 14.4).
A similar process, photo-induced self-decomposition of an electron and a hole,
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Fig. 14.4 A conceivable example of successive photochemical reactions (upper) which
substantiates the unspecified scheme of Fig. 14.2 with the chemical reaction formulas
shown for individual (middle) and entire (lower) steps. Hydration constitutes the main part
of the relaxation here. Patterns like ∧ and ∨ denote water molecules participating in the
hydration, two of which are shown together with their atomic constituents: H+ and O−.

is known to arise even in condensed matter as was mentioned in Section 13.2
(see Fig. 13.3(c) and (d+d ′)). Because the distance from M+ to an adjacent water
molecule is contracted due to the hydration effect (this is a simplest example of
the virtual molecule introduced in Section 14.4), it is conceivable that the electron
on the water molecule is readily excited into the LUMO of M+ (electron transfer)
by absorbing the second photon, forming neutral M on one hand and breaking one
of the O–H bonds of the water on the other. The corresponding H+ would then
be hydrated, leaving the compound MOH behind (one can expect a weak bond
between M and OH since the new LUMO of M+ extends to the O− part of OH,
O− being still electronegative). The third photon would then excite the electron
in the LUMO of M+ back to OH, forming OH− which would then be hydrated.
The final products after the three-photon absorption are M+, H+, OH− and an
electron, all being in the hydrated state. If the electron returns to M+, which takes
place without energy supply, the final result of the three-photon absorption is the
decomposition of a water molecule into H+ and OH−, with M as a photocata-
lyst. The H+ and OH− ions will play important roles in further photochemical
reactions.



14.7 Some remarks and further speculations 387

The metallic ions such as Fe++ and Mn++ which were, like Na+, dissolved in
the prebiotic soup due to natural hydration, are expected to play the same role
as M+ in the above series of reactions (so that one can start from the second
step), and to contribute as catalyst to the multiphoton decomposition of water. It
is interesting to note in this connection that the decomposition of water by four-
photon absorption, with the Mn cluster as catalyst, has been observed in a more
complicated photosystem II.10 As for the catalyzed photosynthesis of biomolecules,
we refer to the study of Bard et al.11 with titanium-oxide powder as the catalyst.

It is conceivable that a similar mechanism of photoliberation of H+ and OH−

from solvent molecules is acting in the condensation polymerization of amino
acids to protein and so on, which otherwise can take place only under limited
conditions – a well-known difficulty in the experimental study of the chemical
evolution of biomolecules to biopolymers. Recently, Matsuno and others12 observed
oligomerization of a peptide making use of a rapid cooling device similar to the
hydrothermal vent. As for photopolymerization, Onoe and Kawai13 made use of
powders of TiO2 and other semiconductors as a photocatalyst.

A more concrete scenario of multistep photochemical reactions is left for future
study.

14.7 Some remarks and further speculations

In the foregoing argument, we have tacitly assumed, as a first approximation, that
solar radiation as the energy source, water as the medium of the multistep photo-
chemical reactions and the atmosphere as the environment stayed unchanged ever
since the origin of life. In fact, the solar radiation in the primordial time is supposed
to have been somewhat less intense (except in the ultraviolet spectral region) but
not so much as to affect our qualitative argument, and water has been essentially in
the same situation as already mentioned.

In contrast, the atmospheric condition changed significantly: the partial pressure
P of CO2 in the primordial earth is supposed to have been much greater than at
present while there was little O2 before two billion years ago. Although the pressure-
dependent part of the free energy (per molecule) of gas, kBT ln P,14 has no serious
effect on our estimation of the chemical energy of biomolecules per atom (∼eV)
so long as the pressure change is within a thousand times, the scarcity of oxygen
in an earlier era should be considered more carefully (this is the point we remarked
on in Section 14.3). The living organisms in an early era were unable to perform
such a wide range of oxygen-consuming living activities as at present although
they were fortunately not exposed to dangerous attack by oxygen. Presumably,
the chemical reactions and the way of acquiring energy in the origin and early
evolution of living organisms were different from those in a later era, with much
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lower activities. This is one of the points which make it difficult to extrapolate our
arguments straightforwardly from the present back to the primordial time. It seems
reasonable to confine our argument based on the estimation of chemical energy of
biomolecules in Section 14.2 to the last two billion years, although prior to that we
assume successive photochemical reactions with a smaller energy aquisition which
evolved over time to the much more efficient photosynthesis of the present form.
This evolution of functionality towards higher efficiency is nothing other than the
result of natural selection which was built in at the very beginning of chemical
evolution as described in Section 14.5. Darwinism is omnipresent in the living
world.

According to recent studies,15 respiration was already started by the common
ancestor of bacteria and archaea (before the appearance of photosynthesis, contrary
to the earlier supposition) with the use of oxygen produced by abiotic photolysis of
water, indicating the existence of dilute oxygen as early as more than three billion
years ago. Then photosynthesis was started by some bacteria, initially without
oxygen generation, and later on cyanobacteria or its ancestor started photosynthesis
with oxygen generation.16 The oxygen thus generated in the water was initially used
to oxidize Fe++ ions dissolved in water into Fe2O3 which was sedimented and piled
as stratified deposits now found worldwide as the main source of iron. It was only
after having oxidized the entire Fe ions in water (about 1.7 billion years ago) that
the oxygen generated started to be stored in the atmosphere.

According to a quantitative estimation by Akiyama,17 the total carbon weights of
living and dead organisms which amount to 4.57 × 1017 g and 3.7 × 1018 g, respec-
tively, are much smaller than that of organic carbons such as coal and petroleum
piled in the strata which amounts to 1.3 × 1022 g. Only 3.4% of the oxygen gen-
erated from inorganic material by photosynthesis exists as atmospheric oxygen,
the remainder has been used to oxidize Fe ions in the sea as mentioned above. Of
the present atmospheric oxygen, only a small part (0.1%) results from the photo-
synthesis of living (and already dead) organisms, the remainder coming from the
photosynthesis of coal and petroleum. This is consistent with our proposed scenario
of multistep photochemical reactions with severe competition for energy storage.
Among the competitors, those products which piled as sediments at the bottom
of the sea (the high transparency of water in the wide spectral region as seen in
Fig. 14.1 may have helped this), being unable to react with the atmospheric oxygen
for further living activities in spite of their success in storing energy, constitute the
greatest part of the petroleum available at present. Here are also the (nonliving)
organisms which have stored a great amount of solar energy in the form of chem-
ical energy. In view of the enormous amount of petroleum available on the earth
on the one hand and the severe competition among different channels on the other,
the proposed scenario of identifying the petroleum with the “never-born brothers”
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of living organisms seems more natural than the prevailing scenario identifying it
with dead once-living organisms.

While natural selection in chemical evolution under solar radiation is a miniature
version of that in biological evolution according to the retrospective analogy pre-
sented in Section 14.5, we suggest that the former developed into the latter according
to the law of causality. If we are allowed to extend this sort of reasoning, we can
even infer that the molecular processes taking place in chemical evolution (which
can be well described by the physical principles) are the precursors or the embryos
of the living activities appearing later on in biological evolution. This is borne out
by a few examples presented in the following.

In the first place, we imagine that the multistep photochemical reactions proposed
above as the origin of life evolved later to the much more efficient photosynthesis
exhibited by cyanobacteria and finally to the present form of photosynthesis by
plants. In proceeding from the second to the third stage, it seems, according to the
symbiosis theory,18 that the photosynthesizing cyanobacteria evolved into another
type of bacteria, endowing the photosynthetic function to the latter as the chloroplast
of the eurocaryotic cell which later evolved into plants – autotrophes. Another type
of eucaryotic cell, formed by symbiosis of bacteria which had lost the function of
photosynthesis such as mitochondrion, evolved into animals – heterotrophes. The
former is directly driven by the solar radiation, while the latter, being fed by the
former, is driven indirectly.

As a second example, the annealing of a photostructural change by thermal
treatment or infrared absorption as seen in condensed matter (see channels 1 and 2
in Fig. 13.7) as well as a photochemical reaction (see channel α1 and M1RQ0 in the
left part of Fig. 14.2) is imagined to have evolved to the well-known biological fact
that the fatal mutation in a gene caused by ultraviolet irradiation can sometimes be
healed by thermal treatment with visible (or infrared) irradiation.19

For the third example, the fact that the human visible region coincides with
the spectral region of intense solar radiation (see Fig. 14.1(c)) implies that visual
pigments evolved under solar radiation so as to be better suited to survival in
accordance with natural selection, which originated in the multistep photoreaction
under solar radiation in its molecular stage.

Thus we expect that physical and chemical studies of the origin of life on the
molecular level make a contribution to the final elucidation of the living activities
in the biological stage which would not be obtained by retrospective studies alone.

In conclusion, we want to compare the photochemical evolution described in
Sections 14.3, 14.4 with the thermodynamic Carnot cycle. Common to them is that
the working material is driven between high- and low-temperature heat reservoirs
(between the solar radiation with 5900 K and the earth environment with 290 K
in the former). While the former is a microscopic stochastic process in the open
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material system, the latter is a macroscopic and deterministic process with the
closed working material. While the chemical energy is stored within the matter at
each step of the photochemical reactions in the former, the mechanical work is done
upon the external system in each Carnot cycle with no storage of energy within the
matter. As a result, the matter evolves chemically in the former, performing living
activities with the use of its stored chemical energy, while it does not evolve in the
latter. However, the chance of successful photochemical change is extremely small
in the former, resulting in the law of natural selection on the one hand and making
the time-span of biological evolution very long on the other. The latter seems to be
of vital importance for the appearance of highly intellectual animals.

In this sense, the living world is the most wonderful gift of the Heaven to the Earth.



Appendix 1

Derivation of exciton Hamiltonian
from many-body Hamiltonian

In order to derive the matrix representation of the one-electron excitation energy,
eq. (8.3.3) of the text, it is more convenient to make use of the second quantization
formalism (see Chapter XIII of Ref. [2] in Chapter 2) than to resort to the algebra of Slater
determinants as was done in the original paper by Wannier.1 Denote by �(r) and �†(r) the
operators for annihilation and creation, respectively, of an electron at position r
(c-number) which obey the anit-commutation rules for Fermi particles:

[�(r ), �†(r ′)]+ ≡ �(r )�†(r ′) +�†(r ′)�(r ) = δ(r − r ′),
(A.1)

[�(r ), �(r ′)]+ = [�†(r ), �†(r ′)]+ = 0.

One can then write the Hamiltonian for a many-electron system as

H = H(1) + H(2) =
∫

dr�†(r ) h(p, r )�(r )

+ (1/2)
∫∫

drdr ′�†(r )�†(r ′)v (r − r ′)�(r ′)�(r ) (A.2)

with the use of the one-electron Hamiltonian h(p, r ) = −(��h2/2m)∇2+ (periodic potential
due to all nuclei) and the interelectron Coulomb potential v(r − r ′) = e2/4πε0|r − r ′|.

The operator �(r), as a function of the variable r, can be expanded in terms of complete
sets of orthonormal functions, firstly with the Bloch orbitals ψνk(r) and secondly with the
Wannier orbitals φν(r − Rn) (the notation used only in this Appendix, instead of
aν(r − Rn) used in Chapters 7 and 8, in order to distinguish it from the annihilation
operator a defined below), as follows:

�(r ) =
∑

νk
aνkψνk(r ) =

∑
νn

aνnφν(r − Rn). (A.3)

where aνk and aνn are annihilation operators of an electron in the Bloch state (νk) and the
Wannier state (νn), respectively, and are related by

aνk = N−1/2
∑

n
exp(−ik · Rn)aνn (A.4)

as can be confirmed with the use of (7.1.4). They satisfy the anti-commutation relations

[aνk, a
†
µk ′]+ = δνµδkk ′, [aνk, aµk ′]+ = [a†

νk, a
†
µk ′]+ = 0 (A.5)

which follow from (A.1).
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We will hereafter use band indices µ for the filled band, ν for the empty band, and λ for
any band without such specification. The ground state of this system within the
one-electron approximation is given by

|g〉 =
∏

µ ′k a†
µ ′k|0〉, (A.6)

where |0〉 denotes the vacuum state and µ ′ runs over all the filled bands. Let us then
consider the excited state a†

νkaµk ′|g〉 in which an electron has been raised from the (µ, k ′)
state to the (ν, k) state. The total wave number K of this state is given by k − k ′. Since K is
a quantum number of the translationally symmetric Hamiltonian (A.2), an eigenstate |e〉
within the subspace of one-electron excitation can be written as a linear combination of
the above-mentioned excited states with all possible sets of (k, k ′) with a fixed value of
k − k ′ = K . We confine ourselves to a single set of (ν, µ) for Section 8.3, leaving more
general treatments with linear combination on (ν, µ) for Section 8.5. Then we have

|e〉 = B†|g〉 ≡
∑

k
f (k)a†

νkaµk−K |g〉 (A.7)

= N−1/2
∑

m�
exp(i K · Rm)F(R�)a

†
νm+�aµm |g〉. (A.7a)

The coefficients f (k) and F(R�), which are related through

f (k) = N−1/2
∑

�
exp(−ik · R�)F(R�), (A.8)

will be normalized as ∑
k
| f (k)|2 =

∑
�
|F(R�)|2 = 1. (A.9)

Equation (A.7a) represents the state in which an electron in the ν band and a hole in the µ
band make relative motion with wave function F(R�) and translational motion with wave
vector K – a reduction of the N -body problem to a two-body problem. What is then the
Schrödinger equation for the wave function F(R�) or f (k) of the relative motion?

For a given Hamiltonian H and a known ground state |g〉 of a many-body system, the
following method for finding excited states |e〉 and excitation energy E = Ee − Eg is in
order: putting |e〉 = B†|g〉 with an appropriate operator B†, one can rewrite the
eigenequation for |e〉 as

0 = (H − Ee)|e〉 = (HB† − Ee B†)|g〉 = ([H, B†]− + B†H − Ee B†)|g〉.
With the use of H|g〉 = Eg|g〉, the equation for B† is immediately obtained:

[H, B†]−|g〉 = E B†|g〉. (A.10)

Multiplying 〈g|a†
µk ′−K aνk ′ by that equation obtained by putting B† of (A.7) into (A.10),

one gets the equation for f (k) ∑
k

Hk ′k f (k) = E f (k ′) (A.11)

with the effective hamiltonian H defined by

Hk ′k ≡ 〈g|a†
µk ′−K aνk ′[H, a†

νkaµk−K ]−|g〉. (A.12)

Let us now calculate (A.12). Making use of the commutation relations

[�(r ), a†
νkaµk−K ]− = φνk(r )aµk−K

(A.13)
[�†(r ), a†

νkaµk−K ]− = −φ∗
µk−K (r )a†

νk
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obtained from (A.3) and (A.5) we can immediately calculate that part of the commutator
in (A.12), which originates from the one-body Hamiltonian H(1), as follows:

[H(1), a†
νkaµk−K ]− =

∑
λ
(hλνka†

λkaµk−K − hµλk−K a†
νkaλk−K ). (A.14)

In deriving (A.14), we have put the matrix elements of h in regard to the Bloch state as
hλk ′,νk = δkk ′hλνk since the translationally symmetric h should be diagonal in k.
Considering the occupancy in the ground state |g〉, we see that only λ = ν and λ = µ
respectively in the first and the second terms of (A.14) contribute to (A.12), with the result:

H (1)
k ′k = δk ′k(hννk − hµµk−K ). (A.15)

The contribution of the two-body Hamiltonian H(2) to the commutator in (A.12) can be
calculated, by repeated use of (A.13) (twice with � and twice with �†), as

[H(2), a†
νkaµk−K ]− =

∫ ∫
drdr ′�†(r )�†(r ′)v�(r ′)φνk(r )aµk−K

−
∫ ∫

drdr ′�†(r )φµk−K (r ′)a†
νkv�(r ′)�(r ), (A.16)

which, in turn, is to be put into the expression for the effective Hamiltonian

H (2)
k ′k = 〈g|a†

µk ′−K aνk ′
[H(2), a†

νkaµk−K
]
−|g〉. (A.17)

With the use of the expansion (A.3), the contribution of the first term of (A.16) to (A.17)
can be written as ∑

λ1k1λ2k2λ3k3
vλ1k1λ2k2λ3k3νk

×〈g|a†
µk ′−K aνk ′a†

λ1k1
a†
λ2k2

aλ3k3 aµk−K |g〉 (A.18)

with

vλ1k1λ2k2λ3k3λ4k4

≡
∫∫

drdr ′φ∗
λ1k1

(r )φ∗
λ2k2

(r ′)v(r − r ′)φλ3k3 (r ′)φλ4k4 (r ). (A.19)

It is convenient to study the diagonal (k ′ = k) and non-diagonal (k ′ �= k) matrix elements,
separately.

With k ′ = k, the expectation value 〈g| · · · |g〉 in (A.18) is nonvanishing only in the
following two cases [the value being +1 in (i) and −1 in (ii)]:

(i) (λ1k1) = (νk), (λ2k2) = (λ3k3) ≡ (µ ′k ′′)
(ii) (λ2k2) = (νk), (λ1k1) = (λ3k3) ≡ (µ ′k ′′)

where (µ ′k ′′) runs over all the occupied (in the ground state) Bloch states except
(µ, k − K ). The corresponding contribution from the second term of (A.16) can be
calculated in the same way. One gets altogether:

H (2)
kk =

∑
µ ′k ′′(�=µk−K )

[(vνkµ ′k ′′µ ′k ′′νk − vµ ′k ′′νkµ ′k ′′νk)

−(vµ ′k ′′µk−Kµk−Kµ ′k ′′ − vµ ′k ′′µk−Kµ ′k ′′µk−K )]. (A.20)

When k ′ �= k, only the following terms are nonvanishing in (A.18):

(i) (λ1k1) = (νk ′), (λ2k2) = (µk − K ), (λ3k3) ≡ (µk ′− K ),
(ii) (λ1k1) = (µk − K ), (λ2k2) = (νk ′), (λ3k3) ≡ (µ ′k ′− K ).
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Since the second term of (A.16) contributes nothing, one immediately obtains

H (2)
k ′k = −vνk ′µk−Kµk ′−Kνk + vµk−Kνk ′µk ′−Kνk (k ′ �= k). (A.21)

Let us now choose the one-electron wave function φνk(r ) to be the self-consistent
solutions of the Hartree–Fock equations:

hH.F.φλk(r ) ≡ h(p, r )φλk(r ) +
∑

µ ′k ′′

∫
dr ′v(r − r ′)φ∗

µ ′k ′′(r ′)

×[φµ ′k ′′(r ′)φλk(r ) − φµ ′k ′′(r )φλk(r ′)] = ελ(k)φλk(r ). (A.22)

The solutions of (A.22) provide the Bloch functions not only for filled bands(λ = µ ′) with
the occupancy (A.6) but also for empty bands (λ = ν ′). Being eigenfunctions of the
common Hermite operator hH.F., they altogether form a complete orthonormal set. With
the use of (A.19, A.22), one can write the one-electron energy as

ελ(k) = hλλk +
∑

µ ′k ′′(vλkµ ′k ′′µ ′k ′′λk − vµ ′k ′′λkµ ′k ′′λk). (A.23)

The results (A.15, A.20, A.21) can be combined, with the help of (A.23), to give the
explicit form of the effective Hamiltonian H = H (1) + H (2):

Hk ′k = δk ′k[εν(k) − εµ(k − K )]
−vνk ′µk−Kµk ′−Kνk + vµk−Kνk ′µk ′−Kνk. (A.24)

It implies the motion of an electron in the ν band and a positive hole in the µ band with
attractive Coulomb and repulsive exchange interactions, with the total wave vector being
kept constant ([k − (k − K )] = K ). Note that the signs of the two kinds of interactions in
this electron–hole system are reversed as compared to the two-electron system.

Equation (A.24) represents a particular case of eq. (8.3.3) of the text in which both the
conduction and valence bands are non-degenerate (µ = µ ′, ν = ν ′). The generalization to
the degenerate case of eq. (8.3.3) itself will be left for the reader.



Appendix 2

Transient spectra for second-order optical processes

We have derived in Sections 11.4 and 11.5 the stationary and time-resolved spectra,
respectively, of the second-order optical process of a localized electron. There is another
type of spectrum studied by Kayanuma:2 the transient spectrum in which one switches on,
at t = 0, the excitation light with angular frequency �1 (= photon energy since we put
� = 1 in those sections) and observe the response at a subsequent time t (under continual
excitation for t > 0), in contradistinction to a pulse excitation at t = 0 in the case of the
time-resolved spectrum. The transient spectrum has the merit of a coexistent light
scattering component and a time-integrated (from 0 to t) emission spectrum at finite t (as
the result of a suitable compromise under the uncertainty principle), as shown in
Fig. A2.1(a) and (b) after a half-cycle and one cycle (T ≡ 2π/ω), respectively, of the
interaction mode (as indicated by the clock) for the case of a strongly coupled localized
electron. Note the coexistence of an increasingly resolved phonon structure of the light
scattering component (left) and the time-integrated emission band (middle and right)
reflecting the to-and-fro motion of the relaxing interaction mode.

The transient spectrum tends to a stationary spectrum in the limit of t → ∞ as it should.
Through this limiting procedure one can single out more directly the hot-luminescence
component as shown by the broken curve in Fig. A2.2, although the component is included
in the expression (11.4.36) and Fig. 11.5 for the stationary spectrum in a less explicit way.
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Fig. A2.1 The transient spectra of the resonant secondary radiation for a strongly coupled
electron–phonon system, (a) at t = 0.5T and (b) at t = T after the switching on of the
excitation light, where T ≡ 2π/ω is one cycle of the interaction mode. The parameter
values are S = 40, γ /ω = 5 × 10−5 and �1 = Ea. Due to Kayanuma.2
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Fig. A2.2 The stationary spectrum of the resonant secondary radiation for a strongly coupled
electron–phonon system. The hot-luminescence component is shown by broken lines. The
parameter values are S = 40, γ /ω = 5 × 10−5 and �1 = Ea. Due to Kayanuma.2
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4 D. Fröhlich, Comments on Solid State Physics 4, 179 (1972).
5 M. Goeppert-Mayer: Ann. Physik 9, 273 (1931).
6 W. Kaiser and C. G. B. Garret, Phys. Rev. Lett. 7, 229 (1961).
7 R. Braunstein, Phys. Rev. 125, 475 (1962).
8 R. Loudon, Proc. Phys. Soc. 80, 952 (1962).
9 J. J. Hopfield, J. M. Worlock and K. Park, Phys. Rev. Lett. 11, 414 (1963).

10 M. Kahm and Ch. Uihlein, phys. stat. solidi (b) 87, 575 (1978).
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20 D. H. Fröhlich, Proc. 10th Int. Conf. on Physics of Semiconductors, 1970, Cambridge,
Massachusetts (US Atomic Energy Commission, 1970) p. 95.
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26 D. Fröhlich, Two and three photon spectroscopoy in solids, in Proc. Todai 1995 and

5th ISSP Int. Symp. on Frontiers in Laser Physics and Spectroscopy, S. Watanabe, ed.
(Pergamon, 1996), p. 29.
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anion vacancy, 326
anisotropic exchange energy, 246
annihilation, 293
annihilation operator, 20, 32, 35, 336, 391
anomalous dispersion, 240
antibonding orbital, 188, 322, 324–325, 368
anticommutation rule, 391
antiferromagnetic order, 340
anti-neutrino, 106
antisite atom, 359, 368
aromatic molecule, 352
aromatic molecular crystal, 186, 226, 229
asymmetric Lorentzian lineshape, 198–199
atomic orbital, 286, 325
attenuation coefficient, 136
Auger photoelectron, 298
Auger process, 293–295, 298
Auger width, 295
Auger-free luminescence, 296–297

autotrophs, 389
average t-matrix approximation (ATA), 215
averaged oscillator strength per state (AOSPS), 221,

225
azimuthal quantum number, 322

bacteria, 388
bandgap, 40, 79, 109–110, 117, 127, 329, 333
basic lattice vector, 72
basic reciprocal lattice vector, 72, 77
biexciton (see excitonic molecule)
binding energy of core electron, 299
binding energy of excitonic molecule, 279–281
biological evolution, 382, 389
biomolecule, 372, 382
biopolymer, 380, 383, 387
bistability, 321–322, 335, 359–370
Bloch function (orbital), 107, 110, 118, 350, 392
Bloch theorem, 107, 124
Boltzmann distribution, 7, 24
bond breaking, 298, 368
bonding orbital, 188, 286, 324–325, 368
Born approximation, 102
Born–Oppenheimer approximation, 40–42
boson (Bose particle), 20
bound exciton, 141, 215
“bra” vector, 17, 26
Bremsstrahlung, 284
Brillouin scattering, 274
Brillouin zone (boundary), 73, 118, 277
broken parity, 328

cancellation of oscillator strength, 287
cancellation of potential, 287
canonical equations of motion, 4–6, 31–33
canonical transformation, 156
carbohydrate, 372
Carnot cycle, 389
carrier, 109
catalyst, 371, 387
causality, 89, 93, 389
central cell correction, 112
centrifugal potential, 288–289, 322
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charge density, 2, 100
charge density wave (CDW), 347, 353, 356
charge transfer, 335, 347
charge transfer compound, 335
charge transfer exciton, 342, 355
charge transfer insulator, 356
chemical energy, 372–378, 387–388, 390
chemical evolution, 375, 378–383, 387–389
chemical reaction, 285, 373, 385
chemical shift, 284, 299
chlorophyll, 373, 378
chloroplast, 389
circularly polarized light, 103, 244
cis form, 335
closed shell, 325–326, 335, 352
c-number, 11, 90
coal, 388
coherence, 239
coherent light, 29
coherent potential approximation (CPA), 137–138,

202, 215, 356
cohesive energy, 87
color center, 149
commutation relation, 11, 16, 22, 37, 156, 392
commutativity, 156
commutator, 11, 392
complementarity, 22
completeness, 74
compound semiconductors (III–V), 186, 226, 324,

366–369
compound semiconductors (II–VI) 226, 229, 273,

274, 281
Condon approximation, 44, 48, 56
conduction band, 108–109
conductivity spectra, 137
configuration coordinate (C.C.) model, 45–47, 212,

297, 320, 329, 344, 375
configuration interaction, 119
conjugate operator, 12
conjugate polymer, 283
conjugate variable, 6
continuity equation, 2
continuum model (for self-trapping), 176, 360
cooperative excitation, 343
coordination number, 334
core electron, 127, 284
core exciton, 79
core hole, 293, 296
core hole–valence exciton complex (CHVXC),

303
corpuscular picture, 133
correlation effect, 167, 283, 308
correlation function, 256–257
correlation of absorption and emission spectra,

213–220, 262–270
correlation time, 257
correspondence principle, 19,
coupled wave, 133, 134
coupling coefficient, 45–46, 54, 58, 62, 173
coupling function, 46, 193, 205–206
coupling strength, 49, 50, 65, 213

covalent bond, 73, 279, 321–324, 368
covalent crystal, 108, 324
creation operator, 20, 32, 35, 311, 391
cross luminescence, 296
crystal field, 132
cumulant, 229, 256, 267, 300, 305–306
cuprous halide, 117, 131, 132, 136–137, 279–282
cuprous oxide, 117, 272, 280–282
cyanobacteria, 388–389
cyclic boundary condition, 5, 12, 70, 73, 93, 108
cyclotron resonance, 152, 155

damping, 136
Darwinism, 388
Davydov splitting, 116
de Broglie wavelength, 41
Debye–Waller factor, 292
defect, 360–361
defect formation, 285
deformation potential, 169, 177, 360
degeneracy, 29, 54, 128
degree of asymmetry, 199
degree of ionicity, 335
degree of localization, 178
delocalization, 138
delocalized exciton, 193
density matrix, 23–27, 250, 262
density of states, (DOS), 139, 221
dephasing, 47
depolarizing field, 80–83, 96–98, 101, 116, 135
desorption, 286, 298
detailed balance, 379
Dexter–Klick–Russel criterion, 331–332
diamond structure, 108, 324
dielectric constant, 2, 89, 96, 133, 136, 291, 384–385
dielectric continuum, 117, 168, 177,
dielectric dispersion, 77, 133–134
dielectric function, 80
dielectric tensor, 103, 106
difference frequency generation, 240
dilation field, 169, 177, 360
dilation, 169
dimerization, 321, 336–338, 341–342
dipole approximation, 34
dipole–dipole interaction, 114–115, 122, 333,

342–344
direct exciton transition, 196, 272
direction of polarization, 5, 242–243
disorder-assisted transition, 148
dispersion 70, 133–134
dispersion relation (K.–K. relation), 95, 127, 136–137,

302
dissociation, 298
D method, 96, 98, 123, 149
donor, 109, 335
donor state, 110
d-subshell, 308
Dulong–Petit’s law, 384
DX center, 359, 367
dynamical coherent potential approximation (d-CPA),

176, 223
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effective charge, 78, 82–83
effective mass, 150
effective mass approximation, 110, 122
effective mass tensor, 111, 276
eigenfunction, 13
eigenvalue, 13, 16
eigenvalue problem, 15, 16
Einstein–de Broglie relation, 21
EL2 center, 367, 369
elastic (Raylegh) scattering of light, 241, 251–252
elastic compliance, 71
elastic continuum, 72, 168, 177
electric current density, 2
electric dipole moment, 34
electric field, 1
electric flux density, 1
electric polarization, 133, 153
electric quadrupole moment, 105
electric susceptibility, 89, 96, 123
electrolysis, 385
electromagnetic field, 1, 133
electromagnetic wave, 1, 3
electron affinity, 112, 146, 321
electron bubble, 187
electron energy-loss spectra (EELS), 102
electron gas, 83, 100
electron nuclear double resonance (ENDOR), 327
electron spin resonance (ESR), 168, 188
electron–hole drop, 280
electronic dielectric constant, 65, 80, 302, 360
electronic polarization, 80, 162, 302
electronic polaron, 162–168, 291, 302
electron–phonon coupling constant, 173
electron–phonon interaction, 40–68, 149–162,

168–191, 254–279, 326–370
electrostatic instability, 336–337
elementary excitation, 10, 69, 113, 118, 132,

192, 284
elementary process, 135, 247
E method, 96–97, 123, 149
emission process, 28, 33–35
emission spectrum, 30
energy band, 107
energy (potential) barrier for self-trapping, 179, 183,

195, 219, 333, 359–360, 366
energy density of electromagnetic field, 2, 3
energy gap, 296, 340, 353
ergodic theory, 52, 252
ergodicity, 263, 266
eukaryotic cell, 389
evolution, 381
exchange energy (isotropic), 122
exchange interaction, 62, 119, 121, 128–132,

318, 394
excimer, 186, 189, 322, 335
excimer laser, 323
excitation spectrum, 265, 272
exciton, 113–148
exciton band, 115, 217, 291
exciton bubble, 188–189
exciton gap, 329

exciton polariton, 137
exciton sideband, 167
excitonic molecule (biexciton), 279–282
excitonic string, 342–344
exciton–LO-phonon bound state (EPBS),

208, 303
exciton–phonon coupling constant, 219
exciton–phonon instability, 332
exciton–phonon interaction, 194–195, 271–278,

296–298
expectation value, 11, 25, 27
extended X-ray absorption fine structure (EXAFS),

292, 334
extrinsic self-trapping, 186, 359–366
extrinsic semiconductor, 109

F band, 53
F center, 53, 326–328, 366
F′ center, 366
face-centered-cubic (f.c.c.) lattice, 73
false ground state, 321, 355
Fano effect, (antiresonance), 193, 199, 310, 316
fat, 372
Fermi distribution, 101, 357
Fermi edge singularity, 307, 310
Fermi energy, 101, 109, 309, 317, 368
Fermi wave number, 101, 353
Fermi’s gloden rule, 33, 151
fermion (Fermi particle), 391
first Brillouin zone, 73, 107, 292
fluctuation–dissipation theorem, 149, 301
forbidden band (see also bandgap), 110
forbidden band edge type (second class of exciton)

absorption 125, 242, 245
force range, 168, 177–178
form factor of exciton–phonon interaction, 194
Franck–Condon principle, 43, 218, 343, 363
Franck–Condon state, 45, 210, 319, 323, 375
Franz–Keldysh effect, 216
free-electron model of metals (Drude–Sommerfeld

theory), 97, 304
free energy, 25, 48, 343, 375–376, 379, 387
Frenkel defect, 330, 332
Frenkel exciton, 113, 138, 333
frequency, 3
Friedel sum rule, 306
frustrated spin, 352
F–S discontinuity line, 180, 184–185, 362, 365
f-subshell, 308,
F-type emission, 177, 183, 219, 226–227, 246
full width at half-maximum, 136, 200

Gaussian lineshape, 57, 220
gene, 389
generating function, 50, 300, 315
germanium, 108
giant band, 287
giant oscillator strength, 141, 145, 216, 281
giant two-photon absorption (GTA), 279–281
glass, 334
glide symmetry, 76
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hard core, 69
harmonic oscillation, 6, 19, 71
harmonic oscillator, 6, 10, 15, 23–24, 75
Hartree–Fock approximation, 118, 167, 299
Hartree–Fock equations, 394
H-center, 326, 328
Heisenberg equation of motion, 13, 15, 19, 37
Heisenberg picture, 13, 19, 25, 90
Heisenberg representation, 90, 252, 256
Heitler–London theory, 325, 346, 349
helical structure, 76, 104
helicity, 105–106
Hermite operator, 12, 32
Hermiticity, 13, 90
heterotrophs, 389
hexagonal-close-packed (h.c.p.) lattice, 73
highest occupied molecular orbital (HOMO),

385
hole-mediated bond, 327
homochirality, 103
homogeneity, 90
hot luminescence, 31, 47, 259, 395
Hubbard band, 283
Hubbard Hamiltonian, 346
Hubbard–Peierls system, 353
Hückel’s 4n+2 rule, 352
Hund–Mulliken theory, 346, 349
hydration, 385–387
hydrogen bond, 383–384
hydrolysis, 385
hydrothermal vent, 374, 387
hyper-Raman scattering, 279–282

impurity band, 145
impurity center, 53
impurity cluster, 148
impurity percolation, 363
inactive mode (for J-T splitting), 56–57
incoming resonance, 272
incomplete (sub)shell, 308–309
indirect absorption edge, 200
indirect exciton (transition), 196, 235, 274, 280
induced emission, 28–29
inelastic light scattering, 252
inelastic X-ray scattering, 318
infrared active, 81
infrared divergence, 306, 310
inner shell, 284–286, 293
insulator, 109
interaction mode, 45, 53, 218, 332, 353, 355, 375,

377, 395
interaction representation, 90
interatomic bond, 319, 322, 375
interatomic forces, 69, 319
interatomic potential, 69
interband transition, 124
interbond angle, 326
interchain coupling, 341
interference effect between exciton lines, 196
intermediate coupling theory of polaron, 155
intermediate state resonance, 241, 273–274

intervalley scattering, 275
intramolecular vibration, 209
intrinsic semiconductor, 109
inversion symmetry, 76, 240
ionic (I-)phase, 335
ionic crystal, 321, 370
ionization continuum, 117, 162
ionization energy, 321
irreducible representation, 54, 62, 243–246
isoelectronic impurity, 112, 359, 362
isomer, 103

Jahn-Teller effect, 54, 352, 369
Jahn-Teller split spectrum 54–64
Jahn-Teller theorem, 53, 351
j– j coupling, 129
joint density of states, 124
Joule heat, 2

“ket” vector, 17, 26
Koopman’s theorem, 299
Kramers doublet, 132
Kramers–Kronig relation (see dispersion relation)
K-shell, 285

Landé factor, 105
large polaron, 180
laser, 29, 239, 296
lattice constant, 66, 69, 321
lattice defect, 53, 109, 149, 333, 358
lattice relaxation, 45, 173, 254, 296, 326, 329, 344,

359
lattice relaxation energy, 55, 178, 218, 330, 346
lattice vector, 72, 242
lattice vibrations, 69–88
law of refraction, 3
lead halide, 229
librational mode, 212
lifetime broadening (of Loretzian spectrum), 192, 221,

293
light scattering, 33, 241, 247–248
linear operator, 11
linear response theory, 77, 89
linearly polarized light, 244
linewidth, 200, 202, 221, 242, 294
linked cluster expansion, 313
lipid, 380
living activities, 371–372, 378, 383, 387
localization, 138
localized electron, 40, 254, 262, 395
localized excitation, 193, 217
localized mode, 46, 83, 86
lone pair, 323, 334
long-range electron–defect coupling constant, 361,

365
long-range electron–phonon coupling constant, 179,

361, 365
long-range electron–phonon interaction, 66, 168, 178,

180
longitudinal acoustic (LA) phonon, 276
longitudinal effective mass, 112
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longitudinal exciton, 122, 127, 135, 162, 281
longitudinal optical mode, 150
longitudinal optical phonon, 65, 272
longitudinal susceptibility, 98
Lorentz force, 2, 31–32, 284
Lorentzian shape, 220–221, 251
low-energy electron diffraction (LEED), 293
lower-branch polariton, 135
lowest unoccupied molecular orbital (LUMO),

385–386
L–S coupling, 129
L-shell, 285
�–t splitting, 116, 126–128, 136–137
luminescence, 30, 259, 272

macroscopic size, 6–4
Madelung constant, 337
Madelung potential, 284, 288, 296, 326, 335
magnetic dipole moment, 105, 246, 322
magnetic field, 1
magnetic flux density, 1
magnetic gap, 341
magnetic permeability, 2
matrix element, 18
matrix mechanics, 10
Maxwell equations, 1, 17
mean field theory, 99, 341, 356
metal, 99
metallic bond, 324
metallic conduction, 109
metastability, 339
metastable state, 174, 177, 186, 361, 383
microscopic electric field, 96
mitochondrion, 389
mixed crystal, 131, 137, 143, 186, 228, 356
mixed state, 26
mobility, 152, 169, 187
molecular crystal, 111, 209, 233
molecular dynamics method, 356
molecular field theory, 99
momentarily localized exciton, 193, 215, 225
momentum density of electromagnetic field, 3
monochromaticity, 239
monovalent metal, 345
Monte-Carlo distribution, 220
most divergent term approximation, 313
motional narrowing, 193, 200–202, 220, 257
motional reduction of phonon sideband, 204
Mott insulator, 283, 356
M-shell, 285
multielectron transition, 343
multiphonon scattering of exciton, 201
multiphoton process, 239
multipole expansion, 114
multistability, 383
mutation, 289

natural selection, 382–383, 388–390
nearly free electron approximation, 107, 292
negative entropy, 376
negative U effect, 347, 357, 364

neutral (N-)phase, 335
neutral–ionic domain wall (NIDW), 342, 345
neutral–ionic (N–I) phase transition, 335, 340, 343
neutrino, 106
neutron diffraction, 212, 338
neutron scattering, 338
non-adiabaticity parameter, 173
non-crystalline systems, 293
nonlinear optical response, 239
non-negative operator, 23
nonradiative annihilation, 329
nonradiative de-excitation, 332, 375
nonradiative transition, 331
normal dispersion, 240
normal mode, 44, 70, 72, 75, 77
normalization condition, 12, 16
N-shell, 285
n-type semiconductor, 109
nuclear motion, 40
number operator, 17, 336

old quantum theory, 22
one-electron picture, 107
on-site Coulomb repulsion, 345, 356
on-site electron–phonon interaction 346
optical activity, 77, 103
optical conversion (exciton to biexciton), 281
optical ionization energy, 361
optical mode, 65, 67, 72, 77, 133
optical pumping, 323
optically active crystal, 103
orbital angular momentum, 105
orbital degeneracy, 352
order parameter, 321, 336
orthoexciton, 246
orthogonal (quantum mechanics), 13
orthogonality catastrophe, 306
orthogonalization, 287–289
orthonormal complete set, 5, 23, 108, 110
orthonormality, 74, 108, 347
oscillator strength, 37, 130, 132, 292, 379–380
outer subshell, 293, 308
outermost core state, 296
outgoing resonance, 272
overlap integral, 302
oxonium, 385

paraexciton, 246
partition function, 24
path integral method, 159
Pauli exclusion principle, 118, 309, 337
Peierls instability, 351
Peierls theorem, 353
Peierls transition, 347
periodic structure, 69
periodic table, 308, 322–324
persistence (P) type, 132, 137, 143–148
persistent photocurrent, 359, 364
phase (operator), 22
phase-matching condition, 240
phase shift, 306
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p-hole picture (for covalent bond), 322–326, 368
phonon, 50, 242
phonon absorption, 151
phonon dressed electron, 152
phonon emission, 151
phonon field, 152, 360
phonon polariton, 137
phonon polaron, 162
phonon sideband (phonon structure), 51, 193, 204,

207, 209, 229
phonon vacuum state, 151
phonon-assisted transition, 148
phonon-mediated electron–hole interaction, 185,

364–365
photocatalyst, 386–387
photochemical reaction (process), 321, 335, 371,

375–379, 382–384, 388–390
photodarkening, 333
photoelectron spectroscopy, 298–299, 317
photoelectron spectrum, 293
photoinduced phase transition (PIPT), 341
photoinduced structural change, 319
photoisomerization, 334
photopolymerization, 387
photostructural change, 334, 389
photosynthesis, 373, 387–389
pitch of helical structure, 76
Planck constant, 9
plasma frequency, 101
plasma oscillation, 83, 100–101, 304
plasmon satellite, 304
point defect, 360
point group, 243
point–dipole interaction, 169
Poisson distribution, 49, 209, 234, 302
polariton, 128, 132–133, 194, 236, 242, 274, 282
polariton bottleneck, 31, 194, 234, 236
polarizability, 134
polarizability operator, 252
polarization, 133, 149
polaron, 149, 153, 179, 297, 356
polaron coupling constant, 152
polaron effect, 118, 193, 364
polaron mass, 155
polaron radius, 154, 159, 297
polymerization of biomolecules, 387
population inversion, 296, 323, 374
positive hole, 109
positive-definite operator, 23
potentially active mode (for J-T splitting), 56–57
Poynting vector, 2, 3
principal quantum number, 111, 285, 322
probability amplitude, 37
proliferation, 342
propagator, 251
protein, 372, 383,
pseudo Jahn-Teller effect, 62, 64, 328–329, 350–352,

368
pseudo momentum, 150
pseudo-potential, 286, 290
pseudo-potential theory, 289

p-subshell, 285
p-type semiconductor, 110
pumping, 29
pure state, 26

q-diagonal representation, 11, 21
q-number, 11
quantization, 10
quantum beat, 279
quantum mechanics, 10–27
quantum Monte-Carlo (QMC) method, 159
quantum number, 38
quantum yield, 331, 333
quartz, 103, 226
quasi-localized mode, 83, 86

Rabin–Klick parameter, 190
radiation–matter coupling constant, 239
radiation–matter interaction, 31
radiative annihilation, 293, 295, 329, 332
radiative decay (damping), 248, 271, 293
radiative de-excitation, 376
radiative width, 250, 295
Raman active, 81
Raman scattering, 81, 241, 247, 253
Raman–antiStokes line, 81, 247, 260, 274
Raman–Stokes line, 81, 247, 260, 272, 274
random phase approximation, 90
rapid modulation, 257
rare-gas solid, 187–188
Rayleigh scattering, 247, 251, 253, 257
reaction coordinate, 375, 377
real process, 247, 251, 272
reciprocal lattice vector, 72
recombination luminescence, 296
redistribution of oscillator strength, 286
redox potential, 321, 326, 335
reduced mass, 117, 122
reduction, 326
reflectivity, 136, 236
reflectivity spectrum, 137
refractive index, 3, 103, 133, 136, 239
relative motion, 118, 147
relaxation, 173, 216, 320, 375
relaxation energy, 47, 55, 173, 232, 302,

375–377
relaxed excited state (RES), 47, 319, 333, 335, 350,

375–376, 379, 381–382
renormalization effect, 299
representation (quantum mechanics), 18
residual dielectric constant, 128, 133
resolvent operator, 139, 271, 275
resonance fluorescence, 248
resonance near threshold, 290
resonance transfer, 322
resonant Brillouin scattering, 274
resonant light scattering, 254, 271
resonant Raman scattering, 247, 353
resonant secondary radiation, 31, 247,

253
resonant two-phonon scattering, 152
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respiration, 388
retarded potential, 4
rotational motion, 42
Rydberg constant, 112
Rydberg states, 64, 117, 291, 297

satellite, 285, 301
scalar potential, 4, 31
scalar product (quantum mechanics), 12, 17
scaling argument, 223, 227
scattering amplitude, 292
scattering phase shift, 292
Schrödinger equation, 10, 11, 90, 110, 248, 392
Schrödinger picture, 13, 19, 25, 90
screened Coulomb potential, 96, 117, 121, 361
screening distance, 102
screening effect, 100, 123, 127, 129, 167, 291, 365,

368, 385
screw dislocation, 382
s–d mixing interaction, 311
second harmonics generation, 240
second-order susceptibility, 239
second quantization, 391
selectivity, 378, 381
selenium, 226
self-conjugate operator, 12
self-consistent field, 158
self-decomposed exciton, 183, 189, 355
self-energy, 138, 153, 157, 275, 312, 314
self-energy matrix, 197
self-induced potential, 154, 164
self-interaction, 178
self-organization, 29
self-replication, 381, 383
self-trapped electron (STEL), 188, 190, 324
self-trapped exciton (STE), 189–190, 207, 320,

326–327, 331–333, 354
self-trapped hole (STH), 168, 188–190, 323,

326–327, 364
self-trapped state, 149, 177, 179, 187, 213, 219, 352
self-trapping, 149, 168, 176, 278, 320, 331,

355–356
semiconductor, 109
shallow D state, 359, 363
shallow–deep bistability, 359–361, 363, 366
shell (atomic), 285
shift and width of exciton line, 196
short-range electron–defect coupling constant,

361–362, 365
short-range electron–phonon coupling constant, 179,

361–362, 365
short-range electron–phonon interaction, 66, 168–169,

178, 180
sideband, 285, 301
silicon, 108
silver halides, 186, 226–228, 276,
simple crystal lattice, 72
simultaneous excitation, 285, 299, 316
singlet exciton, 120, 123, 129–130, 274
singlet–triplet conversion, 274
site-selective excitation, 285, 318

Slater determinant, 118, 123, 325, 391
slow modulation, 257
small polaron, 180
snow-ball, 188
solar radiation, 371–373, 378–379, 384–385, 387, 389
soliton, 356
sound wave, 72
sp hybridized orbital, 108, 324
spatial dispersion, 106
specific structure of biomolecules, 382
spectral density of normal modes, 5, 36
spectral distribution of radiation, 7
spin angular momentum, 106
spin density wave (SDW), 347, 353, 356
spin soliton, 341
spin wave, 340
spin–orbit interaction, 62, 128, 132, 313
spin–orbit splitting, 129, 131, 245
spin–orbit-allowed transition, 53
spontaneous emission, 28–30, 39
square well potential, 182
s-subshell, 285
static dielectric constant, 65, 80, 83, 118, 360
stationarity, 90
stationary spectrum, 395
stationary state, 19
steepness coefficient, 214, 223, 226
steepness index, 223–224
stochastic model, 254, 259
stochastic variational method, 280
Stokes shift, 52, 220, 247, 359, 376
strain, 71, 168
stress, 71
strong correlation, 109
strong coupling theory of polaron, 158–161
strong coupling, 217, 219–220, 257, 268
strong scattering regime, 141, 201
strong scattering, 219–220
structural phase transition, 321, 336
S-type emission, 183, 219, 226–227, 354, 363
subband, 340
subgiant band, 287
subshell (atomic), 285, 308, 322, 326
substitutional impurity, 359–360
successive Raman scattering, 259
sum frequency generation, 240
sum rule, 37, 79, 95
superconductivity, 347
superpositioin principle, 89
susceptibility tensor, 103
symbiosis theory, 389
synchrotron, 284
synchrotron radiation (SR), 284

thallous halides, 186, 226
thermal equilibrium, 7, 28, 52, 372
thermal ionization energy, 361
thermal radiation field, 7, 28
thermalization, 30–31, 236,
thermally induced emission, 29
thermodynamical average, 24, 27
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third-order susceptibility, 241, 283
tight binding approximation, 107, 216
time-ordered exponential, 213
time-resolved spectroscopy, 269, 279, 297, 355–356,

395
time-reversal symmetry, 132
titanium dioxide, 226, 229–230
Tl+-like center, 53
t-matrix, 140
total angular momentum, 129
total reflection, 136–137
trace, 23, 257
trans form, 335
transfer energy, 138, 209, 216, 232, 236, 345
transient spectrum, 395
transition dipole moment, 34, 43, 114, 122, 126
transition element, 308
translational mass, 122
translational motion, 118, 216
translational symmetry, 74, 114, 170–171
transport coefficients, 89
transverse effective mass, 112
transverse exciton, 122–123, 127, 129, 281
transverse optical phonon, 150
transverse susceptibility, 97
transverse wave, 3, 32
triplet exciton, 120, 129–130, 274
TTF-CA, 338, 340–341
turning point, 211
T –U–S model, 345–359
two modes model for impurity Urbach rule, 215, 227
two-photon absorption, 241–242, 280–281

Umklapp process, 151, 171
uncertainty, 20
uncertainty principle, 20–21, 154, 192, 395
uncertainty relation, 6, 20, 22
uniaxial crystal, 82, 132
unit cell, 14
unitary transformation, 35
unrestricted Hartree–Fock (UHF) approximation,

336–337, 339
upper-branch polariton, 135
Urbach rule, 213, 220, 223–224, 333

vacancy, 359–360
valence band, 108–109

valence electron, 284
valence exciton, 79
valence mixing, 318
valley (of energy band), 112
van der Waals force, 321, 326
variational method, 155–156
vector potential, 4, 31
velocity of light, 3, 133
vibrational energy quantum, 41–42
vibrational structures, 48
vibrationally-allowed transition, 53
vibronic band, 233
vibronic exciton, 209, 233
vibronic line, 209
vibronic state, 209
virial theorem, 178
virtual electron–hole pairs, 166
virtual excitons, 167
virtual molecule, 381
virtual phonon, 153
virtual process, 247, 251
VK-center, 326

Wannier exciton, 117, 147
Wannier functions, 108, 283, 391
water, 371, 383
wave function, 10, 27
wave picture, 10
wave vector, 3
wavelength, 3
wave–particle duality, 22
weak coupling, 217, 219–220, 257, 268
weak scattering (regime), 141, 201, 219–221
white excitation, 270
width function, 193, 197, 221
Wien’s displacement law, 9
Wolffram’s red salt, 353
wurtzite structure, 132

X-ray diffraction, 298, 338

zero-phonon line, 31, 51, 204, 207, 213,
234, 304

zero-phonon line of exciton, 194
zero-point energy, 19, 21, 279
zinc diphosphide, 274
zinc-blende structure, 324


