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Preface

This book is the fruit of my lectures on the Theory of Many Body Systems which I
have been teaching for many years in the degree course in Physics at the University
of Trento. As often happens, the outline of the book was my students’ notes; in
particular, the notes of the students of the academic year 1999-2000 which were
extremely useful for me. Chapter 6 on the Monte Carlo methods is the work of
Francesco Pederiva, a research assistant in our Department. During the course,
Francesco, apart from illustrating the method, teaches the students all the com-
puter programmes, continually referred to in the book, by means of practical exer-
cises in our computational laboratory. In particular, he teaches the Hartree-Fock,
Brueckner-Hartree—Fock, Kohn-Sham, Diffusion Monte Carlo programmes for the
static properties, RPA, and Time-Dependent HF and LSDA for Boson and Fermion
finite systems. These programmes are available to anyone who is interested in using
them.

The book is directed towards students who have had a conventional course in
quantum mechanics and have some basic understanding of condensed matter phe-
nomena. I have often gone into extensive mathematical details, trying to be as clear
as possible and I hope that the reader will be able to rederive many of the formulas
presented without too much difficulty.

In the book, even though a lot of space is devoted to the description of the ho-
mogeneous systems, such as electron gas in different dimensions, quantum wells
in intense magnetic field, liquid helium and nuclear matter, the most relevant
part is dedicated to the study of finite systems. Particular attention is paid to
those systems realized recently in the laboratories throughout the world: metal
clusters, quantum dots and the condensates of cold and dilute atoms in mag-
netic traps. However, some space is also devoted to the more traditional finite
systems, like the helium drops and the nuclei. I have tried to treat all these
systems in the most unifying way possible, attempting to bring all the analo-
gies to light. My intention was to narrow the gap between the usual undergrad-
uate lecture course and the literature on these systems presented in scientific
journals.



vi Preface

It is important to remark that the book takes a “Quantum chemist’s” approach

to many-body theories. It focuses on methods of getting good numerical approxi-
mations to energies and linear response based on approximations to first-principle
Hamiltonians. There is another approach to many-body physics that focuses on
symmetries and symmetry breaking, quantum field theory and renormalization
groups, and aims to extracting the emergent features of the many body systems.
This works with “effective” model theories, and does not attempt to do “ab initio
computations”. These two ways of dealing with many-body systems complement
each other, and find common ground in the study of atomic gases, metal clusters,
quantum dots and quantum Hall effect systems that are the main application of the
book.

I am indebted to many of my colleagues in the physical department of Trento
for discussions and remarks. Specifically, I'm particular grateful to G. Bachelet,
D. M. Brink, S. Giorgini, F. Iachello, W. Leidemann, R. Leonardi, F. Pederiva,
G. Orlandini, S. Stringari, M. Traini, G. Viliani and A. Vitturi. Many aspects of the
book were clarified during my stays in Barcelona, in Paris and in Palma de Mallorca
where [ had the occasion to discuss many subjects with M. Barranco, A. Emperador,
M. Pi, X. Campi, N. Van Giai, D. Vautherin, L1. Serra and A. Puente, and during
the frequent visits to our department by my friends A. Richter and K. Takayanagi.

Thanks are also due to Irene Diamond for the English translation of the book.

The book has cost me a great investment in time, which recently has kept me
from other research projects and, above all, from my family. The book is dedicated
to my wife, Giovanna, and to my children, Fiorenza, Filippo and Luigi. Filippo has
been of enormous help in editing the figures.

Enrico Lipparini January 2003.
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Chapter 1
Independent-Particle Model

1.1 Introduction

The main purpose of many body theory in non-relativistic quantum mechanics is the
study of the properties of the solutions of Schrédinger’s equation with Hamiltonian

N

H= Z( + Vext rz)) + ) u(ry), (1.1)

i<j=1

which describes a system composed of N identical particles, which interact with an
external field through a one-body potential vex:(r;), and among themselves through
a two-body potential v(r;;).

The simplest model case is when the Hamiltonian contains only one-body terms,
and is referred to as the independent-particle model:

Hy = i (2%’2”- + vext(r,-)) . (1.2)

i=1

In this approximation the eigenfunctions of Hy may be written as the product of
single-particle wavefunctions, each of which satisfies the equation (ki = 1)

<_‘2VE + ’Uext(r)) QDk(I‘, 0') = Ek(pk(r, g) , (13)

where k indicates the set of quantum numbers that characterize the single-particle
state, and r and o are the position and spin variables, respectively. A further vari-
able is introduced in nuclear physics — the isospin 7. In what follows we will in-
dicate as z the variable set r, ¢ and 7. For example, for electrons in a central
external field,

Pr(T) = Pn,em(r)Xm, (7). (1.4)
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Here xm, (o) is the spinor which satisfies the equations

Xm0 = Doma (@), 523m,(0) = X 0, (15)

with 5% = s2 4+ 52 4+ 52, 55y . = 304y, and 04y , are the Pauli matrices; the spinor
has components

xi(M=x_1(-1)=1,  x3(-1)=x_4(1)=0. (1.6)

The wavefunctions ¢y constitute a complete set which fulfills the conditions:
[er@en@ris =S [ it o)onte,odr = e, (L7)

where we assumed that the single-particle energies €, are discrete (in the case of
continuum values, the Kronecker’s symbol is to be replaced by the Dirac’s delta
function).

An eigenfunction of Hy with eigenvalue E is therefore written as

N
1[1(.1'1,...,.1‘1\1) =H‘Pk,($t)a (18)
i=1
with
N
E=3 ek. (1.9)
i=1

However, the solution expressed as a product of single-particle wavefunctions should
satisfy the symmetry or antisymmetry requisite under particle exchange, depending
on whether we have a system of Bosons or Fermions, respectively.

1.2 Bosons

Symmetric wavefunctions under the exchange of the z coordinates of any two par-
ticles, are obtained by considering all possible permutations P of N objects, and
taking the following linear combination:

N
’l,Z)B(.'El,...,.’EN):VEZL\%!;ZPHQDM(.M). (1.10)
’ P =1

The coefficients n; which appear in the normalization constant of equation (1.10)
represent the number of times the wavefunction (¢, appears in the product I ¢k,
and thus the average occupation number of state ¢, . Therefore, such number may
be larger than 1, thanks to the Boson nature of the particles.
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The ground state of a system of N Bosons is obtained by occupying N times
the lowest-energy state @, :

¥B(z1,. ., TN) = ¢k, (Z1) - Pra (TN) - (1.11)

This situation, which is characterized by a macroscopic occupation of only one
single-particle state, is known as Bose-Einstein condensation and has been realized
experimentally by cooling, by means of laser techniques and evaporation of hotter
atoms, a diluted alkali atom gas in a magnetic trap (Anderson et al. 1995; Davis
et al. 1995; Bradley et al. 1995). However, a realistic description of this phenomenon
demands for the solution of the many body problem with the two-body interaction
included in the Hamiltonian (1.1). This description will be presented in the forth-
coming chapters.

1.3 Fermions

In the case of a system of N Fermions, starting from the product functions of
equation (1.8), we obtain a fully antisymmetric wavefunction under the exchange
of the coordinates of two particles with the following combination:

N
br(@1,... o) = ﬁ} ()PP (). (112)
2 i=1

In equation (1.12), the factor (—1)F is equal to 1 if the permutation is an even one.
In the case of Fermions, the occupation number of a single-particle state @y, is either
0 or 1, otherwise the function (1.12) vanishes identically (Pauli exclusion principle).
This can be seen very easily by putting the wavefunction (1.12) in determinant form
(Slater determinant):

@k (1) Yy (T2) - - i (TN)
1 d (ka(Il) ‘sz(mZ) ‘sz(xN)

wF(mlrnaxN)'_m

et (1.13)

<PkN'($1) sokN'(sz) N Pkn &CEN)

The determinant is zero if two rows are equal (i.e. if two sets of quantum numbers are
equal) and changes its sign under the exchange of two columns (i.e. the coordinates
of two particles).

In the independent-particle model, the ground state for a system of N Fermions
is obtained by occupying the N lowest-energy single-particle states characterized
by the sets of quantum numbers ky, ko, ..., kn. The highest-energy occupied state
defines the Fermi level, and its energy defines the Fermi energy.

For example, if we consider a single-particle Hamiltonian for a three-dimensional
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harmonic oscillator:

(P} mwdr?
Hy=)_ et ) (1.14)

¢ 2m
i=1

the single-particle spectrum is given by (A= 1):
3
Gnl=(N+'2—>wO WlthN:Q(TL-l)+l,

where N =0,1,2,...,I=N,N-2,...,0 or 1. We have that up to [ = 3, in order of
increasing energy, the orbitals and their degeneracy [2(2 + 1)] that for fixed values
of n and ! determines the number of particles that can be accommodated in the
orbital without violating the Pauli principle (we have 2/ + 1 different values of m,
and for each m value two possible values of m,), are reported in the following Table.

TABLE 1.1

N E n i Orbital Degeneracy
1 3 1f

3 (9/2)wo { s ] % 14+6
1 2 1d

2 (7/2wo { 5 o oo 10 +2

1 (5/Qwe 1 1 1p 6

0 (3/2wo 1 0 1s 2

Thus, if we have 8 particles then the Fermi level coincides with the 1p orbital, and
the Fermi energy is 5/2wg. The ground state of the independent-particle model is
the Slater determinant of the 8 x 8 matrix built up by means of the single-particle
wavefunctions characterized by the sets of quantum numbers (n,{,m, m;):

(1,0,0,1/2), (1,0,0,-1/2), (1,1,1,1/2), (1,1,1,—1/2),
(1,1,0,1/2), (1,1,0,-1/2), (1,1,-1,1/2), (1,1,~1,—1/2).

Finally, the ground state energy is Ef = [2(3/2) + 6(5/2)]wo = 18wy.
The same system, but now made up of Bosons, has the ground state wavefunction

(a = y/m):

¢(7'1, .. -,7‘8) = <Pls(7‘1)9013(7‘2) .- ‘9013(7'8)
8
= (2~ /4% exp (—1/2(1227‘?) (1.15)
i=1

to which corresponds the energy Ef = 8(3/2)wg = 12wp.

The excited states of the Fermion system are obtained from the ground state in
the following way: one-particle—one-hole (1p — 1h) states are obtained by occupying
N —1 single-particle states below the Fermi level and 1 state above the Fermi level.
In the following we will indicate such state as |[i=1m), where ¢; is the unoccupied
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state below the Fermi level (hole), and ¢, is the occupied state above the Fermi
level (particle). The wavefunction of the state |i=1m), is the Slater determinant
obtained by substituting the row characterized by the set of quantum numbers 4,
by the row characterized by the set of quantum numbers m. Its energy is given by
Ey + €, — €;, where Ej is the ground state energy and €,,, €; are the energies of the
single-particle states ¢, and ;.

Two-particle-two-hole states (2p — 2h) are obtained by occupying N — 2 single-
particle states below the Fermi level and two single-particle states above the Fermi
level, and are indicated by |i~!j~!mn), which means the Slater determinant ob-
tained from the ground state by substituting the two rows i and j by the rows m
and n. The energy of state |i~1j~!mn) is given by Ep + €, + €, — €& — €;. In the
same way it is possible to build up three-particle-three-hole states, and so on. In
the following, we will always indicate hole states by the letters 1, j, k, [, and particle
states by the letters m,n,p,q.

In the Boson system case, in order to build 1-particle-1-hole states, or
two-particle-two-hole ones, one proceeds in the same way, but starting from the
ground state of the Boson condensate of (1.11), where all particles occupy the same
lowest-energy state. For example, to set up a 1p — 1h state it is enough to replace
a single-particle wavefunction ¢g,, by a wavefunction corresponding to a higher-
energy state, and then to symmetrize the product wavefunction so cbtained.

Note that, since the above N-particle states are a complete set of eigenstates of
Hy, a sum of Slater determinants (symmetric products) forms the general element
of the many-Fermion (Boson) Hilbert space when the effects of the interaction are
included in the theory.

1.4 Matrix Elements of One-Body Operators

By the term one-body operator we mean an operator of the kind

N
Fr=Y f(z:), (1.16)
i=1
where f is a function of the variables z. In what follows we will evaluate the matrix

elements of such operators between N-particle states in the independent-particle
model. In general, we have

N
(¢lF1]y) = /¢*($1,---,xN)Zf(xi)lﬁ(zl,...,:cN)dxl dzy
=1

= N/qﬁ*(xh cooxn)flz)y(x,. ., en)dzy - - dey (1.17)

where ¢ and 1 are two N-particle states and in the last passage we exploited
the symmetry or antisymmetry property of the two wavefunctions. By writing
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down explicitly, for both Fermions and Bosons, the wavefunctions ¢ and ¢ as
products of single-particle wavefunctions [see Eqgs. (1.10-1.13)], it is easily seen
that the matrix element (1.17) vanishes if ¢ and ¢ differ by more than one pair of
single-particle states. The only two possibilities are then: 1) ¢ = 1, i.e. the same
single-particle states are occupied in the two wavefunctions; 2) the same N —1 single-
particle states are occupied in ¢ and 4, while the N-th state of ¢ is ¢; and that of
1 is pm (m # ©). By taking ¢ to be the ground state (|¢) = |0}) and specializing to
Fermions, in the first case we obtain

N
OlFf0) =3 / ot (2)(@)gr, (2)dz, (1.18)
s=1
and in the second case:
OFLm) = [ o @@ en(ado. (1.19)

Equations (1.18) and (1.19) are easily obtained by employing in (1.17) the expansion
of the determinant (1.13) according to the elements of the first column.

In the Boson case, where the ground state is a single-particle state ¢;, which is
N-fold occupied, we obtain

OUFI0) =N [ ¢}, @) @)eu (a)do (1.20)
and
OWFfi'm) = V¥ [ ¢}, (0)f (@om(z) (1.21)
where we have made use of
jiTtm) = Jiﬁ 5 Pom(zenenen(a) o an). (1.22)

As an example of the mean value of a one-body operator, let us compute the
mean square radius of a system of N Fermions in a three-dimensional harmonic
potential. The mean square radius is defined as (r?) = (0|% Zf;l r2]0), and by
(1.18), we have

(7‘2)=N > (n,dir?n,0y, (1.23)

n,l,m,mg

where (n,l[r?|n,l) = [ RZ ;r2dr. To evaluate the matrix element (n,!|r?|n,l), it is
convenient to use the virial theorem:

2 2,2
p _ mwar
(n,l|2m|n, I = (n,l|——

|, 1) 2(n—-1)+1+ g} wo . (1.24)

il
N =

on

3

I
N~
| e |
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Using equations (1.23) and (1.24), we finally obtain

2 3
(r?) = —nz,l(le) [2(71— 1) +1+ 5}. (1.25)

N mwo

In the Boson case, since in the ground state only the 1s state is occupied, which
has degeneracy N [instead of 2(2 + 1)], we have

(%) = —

Imuwg

(1.26)

independent of the number of particles.
Note that the virial theorem can be considered as a consequence of the identity

0 = (0|[H, F)|0), (1.27)

if we use the harmonic oscillator Hamiltonian for H, and the operator

N

F=Zri-Vn

i=1

for F.

1.5 Matrix Elements of Two-Body Operators

By the term two-body operator we mean an operator of the following type

N
Fy= Y flanz), (1.28)

i<j=1
with f(z;, z;) = f(z;, z:).
A particular case of two-body operator is the two-body interaction

N

F= ) v(rig)

i<j=1

with r; ; = [r; — r;|. We are interested in evaluating the matrix elements

N
<¢|F2,1/}> :/¢*(I1,...,IN) Z f(ﬂ?i,l'j)i/l(l‘l,...,l'N)dzL‘l...d.l"N

i<j=1
=———N(A;_l)/¢*(m1,...,zN)f(m1,w2)1/J($1,---,-’BN)dl'l"'dmN- (1.29)

If we take state ¢ as the ground state |0), it is easily realized that in this case
there exist only three non-vanishing matrix elements, and more precisely (0|F3|0),
(0|F3]i=1,m) and (0| F3|i~1, k1, m,n). As in the case of one-body operator, in this
case as well the calculation is different for Boson and Fermions.



8 Independent-Particle Model

Bosons

When ¢ = ¢ = |0), from equations (1.11) and (1.29), and taking into account the
normalization of the single-particle wavefunctions, we obtain immediately

OFsi0) = T [ o1 ot (m2) 1, m0)s (1) ()dmadas . (1.30)
When ¢ = |0) and 9 = |i7'm), using equation (1.22), we have
(0| F2liT'm) = VN(N — 1)/‘#’2} (z1)¢5, (z2) f (21, Z2) P (1) 03y (22)drdm2 . (1.31)
Finally, if ¢ = |0) and ¢ = |i7 ] 'mn) then using

1

[y (1.32)

1
mn) = —=— Y Pomn(z1)pn(z2)p;, (x3) - pi, (ZN),
) ) EP Pm(21)Pn(22)pi (23) - - iy (T)
we easily obtain
(0| Fali7 tiy tmn)

— VNIV =D [ i (0)¢f, (@a)f o1, 23)m (1) (as)dordza . (139

Fermions

In the Fermion case, we use the representation of the wavefunctions as Slater de-
terminants, and expanding with respect to the two first columns:

@i (1) pa(z2) @ilrs) - wi(on)
L |#e (1)  @ir(x2)  Pir(®3) -+ @i(zN)
&(z1,...,z5) = i Pia(T1)  Pis(T2)  @i(@3) - pi(aN)
pin (1) Pin(@2) @in(z3) - piv(TN)
] X
= —= Y lou(@)pi(@2) =i (@2)pu (@) MR, (@5, 2n)
N2 *
where M glc_}iis,it (x3,...,2zn) means the minor of order N — 2 which depends on
the space variables z3,...,zxN, from which the first and second columns, as well as

the i,-th and i,-th rows, have been removed. Hence it depends on a set of quantum
numbers {ix} which are all different from ¢, and ¢;. In order to avoid cumbersome
notation, we will write M(zs,...,zn) instead of Mgk_}iis i, (z3,...,@N). Let us
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now compute the matrix element:

olFp) = LY D $~ Z/qs (21,22, i0s i) M (33, ., o) F(21,3)

19<te i3<iy

X 1!)(1:1,1132,2'5,2'{)./\/1(1:3, conyzy)dry - -dey (1.34)

where @¢(z1,z2,1s,1t) = @i, (1)Ps, (T2) — @i, (®2) @i, (1) and similar for . Starting
from equation (1.34), it is easily seen that the only non-vanishing matrix elements
are, as mentioned, (0| F3|0), (0| Fz|i~, m), (0| F3|i~!, k=1, m, n). One finally obtains:

N

ORIy = 5 3 [ o1, o2), (@a) (e, )
X [ps, (z1) @i, (T2) — @i, (22) i, (z1)]dT1d22 (1.35)

N
Ol m) = Y [ oo, @) (ono)

X [pm(z1)pi, (T2) = pm(T2) @i, (21)]dz1d22 (1.36)

O1Fli™, 57 mm) = [ (1)) (e o, 22)
X [pm(21)pn(z2) — Pm(T2)on(T1)|dz1dT2 . (1.37)
Note the presence of the exchange term x; — zo and 2 — x1, which is proper to
Fermions since it originates from the antisymmetrization of the wavefunction.
1.6 Density Matrices
Generally speaking, the one-body and two-body properties of a many-body system

are embodied in the one-body and two-body density matrices, respectively. The
one-body density matrix is defined as

p(l)(zl,m'l) = N/¢3(x1,x2, coyZN)Go(T), T2, .., ZN)dT - - dzn,  (1.38)
and the two-body one as

p(Z)(z17$2ax,1axl2) = N(N - 1) /(]58((1)1,11:2,.’1}3, e 7$N)
X ¢o(T}, 25, T3,...,TN)dT3 - -dTN . (1.39)
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The following properties hold:

/ PO (2, 29,2, 22)dzs = (N — 1)V (z,2"), (1.40)

/p(l)(z,z)dx =N. (1.41)

The diagonal part of the one-body density matrix (when z = z') is related to the
particle density p(r):

r)= Zp(l)(r, o,r,0). (1.42)
while the non-diagonal part is related to the momentum distribution n(p):

n(p) = 27r)3 Z/p( r,o,r’ o’)e’p =Y drdr’ . (1.43)

The densities p(*) and p(® can be used in order to calculate the mean values of
one-body and two-body operators in the ground state:

O @10 = [ pV(e2) @iz, (144

<O| Zf(.’l:,,.’l})'o) = %/p(2)(m1a$27m171:2)f(x17x2)d$1dx2 . (145)

i<j
In the case when the ground state is that of the independent-particle model, we
obtain

1 *
P (@1, 1) = Nk (21)ei (24) 4 (1.46)

2 *
P (@1, 22,7,75) = N(N — 1)}, (21)5, (@2)9s, (1) s (25)],  (1.47)
for Bosons (;, is the lowest-energy single-particle state), and
N
1 *
UCTEN D P EACH (1.48)
=1
(1)

P2 (1, 29,74, ) = p) (w1, 2))p%) (w2, Th) — P& (x1, Th)p% (z2,24),  (1.49)

for Fermions. Note that the following property holds for Slater determinants:
1 1
[ e )od@ e’ = (e (1.50)

As an example of the calculation of density matrices, let us compute p(!) for
a system of Fermions in a spherical one-body potential, so that the single-particle
wavefunctions can be written in the form ¢; = Rp YimXm,. Let us carry out the



The Ideal Bose Gas Confined in a Harmonic Potential 11

calculation for a system with N such that the 2(2! + 1) degenerate states of each
level n, ! are completely occupied (closed-shell system). By using the properties:

3 Vo0, ) Yo (') = 22 Pi(w), (1.5)

where the P;(u) are the Legendre polynomials and u = cos(# — #’), and

Z Xm_, Xma ) = 60,0’, (152)
we have
pD(r, 0,1, 0") = % ;(21 + 1) Rt () Rt (') Pu(u)o - (1.53)

Therefore, the density is written as
2l +1
p(r) = Zp(l) r,o,r,0) = 2Z;|Rnl(r )2, (1.54)

and it is spherical.

1.7 The Ideal Bose Gas Confined in a Harmonic Potential

The non-interacting Bose gas confined in a magnetic trap is described by (1.3)
taking

1
Vext(T) = 2m(w z? +wyy +w?z?). (1.55)

This potential exactly reproduces all possible experimental situations. The single-
particle energies for this potential are given by

1 1 1
en,_.nyn, = (’I’Lz + 5) W + ('ny + 5) Wy + (nz + 5) Wy, (156)

where the n;, ny, n, are non-negative integers and the single-particle wavefunction
is given by

Prgnyn, (T,Y,2) = bn, ($)¢ny (Y)bn.(2), (1.57)
with
b, (T) = (M /7)1 /20y e ™25 H, (z/miy)

where H,, are the Hermite polynomials, and similarly for the functions depending
on y and z.
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In the ground state, at zero temperature, all the Bosons occupy the state
(ng, ny,n;) = (0,0,0) at the energy €(0,0,0) = ¢y and with the wavefunction

T

?

=N 3/4
do = (mw) / 6—m/2(wmz2+wyy2+w,z2)

where we have defined @ = (w wyw,)!/3, and one has the Bose-Einstein condensate
at zero temperature. One also talks about condensate at finite temperature, when
there is a macroscopic occupation of state €9. As temperature is increased, a critical
temperature is reached at which the lowest-energy state is no longer macroscopically
occupied.

In the following we calculate, in the limit of large number N of Bosons, the criti-
cal temperature T, at which phase transition takes place, as well as the temperature
dependence of the depopulation of the condensate state.

The Boson distribution function at temperature T is given by Bose statistics:

1
e[ﬁ(enzv"y,'nz _IJ')] — 1,

(1.58)

Nngnym. =

where 8 = 1/KT (K is Boltzmann’s constant) and p is the chemical potential, which
is determined by the condition that the summation of the number of occupied states
coincides with the total number of Bosons:

N= > fnnym.- (1.59)

Ny Ny Tz

Once N is fixed, let us find the condition that must be fulfilled by the chemical
potential of the confined gas in order that there is a macroscopic occupation of
state €9. The occupation ng of this state is given by

1

= . , 1.60
o e—ﬁ#eﬂ(ﬁzl+7y+yzi) -1 ( )

which shows that there is condensation when
o= (24 L6l
B= fe (2 +5+ 5 )t (1.61)

with @ — 0 when N — oo. Due to confinement, this condition differs from
the one for homogeneous ideal gas in which case condensation takes place in the
limit g — 0.

Now we can calculate the number of Bosons outside the condensate N — Ng, by
using for the chemical potential its limiting value for which Bose-Einstein conden-
sation takes place, in (1.58) and (1.59):

1

N- No - e[ﬂ(wznz+wy"u+“’z”z)1 -1 ’
Nix Moy, N #0,0,0

(1.62)

In order to compute expression (1.62) we replace the summation y

Ty Ty Tz

by the integral [ dngydny,dn,. This approximation turns out to be a good ome if
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KT >» w;,wy,w, and the main contribution to the summation comes from states
whose energy is much higher than w;,wy,w,. In this case, we obtain

N - Np / dnzdn,dn (1.63)
0

elBwanztwyny+wens)] 17

and thus

KT\?
where ¢(n) is the Riemann function. The temperature dependence of the condensate
depopulation, T3, is different from the homogeneous gas case, where the law is
T3/2. The critical temperature for the transition to the condensate is obtained from

equation (1.64) by putting Ny = 0. We find
KT, ~0.940NY/3 . (1.65)

For temperatures higher than 7T, the chemical potential is smaller than p. and
depends on N and the population of the lowest-energy state is no longer of the
order of N. Note that the thermodynamic limit for confined systems is obtained
by taking N — oo and @ — 0 while keeping the product N@?* constant. With this
definition, T, is well defined in the thermodynamic limit.

If we insert the expression of T, in the equation for N — Ny we obtain the
T-dependence of the condensate fraction for T < T:

% =1- (%-)3 . (1.66)

For the magnetic traps that are realized nowadays, for which @/K is of the
order of a few nanokelvin, and for N values in the range 103 to 107, the critical
temperature turns out to be of the order of tens or a few hundred nanokelvin. Such
low temperatures are realized by means of laser cooling and evaporation techniques.

The effects of interaction on the critical temperature and on the behavior of the
condensate depopulation, are discussed in detail by Dalfovo et al. (1999).

1.8 The Fermi Gas

The non-interacting Fermi gas is obtained from equation (1.3) by putting vex; = 0
and imposing periodicity conditions to the plane-wave-like solutions:

1 .
goi(z):—_ﬁe’k"xms(a), i = kg, by, ke, (1.67)

at the boundaries of a cube having volume V and side L:

eik,(z-{-L) — eikmx’ ez‘ky(y+L) — eikyy’ eikz(z-f-L) — eikzz . (168)



14 Independent-Particle Model

Therefore, the particle momentum k can only take on the values

ko = ?LG"‘ (@ =z,y,2), (1.69)

where n;,ny, n, are positive and negative integers, including zero. In general, if D
is the dimensionality of the problem, with D = 3,2, 1, then we will have V = LP
and k = %"(nz,ny) for D=2 and k; = %"nz for D =1.
The single-particle energies are given by
k2
=—. 1.70
fle 2m ( )
In the V — oo limit, the allowed values n in momentum space become closely
spaced, and since their density is given by dn = L?/(27)Pdk, we can write

D
- Z#Z/dk. (1.71)

Nz, Ny, Mz, Ms

Therefore, the ground state is set up by filling a sphere (3D), or a circle (2D},
or a segment (1D), with radius kr, within which the single-particle states are all
occupied, and outside which are all unoccupied. The Fermi energy, i.e. the energy
on the Fermi surface, boundary or extremum is given by ep = k%/2m. The value
of kr is connected to the density p = N/LP. In order to find such relationship, let
us calculate the number N of particles using equation (1.71):

N

D
N= > =(2LT)D—Z/nkdk, (1.72)

Mgy, Mz, My

where ny is the ground state distribution:

1 ifk<k
(= HESBR (1.73)
0 ifk>kp
For the densities p = N/LP, we obtain
sp _ ki 2p _ K p _ 2kr (1.74)

T 3x2’ 2’ T

The energy per particle of the Fermi gas is given by
E 1 2 LP k2
= P = — —dk. 1.75
N Nzi:e N (2m)P /nk2m (1.75)

From equation (1.75), we obtain

== CF (1.76)
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If we add a particle to the system, we have the ground state energy of a system
with N + 1 particles if the added particle is put in the available state of lowest
energy, i.e. on the Fermi surface. The system’s chemical potential u, defined by

OF
=EN+1)—E(N)=(— 1.77
u=BW+1) -2 = (55) (177)
is therefore given by u = €ep.

The energy of the system may be written as a function of volume V = LP, from
which it is possible to write down the pressure P defined as

oF 90E/N
= e = p? 1.78
Moreover, the compressibility K is given by
1 oP  ,( 9°E/N OE/N
7= ar = (e ) 0r)
and is connected to the sound velocity v by
1
2
vl = Bmp’ (1.80)

For the Fermi gas in three dimensions, for example, one obtains % = S—)%gk%.

The one-body density matrix is given by

1 . :
pV(r,o,r',0') = sz‘(r, o)pi(r',o') = JG’U’W /nke*’k'(r_r ddk. (1.81)
i

The calculation of the integral leads to

kg Olkr [r—1' )

(1) / / — (S , :
p (I',O',I‘ ,0' ) g,0 271_2 kF l r— r, | (ln 3D)’ (1'82)
Ji(k -
p(l)(r, o,xr' o) = (5610,%%_1(—1?1?_1._‘)_ (in 2D), (1.83)

kplr——r'l

1 sin(kp(z — z')) .
1) ') = J AR 2/
Pz, o2 0") =650 T kr(z =) (in 1Dy, (1.84)

where C(z) = m‘—x;frw and Jj is the Bessel function. Putting r = r’ and o = ¢’
in the previous equations and summing over o, one re-obtains the diagonal density
of (1.74).

By using equation (1.49), let us now calculate the diagonal part of the two-

body density matrix pg)(zl,m,ml,xg) in the three-dimensional case taken as an
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example. We obtain

kS Clkg |t1 — 12 )\ 2
,0(321))(1‘1,01,1‘2,02,1‘1,01,1‘2,02)= E [1—9501,02( (Fl : 2D>}

3674 krp|ry—ry|
_ k&
= mggl,az (rl - rg) y (185)

where we have introduced the pair correlation function

Clkp | r1—r2 l)>2
) 1.86
kp|ri—ro| (1.86)

gﬂlydz(r) =1- 950’1,02 (

The function g is proportional to the probability of finding two particles at distance
r = |r; — ro| apart, with spin variables o, and o5.

If we are interested in the probability that two particles are at a distance r apart,
irrespective of the spin, we should calculate

3" Gor, =418 (Cl(g’“F”))Q . (1.87)

T

71,02
If, on the other hand, we are interested in the probability that two particles with

the same spin variables are at a distance r apart, we should calculate

2
> Gor,0, =2—18 (C—](c’:i—’")> . (1.88)

o1=02

Finally, for the probability that two particles with opposite spin are at a distance r
apart, we have

Z 901,02 = 2 (189)

01702

1 | 1 1 k r
0 1 2 3 4 F

Fig. 1.1 Pair correlation function Eal'az 904,02 of Eq. (1.87).
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1 1 L kpr

0 1 2 3 4

Fig. 1.2 Pair correlation function 3=, _ ;. 901,0, of Eq. (1.88).

1 [ { ] k r
0 1 2 3 s ¥

Fig. 1.3 Pair correlation function 901,02 of Eq. (1.89).

o17#02
The above three probabilities are plotted as a function of 7 in Figs. 1.1-1.3. The
fact that the probability in (1.88) tends to zero for r — 0 is a consequence of the
antisymmetrization of the wavefunction and of the presence of an exchange term in

(2) . The Pauli principle prevents the two particles with the same spin from being
at the same place (r = 0). When the two particles have opposite spins like in (1.89),
they become distinguishable and the Pauli principle does not operate, so that the
probability is independent of r like in the classical case. The situation described
by equation (1.87) i 1s mtermedlate between the two previous ones, and results from
the co-presence in p F ) of both symmetric and antisymmetric components under the
exchange of ry — rjp.

1.8.1 Ezxcited states

The excited states of the Fermi gas, for example, the one-particle—one-hole (1p—1h)
state |i~1, m), obtained by operating on the ground state with the density operator

N
p=" er, (1.90)
i=1

are set up by annihilating an occupied hole state with momentum | p |< kp in the
ground state, and creating a particle state with momentum | p +q |> kr. This can
be easily seen from equation (1.19), which yields a non-zero result only under these
conditions. Moreover, since the matrix element [ %, (r,0)e’ % p;(r,o)dr between
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plane-wave states is equal to 1, the dynamic form factor defined as

S(a,w) =Y _ 1{0]4|n)[*8(w — wno) (1.91)

n#0

in the Fermi gas may be written as

S(q,w) =2 > §(w — Wpq) (1.92)

p<kp,lpta|>kr
where

2 2 2

and the factor 2 takes into account the summation on the spin index. In this way,
the calculation of S(q,w) is reduced to a simple integration over the region in
momentum space such that p < kg and |p + q| > kr, from which one-particle-
one-hole pairs with total momentum q may be.excited. This region, in the D = 3
case that we took as an example, corresponds to the shaded area in Fig. 1.4, which
is bounded by the Fermi sphere and by the sphere obtained by shifting Sr by
the quantity —q. Even without carrying out any calculation, it is clear that the
excitation spectrum for the one-particle—one-hole states with momentum q will
consist in a continuum between the following limits

¢  gkr
ngpq_Q———i— , for q¢ < 2kp,
m  m
(1.94)
2 2
q qkp q° | qkr
B < 2 = f > 2k
a2m  m _wpq‘2m+m’ Or g = 28F,

Fig. 1.4 Region in momentum space from which the 1p — 1h states with momentum ¢ may be
excited.
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Fig. 1.5 Excitation spectrum of the 1p — 1h states as a function of ¢, in the 2D and 3D cases.

in the D = 3 and D = 2 cases, while in the 1D case the limits are

2 2
q qkp q qkp
I ST Mg < 24 I < 2k
2m+ m _wpq"2m+ m’ for ¢ < 2kr,
(1.95)
2 2
q gkp q qkr
_—— < = 4+ — f > 2%krp.
2m m _wpq“2m+ m’ Or g = <

The above-allowed energies correspond to the areas within the dotted lines in
Figs. 1.5 and 1.6. Outside these zones the dynamic form factor vanishes. This behav-
ior is characteristic of non-interacting systems and does not hold in the presence of
interaction. Notice the relevance of dimensionality in determining the single-particle
spectrum. The relevant feature of the one-dimensional spectrum, as compared to
two and three dimensions, is that the one-particle—one-hole excitations are forbid-
den in a large part of the low-energy phase space, i.e. the one that lies below the
dashed line ABC in Fig. 1.6.

The explicit calculation of S(q,w) is very simple in the case where ¢ is much
smaller than kp. In fact, in this limit the regions in momentum space from which
the 1p — 1h states can be excited, are very thin. Taking as an example the three-
dimensional case, the number of states in the elementary volume having polar angles
between 6 and 6 + df can be written as

dn = (—2‘;—)327rk%q cos fsin0df , (1.96)

and that the excitation energy for the pair is approximately given by

Wpgq = qUp cos b, (1.97)
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Fig. 1.6 Excitation spectrum of the 1p — 1h states as a function of g, in the 1D case.

where vp = kp/m is the Fermi velocity. Replacing the summation in (1.92) by an
integration on 8, and using the property

6(cm—mo)=5(m——xc—o) /lel,

one finds

miw

Ssp(q,w) =V —~, for w < qup,
el (1.98)

Ssp(q,w) =0, for w > qup .
Note that for all ¢ values S(q,w) goes to zero when w — 0. This behavior stems

from the Pauli principle which limits the number of low-energy excitations.
Finally, let us calculate the static form factor

1 2
S@-g [ws@w =5 X 1 (1.99)
p<kr,|p+al>kr

which is proportional to the area of the shaded region in Fig. 1.4. A simple calcu-
lation yields:

3q @ .
—_— 5 if ¢ < 2kp
(3D): S(q) ={ 4kr  16kp , (1.100)

1 if ¢ > 2krp
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2 . _1( q ) q ( q )2 .
— sin —+ =/l = if ¢ < 2kp
(2D):  S(q)=1{ 7 2kp ) mkr 2kF ;o (1.101)

1 if ¢ > 2kp
(1D): S(q) = . (1.102)

1.8.2 Polarized Fermi gas
The Fermi gas may be (partially) spin-polarized, the polarization being defined by

g=Pr— P (1.103)
P

where py are the electron densities with up and down spin, respectively. Using
equation (1.103) together with

p=(p++p-), (1.104)

one may write
pr = ’5’(1 +¢). (1.105)

Here, £ = 0 means that the system is unpolarized, while £ = 1 means that the Fermi
gas is completely polarized.
Using

— o LD +
N, = > = @P ntdk, (1.106)

Nz, My, Nz, Ms=1/2

where n; is the distribution: nf = 1 for £ < k}i and njf = 0 for k > kf, and
analogously for N_, we obtain:

k%(3D) = [3r%p(1 £ £)]'/3,
ki (2D) = [2mp(1 £ £)]'/2, (1.107)
kF(1D) = (1)

If we now use the generalization of equation (1.75), it is easy to obtain the energy
of the polarized Fermi gas:
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E®P 3 2 \2/3 5/3 5/3

T:M(% P+ € + (1 =€),

E?P T

- = 2—7%(1 +£2), (1.108)
ElD

 m2p?
= e L+ (197

It is interesting to remark that the above formulae hold also in the case of isospin
polarization that occurs in asymmetric nuclear matter. In this case N, and N_
represent the number of neutrons N and protons Z, respectively, and kf are the
Fermi momenta of neutrons and protons. The polarization £ is given by Nsz,
where A is the mass number, and formulae (1.108), expanded at the lowest order in
&, yield the symmetry energy of nuclear matter (see for example the book by Bohr
and Mottelson).

As an application of the obtained formulas, let us calculate the spin susceptibility
of the Fermi gas. To this purpose, let us put the Fermi gas in a magnetic field B in

the direction of the z-axis. The total energy per particle of the system is given by

E _ ET(paE)
N N

where Er(p,£)/N are the kinetic energies per particle of equation (1.108), uo is
Bohr’s magneton efi/2mec, and the Fermions interact with the magnetic field via
the interaction Hamiltonian

+ po B¢, (1.109)

,u,oB-O'.

The polarization £ is obtained by requiring that the variation of the energy (1.109)
with respect to £ is zero. The magnetic susceptibility x, is given by

(Xi0h) _ €epL”
= L = ) 1.110
For example, in the case of a two-dimensional gas we obtain & = —mugB/mp and
Xo Mo Ho
28— 1.111
N TP €F ( )

1.9 Finite Temperature and Quasiparticles

By definition the ground state of the system is the zero-temperature state. If the
system temperature is increased, the system is automatically excited. In the limit
of low temperatures, the number of allowed excited states for the Fermion system
is strongly reduced by the Pauli exclusion principle. At (low) temperature T, only
those single-particle states whose energy differs from the Fermi energy er by KT
(where K is Boltzmann'’s constant) are affected by a temperature change.
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It is convenient to describe the structure of these excited states in terms of the
changes of their occupation numbers as compared to those in the ground state. If
we refer to the unoccupied hole states with € < er and occupied particle states with
€ > ¢F, as the quasiparticle states, it is possible to describe the statistical properties
of the degenerate Fermi gas in terms of these elementary excitations. In fact, the
creation of an excited state through the excitation of a given number of particles
across the Fermi surface Sp, is equivalent to the creation of the same number of
particles outside Sy and of holes inside Sr. The excitation energy of the Fermi gas
at equilibrium at temperature T is characterized by the quantity

ony = nk(Tv ﬂ) - nk(Oa ,U,) ’ (1112)

which measures how much the quasiparticle distribution function has been changed
with respect to its value in the ground state, which is given by (1.73). The excitation
of a particle with momentum &’ > kp corresponds to dny = 0k x’, and the excitation
of a hole with momentum k&’ < kp corresponds to énx = —ék k. Note that, since
in an isolated system the number of particles is conserved, the number of excited
particles must equal that of excited holes, which entails

> ome=0. (1.113)
Kk
For a non-interacting system, the excitation energy is given by
k2
E—-FEy= zk:%dnk, (1.114)

where Ejy is the ground state energy. In equation (1.112), the quasiparticle distri-
bution function at temperature T is given by

1
" T+expBlac— )]’
where § = 1/KT and p is the chemical potential, which for a non-interacting

system and in the limit of low temperature is equal to the Fermi energy. A simple
calculation (see Huang 1963) yields for the excitation energy:

e (1.115)

2
E~Ey= ~—N(KT)?, (1.116)
4€F
and for the specific heat:
oF 72
C,=|—) =-—NK?T. 1.1
(8T)N 2ep (1.117)

The quasiparticles introduced above, are the low-energy elementary excitations
for the degenerate Fermi systems. In the limit of low energy the quantum states
of the degenerate Fermi liquids, which in nature are realized by liquid *He (above
4 m °K), by the conduction electrons of non-superconducting metals and in nuclear
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matter, may be described in terms of such elementary excitations. The theory of
these states in terms of quasiparticles was established in 1956 by Landau. A detailed
description of this theory is found in the book by Pines and Nozieres; in the following
we report only its main steps.

The basic hypothesis of the Landau theory is that the dynamic and thermody-
narmic properties of a Fermi liquid can be traced back to those of a gas of elementary
excitations near the Fermi surface: i.e. the quasiparticles. The theory studies the
effect of the deviations én(k,r) of the local distribution function n(k,r), which
provides the quasiparticle distribution in a unitary volume centered at r, with re-
spect to the equilibrium distribution n, which is assumed to have the same form
as that of a non-interacting Fermion gas. Therefore, the concept of Fermi surface
is still valid, and in order that the idea of quasiparticle makes sense, the deviations
dn(k,r) must be appreciably large only for values k ~ kg. Stated otherwise, the
energy w and the momentum ¢ associated to the quasiparticles should be much
smaller than the Fermi energy and momentum.

The deviations én(k, r) produce changes in the quasiparticle gas energy which,
to second order in dn(k,r), are written in the form

E(n(k,r)) — Eo = / SE(r)dr
(1.118)

SE(r) = Zekén(k, r) + % Z Jxxon(k,r)én(k’,r),
k k,k’

where € and f are the first and second functional derivatives of the energy with re-
spect to the quasiparticle distribution. They have the respective meanings of the en-
ergy associated with a single quasiparticle excitation and interaction energy between
quasiparticles. By means of ¢y it is possible to define the group velocity of quasi-
particles vi = Viex and hence their effective mass is introduced via vy = k/m*.

The basic equation for the dynamics of the quasiparticles is the transport equa-
tion of the type similar to the Boltzmann equation for the deviations of the dis-
tribution function n(k,r,¢), which gives the probability of finding a quasiparticle
located at r with momentum k at time ¢:

%5n(k, r,t) + vk - Vebn(k,r,t)

~Vink Y fiore Vedn(K',r,t) = I(6n)con - (1.119)
kl

With respect to the usual Boltzmann equation, the novel features of the Landau
equation are the effective quasiparticle mass which appears in vy, = k/m* and, most
of all, the external force term VynQ - Fexy which in the case of Eq. (1.119) has the
form

Far =Y fiee Vebn(K,1,t),
kl
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and is not a force external to the system but rather is produced by the other
quasiparticles. This term must be computed in a self-consistent way since it depends
on dn. The external force in the Landau equation is characterized by the function
fx - The force acting on the quasiparticle with momentum k, is due to all other
quasiparticles with momentum k’. It is assumed that fi 1 is continuous as k or
k’ cross the Fermi surface. Since the whole theory is valid in the neighborhood of
the Fermi surface, what is needed in practice is only the values of f on the Fermi
surface, so that fi ki depends only on the directions of k and k’ and on the spins
of the two quasiparticles. It is convenient to introduce spin-symmetric ( fﬁ,k,) and
spin-antisymmetric ( fﬂ,k/) components of the quasiparticle interaction by means of
the following equations

Al = fiw + g e =Fow — fiw- (1.120)

Moreover, if the system is isotropic the f depend only on the angle 6 between the
directions k and k’, and may be expanded in series of Legendre polynomials:

x>
e =Y [ Picosb). (1.121)
1=0
The coefficients f;** fix the interaction. Finally, it is opportune to put these coeffi-
cients in terms of dimensionless coefficients:

v(0)f>* = R, (1.122)

where

v(0) = d(ex —eF) = % (1.123)
k

is the quasiparticle density of states at the Fermi surface. In equation (1.119), the
term I(0n)con accounts for the changes dn(k,r,t) due to quasiparticle collisions.
These collisions are similar to those between molecules in the normal kinetic theory
of gases. Their importance is evaluated qualitatively by the collision time 7, i.e.
the time elapsed between two collisions. This depends on the nature of the particle
interaction and on temperature T. At low temperature, which is the case we are
interested in, collisions are quenched by the Pauli principle; there are few of them
and 7 is large. It can be shown that its behavior is approximately 7—2. Therefore,
collisions play a role only in phenomena, characterized by low frequency w such that
wT K 1 (e.g. viscosity, thermal conduction, etc.). This regime is referred to as the
hydrodynamic or classical regime. In the opposite limit, wT > 1, the frequency is
so high that the system can undergo many oscillation periods without any collision.
In this case the collision term can be neglected and the system is said to be in the
elastic regime. In this regime, the interaction plays a crucial role. To study these
two regimes, it is possible to change the temperature and, consequently, 7.

The Landau theory has been very successful especially because it can explain a
large number of physical phenomena with a very small number of parameters in the
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interaction F,*. For example, for a systematic description of the dynamic proper-
ties of 3He, only four parameters are needed (F§ and F} for the spin-symmetric
quantities, and F§ and F} for the spin-antisymmetric ones). These parameters can
be connected to quantities known from experiments, as we will discuss briefly in the
following.

First we should remember that by integrating the distribution function n{k, r,t)
in momentum space we obtain the quasiparticle spatial density:

Vv
r,t)= nk,r,t) = —— k,r, t)dk,
plrst) = Sonlort) = oo [ otk
while by integrating it in coordinate space we obtain the momentum density
n(k,t) = [n(k,r,t)dr. By integrating the Landau equations in momentum space
we have

0
ap(r,t) + Vi ; <6n(k r,t) ka won(k',r, )) . 1;|
=) " I(6n(k,1,t))con » (1.124)
k
where we have used Vn{ = Vk Equatlon (1.124) yields the continuity equation
ap(r, t) + V. J(r,t) =0, (1.125)

with

0
Ity = [5"(1{, r,t) - ?9—2 > frewdn(K',r, t)] Vi
kl

k

= Z&n (k,r,t) (vk — ka k/?—hvk/> (1.126)

and where we have used the result ), J(dn(k,r,t))con = 0, because the continuity
equation expresses the quasiparticle number conservation and collisions can change
neither the number of quasiparticles nor the current.

The current expression (1.126) shows that J(r,t) # >, on(k,r,t)v, i.e. that
the current is not determined by quasiparticle velocity, but there exist non-local
dynamic contributions, due to the interaction. On the other hand, if the system is
translationally invariant, the current cannot have any contribution from the inter-
action, but only from the kinetic energy, because it is a constant of motion which
commutes with the interaction. This means that one must have

=) dn(k,r, t)%, (1.127)
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where m is the bare quasiparticle mass. Comparison of equations (1.126) and (1.127)
implies

— =Vk— ka k'_Vk’ (1.128)

Equation (1.128) is a condition which is imposed on fi k/ by translational invariance.
For an isotropic system both the current and the velocity are parallel to k; therefore,
equation (1.128) involves only the spin-symmetric component with [ = 1 in the
expansion (1.121). Using the relationship

0
Ony, _

= — - 1.129
aek 6(610 6F‘) ? ( )

which stems from the fact that the equilibrium quasiparticle distribution function is
a step function, and from the definition of effective mass vg, = kr/m*, and (1.122)
and (1.123), we can change equation (1.128) into the relation
m* F1
m =l+= 3
Since the effective mass can be evaluated by specific heat experiments, by using
relation (1.117), which still holds for the gas of quasiparticles with ep = k2./2m*,
equation (1.130) enable for the determination of the Landau parameter F7.
In order to establish a connection between F§ and a measurable quantity, let us
assume that the hydrodynamic regime holds, and let us look for Euler-like equations
for the density variations. To this end, let us multiply the Landau equation by k; /m,

where k; is one of the momentum components, and let us perform a summation on
k; we obtain

9
ot

(1.130)

Ji(r, ) + Vo, Z&n (k,r t)v1 -V, ankfk won(k',r, t)y; k— =0, (1.131)
Kk’

where we have used the result ", k;I(dn(k,r,t))con = 0, which results from the
current being conserved during collisions. However, the fact that the collision term
does not change the quasiparticle density and their current, does not mean that it
is not relevant in the hydrodynamic regimes where wr < 1. In the hydrodynamic
regime the collisions are important and tend to re-establish the equilibrium distri-
bution n°. They tend to keep the normal displacement of the Fermi surface uy at
point k which, for isotropic systems, is defined by

on(k,r,t) = d(ep — erp)vrux(r,t), (1.132)

at small values, setting to zero all its components associated with deformations with
[ > 1. In this limit u ~ a + bcos# and it corresponds to an oscillation of the density
superimposed on a uniform translation of the fluid. This is what is expected for the
propagation of acoustic waves. We are in a regime of local equilibrium.
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If we consider isotropic systems for which dn(k,r,¢) is spherical, only terms
with i = j survive in (1.131), and using the relationship (1.129) as well as equations
(1.122) and (1.123), we easily obtain the following equation

0 2¢p o _

which holds only in the hydrodynamic regime. In fact, in the conservation equation
(1.131), the I = 2 term would survive. However we put it to zero because we have
assumed that we are in the hydrodynamic regime. Equation (1.133) resembles the
classical one, and together with the continuity equation (1.125) leads to the sound
equation

32
ﬁp(r, t) — viV2p(r,t) =0, (1.134)
with v the sound velocity in the quantum liquid, given by
v = ki (1+FS). (1.135)
1™ 3mm*

Equation (1.134) describes the propagation of ordinary sound in quantum liquid and
the corresponding propagation velocity (1.135) is connected to the system compress-
ibility by (1.80).

In the case of *He, the measurements of specific heat and ordinary sound velocity
at vapor pressure (P = 0), provide the following values of the Landau parameters:
F§ = 10 and Fy = 6. From these values it is immediately clear that 3He is very
different from a non-interacting Fermi gas. For example, the effective mass turns
out to be three times as large as the bare mass.

The Landau parameters F§ and F are connected to the magnetic properties of
quasiparticles. For the study of such properties, it is necessary to study the effect
of the deviations dn®(k,r) = dny(k,r) — én|(k,r) of the local spin-antisymmetric
distribution function n*(k,r) = ny(k,r) — n(k, r), with respect to the equilibrium
spin-antisymmetric distribution function nf, — np,, which is assumed to have the
same form as the distribution of a non-interacting and spin-polarized Fermion gas.
In this case, the integral of the distribution n®(k, r,¢) in momentum space gives the
spatial magnetization of the quasiparticles, m(r, t). The equations for én®(k, r) have
the same form as those for dn®(k,r) = dny(k,r) + én;(k,r) that we have studied
above, but are characterized by the Landau parameters F§ and FY.

The system magnetic susceptibility per particle can be expressed through F§ as
follows

Xo 3m* 1

_ R 1.136
N Ho k%—\ 1+F0aa ( )

which should be compared to the corresponding value for the non-interacting Fermi
gas xE¢ /N = —puo(3m/k%). The effect of interaction comes in through m* and Fy.
In the case of 3He, F§ has a very negative value ~ —0.7. Recalling that m* = 3m,
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we find that the magnetic susceptibility is approximately 20 times larger than in
the Fermi gas. The system is quasi-ferromagnetic, in the sense that it is very easily
magnetized. As for the F{ parameter, its value can be derived from specific heat
measurements in the nonlinear temperature regime. In fact, the magnetic excited
states have low energy and affect the specific heat. From such analysis we find
Fp = -0.55.

The Landau theory is easily generalized to the two-dimensional case. In this
case the Landau equations keep the same form as equations (1.119), and equations
(1.121) and (1.123) should be replaced by

kk' 2D = Zfls aCOSl 9 9/) (1137)
[=0

and

Vm*

VPP(0) = (e —er) =

k

(1.138)

It is not simple to connect the Landau parameters to measurable quantities in
two dimensions, and in general the parameters themselves are derived from the
physical interaction. As happened in the 3D case, translational invariance imposes
a condition on the quasiparticle current in 2D which results in a relationship between
the effective mass and the Landau parameter F}:

m* F8

=14l 1.
— =1+ (1.139)

It is also possible to derive the sound equations, which keep the form (1.134)
unchanged, but where the ordinary sound velocity is given by

2 a
Yi2D = 2mm*

1+ F). (1.140)
Finally, it is possible to link F§ to the system magnetic susceptibility per particle
as follows

Xo,2D = —pu 2m* 1
N k2 T+ FE

(1.141)

As last remark, we would like to recall that there also exist Bose quantum liquids
(e.g. “He), and that recently in various laboratories Bose—Einstein condensates of
alkali atoms have been realized. The elementary excitations of Bose systems are
completely different from those of Fermi systems, and have phonon nature. The
different nature of elementary excitations has the consequence that the specific
heat of these systems, contrary to (1.117), is proportional to 7% as T — 0. In the
following chapters, we will treat the phonon nature of the elementary excitations of
Bose systems in detail.
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Chapter 2
The Hartree-Fock Theory

2.1 Introduction

When the interaction term of (1.1) is included in the theory, the many-Fermion
(Boson) wave function is a combination of Slater determinants (symmetric
products) that must be determined by means of variational or other more sophisti-
cated techniques, However, even in the presence of the interaction, the ground state
of the system can be forced to be a single Slater determinant (symmetric prod-
uct). This is the idea at the basis of the Hartree-Fock (HF) theory which tries to
describe some physical properties of the system with a wavefunction which, as in
the independent-particle model (IPM), is the product of single-particle functions.
The single Slater determinant (symmetric product) is chosen among all the possible
ones in order to minimize the energy of the system, calculated as mean value of the
Hamiltonian (1.1) (including the interaction) on the product of single-particle func-
tions. Clearly, the only correlations included in the method are the statistical ones,
deriving, for example, from Pauli exclusion principle. Dynamic correlations, which
are due to interactions and are responsible for the deviation of the wave function
from a product of single-particle functions and of the two-body density from the
predictions of the IPM of equations (1.46)—(1.50), are not included in the theory.

One important consequence of this fact is that the HF theory is applicable only
to those systems in which the interaction is well behaved and, for example, it does
not diverge too fast as the interparticle distance tends to zero. This is clearly seen
by calculating, for example, the average value of a two-body potential in the Fermi
gas model:

il 1
(SDIS - v(x)ISD) = 5N 3 [ i (w)u(e)a, (21)
i<j 0102

where p is the constant density of the gas (i.e. the diagonal part of the one-body
density), while 3~ go, 0, is given by equation (1.87), in the 3D case. It is observed
that whether the integral in the interaction term will diverge or not will depend on

31
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the shape of the potential v(r) or on the dimensionality of the system under study.
This is, for example, the case of the Lennard-Jones potential, which describes the
interaction between two atoms and contains terms of the form 1/r'2, or of the
nuclear interaction with a hard core, or of the Coulomb potential for one-dimensional
systerns.

Therefore, we see that the Hartree—Fock method can be used only with potentials
having a soft behavior, which do not cause the divergence of the integrals appearing
in the average value of the Hamiltonian on the product functions of equations (1.10)
and (1.12).

One evolution of this method is the theory of Brueckner—-Hartree-Fock, which
introduces an effective potential g%, defined by

v|0) = g*T|HF), (2.2)
where |0) is the true ground state on which the true potential (which may be
divergent) operates, while g% is non-divergent and operates on a non-correlated
(mean field) wavefunction. This theory will be considered in Chapter 3.

2.2 The Hartree—Fock Method for Fermions
Let us calculate the energy of the system as the mean value of the Hamiltonian with

two-body interaction of (1.1) on a generic Slater determinant, using the formulae
of Chapter 1:

E = (SD|H|SD)
= Z/drcp, r,o) (

+= Z /drdr 1(r,0)e; (', o Yu(r — ') [pi(r, 0)p; (x', o)

zgcra"

) pi(r.0)

—pi(t', 0 )p;i(r,0)], (2.3)

where ; are the single-particle wavefunctions which appear in the Slater determi-
nant, that we will determine by using the Hartree-Fock theory.

Let us minimize the energy (2.3) with respect to arbitrary variations of the ¢;
functions. Since the ¢; must be normalized, the quantity to be minimized is

E-> & / s 2dr (2.4)
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where the ¢; are N Lagrange multipliers. If we require that equation (2.4) be sta-
tionary with respect to variations of ¢}:

] E—ZEi/l%’(r, o)2dr | =0, (2.5)
1,0
we obtain the Hartree-Fock equations:

(_;lwext( )go,(ro +Z/dr (', 0")u(r — ')

x [pi(r,0)0;(r',0") = @it 0")p;(r, 0)] = €ipi(r, o) . (2.6)

These equations can be put in a compact way using the following relationships for
the one-body diagonal and non-diagonal densities respectively:

I) = Z I(pj(rl,O'/)|

jo!
and

[p(l)(r, o,r',d’)] Zcpj(r o)p; ( r', o).
In this way we obtain
v2
(~3 + ve®) 0101:0) + UIp1(5.0)

- Z /dr PO (r,0,v",0")*v(r — t')pi(, ') = eips(r,0),  (2.7)

ollo’

where
Ulr) = / dr' p(r'Yo(r — 1), (2.8)

and o|lo’ means that the spins must be parallel, since otherwise the exchange term
vanishes.
Note that the Hartree-Fock potential:

v 0i(r,0) = vexe(T)epi (1, ) + U(X)pi(r, o)

- Z/dr'[p(l) (5,0, 0o — )ity o) (2.9)

ollo’



34 The Hartree—Fock Theory

is a self-consistent field which depends on the ¢; functions which are occupied by
the N particles, and that the exchange term [i.e. the last term in (2.9)] is non-local.
In the Hartree theory only the local (direct) term U(r) is considered.

The HF equations form a system of N coupled integral-differential equations.
The &; have the physical meaning of single-particle energies.

The HF equations are solved by means of a self-consistent iterative method, i.e.
startlng from N known single-particle functions go( ), which are used to determine
11(0) Equations (2.7) are then solved and N new wavefunctlons are determined, by
means of which a new potential v(l) is built up. Equations (2.7) are subsequently
solved again, and so on, until solutions are obtained which coincide with those
used to set up the potential of the previous iterations (self-consistency). The Slater
determinant obtained with the solutions of the last iteration is the Hartree—Fock
ground state.

Properties of the solutions

The solutions of the Hartree-Fock equations for the wavefunctions ; and the single-
particle energies ¢;, have the following properties:

e When self-consistency is attained, equations (2.7) provide a complete set of so-
lutions ¢;; only the N states corresponding to the lowest values of the €; are
used to set up the Slater determinant that gives the Hartree—Fock ground state.
However, the remaining states provide a natural basis to describe the 1p — 1h,
2p — 2h,. .., excited states.

e Wavefunctions ¢; corresponding to different energies are mutually orthogonal.

e The particles are non-self-interacting. The potential acting on the particle de-
scribed by the state ¢;, has no contribution from such state, but only from the
states corresponding to all other particles. This is due to the mutual cancella-
tion of the direct and exchange terms in the HF potential (2.9) when j =
This result follows from the anti-antisymmetrization of the wavefunction. In the
Hartree theory, in which the exchange term is neglected, one has the unphysical
interaction of a particle with itself.

o The mean value of the system Hamiltonian in the HF state is different from the
sum of the single-particle energies €; corresponding to the occupied states in the
HF ground state:

(HF|H|HF) # ) &;. (2.10)

In fact, using equations (2.3) and (2.6), we obtain:

(HF|H|HF) = %(Ze,+2t +ZUZ>, (2.11)
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where

Z/% (r,0) ( )%(r o)dr,
= Z/qp}‘(r, 0 )Vext (T) i (T, 0)dr

(2.12)

Residual interaction

Apart from a constant term, the Hartree-Fock equations define the H F' Hamiltonian
HHEF =% H HF,

HAF $, = (; + const); . (2.13)

It is easily verified that the HF ground state is an eigenstate of HF and its
eigenvalue is the Hartree-Fock energy: EFF = 3~ (&, + const). However it is always
possible to choose the value of the constant such as the HF energy coincides with
the mean value of the two-body Hamiltonian H in the HF state:

EHF — (HF\H|HF) = (HF|H*F|HF). (2.14)
This means that if we write
H=HRF L v, (2.15)

then Vi is a residual two-body interaction whose mean value in the HF state is
Zero:

(HF|Vies|[HF) = 0. (2.16)

Moreover, it is possible to show that the matrix elements of the residual interaction
between the HF ground state and the one-particle-one-hole excited states vanish
as well:

(HF |Viesli™t,m) = 0. (2.17)

On the other hand, the matrix elements of the residual interaction between the HF
ground state and the two-particles—two-holes excited states do not vanish:

(HF|Viesli™ 572, mn) £ 0. (2.18)
Equation (2.17), can be rewritten as
(HF\H|i"',m) =0, (2.19)
and is a particular case of the more general condition

(HF\[H,F)|HF) =0, (2.20)
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where F' is any one-body operator. This condition means that |HF) is the Slater
determinant which minimizes the system energy. In fact, if equation (2.20) did not
hold, then by using the transformation e*!:¥1 on the HF state it would be possible
to lower the HF energy, which is impossible by definition of the HF state.

2.2.1 FEzamples of physical systems treated by the Hartree—Fock
method

Metal clusters

The Hartree-Fock method was employed initially in the field atomic and molecular
physics, and provided very good results for atoms with a small number of electrons
and simple molecules like diatomic ones. In recent years the method has also been
used for calculations on metal clusters and quantum dots. In the following we will
shortly describe the two latter systems, describing their main characteristics and
showing the results of HF calculations.

Metal clusters, that we will consider here, are clusters of alkali metals which
are obtained experimentally by evaporating the metal inside a container where a
noble gas is also introduced, which acts as a catalyzer (Knight et al. 1985; de Heer
et al. 1987). If a micro-hole (of the order of a few yum) is made in the container,
the gas (which initially has given values of pressure and temperature) undergoes a
supersonic expansion which produces a lowering of temperature and the formation
of metallic aggregates called clusters.

The resulting beam consists of different aggregates containing different numbers
of atoms; it is of interest to measure the relative abundance of clusters of a given type
as a function of the number N of constituting atoms. This kind of experiments (see
Fig. 2.1) provides a spectrum of abundance, showing a series of peaks corresponding
to some values of N, which are a sort of magic numbers analogous to those observed,
for example, in the ionization energies of the atoms and nuclear separation.

One of the most well-known results obtained by this technique is the discovery
of fullerene (Kroto et al. 1985; Kratschmer et al. 1990), i.e. an allotropic state of
carbon consisting of 60 atoms placed on the vertices of the icosahedral structure
with 12 pentagonal and 20 hexagonal faces shown in Fig. 2.2. This structure is
the one used to make soccer balls, and this is the reason for the name “soccer-like
carbon cluster” commonly used in the literature to indicate fullerene.

The simplest model for these systems is the so called jellium model (Ekardt
1984; Yannouleas et al. 1989; Bertsch et al. 1991; Van Giai and Lipparini 1992;
Guet and Johnson 1992; Lipparini et al. 1994; Broglia et al. 2002), and is obtained
by considering the aggregate as a set of electrons (the valence electrons of the cluster
atoms) which feel the electrostatic field produced by a homogeneous distribution
of positive ions inside a tridimensional sphere of radius R (metal clusters) or on
the surface of a sphere (fullerene). The electrons interact mutually by the repulsive
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Fig. 2.1 Abundance spectrum for Na clusters.

Fig. 2.2 Geometrical structure of fullerene Cgg.

Coulomb force. This model is expected to work rather well especially for alkali metal
aggregates, where the single valence electron is nearly free. In this case (which is
the only one that we consider in the following) the number of valence electrons
coincides with the number N of atoms in the aggregate and with the number of
ions as well. The ions are considered as rigid, in the sense that they do not interact
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with possible external fields.
Therefore, in the case of metal clusters the ion density can be schematized as
follows

p1(x) = pB(R~T), (2.21)

where py is the bulk density, i.e. the constant density of ions (which coincides with
the electron density) in the homogeneous system, and ¥ is the step function. Using
atomic units [where m = €2 = A = 1, the energy is in Hartree units H (1H =
27.2 eV), and length is in units of the Bohr radius ap (1 ag = 0.529 A)], the
Hamiltonian of the N electrons is given by

(P2 [ ) ) ]
= = — d _— 2.22
B3 (5 i)+ ety (222)
i=1 i<g
where the confinement potential of the ions
'
Vo) = — [ L) g (2.23)

r—r|’
for the distribution (2.21) is given by

%H—Rz ifr<R

_2F°
3r

and the radius of the sphere where the ions are uniformly distributed is fixed by
the relation

Vi(r) = 2mpp , (2.24)

ifr>R

%ﬂ'prg =Ny, (2.25)

with N being the number of ions in the cluster.
The HF equations for the Hamiltonian (2.22) become

[_v_2+ / Mdr’] 0i(r,0)

2 r—r|

- Z /dr'(p(l)(r, a,r',d'))* E _1 rllgoi(r',a') =e;pi(r,0), (2.26)
ollor

where

p(r) = Z li(r, ),

and

[p(l)(r, o, v, d)|* = Z ©;(r,0)p; (r', a').
J
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Note that for the homogeneous system, to which the cluster tends when N — oo,
one has p. = py, and in the HF equation only the kinetic energy and exchange
terms survive. It is then clear that the bonding is due to the exchange term, which
is a quantum effect. The same holds for clusters (i.e. the non-homogeneous system)
because the exchange term is stronger than the sum of the ionic potential with the
direct term deriving from electron-electron interaction.

In Fig. 2.3, we compare the single-particle spectra of sodium clusters formed by
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Fig. 2.3 Single-particle energies of Na clusters with 20,40,58, and 92 atoms in the spherical jellium
model. Part (a) is within LD A, (b) within Coulomb HF', and (c) within BHF. The height of the
vertical lines indicate the filled levels in each cluster. The (n,!) of the levels are indicated.
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20, 40, 58, 92 atoms, as obtained by the Coulomb Hartree~Fock method (CHF), to
those derived by more refined theories (Brueckner-Hartree-Fock (BH F'), see Chap-
ter 3) and by the density functional theory (LD A) (see Chapter 4), which take into
account the dynamic interactions in an approximate way. In all kinds of calculations
the confinement potential of (2.24) with R = r,N'/3 and the Wigner—Seitz radius
rs = 4 (in atomic units) is used (r, is by definition the radius in atomic units of
the sphere which encloses one electron). It can be noted that the LD A spectrum is
strongly compressed with respect to the other two, and that the gap between the
highest occupied level and the lowest unoccupied one is much larger in HF and
BHPF than is in LD A. The strong bonding of lowest-energy levels in HF and BHF
derives from the fact that the Coulomb exchange term in the HF scheme depends
strongly on the state. Inclusion of the correlation term in BHF causes a stronger
compression of the spectrum than it does in HF, where the dynamic correlation
terms are completely neglected. The difficulty that the LDA theory encounters in
predicting that N = 40 is a magic number for sodium clusters (in agreement with
the experimental abundance spectra), is absent in the H F' scheme, where the 2s-1f
and 2p-1g gaps are much larger than in LDA. On the other hand, as will be dis-
cussed in the following, the LD A theory is not expected to be a good theory for the
single-particle spectrum, but only for the total energies and for the density of the
ground state. In HF and BHF the highest-energy occupied states have energy close
to the ionization potentials determined experimentally, in agreement with the Koop-
mans theorem, which proves their coincidence in the N — oo case. For example,
in Nagg (sodium cluster with 20 atoms) the experimental value is 3.75 eV, which
should be compared with the HF and BHF predictions of 3.54 and 3.72 eV, re-
spectively. In Naygg the corresponding values are 3.60 eV, 3.28 eV, and 3.47 eV,
respectively. The LD A predictions are 4.03 eV in Nagg and 3.75 ¢V in Nayg.

TABLE 2.1

N HF BHF LDA MC

20 -1.237 —1.846 —2.019 -1.860
40 -1.200 -1.840 -—2.048 —
58 -—1.241 -—1.926 —2.093 —
92 -1.237 -1.931 -2.119 —
oo —1.236 —2.035 -2.154 -2.154

In Table 2.1, we report the total energies per particle (in eV) for some sodium
clusters and for the homogeneous system (N = o), as predicted by the HF cal-
culation, together with the LDA and BHF results (Lipparini et al. 1994). In the
same table are also reported the Monte Carlo (see Chapter 6) results for the homo-
geneous system (Ceperley 1978; Ceperley and Alder 1980), and for Nayo (Ballone
et al. 1992). The Monte Carlo results should be considered as those of best possible
calculation. From the table we can see the importance of the dynamic correlations
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Fig. 2.4 Electronic density profiles in rm Nayg in the three approaches. The dotted-dashed, dashed
and full lines refer to the LD A, HF and BHF results, respectively. The square curve shows the
jellium density p;.

in determining the total binding energy. It can also be noted that the HF and BHF
results have an oscillatory behavior, and that BHF tends to the bulk value more
slowly than the LDA theory.

In Fig. 2.4, we report the electronic densities of Nayg, computed by the three
different methods. The three densities are similar, but show some marked difference
in the central part, reflecting the smaller amplitude of the s state wavefunction
at the centre in HF and BHF with respect to LDA. It can be shown that the
inclusion in the HF' density of the effects due to long range correlations (RPA, see
Chapter 9) increases the density profile at the centre, in agreement with the LD A
approach.

As was discussed at the beginning of this subsection, the HF and LDA calcula-
tions, in the jellium approximation of equations (2.21) and (2.23) for the electron—
ion interaction potential, became of common use during the 1990s. In spite of its
simplicity, the jellium model provides a good description of the optical properties of
some metal clusters, in particular those of sodium and potassium (see Chapter 8).
However, for other clusters such as the lithium ones, this approach cannot reproduce
experimental data. This fact urged some authors (Blundell and Guet 1993; Serra
et al. 1993; Yabana and Bertsch 1995; Lipparini et al. 1994; Alasia et al. 1995) to
modify the electron—ion potential of the jellium model so as to take into account
the effects of ionic structure. This was accomplished by means of the use of pseudo-
potentials, which during the atomic calculations allow an atom and its core to be
replaced by a pseudo-atom with only the valence electrons In this way, equation
(2.23) is replaced by the expression V, (r) = [ pr(r')vps(|r — r'|)dr’, where the ionic
density is still given by (2.21), i.e. the atoms are still uniformly distributed on a
sphere, but instead of describing the electron-ion interaction by —|r —r’|~! one uses
the pseudo-potential vp,(|r — r']). In the literature this model is commonly named
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pseudo-jellium. In order to show the differences between the jellium and the pseudo-
jellium results, we report in Table 2.2 the LD A values of the static polarizability of
some metal clusters, normalized to the classical polarizability ag = R® = r3Ny, in
the different approximations. The LD A polarizability is obtained by adding to the
Kohn-Sham equations (see Chapter 4) a static electric dipole constraint (see also
Chapter 8).

TABLE 2.2
ajoe, PPJM PHJM JM Expt.
Nago 1.92 190 1.37 1.7640.10
Nayo 175 173 133 1714010
K20 1.92 191 128 1734020
Ligo 2.14 2.07 147
Lity, 1.48 145 120

The values r, = 3.25, 3.93 and 4.86 a.u. have been used for Li, Na and K, re-
spectively. The experimental values were taken from Knight et al. (1985). PPJM
indicates the approximation with pseudo-potential of Bachelet et al. (1982), PHJM
indicates the approximation with the pseudo-Hamiltonian of Bachelet et al. (1989).
As can be seen from the table, the pseudo-potential and pseudo-Hamiltonian mod-
els, when compared to jellium model (JM), much reduce the discrepancy between
experimental and LDA results.

Quantum dots

Recently, nanotechnologies (1 nanometre = 10~% metres) based on semiconductor
heterostructures (for example, GaAs/GayAl;_;As) allowed the realization of
quantum wires and dots: these are specific objects to study the physics of
low-dimensionality electrons. Quantum wires and dots are realized by lateral
confinement of two-dimensional electron gas (2DEG) at the boundary of the het-
erostructure. The procedure to construct these systems can be explained schemati-
cally as follows. The heterostructure is the union of two materials having different
electronic properties. In general, the bottom of the conduction band E¢, and the
top of the valence band Evy, lie at different energies in the two materials. Therefore,
there is a discontinuity in both Eg and Ey at the contact surface. Electric equi-
librium between the two materials is reached when the Fermi levels Er of the two
materials coincide. This equilibrium can be reached by a charge (electron) transfer,
which produces a potential gap in the contact area which in turn levels the Ef’s,
and at the same time bends the conduction and valence bands of the semiconduc-
tor. In some cases, between the curvature and the discontinuity it is possible that in
the conduction band a quantum hole is produced, in which the electric charges are
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Fig. 2.5 Addition energy (Tarucha et al. 1996) as a function of the number of electrons for two
dots of different size.

trapped at an energy lower than Er. The trapped electrons are obliged to move in
a very limited region and, in practice, in the contact plane between the two semi-
conductors. In this way, we have a two dimensional electron gas. Using lithographic
techniques, it is then possible to make structures (wires or dots) having size of the
order of, or less than, a few hundred nanometres. For a recent review on quantum
dots, see Reimann and Manninen (2002). At present, these techniques allow the
construction of quantum dots, or artificial atoms, with the number N of electrons
ranging from zero to a few hundred.

This allowed a detailed study of the correlated ground state of the quantum
dot; the many-particle ground state strongly depends on the number N of electrons
and obeys the Hund rules, well known in atomic physics. These characteristics are
particularly evident in the experiments (see Fig. 2.5) on addition energy (Tarucha
et al. 1996) necessary to put an additional electron on the quantum dot, Ay =
(N + 1) — p(N) where u(N) = E(N) — E(N — 1) is the chemical potential of
the system.

The theoretical predictions of the E(N) energy are based on the study of the
following Hamiltonian:

N/ p? e? o 1
H=Hy+ Hy = Z (ﬁ +vext(ri)) + ? Z m y (2.27)

i=1

which describes the motion of NV electrons confined into the z = 0 plane [r = (r, ¥)].
In equation (2.27), m = m*m, is the effective mass of the electron inside the
semiconductor, € is the dielectric constant of the semiconductor, and vex(r) is the
confinement potential which in the following will be of parabolic shape:

Vext(T) = mwdr?/2.
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Moreover, in the following we will employ effective atomic units or dot units (d.u.),
defined by A = e€2/¢ = m = 1. In this system of units the length unit is Bohr radius
ap times £/m*, which we will indicate by af, and the energy unit H* is the Hartree
times m*/e2. For GaAs quantum dots we consider in this section, we have £ = 12.4,
m* =0.067, a =97.94 A and H* ~ 11.86 meV.

First of all, let us check that the independent-particle model does not pro-
vide results for Ay which agree with experimental data. We solve the eigenvalue
problem

Hopi(r,0) = €i9:(r,0) . (2.28)

Since [H, L] = [Ho, L] = 0, we can choose common eigenfunctions for Hy and for
the z component of the angular momentum L, = Ziv=1 l,,, where [,, is the single-
particle angular momentum. Remembering that in polar coordinates [, = —ia%, we
find that the eigenfunctions of I, are e~*Y with eigenvalues | = 0,41,+2,... and
that the eigenfunctions of Hy may be written as

Pntm,(r,0) = Rn (r)e‘”"xms (o), (2.29)

where Ry is the radial part which depends on the n and | quantum numbers.

Subsequent solution of the Schrodinger equation for R,; with a confinement
potential given by the two-dimensional harmonic oscillator, provides the single-
particle energies:

Ent = (2n +1+ I”)WO = (N + 1)&)0 , (230)

with N =0,1,2.... The filling pattern of the orbitals is schematized in Table 2.3:

TABLE 2.3
N=2n+] n,l Degeneracy
0 (0,0) 2
1 (0, £1) 4
2 (1,0), (0,£2) 6
3 (1, £1), (0, +3) 8

From Table 2.3, we see that the independent-particle model predicts the exis-
tence of the magic numbers: 2, 6, 12, 20, etc. (note that these are different from
those of the tridimensional case, and that dimensionality plays an important role).
Using E(N) = Zfil €;, which holds in the independent-particle model, it is easily
found that in such model the addition energy has peaks of height wg at the magic
numbers, while it vanishes for the other values of N. The agreement with experi-
mental data of Fig. 2.5 is quite poor and all the features observed in the figure are
due to interaction.
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The HF equations “for the Hamiltonian (2.27), (2.28)" are written as

<:2V—2+%T2+ l:( )'dr>

- Z dr' (0 (r,0,1',0"))* Ty |(,oz(r ,0') =& (2.31)

oller
In what follows we discuss the results obtained on the basis of their solutions.
TABLE 2.4

HF LSDA MC

1.1420  1.0468  1.02167(T)
2.4048  2.2631  2.2339(3)
3.0033  3.6864  3.7135(5)
8.0359  7.6349  7.5096(8)
13.1887  12.7276  12.6903(7)
19.4243  18.7636  18.7244(5)
30.4648  29.5363  29.4942(7)

Do s w |

In Table 2.4, we report the HF energies (in H* units and with wy = 2.8) for
the GaAs dots with N = 2, 3, 4, 6, 8, 10, 13, and compare them to the LSDA and
Monte Carlo (MC) results (Pederiva et al. 2000).

In Fig. 2.6, we plot the correlation energy computed as difference between the
MC total energy and the HF energy, as a function of the number of electrons N in
the dot. The dashed line indicates the LSDA results, and gives an idea about how
good the local density approximation (see Chapter 4) is.

From the table we see that HF overestimates by some percent the M C energy.

In Fig. 2.7, we compare the electronic densities for N =20in HF, BHF, LDA
and Diffusion Monte Carlo (DMC). The agreement between the LDA and MC
curves is very good, and covers the whole r range including the boundary where the
density gradients are large. It is also seen that the BHF theory definitely improves
the HF results when compared to MC.

Finally, in Fig. 2.8, we plot the addition energies of the various methods. Struc-
tures and peaks are observed at the electron numbers 2, 4, 6, 9 and 12, in good agree-
ment with the experimental results of Fig. 2.5. The spin polarizationsP=N 7 —N |
are also reported:

= (013 ai10), (2.32)

which turn out to be the same for all curves in agreement with Hund’s rule, according
to which the total spin takes on the maximum value consistent with the fact that
the electrons are all in the same shell and with Pauli’s principle. For HF this is a
consequence of the fact that the exchange term is attractive and different from zero
only for parallel spins.



46 The Hartree—Fock Theory

0.00 . T o r — T r

025
T

-125+ =

Fig. 2.6 Correlation energies E. for a series of parabolic dots, computed by Diffusion Monte Carlo
(full squares) and LSDA (open circles).

0.20 — , . : —

o 010 ]
&
0.05 ]
0.00, 5

Fig. 2.7 Electronic density profiles for a dot with 20 electrons in different theories.

2.2.2 Ezxamples of infinite systems treated by the Hartree—Fock
method

Electron gas

The interacting-electron gas model can be used with good results to describe in
three dimensions the valence electrons of an alkali metal. The electrons are con-
sidered as quasi-free electrons which move in the electrostatic field produced by
the uniform distribution of the positive charge metallic ions, and which interact
mutually through the Coulomb force.
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Fig. 2.8 Addition energies Ay as a function of the number of electrons in the dot. In the plot
are reported the spin polarizations P = N1 — N|, which are the same for all curves.

In two dimensions, an analogous model is used to describe the electrons which
are confined on the boundary surface of a semiconductor heterostructure (quantum
well).

In the case of an infinite system the HF equations become particularly simple
since it is possible to exploit the translational invariance of the system, which re-
quires pr = p, = const. The constant-density solutions of the HF equations exist
and are plane waves

1 e
wi(r,0) = ﬁelk Xm.(0),

where D is the system dimensionéulity.
The electron gas is described by Hamiltonian (2.22), and the HF equations
(2.26) for the homogeneous system become

V2 1 , , etk (r—r") ,
——pilr,0) — @GP dr’ | dk nkl?——ﬂ—%(r 10) = &ipi(r, o), (2.33)

where for the one-body non-diagonal density we used the result of (1.81).
By inserting the plane wave solutions in (2.33), we get the following result for
the single-particle energies:
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k2 1 !/ ’
Ek = ? - W /dk TLkI’U(Ik -k I), (234)

where v([k — X|) = 47/|k — k|2 in 3D, and v((k — k’|) = 27/|k — k/| in 2D.

The second term in (2.34) is the self-energy term ¥, (k) due to the exchange in-
teraction, which introduces a k-dependence of £ which in turn modifies the quadratic
law of the kinetic term. For example, in 30 we obtain

(k) = —FF ( ll +y ) (2.35)

™

with y = k/kg.
The self-energy (2.35) produces an effective mass defined by (e9 = k2/2):
1 10e 0% (k)

m ROk el

(2.36)

which in the present case turns out to be given by

1 1 1 (1442 |14y
_— — In . 2.37
m*  2wkp y2( 2y ~1— —2 (2:37)

The effective mass in (2.37) diverges at the Fermi energy, where y — 1. The cause
of this logarithmic divergence is the long range nature of the Coulomb interaction,
together with the H F' approximation. It is a non-physical divergence, and is removed
in theories which treat the Coulomb interaction at higher order than HF, like, for
example, the RPA that will be discussed later on. In this regard, it should be noted
that for homogeneous systems (and only for them) the HF theory coincides with the
first-order perturbation theory (in the interaction). As for the Coulomb energy, the
second-order perturbation correction for the ground state energy diverges, and the
lowest-order non-trivial and consistent approximation for the electron gas energy is
given by the RP A theory; the latter sums a series of diagrams which are individually
divergent but their sum is finite.

The electron gas HF energy per particle is obtained by adding to the kinetic
energy per particle of the Fermi gas the exchange energy given by

E 1 dk

W’” = @nP Sz (k). (2.38)
From equation (2.38), we see that the self-energy ¥,(k) can be obtained from F,
by taking the functional derivative of E, with respect to ny.

The electron gas exchange energy per particle in different dimensions is given
by

E, 2 D 1

—]\—/'_z_;r—_Dz-—laZ’ (2.39)
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where the Wigner-Seitz radius 7, is connected to the density by
(3/4mp)t/3 for D=3
rs =4 (1/mp)/? for D=2, (2.40)
1/2p for D=1

and

B { (4/9m)Y/3 for D=3 (2.41)

1/Vv2 for D=2

Note that in the 1D case the exchange integral is not defined, and one should
introduce the width a and change the potential 1/+/{z — z’)? with

1/V(E—2)2+@y-y)2 ~1/\/(z— )2 +a2.

These cases are called quasi-1D (Q1D) cases, and have applications in the quantum

wires. For the potential 1/(z — z')2 + a2, one obtains

Q1D +oo k
2 kF Jolkrn) (2.42)
N \/352 + a2
where jo(y) = sin(y)/y. A more sophisticated approximation for the Q1D electron
gas is obtained by the substitution

+oo
Ve —aR+ (o vF — / 1V =22+ (@ — 7 Plo) o) Pdydy’

of the 2D potential with the direct matrix element in the y-direction, between single-
particle states which are the lowest-energy states of some confinement potential.

The electron gas exchange energy per particle can also be put in an analytic form
for the case of a partially polarized system with polarization £. Using the formalism
of Section 1.8.2, we obtain

E, 2v2 3 o
7 (0 =5 -[1+92+(1-7,  (n2D), (2:43)
and
- 1/3

In the 3D case, the HF energy per particle for the non-polarized system can be
written as (in Hartree units):

Eff 1105 0.458
N r2 rsy

(2.45)
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where the two contributes are the kinetic and exchange ones, respectively. One may
wonder about the limits of validity of such expression. To this end, let us consider
the system Hamiltonian and write it in terms of the variable { = X:

1 N
= Z( 13) * qu g Z(%@) lez—@ (@49
For large density (r, — 0), and from equation (2.46), we see that the kinetic
term dominates the potential one. Moreover, the exchange term gives the first-order
correction in the potential, and from equation (2.45), it is intuitive that in this limit
the ground state energy is a power series of the variable r;. Although it is in general
very unreliable to extrapolate from only two terms, this is just what happens in this
case: for small ry the energy actually is a series in 5. This result was obtained by
Gell-Mann and Brueckner (1957), and is known as the result of the RPA theory:

EfF4 1105 0458
N r2 Ts

—0.047 4+ 0.0311In(r) + - - - (2.47)

If we define the correlation energy as the difference between the ground state energy
as provided by a given theory, and the HF energy: E./N = E/N — Egr/N, we
have that the RPA correlation energy is given by

ERPA(3D) = —0.047 4+ 0.0311 In(r) + O(r,) .

For small density (ry — o0), the kinetic term is negligible with respect to the
potential one, and the system tends to find a configuration such as to minimize
the repulsive Coulomb interaction. Wigner first showed that the most effective way
to minimize this energy is to localize the electrons on the sites of a lattice. This
phenomenon, which is called Wigner crystallization, shows that the lowest-energy
solution may loose the initial (translational) symmetry of the Hamiltonian (see
Section 4.11). For a cubic lattice Wigner found that in the ry — oo limit the
potential energy of the lattice is given by —0.9/r,. This is the total Coulomb energy,
i.e. including exchange and correlation. If we subtract from this the exchange energy
E, = —0.46/r, we find a correlation energy given by EW1¢(3D) = —0.44/r,.

Metals have values of r, in the range 2-6. It is then clear that the two lim-
iting cases cannot be applied to physical systems. Therefore, Wigner produced a
formula for the correlation energy that extrapolates between the high-density and
low-density limits:

E.3D) 044
N = r,+78’

(2.48)

which was largely employed in past years. Nowadays, interpolations obtained from
Monte Carlo results (see Section 4.5) are normally used.
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For the two-dimensional electron gas the energies which correspond to equations
(2.45) and (2.47) are (see for example Isihara 1989):

EHF 05 0.6
—2N£ =5 - (2.49)

RPA
Ep” 05 06 190 0.086rIn(rs) + - . (2.50)
N 7'2 Ts

From these we see that the kinetic energy of the system in two dimensions is
about 1/2 of the 3D case at the same r,, while the exchange energy in 2D is slightly
larger than in 3D, and the correlation energy in the RPA is much larger. The RPA
correlations are stronger in 2D than in 3D.

2.3 The Hartree-Fock Method for Bosons

In the case of a system of N Bosons with Hamiltonian
N e N
H= _— 9 T5),
;<2m+vext>i+i§<_;v(r J)

the Hartree—Fock equations are obtained starting from the energy, obtained as the
mean value of H on the following symmetrized product of single-particle wave-
functions:

¢(r1re,...TN) = @(r1)p(rz) - o(rn), (2.51)

where the ¢ are all equal. Using the formulae of Chapter 1, we find
* v2 2
@19 =N [ o) (=5 ) wlodds + N [ lpte) o

+ —N(N2— : / / drdr’¢" (r)¢" (r')o(r — r')p(r)p(r') . (2.52)

Note that the structure is very similar to the one for the Fermion case, but it is
much simpler since the single-particle wavefunctions are all equal in the ground
state; in the last term the exchange part, produced by the antisymmetrization of
the Fermion wavefunction, is obviously missing.

If we apply the variational principle with the constraint that the single-particle
wavefunction is normalized:

6(E — /.LN/ lo(r)|2dr) =0, (2.53)
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where p is the only Lagrange multiplier that appears in the Boson case, and its
physical meaning is that of a chemical potential, we find the Hartree-Fock equation:

2 —
{_227’)’_1, + Vext + (]V]V'—l) /dr/p(r/),v(r _ r/)} ga(r) _ ,u<p(r) . (254)

This equation looks like a nonlinear Schrodinger equation, where the nonlinearity
is derived from the mean field term proportional to the density p(r) = N|p(r)]?.
The solution of (2.54) is obtained by iteration (with the self-consistent method).
The Hartree-Fock energy is given by

B = / (V/p(0)2dr

+ /vextp(r)dr + %]_\}—U/drdr’p(r)p(r’)v(r -r'), (2.55)

where the density is the self-consistent one. The first term of (2.55) correspond to
the quantum kinetic energy due to the uncertainty principle. It is usually named
“quantum pressure” and vanishes for homogeneous systems.

By direct integration of (2.54), one finds

V2 N-1
w= /dr<p*(r) {—ET; + Vext + / dr’p(x)v(r — r’)} o(r), (2.56)
that is
1
H= J_V_(Ekin =+ QEint =+ Eext) y (257)

where Ey;, is the kinetic energy, Ej,; is the interaction energy, and E.y; is the energy
of the external field.

2.4 The Gross—Pitaevskii Equations

The solutions of the Hartree-Fock equations for Bosons, in general, are a worse
starting point for more refined theories than in the Fermion case, since they contain
no correlation of any kind (not even the statistical ones due to Pauli principle which
are present in the Fermion solutions). There exists, however, a case in which they
provide an extremely good solution to the problem, i.e. the case of the dilute and cold
atomic gas which has been recently realized with the Bose—Einstein condensation
(BEC) of alkali atoms in magnetic traps. For such systems, only low-energy collisions
between pairs of atoms are important. These collisions are characterized by only one
parameter, the s-wave scattering length, irrespective of the details of the two-body
potential. This allows the two-body interaction in the Hamiltonian to be replaced
by an effective interaction given by

V(r—r1')=gé(r —r'), (2.58)
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where the coupling constant g is related to the scattering length a by

2
g = e (2.59)
m

This replacement works well in the limit where the (diluted-gas) condition holds:
plal® < 1.
Using the potential (2.58) in the Hartree-Fock equations (2.54), and taking
(N-1)/N=1,

we obtain the Gross-Pitaevskii equations (Gross 1961; Pitaevskii 1961) (see also
Section 8.6) for the ground state:

{—; + Vext + gp(r)} p(r) = pe(r), (2.60)

which are known to provide the good theory for dilute systems (see Dalfovo et al.
1999). For example, the corrections to the mean field energy due to dynamic corre-
lations behave as (p|a]®)'/2 and are typically of the order of 1% (see Chapter 9).

The numerical solutions of the Gross-Pitaevskii equations, obtained using equa-
tion (2.60), in the case of a harmonic-oscillator external potential with parameter
Who, and for different values of the parameter Nl|a|/ano (ano = (B/mwn,)/?), are
plotted in Fig. 2.9 for attractive interaction among the atoms (¢ < 0) and in
Fig. 2.10 for repulsive interaction (a > 0). The effects of interaction are manifested
in the departure from Gaussian shape predicted by the model without interaction.
Comparison of these solutions with the low-temperature experimental profiles, as
well as with Monte Carlo calculations, gives excellent agreement.

If the forces are attractive (a < 0), the system density tends to increase at the
trap centre in order to lower the interaction energy (see Fig. 2.9). This tendency
is balanced by the kinetic term which can stabilize the system. In any case, if the
central density increases too much the kinetic term cannot avoid gas collapse. For
a given type of atoms, and of external potential (i.e. the trap), one expects collapse
when the number of particles in the condensate overcomes a given critical value
Ner of the order of apo/|al. Clearly, in the homogeneous system where quantum
pressure due to the kinetic term is absent, the condensate is always unstable. N,
can be calculated by the Gross—Pitaevskii equations and turns out to be given by
N.» = 0.575ap,/|a|, in good agreement with experimental data.

2.5 Hartree—Fock in Second Quantization Language

Given a complete set of single-particle states ¢;, in second quantization formalism
the Slater determinant built with the o) - - - N states is written as

|SD) =cf ---c}l), (2.61)
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Fig. 2.9 Wavefunction of the condensate, at T' = 0, obtained by numerical solution of the Gross-
Pitaevskii equations (2.60) in a spherical harmonic-oscillator trap with negative scattering length.
The three curves correspond to Nla|/ap, = 0.1,0.3 and 0.5. The dashed line is the ideal-gas
prediction. The curves are normalized to 1.
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Fig. 2.10 The same as Fig. 2.9, but for repulsive interaction (a > 0) and Nla|/ap, = 1, 10 and
100.
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where |} is the particle vacuum state and ¢ are the creation operators in the state
@s. The requirement that |SD) is antisymmetric produces the following anticom-
mutation relations for the ¢ and ¢* operators:

{es,cT} =bar, {es,¢4} =0, {cf,cT}=0, (2.62)

where c5, the hermitian conjugate of ¢f , is the annihilation operator of the particle in
state . The operator ng = c}'ca has the property nZ = ns, and gives the occupation
number of state &, which can be either 0 or 1.

In the case of Boson systems, the function |®), which is the product of single-
particle functions ¢;, is written as

) =af ---a}]), (2.63)

where | ) is again the particle vacuum state, and a; and as are the creation and anni-
hilation operators of a Boson in state ¢s, analogous to c; and c; . The requirement
that |®) is symmetric leads to commutation relations for the a and a* operators,
instead of the anticommutation relations of the Fermion case:

[as,al] = dx,y, (as,ay] =0, [af,at]=0. (2.64)

In second-quantization language the basic Hamiltonian for a many-Fermion
system [see Eq. (1.1)] is written as

H= Z hsyctey + Z %nggcjcgcaca , (2.65)
[ % dvapB
where
—V?
hoy =3 / drgi(r, o) ( e vext(r)) (1, 0) (2.66)
and

Vovap = Z / drdr' o} (r,0)ph(r', o' u(r —r')ps(r,0)pa(r',0').  (2.67)

oo’

The HF ground state is determined by the following equation
(HFHH,CBLCWHHF) =0, (2.68)

where § and  represent both hole and particle states. This equation is completely
equivalent to the HF equations (2.6), and may be derived (see, for example, Rowe
1970) starting from the variational condition §(SD|H|SD) = 0, by using the Thou-
less theorem (Thouless 1972). This theorem states that any Slater determinant
|SD’) which is not orthogonal to |SD) can be written as

|SD') = eXmibmicnei

SDy, (2.69)
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where i and m are hole and particle states for |SD) but not for |SD’). Therefore,
an arbitrary and infinitesimal variation §|SD) can be written as

8|SD) =" dbmichei|SD) .

For a homogeneous system, the natural basis set is provided by plane waves, so
that the set of quantum numbers that defines the state § is given by (p, A), where
A is the spin component (7 or |), and the Hamiltonian takes on the form

- + +
H=D) epepacort D vext(@)hiq %

P:A P,q,A
1
+ § Z V( ) p1+q A6 p2 q, 2Cp2,XMCp1,A > (270)
P1,P2,9,A, A

where V/(q) is the Fourier transform of the interaction and €, = p?/2m.
Equations (2.65)—(2.70) are easily generalized to the Boson case.
For the electron gas (jellium model) the Hamiltonian becomes

1
_ + + +
H= Z €pCp,aCpx 92 Z V(a)ep, tarCpi—anCp2 i Cpirs  (2.71)
P,A P1,P2,97#0,A, )’

where the q = 0 is missing in the electron—electron interaction because this part of
the potential is canceled by the positive charge background field. The H F energy for
the electron gas is obtained by taking the mean value of Hamiltonian (2.71) in the
ground state of the Fermi gas, in which all the plane-wave states with momentum
smaller or equal to the Fermi momentum are occupied. The occupation number
operator, defined by

cpacp Al HF) = np s |HF), (2.72)

takes the form of (1.73). When the potential energy term in (2.71) acts on the
ground state, it destroys a pair of particles (p1,A) (p2, A') inside the Fermi sphere.
One obtains a non-vanishing result only if these particles are simultaneously created
by the operators c;; +q, /\c; qx+ Lhis happens if g = 0 (but this case must be
excluded because in our case q is always different from zero (jellium model) or if

p2z — q = p1 and X = A, Therefore, the HF energy is
1
F= Zep"p,A + 2 Z V(q)<HF|c;1+q,)\c;1,>\cp1+q,>\cp1,>\lHF} . (2.73)
A P1,970,A

Using the anticommutation relations (2.62), one obtains the following expression in
terms of the distribution function np \:

1
F= Zep"p,k -3 Z V(a)np+aanpa- (2.74)
P,A

P,q,A
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The first term in (2.74) is the kinetic energy of the non-interacting Fermi gas; the
second term is the exchange energy which in 3D, for example, may be rewritten
as

2

2me
E,=- — 2.75
Z |101 —‘lez ( )

p1<kr,p2<kr

and
once integration is performed it reproduces the result of (2.39).

2.6 Hartree—Fock at Finite Temperature

At finite temperature the equilibrium state of a system of particles is a statistical
mixture defined by the density matrix

D= an|n>(n| , (2.76)

where p, rtepresents the occupation probability of state |n) at the considered
temperature.

Using the density matrix, it is possible to write the expectation value of a generic
observable O as

(0) =Y pa(nlOln) = (nll5)(4|O) (il In)pn

= Z(jIOIiMiIDIJ') =Tr(DO). (2.77)

The observable that we will consider in the following is the thermodynamic
grand potential

G=E-TS5— u(N), (2.78)
where p is the chemical potential, (IV) the average number of particles in the system,

E=(H)=Tr(DH)=) pnEn (2.79)

is the system mean energy, and

S=-KTr(DinD)=-K> pylnp, (2.80)

its entropy (K is Boltzmann constant). The value of p determines the average
number of particles at temperature T'.
Using the above equations we can write

G =Tr(D[H — uN — 8 'In D)), (2.81)



58 The Hartree~Fock Theory

where f = 1/KT. For given values of 8 and pu, D is determined by the functional
equation

0G

5D = 0. (2.82)
This equation has the formal solution:
D = Z e PH-1N) (2.83)
with
Z = Tr(e”PH-#N)y (2.84)

Due to the structure of H, the operator D obtained in this way is very complex, and
it is practically impossible to carry out calculation starting from this expression.

In the HF' approximation, the following form is imposed a priori on D, in the
case of Fermions (see e.g. Des Cloiseaux 1967):

Dyr = [[lfulclen) + (1 = fu)(evel)], (2.85)

where ¢, and ¢/, are the annihilation and creation operators of the single particle-
state |v), and f, its occupation probability. Using expression (2.85), the entropy is
written as

S=-K> [f,Inf,+ (1 - f,)In{l - £,)], (2.86)

which is the usual expression for the entropy of free Fermions. Now the problem
is that of determining the basis |v), the energies ¢, (which are the parameters of
the theory) and the occupation numbers f,, by minimizing the HF' grand potential
defined as

Gyr = Egrp —TSyr — u(N), (2.87)

with (N) =3, f,, and where Egp is the HF energy given by
1
E= —/T(r)dr+/p(r)vext(r)dr
2m
1

2 / p(0)p(x") — |90 (5, 1) Plo(x — r')drdr (2.88)
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where the densities are defined in terms of the occupation numbers f, and of the
single-particle wavefunctions ¢, as follows:

p(r) = qu|¢>u(r)12 )
m(r) =Y £V (r)?, (2.89)
P(l) (I‘, I‘ Z fu r)qb,,(r

By minimizing G = G — 3, X\i(6.|¢,) with respect to the wavefunctions, we obtain
the HF equations at finite temperature (A =1):

<_22712; + Vexs + /p(r’)v(r - r')dr') ¢y (r,0)
- / dr'(pV(r, 0,1, 0"))* $u (r', o' Ju(r — 1)

oo’

Ay

= f_'¢u(r U) = 5V¢V(r 0') (2.90)
By minimizing G with respect to the f, and using the HF equations we obtain
e, + KTIn Iy —u=0, (2.91)
1- fu
and thus
1
fo= (2.92)

1 +exp|(e, — p)/KT]

The chemical potential is subsequently determined by the condition

1
)= 2 el /R (299

In the case of Bosons, in the HF approximation, the following form is imposed
a priori on D:

Dyr = [[lfu(afan) — (1 + fu)(@al)], (2.94)

v

which yields the expression

S=-K> [filnf,—(1+ va) In(1+ £.)], (2.95)
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for the entropy. In the thermodynamic limit (f,/N = 0 for all v # 0), one gets for
the HF energy of the Bosons (Huse and Siggia 1982):

1
E = No(0|Hol0) + ) _ f, (v|Holv) + §N3(00|V|00)
v#0

+2No > £ l0u[VIOY) + )N £ fulvnlVivg) (2.96)
v#0 v#0 u#0

where fo = Np is the occupation number of the lowest single-particle state g and

(v[Holu) = / drp, (r) <_2—Z2 F e (r) ) oulr). (2.97)

ilVIaN) = [ drdr’ g3 @) ol = Ppa(ron(s),

and in the following we will approximate the interparticle potential v(r — r’) as
a d-function with weight g = 4ma/m where a is the s-wave scattering length. By
minimizing G = G — > Ao |oy) with respect to ¢g and ¢, with v # 0, we obtain
the HF equations for trapped Bosons at finite temperature (Goldman et al. 1981;
Huse and Siggia 1982):

<_;7_2 + Vext + 2p7(r)g + Po(r)g) Polt) = %O—qﬁo () = codolx),
- 0
(2.98)

<—% + Vext + 2[p7(r) + po(r)]g) $u(r) = %qsy(r) = du(r) v#O0,

where pr = 3, |, (r)|? is the density of uncondensed particles (the thermal
component) and py = Np|¢o(r)|? is the condensate density. Note that in the form
(2.98), the HF equations do not guarantee that (¢|0) = 0 for v # 0. For macroscopic
systems this has negligible consequences for all but possibly a very few v # 0
single-particle states and, from a practical point of view, one can safely ignore the
problem. Formally, however, one can guarantee the condition (v|0) = 0 following
the prescriptions of Huse and Siggia (1982).

By minimizing G with respect to the f, and using the H F equations we finally
obtain

fo
= 2.99
5,,+KT1n1+fu p=0, (2.99)

and thus

(2.100)
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The chemical potential is subsequently determined by the condition

1

(N) = ; ol /R =1" (2.101)

with No = (exp[(go — 1)/ KT] —1)71.

The HF equations and the normalization conditions (2.93), (2.101) are to be
solved in a self-consistent way by using iterative methods. The fluctuation of the
particle number can be expressed in terms of the thermal occupation numbers. For
example, in the case of Fermions one gets

(AN2=(N%) — (N> =) f,(1-f). (2.102)

The quantity AN/N should be small. Otherwise, the use of the grand-canonical
ensemble may be inadequate to describe a finite system (see for example Gross
1997).

As we have already discussed at the end of Chapter 1, in the homogeneous case
the normal spectrum of a system of Bosons has a phononlike behavior. For such a
system the HF description at finite temperature is then expected to be incorrect.
However for confined systems, like the one recently built in magnetic traps, the
HF description at finite temperature for Bosons works quite well, apart from the
description of a very few low-energy states. This point is discussed in detail in the
paper by Giorgini, Pitaevskii and Stringari (1997) and will be the object of further
discussion in Chapter 8.

2.7 Hartree—Fock—Bogoliubov and BCS

Normal metals have a single-particle excitation spectrum which is analogous to that
of a non-interacting electron gas, i.e. a continuum starting from zero. The degener-
acy associated to this spectrum produces a linear temperature-dependence for the
specific heat near absolute zero, and to large electric and thermal conductivities for
metals. In the superconducting phase, which is observed below a critical tempera-
ture T, the single-particle excitation spectrum is completely different from that of
normal metals. In order to create a single-particle excitation from the ground state
in superconductors, one needs a minimum energy of 2A, known as the energy gap.
This mere fact is at the origin of all superconductivity-related phenomena, like, for
example, the different (nonlinear) T-dependence of the specific heat of supercon-
ductors when T < T,. This difference between the excitation spectra is reflected in
a difference between the wavefunctions of the two phases. In fact, it can be shown
that while in the normal phase the probability that two single-particle states (k, A)
and (k’, \’) are simultaneously occupied, is a smooth function of k and k’, in the
superconducting phase such probability increases by a finite amount for given pairs
of states. This singular behavior of the pair correlation function actualizes London’s
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idea that superconductivity is due to electron condensation in momentum space.
When one considers the residual interaction, which is usually neglected in describ-
ing normal states, these pair correlations which lead to superconductivity emerge
clearly. The Hartree-Fock-Bogoliubov (HFB) theory is the one that introduces
such correlations in the wavefunctions. The HF' B theory generalizes the HF the-
ory since it minimizes the system energy not in the space of Slater determinants,
but in the space of the following states

1) = [ J(uy + voctes))) (2.103)
v)0
where U defines the time-reversed state, u, = u; and v, = —v;; u, and v, are real

and v > 0 indicates that the pair v and 7 appears only once in (2.103). If u, and
v, satisfy the condition

ul+vl=1 Vu, (2.104)
then the state |U) is normalized to 1. Moreover, the state |¥) has the property
0| T) =0 Vp, (2.105)
with
oy = upcy — vuc) (2.106)

Therefore, this represents the annihilation operator of a quasiparticle which occupies
state ¢,. The operators o and a® obey anticommutation relations identical to
those in (2.62). The usual Slater determinants are obtained from |¥) by taking
u, = 0 and v, = 1 if v lies below the Fermi level, and u, = 1 and v, = 0 if
v is above the Fermi level. In general |¥) contains pair correlations. Moreover,
it can be shown that the state |¥) does not have a definite number of particles,
1.e. it violates the particle-number conservation symmetry. Clearly, in order that
the theory be realistic, the particle-number fluctuations should be small. In order
to apply the variational principle the system Hamiltonian is written in terms of
the quasiparticle operators (2.106) and their hermitian conjugates, by utilizing the
inverse transformations, and the following quantity is minimized

(U|H — uN|T), (2.107)
where |U) is given by (2.103) and

N => (cfe, +cte) (2.108)
v>0
is the particle-number operator, while the parameter u is fixed at the end of the .
calculation to reproduce the correct mean value of N. The minimization procedure
provides the set of HF B wavefunctions ¢, and the weights u,, and v,.
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The BCS theory is a simplified approach to the HF B theory, in which the
pairs, correlated by (2.103), are made up by the plane wave states (k, T) and (<k, |),
having energy close to the Fermi energy, and the effective Hamiltonian is the pairing
Hamiltonian

H= Z Ck ACk,A T ;VklckTQ—klc el , (2.109)

with Vi = (k,—k|V|l,—!). In order that the phenomenon of superconductivity
takes place, it is necessary that the matrix element Vj; is mainly negative near
the Fermi surface. This attraction is due to the presence of the crystal lattice and
to the electron—phonon interaction which screens the repulsive electron—electron
interaction, until the sign of the effective interaction is changed.

At mean-field level, the Hamiltonian (2.109) is written

H = Z ck 2Cie,x + Z Vlek c_ycp + ZVlelcch-kl , (2.110)
k,1 k.1

where
Xif = —(cty ) = =Tr(Dcty ¢y, (2.111)

and the density matrix is given by (2.83). The grand-canonical Hamiltonian K =
H — pN can be written in the form

K =zk:(c;;T k1) (;ﬁ A") ( i ) (2.112)

—€k c—kl

where €, = k?/2m — p,

Ak =) VX, (2.113)
1

and energies are measured starting from the Fermi energy. The Hamiltonian (2.112)
is a Hamiltonian for the quasiparticles meant as the ensemble of particles cre-
ated outside the Fermi sphere and the holes created inside the Fermi sphere.
This Hamiltonian can be put into diagonal form by applying a Bogoliubov unitary
transformation

Ckt = UkOk— + vkaL_, cfkl = uof, — v, (2.114)

where the quasiparticle operator ay_ lowers the system momentum by k, and lowers
the spin by unity [it annihilates a particle with quantum numbers (k 1) and creates
one with quantum numbers (—k |)], while o increases the system momentum by
k and increases the spin by unity. If we impose that the transformation diagonalizes
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the Hamiltonian, i.e. it should result in

K =) Euofyom, (2.115)
kX

Fuz = twy = £/ + A2, (2.116)

we then obtain

and

1 €k 1 €
2 2 k
uy=- 1+ —=— ), vkz—(l—————>. (2.117)
2( V€k+Ak) 2 Ve + A
From the transformations (2.114), we obtain for the system density
u? w2
chck Vz(eﬂ‘”k+l+e ﬁwk+1>
1 Bwi
Z2<1———t h( 5 )) (2.118)

k
and using equation (2.113) as well, the self-consistent equation for the gap

ZVk,——t h(ﬁ‘;“) (2.119)

An explicit solution for equation (2.119) is obtained by approximating Vj; with the
following potential

e
I
<l
<|

<|+=

2

—g/V if < Ae and ‘u—l— < Ae
2m

Vig = . (2.120)

0 otherwise

where g is a constant, so that Vj, is attractive in a layer of thickness 2Ae centered
on the Fermi surface. In this case, since the right-hand side of (2.119) does not
depend on [, the gap itself must be a constant depending solely on temperature:

2

A(T) if ju— 2l—

< Ae

Ay = (2.121)

0 otherwise

By changing the summation into integration and approximating k?dk = kZdk,
where kg is the Fermi momentum, we obtain

Ae
1= gN(O)/o dekﬂ%ﬁ , (2.122)
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where N(0) = mkp/(2n?) is the quasiparticle density of the states at the Fermi
surface per unit volume. At the critical temperature the gap is zero and we can
write

Ae

tanh(B.ex /2
1= gN(0) dekin—(—’f-e—k/——) = gN(0) In(2yB.A¢/ ), (2.123)

0 Kk
with 8. = (KT.)~! and Iny = 0.5772. Therefore, from equation (2.123), the follow-
ing result is obtained

KT. = 2L Aee~1/N )9 (2.124)
™

for the critical temperature of the BC'S transition. From this equation we see that
the critical temperature is an analytic function of the interaction intensity, so that
a perturbative treatment starting from the normal phase cannot produce this result
until an infinite number of graphs of a given class is summed.

Equation (2.122) can also be used to find the gap at zero temperature, where
the hyperbolic tangent is equal to 1. We obtain

A(T = 0) = 2Aee” VN Q9 | (2.125)
and therefore the important result
A(T =0)
- —1,. 2.
KT, 1.764, (2.126)

which is valid in the limit of weak coupling N(0)g < 1/4. This ratio is in reasonable
agreement with the experimental results on superconductors with weak coupling,
while it is too small in the case of lead and mercury where damping effects, that we
have neglected, are important.

For a detailed discussion on the H F'B and BC'S theory one should see the books
by Schrieffer (1964) and Fetter and Walecka (1971). For applications of the BC'S
theory to nuclear physics see the book of Rowe (1970).
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Chapter 3

The Brueckner-Hartree-Fock (BHF)
Theory

3.1 Introduction

In several many-body problems, the strongly repulsive nature of the short-range
interactions does not allow direct use of either mean field theories or ordinary per-
turbation theory. As a consequence, during the 50’s and 60’s the g matrix theory
was developed by Brueckner. In this theory, the effective interaction of two particles
in the presence of all the others is defined in a self-consistent way. This theory is
particularly simple in the homogeneous system, where the single-particle states are
plane waves, and we are only faced with the problem of determining g. The problem
is much more complex in finite systems because the states need to be determined
self-consistently together with g (double self-consistency problem).

A possible way of simplifying the problem in finite systems is to use the results
of the homogeneous problem, by using the local density approximation (LDA). In
LDA, one first determines the g matrix in the homogeneous system, and then uses
it as an effective interaction in HF self-consistent calculations in finite systems.

Calculations of this kind have been carried out in nuclear physics, on 3He and
on the electron gas. In the first two systems the g matrix theory does not work as
well as in the electron gas case. This is due to the fact that the g matrix takes into
account only two-body interactions, and three-body and four-body interactions are
important for nucleons and *He, while they are negligible in the electron case.

3.2 The Lippman—Schwinger Equation

Let us consider the elastic scattering of two particles having the same mass m. Let
us separate the system Hamiltonian into a one-body term Hp, plus the two-body
interaction V: H = Hy+ V. Let us assume that the scattering takes place at energy
E (i.e. the sum of the energies of the two particles in the initial state). Let ¢ be the
wavefunction of Hy with energy F, i.e. Hp¢p = E¢ where E = €; + €5. Let ¢ be the
wavefunction corresponding to the same energy F, which describes the interacting

system: Hip = E1.

69
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From the two equations:

(Ho — E)¢ =0, (3.1)
and
(Ho— E}¢ =-Vy, (3.2)
by subtraction one gets
1%
b=0¢-—5¥ (3.3)

which is an exact relationship between the correlated wavefunction 1 and the non-
correlated one ¢, in the form of an integral equation. Then we introduce the operator
g such that

g6 =Vy. (3.4)
From equations (3.3) and (3.4) we immediately obtain
Vg
gp=Vo¢ - E)"—__—E¢,

which, in operator form, can be rewritten as

g=V-— (3.5)

v
HO _ Eg ¥
and is the Lippman—Schwinger equation. Note that, formally, we can write

V

9=
1+ =%

’

and from this equation it follows that g is finite even if V is divergent at short
distance.

Taking equation (3.5) between the initial state, where the particles have mo-
menta ki, kg, and the final one characterized by momenta k}, k5, we obtain the

following integral equation:

<k1 ) k2‘g‘k,1, kl2> = <k17 k2lV|k,1’ k/2>

1
+ Z(kl,k2|V|t1,t2)E:—€t—_—(t1,t2|g|k'1,k'2), (3.6)

€
ti,t2 1 t2

where we have introduced a complete set of 2-particle intermediate states |tq,t2)

2 2
which are eigenstates of Hy (plane waves) with eigenvalue €;, + €, = 2171,; + Etfn-, and

the initial energy E is given by E = 2552 + %gn—

The solution of (3.6) represents the summation of the ladder diagrams of Fig. 3.1,
where the dashed line represents the interaction V. The first order diagram [i.e. the
first term in Eq. (3.6)] represents the Born approximation to the elastic scattering
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K’. Ko. Kll K’. Krl Ko .
= >_< + >_< +
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-

NS
g v g°

Fig. 3.1 Graphical representation of Eq. (3.6). The dashed lines represent the bare interaction.

of two particles. All other diagrams are obtained by iteration. As in the RPA (see
Chapter 8), the individual diagrams may diverge, but the sum converges.

Taking into account that in the scattering the sum of momenta is conserved,
the integral equation (3.6) can be rewritten so as to stress the dependence of g on
three momenta, i.e. the initial momenta k; and k3, and the transfer momentum
q = k] — k; = ko — kj. In this way we obtain

(2m)P K & k2 (a+k)? (ke—k)Z (3.7)
2m 2m 2m D)

g(k17k2’ q) = V(q) +

m

This integral equation needs to be solved numerically for each q, once k; and ks
are fixed.

3.3 The Bethe—Goldstone Equation

The theory reported in the previous Section solves the problem of elastic scattering
of two particles in vacuum. The Brueckner—Hartree-Fock theory, that is usually
employed for Fermions, replaces the vacuum with a medium of particles of the same
type. Due to the presence of the medium, the interaction between the two particles
is modified. The way this modification is accounted for, requires that interactions
other than two-body ones are negligible, and approximates the many-body medium
by a non-interacting Fermi gas characterized by momenta which are all smaller than
the Fermi momentum.

The role of the Fermi sea is that of limiting the summation on the intermediate
states in (3.6) and (3.7), so as not to include occupied states below the Fermi
surface. This idea is implemented in the Bethe-Goldstone equation for the effective
interaction g(k;, ks, q) between any two particles of momenta k; and k:

ok, ka,q) = V() + (;fr%mq—kn

(1 = nie; 41) (1 = ey —k)
K E _ (gilr _ (g-k2 Y
2m 2m 2m 2

X (kl,kg,k) s (38)

m
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where ng is the usual Fermi distribution function at zero temperature [see
Eq. (1.73)]. The ny introduce a dependence on the medium density in the effec-
tive interaction through the Fermi momentum.

In the Boson case there is no limitation on the intermediate states because, as
known, the Pauli principle plays no role in this case. Therefore, equation (3.7) still
holds. Moreover, for Bosons, in the ground state it is possible to take ki = ko = 0.
Therefore, we obtain the integral equation

o@) = Vi@ -m [ FopVia- k)% (3.9

The Bethe-Goldstone integral equation (3.8) for Fermions can be solved by
standard techniques (e.g. see Suwa 2002) and yields the matrix g(ki, ko, q). From
this quantity it is possible to calculate the interaction energy in the ground state, or
directly the correlation energy, by taking the expectation value of the second term
on the right-hand side of (3.8) in a Slater determinant of plane waves.

For example, in the case where the interaction depends solely on the interparticle
distance (V=V(r)), the correlation energy is given by {Nagano, Singwi and Ohnishi
1984):

E,=4E4+2E;, (3.10)

where E4 and E, are the direct and exchange contributions respectively (the factors
4 and 2 result from summation on spin variables), and are given by

1
Ed = 5 Z V(q)H(k17k27q)g(klak27q) (311)
ki,k2,q
and
1
E,=~3 Y V(ki—ke+a)H(Ki, ks, a)g(ks, k2, q), (3.12)
ki,kz,q
where
_ nkl(]‘ — nk1+q)nk2(1 - nk'z—q)
H(klakzy CI) - sz_ 2£§_ _ (k12+q)2 B (k'_)2—q)2 . (313)
T e ™m m

3.4 The One-Dimensional Fermion System

As an example of the application of the BHF theory, in the following we will
consider the case of a one-dimensional system of Fermions interacting through a
potential whose Fourier transform is a constant given by V(q) = 2C (Nagano and
Singwi 1983). In coordinate space the interaction is given by V(z) = 2Cé(x) where
z is the distance between Fermions on the z axis.
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Though this system is very simple and of little relevance as regards interesting
physical systems such as quasi-one-dimensional conductors and quantum wires, it
is very instructive to study because the exact solution for the ground state energy
is known, and can be solved analytically for many models including the BH F one.

In this case the Bethe—-Goldstone equation becomes

1 —nyg, 1—nyg,
g(ky, ky) = 2C +2C / _L(+ ) : +(’;c)1(+ o L‘c) grdtn k), (314)
2m
whose solution is
2C
g(k1,k2) = 1950 A o AT (3.15)
where

dk (1 — nkl'HC)(l - nk2—k) (316)

A(’“l””):/(zw)ﬁJrﬁ_M_M'
2m ' 2m 2m 2m
The integral in Eq. (3.16) is analytic and turns out to be equal to

m 1 ko+kr

if0< ky+ ko <2kp

7k — ki +k
Alkyk) =4 ! 1 k‘ kF . (3.17)
2 — RF .
— — <
T || i —2ke <kt ke <0

where the Fermi momentum is connected to the linear density by N/L = p = 2kp /7
(see Section 1.8).

The ground state energy per unit length E/L is the kinetic energy plus the
interaction energy. Using Exin/L = 2¢5kr/(37) [see Eq. (1.76)], where €} is the
Fermi energy, and the expectation value of (3.15) for the interaction energy, we find

kr F dk
060 / dk/ d2 glky, ko) . (3.18)

kr 2

A simple calculation yields the energy per unitary length expressed in dimensionless
units € = E/(Lef kr):

I 1 1dz</1d L +/—Id ! (3.19)
T3 o2 ), YT Coh(z,y) " )y Y1+ Gz, )

where

T —y T+1
and we have introduced the dimensionless parameter

CkF _ 4mC

C =
P ep )
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For Cp, < 1 (p — o), equation (3.19) reduces to

2 _C
€= +8-2, (3.20)

which is the result one obtains in HF'.
For C, = o0 (p — 0 ), we have

2 1
€= + o x 5.120 = 1.03. (3.21)

The exact result is € = 8/(3w). Therefore, even in the extreme case of an infinite
coupling constant, the BH F result does not differ from the exact one by more than
20%. For values of C, < 6, the BHF calculation yields values which depart from
the exact ones by less than 3%.

In Fig. 3.2 we show the plot of the energy € as a function of the parameter C), for
the different available many-body theories and for the exact calculation. We note
that the RPA and HF theories work well only for small Cp, values, i.e. for small r.

The STLS approximation, that will be described later, though better than the
previous ones, is not quantitatively good for C, > 2. The BHF approximation
works really well with the interaction used.

Fig. 3.2 Energy density € as a function of the dimensionless parameter Cp in different theories:
HF,STLS, L= BHF, RPA and Y, which indicates the exact result based on the Yang integral
equation (Yang 1967). DT is the dynamic theory developed by Nagano and Singwi (1983).
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3.5 Numerical Results of BHF Calculation in Different Systems

Numerical solutions of the Bethe—Goldstone equation were obtained for nuclear
matter, 3He, and the two and three dimensional electron gas.

In the case of nuclear matter the first step is to take a “realistic” nucleon-nucleon
interaction, for example of the type of the softcore Reid potential (Reid 1968).
This is a phenomenological interaction which fits the properties of deuterium and
the scattering data in the non-relativistic energy range. Subsequently, one solves
numerically the integral equation for the g matrix using this interaction.

The next step is to approximate the ¢ matrix, which in general is non-local in
co-ordinate space, by a sum of local functions which depend on the Fermi momen-
tum kp. More precisely, the effective interaction is subdivided into a central part
Ve(r), a spin-orbit part Vpg(r)L-S and a tensor part Vp(r)S;2. Then, in each spin-
isospin channel (S,T) (S and T are the spin and the isospin of the pair of nucleons,
respectively) one looks for a parametrization of each part in the form

2

Vi)=Y Cilkr)e ¥, (3.22)

where the coeflicients C;(kr) and the ranges A; are fitted to obtain, for each value
of the density:

e a good approximation for the diagonal matrix elements of the g matrix.
¢ general agreement with the non-diagonal matrix elements of the g matrix.

This program has been carried out, e.g. by Sprung and Banerjee (1971) who looked
for different kp-dependencies of the g matrix.

The energy per nucleon, E/A, obtained by the g matrix as computed directly
from the Reid potential either without any parametrization or with some of its
parametrizations (Go — G3), is plotted in Fig. 3.3 as a function of kp.

The saturation point (i.e. the minimum of the curves) is found to correspond to
a density value kg = 1.43 fm~! which is too high with respect to the experimental
one, 1.37 fm~!, and to an energy value which is too small (E/4 = —11 MeV to
be compared to the experimental value of —17.04 MeV). This is due to the fact
that the g matrix takes into account only the two-body contributions to the ladder
diagrams. The three-body and four-body contributions to F/A are important, and
when added to the previous ones make the calculated energy values agree well
with the experimental value. Since it is very difficult to calculate accurately the
three-body and four-body contributions to the effective interaction, what one does
is simply to renormalize in an empirical way the effective interaction by slightly
changing some of the Gaussian ranges in (3.22). In this way, by introducing two
further parameters, it is possible to have saturation at kg = 1.35 fm~! and E/A =
—16.5 MeV. Such renormalized interaction is then used for HF' calculations in finite
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Fig. 3.3 Energy per nucleon as a function of kr obtained in BHF using the Reid potential and
some of its parametrizations Go — G3.

nuclei using the local density approximation, in which kp is replaced by its relation
with density.

The HF calculations in finite nuclei, using the g matrix parametrizations and
the local density approximation, were developed by Negele (1970) and by Campi
and Sprung (1972). These calculations yield very satisfying results. In particular,
the binding energies and the densities of closed-shell nuclei are very well reproduced.
More recent ¢ matrix calculations, as well as further references, may be found in
Song et al. (1998).

In the case of 3He and of the electron gas, the problem of the g matrix is simpler
because the bare interaction is much simpler than in nuclear matter. Nonetheless,
for 3He the numerical solution yield unsatisfying results for the binding energy. This
is due to the fact that 3He is a very correlated system, in which many body inter-
actions play a fundamental role. For example, they produce an effective mass that
is more than three times greater than the bare mass of 3He atoms. The effective
interaction as computed using the Bethe-Goldstone equation and a two-body po-
tential, is completely unable to reproduce such value. Therefore, in the following we
will concern ourselves with the electron gas, for which the situation is much more
satisfying.

In the case of the Coulomb potential, once the equation (3.8) for g is solved,
one computes the correlation energy directly from equations (3.10)—(3.13). This was
done by Nagano, Singwi and Ohnishi (1984), Takayanagi and Lipparini (1996) and
Suwa, Takayanagi and Lipparini (2003) in 2D, and by Lowy and Brown (1975),
Bedell and Brown (1978) and Lipparini, Serra and Takayanagi (1994) in 3D.
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TABLE 3.1

Ts Ciwc 65 €§PA

1 —2.99 -260 —5.40

-1.34 -123 -3.10
10 -0.83 076 -—2.24
20 -048 -0.44 -1.61

The results for the 2D electron gas are reported in Table 3.1, together with the
Monte Carlo results of Tanatar—Ceperley (Tanatar and Ceperley 1989), as well as
the RPA results, for the sake of comparison. Energies are in eV. From the table we
see that there is very good agreement between Monte Carlo and the ladder theory
for large values of ry. At small values of 75 long-range correlations, which are taken
into account by the RPA theory, are important. As we discussed previously, and
as can be seen from the table, RPA is the good theory only for r, — 0. A similar
level of agreement between the ladder approximation and Monte Carlo calculations
is also obtained in three dimensions.

In order to stress further the role of dynamic correlations, in Fig. 3.4 we plot
the pair correlation function g1;(r) for antiparallel spins in 3D, computed in the
ladder approximation and compared to the RPA (see Chapter 9), for different
density values. In this case statistical exchange correlations are absent, and the HF
calculation yields a constant gy (r) value with r equal to 1.

(.0

g“(r)
0.5

g “( r)

0.5

3.0
1.0 20 30
kf:f

Fig. 3.4 Pair correlation function g(r) for antiparallel spins. This function represents the corre-
lations in the absence of exchange. The full line is the result of the ladder approximation. The
dashed line is the RP A result.
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From this figure we can see that at short distance the correlation function is very
different from the classical value, and that the RPA correlations become unphysical
(i.e. negative) at short distance, faster and faster as the r, value is increased.

3.6 The g Matrix for the 2D Electron Gas

In this Section we report in detail the solution of the Bethe~Goldstone equation for
the g matrix, for the case of the 2 electron gas, and derive some approximations
for g which allow to use it in a simple and practical way for both static and dynamic
calculations. These approximations were used also in nuclear physics and for the
3D electron gas.

For the 2D and 3D electron gas, where the HF theory is well defined, it is better
to solve the Bethe—Goldstone integral equation for the quantity

¢ =9-V, (3.23)

rather than for the ¢ matrix, where V is the Coulomb potential [i.e. the first term
in Eq. (3.8)], and g¢ is the correlation due to multiple-scattering processes [i.e. the
second term in Eq. (3.8)]. g¢ obeys the integral equation

Q Q [+
E—H0V+VE—HOg , (3.24)
where, for simplicity, we have indicated by @ the Pauli operator that limits the
intermediate states to the excited states with momentum greater than the Fermi
momentum, and changes the Lippman—Schwinger equation (3.6) into the Bethe—
Goldstone (3.8).

The solution of the integral equation (3.24), evaluated on a plane wave Slater
determinant, gives directly the correlation energy of the electron gas.

=V

3.6.1 Decomposition in partial waves

As we saw previously, the solution of the Bethe—Goldstone equation depends on
three momenta: those of the initial states k; and k, and the tlran,sfer momentum q.
These three momenta may be replaced by p1 = 1‘—15—]‘2, P2 = 51;51, P =k;+ks,ie.
the relative momenta of the initial and final states and the total momentum. This
means that it is possible to put the matrix elements between two-particle states of
Fig. 3.1 into the following form

(kiko|g°|kik}) = (2m)?5(k1 + ko ~ ki — k5)(P19p[P2) , (3.25)

where p; = (p1, @) and p2 = (p2, a2).

The angles a;; and oy are measured starting from the fixed direction of P. Note
that g% can be interpreted as an effective interaction operating onto the relative
wavefunction with fixed P. In what follows we describe the techniques suitable
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for solving equation (3.24) and for obtaining the matrix elements (p1|9%|p2) in
(relative) momentum space, for a fixed value of P.
The Coulomb interaction in (relative) co-ordinate space is given by

(r1]V[ra) = 8(r:1 - m),rl—i—l exp(—ulr1 —ral), (3.26)

ro

where ry and ry are the relative coordinates of the initial and final states, respec-
tively, and we have introduced the damping factor exp(—pu|r1 — ra|) using the cutoff
parameter p(> 0), that will be discussed later. Using the following expansion for
the plane wave, which is valid in 2D,

o
ePT = 3 in, (prened) (327)

n=—oo

where p = (p,a) and r = (r,¢), and J, is the Bessel function, we may put the
matrix element in momentum space in the form:

(pﬂV\pg) = /dr1dr2e‘ip”1 (rl‘V1r2)eiP2'!‘2

o ini ol e—ingag

= > (=i \/é}(101711|V|172n2)i"2 T (3.28)

ny,ny=--00

where the partial wave components are calculated by

e HT

PrmalVIpana) = buyny (21 [ rdr T ()T, (par)

drr pi +p3+ uz) (3.20)

= ¢ - 1
e \/P1P2Q|"‘| 2 ( 2p1p2

and Q) is the Legendre function of the second kind. Note that the above expression
becomes very large for p; ~ po. In fact, it would diverge for p; = p, in the absence
of the cutoff u.

Let us now consider the Pauli operator

(P11@pIp2) = (2m)28(p1 — P2)0 (‘g +p1

P
—)o ([ -

which depends explicitly on the center of mass momentum P and on the Fermi
momentum kp, and makes the g matrix dependent on these quantities as well. The

- kp) ., (3.30)
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partial wave decomposition of the Pauli operator is given by

(01|Qplps) = (2m)22PL=P2)

Y41
ein1a1 e—inzaz
x —)™ n T19)1"™2 , 3.31
2( )~ (mlQ@p(p1)Ina)i™ — = (3.31)
where
( p
6”1,112 e kFS’_i_p‘
(n1lQp(P)Inz) = { 1+ (-1)¥ 2ysinNy  |P [PT, (332)
7 — _pl <kp<il— +p2
2 7 Nny g TP Skrsy Tt
{ 0 --- otherwise.
In the above expression we have defined
P? 2 2
1T tp -k
~ = sin 1(——4—15p—F->, N =n; —na, (3.33)
and we have assumed that
S”;V];w =1 for N=0. (3.34)

Note that the Pauli operator (p1|@p|p2) depends separately on the angles o and
a2, and thus is not invariant under rotations. Therefore, the above expression for
the exact Pauli operator mixes the components with different angular momentum
n, and makes the numerical calculation rather complex.

The problem of the coupling of different partial waves may be avoided by defining
a Pauli operator which is averaged over angles, Qp by averaging over angle o; in
the previous expression (Bethe and Goldstone 1957; Lowy and Brown 1975). In this
way, equation (3.32) is replaced by

( P
1 o kp < ‘5 —P)
5 _ P 2 3.35
(nl'QP(p)ln2> 6ﬂ1,nz 2,)//,,r _2_ —p|<kp < E;_ +p2 ( )
{ 0 - -+ otherwise

which is diagonal with respect to the angular momentum n. The numerical calcula-
tions that we report here (Suwa et al. 2003) were carried out both with exact Pauli
operator of (3.32), and with the angle-averaged Pauli operator of (3.35). As we will
discuss in what follows, the difference between the two calculations is small.
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The matrix g% can then be expanded in the same way as equation (3.28) for V
as follows:

Sad in1a1 e—inz Q2

rlgplpa) = Y (—imS o (mmlgplpana)i = (336)

n1,n2=—00

Using the above partial wave expansions, equation (3.24) reduces to the following
one-dimensional integral equation:

(p1nalgplpanz) = ) /
n

(n|Qp(p)n')

n n'|V|pan
|P>p 2+m(P |Vp2na)

!
P2 +in (pn lgplpana), (3.37)

(2

where we put E = p? for the (vector) initial state with relative momentum p; (note
that the reduced mass is one half). In other words, we choose the initial energy E
in such a way that the vector initial state is on its energy shell. As a consequence,
if the two particles in the initial states are below the Fermi energy then the energy
denominator of (3.37) cannot vanish, and the matrix elements of the g matrix are
real and symmetric. Since we wish to determine an effective interaction to describe
the ground state and the low-energy excited states, we may assume that the above
condition is fulfilled in cases we are interested in. In any case, in order to study
the overall structure of g, it is worth calculating it also in the cases where one or
both particles in the ground states are outside the Fermi surface. In these cases, the
initial energy is large enough to allow real scattering processes to take place, and
the g matrix becomes complex. In these cases too, we retain only the real part of
the g matrix, and g is still real and symmetric in momentum space. It is easy to
show that

(p1n1lgh|pane) = (p1 — n1|gplp2 —n2) .

The coupled integral equation (3.37) may be solved, for example, by the method
of matrix inversion to yield (p1n1|g%|p2nz), and thus the matrix element (p1|g%|p2)
of equation (3.36). In any case, it is clear that the dependence of the g° matrix on
P in momentum space, leads to a g¢ matrix in co-ordinate space which depends
on R; — Ry, i.e. difference of the co-ordinates of the centre of mass of the two
particles between the initial and final states. Obviously, an effective interaction of
this kind is not convenient for practical uses. In order to get an effective interaction
which depends solely on the relative co-ordinates of the two particles, in (3.36)
the centre-of-mass momentum P is replaced by the square root of its mean square
value P = /(P?2) for all two-particle states below the Fermi level. At the same time
equation (3.36) is averaged over the directions of P in order to make the resulting
expression invariant under rotations. After these manipulations it is possible to
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define the matrix element of g¢ as a function of p; and pa:

c 1 > in - c
(P1] 9° Ip2) = 5~ Y T (pin| g% pan)
n=-—oo
1 o0
=5 Z en{p1n|g°|pen) cosn{oy — ag), (3.38)
n=0
where we have defined
1 forn=1
€n = , (3.39)
2 forn#£1

and have used the fact that the matrix elements

(p1n|g®|pan) = (p1 — nlg®|p2 — n)

are real. The above expression for (p1|g°|p2) is real and depends only on the com-
bination a; — aa, thus showing explicitly that it is invariant under the simultaneous
rotation of p; and p2. This means that in co-ordinate space the ¢g° matrix depends
only on the initial and final relative co-ordinates and is invariant under rotations.
By taking the Fourier transform of (3.38), one arrives at the effective interaction

o0

(r1]¢®jre) = % Z €n (r1n|g°|ren) cosn(dr — ¢2), (3.40)

n=0

where r; = (3, ¢;), and

1
(rinl|g®|ron) = @2 /PldP1P2dP2Jn(Plrl)Jn(pzm)<P1"|QC|P2n>- (3.41)

The interaction (3.40) has finite range and is not diagonal in the initial and
final relative co-ordinates (nonlocal interaction), and rendering this rather useless
for practical applications. Therefore, in the following, we show how to turn it into
a simple and useful interaction.

3.6.2 The separable approxrimation

In order to put the matrix ¢° ({r1]g°|rz)) into the form of an effective interaction
that can be used for practical purposes, we need two successive steps. The first one
corresponds to the so-called separable approximation, which will be explained and
justified in what follows; the second step is the g¢ expansion that will be described
in the next Section.

In the separable approximation it is assumed that the matrix elements of g¢ of
equation (3.38) in momentum space, may be approximated by the product of a local



The g Matriz for the 2D Electron Gas 83

factor v(q) and a nonlocal one ¢(p) as follows:

wilgelpn) =c (3lp+pal ) olpr - pa = o). (342)

where we have introduced p = |p| = |p1 + P2|/2 and ¢ = |q| = |p1 — p2|. This
expression assumes that the p- and g-dependencies of g¢ are separable. The form of
g° in (3.42) is a different way of representing the g matrix which, contrary to the
one described in Section 3.5 in the case of nuclear matter, takes into account the
nonlocal parts of ¢°.

Taking the Fourier transform of the above separable form, we obtain the g€
matrix in coordinate space:

(lgflra) = &llrs =12 (3l +all) =050, (3.49

where s = |s| = |r; — rg| and r = |r| = |r1 +ry|/2.

This is still an intricate nonlocal interaction depending on the s and r coordinates
separately. We note that in the case where &(|r; — ra|) o« d(r; — r2), the above
interaction becomes the usual two-body interaction which is diagonal in the relative
coordinates of the two interacting particles.

In the separable approximation, the local part v{q) and the nonlocal part ¢(p) of
equation (3.42), are computed as follows. First of all, we eliminate the ambiguity in
the normalization of v(q) and ¢(p) as defined in (3.42), by putting ¢(0) = 1. Next,
if we let p; = q/2 and py = —q/2 in (3.38) and (3.42), we have

(35712 - & 5 i (g
= ¢(0)v(q) = v(q) - (3.44)
In the same way we have
(Plg°Ip) = 5= 3 enlpmalglona) = e(p)o(0). (3.45)
n=0

From these equations we derive the following expressions for v(q) and c(p):

v(q) = 2% Zen(—l)"<gn 9° %n> , (3.46)
n=0
11 & .
c(p) = o(0) 27 :/;Bén@mw lpn) . (3.47)

It is clear that v(q) is evaluated using the exchange process for forward scattering
and thus it has the phase factor (—1)", which is absent in ¢(p), since c¢(p) is computed
by the direct process.
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Fig. 3.5 Partial waves of ¢(p) and v(q) based on Egs. (3.47) and (3.46) at s = 5 in atomic units,
where p = [p1 + p2//2 and ¢ = |p1 — p2l-

In Fig. 3.5, for r, = 5 we display how each partial wave contributes to the sum
in (3.46) and (3.47), for values of ¢ and p up to several times the Fermi momentum
to show the overall structure of the interaction. It can be seen that all the partial
wave contributions have a rapid increase at about p ~ kp for ¢(p), and ¢/2 ~ kp
for v(g). This behavior can be explained in the following way. Assume we have
two particles below the Fermi energy; then the condition p ~ kg requires that the
relative initial and final momenta of the two particles fulfill ps ~ p; ~ kg, which
in turn means that both particles are near the Fermi surface. Then these particles
may be easily excited from the Fermi sea with large amplitude because only a small
transfer momentum is required, and this leads to a rapid increase in each partial
wave component (pn| g¢ |pn) for p ~ kp. It is evident that this argument explains
the increase of each partial wave component of v(q) for ¢/2 ~ kp.

The resulting interactions, ¢(p) and v(g), are shown in Fig. 3.6. It is seen that all
partial waves contribute coherently in ¢(p), so that convergence is slow and exhibits
a very pronounced peak for p ~ kp. For v(q), equation (3.46) is the sum of an
alternate series and converges quickly; the resulting peak at ¢/2 ~ kg is not very
high. Note, further, that if one looks at the region where q,p <« kr and from which
the effective interaction will be derived later, one sees that only a few partial waves
are needed in order to obtain a converging result.

The separable approximation can be justified ouly a posteriori by comparing
the matrix elements using the two expressions for the ¢g¢ matrix, i.e. the original
one (3.38) and the separable form (3.42). Here we will report some comparisons.
In Fig. 3.7 we compare (pi|g°|p2) of Eq. (3.38) and c(1|p1 + p2|)v(|p1 ~ p2]) for
the cases where the two vectors p; and ps obey p1 = p2 = p, and for the angles
a = o —ag equal to 7/4, w/2 and 37/4. Note that for o = 0, 7 the matrix elements
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of g¢ are used to compute ¢(p) and v(q), and so can be deduced exactly from the
separable form. From the figure it is seen that the separable approximation works
extremely well for p < kg, where the two particles are below the Fermi surface in
the initial state and no real scattering can take place. For p > kp there is no way
of putting both particles within the Fermi circle. In this case the initial energy is
high enough to allow real scattering processes and to produce a phase shift in the
asymptotic form of the relative wavefunction. This change in the physical situation
produces a slope change in the matrix element (p1| ¢° [p2) of Eq. (3.38) to p ~ kp
(threshold effect), which cannot be reproduced by the separable approximation,
as seen in the figure. Moreover, in the cases where p; # ps, one finds that the
separable approximation works well for all cases where py,ps < kp. This means
that the matrix element (p1| ¢¢ |p2) is very well approximated by the separable
potential ¢(p)v(q) in the range p < kp and ¢ < 2kF, i.e. for all particles below the
Fermi surface.

Finally, we note that the matrix element g°¢ is negative as can be seen from
Figs. 3.5 and 3.6. This fact can be understood as follows: the multiple scattering
processes account for the effects of short range interactions which cause distortion of
the uncorrelated many-body function, which are such as to minimize the repulsive
potential of other electrons, and so to lower the total system energy. The g matrix
turns these effects into an effective interaction for the uncorrelated states, and so is
necessarily an attractive interaction.

3.6.3 The g matrixz expansion

From the separable potential ¢(p)v(g) in momentum space it is in principle possible
to compute the potential é(s)@(r) of equation (3.43) in coordinate space. However,
this potential would be a complex nonlocal interaction with a finite range for both
r and s, and would be of little use for practical applications. Therefore, a final
approximation is made (i.e. the g matrix expansion) which stems from the inspection
of the matrix elements of the separable potential &(s)¥(r), in order to get a simpler
expression of the interaction. The matrix elements of g¢ between any two states |)
and | ¢ ), in the separable approximation can be written as

(¥lgle) = /drldr2¢*(r1)<r1lgcll‘z)w(rz)
= /drldrgw* (r + g) é(s)o(r)ep (r - -;—)

- / dry* (£)g°(r, V) (r) - (3.48)

In the previous expression we have defined

g¢(r, V) = /ds exp (-;— . V) é(s)o(r) exp (—-;— . V) , (3.49)
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where V = ip = 8/0r operates on the relative co-ordinate of the two interacting
particles and v operates on the left, whereas v operates on the right.

In the above expression for g°(r, V) we can assume that the maximum value of
V is of the order of kr for particles in the ground state and in the low-energy excited
states. Therefore, we can evaluate equation (3.49) by expanding the exponential and
retaining the first two terms (g matrix expansion), provided that kpr. < 1, where
. is the range of &(s). From Fig. 3.5, this range is estimated to be of the order
of 7. ~ 1/kp due to the behavior of ¢(p) in the small momentum region, where
the separable approximation holds. Therefore, the above condition for expanding
equation (3.49) is only marginally fulfilled. We will discuss this point again in the
next Section, where we will compare the correlation energies as computed with and
without the expansion. We will find that the correlation energy is under-estimated
by the g matrix expansion, and this is the price to be paid in order to obtain a
simple expression for the effective interaction.

By expanding the exponential functions of (3.49) and retaining only terms up
to second order in V, we have

2
¢°(r, V) = /ds (1 + %V" + g . ‘7) &(s)5(r) (1 + %vz - ; : )
= c19(r) + %{vza(r) +5(r) V2 —2Va(r) - VY, (3.50)
where we have defined the momenta c(s) as
¢ = 27r/oo dss'é(s), i=1,3,.... (3.51)
0

Here #(r) is further expanded around the zero-range interaction as follows. The
Fourier transform of 7(r) can be developed in power series of ¢% as

v(g) = /dre’iq"f;('r) = Zﬂ/Tdrﬁ(r)Jo(q'r)
—g - B2y B
=4 + 64q + ) (3.52)

where the momenta v; of 9(r) are defined as
00 .
v, = 27r/ dr r*o(r), 1=1,3,.... (3.53)
0

We then Fourier-transform (3.52) and retain terms up to second order in V, which
yields

i) = [ oszemle) = wo) + 275}

vi6(r) + %{v%(r) + 8V +2V6(r) - V). (3.54)

Il
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It can be shown that the maximum value of ¢ in (3.52), which is relevant for particles
below the Fermi surface, is about 2kg. It can be further noted from Fig. 3.5 that
the range of #(r) is of the order of r, ~ 1/2kp, which shows that the maximum
value of the exponent q - r in (3.54) is about 2kgr, ~ 1. This justifies the above
expansion at the same level of accuracy as the expansion of equation (3.49).

By substituting (3.54) into (3.50), we arrive at the following final expression for
the effective interaction:

9o, V) = ud(r) + v{V6(r) + 6(1)V} + 20V o(r) - V, (3.55)

where the coefficients u, v and w are defined as

u =, (3.56)
1 1
v = E’ulq + ng, (3.57)
1 1
w = —Evlcg + ng. (3.58)

The effective interaction of (3.55) is a zero-range interaction depending on the mo-
mentum, of the same type as the Skyrme ones largely used in nuclear physics (Vau-
therin and Brink 1972, see Chapter 4). The ¢; and v; momenta can be computed
numerically from the potential in momentum space as

g =c(0)=1,

d2
c3 = —2 a?c(p) o ,
v = ’U(O),

d2

v3 = —2 d—qgv(Q)

These expressions, together with (3.46) and (3.47), show that in order to obtain the
effective interaction of (3.55), it is enough to know the diagonal matrix elements
(pn|g¢|pn) of the g° matrix in the low-energy limit (p ~ 0). A closer inspection of
(3.38) shows that only the (pn|g°|pn) matrix elements with n = 0,1 contribute to
the above coefficients. This is a direct consequence of the fact that the first two
terms of the right hand side of (3.55) represent the s wave interaction (n = 0), and
the third term the p wave one (n = 1). In other words, the g matrix expansion only
simulates the s and p wave matrix elements of the separable potential, and neglects
all other components with higher angular momentum. However, it should be noted
that the s and p components are enough to describe the low-energy phenomena.
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Fig. 3.8 Dependence of the u, v and w coefficients on the cutoff parameter x (in units of kr) for
rs =1,3,5.

3.6.4 Numerical results and discussion

First of all, we discuss the role of the Pauli operator in numerical calculations. If we
take the angle-averaged operator of (3.35), it is enough to retain only terms with
n = 0,1 in the integral equation (3.37) in order to calculate the effective interaction
of (3.55). On the other hand, if we use the exact expression (3.32) for the Pauli
operator, all partial wave components are coupled and we will need to consider
many partial waves to obtain a convergent result for n = 0,1. The largest n value
required to have a convergent result in the case of the 2D electron gas is typically
about 10, depending on the value of r,.

Let us next discuss the cutoff parameter p in the definition of the Coulomb
interaction in (3.26). The value of u should be so small that all numerical results
are stable against variations of u itself. In order to show that this is indeed possible,
in Fig. 3.8 we report the numerical results of u,v and w for 7, (= 1, 3 and 5), as
a function of the cutoff parameter x. From this figure it is seen that u,v and w
approach their convergent values smoothly as u decreases and, thus, that the use of
a damping factor is legitimate. The numerical values of u, v and w in atomic units
are reported in Table 3.2 for several values of r,.
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TABLE 3.2
Ts u v w
—0.800 0.124 —0.059
3 —4.363 5.411 —3.745
5 —8.828 28.602 —23.831
10 —-21.253 258.71 —269.89
20 —47.890 22627 —2795.6

In the g matrix theory the correlation energy per electron is expressed as follows
in terms of the effective interaction of (3.55):

u

1
DM = 2 0ig0) = o 5

- %k% + %k%) , (3.59)
where [0) indicates the ground state of the non-interacting system.

The correlation energies of (3.59) computed either with the exact Pauli oper-
ator or with the angle-averaged one, turn out to be practically the same, and the
difference between the two results increases slightly with increasing 7. This shows
that the mixing of states with different angular momenta becomes relevant only in
the low-density region.

If we use the separable potential of (3.42) without any expansion, we get the
following expression instead of (3.59) (see appendix):

1 kr dkl dkz
=g / Ty (e Vel = kal/2)0(0) = 2e(@)v(lles —Jea)}.  (3.60)

The correlation energies of equations (3.60) ((c(p)v(g))) and (3.59) (e2ME) are
reported in Table 3.3 in eV/electron, together with the Monte Carlo results.

TABLE 3.3
e MO (i) PME
1 -299 —-2.60 —2.34
3 183 —1.65 —-1.49
5 -1.34 —-1.23 —-1.11
10 -0.83 —0.76 —0.69
20 -0.48 —0.44 —0.40

It can be noted that the QM C correlation energies can be well reproduced by the
separable potential, especially in the high 7, range. In the region of small r,, where
the long range RPA correlations are important, there is an expected discrepancy
between the g matrix and Monte Carlo results. It is also possible to show that the
correlation energy of (3.59) underestimates that of (3.60) by about 10%, and this is
the price to be paid when passing from the separable potential to the Skyrme-like

interaction.
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As is clear from the derivation of the effective interaction of (3.55), this error
originates from (i) neglecting the contributions of partial waves with n > 2, and (ii)
inaccurate treatment of the s wave and p wave contributions.

The effective interaction of (3.55) can be readily employed to study the dynamic
and static properties of finite systems such as electron systems confined in an ex-
ternal field (quantum dots). For these systems the effective Hamiltonian to be used
in BHF like calculations is given by (in effective atomic units):

N 2
Heff — Z <_.vT + Uext) . + Z (11‘1 i I‘jl -+ gc(rij)) ’ (361)

i=1 i

where g°(r;;) is given by Eq. (3.55) and the dependence on the density of the u, v
and w coefficients is to be treated in local density approximation.

The BHF energy functional for an external potential produced by a jellium of
positive charge, is given by the following expression

pot = 2 [ra+ 3 [uoiar = [t(o)or - i - [ talo)(VoPdr

M), 1/)|2
PR B Al N 29 P / [lasdtitol ey (3.62)
2 |r1 —I'2| |I‘—I‘/l

where
t, = %(v —3w), to= 13_6 (v+w +2/3pg—2) ,
and
() = DIVAmP, ) =~ Y@ Vetm) — he),
pD(r,r') Z% (t)ei(r'), p(r) = Z [i(r)(?

are the kinetic energy, current, one-body non-diagonal and diagonal densities, re-
spectively. The ¢;(r) are the single-particle wavefunctions, and the last terms in
equation (3.62) are the electron—electron (both direct and exchange), electron—ion,
and ion-ion Coulomb contributions. Besides the pure HF functional, the energy
functional (3.62) has the correlation term

Eom) = [ Gup?—ta(vp)?—tl(m—f)) dr. (3.63)

This term is very easily handled both in static and dynamic calculations. Clearly,
the term in (Vp)? vanishes for homogeneous systems, for which p is a constant. On
the other hand, the current term is zero for time-reversal invariant systems.
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The single-particle wavefunctions which appear in (3.62) are to be determined
in a self-consistent way by solving the BH F' equations:

: o) — pa(t') .,
{——ﬁu ~ 2] T + Vi) + [ AL g } oilr)

N * (e o (1
+Z/Mdr'%(r) = eipi(r), (3.64)

where j|| means that the spins must be parallel, and

1 1 1 1
1/6 = = = a2 = _ - I
(p,7) 2up+ il + 4(311) )T + 4(3w v )pr
1 / ! " dp 2 3 / 2
+ 16(51] + 3w’ 4 2v p) '% + g(U +w+ 2/31) p)V P, (365)

is the correlation potential, and the / and ” mean first and second derivatives of the
u v and w functions, with respect to the density.

Equations (3.64) constitute a set of coupled integral-differential equations; they
have been solved for quantum dots (T. Suwa et al. 2003) and the resulting density
in the case of a dot with 20 electrons was shown in Fig. 2.7.

Calculations analogous to the 2D ones reported in this Section were carried
out in the 3D case by Lipparini et al. (1994) in metal clusters, and the results
concerning the single-particle energies, the ionization energies, the total energies
and the densities of some sodium clusters were shown in Section 2.2.1.

In general, it may be concluded that the BHFE theory is a very good micro-
scopic theory, in the sense that it improves the HF' theory by including the ladder
correlations, which are important ones especially at physical densities.

3.6.5 Appendiz

Starting from equation (3.42) it is possible to calculate the ground state energy
EBHF ofthe electron gas. To this end, it is convenient to use the second quantization
formalism, in which the two-body interaction is written as (see Section 2.5):

1

+ +
) Z V(q)ckl+q,ack2—q,a’ck210'ck1,0 )
ki,k3,q,0,0

where the operators cj" and c) are creation and annihilation operators which obey
the anticommutation relations

{ex,cf} =6, {ex,en} =0, {cf,cl}=0.

Using the transformations p; = 1/2(k; — k) and p = 1/2(kj — kj) where
k; = k1+q and k) = ky—q, we find p2—p1 = q and 1/2(p1+p2) = 1/2(k1—ka+q),
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and finally

c

1
9°=3 Y ek~ ke + al/2)v(ld))ef, 4q,00, —q.0rCles 0 G - (3-66)
ki,ks,q,0,0'

From this expression, one finds for the BHF energy

1
EPFF = BTF 1 = %" 0(0)c(lki — kol /20{HFIc), 465, 50z 07 Cr,o|HF)

2 ki ,k2,0,0’
+3 2 cOWaNHFI, a0t ot raot o HF), (3.67)
kl,q o
where EfF is the HF energy
B = Y i, (3.68)
k,o

written in terms of the distribution functions nx, (=1, k < kr, =0k > kr) and

of the single-particle HF' energies, and the other terms give the correlation energy.
From equation (3.67), and using the commutation relations for operators ¢ and

ct, and c:’ack,(,]H F) = ny ,|HF), we obtain the following expression for EBH¥":

1
EPHF = B+ = 37 v(0)c(fki = Kal /2)na oy o

kq,kz,0,07
1
== > c(0)(lks — ka|) iy 0,07 80 - (3.69)
2
k1,k2,0,0’

Next, the single-particle energies and the self-energy in BHF are obtained by
differentiation with respect to ny ;:

o = et + D [0(0)c(lk — kol /2)mucz,00 = c(0)0(|k — Ka)ricg,006,00]

ka,0’
1 7]
+5 Y |50k —ka|/2) — c(0)v(k1 — k2l)ds,0)
2 ap
ki,kq,0,07
X Ny 0Tk 0 - (3.70)
In the derivation of Eq. (3.70) we took into account the dependence of the correlation

energy on density, and used

o 0 9p
Onc o Op Ony

with 0p/0Ony . = 1.
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The effective mass in BHF is therefore given by

1 108ePHF m 0 m O o pur
o T 1+?%Ex(k)+?5%20 k), (3.71)

where X, (k) is the exchange self energy and LBHF (k) is the BHF correlation con-
tribution. Although in the literature there exist no accurate numerical calculation
of SBHF (L), an approximate estimate of such quantity shows that the correlation
contribution to the effective mass has opposite sign with respect to the exchange
one, and tends to cancel it.
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Chapter 4

The Density Functional Theory (DFT)

4.1 Introduction

Hohenberg and Kohn, in a famous paper of 1964, were the first who proved in a
rigorous way that the properties of the ground state of an N-particle system can be
expressed as functionals of its density p(r}, i.e. they are determined by the knowledge
of the density. The total energy F can be expressed in terms of such a functional
and E(p) obeys a variational principle. The Thomas-Fermi model for the atom is a
special case of this formalism, and the same is true for the Gross—Pitaevskii theory
for the ground state of a dilute Boson gas.

The density functional theory has been applied most of all to systems of electrons
like atoms, molecules, homogeneous solids, surfaces and interfaces, quantum wells
and quantum dots, etc. As we will discuss in the following, this theory has been
used for the description of liquid helium and atomic nuclei as well.

The self-consistent single-particle equations that were derived from the varia-
tional principle by Kohn and Sham (1965) describe the properties of the ground
state (energy and density) in a way that, formally, takes into account all many-
body effects. Their solution, in the local density approximation, is as simple as the
solution of the Hartree equations (without exchange terms) and leads to results
better than the Hartree~Fock ones, though the latter are much more complicated,
and in some cases even almost impossible, to obtain. The reason for this is that the
Kohn and Sham solutions treat accurately both exchange and correlation effects,
while the HF ones treat exchange exactly but completely neglect correlations.

4.2 The Density Functional Formalism
In what follows we report Levy’s (1979) proof of the theorems on which is based the

formalism of the density functional theory. Let us consider NV interacting particles
that move in an external field vext(r) whose Hamiltonian will be written as

97
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N
H=T+V+> vext(rs), (4.1)

i=1
where T is the kinetic energy and V the interparticle interaction.

Let us consider all possible densities p(r), i.e. those that can be obtained from
any N-particle wavefunction ¥(rq,r2,...,rN) through

N
= (U] > §(r —1)|T), (4.2)
i=1
and let us define the functional
F(p) = glin(\IllT + Ve, (4.3)
—p

where the minimum is with respect to all [¥) which produce the density p. F(p) is
universal in the sense that it does not refer to any specific system or to the external
potential. Indicating by Fgs, Yas and pgs the energy, wavefunction and density
of the ground state, respectively, the two basic theorems of the density functional
theory are

B(p) = [ drve(0)p(x) + (o) > Fos. (4.4)
for any density (4.2), and
/ drvexs(r)pas (r) + F(pes) = Eas - (4.5)

In order to prove the variational principle (4.4) let us indicate by U7, a wave-
function that minimizes (4.3), so that

F(p) = (Yl T + VI¥rn) - (4.6)
By writing
Vext = Z Vext (rz
we have
[ drven(a)o ) + F(p) = (VonlT + Vet + VI¥oia) 2 Bes, (&)

as follows from the minimum properties of the ground state. This proves the in-
equality (4.4). Using again the minimum property, we then find

Eas = (Uos|T + Vs + VI ¥as) < (UE53IT + Ve + VITEE) . (48)

By subtracting Veyt, we obtain
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(Tes|T + V|¥es) < (TRig|T + VI . (4.9)

On the other hand, the definition of U255 leads to an opposite inequality between

the two sides of (4.9). This is possible only if

(Ugs|T + V[Tgs) = (TP (T + V[T2SS). (4.10)

min min
Therefore we have

Egs = /drvext(r)pas(r) + (WgsiT + V]\I/GS>
— [ drven(wdpos(s) + (VL T+ VIWEED)
= / drvext(r)pas(r) + F(pas) (4.11)

which completes the proof of the basic theorems. From equation (4.10) follows the
important result that if the ground state is not degenerate, then U253
If, on the contrary, it is degenerate, then ¥/S% equals one of the ground state
wavefunctions, and the others can be obtained as well. Therefore, the ground state
density determines the wavefunction (or the wavefunctions) through which it is
possible to compute all the properties of the ground state. Thus, these properties
are functions of the density. This theorem is the formal justification for dealing with
the density instead of the wavefunctions.

These theorems provide a general framework for calculating the ground state
properties. One needs to find an approximation for F(p) and to minimize E(p) in
equation (4.4) for the potential of interest Vixy. This leads to the corresponding ap-
proximation for Eggs and pgs. Then, if we have an approximation for the functional
X (p) describing a given property X of the ground state, the same procedure leads

to approximations for X itself.

= Uggs.

4.3 Examples of Application of the Density Functional Theory

4.3.1 The Thomas—Fermi theory for the atom

In this approximation, the atom electrons are treated as independent particles, so
that the system energy is given by the average value of the Hamiltonian (expressed
in atomic units)

N 2
H= . (—YQZ— +’Uext(ri)> +y lri—i—rﬁ, (4.12)
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(where vext(r;) = —Z/r; is the Coulomb potential of the nucleus) taken on a Slater

determinant:
r 1 PE)p(r)
E = /Edr-%—/ve,(tp(r)drﬁ- E/drdrl‘—lltr—/l'

—-—Z/drd O or, o) (4.13)

= |r —r'|

Further approximations consist in neglecting the exchange term [i.e. the last one in
Eq. (4.13)] and employing the local density approximation for the kinetic energy
density 7:

r=1(p) = 2T, (414

which means that we assume that 7 is given by the kinetic energy of a non-
interacting electron gas with density p [see Egs. (1.74) and (1.76)]. This is a good
approximation if p(r) varies slowly enough in space, so that an electron located at
r practically feels a homogeneous medium of density p(r). Therefore, the Thomas—
Fermi density functional is

E(p) = %(37r2)2/3 / p(r)*3dr + / Uextp(r)dr‘f“;‘ / drdr'%f)_ﬁg%. (4.15)

The equation that controls the system behavior is obtained by minimizing the energy
functional under the constraint that the number of electrons N = [ pdr is constant:

o(F — ;L/pdr) =0. (4.16)

In this way the Thomas—Fermi equations are obtained

5 2/3 , plr') _
3ap +Uext+/dr lr—r’] —N“O’ (417)

where a = 2(372)%/2. Once solved, these equations yield p as a function of ; the
chemical potential is subsequently found by using the relationship that fixes the
number of particles N = [ pdr.

The Thomas—Fermi method describes only roughly the density and electrostatic
potential of the atomic electrons. The main shortcoming of the model is that the
density diverges at the nucleus and does not decay exponentially at infinity, but
rather as 7% When applied to molecules it does not produce binding, and cannot
predict the shell structure of atoms.
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4.3.2 The Gross—Pitaevskii theory for the ground state of a dilute
gas of Bosons

In Section 2.3, we saw that the mean field theories for Bosons in an external field
lead to the following density functional
1 2 N-1 / / !

E(p) = Py (v\/ﬁ) dr + | Vextpdr + N drdr’ p(r) p(xYv(|r — 1'|), (4.18)
and that in the case of dilute systems, where the condition p|a]® <« 1 is fulfilled, it
is possible to replace the two-body interaction by an effective interaction given by
V(r —r') = gé(r — r'), where the coupling constant g is connected to the scattering
length a by g = 4wh%a/m. Thus we obtain the Gross-Pitaevskii functional:

E(p) = 5% / (¥ /5)%dr + / oo + 3 / Pr, (4.19)

for the Bose-Einstein condensate, which is known to be the good theory, in the
sense that the corrections to the mean field energy, due to dynamic correlations,
behave as (p|a|3)1/? (see Chapter 9) and are typically of the order of 1%.

The above functional is probably the best realization of the density functional
theory.

In the case of atoms subject to repulsive interaction and confined in a parabolic
external field, in the limit Na/ano > 1 (aho = (B/mwho)*/?), which turns out to be
accomplishable in the experiments, the functional (4.19) leads to particularly simple
solutions. In fact, in this limit the atoms of the condensate are pushed outwards
and the central density is very flat (see Fig. 2.10), and the kinetic term (which is
proportional to the gradient of the density) is negligible. In this approximation,
which is known as Thomas—Fermi approximation, minimization of the functional
with the constraint of constant number of electrons yields the equations

Vext +9p— =0, (4.20)

whose solution is

-1 — Vex >,
— g [lu’ t] H ex.t . ( 4.9 1)
0 otherwise
The constraint on the particle number gives the value of u:
hwho [15Na\*/®

= . 4,

u= e (21) (422)
Moreover, since p = OE/ON, the energy per particle is given by
E 5
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In this case, the Thomas—Fermi solutions turn out to be a very good approximation
for the density and for the energy per particle of the condensate, when the number
of atoms is of the order of 105-10°, :

The Thomas—Fermi approximation is employed also in the case of anisotropic
traps where the external potential is described by

1
Vext (L) = §m(wf_ (3:2 + y2) + wfzz) . (4.24)

This choice of the confinement potential reproduces very well most of the experi-
mental conditions.

The Thomas—Fermi solution yields values of the average values of one-body op-
erators which are quite different from those obtained from the independent-particle
model, i.e. by neglecting the interaction. For example, for the potential (4.24), a sim-
ple calculation leads to the following results for the mean square radii and anisotropy
of the velocity distributions:

2 2 2
P2 (%) Wi
in the case of the Thomas—Fermi approximation, and

<p§> G (4.26)
7 (%) w
in the case of the independent-particle model.

A detailed treatment of the results of the Gross—Pitaevskii theory when applied
to the Bose-Einstein condensation phenomena, can be found in the review paper by
Dalfovo et al. (1999). The time-dependent Gross-Pitaevskii theory will be treated

in Chapter 8.

4.4 The Kohn—Sham Equations

In 1965 Kohn and Sham proposed a method to obtain an exact, single-particle like,
description of a many body system. The method is based on the following separation
of the energy functional:

B(p) = To(o) + [ drolr) [vemm + %U(r)] + Brelp), (4.27)

where To(p) is the kinetic energy of the non-interacting system with density p,
U(r) = [dr'p(r')v(Jr — r'|) is the Hartree potential (which in the case of electrons
is the classical Coulomb potential) and E,.(p) can be thought of as the definition
of the exchange-correlation energy. Though Ty(p) is different from the real kinetic
energy, it has comparable magnitude and is treated exactly in this method. The
exact treatment of Ty(p) eliminates some of the shortcomings of the Thomas-Fermi
approach to the Fermion system, like for example the lack of shell effects or the
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absence of bonding in molecules and solids. All terms of (4.27), except Ey, can be
treated exactly. Therefore, the unavoidable approximations of the method concern
only the exchange-correlation energy.

Application of the variational principle to (4.27), with the constraint of particle
number conservation, leads to

9To(p)
op
where p is the Lagrange multiplier related to the conservation of N. By comparing
this equation with the corresponding one for a system of particles moving in an
effective potential Veg(r), but without any two-body interaction, i.e.

9To(p)
T op

+ Vext(r) + U(r) + QE%;(p_) =pu, (4.28)

FVeg(r) =, (4.29)

we see that the two problems are identical provided that

OFzc(p) _

Vet (r) = vexe(r) + U(r) + Bp (4.30)
Therefore, the solution of equation (4.29) can be found simply by solving the single-

particle equation for the non-interacting particles:

2
(—;—1 + Veﬂ(r)> @i(r) = €ipi(r) , (4.31)
which yields
N
=S )P (4.32)
=1

The constraint (4.30) is fulfilled by a self-consistent procedure. Finally, one obtains
the density and energy of the ground state, and all quantities related to these two.
In particular, to compute the energy one uses

2

Zez = Z wil — v— + Ve (r)|ps) = /drp Vest (v (4.33)
and

B=Y e [dntUe) + Eulp) - [0 s

From the numerical point of view, the solution of the Kohn—Sham equations (4.30)
and (4.31) is much simpler than that of the HF equations, since, contrary to the
HPF potential, the effective potential is local.

Note that, contrary to the H F theory, in the density functional theory the single-
particle wavefunctions and energies have no physical meaning, but are rather just
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mathematical tools through which the physical quantities, p and the energy, are
calculated. In particular, the occupied single-particle energies do not represent the
physical energies required to excite the particles to the continuum.

The physical excitation energies €; are the solutions of the Dyson equation:

2
—%@(r) + / dr'S(r, ' &)¢i(r') = &pi(r), (4.35)

where X(r,r’; €) is the non-local self-energy operator. This operator is clearly dif-
ferent from the local operator Veg(r) of the Kohn—Sham equations, and contrary
to the real eigenvalues ¢;, the €; of equation (4.35) are in general complex, which
reflects the finite lifetime of the ionized states. There are examples showing that
the real parts of ¢; and ¢; differ as well.

However, there exists a very important special case, i.e. that in which N is
made to tend to infinity. In this case, it is possible to show that the highest-energy
occupied KS eigenvalue ey equals the true chemical potential 4 = €y. For the
density functional theory, this is the analogue of the Koopmans theorem (Koopmans
1933).

4.5 The Local Density Approximation for the
Exchange-Correlation Energy

For a system with slowly varying density, the local density approximation can be
made:

Eeelp) = / exe(p(r))p(r)dr, (4.36)

where €,.(p(r)) is the exchange-correlation energy per particle of the uniform system
having density p. We have

eze(p(r)) = €(p(r)) + ec(p(r)) . (4.37)

For electron systems, the exchange energy per particle as a function of density is
given by (2.39). For example, in 2D we have ¢, = —4/3+/2p/7. The best correla-
tion energy per particle is surely the one given by the Monte Carlo calculations of
Ceperley and coworkers. The calculated numerical values at different r,, are fitted
by Padé approximants which, in the two-dimensional case taken as an example, are
of the type

a 1+aiz
T+ a1z + ag2? + agz®’

€c(rs, &) = (4.38)



The Local Spin Density Approzimation (LSDA) 105

with z = (r,)/2 and ry = (7p)~1/2. This Padé form behaves as ~ a+br for ry — 0,
which is the correct high-density expansion, and has the asymptotic form

a b c

~ o 4.39

Rt (@39

for 7, — o0o. The best fit a; coefficients for the correlation energies for the normal
(€ = 0) and polarized (§ = 1) fluids are reported in Table 4.1 in Rydberg units

(1 atomic unit = 2 Rydberg).
TABLE 4.1

£=0  ¢=1
ap —0.3568 —0.0515
ay 1.1300 340.5813
az 0.9052 75.2293
as 0.4165 37.0170

Most of the calculations with the Kohn-Sham equations were carried out under
the local density approximation, which produces surprisingly good results even in
the cases where the density does not change slowly. The quality of the LDA can
be appreciated from the results of Table 2.1 and Fig. 2.7, where the results of this
approach for the energies and densities, are compared to those of Monte Carlo, HF
and BHF, for metal clusters and quantum dots. The LD A also produces very good
results for the binding energy of atoms and diatomic molecules, and for the cohesion
energies of metals (for an exhaustive discussion see Lundqvist and March 1983).

4.6 The Local Spin Density Approximation (LSDA)

The formalism of density functional shows that, in principle, it is possible to de-
termine the total energy by using a functional which depends only on density, and
not on spin density. However, the task of determining a good approximation for the
exchange-correlation energy, is much simpler if the functional is expressed in terms
of the spin densities. For electron systems, this is the simplest way of fulfilling the
demand that high-spin states tend to be energetically favored (Hund’s rule). Con-
trary to LDA, the LSDA approach obeys Hund’s rule and gives results in good
agreement with Monte Carlo. This is shown in Table 2.4 and Figs. 2.6-2.8 and 4.1,
where the energies and densities of this approach are compared to those of Monte
Carlo for metal clusters and quantum dots.
The LSDA approximation can be expressed as

ELSDA — / ae(p(0), £()) p(x)dr (4.40)

where €;.(p(r),{(r)) is the exchange-correlation energy per particle of a homoge-
neous, spin-polarized system with spin-up and spin-down densities p, (r) and p_(r),
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Fig. 4.1 Electronic density profiles of the sodium cluster with 19 electrons in LSDA (dashed
line), and in variational Monte Carlo (full line) (Ballone et al. 1992). The square curve shows the
jellium density p;.

respectively, and € = (p4 —p-)/p is the spin polarization. The parametrization most
widely used in the literature for the exchange-correlation energy is that of Tanatar
and Ceperley (1988) of equation (4.38) in 2D, and that of Ceperley and Alder
(1980) in 3D for the non-polarized (¢ = 0) and ferromagnetic (£ = 1) cases. For
intermediate polarizations one uses (von Barth and Hedin 1972):

€ze(P,€) = €xc(ps 0) + f(E)[exc(ps 1) — €ac(p, 0)] - (4.41)

The function f(£) is the same that, used in (4.41) for the exchange energy alone,
reproduces the exact calculation of equations (2.43) and (2.44), i.e. we have

3/2 32
flo= T A_OT 22 op) (4.42)

and

4/3 _\4/3
ey = 848 24+/3(1_ 25) 2 (in3D). (4.43)

?

Like in the case of unpolarized systems, from equation (4.27), with E,, = ELSDA

we can derive a set of self-consistent equations, by treating the single-particle
kinetic-energy functional Tp exactly. The following set of coupled equations for spin-
up and spin-down particles is obtained:

2
{_?—m o) + [ p(E Yo — )+ veed) + "W“(r)} purt)

= €i,00i,0(T), (4.44)
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where o = £1, and

0Fsc(p,m) _ Opeac(p,§)
dp(r) 9p(r)

Ezc(p, m) — afxc(,oa é.)
om(r) 9%(r)

Vge(r) = , Wee(r) = 9 , (4.45)

and

pE) = po(r),  mE)=pr—p-y  pe(t) = lpia(r)F.  (4.46)
o i=1

The LSDA theory was applied very successfully to atoms, molecules and metal
clusters with non-zero spin and thus non-zero magnetization. An exhaustive descrip-
tion of the results obtained in these cases can be found in Lundqvist and March
(1983), and Jones and Gunnarsson (1989).

The theory was also employed to calculate the magnetic susceptibility x, of
paramagnetic metals. To do this one has to solve equations (4.44) in the presence
of a weak magnetic field B which introduces a further term poBo in (4.44), where
to = ehi/2mc is Bohr’s magneton, and then calculate the total magnetization m
[see also Eq. (1.110)]:

B
X8
A method which is equivalent to the solution of the LSDA equations in a magnetic
field, is that of calculating the linear response function for the spin density oper-
ator p = Y, e'9TigZ, by using the time-dependent form of the LSDA theory (see
Section 8.9.1), and then computing the static response in the limit of zero transfer
momentum q. In this way we find (x, = pex™™ of Section 8.91) in atomic units:

HoXo
Xa' = Foa
1- D X0

(4.47)

; (4.48)

2
where F§ = _._5_‘9 Eg;fp’m) lm

the ¢ — 0 limit:

=0 and X is the static response of the free electron gas in

—mkp /n? for D=3
2(_1(:)? = —-m/7 for D=2 . (4.49)
—2m/(wkp) for D=1

From equations (4.48) and (4.49), by using the expressions for the exchange
energies of the partially polarized electron gas of Chapter 2, we find for the spin-
susceptibility of the electron gas:

1—(2/3n2)2/3r, + 3(4/9m)2/3r2(8%,/0¢)eey  for D =3
HX; ={ 1= (V2/m)rs + 12(0%./9€%)e—0 for D=2 . (4.50)
0X0
1+ (8r2/m?)(0%€4c/0E%)e=0 for D=1

In Table 4.2 we compare the results of (4.50) with the correlation energy obtained
from Monte Carlo calculations, and the £ dependence of (4.41) with the results of
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the variational calculation of Vosko et al. (1975) as well as with the experimental
results for alkali metals which, in nature, are the closest realization of the three-
dimensional interacting electron gas.

TABLE 4.2
metal variational response Exp.
Na 1.62 1.59 1.65
K 1.79 1.78 1.70
Rb 1.78 1.87 1.72
Cs 2.20 1.99 1.76 — 2.24

As can be seen from this table, there is a rather good agreement between theory
and experiment.

4.7 Inclusion of Current Terms in DFT (CDFT)

The LSDA formalism was extended by Vignale and Rasolt (1987, 1988) who in-
cluded, in the exchange-correlation energy, terms depending on the strength of the
magnetic field applied to the system. This theory, which is known as the “current
density functional theory” (CDFT), provides a method for describing a system of
interacting electrons in a gauge field.

The most important case of application of the CDFT theory concerns quantum
dots in a magnetic field. In this case one has N electrons moving in the z = 0
plane where they are confined by a circularly symmetric potential vex(r) with
r = v/x22? + y2. A constant magnetic field B is applied normal to the plane, which
in the symmetric gauge is described by the vector potential A = %(—y, z,0). By
introducing the cyclotron frequency w, = eB/mec, we can write the CDFT grand
potential as (see also Section 2.6) G = E — TS — uN by adding to the total energy
(we use effective atomic units with Boltzmann’s constant K = 1):

E = %/drr(r)-i—%/drrjp(r)_;.lwz/drr?p(r)

+'uoB Y fisa + / d vexe(r)o(r)

//d dr’p /drEmc (px), £(x), VX)), (451)

the temperature times the total entropy S given by

S=->lfilnfi+ (11— £:)In(l - f)], (4.52)

and the electron chemical potential y times the number of electrons N = 3", fi.
The introduction of temperature in the CDFT formalism is necessary in the case
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of non-vanishing magnetic field, even when one describes the system at zero tem-
perature. This is due to the fact that at zero temperature, for some values of B
(see Chapter 5) the energy levels near to the Fermi surface are very close in energy
and it is impossible to achieve good convergence of the Kohn-Sham equations other
than by first obtaining convergence at finite temperature, and by subsequent grad-
ual lowering of the temperature itself, until convergence of the zero-temperature
solution is attained.

The second and third terms of (4.51) originate from the modified kinetic en-
ergy term of the Hamiltonian of the electrons with charge —e in the magnetic field
(p?/2 — (p+e/cA)?/2). The fourth term represents the Zeeman interaction energy
between the magnetic moment of the electrons (whose effective gyromagnetic factor
is g*) and the external magnetic field. In equations (4.51), (4.52) s, is the z compo-
nents of the spin (+1/2), and f; is the occupation number of the i-th single-particle
level. The density p(r), the kinetic energy density 7(r) and the paramagnetic cur-
rent density j,(r ) are all defined in terms of the single-particle occupation numbers
fi and wavefunctions ¢; as follows:

plr) =3 fil u(r) I (4.53)
m(r) =D Fi| Vai(r) [ (4.54)

Jp(r) = Jp(r)ée = _% Zfili | ¢:(r) |2 ég, (4.55)

where é5 is the azimuthal unit vector.

The exchange-correlation energy in (4.51) is written in the local density approx-
imation (LDA):

Bro= [ drplr)eaclp(r), €0), V0, (4.56)

and is a functional of the density p, of the local spin polarization £ and of the local
vorticity V(r):

V({r)=V(r)é, =—— —(rF)é,. (4.57)
Following Ferconi and Vignale’s (1994) indications, we take

1 vt
ezc[pa ga v] = mzegtyVM[pv U] + 1+ 04 EZE[pa 6], (458)

where v = 2mL?p is the local filling factor (see Chapter 5), and £ is the magnetic
length £% = Ac/eB = h/mw,. This expression is a Padé interpolation between
Levesque, Weis and MacDonald’s (1984) results for the exchange-correlation energy
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at high magnetic field, e£VM[p 1], and those of Tanatar and Ceperley at zero

magnetic field, €Z[p, ¢] [see Eqs. (4.41),(4.42)].

In the LDA, the vorticity V is taken to be proportional to the applied magnetic
field ¥V = —eB/me, which allows the filling factor to be related to the vorticity as
follows:

E1
v=2mTp—. 4.59
Py (4.59)

This completely defines the CDFEFT functional.
In order to obtain the single-particle wavefunctions ¢;(r) and the occupation
numbers f;, one needs to minimize G under the constraint that the single-particle
wavefunctions are orthonormal. By minimizing with respect to the single-particle

wavefunctions one gets the Kohn—-Sham (KS) equations:

1(d2 1d 2 we, 1 54
[‘5 (m*m“ﬁ) — gl gwer et ()

r’ e Az(r 1,
+ /dl'l ' :‘)(_ I‘)’ I - El ;( ) + Vzca(r) + 59 ,U/OBU Unle = €nloUnlo (460)

where we used the circular symmetry of the wavefunctions
i(r) = e Puniy(r), (4.61)

with o = +1,n =10,1,2,..., and [ = 0,+1,42,43,.... These wavefunctions are
eigenstates of [, [see also Eq. (2.29)] with eigenvalue —I. At B # 0, the single-
particle level i is non-degenerate, and in the above expression we used the notation
i={n,l,0}.

In equation (4.60) one has

0Eqzc(p, €,V
Vieo(r) = _"(g%__)

e .
- "Azc("') e s (462)
p-a,V € p

where A .. is the exchange-correlation vector potential:

) és. (4.63)
n,¢

By minimizing G with respect to f;, and using the KS equations, one obtains the

e e , _cd 8E5¢
GAeelr) = et = 00 (f’ 5V

occupation numbers:

1

= T (4.64)

fi
Next, the chemical potential is determined by normalization:

N= Zfi = Z(l + elei—m)/Ty=1,
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As can be seen by comparing the present Section with Section 2.6, the finite-
temperature treatment is formally the same for HF and for the density functional
theories.

The KS differential equations (4.60) and the normalization condition were solved
in a self-consistent way by several authors (Ferconi and Vignale 1994; Lipparini et al.
1997; Pi et al. 1998; Steffens et al. 1998). The numerical results will be reported in
the next Chapter, which treats quantum dots under magnetic field in the different
theories.

4.8 Ensemble Density Functional Theory

The density functional theory has been generalized to treat the case of degenerate
Kohn—Sham ground states, producing the Ensemble DFT (EDFT) (Dreizler and
Gross 1995). In fact, there are cases in which the true density of the system cannot
be represented by a single Slater determinant of single-particle wavefunctions. For
example, in the case where the KS orbitals are degenerate at the Fermi energy
{(which coincides with the highest single-particle energy of the occupied orbitals), so
that there exists ambiguity as to how the degenerate orbitals should be occupied. As
mentioned in the previous Section, this case is realized for KS orbitals of quantum
dots in the presence of a strong magnetic field. A way of tackling the problem is that
of carrying out finite-temperature calculations, and then lowering the temperature
gradually; an alternative method is to use the EDFT, that we describe in the
following.

EDFT is the theory that describes the true density of the system as an en-
semble of Slater determinants of KS orbitals. While it is possible to show that the
representation is rigorous, it is not possible to show how the degenerate KS orbitals
at the Fermi energy should be occupied, i.e. there exists no practical calculation
procedure for the EDFT theory. Only recently has a practical generalization of
EDFT been proposed and applied to the fractional quantum Hall effect. In what
follows we briefly describe such method (Heinonen et al. 1995).

In EDFT, any physical density p(r) can be represented by

p(r) = men|¢mn(r)l2>

where the f,,, are occupation numbers which obey 0 < f,., < 1, and the orbitals
follow the generalized KS equation

HKS¢mn(r) = Emn()zsmn (I‘) N (465)

where HES is the effective KS Hamiltonian which depends on the various densities.
The problem lies in the determination of the KS orbitals and of their occupation
numbers in the presence of degeneracy. In the scheme proposed by Heinonen et al.,
we start from a given set of input orbitals and occupation numbers, and iterate the
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system N, times using the KS scheme. N, is large enough to ensure that the den-
sity is close to the final density after N, iterations (in practice, 2040 iterations).
If it were possible to represent the system density by a single Slater determinant
of KS orbitals, the calculation would be finished. However, in the system there are
many degenerate or quasi-degenerate orbitals at the Fermi energy. After each it-
eration step, the KS scheme chooses to occupy the N, orbitals with the lowest
eigenvalues, which corresponds to building up with these orbitals a Slater deter-
minant different from all the others. However, there are small density fluctuations
between successive iteration steps, which cause a different occupation of these de-
generate {(or quasi-degenerate) orbitals after each step. This corresponds to building
up different Slater determinants after each step, and the occupation numbers f.,
of these orbitals are either 0 or 1 after each step, nearly at random. This means
that the calculation will never converge. In any case, the averaged occupations, i.e.
the occupation numbers as averaged over many iteration steps, are well defined and
tend towards a well-defined value. As a consequence, one uses these average occu-
pation numbers to build up an ensemble by storing average occupations (fy,,) after
the first N, iteration steps:

2 iy (4.66)

(fm'n) (Nzt _ eq) T +1

where fn,i is the occupation number (either 0 or 1) of orbital ¢, after the i-th
step; this is used to build up the density.

Basically, this algorithm takes a different degenerate (or quasi degenerate) Slater
determinant after each iteration step, and all of these determinants are equally
weighted in the ensemble.

Clearly, this scheme reduces to the KS one for systems whose density can be
represented by a single Slater determinant of KS orbitals. Moreover, it can be ver-
ified numerically that the finite-temperature version of the method reproduces the
finite-temperature CDFT distributions down to extremely low temperatures (see
Section 5.6).

4.9 DFT for Strongly Correlated Systems: Nuclei and Helium

In the case of strongly correlated systems like nuclei and liquid *He, dynamic corre-
lations are responsible for nonlocal effects which result in effective masses m* which
are very different from the bare mass m, and depend on the system density. For
example, for liquid 3He one finds that m* is strongly density-dependent and equal
to about three times the bare mass at saturation density (zero-pressure value).
Nonlocal effects of this kind are predicted in the Brueckner—Hartree-Fock theory,
which is the only applicable “mean field” theory because the nucleon-nucleon and
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atom-atom interactions cannot be treated in HF and one needs to find effective
interactions (see Chapter 3).

As can be seen from equation (3.63), if we expand the effective interaction as
was done in Section 3.6, the energy not only depends on the density p, but also
on the kinetic energy density 7 and on terms in Vp. Moreover, expression (3.63)
generates, in the BHF equations (3.64), an effective mass

m
e —— 4.67
m 1+ 2amp’ (4.67)
with @ = —t;. These considerations suggested, for nuclei with the same number of

neutrons (V) and protons (Z) and closed shells (Vautherin and Brink 1972) and for
liquid helium (Stringari 1984; Dalfovo 1989), the use of density functionals of the

type

1 1
Elp, 7] = / {2;* + §bp2 +d(Vp)? + —2-cp2+7} dr, (4.68)

where the last term is added to keep into account more-than-two-body correlations
which are neglected in the BHF theory, but are important for nuclei and helium.
In the case of “He, more refined functionals have been introduced, which take into
account finite-range effects for both local and non-local parts. For a discussion of
the results that can be attained by these functionals we refer the reader to the paper
by Dalfovo et al. (1995).

In the case of nucleons, the effective mass is parametrized exactly as in (4.67),
while for *He one uses

_ m
- _ L)2°
(1-+%)

*

m (4.69)

where p. is a parameter. In the case of liquid *He, in the functional (4.68) it is
necessary to take m* = m and 7 = (Vp)?/4p, which is the correct expression for
the kinetic energy density for Boson systems (see also Section 2.3).

In the case of nuclei the functional (4.68) is next generalized to take into account
the spin-orbit interaction, Coulomb interaction between protons, and the isospin
degrees of freedom when N # Z (see Section 4.10).

The parameters that appear in the effective mass, as well as b, d, ¢ and ~,
are fitted to reproduce the values of some known experimental quantities and are
reported in Table 4.3 for the various systems (SIIT is the effective interaction of
the nuclei).
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TABLE 4.3
Sist. a Pe b c d ¥
SIIT  44.38 - —846.56 1750 62.97 1
3He - 0.0406 —683.0 1.405057 x 105 2222 2.1
4He - - —888.81 1.04554 x 107 2383 2.8

The parameter values in the table are in MeV fm® for a and d, in MeV fm?® for
b and in MeV fm® for c in the case of the SIII for the nuclei; for 3He and “He, p.
isin A=3, b in °K A3, ¢ in °K A3+ and d in °K AS.

From equation (4.68), for homogeneous Fermi systems we obtain the following
form for the energy per particle

E 3333 5,5 1 1

== —bp+ =cp't? 4.

N 5o T3tz (4.70)
where p = vk} /672 with v = 2 in the case of *He and v = 4 in the case of nucleons,
while for *He the first term vanishes identically and the density is a constant. From
the above expression we derive the pressure

P OE/N
== 4.71
5 o (4.71)
and the compressibility
1 _8P_228E/N (4.72)

Ko 9 9" 0
The saturation density pg is determined by putting P = 0 in (4.71). By insert-
ing p = po in equations (4.70) and (4.72), we obtain the binding energy and the
compressibility at P = 0, which are to be compared with the experimental data
in order to extract the values of some of the parameters in Table 4.3. The other
values are obtained by fitting, in the case of helium the surface tensions, and in the
case of nucleons some properties of magic nuclei. The obtained numerical values for
the saturation densities, binding energy per particle, compressibilities, and effective
masses of the homogeneous systems, and the surface tensions o of the semi-infinite
systems, are reported in Table 4.4. For the homogeneous and semi-infinite nuclear
matter, the values reported in the table refer to systems with N = Z.

TABLE 4.4
Sist. £0 E/N (Kpo)~t m*/m o
SIIT 0.145 —~15.85 355.4/9  0.763  1.07
3He 1.6347x1072 —2.49 12.1 2.8 0.113
1He 2.1836 x 1072 —7.15 27.2 1 0.274
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The values of the parameters in the table are in fm™ for pg, in MeV for E/N
and (Kpo)~!, and in Mev fm™? for o in the case of the SIII parametrization for
nuclei; on 3He and 4He, po is in A=3, E/N and (Kpo)~! in °K, and o in °K A2

The equations of state for the *He and “He systems, predicted from Eq. (4.71),
are reported in Figs. 4.2 and 4.3 respectively, together with the experimental data
of Wheatley (1975) and Watson et al. (1969).

As can be seen from these figures, there is good agreement between theory and
experiment over the whole pressure range. The same is true for compressibility.

The surface tension may be calculated starting from the functional (4.68), using
the Wilets method; the latter, in the case of Fermion systems, uses the extended
Thomas—Fermi approximation for the kinetic energy density:

2
r= 2wy + gL 1 v, (4.73)

where 8 =1/18 and § = 1/3. In the homogeneous limit, 7 reduces to the Thomas-
Fermi term (4.14). Expression (4.73) is deduced by a semiclassical expansion of the
energy of a Fermion system (Ring and Schuck 1980). The surface tension of the
semi-infinite system in the z < 0 half space with a free surface is written as

“+oo
o= [ lelo.e) - ueldz, (4.74)

where z is the co-ordinate perpendicular to the system, p’ is the density derivative
with respect to z (in the other directions, the density is a constant and equals the
bulk one), and

"2
(p,pl) = h(p) + 5 (p)ﬂ(—”’}— F Py, (4.75)
with
_ 1 3. avemss, 1o 1 o4,
and
6 /0 1

The equilibrium density, which is used to calculate the surface tension through
equation (4.74), is found using Euler equation

17 too

505 | o)~ wpldz = 0. (4.78)
— O

Clearly, the Wilet method can be used in the case of 4He as well using, where one

replaces in place of equation (4.73), the expression 7 = (p’)?/4p, i.e. the right one

for the kinetic energy density of Bosons. The surface tension of metal surfaces has
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Fig. 42 Equation of state for liquid 3He. The full line is from Eq. (4.71) and the experimental
points are taken from Wheatley (1975).
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Fig. 4.3 Equation of state of *He. The full line is deduced from Eq. (4.71) and the experimental
points are taken from Watson et al. (1969).
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been studied by Lang and Kohn (1970) within the jellium model and by techniques
similar to the previous ones, using the density functional theory.

The Kohn-Sham equations which derive from the functional in (4.68) are written
as

1
(Vg T+ 06 bt =), (.79
where the self-consistent field U is given by
Ulp,7) = 1L,o 1 +bp—2dV?p + —1—0(2 +y)ptt7. (4.80)
’ 2 9pm*(p) 2 ’

Assuming spherical symmetry, the single-particle states which enter the defi-
nition of the various densities of equations (4.79) and (4.80) can be factorized in
the form ¢;(r) = Rui(r)Yi,m(6,¢)Xm,(c) and equation (4.79) turns into a non-
linear system of differential equations for the radial part of the wavefunctions, to be
solved by iterative self-consistent methods. The calculation is carried out for nuclei
and helium clusters, in which the 2(2! + 1) degenerate states of the (n,[) level are
completely occupied (closed-shell nuclei and clusters) and for which the spherical
symmetry of the density and of the average potential is guaranteed. In the case
of *He, the Kohn—Sham equations become a differential equation for the density:

2
—ﬁv% + %@ +bp® — 2dpV3p + %0(2 +y)p T =pp. (4.81)
Equation (4.81) is solved numerically by requiring that the density vanishes at large
r values, and that its first derivative is zero at the centre (r = 0). The chemical
potential 4 is determined by the normalization condition of the density.

Tables 4.5 and 4.6 report the results, relative to different N values, for the

binding energy per particle, the chemical potential, the surface thickness ¢, the

TABLE 4.5
N E/NPK] p(NPK] ro(N) [A] (V) [A]  po(N)[10-2 A—3]
8 —0.40 —1.06 4.19 6.7 0.76
20 —1.27 —2.52 3.11 8.8 1.61
40 —2.18 —3.57 2.74 9.0 2.06
70 —2.93 -4.24 2.57 9.2 2.22
112 —3.51 -4.70 2.47 9.3 2.28
168 —-3.96 —5.04 2.41 9.3 2.30
240 —4.31 —5.26 2.36 9.3 2.30
330 —4.60 —5.46 2.33 9.3 2.30
728 —-5.19 —5.87 ¢ 2.28 8.8 2.28
oo -7.15 —-7.15 2.22 7.0 2.19
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TABLE 4.6
N E/NFKl p~(NPK] w*(VFK] ro(MA] HN)A]  po(N)[10-2A77]
20 +0.08 —0.48 —-0.15 3.99 8.6 0.85
40 —-0.19 —-1.04 —0.68 3.13 8.8 1.42
70 —0.50 —1.34 —0.94 2.90 8.8 1.61
112 -0.75 —1.53 —-1.13 2.78 9.5 1.69
168 —-0.95 —1.60 —1.28 2.69 9.6 1.73
240 —-1.11 —1.65 —1.47 2.64 9.5 1.75
330 -1.25 —1.67 —1.63 2.61 9.4 1.75
oo —2.49 -2.49 —2.49 2.44 8.3 1.65
TABLE 4.7
4He 3He

N E/N[°K]  ro(N)[A] E/N[°K] ro(N)[A]

8 -0.60 — - -

20 —1.57 2,77 0.21 —

40 —2.39 2.54 —0.044 3.29

70 —3.03 2.48 — 2.50 —0.28 3.01

112 —3.50 2.43 —0.46 2.89

168 - — —-0.62 2.78

240 —4.19 2.37 —0.74 2.71

728 —4.94 2.32 — -

density at the centre pp, and the unit radius defined as

ro(N) = g(r2(N)>N-1/3, (4.82)
where (r?) is the mean square radius for *He and ®He clusters, respectively. In the
case of He, u~ and pt are single particle energies of the highest occupied level
and of the lowest non-occupied level, respectively, and coincide with the chemical
potential in the limit N — oo. The surface thickness ¢ is defined as the distance
between the points at which the density decreases from 90% to 10% of the central
density.

For comparison, in Table 4.7 we report the results of calculations carried out
using the variational Monte Carlo method, for the binding energy and the unit
radius, and in Figs. 4.4 and 4.5 the densities of two clusters, as obtained with both
methods.

Let us first discuss the *He results. From Table 4.5 and Fig. 4.4 we see that:

o The “He clusters are bound for all values of N.

e For large N values the surface thickness, the central density and the unit radius,
tend to the values which correspond to the semi-infinite matter (i.e. the values
in the three last columns of the row labelled co). The convergence of the binding
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Fig. 4.4 Density profile for a cluster with 240 *He atoms. The dots refer to the MC calculation

of Pandharipande et al. (1986).
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Fig. 4.5 Density profile for a cluster with 168 3He atoms. The dots refer to the MC calculation

of Pandharipande et al. (1986).
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energy towards the bulk value is quite slow, and can be represented by a mass
formula typical of drop models for quantum liquids

E(N)=a,N + a,N?/3 + (ac - gafpoK) N3 +ag, (4.83)

with a, = —7.15 °K, a, = 16.95 °K, a. = 10.45 °K, and ao = 29 °K.
e The results of density functional method are in good agreement with those of
Monte Carlo calculations (Pandharipande et al. 1986).

As from 3He clusters, from the results of Table 4.6 and Fig. 4.5, it emerges that:

o The 3He clusters are bound only for N values larger than N, ~ 30. This result
is consistent with the value Ny, ~ 40 obtained by Monte Carlo calculations of
Table 4.7. Clusters with N < Ny, can exist as metastable states clusters, as long
as the chemical potential (which is proportional to the derivative of the energy
per particle with respect to N) is negative. The lower limit for metastability is
N ~ 16.

o The 3He clusters have a shell structure. The average field has a form that is similar
to the potential of a spherical harmonic oscillator (only for very large clusters the
surface thickness is small with respect to the radius, and the potential is approx-
imately a square well). The single-particle levels, i.e. the solutions of equations
(4.79) and (4.80), turn out to be grouped following the order of the degenerate
levels of the harmonic oscillator, and the most bound clusters correspond to the
occupation of the respective major shells, i.e. N = 40, 70, 112, 168, 240,... (see
also the table in Section 1.3). The gap per particle (u~ — ™) for the closed-shell
clusters is of the order of 0.2-0.4 °K, and decreases as N~1/3 for large N values.
The gap value depends strongly on the value of the effective mass. The lower the
mass, the greater the kinetic contribution to (4.79).

e Contrary to the case of metal clusters (see Section 2.2.1) and of atomic nuclei, the
shell structure of 3He clusters does not entail density oscillations due to the filling
of single-particle levels. These oscillations are energetically unfavored due to the
relatively high value of the surface tension and to the low system compressibility.

e The convergence of the binding energy towards the homogeneous system value
can be expressed by the mass formula (4.83) with a, = —2.49 °K, a, = 8.42 °K,
a. = 5.39 °K, and ap = —19.8 °K.

o In the case of 3He as well, the method of density functional yields results in good
agreement with the Monte Carlo calculations (Pandharipande et al. 1986).

In Table 4.8 we report the binding energy and the charge radius of some closed-
shell nuclei for the SIII parametrization (Beiner et al. 1975), together with the
experimental values. The charge radius is defined as

rN) = VIR, (200 = [ pelorter, (489

where p(r) is the charge density of the nucleus.
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TABLE 4.8

Nucleus E°*P [MeV] ESII [MeV] ¢&*P [fm] r31 [fm]
1609 127.6 128.2 2.73 2.69
100, 342.1 341.9 3.49 3.48
80q 416.0 418.2 3.48 3.53
0z 783.9 785.2 4.27 4.32
1400, 1172.7 1172.4 4.88 -

208 py, 1636.5 1636.6 5.50 5.57

The table shows that the experimental results for the binding energies and the
charge radii are very well reproduced by the SIII parametrization, for both light
and heavy nuclei. In general, the nuclei have a strong shell structure which is strongly
affected by the spin-orbit and isospin terms in the mean field, which for simplicity
were omitted in (4.80). These terms are discussed in detail in the papers by Vau-
therin and Brink (1972) and Beiner et al. (1975), and in the following Section. As
in the case of *He, the value of the effective mass strongly affects the single-particle
spectrum, and there exist parametrizations other than the one discussed here, i.e.
SIII, which reproduce the binding energies and the charge radii as precisely as
SIII itself, but which yield rather different single-particle spectra. However, we
would like to recall that in theories based on the density functional, the single-
particle spectrum is not expected to have physical meaning. The nuclear densities
exhibit oscillations due to the filling of single-particle levels; this effect is shown in
Fig. 4.6.

Finally, the SIII parametrization produces a mass formula (4.83) with a, =
—15.849 MeV, a, = 18.8 MeV, a, = 10 MeV, and ag = —5 MeV.

4.10 DFT for Mixed Systems

The density functional theory has also been used to study the properties of two-
component systems. Examples of two-component systems where the DFT has been
employed successfully are protons and neutrons in nuclei that we mentioned previ-
ously, electron-hole drops in semiconductors, and the He—*He mixtures. The DET
for many-component systems can be found in the book edited by Lundqvist and
March (1983) and in Baym and Pethick (1978), here we limit ourselves to illustrat-
ing the problem taking as a specific examples the 3He—4He mixtures (Dalfovo and
Stringari 1985) and nuclei.
Let us start with the 3He-*He mixtures. Let us indicate with

P:P4+P3, = p_;, (485)

the total system density and the concentration of 3He atoms, respectively. The
density functional is set up of requiring that for z = 0 and x = 1 it coincides with
the respective functionals of pure *He and 3He [Eq. (4.68), with the parameters of
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Fig. 4.6 Nuclear density profiles computed by the density functional derived from the SIII effec-
tive interaction.

Table 4.3]. The addition of a small number of mixed terms accounts for the effective
interaction typical of the mixture. The functional is written as

T4 1, o 2, 1 5
E= [dr|— +=>b dy(V — T4
/ r [2 ) + 2 4ps + da(Vpa)® + 2C4P4P +

T3 1. 4 2
+ =b + \V,
2m3; 2 3p3 +ds (Vos)

L1
2

chp2p™ + cipat™ + bapsps + caap3pap™ + dsa(Vpa)(Vpa)| , (4.86)
where

my = o s 7y (4.87)
P3c Pac

The parameter p4. accounts for mass renormalization of 3He atoms due to the

excitations induced in the surrounding *He, and may be determined by the value of

the effective mass of a 3He atom in solution, in the z — 0 limit. The parametrization

(4.87) turns out to be consistent with the experimental data relative to dilute solu-

tions and yields the correct value of the effective mass of pure *He. For homogeneous
solutions the energy per particle takes the form

E

1 1 3(3w2)2/3 4 1

—_ = -1 —b 2 — 2 V4 N /3 - 2
N P [2 4p4 + 2C4p4p + 5 2m§ p3 + 2b3p3
1
+ 5hpip™ + §C§P§+w’ + b3ap3ps + caap3pap™ (4.88)
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From this we see that for p = p4 one obtains again the expression of E/N for
pure “He, while for p = p3 one obtains again the expression of E/N for pure 3He,
provided that c3 = ¢} + c§. Five interaction parameters are left to be determined
in the functional (4.86). The parameters bs4, c34 and cj are fitted to reproduce the
experimental values at P = 0 of the maximum solubility of 3He in “He at zero
temperature, of the chemical potential of 3He in the z — 0 limit, and of the ratio
of the specific volumes of *He and *He in the same limit. For v34 we take a value
intermediate between 3 = 2.1 and 4 = 2.8. Finally, for the parameter dz4 we take
ds4 = d3 +dy. As concerns the choice of these values, we note that the precise value
of the parameters 34 and d34 has little influence on the results derived from the
functional (4.86). The values of the above parameters are reported in Table 4.9.

TABLE 4.9

pdc [A—3] b3s[°K A3] c34[°K A3(1+'ya4)] ci°K A3(1+73)] ~a4
0.062 —777.29 4.564748 x 108 —5.0683 x 10¢ 2.5

The physical quantities that distinguish the behavior of homogeneous solutions
at equilibrium, are all deduced from equation (4.88). For example, for pressure we

have
P 3E/N)
= tt A 4.89

P p(% « (4:89)

from which we extract the equilibrium density p(P, z). The volume increase induced
by 3He is described by the volume excess parameter defined by

ao(P) = — lim (%)P : (4.90)

The enthalpy per particle is given by
H E P

F=F T (4.91)
from which we obtain the chemical potentials of 3He and “He:
H 0 H
ol P) = 3+ 0-2) (75 (492)
H o H
pa(z, P) = w +a <3(1——:1:)7V—)P , (4.93)
and the osmotic pressure
Iz, P) = (0, P){jsa(0, P) — pa(a, )], (4.94)

that is the pressure difference between the two liquids when a container containing
the 3He~*He mixture is connected to a pure *He reservoir through a capillary.
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In Figs. 4.7-4.9 we compare the results for the excess volume, the chemical
potentials and the osmotic pressure as obtained starting from functional (4.88)
with the corresponding experimental results (Ebner and Edwards 1970; Watson
et al. 1969; Seligmann et al. 1969; Ghozlan and Varoquaux 1979). As can be seen,
the agreement is quite good.

In the case of nuclei with N # Z, the functional (4.68) is generalized as follows:

E = /dr [22- +a(pr —7%) + %bp2 +d(Vp)? + %cp“”

. 1 1
+ al(pln — ]12) -+ —2-b1p% + dl(Vp1)2 + §Clp’yp%:) + Eso + E¢ (4.95)
where

P=rtntpr= ¢i(r,0,9eir,0,9)),

io,q

pL=pn—pp= Y _qpi(r,0,q)pi(r,0,9),

i0,q

(4.96)

with p, and p, the neutron and proton densities, respectively (g = +1, where +1 in-
dicates the neutron and -1 the proton), and the same for the kinetic energy densities
7 and 71, and for the current densities j and j;. E,, and E¢ are the contributions of
the spin-orbit and Coulomb interactions to the energy, respectively. The parameters
a1,b1,c1,dy for the SIII parametrization are reported in Table 4.10.

TABLE 4.10

a1[MeVfm®]  bi[MeVim®] ¢1[MeVim®] di[MeVfm?]
—30.6 536.2 —3500.0 -17.0

From the functional (4.95) one obtains the following set of coupled equations for
the single-particle wavefunctions of neutrons and protons:

4aj-iVV —a1Vpy - V4 qazjy - iV + U(r) + gW(r) + Vio + Vo | piq(r)

m
= Ei,qPiq(T), (4.97)
with the self-consistent U and W fields given by
U=hbp+ %6(2 + )M + %cryp”“lpf +ar —2dV?p, (4.98)
and

W =b1p1 + cap’pr+armn — 2d1V2p1 , (4.99)
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Fig. 4.7 Volume excess parameter as a function of pressure. The full line is the prediction of the
theories obtained from the functional (4.88). The experimental data are from Watson et al. (1969).
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Fig. 4.8 Chemical potential of the 3He atoms as a function of concentration. The full line is the
prediction of the theories obtained from the functional (4.88). The experimental data are from
Seligmann et al. (1969). The concentration z,, indicates the maximum solubility.
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Fig. 4.9 Osmotic pressure as a function of x for three different pressures. The full line is the
prediction of the theories obtained from the functional (4.88). The experimental data are from
Ghozlan and Varoquaux (1979) and Ebner and Edwards (1970).

the effective mass from equation (4.67) and where V,, and Viz are the spin-orbit and
Coulomb potentials, respectively. Equations (4.97)-(4.99) are solved by iteration
and their solutions have been widely used to study the properties of finite nuclei.
It is interesting to notice the analogy existing between the LSDA equations
(4.44) for the systems of spin-polarized electrons, and the equations (4.97) for nuclei
with N # Z (isospin polarized). In particular, the exchange-correlation potential
W, which is a functional of the system magnetization m, is the analogue of the
symmetry potential W of equation (4.99), which is a functional of the isovector
density p;. As we will see later, these potentials play a fundamental role in the
propagation of spin and isospin waves in electron and nucleon systems, respectively.

4.11 Symmetries and Mean Field Theories

The Hamiltonian H of the N-body system has the symmetry S if H and S commute:
[H,S]=0. (4.100)

From equation (4.100) it follows that if |n) is a non-degenerate eigenstate of H, it
has the symmetry S. Spontaneous symmetry breaking can occur in the exact case
only if there is degeneracy. For example, if the ground state of H is degenerate and
S is a symmetry of the problem, by linearly combining the degenerate states it is
possible to set up an eigenstate of H which is not an eigenstate of S.

In mean field theories, such as the HF and the Kohn—Sham theories, it is by
no means granted that the single-particle Hamiltonian H SP which determines the
single-particle states through the solution of the HF' or Kohn—Sham equations, has
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the same symmetries as H. Indeed, it may be that
[H°P,S]#0. (4.101)

In general, this means that also the mean field ground state does not have the
symmetry S, and so there may occur a symmetry breaking. Examples of symmetry
breaking in mean field theories are the breakdown of translational invariance in the
electron gas (Wigner crystallization), the breakdown of rotational invariance in de-
formed nuclei, and the violation of particle-number conservation in H F-Bogoliubov
calculations (superconductivity).

Recently, some symmetry breaking effects have been pointed out in HE and
LSDA calculations on quantum dots. In particular, in the absence of an external
magnetic field, some quantum dots have zero total spin, but exhibit a locally non-
vanishing magnetization, a so-called spin density wave (SDW) (Koskinen et al. 1997;
Yannouleas and Landman 1999; Puente and Serra 1999). This can be observed
in Fig. 4.10, where the polarization £(z,y) is plotted for the case of the S, =
0 ground state of a 34-electron dot. As seen in the figure, though [¢&dr = 0,
exhibits an pronounced radial oscillation, which just recalls the phenomenon of spin
density waves in the bulk. Another symmetry breaking effect evidenced by CDFT
calculations on quantum dots is the breakdown of time-reversal (Steffens et al. 1998).
In some cases this breakdown gives rise to spontaneously induced orbital currents

Fig. 4.10 Polarization £(z,y) of the ground state with S = 0 of the 34-electron dot, computed in
LSDA without requiring circular symmetry.
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and to non-zero magnetization also for ground states which have zero total angular
momentum. Moreover, at low densities breakdown of the circular symmetry has been
found in quantum dots, which is analogous to the ones observed in nuclear physics
for deformed nuclei. This symmetry breaking has been confirmed by calculations
based on the exact diagonalization of the Hamiltonian, which exhibits rotational-
band-like spectra.

Finally we note that symmetry breaking of (4.101) affects the dynamic properties
of mean field theories. If we want to study the system excitations by employing the
eigenstates of H*P, it is possible to obtain non-zero excitation energies for operators
S which are symmetries of the system. This leads to spurious states in the excitation
spectrum of the system itself. As we will see in the following, the use of the RPA
theory for excited states can eliminate such spurious states.
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Chapter 5

Quantum Dots in a Magnetic Field

5.1 Introduction

In this Chapter we will apply the theories discussed in the previous Chapters to
the case of quantum dots in an external magnetic field. This field, which is applied
perpendicularly to the dot itself, can completely spin-polarize the electrons of the
system. Its presence strongly affects the motion of the electrons in the dot and
gives rise to substantial fluctuations in the static and dynamic properties of the
dot. These fluctuations have been related to the integer and fractional quantum
Hall effect that is exhibited by the resistivity of a two-dimensional surface in the
presence of a perpendicular magnetic field. The detailed microscopic study of such
correspondence is one of the main purposes of this Chapter.

5.2 The Independent-Particle Model

Let us consider the electrons belonging to a two-dimensional quantum dot, confined
by a harmonic potential in the plane z = 0; the electrons are subject to a magnetic
field in the z direction: B = Bk described by a vector potential A = g(—y,x, 0).
Suppose the electrons can be described by the Pauli Hamiltonian:

1 e 2 1 eh
H= — A “mwdr? -
Xi:{m [p+c (r)] tgmeort t g 0 (VXA)}i
2 N
e 1
+— ; ol (5.1)

where m = m*m, is the effective mass of the electrons, —e their charge, £ the
dielectric constant of the semiconductor, and o Pauli’s vector matrix. Note that
A = (B xr)/2, so that V- A = 0. In equation (5.1) there is a one-body part, that
in the following we will indicate as Hyp, and a two-body part given by the Coulomb
interaction. For the moment, let us focus our attention on Hg, and let us study its

131
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eigenvalues and eigenfunctions. If we define
1
P =uwi+ wa, (5.2)
where w, = eB/mc is the cyclotron frequency, and recalling the definition of angular

momentum relative to the z axis [, = —thd/06, the one-body part of (5.1) can be
rewritten as

2
_ p 1 1 «q2,2, €
Ho—;{2m+2wclz+2m Qr? 4 o —Bo. (5.3)
Since
[Ho,L,] =0, [Ho,S,]=0, (5.4)

where L, =Y.l and S, = 1 3", 0% are the z components of the angular momentum
and of the total spin, it is possible to write the single-particle wavefunctions as
#(r,0) = e *u(r)yx,. These functions correspond to a quantum-number of the
angular momentum along z equal to —/, and to a z spin component equal to +1/2; by
introducing the effective gyromagnetic factor g* (for the bare electron ¢* = g = 2),
Bohr’s magneton po = he/2mec, and ¢ = %1, u(r) is the solution of the radial
Schrédinger equation:
2 2 2 %

l:——-é% <C;l? + %% - :‘—2) + %927‘2 — %l + —g2—,uoB O'i' Unlo = €nlgUnle - (5.5)
The physically acceptable solutions of this equation were determined by Fock (1928)
and Darwin (1930). One finds

1 1
€nle = MQA2n + I +1) — —Z-fiwcl + §g*poBa, (5.6)

withn =0,1,2,...and ! = 0,+1,4£2,.... The normalized wavefunctions are written
in terms of generalized Laguerre polynomials:

e e 1 n! L 2 r?
_e 1 I\ e (2 57
o(T)nto V2 a\l 2U(n + |1))! (a) e In (2a2> X (57)

where a = /h/2mQ. In the following, we study the two relevant limiting cases
Wo >> We € We >> Wo.

5.2.1 The wo >> w. case

If we set w, equal to zero, equation (5.6) becomes
€nt = Bwo(N + 1), (5.8)

where we have defined N = 2n + |I| with N = 0,1,2,.... These are the levels
of a two-dimensional harmonic oscillator. Each level is 2(N 4 1)-fold degenerate
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(by taking due account of the spin). As has already been discussed in Section 2.2.1,
dots with a number of electrons N, = 2, 6,12, 20, 30,42, 56, . . ., are closed-shell dots.
These values are part of the sequence (p+1)(p+2) with p =0,1,2, ..., which equals
the number of fully occupied shells. The shell structure is such that for a given N,
n varies from zero to the integer value of N/2, and there are values of |I| up to
N, with the same parity as N. For example, when N = 6 we have n = 0,1,2,3,
[ =0,%2,+4, 16, while with N = 5 we have n = 0,1,2, [ = £1, 43, £5. This means
that not all transitions of a given multipolarity L can take place between adjacent
shells. Dipole transitions with L = 1, which involve jumps with odd AN can always
oceur, but for quadrupole transitions (L = 2) to take place jumps with even AN
are required.

Equation (5.8) shows that for a fixed n, the single-particle levels are distributed
according to straight lines as a function of |!]. If one used a different confinement
potential, like for example the one produced by a uniform distribution of positive
charges on a disk of fixed radius, there would be some distortion, but the levels are
still distributed in a very regular way.

Furthermore, retaining terms linear in B we find

hwe
2

€nl = h(do(N + 1) - I+ %g*p,oBO’ . (59)
The [ and o degeneracies are lifted by the B-linear terms, which push upwards the
levels with { < 0 and ¢ < 0 (provided g* < 0 like in GaAs), and push downwards
the levels with [ > 0 and ¢ > 0, thus introducing a pattern of intersections in the
single-particle spectrum as a function of B, which can result in a shell structure for
the dots which is quite different from the B = 0 one (see Fig. 5.1).

5.2.2 The w, >> wg case

If we put wg equal to zero, equation (5.6) becomes

1 1
€nto = hw, (M + 5) + 5g*uoBa, (5.10)

where we have introduced the label of the Landau levels M = n + 1(JIf — ). We
can see that the electronic states with the same spin are distributed in infinitely
l-degenerate levels, characterized by the values of M = 0,1,2,.... If g* < 0 like in
GaAs then the levels (M, 1) are lower in energy than the levels (M, |). For each of
the two spin values, we see that the first Landau level consists of states with n =0
and non-negative l-values, [ = 0,1,2,.... The second Landau level M = 1 is built
up by states with » = 1, and non-negative I-values plus the state n = 0,1 = —1.
The third Landau level M = 2 is built up by n = 2, non-negative l-values plus the
statesn = 1,l = -1 and n = 0,1l = -2, and so on.
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Fig. 5.1 Single-particle energy levels of Eq. (5.6) in wo units, as a function wc/wg. The Zeeman
term has been neglected for simplicity.

At the lowest order in wo/w. one gets

2

€nle = hw, (M+%) +hgﬂ(2n+|l|+1)+%g*ugBa. (5.11)
The ! degeneracy is broken by a positive linear term. Once B, ¢g* and the electron
number N are fixed, the filling of the Landau levels occurs according to the energy
balance of the three terms of (5.11).

In Fig. 5.1 we show the single-particle energy levels of (5.6) in wo units, as
a function of w¢/wy, and by neglecting the Zeeman term. The evolution of the
harmonic oscillator spectrum towards the Landau spectrum as w, increases is clearly
observed, together with the level degeneracy. The full line shows the Fermi energy
of a 30-electron dot in this approximation.

It is important to stress again that the harmonic-oscillator level structure and
the Landau one are very different as regards the respective contents of single-particle
angular momentum.

We mentioned above that in the case of the harmonic oscillator, transitions
with AN = 1 are impossible for any multipolarity of the excitation operator. On
the other hand, since the Landau levels have practically no limitation as to the [
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value of their single-particle components, any multipole transition between Landau
levels with AM = 1 is possible. The implications of this fact are both simple and
important for the interpretation of the experimental spectra:

If the electron-electron interaction is neglected, at low B the energies of the
dipole (L = 1), quadrupole (L = 2) and octupole (L = 3)... modes are Awy(AN =
1), 2hwo(AN = 2) and 3hwo(AN = 3).. ., respectively. At high B, all of the above
modes are at energy fw.(AM = 1). The residual interaction and finite-dimension
effects (NN is finite) change quantitatively this scenario which, however, is still valid
from a qualitative point of view (Schuller et al. 1998; Barranco et al. 1999).

5.2.3 The MDD (mazimum density droplet) state

Let us assume that the value of B is so high, that the gap between Landau levels
is such that only the first Landau level (M = 0,1) may be occupied, both in the
ground state and for a large number of N-electron excited states.

Putting M =0, and thus n = (I - |I]) in (5.11), we obtain

w2

1 1
€] = —2-hwc + h—o(l + 1) + Eg*,u,oB . (512)

We
From equation (5.12) we derive the energy of the eigenstates of Hy:

oce

E= Z € = const. +vL, (5.13)
1

2
where vy = h%j and L is the eigenvalue (with opposite sign) of the total angular
momentum operator

oce

N
L=—(T) 1] =>"1. (5.14)
=1 I

Since the energy is linear in angular momentum, it follows that the ground state is
the one with the lowest value of L. Let this value be Lg; this will result from the
summation of lowest possible values of the single-particle angular momenta:

L0=Zz=Q(N—‘-1—). (5.15)

All states with L > Lo are excited states. Apart from the Lo+ 1 state (dipole excited
state), all other excited states that can be built up starting from the single-particle
states belonging to the first Landau level, are degenerate. In the case of 3 electrons,
some of these states are reported, as an example, in Table 5.1.
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TABLE 5.1
h I s L
0 1 2 3=1Lg
0 1 3 4
0 1 4 5
0 2 3 5

As seen from the table, only the L = 3 and L = 4 states are not degenerate.

The Coulomb interaction modifies this scheme. However, if B is so large that it
is possible to disregard the Coulomb mixing with other Landau levels, and consider
only the first Landau level for the description of the system at such B value, the
{Lo) and |Lo + 1) states, which are non-degenerate eigenstates of Hy and L,, are
eigenstates of the true Hamiltonian H (i.e. including the Coulomb interaction) as
well, since H commutes with L,. Therefore, it appears that values of B and N
exist, for which the above conditions are realized, and so the true ground state of
the system is the Slater determinant:

do(r1) -+ on—1(r1)

1
Uy = —— : . : , 5.16
0 m : . : ( )
do(rn) -+ én-1(rN)
where, for we >> wg:
1 1 [re=®\' 2
= ———— —= Tac? 5.17
Y= I ( ﬁc) ° (347

and £ = /22 is the magnetic length. In the literature. The state in (5.16) is called

the MDD state (Maximum Density Droplet State). It is a completely spin-polarized
state ((¥o|S.|¥o) = &) and its one-body diagonal density is given by

N-1

N-1 1 1 r 21 5
_ 2 _ L ~3z7 5.18
P ;|¢l| g L2 1 <\/§£) € 22, ( )

while the one-body non-diagonal density is given by

N-1 N-1 1 1 ri7ry 1 e 4rd i
PO = 3 i) = O 5y () € 2 €7 (5.19)
=0 =0

For large N values the one-body diagonal density is characterized by the constant
value

1 eB

—- = 5.20
p 2?2 2whe ( )
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within the circle of radius R = £+/2N, and by a boundary thickness of the order of

the magnetic length.
The diagonal two-body density of the MDD state for N — oo is given by

) 2 €Y 2 1 ? _lr1 —r2f?
pPlrr —ral) = p" = [PV (r,r2) " = { 55 | (- ;) (5.21)

and it allows the evaluation of the average value of two-body operators in the ground
state of the system. For example, the Coulomb exchange energy per particle

E, 1 1 o €2 _ 162\/77
¥ =ame | Al -1=—3%45, (522)

where g(|r1 —r2|) =1 — e‘EIQ—"L'}E is the pair correlation function for the MDD
state.

In the limit of infinite N, expression (5.20) allows us to define the filling factor
of Landau levels. In fact, once the density is fixed, it is necessary that the magnetic
field has the value (that we indicate Bp) in order that the system is in the MDD
state, where all the single-particle states of the first Landau level are occupied.
Therefore, as an indicator of the filling of Landau levels we introduce the filling
factor v defined as

_ 2rhe

v= P?B— )
whose value is 1 when all the electrons are in the first Landau level (B = By).
By progressively decreasing the magnetic field, some electrons will be placed in
the second Landau level until, when v = 2, in the independent-particle model the
second level is completely filled, and at v = 3 the third level will be filled, and so on.
The corresponding, closed-shell states are very stable and are called incompressible,
integer filling states.

(5.23)

5.3 Fractional Regime

If the external magnetic field is higher than By the filling factor is smaller than one:
in this case we enter the so-called fractional regime, for which the ground state is no
longer the MDD state, but is rather a strongly correlated state whose wavefunction,
in some cases, was guessed by Laughlin (1983).

In order to understand the form of the ground state for the fractional regime
suggested by Laughlin, it is convenient to write the Slater determinant (5.16) de-
scribing the MDD state in the following way (Vandermonde way):

N—
q(l) qQ !

la;12

U(g1,q2---qn) = const : e~ Ty Y-
0 N-1
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N

q;12
= const H (g; — qj)e™ 2=i=1 by , (5.24)

where ¢; = (z; — iy;)/L (lengths are in units of the magnetic length £); the nor-
malization constant is given by

N-1
const = (N!)-—l/z(27rE2)—N/22—N(N—1)/4 H (j!)——1/2 )
Jj=0

Laughlin suggested the following generalization of the wavefunction (5.24), valid for
B > By, and where m is an odd integer in order that Fermi statistics holds:

N
_ lag |2
Un(q1, @2 av) = [] (g —gq;)me™ &5 . (5.25)
i<j=1

This ansatz for the wavefunction implies that all the electrons are in the first Landau
level, and that all spins are oriented along the magnetic field.
The Laughlin states have the following properties:

e They are eigenstates of the angular momentum with eigenvalue mw.

e They are closely connected with the one-component classical plasma. In fact,
writing

[Um|? = 72, (5.26)

with 8 = 1/m playing the role of 8 =1/KT, we find

N N
1
b =- E 2m3in|g; — q;| + 3m E lgil?. (5.27)
i=1

i<j=1

We see that & is the potential energy of the two-dimensional plasma of N particles
with charge v/2m. For £ = 1, the first term is the repulsive interaction while
the second is the interaction with a background of positive charges, uniformly
distributed in the system with density 1/(v/27). For some density values this
plasma is expected to have a uniform charge distribution. Actually, Monte Carlo
simulations (Caillol et al. 1982) showed that such a system is a fluid if I’ =
\/7'1762,8 = +/2m is smaller than 140; for higher values it forms a hexagonal crystal.
It is expected that the Laughlin state also has a constant density and may be
connected with a quantum-liquid-like state. |¥,,|? corresponds to a system whose
constant density is given by:

11

[ — 5.28
2rm’ ( )

which in turn corresponds to a fractional filling factor: v = 1/m.
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e In the Laughlin states the energy per particle is lower than in any other state
that has been proposed, for example HF' and Charge Density Wave, and is very
close to the fixed phase Monte Carlo calculations.

5.4 Hall Effect

The Hall effect manifests itself in two-dimensional electron systems under a uniform
magnetic field perpendicular to the electron mobility plane (for example the zy
plane). By applying an electric field in the 2 direction (in this way inducing a
current density j;), because of the Lorentz force a difference of potential V is
created between the two surface boundaries parallel to the x axis. It is then possible
to define the Hall transverse resistivity

Pyz = ﬂ . (5.29)

Jz

From classical calculations, this quantity is proportional to the magnetic field and
inversely proportional to the electron density:

F, 1 evyB 1 B
Pyz = v = = —. (5.30)
€ epuy ce epuy,  pec

In experiments (von Klitzing, Dorda, and Pepper 1980; Ebert et al. 1982), such
linear dependence of the resistivity on B is observed at low B values. However,
at low temperature, by increasing the value of B, one observes plateaux in the

B-dependence of the resistivity, when the magnetic field value is the inverse of an
integer times the electron density:

__27rhc 1
=" P

B

v=1,2,3,.... (5.31)

Moreover, the longitudinal resistivity py, = E;/j, exhibits a minimum for these
values of the magnetic field.

These facts can be explained by the theory developed in the previous Sections,
by considering the quantum motion of the electrons. When the Landau levels are
filled, the many-electron wavefunction produces very stable incompressible states
and robust against changes in B, and the Hall resistivity stays constant, thereby
causing the plateau. Moreover, the longitudinal resistivity becomes small because
there exists a large energy gap for exciting the electrons, due to the closed shells.
These closed shells, i.e. the above incompressible states, are formed when the mag-
netic field value is the inverse of an integer number times the density.

Plateaux of the Hall resistivity and minima of the longitudinal resistivity have
also been observed (T'sui, Stormer and Gossard 1982; Willet et al. 1987) at low
temperature and high field, when B is the inverse of a fractional number times the
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density:

_27rhc 1

= P pl—/R, m = 1,2,... (532)

This fractional quantum Hall effect is observed when the first Landau level is par-
tially filled, and is due to the electron correlations induced by the mutual interac-
tion, contrary to the case of the integer quantum Hall which is explained within the
independent-particle model, and is described by the Laughlin correlated states.

5.5 Elliptical Quantum Dots

In this Section we will consider the properties of quantum dots in the case of
anisotropic confinement. There exist many experimental (Dahl et al. 1991; Sasaki
et al. 1998; Austing et al. 1999) and theoretical (Peeters 1990; Madhav and
Chakraborty 1994) studies of the electronic properties of quantum dots of this
kind, as a function of anisotropy and applied external magnetic field. In the case of
zero field, there are some theoretical works (Reimann et al. 1998; Puente and Serra
1999) in the LS DA approximation for quantum dots with complex shapes. In what
follows we will study the independent-particle model for elliptical dots under exter-
nal magnetic field, for which it is possible to deduce analytical results. At the end
of this Section we will briefly discuss some LSDA results for anisotropic systems.
If we define

02 =u? 4 %wf, Q2=+ %wf, (5.33)
the one-body Hamiltonian for elliptical quantum dots under magnetic field turns
out to be given by:

2, 2
i pr+p 1
H,, = E hi, = § { I2m Y+ §wc(:ﬂpy — YPz)

i

1 1
+ —2—771(939152 + Qiyz) + 59*“0‘3 orz} . (5.34)

1

The Schrédinger equation

hey¥n,n, (Z,Y) = €ngny, Ynon, (T, 9), (5.35)
may be re-written in the form (Dippel et al. 1994):

h3®n n, (T, Y) = €nony Pron, (T, 9) (5.36)
where

hs = U~ thy,U, Yoon, = Up,n,)(z,v), (5.37)
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and the unitary operator U is given by
U = e'oveifpapy | (5.38)

with

wﬁ — w2 m v
a= 2= sgn(w? — wz]—\ﬂwg + w2 +w?)? — dwiw?
2 c 2w,

(5.39)
2 We

Yy ¥
V@2 42+ w?)? — duke?

1
B = —sgnjw? —w
m

where sgnjw? — wZ] is +1 if w2 > “’5’ and -1 if w2 < “)13' Therefore, the trans-

formed Hamiltonian can be written in terms of squared co-ordinate and momentum
operators alone:

2
Pz 2, 1 2.2, 1,
hs = MQ = M,Q ~g*poB 5.40
3= oM, 2M2+ + 5 M2ty + 597 HoBo (5.40)
with
2m\/(wg 02+ w?)? — dwlw?
Mg =

sgnjw? — w2l(w? — w2 £ w?) + \/(“’g o +wi)? - dwiw (5.41)

1/2
1
Qo= — [wg + w2 + w? + sgnw? — wZ]\/(wg + w2 +w2)? 4wgw§} :

V2
These results can be easily obtained using the Baker-Hausdorff formula
erCAe™AC = A +i)G, 4] + A [G (@, A]]]

’Il)\’ﬂ.
+...

[G G, -G Al-- )]+, (5.42)

and by requiring that in the transformed Hamiltonian non-quadratic terms vanish.
The eigenvalues of h3, which are eigenvalues of h;, as well, are given by (where
we have dropped the spin part for simplicity)

1 1
€ngn, = (nz + 5) Q + (ny + 5) Qa, ng,ny =0,1,2,... (5.43)

The eigenfunctions of hz are products ®,.n, = ¢n,(z)¢n,(y) of one-dimensional
harmonic oscillator eigenfunctions ¢;, with frequencies §); and masses M;. The
eigenfunctions of h;, are very complex and may be obtained by transformations
(5.38) and (5.39). The same transformation allows an easy evaluation of interesting
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quantities such as the mean square radii:

(x?) = i Z (nany|z?neny)y ,
Mgy Thy, O
2 1 2
(%) = N Z (nanyly®|nany) v,
Ng,Ny,0

without explicit knowledge of the wavefunction. In fact, we have
(neny|z?ngny)e = (neny U 122U ngny)e , (5.44)
(nznyly2|nx”y>\l’ = (nwnle‘1y2Ulnzny)q> ) -
and using equation (5.42):
U~'2?U =2° — 2Bxp, + B°p2,  U~%°U =y* - 2Byp. + B%p%, (5.45)

with (nyny|zpy|neny)e = (nany|ypz|nzny)s = 0 and the virial theorem

A 1
(nznyl%llnzny>d> = (na;nylMlﬂflenxny)q, = (nz + 5) Q,
2 . (5.46)
(nznylﬁtlnzny)q, = (nany| MaQy®|nany)s = (ny + 5) 02,
we obtain
1 1 1 1
2y _ + 1 1 9 1
($>—ann:a(MIQI (nz+2> ﬁM2<ny+2>Qz>,
1 1 1 1 (5.47)
2 _ + 1 1 2 1
<y>~Nnna(M2Q2("y+2) ﬂM1<na:+2)Ql).

The energies (5.43) have the following limiting behavior: at zero magnetic field
the system behaves like a pair of harmonic oscillators in the z, y directions. For
high magnetic field (w, 3> w,,wy; wy > wy), We obtain

Q1 —0 and e€,,n, = (ny +1/2)wc,

i.e. Landau levels are formed as in the case of isotropic parabolic confinement.
When w, = w, and the confinement is isotropic parabolic, n, = n+ |l|/2 —1/2
and ny = n + |l|/2 +1/2, where n and [ are the principal and azimuthal quantum
numbers, respectively. Also in the case w,; ~ wy, the energy levels are very similar
to the isotropic ones, apart from the fact that the 2n + |I| + 1 fold degeneracy at
B =0 is broken by deformation.

In Fig. 5.2(a) we show (Madhav and Chakraborty 1994) the magnetic-field de-
pendence of the energy levels (5.43) for a dot with w,; = 1.0 meV and w, = 1.1 meV.

For this choice, the deviation from circular symmetry is very small and the
energy levels are very similar to those of the circular dot, apart from the origin
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Fig. 5.2 (a) Energy levels of a anisotropic dot as a function of w. (meV) for wy = 1.0 meV and
wy = 1.1 meV. The lines are drawn in increasing order of (ns,ny), as indicated. (b) Chemical
potential in the CI approximation for the energy levels of (a).

where a shift of the degenerate level due to deformation shows up. In Fig. 5.2(b)
we show the chemical potential calculated in the constant-interaction model (CI),
where the total energy is written as

N
EN) =Y e+ éNZV, (5.48)

where V is the electron—electron interaction energy, and ¢; is the energy of the i-th
electron. Therefore, in this model the chemical potential is

,u:E(N)—E(N—l):eN+<N—%>V. (5.49)

The result of the calculation reported in the figure (for N values in the range
1 to ~ 30) also includes the Zeeman energy suitable for GaAs. We have used
V = 0.6 meV, taken from the work of Ashoori et al. (1993).

The energies and chemical potentials for w, = 1.0 meV and wy, = 5 and 10
meV are plotted in Figs. 5.3 and 5.4. We can clearly see that as w, increases,
the level crossing takes place at higher energies, and the oscillations of the chemical
potentials are quenched at lower energies. For example, when wy, = 5, the oscillations
are quenched for N = 1 — 12, and when w, = 10, for N = 1 — 22. Moreover, the
amplitude of the oscillations strongly decreases with increasing anisotropy. On the
other hand, the magnetic field value beyond which the chemical potential oscillations
disappear, increases by increasing w,. As the threshold magnetic field value does,
the oscillations also shift towards higher magnetic fields, similar to what is observed
experimentally (Ashoori 1993).

LS DA calculations in elliptical quantum dots have been carried out by Austing
et al. (1999) and Serra, Puente and Lipparini (2002). These calculations show that
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Fig. 5.4 Same as Fig. 5.2, but for wy = 10.0 meV.

the deformation has the effect of quenching the shell structure, which is very evident
for circular dots in the addition energy spectra of Figs. 2.5 and 2.8, exhibiting
very prominent peaks at the magic numbers 2,6,12,20,.... In elliptical dots the
resulting spectra consist of a series of low, similar peaks, without clear shell effects.
Moreover, the deformation favors the appearance of spin-density-wave states (SDV)
(see Section 4.11).
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Finally, we note that the frequencies (5.41) yield the exact excitation energies
of the electric dipole modes excited by the centre-of-mass operators D, = Zfil z;
and D, = Zf;l y;. In fact, due to the translational invariance of the interaction,
the two-body interaction gives no contribution to the excitation energy of dipolar
modes, which is affected solely by the external potential (see also Section 8.10.1).
These excitations are produced by transitions with An, =0 and An, =1, or with
Ang =1 and Any = 0, and therefore occur at energies §2; and ;.

5.5.1 Analogies with the Bose-FEinstein condensate in a rotating
trap

Let us consider a dilute gas of Bosons interacting through repulsive forces, at zero
temperature and placed in a harmonic trap with frequencies wy,wy, < w,. If the
confinement potential rotates around the z-axis with angular velocity 2, the Hamil-
tonian of this N-particle, “quasi-two-dimensional” system, in the rotating reference
frame is written as

2, .2 N
pz+p z 1 27Th
H:Z { 2my—Ql +§m(wx +wy)} +~——g E dr; —r;), (5.50)

i<j=1

where the position vector in the delta-like interaction are in the z—y plane.

The two-dimensional Hamiltonian (5.50), in the 2 = 0 case, has been studied by
several groups (Haugset and Haugerud 1998; Pitaevskii and Rosch 1997; Bhaduri
et al. 1999; Petrov, Holzmann and Shlyapnikov 2000), and in the three-dimensional
case and Q2 # 0 by A. Recati, F. Zambelli and S. Stringari (2001).

The dimensionless coupling constant g in the two-dimensional, §-like interac-
tion may be related to the scattering length a for the s-wave three-dimensional
scattering. This is done starting from the three-dimensional é-like potential (see
Section 4.3.2) and calculating the expectation value of the § function in the z direc-
tion, in the ground state wavefunction of the one-dimensional harmonic oscillator. In
this way we obtain the effective two-dimensional interaction of (5.50), with coupling
constant

2a

g= ek (5.51)
where b, = \/h/mw, is the confinement length in z direction. This quasi-two-
dimensional description of the trap in three dimensions is only valid for dilute
systems, whose scattering length fulfills the condition ¢ <« b, < b,,b,, where
by = \/i/mw; and by = \/h/mw,. Therefore, from equation (5.51) it follows that in
(6.50) we have g <« 1. From simple estimates it turns out that Hamiltonian (5.50) is
experimentally realizable for a gas of Rubidium atoms with N ~ 10* with g ~ 0.05.

By comparing the one-body part of the Hamiltonian (5.50) with equation (5.34),
we note that the formulae previously derived for the electron gas in an elliptical trap
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under external magnetic field, can be generalized to the case of a Boson system in
a rotating trap. The analogues of equations (5.39) and (5.41), are (wy > wy):

2__,,2
o= 3 (E54) - o

) o (5.52)
B = - ’
@2 = 02)? + 80202 +w2)
and
2m, [(w2 = wg)? + 8Q2(w2 + wP)
Mo =
(02 = 2 202) + f(02 — )2 + 802(u + ) (5:53)

1/2

M2 = % [wz twl+207+ \/(u.zfD —w2)? 4 802%(w?2 + w2)
From equations (5.52) and (5.53), it follows directly that the Schrédinger equation
for the non-interacting Bose gas has no stationary solutions in the rotating sys-
tem in the region Q > wy and Q < w;, where ; 5 become imaginary. This is the
main difference with respect to the electron gas under magnetic field, for which the
frequencies (5.41) are always real. In the case of the dilute Boson gas, the §-like
interaction has important effects and may change the situation by generating sta-
tionary solutions different from the ones predicted by the non-interacting model (A.
Recati, F. Zambelli and S. Stringari 2001). However, it does not affect the oscillation
frequencies of the dipolar modes which are given by €3 and 5 of equation (5.53).

It is also very interesting to remark that, in the case () = w; = wy, the one-body
part of Hamiltonian (5.50), yields a single-particle spectrum:

ent = B2Q) (M + %) , (5.54)

where we have introduced the label M = n + 1(|I| 4 I). Therefore, we see that the
Boson states in the rotating system are distributed among infinitely-I-degenerate
levels, which are the analogues of the Landau levels for electrons, characterized by
the values of M = 0,1,2,.... The M = 0 level contains states with n = 0, and non-
positive values of [, i.e. I = 0,—1, -2, .... Therefore, in this situation there is a very
close analogy with the quantum Hall effect. Such analogy leads to the identification,
also in the case of Bosons in a rotating trap, of ground states of Laughlin type. For
a discussion of this point, see for example Peredes et al. (2001).

5.6 Spin-Orbit Coupling and Spintronics

A novel technology based on the use of the electron spin, as opposed to the more
traditional use of the electron charge, is emerging under the name of spintronics.
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Several spin-based electronic devices have already proved their importance, even at
a commercial level, such as the spin-valve read heads. A review of the status of this
incipient field can be found in Wolf et al. (2001).

The spin-orbit (SO) coupling is an essential mechanism for most spintronics de-
vices, since it links the spin and the charge dynamics, opening the possibility of spin
control through electric fields (Datta and Das 1990). Indeed, recent experimental
and theoretical investigations have shown that the SO coupling affects the charge
transport and, more specifically, the conductance fluctuations of chaotic quantum
dots in a parallel magnetic field (Folk et al. 2001; Halperin et al. 2001; Aleiner and
Fal‘ko 2001). It also affects the dot far-infrared absorption, introducing peculiar cor-
relations between the charge and spin oscillating densities (Vafin—Rodriguez, Puente
and Serra 2002). Finally, a sufficiently strong SO coupling can lead (Valin-Rodriguez
et al. 2002) to spin inversion, with an alternating B-dependence, similar to the obser-
vations from capacitance spectroscopy experiments of both vertical (Ashoori 1996)
and lateral quantum dots (Voskoboymikov et al. 2001).

In this Section we analyze the combined effects of SO coupling, weak vertical
magnetic (B) fields, and spatial deformation in fixing the spin and other ground
state properties of model semiconductor dots. We consider the SO coupling terms as
reviewed by Voskoboynikov et al. (2001). Assuming a 2D system and the effective
Hamiltonian formalism, the relevant Dresselhaus contribution for the standard (001)
plane of GaAs reads

Ap &
Hp = h Z [Pooew — Pyoyli, (5.55)

i=1

where the ¢'s are the Pauli matrices and
P:—mV+§A

represents the canonical momentum given in terms of the vector potential A, taken
in the symmetric gauge. The Dresselhaus parameter Ap is determined by the dot
vertical width zo as (Voskoboynikov et al. 2001) Ap = y(m/20)?, with a material-
specific constant v that for GaAs is v = 27.5 eV A3 (Knap et al. 1996). In the
following we will not consider a SO coupling of Rashba type, proportional to £- ¢
(Voskoboynikov et al. 2001), since its contribution to the results for GaAs turns out
to be negligible.

Neglecting the Coulomb interaction the complete Hamiltonian reads H = Hy +
‘Hp + Hz, where Hop consists of the kinetic and confinement energies, i.e.

2m 2

=1

e o1 2,2 1 22
'Ho=2 = + -m(wz;z° + wyy*)

%

The Zeeman term Hz depends on the total vertical spin \S,, the Bohr magneton up
and the effective gyromagnetic factor g*, which for bulk GaAs is —0.44. Namely,
Hz = g*upBS,.
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Assuming Hg > Hp > Hz and expanding in powers of Ap an analytic diago-
nalization to O(A%) in spin space is possible with a unitary transformation (Aleiner
and Fal‘ko 2001) H = U;}t'HU:, where

N
.oom
Uy = exp l:—z)\Df—_lE Z(zaw — yay)z] , (5.56)

i=1

giving the transformed Hamiltonian:

1 9 m
_Z[—+ —m(w2z? +w )+)\D—h—3.520z+2

1,
59 uBBaz]

J
—N 7+ o(A\}), (5.57)

where we have defined the canonical angular momentum operator £, = P, —yP;.
Despite the spin diagonalization, the z and y degrees of freedom in (5.57) are still
coupled through the vector potential in the kinetic energy and in £,. With a second
transformation of the same type used in Section 5.5, each spin component can be
recast in a separable form. Specifically, defining 'i:(,, = U;,}'f{,, Uan, with n =1, | and
U given by equation (5.38), we obtain
Ny 2 2

g Pz Min e 2 Py M2n
Hon = [2M1,, T T o T

1
=102, v% + 29 *upBsy,
i=1

—N), 7+ o(X\y), (5.58)

where s, = +1 for =T, |. Assuming, without the loss of generality, w, > w, the
masses and frequencies of the decoupled oscillators are

2m\/ (W2 + w2 + w2 )2 — 4wlw?
My =

W w2 2 2 1 w2 )2 2,2
w2 w2 —l-\/w +w? +w?)? - dwiw? ’ (5.59)

1 1/2

Qg = 7 [wg +wl 4+ wl, * \/(wg + w2 + w2 )2 —~ 4wgw§]
with the upper (lower) sign in + corresponding to £ = 1(2). We have defined in
(5.59) a spin dependent cyclotron frequency which incorporates the SO correction,

eB
wet,y = — % 223, = s (5.60)

The solution to equation (5.58) is given by products of z and y harmonic oscillator
functions which, when transformed back to the laboratory frame, yield the desired
solutions to the original Hamiltonian. The eigenvalues for each spin can be labelled
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Fig. 5.5 Single-particle energies in effective atomic units in the noninteracting model. Circular
symmetry with wz = wy = 1.1 meV has been assumed. Each line has been shifted vertically by a

small amount representing the charging energy. Light and dark gray color correspond to up and
down spin, respectively.

by the number of quanta in the z and y oscillators:
1 1 1 m
ENyNan = (N1 + 5) thﬂ + (N2 + 5) ﬁan + snig*l‘BB — )\%;1_2 . (5.61)

Figure 5.5 displays the magnetic field evolution of the single-particle energies
(5.61) for a circular dot, except for a constant representing the charging energy.
These values give the chemical potential of the dot for varying electron number,
as measured for instance in capacitance spectroscopy experiments (Ashoori 1996;
Ciorga et al. 2000). (Notice that, unlike the results reported in Figs. 5.2-5.4, they
do not include the effect of the interaction calculated in the constant interaction
model. Consequently the results reported in the top of Fig. 5.5, differ from the ones
of Fig. 5.2 by a constant). Actually the parabola coefficient has been taken from a
fit to the experiments. The spin is indicated in Fig. 5.5 with the light and dark gray
tones. In the absence of SO coupling each line corresponds to a given spin, except
for a very small fluctuation due to the Zeeman energy at some cusps and valleys.
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In this case the traces arrange themselves in parallel pairs of up and down spin.
As shown in the two lower panels of Fig. 5.5, the SO coupling produces sizeable
up and down fluctuations of the spin. For 2z = 100 A, i.e. weak SO coupling, the
fluctuations start at low magnetic fields and they extend up to B~ 1 7T. An even
stronger SO (zp = 60 A) produces spin inversions up to the last level crossing,
which marks the filling factor » = 2 line. Besides, in the latter case the traces are
no longer paired but, instead, anticorrelated with a 7 phase shift; specially in the
region just before v = 2. The results of Fig. 5.5 can help to interpret the experiments
of Ashoori (1996) and Ciorga et al. (2000), which observed anticorrelated behavior
in the traces and spin alternation with increasing B, respectively.

The effects of deformation and Coulomb interaction have been analyzed by Valin-
Rodriguez et al. (2002) using the local-spin density approximation within a spinorial
formalism, since the spin-orbit term breaks the symmetry of a single spin quantiza-
tion axis.

As an example, Fig. 5.6 shows (S.) as a function of B and the intensity of the
SO coupling, given by 2o, for for N = 9 electrons in a circular confining potential
with w; = wy = 6 meV. In agreement with the above discussion, for B < 2.2 T the
noninteracting model predicts spin inversion when decreasing the dot width. The
LS DA also yields spin-inverted regions although with some conspicuous differences.
The interaction inhibits the spin flip at low magnetic fields and low widths, shifting
the inversion region to 1.8 T < B < 2.6 T and leaving only a small residue for
20 < 40 A and B < 1.2 T. It is worth mentioning that although in the laboratory
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Fig. 5.6 Vertical spin evolution in the B—~zg plane for the for a circular dot with N = 9 electrons,
hwz = hw, = 6 meV. White (black) color indicates upward (downward) total spin.
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frame (S,) is not restricted to discrete values (because of the transformation Uy), in
practice its fluctuations increase with the SO strength but they are generally small.

5.7 DFT for Quantum Dots in a Magnetic Field

In this Section we present the results for two GaAs quantum dots (¢* = —0.44,
€ =12.4, m* = 0.067) with N = 25 and N = 210 electrons, under constant external
magnetic field (Lipparini et al. 1997; Pi et al. 1998); the results were obtained using
the CDFT theory described in Section 4.7. The reason for this choice is that these
dots have been studied experimentally (Demel et al. 1990), and are good examples
of small and large dots. We will also briefly discuss the results obtained by HF and
Ensemble DFT calculations (see Section 4.8).

The CDFT calculations were carried out at low temperature, T' < 0.1 °K. This
makes the calculation possible in the case of configurations with non-integer filling
factor v, and produces no appreciable thermal effect. For integer v, the calculation
was carried out at T'=0.
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Fig. 5.7 Top: single-particle energies as a function of ! for the N = 210 dot at B = 0. The
full triangles represent spin-up states, the open triangle the spin-down states. The horizontal line
represents the chemical potential of electrons. Bottom: Electron density p as a function of r. The
dotted line is the density of the jellium disc.
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Two different models of the N = 25 dot were employed. In the first one, the
external confinement potential was the one produced by a jellium disc with a radius
R of 100 nanometres, one which on can find uniformly distributed N+t = 28 positive
charges. This potential is analytic:

4N+ { RE(r/R) r<R

2« 5.62
TR? r{E(R/7) — [l — (R/r))K(R/r)} r>R. (562

Vext (7') =

In this equation, K and E are the complete elliptic integrals of the first and second
kind respectively. In the second model, a harmonic oscillator potential was employed
with wy = 2.78 meV. For the N = 210 dot only the disc was used, with radius
R =160 nm and Nt = N,

The density and the single-particle energies of the N = 210 at B = 0 are
plotted in Fig. 5.7. The single-particle energies, as a function of [, are distributed
on parabolic curves, each curve being characterized by a different quantum num-
ber n. The figure shows the degeneracy of each single-particle level, correspond-
ing to the possible choices £|l|, ¢ = +1. Figure 5.8 shows the same results for
the 25-electron dot and the two different confinement potentials. From the middle
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Fig. 5.8 Top: the same as the top of Fig. 5.7, but for the N = 25 dot with confinement produced
by the jellium disc. Middle: it is same as top, but with parabolic confinement. Bottom: the corre-
sponding electron densities p as a function of r. Full line: disc confinement; dashed line: parabolic
confinement. The dotted line represents the density of the jellium disc.
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panel of Fig. 5.8, we note that the contributions of the Hartree potential and of the
exchange-correlation potential, affect very little the linear dependence on [ predicted
by the independent-particle model [see Eq. (5.8)].

Figure 5.9 shows the single-particle spectra for the N = 210 dot, as a function
of [ and for B values in the range 1.29-10.28 T (Tesla), which correspond to the
incompressible states with reported v value. In order to evaluate v we used equation
(5.23) with p = 210/(7R?) and R = 160 nm. At B = 10.28 T (v = 1), the system is
completely spin-polarized. Note that, due to the sign of the term linear in [ in the
KS equations (4.60), most occupied levels have a positive [, i.e. a negative angular
momentum, and that the (M, T) band is lower in energy than the (M, ]) band due
to the negative value of g* used in the calculation. For this reason, in the following
we indicate by L, the value of the total orbital angular momentum with opposite
sign, and by S, the component of the total spin in the z direction.
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Fig. 5.9 Single-particle energies of the N = 210 dot as a function of 1 for v = 1-6, 8. The full
triangles represent the (M, 1) bands, and the open triangles the (M,|) bands. The horizontal line
is the chemical potential of the electrons.
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It is remarkable that, for the 210 electron dot, the magnetic fields corresponding
to the different v values follow the law which holds for the bulk, i.e. B(v) = 1B(1),
up to v values as large as v = 11. A similar behavior is observed also in the N = 25
case, up to ¥ = 6. Confinement potentials like those produced by a disc, favor
the existence of incompressible regions in the inner region of the dot, because the
electrons in these regions tend to establish a density close to that of the positive
background in order to screen the Coulomb potential. This can be seen, for example,
in the incompressible states shown in Fig. 5.9.

Figure 5.10 shows some electronic densities and magnetizations m(r) = p4 — p_
for the 210-electron dot, together with the L, and 25, values predicted by the calcu-
lation. From this figure we see that these states are the finite-dimension-analogues
of the Landau incompressible states with v = 1 — 4,6 and 8; the latter, for an elec-
tronic density of 2.61 x 101! cm™2, would be realized exactly at the same B values.
Actually, the densities in Fig. 5.10 have a step-like shape, whose plateau has the
value p = vB/2mec.
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Fig. 5.10 Electron densities p(r) (Full curves), and spin magnetizations (dotted-dashed curves)
corresponding to some of the configurations of Fig. 5.9. The dashed curve in the top left panel
represents the density of the MDD state. The values of (L., 25;) are also plotted.
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Let us discuss now the results relative to the 25-electron dot, obtained by using
the two different confinement potentials. In particular, let us compare the results at
the same values of v rather than B. Note that the completely polarized states v =1
correspond to B = 3.56 T in the case of disc confinement, and to B = 4.58 T in the
harmonic oscillator case. For v > 1, the B values obey the law B(v) = 1B(1).

Figure 5.11 shows the single-particle energies for » = 1,2 and 3, and Fig. 5.12
the electron densities. It is interesting to notice that the two confinement potentials,
whose parameters were fixed so as to reproduce the experimental energy of the dipole
mode at B = 0, yield rather different electronic densities. In general, the ground
state configurations corresponding to parabolic confinement are more compact.

We will now describe some results for the 210-electron dot obtained by Pi et al.
(1998). In the case of such large dot, it is found that the values of the angular
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Fig. 5.11 Single-particle energies of the N = 25 dot as a function of 1 for v = 1, 2, 3. Full triangles
represent the (M,T) bands, and the open triangles the (M,]) bands. The horizontal line is the
chemical potential of electrons. The panels on the left correspond to disc confinement, those on
the right to parabolic confinement.
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Fig. 5.12 Electron densities p(r) for the N = 25 dot, for disc confinement (full lines), and for
parabolic confinement (dashed lines), corresponding to the configurations of Fig. 5.11.

momentum at different B follow the law

N(N —
L,=v! —(Nz—lz , (5.63)
and the spin is approximately given by
0 vV even
28, = (5.64)
N/v v odd

and these expressions are valid in the limit of large N values for incompressible
Landau states. The validity of these equations is explicit from Fig. 5.13, where
we plotted the orbital and spin angular momenta as a function of B. The small
plateaux found along the L.(B) curve at integer v values, which appear in the
25.(B) curve as well, demonstrate the robustness of these states against changes
in B, and their resistance toward L, and S, changes. In fact, because of the term
w?r? in (4.51), when B increases starting from a given value B(v), the electronic
density is compressed, thereby increasing the electrostatic energy of the dot. This
energy is abruptly compensated by a sudden increase of the angular momentum
through the population of single-particle levels with higher ! values. This effect is
fast due to the low density of single-particle states around the Fermi surface when v
is integer, and is quite similar to the effect described for smaller dots (Ferconi and
Vignale 1994). On the other hand, the high density of single-particle states at the
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Fig. 5.13 L, (circles and left-hand scale) and 2S5, (triangles and right-hand scale), as a function
of B for the N = 210 dot. The values corresponding to integer filling factors from 1 to 11 are the
full symbols, and the line connecting the 25, points is a guide to the eye. The dashed line is from
Eq. (5.63).

Fermi energy, when the state is compressible (i.e. ¥ > 1 is not an integer), makes
L, increase gradually with B.

In the v = 1 panel of Fig. 5.10 the density (5.18) of the MDD state is plotted.
Recall that for N — oo this state is the incompressible state with v = 1 of the
quantum Hall effect, and that for sufficiently high magnetic fields this state has an
exact expression, i.e. a Slater determinant of single-particle orbitals with angular
momenta 0,1,..., N — 1, belonging to the first Landau level.

The natural question, to which people have tried to give an answer in many
papers (see for example Ferconi and Vignale 1997), is whether the MDD state can
be the ground state of a quantum dot. The stability region of such completely spin-
polarized state in the N-B plane, is bound to the left by the line B¢ which, for a given
number of electrons, represents the magnetic field for which 25, = N. To the right
it is bound by the line B, where the reconstruction of the quantum dot boundary
begins, which means the process by which electrons begin to be transferred to single-
particle states with [ > N — 1. This region is very narrow because after complete
polarization of the system, the magnetic field is very effective in reconstructing the
dot boundary. For the N = 25 dot, one finds By = 446 < B < B, =470 T
for harmonic confinement, and By = 3.42 < B < B, = 3.70 T for the disc. For
parabolic confinement the stability region of the MDD state narrows as N increases,
and vanishes beyond a critical N value. For example, in the case of the 210-electron
dot, it has been impossible to find the B value corresponding to the MDD state for



158 Quantum Dots in a Magnetic Field

parabolic confinement. These results appear to have been confirmed by the recent
experimental work of Oosterkamp et al. (1999).

For the jellium disc confinement, and for N = 210, it seems that the MDD
state exists, as indicated by Figs. 5.9 and 5.10. As can be seen from the top left
panel of Fig. 5.10, the two densities [i.e. the one yielded by the CDFT calculation
and the one from Eq. (5.18)] are very similar, with only one difference arising at
the boundary. The protuberance in the CDFT density at the boundary is due to
both the confinement potential which changes abruptly at the boundary, and to the
exchange-correlation energy which also varies very fast there.

It is also very interesting to consider the energy splitting AE|; between the
Landau bands (M, 1) and (M, |), reported for example in Fig. 5.9. This difference
is very small for even values of v, which correspond to ground states with S, ~ 0
(paramagnetic states), because the Zeeman term in (4.51) and (4.60) is also very
small (for example, ~ 0.26 meV at B = 10.28 T), and AE); ~ |g*uoB|. On the
contrary, the energy splitting is large for odd v values, even when the applied mag-
netic field is small; compare, for example, the cases v = 3 and v = 6 in the same
figure. These ground states have rather high values of S, (they are ferromagnetic
states) and the large splitting is due to the exchange-correlation potential, which
depends on the magnetization: AE|1 ~ 2|W,.|. Wy, is zero for paramagnetic states,
and large for ferromagnetic ones, giving rise to an energy splitting much larger than
that due to the Zeeman term. The HF, LSDFT, and CFDT calculations yield
this large splitting, while the Hartree approximation does not. The exchange and
correlation effects are the origin of the simple structure of the MDD state, since
they prevent the two (0,1) and (0, ]) Landau bands from being close in energy at
v = 1, and so from contributing to setting up the ground state. As we already
stressed in Chapter 4, these spin splittings are similar to the isospin ones that occur
in nuclei for which the number of neutrons differs from the number of protons. The
exchange-correlation potential that produces them is the analogue of the symmetry
potential in the nuclei.

The B-dependence of the total energy E of the 210-electron dot is shown in
Fig. 5.14. Local minima of F are clearly observed at v values corresponding to the
paramagnetic states of the dot. On the other hand, local maxima occur at v values
corresponding to ferromagnetic states. The energy exhibits an inflection point at the
ferromagnetic state v = 1 with 25, = 210. Therefore, in this dot, which has quite a
large N value, one observes several transitions from paramagnetic to ferromagnetic
states. In dots with small number of electrons this does not occur, and normally
one observes just one transition between these two states. In the bottom panel
of the same figure, we report the L,-dependence of E, exhibiting local minima in
correspondence with the paramagnetic states. The existence of many paramagnetic
states plays a fundamental role in keeping the dot energy around its value at B = 0.
|E| decreases as S, increases, and vice-versa. Only beyond the v = 2 state does E
increase monotonously with S,, and finally reaches its full-polarization value at
about v = 1.
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Fig. 5.14 Top: total energy of the N = 210 dot as a function of B. The values corresponding to
the integer filling factors in the range 1-11 are indicated by full symbols. The line connecting the
points is a guide to the eye. The inset shows the low-B region with the relative scale to the right.
Bottom: the same as top, but as a function of L.

The chemical potential 1 and the ionisation potential IP = Ey_; — En are
shown in Fig. 5.15. They exhibit a saw-tooth behavior as a function of B, with an
abrupt decrease in the vicinity of integer v values. The corresponding L, values are
a sort of magic numbers, corresponding to which the dot is especially stable. Note
that the large size of this dot is the cause of the great similarity between the u and
IP values, as well as of the large oscillations of the ionisation potential.

Another interesting quantity, that we shall use later on, is the electric field £(r)
produced by the electrons of the dot. This field is plotted in Fig. 5.16 for the B
values corresponding to v = 2/3,1,4. £(r) has a strong peak at the dot boundary,
with features reflecting the complex structure of the dot density in that region.

So far we have considered mainly incompressible states with v values integer and
> 1. These are particularly simple configurations whose ground states can be de-
scribed by a single Slater determinant, and that in the density functional theory are
normally labelled as pure v-representable states (Dreizler and Gross 1990). Exam-
ples of non-v-representable densities are those corresponding to degenerate ground
states. Many ground states of quantum dots, corresponding to non-integer v values,
which are compressible, are found to be non-v-representable. An example of such
configurations is shown in Fig. 5.17, where we plot the single-particle energies of the
N = 210 dot, for B = 4,7 and 9 T. These results were obtained at a temperature
of 0.1 °K.
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Fig. 5.16 Electric field £(r) produced by the electrons of the N = 210 dot, as a function of r for
the reported filling factors.

Contrary to the incompressible configurations described above, it can be shown
that these ground states are highly degenerate, with many electronic levels whose
energies are very close to the chemical potential. The panels on the left side of
Fig. 5.18 show the thermal occupation numbers f; [see Eq. (4.64)] for the same
values of B, and those on the left side of Fig. 5.19 show the corresponding densities



161

DFT for Quantum Dots in a Magnetic Field

2
— -2
>
(]
E
K
w -6
_10 L L L It P 1 _10 i I3 ( —
0O 20 40 60 80 100 0O 20 40 60 80 100
-2 : . — -2 - —
_ i
< L I
() ! N
g1 B=7T i1 -4r B=7T i
2 i
w" s — T AP P
_6 —_ 1 N —6 L [
0 50 100 150 0 50 100 150
0 T T ‘7}, N 0 T T j' N
— =2 r e R 2 L
> x 2
il \f 177 \f _
* 1
__6 1 1 ! __6 S N —
100 150 200 50 100 150 200
l

0] 50

l

Fig. 5.17 Single-particle energies of the N = 210 dot as a function of [ for B = 4,7 and 9 T,
respectively. The horizontal line is the chemical potential of the electrons. The labelling is the
same as in Fig. 5.9. Panels on the left: DFT results at T = 0.1 °K. Panels on the right: EDFT

results.

and magnetisations. The corresponding EDTF values are shown in the panels on
the right sides of the two figures in question. The L, and 25, values predicted by
the two theories are reported in Table 5.2. We recall that the EDFT theory is

a generalisation of the density functional theory, which is used to treat cases of
degenerate Kohn—Sham ground states (see Section 4.8).

As can be seen from the table, the particle number fluctuations, given by AN/N |
are small and thus allow the use of the grand canonical ensemble to describe the

dot (see Section 4.7).
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Fig. 5.18 Single-particle occupation numbers of the N = 210 dot as a function of | for B = 4,7
and 9 T, respectively. Panels on the left: DFT results at T = 0.1 °K. Panels on the right: EDFT
results.

TABLE 5.2
E (eV) L. 25, AN/N (%)
B (T) |[CDFT | EDFT || CDFT | EDFT || CDFT | EDFT || CDFT | EDFT
1 705 | -27.05 || 8729 | 8730 30 30 08 0.3
7 26.85 | -26.85 || 14812 | 14811 || 72 72 1.6 0.8
9 -26.64 | -26.64 || 19217 | 19218 || 164 164 2.1 1.8

From inspection of Figs. 5.17-5.19 and of Table 5.2, it may be concluded that
the finite-temperature version of the CDFT theory allows us to solve the techni-
cal problem that arises when the single-particle density of states is large, and it
is not possible to solve the Kohn—Sham equations at zero temperature with oc-
cupation numbers 0 or 1. Moreover, it allows us to obtain the electron densities
and other characteristics of highly correlated states that cannot be described even
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Fig. 5.19 Electronic densities p (r) (full curves), and spin magnetisations (dashed curves) of the
N = 210 dot as a function of r for B = 4,7 and 9 T, respectively. Panels on the left: DFT results
at T = 0.1 °K. Panels on the right: EDF'T resulits.

approximately in terms of integer occupation numbers. Of course, it is necessary
that the correlations are included in the density functional.

The finite-temperature CDFT and EDFT theories were also applied to the
study of configurations corresponding to fractional and values of v which is small
than or equal to 1 (Heinonen et al. 1995; Lubin et al. 1997; Pi et al. 1998). The
results that were found, for example for the density, are very similar to what one
obtains starting from the Laughlin wavefunctions.

Finally, we note that the CDFT single-particle energies for the integer filling
factors of Fig. 5.9, are very similar to the results obtained in the H F' approximation
(Gudmundsson and Palacios 1995). On the contrary, the energies obtained in the
range 1 < v < 2 are qualitatively different. In this region, and for dots with few
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Fig. 5.20 Density p(x,y) (top figures) and magnetisations m(z, y) of the N = 20 dot confined by a
square jellium, a rectangular jellium, and an anisotropic parabola, respectively. The magnetisation
of the deformed parabola is identically zero everywhere.

electrons, the HF approximation results in a crossing of the (0, 1) and (0, |) bands,
which is not reproduced by the CDFT calculations for similar N values. It is likely
that cancellations that occur between the exchange term (which is generally over-
estimated by HF') and the correlation one, prevent such level crossing in density
functional calculations.

Very recently, LSDA calculations have been carried out for dots where the
electrons are confined by anisotropic potentials {Reimann et al. 1998; Puente and
Serra 1999). As an example of these results, we report (Puente and Serra 1999) in
Fig. 5.20 the densities and magnetisations of a 20-electron dot, in a square jellium,
in a rectangular jellium, and in a deformed parabola. For the square jellium one
obtains a very rapidly varying density exhibiting maxima at the corners and four
additional maxima arranged according to square symmetry. A similar structure
appears for rectangular geometry. In the case of the deformed parabola, the density
has an ellipsoidal shape, with an axis ratio close to w;/wy. In the inner part of
the dot we notice three areas of local maxima, aligned along the major axis. It is
interesting to note that, while for the parabola the magnetisation is identically zero,
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for the square and the rectangle there is a magnetisation wave in the ground state.
The amplitude of this wave is about 15% and 25% of the density maximum height
in the two cases.

5.8 The Aharanov-Bohm Effect and Quantum Rings

Recently, the availability of nanoscopic semiconductor ring structures (Garcia et al.
1997; Lorke and Luyken 1998; Lorke et al. 2000; Warburton et al. 2000; Keyser
et al. 2002) has stimulated a strong interest in the properties of quantum rings, in
particular those related to the fractional Aharonov—Bohm oscillations of the energy
and of the persistent current in the ring. These oscillations have been observed in
mesoscopic (Mailly, Chapelier and Benoit 1993) and nanoscopic (Fuhrer et al. 2001;
Keyser et al. 2002) rings in a GaAlAs/GaAs heterostructures and studied within
many theoretical approaches (see, for example, Viefers et al. 2000 and references
therein).

The Aharanov-Bohm effect is a direct consequence of the properties of eigen-
functions of isolated one-dimensional quantum rings, which cause the periodicity of
all physical quantities. The reason for this behavior is due to the observation (Hund
1938; Byers and Yang 1961; Bloch 1970; Buttiker, Imry and Landauer 1983; Cheung
et al. 1988) that in the case of an ideal one-dimensional ring without impurities,
which encloses a magnetic flux ®, the vector potential can be eliminated from the
Schréedinger equation for the free motion of the electrons:

% (—z‘h% + SA(m)) Pe(x) = exthe(x), (5.65)

by introducing a gauge transformation. The result is that the field enters now the
calculation via the flux-modified boundary condition:

We(L) = exp ["2@”0‘1’] e(0), (5.66)

where L is the ring circumference, @3 = hc/e and we have used as spatial variable
x = L8/27, so that x varies between 0 and L. The situation is then analogous to
the one-dimensional Bloch problem, as seen by identifying 27®/®, and kL. The
energy levels of the ring, given by

B2 2w d\1?
65_%[7(“63)] . £=0,+1,42,..., (5.67)

form microbands as a function of ® with period ®¢, analogous to the Bloch electron
bands in the extended k-zone picture (see Fig. 5.21). The current carried by level
€¢ at zero temperature is

evy 1 Oeg

Ie = —— Vg = 'ﬁé‘k'—l s (568)

L 3
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Fig. 5.21 Schematic diagram of the energy levels (5.67) as a function of the flux ®/®¢ in a
one-dimensional ring with (solid curve) and without impurities (dashed curve).

or, using the above analogy

Oeyp
0%’
Figure 5.21 shows schematically the energies of the eigenstates as a function of flux.
In the absence of impurities in the ring, the curves form intersecting parabolas. In
the presence of disorder, there are gaps at the points of intersection, in the same
way as band gaps form in the band structure problem. Whereas the eigenenergies
of the one-dimensional ring are symmetric in the flux, the current carried by an
eigenstate, which is given by

_ 2meh [ ®

=" |- — = .70
I=—0 %], 0=0,%1,42,..., (5.70)

Iy=—c (5.69)

is antisymmetric in the flux. Moreover, since at an integer or half-integer flux quan-
tum, the energy is maximum or minimum, at these values of ® the current is zero.

Up to now we have considered a single electron moving in the ideal one-
dimensional ring. For many electron, it is possible to observe new effects in the
current due to the crossings of the energy levels. For example, one can place two
electrons in the state £ = 0. If N = 3, the third electron, for &/®¢ ~ 0, can be
placed in either the £ = 1 state or the £ = —1 state, depending on whether ®/®q
is infinitesimally negative or positive. These rearrangements, when permitted by
Fermi statistics, lead to discontinuous jumps in the current, with a change of sign.
Repeating the analysis for cases N = 44, 4¢ + 1, 4 + 2, 4£ + 3 leads to the results
given in the article by Loss and Golbart (1991). For odd numbers of electrons they
find that there is an approximate half-quantum flux periodicity, which however im-
proves as the number of electrons increases. For even number of electrons there is
one quantum flux periodicity as in the case of spinless electrons.
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The electron—electron interaction can change the previous picture and yield a
decrease of period and amplitude of the oscillations of the ground state energy
and persistent current. This so-called “fractional Aharonov-Bohm effect” is due
to electron correlations and has been studied by means of exact diagonalization
(Niemela et al. 1996) of the many-electron Hamiltonian (5.1) with the parabolic
potential mw3r?/2 substituted by a shifted parabolic potential

Voxs () = %mwg(r ~ R)?, (5.71)
which better models the lateral confinement potential in the case of a ring. Calcu-
lations with the LSDA theory and diffusion Monte Carlo have been also performed
(Emperador, Pederiva and Lipparini 2003), and in the following we present some
results obtained by these authors. Taking Ry = 20 nm, wp = 330 meV, an effective
mass m = 0.063 m, and a dielectric constant € = 12.4, the electron density turns out
to extend over a region with a width that is 15% of Ry. The ring is therefore nearly
equivalent to a quantum wire with periodic boundary conditions at both ends, and
can be regarded as quasi one-dimensional. The flux across the ring is & = 7R3B,
where B is the applied magnetic field.

In Fig. 5.22 we plot the LSDA ground state energy as a function of B in the
case of N = 10 electrons in the ring. With Ry = 20 nm, a magnetic field intensity
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Fig. 5.22 Ground state energy as a function of B for a N = 10 quasi one-dimensional ring.
Upper panel: non-interacting electrons. Lower panel: LSDA (crosses and plus symbols) and DF M
(empty and full circles) results. The (L,S) of each configuration is indicated.
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of 3.29 T corresponds to one flux quantum crossing the ring. The upper panel of
the figure shows the ground state energy for the ring containing non-interacting
electrons in different (L,S) configurations. The lower panel gives the energy for the
same configurations as calculated in LSDA and in diffusion Monte Carlo. The full
curves correspond to the quantity

E(@)—E(O)+iz b = 2+ 2 5.72
= amRy 4\ &) T %% (5:72)

where the sum runs over the occupied single particle levels for each configura-
tion and E(0) is the diffusion Monte Carlo interaction energy of each configuration
at B = 0. The last term is a small energy associated to the compression of the
single particle wave functions by the magnetic field, and the constant a tends to
zero for a strictly one-dimensional ring. The validity of equation (5.72) implies
that the electron—electron interaction is essentially independent on the magnetic
field.

In the case of non-interacting electrons, the three electronic configurations shown
in the upper panel of the figure are degenerate at & = ®,/2, corresponding to B =
1.645 T. The interaction decreases the energy of the (L, S) = (5,1) configuration
in agreement with Hund’s rule, and yields an alternation of spin singlet (S = 0)
and spin triplet {S = 1) ground states as a function of B which leads to a period
of ®y/2 of the Aharonov-Bohm oscillations to be compared with the period of one
flux for the non-interacting case.

Increasing the radius of the ring, the density of electrons in the ring lowers and
the single particle energies become almost degenerate. The interaction mixes the
quasidegenerate single particle levels and destroys circular symmetry in the intrinsic
frame of reference of the system (Koskinen et al. 2001; Bormann and Harting 2001,
Puente and Serra 2001; Pederiva et al. 2002) by means of a localization of the
electrons in this frame. In the case of total localization, the Wigner molecule rotates
as a rigid body and all the electrons have the same angular momentum ¢ = L/N.
The total energy becomes

h2 ® \* &
_ " (- = —_ 5.73
E(®) = E(0) + TN (L 5 N) +a 5 (5.73)

where E(0) is now a constant independent on L, S and the magnetic field. Hence,
in this case the period of the Aharonov-Bohm oscillations is ®¢/N. This result
is confirmed by the exact diagonalization calculation by Niemela et al. (1996) of
low density quasi-one-dimensional quantum rings containing up to four electrons,
in which they just find a period ®¢/N of the Aharonov-Bohm oscillations.
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Chapter 6

Monte Carlo Methods

6.1 Introduction

The term Monte Carlo was used for the first time in the forties by a group of sci-
entists who were working in Los Alamos at the Manhattan Project, to indicate a
class of mathematical methods for the numerical solution of integration problems
by probabilistic methods. Although the ideas underlying Monte Carlo methods were
already known in the eighteenth century (Comte de Buffon 1777), the development
of these algorithms is recent, in part due to the facility of their implementation on
the computer. In many cases, Monte Carlo methods are the only efficient approach
to the evaluation of many-dimensional integrals of physical interest. The time re-
quired to evaluate an integral with standard integration methods (like, for example,
the Simpson rule) depends exponentially on the dimensionality of the space under
consideration. As we will see, the stochastic integration methods have the property
that they require a computational effort which depends only algebraically on the
dimensionality.

6.2 Standard Quadrature Formulae

Suppose we want to compute the integral of a function defined in a space of dimen-
sion D, on a hyper-cube of side L:

L L
(D) = /0 day --- /0 dop F(z). 6.1)

For D = 1, the numerical value of the integral can be approximated by subdivid-
ing the area subtended by the curve y = F(z), into rectangles with fixed base h
(Simpson rule), The smaller A, the smaller the error in the approximation of the
subtended area. By adding all the rectangle areas, we obtain an approximate es-
timate which, in the limit where the base tends to zero, equals the value of the
integral. By generalizing this procedure to a function defined in a space with D

173
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h T

Fig. 6.1 Integration by the first Simpson rule in one dimension: the integral is approximated by
the sum of the areas of rectangles with base h and height determined by the values of the function,
evaluated on a grid of points.

dimensions, we have
I(D) = kP> " F(z), (6.2)

where the summation extends over all the points of a lattice defined in the integra-
tion hyper-cube.

If the lattice base h is made to tend to zero, we will obtain the exact value of
the integral, like in the one-dimensional case discussed previously. An upper limit
of the error made in the i-th interval, for a one-dimensional curve, may be obtained
by the derivative of the function:

d

A=r2-2 Fz).
T;

d
By generalizing to D dimensions:
A = hPHIVF(z) ~ hPH

where, for the approximation on the right-hand side, we assumed that the gradient
of the function is finite in the considered integration interval. Therefore, the total
error may be estimated by adding the contributions of the N intervals:

ATOT ~ NhD+1 .
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If L is the side of the hyper-cube, the number of lattice points can be expressed
as

Then, the total error becomes
L D
Ator = (_ﬁ) P+ = LPh =Vh, (6.3)

where V = LP is the volume of the hyper-cube. It is possible to write the previous
equation in terms of N, thus obtaining

Lv

Aot = N

This allows us to estimate the number of points required to obtain a precision

of the order of £ for the numerical evaluation of the integral:
e=N"B=N=¢D,

In a typical case, for example, the calculation of statistical averages in a system with
20 particles (D = 60), the requirement of an etror of the order of £ = 0.1 entails the
use of N = 10%° points. Even with a Tflop computer (i.e. capable of performing 102
operations per second), the time required for the calculation will not be less than
10%® seconds, which largely exceeds the age of the universe. Therefore, in general
the standard integration methods are unsuitable for many body problems.

6.3 Random Variable Distributions and Central Limit Theorem

In order to introduce the Monte Carlo methods, it is useful to briefly recall some
elementary notions of statistics. The main object of our treatment are the so-called
random variables, or stochastic variables. These variables may be defined by the
following properties:

(1) The ensemble of the values that they may take: {z}.
(2) The probability law P(z) for each value of the variable (also called the proba-
bility density). This function must have the following properties:

P(z)>0 Va,

(6.4)
/ P@)ds =1.
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N variables are said to be independent if
P(:l?l,.’L‘z,...,.’tN)=P(.1?1)P(:B2)---P(.’L‘N). (65)

The Monte Carlo methods are based on one of the fundamental theorems of statis-
tics, the so-called central limit theorem. Let us consider a function f with real values.
Let Sy be the stochastic variable defined by

w=%zymy (6.6)

where z is a stochastic variable. Whichever P[z], in the limit N — oo, the proba-
bility distribution of Sy is given by

—00 — 2
where
= [ 1@P@)a,
(6.8)
, 1
ON = NUS7
and

Therefore, the central limit theorem tells us that the distribution of a sum of
values obtained as a function of any stochastic variable, is always a Gaussian, which
possesses mean value and variance that can be calculated.

6.4 Calculation of Integrals by the Monte Carlo Method

Suppose we want to calculate the integral of a function F(z) defined in an n-
dimensional space, and let us consider a probability density P from which we can
extract values for the variable z (the latter, in general, will be an n-dimensional
vector). The integral can be written in the following form:

/F@m_/F@P d_/f )P(z)dx (6.9)
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From the central limit theorem, it follows that the stochastic variable

1 N
Sn =75 Zf(zi), (6.10)

has a Gaussian distribution around the mean value (f) (which is precisely the
integral to be computed), with a statistical error

1

ON X ik (6.11)
Therefore, the Monte Carlo (MC) integration method consists in generating a se-
quence of points distributed according to a probability density P, and in estimating
the integral of a given function by means of (6.10). Such estimate is affected by a
statistical error which, as can be seen from (6.11), decreases as the reciprocal of the
square root of the number of generated points. Therefore, it is possible to compare
the efficiency of the M C method with that of standard integration procedures. In
the M C method, the number of points required to reach a pre-fixed precision, ¢,
depends on o% (i.e. the variance of S), and increases as =2 irrespective of the di-
mensionality of the integral under consideration. Hence, the M C method becomes
computationally advantageous, as soon as the dimension of the space in which the
integrand is defined exceeds a few.

6.5 Markov Chains

The main problem one faces in the application of MC methods, is the successful
generation of sequences of points distributed according to a probability density,
which is established a priori by the problem under study. As an example, let us as-
sume we need to calculate expectation values of physical observables for a quantum
system of N interacting particles. We also assume we know the wavefunction of the
system in the ground state, ¥(ry...rn). The calculation of the expectation value
of an observable O, requires the evaluation of integrals of the kind:

(T|O]T) = /|\Il(r1 e rN)[20(1 - Tw) dry - - drn (6.12)

In this case, the M C method has a direct intuitive meaning: by generating points
distributed according to |¥|? (which represents the probability of finding the parti-
cles in a given configuration), and by calculating the respective values of operator
0, it is possible to obtain the required expectation value.

It is known that in a classical system the trajectories of the particles are the
solutions of equation of motion of the system. This fact allows us to define an al-
gorithm which generates successive configurations for the positions and velocities
of the particles, obeying Boltzmann statistics. Intuitively, it would be convenient
to exploit some analogous feature, to generate configurations of a quantum system.
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Indeed, it is possible to define a sort of stochastic dynamics which relates, one to
the other, sequentially generated configurations, in such a way that their final dis-
tribution conforms with a given probability density. Such pseudo-dynamics, which
does not have any physical meaning, can be formalized by the theory of Markov
chains. A Markov chain is defined as a sequence of stochastic variables {z;}, such
that

x; has probability Pi(z),
(6.13)
Pi(z) = w(zk|zh—1)Pe—1(zk-1) -

The function w(zg|zk—1) is called transition probability or transition matriz. In
general, it depends on the value of index k.

A Markov chain is stationary when the transition probability w does not depend
on index k. From this definition, it follows immediately that a stationary chain is
completely defined once the distribution probability for the first variable in the
chain Pj(z) and the transition probability w are established. In fact, we will have

Py(z2) = ) w(zz|e1)Pr(e1),

{z1}
PS(J’S) — Z w(x3112)P2(332) = Z Z w(zglxz)w(:cglm)ﬂ(l‘l),
{z2} {z2} {21} (6.14)

Pe(zi) = Y. w(@klzk-1) - w(zale) Pi(zr) = Y wbH(@kler) Pi(e),
{z1zp1} {z1}

and hence
P, =w*lp. (6.15)

Let us now assume that w exists, and that it can be easily sampled. Given an initial
configuration z; (that we can imagine as being sampled by a uniform probability
density), a relevant question is whether the configurations which are generated
successively do converge towards some limiting distribution Pu. In general, it is
difficult to prove the existence of this limit. However, in the cases of physical interest,
all necessary conditions are fulfilled. Therefore, in what follows we will rely on some
assumptions:

e The limit:

Py = lim w* Py (6.16)

—00

exists and corresponds to a good probability distribution.
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o The transition probability w has the ergodicity property: given two points  and
y in configuration space, it must be that

3N < oo suchthat w?(z]y)>0. (6.17)

This means that it is always possible to reach a given point in space, starting
from any other point, in a finite number of steps.

If the limit P, exists, it is an eigenvector of the matrix w. In fact,

WPy = lim w**1P; = Py . (6.18)
k—o0

Therefore, the transition matrices have the property that all of their eigenvalues
are located on the circle of unit radius in the complex plane, and this implies the
uniqueness of P,,. To prove this, we first note that since the probability distributions
are normalized, there can exist no eigenvalue A > 1. Let us suppose we have a basis
of eigenfunctions ,, of w, and let us expand the distribution P; on this basis. We
will have

wEP =" cauFpn = wEPL =) cnXFo,, (6.19)
n n

and if A < 1, then
Jim w*P, =0, (6.20)

There is a further condition that, in general, we wish that it is satisfied in a real
physical system. If the system is at equilibrium, the stochastic pseudo-dynamics
should not generate configurations that are distributed in an inhomogeneous way.
For example, if we compute some properties of a gas or a liquid in a container,
we do not want the configurations to fill only a part of the available volume. This
requirement is reflected in a constraint imposed upon w and P, which is known as
the condition of detailed balance:

Py (z)w(ylz) = Po(y)w(z|y). (6.21)

This means that the probability of moving the configuration from the neighborhood
of point z to the neighborhood of point y, should be proportional only to the values
of the probability function P, and should not depend on the particular event under
consideration. In other words,

w(zly) _ Po()
w(y|z) Peoly)’

This condition may be used to sample the transition matrix w (which in general is
unknown) which yields, as a limit, the Py, (z) = P that we want to sample. Let us

(6.22)
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factorize the matrix w into the two following factors:

(1) A “proposal” for the next position, T'.
(2) A probability of accepting the next position, A.

Therefore, we will have
w(z,y) =T(z,y)A(z,y). (6.23)

The matrix T can be suitably chosen and, in general, it will be a distribution that
we know how to sample. From the previous relations, we find that the matrix A
should have the following property:

Aylz) _ Py)T(z[y) 2 = [ EW) T(zly)
Ho) = P = Ao = (5 o) (624)
where the function F should be such that

F@) __
F(1/2)

(6.25)

The following are examples of functions which satisfy the above relations:

(1) F(z) =min(1,z),
(2) F(z) =z/(1 + z).

In order to sample an arbitrary probability distribution P, it is enough to define
a transition probability T that we know how to sample and then, starting from an
arbitrary point r; in configuration space, to generate the subsequent configuration
distributed according to

> T(xa}a1)P(z1).
{21}

In order to ensure detailed balance, the new configuration will be either retained or
rejected with a probability 4 defined by (6.24). Such ensemble of points in config-
uration space, which constitute a Markov chain, is often called a random walk, and
the moving point is called the walker.

6.6 The Metropolis Algorithm [M(RT)?]

This algorithm constitutes the simplest practical implementation of the scheme
described in the previous sections. The acronym by which it is indicated derives from
the names of its developers (N. Metropolis, A.W. Rosenbluth, M.N. Rosenbluth,
A H. Teller and E. Teller 1953); however, it is often referred to as the Metropolis
algorithm. In this algorithm the transition proposal T is assumed to be uniform in
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Fig. 6.2 In the M(RT)? algorithm the positions of the particles are chosen at random inside a
cube of side A.

a D-dimensional hyper-cube of side A. Therefore, given a point x;, the next point
in the Markov chain is generated in the following way:

Xni1 = Xp + AL, (6.26)

where the components of the vector £ are extracted at random in the interval

<e<

Do
|
DN =

The transition proposal is symmetrical and the acceptance probability A depends
only on P(z,y and P(z,41). A possible choice is the following

P(y)
Alz,y) =min [ 1, ==} . 6.27
(@) =min (1, 52 (6.27)
In order to decide whether a proposed move is accepted or not, one extracts a
random number £ in the interval (0,1) and compares it to A. The next move is then
determined according to the following criterion:

B . : P(y)

ZTp41 = Dew position if €< Pl)
PW) (6.28)

_ ; )

Tntl = Tn if £ > Plz)

After a number of steps, this algorithm generates a distribution of points z;
according to the probability distribution P. Therefore, after the generation of N
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points the estimate of an integral of the form

/ dzP(z)F(z),

will be given by
T
i=1

6.7 Variational Monte Carlo for Liquid ‘He

As an example of application to a real physical system, we will compute the energy
per particle of the helium isotope with mass 4, at the temperature of 0 K and zero
pressure. These atoms have spin § = 0, and therefore, at temperatures close to ab-
solute zero behave like quantum particles which obey the Bose—Einstein statistics.
The interaction between He atoms is known with great accuracy. A good approxi-
mation for the inter-atomic potential is given by a potential of the Lennard—Jones

type:
V(rig) = 4e K;‘I—z)m - (%)6} : (6.29)

To simulate the liquid phase, the system is modelled as an ensemble of N atoms
confined inside a box, which is periodically replicated in space. The Hamiltonian of
such system is

A
H:—%ZV +ZV(nj). (6.30)
i=1 i<j
Since we do not know the wavefunction of the ground state, we look for an approx-

imate solution of the Schrodinger equation:

HVo = Eo¥y, (6.31)

where Fy is the energy of the ground state.
Let us consider the following trial function (McMillan 1965):

v =[5 =[] sr). (6.32)
i<j i<j
This ¥ has the right symmetry properties for a system of Bosons (i.e. it is symmetric
under the exchange of two particles), and has the property of canceling out when
r; = ;. Accordingly, the probability of finding two atoms very close to each other is
very small, as expected in the presence of an inter-atomic potential which is strongly
repulsive at the origin.
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f(r)

-
r

Fig. 6.3 The function u(r;;) used in the VMC calculation of the energy of liquid “He. This
function cancels out in correspondence with the repulsive part of the inter-atomic potential, and
is ~ 1 for large distances. The parameter b describes the amplitude of the correlation well of the
particle.

Let us now consider the variational principle (Riesz theorem):

Ur|H|¥7)  (Yo|H[T0)
(Tr|Tr) — (¥o|Vo)

In general, if we chose a trial function which depends on a set of parameters {a},
the best representation of the ground state is given by the condition:

OBr _
ofa}

ET=<

= Eo. (6.33)

0. (6.34)

This derivative is not known analytically. It is necessary to compute the integrals in
(6.33) numerically, and to minimize the function Ep(a) so obtained. The integral
that provides the value Er is calculated by means of the M(RT)? algorithm by
considering

P=T[e . (6.35)
i<j
The latter expression is not normalized, but this is not a problem since in the
algorithm it appears only in the ratio P(y)/P(z).

As a first step, one generates a random distribution of points in the simulation
box (i.e. the distribution P; of the previous sections). Subsequently, new atomic
positions are generated according to (6.26), and the value of the wavefunction is
computed in the new point of configuration space. The move is either accepted or
rejected according to (6.27). Hence, the Monte Carlo estimate for the energy per
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particle becomes

H i
NZ J;TS . (6.36)

By taking for the inter-atomic potential the parameter values € = 10.4 °K (we are
using energy units such that A = 1 and Kg = 1) and ¢ = 2.556 A, we obtain
the estimate Ey pyc = —5.72 °K for the energy per particle (McMillan 1965). This
should be compared with the experimental value —7.14 °K. With a simple model
like this, it is also possible to obtain information on other properties of *He. In
particular, it is possible to estimate the fraction of Bose-Einstein condensate, which
turns out to be about 8%, in good agreement with experimental data.

6.8 Monte Carlo Methods and Quantum Mechanics

The most successful application of Monte Carlo methods in physics, is the possi-
bility of solving exactly the quantum many body problem, at least in some cases.
These algorithms are often generically referred to as Quantum Monte Carlo (QMC)
methods. However, it is possible to identify at least three great families of QMC
algorithms:

(1) Variational Monte Carlo. We expounded this method with an example in
the previous section. In general, VMC consists in finding an approximate solu-
tion of the Schrédinger equation, depending on some parameters, and in utilizing
the variational principle for the determination of the best value of the parameters
themselves.*

(2) Projection Methods. These are methods that solve exactly the Schrédinger
equation for the ground state of a system of interacting Bosons at temperature
T = 0. They may be used to yield approximate, but extremely optimized, solu-
tions for Fermion systems. The two main algorithms are the Diffusion Monte Carlo
(DMC) and the Green’s Function Monte Carlo (GFMC).

(3) Path Integral Monte Carlo. It consists in evaluating averages on the density
matrix of a system (and thus, at finite temperature), using a path-integral-like
expansion. It is exact for Boson systems, and can be used in approximate form for
Fermions (Ceperley 1995).

In the following, we will consider only projection methods, and will describe one
of their possible derivations and their main characteristics.

*For a general discussion see for example Ceperley and Kalos (1986).
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6.9 Propagation of a State in Imaginary Time

In quantum mechanics, the propagation of a state from time Zo to time ¢ is given
by the following expression:

(R, t) = e HEWI Ry (R 14), (6.37)

where R = {r;...rn} are the co-ordinates of the N particles. Let us reparametrize
time by means of an imaginary time 7 = it. Formally, we can rewrite the same
propagator in the following way:

Y(R,T) = e‘H(T—TO)/hqp(R, To) - (6.38)

Let us set A = 1, so that the imaginary time has the dimension of a reciprocal
energy. Moreover, let us put 7o = 0. Next we expand the state v on a basis of
eigenstates of H:

P(R,0) = cndn(R). (6.39)
By applying the propagator (6.38), we obtain
P(R,7) = e HTP(R,0) = Y cne™F ¢ (R), (6.40)

where the E,, are the eigenvalues corresponding to the ¢,. From (6.40), we note
that the components c,e~"F» of the propagated state along the eigenstates of H
decay exponentially with different characteristic times which is proportional to the
excitation energy.

However, it is possible to normalize the wavefunction in such a way as to keep
the component along one of the eigenstates constant. In particular, by considering
the following function:

W' (R,7) = e™TY(R,T), (6.41)
the expansion (6.40) becomes
P(R,7) =) cne T (En=Elg (R). (6.42)

In the 7 — oo limit, we obtain
1_lingo Y (R, 7) = codo(R), (6.43)

i.e. the normalized state, propagated in imaginary time, tends to the ground state,
at most, multiplied by a constant. In general, the propagation in imaginary time
of an arbitrary wavefunction of a system, projects from this function the eigenstate
of H which has the lowest energy, among those along which the initial state has
a non-vanishing component. For a many body system, if one does not impose any
constraint, H has both symmetric and antisymmetric eigenstates with respect to
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particle exchange. It can be shown that the lowest-energy solution, and hence the
state projected by imaginary time propagation, is always symmetric. The projec-
tion algorithm can then be straightforwardly applied only to Boson systems and
therefore, for simplicity we will assume for the moment that the system under con-
sideration consists only of Bosons.

6.10 Schrédinger Equation in Imaginary Time

Equation (6.38) represents the formal solution of a many-body Schrédinger equation
in imaginary time:

—-(%1,0(1%, 7) = HY(R, 7), (6.44)
that is
9 R X
— 5 P(BT) = —5— ; VZ(R,7) + V(R)Y(R,T), (6.45)

where R = {ry,ra,...rn}. Equation (6.45) is equivalent to a diffusion equation with
an absorption term. To better understand its meaning, it is interesting to examine
it in two important limiting cases.

(a) Zero-mass limit

If the mass is very small, the kinetic term becomes dominant, and the equation
reduces to
N

ﬁ2
> VEIH(R, 7). (6.46)
=1

—a%iP(R, T) =g~
It is possible to express the exact solution of (6.46) in integral form:

P(R,T) = /G(R — R, n)y(R',0)dR’, (6.47)
where the Green’s function is given by .

’ 1 (R — Rl)z
G(R-R,7)= ——xexp{—————¢ 6.48
( ) (4nDT1)*T P { 4Dt } (649

where d is the dimensionality of the system, N is the number of particles and
D = h2/2m. The latter quantity plays the role of a diffusion constant.

The function (R, 7) describes the probability that a particle is at point R at
time 7, while the Green’s function describes the probability of passing from R to
R’ in a time interval 7. Finally, ¥(R’,0) is the probability of being at R’ at time
7 = 0. Therefore, to generate system configurations distributed according to the
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solution of (6.46), it is sufficient to start from an arbitrary particle distribution
Y(R’,0), and then to generate displacements according to the Green’s function G,
i.e. to generate a vector in d x N dimensions in which each component is a random
number extracted from the Gaussian distribution G, and then sum it to the initial
positions of the particles. Therefore, the pseudo-dynamics for the walker is given by
the equation:

’I'g =7; + 6,’ . (649)

The positions {r;} will be distributed according to ¥(R, 7).

(b) Infinite-mass limit

If the mass becomes very large, the dominant term is that of the potential energy
and we obtain the following equation:

0
e (R,7) = V(RY(R, 7). (6.50)
For a normalized state e"®o)(R, 7) the equation is modified in the following way:
7]
—5,Y(R,7) = [V(R) — Eo(R,7), (6.51)
and its solution is:
Y(R,7) = Py = o~V (R-Edl7 (6.52)

Equation (6.52) is interpreted as the probability that a walker, which is at R,
survives in this same position after a time 7. Therefore, the walker population tends
to increase where V(R) < Ep, and to vanish where V(R) > Ey. From the point of
view of the algorithm, this means that we should compute the value of equation
(6.52) at point R, and generate at the same point a number of walkers equal to
[PB +¢&], where £ is a random number uniformly distributed between 0 and 1. If the
resulting number is 0, the walker is destroyed. This process is called branching.

In general, the situation is intermediate between these two limits, and the al-
gorithm will have to implement both the diffusive dynamics and the branching
process. To this purpose, we note that the propagator can be decomposed by using
the Trotter formula:

e—'rH — e—‘r(T+V) s e—TTe—‘rV + O(T) . (653)

In the 7 — O limit, the decomposition becomes exact. This disagrees with the
fact that, in order to arrive at a correct projection of the ground state, propagation
should take place for long imaginary times, at least of the order of a few of the decay
time 19 = 1/(Ey — Ep) of the component along the first excited state. However, it is
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possible to split the propagation in time 7, into M propagation steps A7 = 7/M.
If M is large, the approximation (6.53) is quite accurate.

The previous considerations yield a first possible structure of the projection
algorithm:

o Generation of a walker population distributed according to ¥(R, 0).

o Diffusion of the walkers following (6.49) for a short time Ar.

s Calculation of the survival and/or multiplication probability of a walker according
to (6.52).

e Back to step 1, and repeat until propagation for a sufficiently long time 7 is
achieved.

The required ground state eigenvalue, is the value of Ep that makes the population
stationary.

6.11 Importance Sampling

If the potential V has divergences (as, for example, in a system of electrons interact-
ing through the Coulomb potential), the expression for the branching probability
may diverge, and this causes large fluctuations in the walker population. In these
cases it is convenient to employ an approximate wavefunction (obtained, for ex-
ample, by a VMC calculation) to drive the walkers in such a way that they avoid
classically forbidden regions of configuration space. For example, in the presence of a
repulsive potential, the wavefunction should cancel or have a minimum on the hyper-
planes defined by r; = r;. Let us consider, then, a trial function ¥ (R), known as
importance function. We sample the walkers from a density f(R,7) = ¢¥r(R)¢(R,T)
which evolves in imaginary time, and which in the 7 — oo limit is propor-
tional to ¥ (R)¢o(R). We are interested in finding the equation which governs
the distribution f(R, ), i.e. the analogue of the Schrédinger equation in imaginary
time introduced in the previous sections. Let us define the pseudo-force acting on
particle i:

Viyr(R)

It may be noted that
V(f(R,7)F(R)) = 2Vyr(R)V¢(R, ) + 2¢(R, 7)V*¥r(R), (654
V2f(R,7) = Yr(R)V2H(R, 7) + 2VYr(R)V(R, 7) + (R, 7)V29r(R).

By combining these expressions, it is possible to obtain an expression for the Lapla-
cian of the function ¢(R, 7):
V24r(R)

Yr(R)V2H(R,7) = V2 f(R,7) = V[f(R,T)F(R)] + f(R, T)d)—T(RT . (6.55)
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In order to obtain the desired distribution in the 7 — oo limit, the function ¢(R, 7)
must satisfy the imaginary-time dependent Schrédinger equation:

(%d)(R r)=D ZV2 #(R,T) — V(R)$(R, 7). (6.56)

i=1

By multiplying both sides of Eq. (6.56) by ¥ (R), and inserting (6.55), we obtain
the following equation for the probability density f(R,7):

5 N N
5 (B7) = D> Vij(R,7) =D Vi [f(R,T)Fi(R)]

i=1 i=1

—EL(R)f(R,T), (6.57)

where

ErL(R) = Dzvz’/”"’ +V(R)=%’§;—}?,

is the local energy operator.

Equation (6.57) is a Fokker-Planck equation with a source term. To understand
the walker dynamics associated with this equation, let us carry out the same kind
of analysis as for the Schrodinger equation in imaginary time, i.e. let us consider the
two limits of zero mass and infinite mass. The former case corresponds to neglecting
the term depending on the local energy. In this way we obtain a simplified equation:

S f(R7) =D é(v,?f(R, ™) = Vi F(R DER), (6:58)
which, for 7 — oo, has the solution
f(R,7) = ¥H(R).
In fact, if we put the limit of f(R,7) in the following form:

lim f(R,7)= e” V(R

T—00

and
F(R)=-VV(R),
then by substituting in (6.58), we have:
F(R) = 2VIny3(R),
V(R) = Iny#(R),
e™V(R) = yZ(R).
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This means that, if we neglect the branching process, the Fokker—Planck equation
in imaginary time for f(R, 7) corresponds to a suitable dynamics for the sampling of
the variational probability density ¥2(R). The Green’s function for equation (6.58)
is a Gaussian similar to (6.48) and its centre, contrary to what happens for the
free diffusion equation, is shifted along the gradient of the wavefunction ¥ with
respect to the origin R. Thus, the Monte Carlo dynamics has a new term, called
the drift term, which describes the effect of the pseudo-force on the evolution of the
walker population. Therefore, starting with a walker at position R in the d x N-
dimensional space, the new position R’ is generated moving each particle according
to the following expression:

2Vyr(R)
Yr(R)
where £ is a vector in which each component is a random number with Gaussian

distribution as in (6.49).
In the m — oo limit, we have for the normalized function:

ri=ri+D AT+ ¢,

2 f(R,7) = 1~ EL(R)F(R,7). (6.59)

Now the branching probability becomes

Pg = e~ AT(EL(R)—Eo)

Therefore, the introduction of the importance function modifies two steps of the
algorithm:

(1) Addition of the drift term in the walker dynamics.
(2) Use of the local energy in place of the potential energy in the branching term.

This procedure drastically reduces the walker population fluctuations, even in the
presence of diverging potentials. In fact, a proper choice of the analytic form of
yr(R) guarantees that Er(R) is always finite (cusp condition), a condition that is
exactly fulfilled if )7 (R) is an exact eigenstate of the Schrédinger equation. Another
advantage of this algorithm is that it is possible to define in a natural way an energy
estimator, other than the normalization constant. In the limit of propagation for
an infinite imaginary time, the mean value of the local energy Er,(R) computed on
the distribution f(R,7) is exactly the ground state energy. In fact,

_ (¥r(R)|Héo(R))
Bo = e R (6:60)
but since the operator H is hermitian, we have
B, = QB B) _ 4, Nk g (6.61)

(po(R)[Yr(R))  r—o  [f(R,7)dR
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Fig. 6.4 Dependence of the total energy on the time-step 7 in the calculation of the total energy
of Be atom in various variants of the DMC algorithm (courtesy C.J. Umrigar).

Therefore, the energy eigenvalue may be obtained as the mean value of the local
energy on the distribution f(R, 7). For any other estimator, one does not get mean
values on the ground state, but rather matrix elements between the ground state
and the trial variational state. However, let us suppose that for an operator O there
exists a value € << 1 such that [1)7) — |Po) ~ €[thres), Where |tires) is a suitable
combination of excited states of the system. It is easily verified that the estimator

2(¢o|Ovr) — (Yr|Oyr) (6.62)

differs from the matrix element on the ground state by an order of €2. Such corrected
estimator is named mized estimator. More complicated methods for finding pure
estimators, are present in the literature.

A final consideration concerns the validity of approximation (6.53). In general,
the terms o(7) which are neglected in the implementation of the algorithm have
a non-negligible effect on the energy value (time-step error). For this reason it
is, in gemeral, necessary to carry out a T-extrapolation of the results. By suitable
modifications of the algorithm, the effects of the time-step error can be reduced. In
Fig. 6.4, we see how different implementations of the DMC lead to very different
7-dependencies of the results.!

t An exhaustive discussion about the dependence of the time-step error on the details of the algo-
rithm, may be found in the paper by Umrigar, Nightingale and Runge (1993).
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6.12 Fermion Systems and the Sign Problem

Let us suppose we want to use a DM C-like algorithm to study a many-body Fermion
(e.g. electron) system. We might consider starting from an antisymmetric variational
trial function ¥r, and then applying the algorithm as described above. From the
expression (6.61), which gives the mean value of the energy, we deduce that the
result is, in principle, correct if we take as energy reference E§ (i.e. the energy of
the antisymmetric ground state), because the components on the symmetric states
vanish by orthogonality. Therefore, the term in (6.42) which includes e~ (Fo—Eg)
and would be diverging, gives actually no contribution. However, if we compute the
variance of the ground state energy E4':

o = [(H)? - (H?)], (6.63)
then the symmetric components survive in the following expression:

(17— J do(Rypr(R)(E2)2dR
Jéo(R)$r(R)dR

(6.64)

and the term

> cnexp{—(En — E§")T}¢on (6.65)

diverges exponentially. Thus, it is possible to obtain exact mean eigenvalues, but
affected by infinitely large error.

This problem is known as the sign problem and, up until now, it constitutes the
most severe limit to the application of the DM C method to Fermion systems.

In any case, there are a certain number of approximations that make the use of
DMC possible and, in some cases, yield almost exact results. The most widespread
of these is the fized-node approrimation. Essentially, it consists in imposing artificial
boundary conditions on the problem, by requiring that the DM C projected wave-
function has the same zeroes as the antisymmetric trial function. In this way, the
problem is reduced to a standard calculation for the positive (or negative) part of
the wavefunction. The antisymmetry and continuity of the wavefunction imply that
it must become zero on a (3N — 1)-dimensional hyper-surface in the 3/V-dimension
space of the system under study. Such hyper-surface (the nodal structure) in general
is not known, but it may be optimized by means of variational methods. Though
the resulting error may be estimated, it cannot be determined a priori.

The following is an example of trial function for a system of electrons:

Yr = Ulry) Z DID}, (6.66)

i<j

where DiT and Dil are Slater determinants, made up of suitable single-particle wave-
functions, and which represent the antisymmetric part. The U(r;;) is the correlation
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Fig. 6.5 Evolution of the mean value of energy in a DMC calculation with free nodes for 14 *He
particles. Note that the error bars rapidly increase with imaginary time.

function, and may include up to more than ten parameters. Let us assume that we
made a good choice for ¥, i.e.

o?(H)=0. (6.67)

The calculation goes on by modifying with DM C the trial function only in the
regions with constant sign, removing the walkers that pass from one region to the
other. The results that one obtains are, in general, good for electron systems (they
have been presented several times in this book), while in other cases (like He) the
method is not as satisfactory.

Recently, remarkable progress has been made in the development of an algorithm
which is able to exactly project the ground state of Fermion systems (Kalos and
Pederiva 1999). At present, this is still an active research field.
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Chapter 7

The Linear Response Function Theory

7.1 Introduction

The second part of this book is devoted to the study of the excited states of inter-
acting many particle systems, which can be described by a Hamiltonian like that in
(1.1). Moreover, the particles interact with an external oscillating field (responsible
for the excitation of the system) through an interaction Hamiltonian Hins.

As we did in the first part of the book, which is devoted to the study of the
ground state of a many body system, we will consider both homogeneous and finite
systems of Fermions and Bosons. In any case, the interesting quantities that can be
tested experimentally are the matrix elements

|{n|F|0)|? (7.1)

of an observable F' between the ground and excited states of H (which in turn
are the solutions of the equation H|n) = E,|n)), and the corresponding excitation
energies

E, - Ey. (7.2)

In Chapter 1 we showed that these quantities can be easily computed for a
one-body operator F' = Zf; 1 f(z;), in the case of the independent-particle model
(IPM) where two-body interaction is neglected in H. The relevant excited states
are the one-particle—one-hole states |i~!m), and the matrix elements of the operator
F are given by (1.19) for Fermions, and (1.21) for Bosons. The corresponding exci-
tation energies are given by the difference €,,,; = €, — €; between the single-particle
energies of the hole and of the particle. It might be asked whether the IPM pre-
dictions are in agreement with experimental data, or fail completely. To try to give
an answer to this question, let us compute, for a homogeneous system of Fermions
and Bosons, the dynamic form factor:

S(a,w) =Y [(nlpq|0)*8(w —wno),  wno = En — En, (7.3)

195
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for the density operator:

N
Pq = Z el = /dr e p(r), (7.4)
i=1

with p(r) = Zfil &(r — r;). This quantity, which was previously introduced in
Section 1.8.1, can be directly measured by inelastic scattering experiments, and in
the IPM is given by

S(qw) = Z [{mi™"|pq]0)[*8(w — €ma), (7.5)

where the sum runs on all the one-particle-one-hole states. In the case of non-
interacting homogeneous systems, the single-particle wavefunctions are plane waves.

In the 3D Fermion case, the calculation of S(q,w) was carried out in Section 1.8.1
for small g (i.e. ¢ much smaller than the Fermi momentum), and we obtained the
following analytical result

2
;—nw—% for0<w< quF
S{q,w) = § , (7.6)
0 for w > Zm_F

which shows that for any value of ¢, the dynamic form factor S(q,w) tends to zero
when w — 0, as a consequence of the Pauli principle which limits the number of
low-energy excitations for Fermions. The excitation spectrum is a continuum in the
range

0 < emy quF/m-

In the case of a three-dimensional homogeneous system of Bosons at zero tem-
perature, whose I PM ground state is the product function

0) = @5, (21)@i, (%2) - - - s, (2Tn) , (7.7)

where the ¢;, (z) are all equal to each other, and is given by the plane waves ¢;, =
¢’Pr /\/V characterized by the momentum p (which can be put equal to zero), the
calculation of the matrix element (1.21) for the density operator leads immediately
to the result

(mi;pql0) = VN, (7.8)

and to the existence of only one possible excited state at energy €pm:, = q%/2m.
Therefore, for a system of non-interacting Bosons we have the following expression
for the dynamic form factor:

2

S(q,w)=N-5< —;—m) _ (7.9)
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In summary, the independent-particle model makes the following predictions
for the dynamic form factor: for Fermions, the existence of a continuum of single-
particle states with energy w between 0 and gkp/m, among which the strength is
distributed, and which — for all (small) g-values — goes to zero when w goes to
zero; for Bosons it is the existence of only one single-particle state at energy q?/2m
which picks up all of the available strength.

In nature, the closest realization of an interacting Fermi gas in three dimen-
sions, is an alkali metal: for example, in sodium each atom has a valence electron
which is nearly free because it is very far apart from the core electrons placed into
closed shells. The ensemble of such valence electrons constitutes a gas of nearly-free
electrons, which move in the field of the uniformly distributed ions, and under the
effect of their mutual Coulomb interaction. The excitation of this valence-electron
gas is realized by striking an electron beam on the alkali metal, and measuring the
inelastic cross section of this process at various transferred momenta, as a function
of the energy transferred to the system. The inelastic cross section is proportional
to the dynamic form factor.

The data of Fig. 7.1 show that S(q,w) behaves quite differently from the predic-
tion of the independent-particle model in the limit of small ¢g. The cross section at

Intensity (arb. un.)

Energy (eV)

Fig. 7.1 Experimental excitation spectrum of Sodium (Von Felde et al. 1989) as a function of
energy, for different values of the transferred momentum.
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Fig. 7.2 Experimental data (Donnelly et al. 1981) on the dispersion of elementary excitations in
superfluid *He.

fixed ¢, as a function of the energy absorbed by the system, is characterized by the
presence of a peak at a well defined energy, which does not go to zero when g tends
to zero, and which collects practically all of the excitation strength of the process.
It is only at high values of g that this state decays into low-energy single-particle
states. This excited state, at small values of the transferred momentum, has nothing
in common with the single-particle states of the IPM, and is a collective excitation
of the system called plasmon.

As regards Bosons, if we consider superfluid 4He as an example of homogeneous
system of Bosons, the experimental data of Fig. 7.2 show that at low g, these
excitations have phonon nature with a g-linear dispersion law which has nothing in
common with the IPM predictions.

Therefore, the comparison with experimental data evidences the shortcomings of
the independent-particle model for the description of the excited states of a Fermion
or Boson quantum liquid, and poses us the problem of setting up a general theory for
the description of these states. Such theory should take into account the interaction
among particles.

By “quantum liquids”, we mean both the “real” quantum liquids that are found
in nature, i.e. *He (Bose) and 3He (Fermi) which have the property of being liquid
in such a low temperature range that quantum effects connected to degeneracy and
interaction cannot be neglected, and the conduction electrons in metals, semi-metals
and semiconductors, as well as nuclear matter and the very recently realized Bose
condensates of alkali atoms.
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7.2 General Formalism

An N-particle system described by Hamiltonian H can be excited by making it
interact with a beam of external particles, and subsequently studied by measuring
its response to the external field that describes this interaction. If the interaction is
sufficiently weak, the system response is linear and completely determined by the
system’s intrinsic properties (i.e. those in the absence of the external field).

The theory of the linear response function allows the study of the excited homo-
geneous and non-homogeneous states, of interacting systems, both at zero and at
finite temperature. We will begin with the zero-temperature response, and discuss
the finite-temperature effects in another Section. 7

The interaction Hamiltonian of a system with an external field that oscillates in
time with frequency w, may be written as

Hing = M(GTe™™* + Ge™*)e™ . (7.10)

The quantity A gives the field intensity. G is an operator which depends on the
space, spin, isospin, . .., variables of the N particles of the system, and contains the
physical information pertaining to the type of excitations to which the system is
subjected. The factor €7, with 7 positive and small, guarantees that as t — —oo
the system is described by the unperturbed Hamiltonian H and is in the ground
state |0).

The interaction (7.10) produces time dependence in the N particles wavefunction
|4(t)) which is the solution of the equation:

(H + Hn[9(t)) = i [9(6) (711)

and, consequently, the mean value of an operator F' on such a state, can be written
as

WO Fp(t)) — (0|F|0) = Fye~™te 4 F_eiwtent (7.12)

Equation (7.11) is to be solved with the boundary condition that for t — —oo the
system is in the ground state |0).

The linear response function of the system to the external field (7.10) is defined
as

Fy
F,G,w) = lim —. 7.1
X(F,G,w) = lim (7.13)

Note that this definition generalizes to the quantum case the classical definition of
linear response. For example, consider the electrostatic polarizability a of a classical
system. This is the linear response of the system to an external electric field E. If
P is the induced dipole moment, we will have

. P
o= 1_}71310 5 (7.14)
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The linear response function to an electric field that oscillates in time, is also known
as dynamic polarizability.

Using the usual procedures of perturbation theory, let us look for solutions of
(7.11) of the form

() =D an(t)e 4 n), (7.15)
where the boundary condition corresponds to
1 ifn=0
an(—00) = ) . (7.16)
0 ifn#£0

By retaining only the first order terms in A, we find (n # 0):

an(t) =2 [Me(—iw+iwno+n)t _ (anl()) e(iu+iwna+n)t] . (717)
W — Wpo + i W+ Wpo — 1N
Then, at first order in A we have
(Y ()| Fl(t)) — (0|F|0)
=Y [(0|F|n)an(t)e="net + (n|F|0)al, (t)e™"] . (7.18)

By substituting (7.17) into (7.18), separating the coefficients of e~** from those of
e™?, and bearing in mind that (0|G|n)* = (n|G'|0), we obtain from the definition
(7.13) the following expression for the linear response

(FGw) =T [<0|F|n><nfG*|o> <0|G*|n><n|F|o>} | (19)

W — Wnpo + 1 W+ Wpo + 1

n

From equation (7.19) we see that the knowledge of x means the knowledge of both
the excitation energies (i.e. the poles of x) and the matrix elements of the operators
(i.e. the residues in the poles of x): therefore, if we succeed in calculating the linear
response, we automatically achieve what we are looking for, viz. the matrix elements
between ground and excited states, and the excitation energies.

If F is Hermitian and equal to G, or if F' = G but not Hermitian (e.g. F =G =
pq) and the unperturbed system is time-reversal invariant (so that |(n|F|0)[*> =
l(n|F|0)|2), then equation (7.19) takes on the simplified form:

[(n|F|0)}>
X(F, w) =2 ;wnom . (720)
Note that in the case of the density operator, the relation |(n]pq|0)|? = [(n]p}]0)|?
and consequently equation (7.20) still holds even if the time-reversal symmetry is
broken as long as the system retains parity invariance. This case, i.e. the density
response, will be discussed in detail in Section 7.5. Note also that in the case of
the nuclei, equation (7.20) cannot be derived from equation (7.19) starting from



General Formalism 201

operators of the form F = G =), f(r;)7", where 77 is the isospin operator which,
by operating on the proton state produces the neutron state. In fact, for nuclei with
an excess of neutron the operators F and FT = 3", f(r;)7~, (where 7~ changes the
neutron state into that of the proton) excite different states and the two excitation

strengths
] Y- £ o)

and
ol 3 £(xi)

are different.
Using the Dirac relation

L =P<Iia>~i7r6(z—a), (7.21)

im
-0 x —a-+1m

we have that the real and imaginary parts of x are related to the dynamic form
factor

S(F,w) = Z| n|F|0)[26(w — wno) (7.22)
which generalizes the definition (7.3) to any excitation operator F, by

Re x(F,w) = /0 " &' S(F, )P (w—ff’?) , (7.23)
and
S(F,w) — S(F, —w) = —%Im[x(F, W] (7.24)

Note that at zero temperature, S(F, —w) is identically zero for w > 0 because the
excitation energies wy,, are always positive since the system is initially in the ground
state. Therefore, for positive w-values, S(F,w) and the imaginary part of x coincide.
As we will see, at finite temperature this is no longer the case.

If ' = G but not Hermitian such as in the case of the following operators

N
F=G=) mof o =(0s+io,)

wlh—‘

or

N
F=G=Z7‘,‘ei0,

and if the system is not time-reversal invariant (i.e. it is either spin-polarized or
angular momentum-polarized), or if we have a nucleus with an excess of neutrons
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and we are considering charge-exchange processes described by operators like those
discussed previously, then in these cases x takes the form

|[(n|F1|0)[? [(n]F|0)]?
. 7.25
X = Z[u} Wno + i1 w+wno+in ( )

In this case the operators F' and F' excite different states of the system and
S(F,w) # S(F',w), and the following relation holds

_%Im x(@) = S(Ft,w) — S(F, ~w), (7.26)

This relation allows us to extract both S(F') and S(F), once the imaginary part
of the linear response is known along the whole (positive and negative) w axis.

7.3 Linear Response Function and Sum Rules

The linear response function (7.20) can be related to the moments my, of the dynamic
form factor (7.22), defined by

my = / dww* S(Fyw) =Y wk [(0|F|n)?, (7.27)
0 n
by expanding x(F,w) as a function of w. In the two cases of w — o0 and w — 0 we
obtain
2 1

hm x(F,w) = my + —3M3 +- (7.28)
and

Iin}) x(F,w) = -2(m_1 +wim_s+--.), (7.29)
respectively.

By using the completeness relation ). |n)(n| = 1 and the equation H|n) =
E,|n), it is possible to write the moments (7.27) with k& > 0 as the mean values
on the ground state of commutators [ ] and anticommutators { } of the excitation
operator F' and of the Hamiltonian H. For time-reversal-invariant systems, the
following sum rules are derived:

mo = = (O1{F, F1}[0) ~ (0|F|0)?,

2
my = SOILF, [, F1I0),

; (7.30)
ma = S(OHIF,H), 1, F1}0),
ma = 3 0|7, H, (7, [H, F']j0).
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Note that in the odd sum rules only commutators appear, while in the even ones
anticommutators appear as well, and that in the expansion (7.28) only odd moments
with k& > 0 appear. The moments with ¥ < 0 may also be expressed through
commutators and anticommutators. For example, we can write

1
m_y = S(Ol(XT, H, X)0),
. (7.31)
m-z = 5(0\{)(1’ X}|0> ’
where the operator X is the solution of the following equation
H,X]=F. (7.32)

In the expansion (7.29) only moments with negative odd k enter. Among these,
the most important is certainly m_;, which is connected to the static polarizability
x(F,0) of the system by the relation

my =y WOUFIP __xB0) 33)

As an example of the calculation of a sum rule, let us compute m; for the electric
dipole operator

N
F=D=e Z Zi,
i=1
in the case where the system is a neutral atom with N electrons and Hamiltonian
given by
N 2 2 2
Ne e
2m r £ |r; — 1j]|
i=1 v i<j

The dynamic form factor for the operator D is directly observable. For example, in
photo-absorption experiments where the cross section o(w) is related to S(D,w) by
the relationship

o(w) = 47%wS(D,w) . (7.34)

The evaluation of the double commutator of equation (7.30) is very simple, because
the dipole operator commutes with both the one-body nuclear potential and the two-
body Coulomb interaction, because both are local terms, and the only contribution
comes from the kinetic energy. The result is

_ Nh2e?

2m

mq (D)

, (7.35)
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independent of the model and known as the Thomas—Reich-Kuhn sum rule. Using
equation (7.34) we have

2,2
/ o(w)dw = 4n?my (D) = 22 ’:ne , (7.36)

which means that the area underlying the photo-absorption cross section plotted as
a function of the photon energy, is proportional to the atomic charge.

The sum rules (7.30) may be generalized to any operator F' and G, starting from
the following mixed expression:

m = 5 3wk (0LFIn) (rIG10) £ (0]GHn) (n] F10))

= %((OIF(H ~ Eo)*G|0) £ (0|G1(H — Eo)*F|0)). (7.37)
For k = 0,1,2 we obtain
m§ = S (OHF,GN0),
mt = (OIE,[H,GH]), (7.38)

m§ = S(O1{IF, H],[H,G'I}0),

and
my = 3 (OlIF, G0},
my = %(0|{F, [H,G']}0), (7.39)
my = S(Ol[IF, H], [H, G0

Clearly, when G = G = F, we will have m{’, m, mJ coincide with the sum rules

of equation (7.30), while mg, m{, m; vanish. This holds also in the F' = G = pq
case, provided the unperturbed system is parity or time-reversal invariant.

The sum rules mgy, m}, my,... enter into the w — oo expansion of the linear
response x(F, G,w) of (7.19):

. 2 I S
wlglgo x(F,G,w) = = (mo + ;ml + EmZ ) . (7.40)

As an example of application of the mixed sum rules (7.37), let us consider
a quantum dot under the effect of a static magnetic field perpendicular to the
electron motion (which is confined on the z,y plane), with Hamiltonian H given
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by equation (5.1), and let us compute the sum rules mg, m§, m3 and mj for the
operators

N
F=F = ere_wf
Jj=1
and
N
GT = F+ = ere‘l'wj .
j=1

These are dipole operators with angular momentum —1 and +1, respectively, and if
the dot in its ground state is angular-momentum-polarized and has (0|L,|0) = —Lq,
with Lo = >"7°°l;, then they excite states with AL, = F1, respectively. For a high
external magnetic field, these two excitations — at IPM level — are one-particle—
one-hole excitations among single-particle states belonging to one Landau level in
the first case (edge excitations), and among states belonging to two different Landau
levels (bulk-like) in the second case.

The calculation of the commutators is very simple because the two-body inter-
action commutes both with F* and with the results of the commutation between
H and F*, which is given by

N
We . .
H F¥|=22F* —iP*,  P*=3 (p. +ip,);.

=1

We can thus find (in effective atomic units) the following

mgy = 0,
mi" =N,

(7.41)
my = weN,

mi = (W +w)N.

The results for the above moments, may be used to compute the excited state
frequencies of the operators F*, if one makes the further hypothesis that such
moments are saturated by only two modes with frequencies w,, which are excited
respectively by the operators F*:

S (W) = 0F6(w —ws), (7.42)

where 0% = |{(w4|F*|0)|? are the corresponding strengths. The hypothesis (7.42),
in conjunction with the result mg = 0, implies 0+ = ¢~. In this case, then, one
immediately finds

Wi —wo = —F =w, (7.43)
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and

3,3 +
witwt  mg

wyt+w-  mf

1 c
we = yfw + w2 E % , (7.45)

which is an exact result for the Hamiltonian (5.1) of the quantum dot (generalized
Kohn theorem, see also Section 8.10.1).

Review papers on sum rules, where many applications of this method are dis-
cussed, are those of Leonardi and Rosa-Clot (1971); Bohigas, Lane and Martorell
(1979); Lipparini and Stringari (1989) and Orlandini and Traini (1990).

wi +w?, (7.44)

from which it follows that

7.4 Finite Temperature

The formalism of the linear response function at finite temperature is very similar to
that of the zero-temperature developed above. However, there are some differences
worthy of being stressed.

At zero temperature the excitation operator F' induces a transition between the
ground state |0) and one of the excited states |n) with n # 0. If the system is at
equilibrium at a finite temperature T, then the ground state is a statistical mixture
defined by the density matrix (2.76):

D= pulkyH,
k

where py is the probability of finding the system in the state |k), given by

e BEx
P =7, (7.46)

with Z = 3, e PEx equals to the partition function. The dynamic form factor
associated with the excitation operator F is generalized from equation (7.22) to

Sr(F,w) =Y pal(n|FIk)[6(w — wnr), (7.47)
k#n

where wpr = E,, — E.

During the interaction of the system with a test particle at finite temperature,
it is possible to transfer energy both from the particle to the system, and from the
system to the test particle because negative excitation energies wyx are admissible.
At thermal equilibrium, the two probabilities (which are proportional to S(F,w)
and S(F, —w), respectively) are not independent. The relationship existing between
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S(F,w) and S(F,—w) is known as the principle of detailed balance. To derive it, it
is sufficient to interchange the indexes n and k in (7.47), obtaining

Sr(Fw) = Z71 Y e P |(k|F|n)|*6(w + wnk)

k#n
= Z71Y " e PEED BB | (n| FT k) |28 (w + whk)
k#n
= PvSp(F1, —w). (7.48)
Assuming time-reversal invariance so that St (FT, —w) = S7(F, —w), we finally find
Sr(F,w) = P Sp(F, —~w). (7.49)

At zero temperature the imaginary part of the response function and the dy-
namic form factor coincide for positive w, and only processes by which energy is
transferred to the system are allowed. At finite temperature these two functions are
quite different for small Sw values. This can be easily seen starting from the Kubo
result for the linear response function at finite temperature:

2wpk
x(F,w) -1 e PEx (n|F\&)* ——————, 7.50
(F) = 27 S PP FIN (7.50)

which holds for time-reversal invariant systems. Using relation (7.21), the imaginary
part of x can be written as

Im x(w) = —7[Sp(F,w) — Sr(F, —w)], (7.51)
and using the detailed balance condition (7.49) we obtain the relation
Im x(w) = —7[1 — e P¥)Sp(F,w) (7.52)

known as the fluctuation-dissipation theorem. Relation (7.52) shows that the imagi-
nary part of the linear response function and S7(F,w) can be different at finite tem-
perature. In general, S7(F,w) is much more temperature dependent than Im x(w)
which, for this reason, is a more fundamental quantity from the point of view of
many body theory. It is also known as the dissipative component of the response
function of the system. In fact, by means of second order perturbation theory, it is
possible to connect Im x(w) to the energy transferred per unit time by the external
field to the system (see Section 7.5).

The moments of the dynamic form factor (7.47) are given by the following gen-
eralization of (7.27):

+oo
mp = / Sp(F,w)wPdw = Zpkl(mFlk) 2WP, . (7.53)

—© k#n
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Note that these moments, contrary to the T = 0 case, get contribution from negative
w as well. It can be shown that the moments defined as in Eq. (7.53) obey the usual
sum rules, i.e. that the m, with p > 0 are the mean values on the statistical mixture
D. For example, in the case of the energy-weighted sum rule m; for the Hermitian
operator F', we have

my = Te{DIF, [H, Fl]}
= STHDQFHF - HF? — F*H)}

1
=3 Z |(n|F|k)|>(2E,, — Ex, — Ex)pk
k#n

= Z ](n|F|k)]2(En - Ee)pk . (7.54)
k#n

In what follows, for the sake of simplicity, we will indicate the mean value of an
operator A on the statistical mixture D by (A), which will stand for*

Te(DA) = 3 palnlAln).

7.5 The Density Response

The density response is a quantity that allows one to study the dynamic behavior
of an interacting many body system, both at zero and finite temperature. It can
be measured by inelastic scattering reactions and can be used to provide impor-
tant information both on the collective states that are excited at small transferred
momentum, and on the momentum distribution which characterizes the system at
high-transferred momentum.

As we have already discussed in Section 7.2, the density response corresponds
to the case F' = G = pq in (7.19). If the unperturbed system is parity-invariant or
time-reversal-invariant, it is possible to write the density response x(q,w) as

n|pqlk)|?
x(q,w) =2 ;pkwnk@%% : (7.55)

It can be written as a function of the dynamic form factor (7.47) as

l “C‘ (q ("“) ’S( q u’) 7
y ! ? —_— ? .56
X(q1 ) / |: 12 'L i 1/ bl ( )

— 00

*See Eq. (2.77).
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and the real and imaginary parts of x can be expressed as

+00

Re x(q,w) = /

-0

, 1 e 1
dw [S(q,w)Pw_w/ S( q,w)Pw+w, (7.57)

and
S(aw) — 8(-a,~) = —Im{x(aw)]. (7.58)

If the system interacts weakly with a test particle, and v{(q) is the Fourier trans-
form of the interaction, the probability per unit time that the particle transfers
momentum q and energy w to the system, P(q,w), is related to the dynamic form
factor S(q,w) by the relation

P(q,w) = 2rfv(q)|*S(q,w) . (7.59)

As was discussed in Section 7.4, at finite temperature the test particle can either
transfer momentum q and energy w to the system, or extract them from the system.
The energy transferred per unit time between the external field and the system is
given by

22 — arfo(@|w(S(a ) — S(-a,~w)) = ~2h(@) Pulmlx(a, )] (760)

Equations (7.53) and (7.58), together with the identity S(q,w) = S(—q,w)
which holds for parity- or time-reversal-invariant systems, allow us to write the
following relation among the odd moments of S(q,w) and the imaginary part of x:

1 o
mapps = =7 [ WHIm [x(aw)lde, (7.61)

independent of temperature. For example, the sum rule m; also known as the f-sum
rule in the case of local potentials, for which

[H, pq) = q-Jq (7.62)
where
1 &, .
Ja = g D_(Bie' ™ 9 p) (7.63)
i=1
takes the value
Ng?

The result (7.64) holds for any ¢ and at all temperatures, and does not depend on
the model used to derive it. For example, the independent particle model which,
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for small g and zero temperature, yields the result (7.6) for S(q,w), reproduces the
f-sum rule:

*E 9 2 3 2 2
» mV e q Ngq
= —_— d = —f —— = = = —, .
m / 272q Y= om 3 om Ve 2m (7.65)
Another important odd sum rule is the mg given by
1
ms = 5{[lpa, H], [H, [H, p-q]ll) - (7.66)

For local potentials, for which (7.62) holds, we see that the mg3 is determined by the
double commutator of the Hamiltonian with the component of the current (7.63)
parallel to q.

Among the odd negative moments let us consider m_,, which is related to the
static polarizability x(q,0) by the relation

m_1 = —2x(a,0). (7.67)

In the g — 0 limit and for homogeneous systems, it is easy to show (Pines and
Nozieres 1966) that the static polarizability of neutral systems is related to the
isothermal compressibility K of the system by the relation (compressibility sum
rule)

+o0
lim x(q,0) = -2 lim/ S{q, w)ldw = —NpK, (7.68)
q—0 7—0 J_ w

where p is the density of the homogeneous system and the compressibility K is
defined by

1 opP

—_—= = 7.69
and the pressure P can be obtained from the energy of the system
9(E/N)
=pl 2 7.70
P=p B ( )

The isothermal compressibility can also be expressed through the isothermal sound
velocity v as (Kp)~! = mv?.

The even moments are more difficult to evaluate and, as we will see, their relation
with Im(x) depends explicitly on temperature. Let us consider, for example, the

moment mg given by

mg = /+°° S(q,w)dw = NS(q), (7.71)

— 00
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where S(q) is the static form factor:

S(@ = 5 3 pelinlpal)P
k#n

Zpk| (nlpqlk)? Z;Dk| klpalk)|®

2|

1
= 5 | 2o prtklo—aln)(nipqlk) - Zpkl klpqlk)[?

k,n

= S Up-apa) ~ l(pa) ) (7.72)

which, as obvious from (7.72), is determined by the density fluctuations.
In the limit of zero temperature, S(q) can be expressed through the ground
state two-body density matrix as

S@=1+5 / drydra[p® (r1,15) — p® (01)pD (r2) el =52 . (7.73)

If the system is homogeneous, p(® (r1,r2) can only depend on r = |r; — ra| due to
translational invariance, and we have

p(2) (ry,r2) = p2g(r), (7.74)

where

9(r) =7 Z o0 (7)

a,0’

is the spin-averaged probability of finding two particles at relative distance r, while
p is the one-body diagonal density which is a constant of the system. Therefore, we
obtain

qQ =1+ p/dr(g(r) —1)elar, (7.75)

This formula allows us to derive g(r) from S(q) by taking the Fourier transform.
Note that for large ¢, S{q) — 1. In this limit, only incoherent processes are impor-
tant, in which the particle is scattered by the individual constituents of the system,
and only the { = j term in the sum p_qpq = Eij e (ri—135) contributes to the

’

static structure factor. In the same limit, the dynamic form factor can be written

S(q,w) = /n(p)6 <w - (% - %)) dp, (7.76)
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and is entirely determined by the momentum distribution n(p) of the system (P.
Hohenberg and P. Platzman 1966). The situation is completely different at small q,
where coherent processes dominate.

By using the relation (7.52), together with the antisymmetry property of Im(x)
under the exchange of w into —w [see Eq. (7.51)], it is possible to put S(q) in the
following form

+o00 1 +oo ﬁw
NS(q) = / S(q,w)dw = ———-—/ Im x(q,w) cotgh—dw . (7.77)
oo 27 J_ oo 2
When q is small, the integral in (7.77) is dominated by the region where w <« KT
and it is possible to replace the cotangent by the reciprocal of its argument. Then,
if we use the result of equation (7.68), we find

K
lim S(q) = P )
g—0 B
This shows that at low transferred momentum the density fluctuations have thermal
origin. In any case, at very low temperature thermal fluctuations are quenched and
the validity of (7.78) is limited to very low momenta.

(7.78)

7.6 The Current Response to an Electromagnetic Field

The current response to an electromagnetic field is the quantity that allows for
the study of the conductivity and diamagnetic properties of an interacting charged
many-body system.

Of particular interest is the transverse current response function defined by

|(n]jq,110)}? '
, _2§ Wno o Mat O 7.79
1(q,w) w @t —wly’ (7.79)

where jq is the current operator:

N

> (pie™ T+ ripy),

=1

1

Ja = 2m

and jq, 1 is an arbitrary component of jq perpendicular to q. x1(q,w) is related
(see, for example, Pines and Noziéres 1966) to the transverse conductivity by

ie? N
= — — 7.80
o1lae) = (xu@w + 1), (7.80)
and its static part x,(q,0) is connected to the magnetic permeability pas by

1
gy = lim

. (7.81)
=0 1+ 4% (x1(a,0) + &)
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The corresponding diamagnetic susceptibility xp is then given by

Mm—1
xp ="~ —. (7.82)

The longitudinal current response function, defined as

2 [{nla - a0}
xj(q,w) = = 0 : (7.83)
e e) g2 =" (wH+1in)? —wiy
can be related to the density response x(q,w) of the previous Section using the
identity
N @2
- 7.84
X]| (qv (U) + m qz X(q: UJ) ) ( )

which immediately follows from equation (7.62) and (7.64). The result (7.84) ex-
presses the gauge invariance of the theory. The relevant excited states in (7.83)
involve single-pair, collective states (plasmons) and multi-pair excitations. On the
other hand, plasmons do not contribute to the transverse current response function
(7.79), since transverse excitations do not involve density changes which are at the
origin of plasmons (see Section 8.4).

From equation (7.84) it follows that

x)(q,0) = -% : (7.85)

This result is directly equivalent to the f-sum rule. In the opposite limit, q = 0 and
w # 0, the longitudinal and transverse current responses coincide, and the relevant
matrix elements entering their expressions are also the ones determining absorption
of light on the system [see Eq. (7.34)] since the dipole operator D = 3", z; is
connected to the momentum operator by [H,D] = —(i/m)P, where P = 3. p;.
For translationally invariant systems for which the identity [H,P] = 0 holds, one
obtains

X (0,w) = x1(0,w) =0, (7.86)
as follows immediately from equations (7.79), (7.83) and the result
wno(n|P|0) = (n|[H,P]|0) =0. (7.87)
In the ¢ = 0 limit the conductivity is given by

: 2
o(0,w) = lﬁi : (7.88)

and hence

Re [0(0,w)] = 0. (7.89)
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The DC conductivity which is obtained from the real part of the conductivity by
taking the q — 0 limit and subsequently the w — 0 limit, is zero for translationally
invariant systems. The homogeneous electron gas does not absorb any light. The
possibility of nearly free-particle systems to absorb light and to conduct is due
therefore to its imperfections or deviations from homogeneity.

In the general case (non-translationally invariant systems) one has

Re [0(0,w)] = —€’Im [Mm,_w)] = 7re2ﬁRl—£m’—w), (7.90)

w

where S(P,/m,w) is the strength of the operator P, /m:

S(Pa/m,w) =Y _ |(n|Pa/m|0)[*6(w — wno) , (7.91)

and P,/m is an arbitrary component of P/m. It is straightforward to demonstrate
that the conductivity (7.90) fulfills the sum rule:

/Re [0(0,w)ldw = /71'62 S(Paim’w)dw = meN . (7.92)

2m

Using the formalism introduced in the previous two Sections, it is then easy to
generalize result (7.90) to the case of finite temperature. The result is

Re [0(0,w)] = ﬂe’%[l — e PS(Py/m,w) ,‘ (7.93)
where
Sr(Pa/m,w) = ;pklmlPa/m!kHzé(w = Wnk) , (7.94)
and

pr =e PEx )7, Z = Ze‘ﬁE’“ .
k

For non-translationally invariant systems the Hamiltonian can be written as
H = Hy+V, where Hy is the homogeneous electron gas part, while V' is the potential
which causes other forces besides electron—electron interactions. For example, V
could be the sum of the interactions with the crystalline potential, with impurities
of density operator p;(q), or with phonons. In this case one has

[H, &] = [V, 5] = VoV =——Fa, (7.95)
m m m m
where F,, is the force due to the potential V. By using the result

(n]F,|0), (7.96)

(nllH, 22j0) = wnolnl 2 0) = — -
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equation (7.90) yields the following expression for conductivity
o2
Re [0(0,w)] = —5—=S(Fa,w), (7.97)

where

S(Fay) = —=Im [x(Fay )] = 3 |(nlFal0) P60 — ) (7.98)

n

Equations (7.97) and (7.98) are easily generalized to the case of finite temperature
and serve as another possible starting point for the evaluation of the conductivity.
Applications of these formulae for several different kinds of potentials V can be
found in the book by Mahan (1981).

We now discuss the diamagnetic properties of a many-body system. These are
obtained from the transverse current response (7.79) by taking at first w = 0 and
then the q — 0 limit.

In a homogeneous system, the main contribution to the static transverse current
response, in the g — 0 limit comes from single-pair excitations (the longitudinal
plasmon mode does not contribute for reasons of symmetry, while multi-pair ex-
citations are negligible in the long wavelength limit). The static response is given

by

2 np(l —n -ny)?
x1(a,0)=-—5%" o ':’q)(p L) (7.99)
P Pa

where np, is the Fermi distribution (1.73), wpq is the excitation energy (1.93) and
n is a unit vector perpendicular to q. It is easy to show, by a suitable interchange
of indices that Pauli exclusion principle plays no role in the summation over p in
(7.99). We then obtain

_(p-ny)?
X1(q,0) = —= 7.100
(q,0 ,,%,: eyt (7.100)

Replacing the sum with an integral and carrying out the angular integrations, one
gets

N 1 Pr 2 9 p—q/2
e S e — I§ . .
x1(q,0) 5 + 573 ‘1/0 dpp (p° —q*/4) n(p o2 (7.101)

Expanding the logarithm in powers of ¢/2p one finally obtains

N N ¢
I 0)=——+ =" 102
lim x1(q,0) =~ + ol (7.102)
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where the term of order ¢? is responsible for the weak diamagnetism first calculated
by Landau. The magnetic permeability is then given by

1

= 7.103
pM =17 Nre?/mc?p%’ ( )
and the corresponding diamagnetic susceptibility is given by
MM — 1 Ne? 1
_ ~ =_= 7.104
XD ye Tt~ 3P (7.104)

where xp is the paramagnetic spin susceptibility for the non-interacting electron
gas (xp = —poXo of Chapter 1).

In a finite size many particle system, the static transverse current response can
be calculated exactly at order g2 for the many-body Hamiltonian (1.1). In order to
reach the goal, it is convenient to write jq, ;i as

. i
jar =3 (IH,01- 2Q), (7.105)
where
N 3 .
O = Z(Iielqyi +eig,),
i=1
and

N
Q= Z(xipgeiqyi + eV ply |
i=1

Using the result of (7.105) one can write

x1(q,0) = -2 M&::TIOE

1
= —5 > wnol(nl0f0)

K leIOH
(O[QTO +0'Q|0) — 2 - E : . (7.106)
This expression, truncated at order ¢2, gives
N N¢? | n]L |0)|
= 7.107
X1(0,0) = o+ T (e ) — o 2§j (7.107)

where

N{z? +y) = (0| Z(r? +92)[0)
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and L, is the z-component of the angular momentum. Using the results
|[(n|L:]0)}?
0=2 Lkl w2

and
Opig = mN(m2 + y2) ,

where © is the moment of inertia of the system (see Section 10.1.4) and ©,;, the
rigid value of © one gets for the magnetic permeability:

1
ping = , (7.108)
[+ 2560~ ©)
and for the diamagnetic susceptibility:
un — 1 e? <)
= ~ — Orig | 1 — . 7.109
XD 4w dm?2c2 ™ ( @m-g> ( )

In the case of spherical systems © = 0, since the eigenstates of the Hamiltonian are
.also the eigenstates of the angular momentum, hence xp takes the usual value

e2

4’mc2N<x2 + y2> N

XD =—

However for deformed systems, © is different from zero and may give a large con-
tribution to the diamagnetic susceptibility.

7.7 The Density Response for Non-Interacting
Homogeneous Systems

The density response in the case of homogeneous non-interacting systems (both
Bosons and Fermions) can be computed analytically. Though the contribution of
the interaction is essential for the correct calculation of the density response, and
especially so at low q, it is important to know the free response because it is an
essential ingredient in theories which take interaction into account. At zero tem-
perature, the free response function [hereafter indicated as xo(q,w)] is given by the
following expression

[{mi~|pq|0)|?

OERT (7.110)

XO(q, w) = Z 26mi
mi

where the summation runs over all one-particle—one-hole states.
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In the case of Bosons, and using the result (7.8), the calculation of the matrix
element of the density operator in (7.110) leads immediately to the following result

£.N
B m
Xo (q’ w) = . 3 ) (7'111)
(ot P — ()

from which it is seen that x&(q,w) has only one pole at energy ¢2/2m. From equa-
tion (7.111), we can very easily obtain the result (7.9), which holds for positive w.
Then, by taking the limit w — oo, we have

, Ng® 1/ ¢\’
B —
Jﬂwa@%”E@;*“ (7112)

and so the correct value for the m; sum rule is m; = Ng?/2m, and for ms the
prediction is m3 = m1(q%/2m)?2. The latter reflects the fact that in the ideal Boson
gas there is only one excited state at energy g2/2m.

Moreover, from equation (7.111) it follows that for ¢ — 0 the static response
diverges as 1/q?%, a result that is due to the infinite compressibility of an ideal Boson
gas.

The Fermion case is somewhat more complex, because in the Fermi gas there is
a continuum of one-particle—one-hole excited states, with excitation energies given
by
_(p+9’ P

. 7.113
2m 2m ( )

Wmi = €m — €

Using the results of Section 1.8.1, it is possible to write the free response function
of Fermions as:

22.9+gﬁ
x& (q,w) =2 Z n (7.114)
p<kp ( + Zm)
IP+Q’>’°F

where the factor 2 takes into account the sum over the spin index. Therefore, the
calculation of the response function is reduced to an integration over the region of
momentum space such that p < kg and |p + q| > kF, out of which one-particle-
one-hole pairs with total momentum q may be excited. This region depends on the
dimensionality of the system. It is a portion of a sphere in 3D, of the Fermi circle
in 2D, and of the Fermi segment in 1D. The free response function of Fermions is
known as the Lindhard function.
Introducing the distributions (1.73), equation (7.114) can be rewritten as

2p- 2
dp et

np(l Np+q) ; .
(2m)® w? = (B3 + 40)7

Xt (q,w) = 2LP (7.115)
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By means of the change of variable p’ = —p — q, it is easy to show that the second
integral in (7.115):
2
d 2pq + 4
L= / ‘(ﬁ;‘"pnrwq 2 mm m_Lz 2
g we = ( m + 2m)

vanishes because I = —I5. Therefore, we are left with the calculation of

2
dp 2pq 4 9
F D m m

Xo (4, w) = 2L / D p ; 2
PP — (2t £)?

_orp [P ( ! - L ) (7.116)

n
EmP P lw— (R4 £y o (BA4 L)

In the one-dimensional case, taken as an example, we have

1D(q, w) L /k“" dp 1 1
X ,UJ = — - J—
’ T ke |o— (B L) w (B

m 2m

so that

X(I)D (qv w) =

(7.117)

m
— (krg _ 2)2

2
mLy, [“’2 — (R iqﬁ)z] .
( m 2m
Note that for q fixed and smaller than 2kr, we find that x3”(q,w) has a finite
negative value for w = 0. This free respond function has a continuum of poles which
correspond to the continuum of single-particle excited states (see also Section 1.8.1)
in the range

krg _ & L
m 2m m 2m

and it tends to zero starting from positive w when w tends to infinity. If g is small,
the region of the poles gets narrower and the one-dimensional Fermi gas resembles
a Boson gas, because in the ¢ — 0 limit the continuum of excited states tends to
only one single-particle excited state at energy w = kpg/m (see Fig. 7.3).
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Fig. 7.3 Free response function of the one-dimensional Fermi gas, at fixed q.

From equation (7.117), the following result is obtained for the static polarizabil-
ity of the one-dimensional Fermi gas:

k 2
x2(@,0) _ 2m, ("R +4n
L gm krg

il
|
3%
5
TN
—
I+
kiR
SNa——

_ _2m a0\ _ _ 9
= [1n<1+2kF) ln<1 2k1~*)}’ (7.118)

and thus

1D
. X0 (9,0) 2m [ ¢ q dm
__2miaq q|__ 4m 7.119
lim =5 arp | 2kr T 2%p P2 (7.119)

from which we derive the value K = 4m/72p? for the system compressibility. This
value coincides with the one that can be obtained starting from the expression for
the energy of the free one-dimensional gas given in (1.76), using relation (1.79).
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For homogeneous systems in two and three dimensions, the free response func-
tions in terms of the following dimensionless quantities:

~_ 4 N _ W NP 1
= — = —- = — s s 7.120
i=p =g R(@9) = () (7.120)

where vy are the densities of states at the Fermi surface, which in turn are given by

L3m—k£ for D=3

7T2
Vo = L2$ for D=2, (7.121)
L;k;“ fOI' D =1

turn out to have the form (w = wy + iwq)

Xspﬁa’
_ 1 1—a 1-a*+¢ iae 1n(1-|—a)2—i—c2
T 44 (1—a)?+c?
1-0+ ibe (1+b)2+c2
T2 (1—b)2+c2

1 1-
+(—2ac—i(1+¢* — a?)) <tan‘1 _—!c—_a + tan™! - a)

-1 1_—_b> _ 4b} (in 3D) (7.122)

1+
+ (2bc+i(1 + 2 — b)) (‘can‘1 —j:-— + tan
where
a=w1/4-4/2,b=01/G+4/2,c= /4,

and

) V{a+ic)2 =1—/(b+ic)?
g
where the square root is defined by the choice of the cut in the upper semi-plane.

Finally, the one-dimensional response (7.117) in terms of dimensionless quantities,
is written as

X9p (g, @) = — (in 2D)  (7.123)

AD fa A =~1—ln [@2“‘(QA—(}2/2)2:'
2¢ @2 —(d+4¢%/2)?]

The behavior of the free response functions in 2D and 3D, as a function of wy,
is analogous to the one-dimensional case. The only difference is in the range of the
continuum of poles, which for ¢ < 2kr is limited between 0 and krq/m + ¢*/2m.
The linear response function in the 3D case is schematically shown in Fig. 7.4. The
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Fig. 7.4 Free response function for the three-dimensional Fermi gas, at fixed q.

one suitable for the 2D case is absolutely similar. The generalization of the Lindhard
response function to finite temperature, is discussed by Khanna and Glyde (1976).
Finally, note that in the case of nuclear matter, in the computation of the above
quantities one should take into account the isospin degeneracy, which has the effect
that many of such quantities should be multiplied by two.
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Chapter 8

The Linear Response Function in
Different Models

8.1 The Linear Response Function in Landau Theory

In this Section we will discuss the linear response of a homogeneous Fermi liquid
to an external field which oscillates at a given frequency and wavelength (Pines
and Nozieres 1966). In the limit where the wavevector ¢ and energy w related
to the excitation fulfill the conditions quf,w <« €, which guarantee that only
1p — 1h excitations contribute to the dynamic response, the system response is
correctly described by the Landau theory of normal Fermi liquids. This theory
allowed Landau to predict the existence of the “zero sound” in liquid 3He, before
its experimental observation. The propagation of zero sound, unlike that of normal
(first) sound which takes place in hydrodynamic regime (see Section 1.9), is related
to a collisionless (elastic) regime, and is produced by the mean self-consistent field.

In the presence of an external perturbation, which interacts with the system
through an interaction potential Hj,: of the form of equation (7.10) with

NT Nl
Gn =pgt =) e £ e, (8.1)
j=1 ji=1

it is necessary to add to the Landau equations (1.119) an external-field term de-
scribing the flow of particles in phase space; this flow is induced by the force F
corresponding to Hiys, that is

Foo = ~idq(p®) e ™™ +cc. (8.2)
The external-field term, corresponding to the force F, has the form (see Section 1.9):

0
Ony,

Fo% . v .
Oex

(8.3)
In the above equations, the suffixes s, a indicate the symmetric and antisymmetric
parts, respectively, of the densities and of the external forces [in Eq. (8.1), the + sign
corresponds to G*, and the — sign corresponds to G*|, and the term (8.3) should

225
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be added in its symmetric (antisymmetric) part to the Landau equation for the
symmetric (antisymmetric) distribution function. Moreover, for simplicity, in the
following we will assume that the system has zero initial spin, so that the density
and spin-density response functions are uncoupled. The effects due to coupling of
the two responses will be discussed in one of the forthcoming Sections. Therefore,
in the absence of the collision term (elastic regime), the Landau equations under
external field become

(%m;;“(r, t) + vi - Vedng®(r,t)

0
~Vind - Y o Vedny, (rt)+f-“.v%%k=o. (8.4)
kl

The external field in (8.4) induces oscillations of the distribution function, which
may be written as

Sng®(r,t) = ond®(qw)e T et 4 c.c. (8.5)

Next, the linear response function is obtained by evaluating the density fluctuations:
1 e
(05°) = / poe(x, tye~ 4 dr

1 ,
= ——= [ dkén)%(r,t)e 9"
@)? / nyt(r,t)e dr
= Z 5n q,w et (8.6)
Using equations (7.13) and (8.6), we finally obtain the response functions:

8 S 1 8
X*(@w) = x(0§: P @) = 3 D ni(a,w)
) k (8.7)
Xa(q’ w) = X(P?p paq’w) = X génﬁ(qﬂ‘)

It is convenient to put the quantity dn,’*(q,w) in the form
S *(q,w) = 8(ex — er)vru(q,w),

where uy is the normal displacement of the Fermi surface at point k, [see also

Eq. (1.132)], vp = kp/m* is the Fermi velocity, and er is the Fermi energy. The

equation for uy is attained by substituting (8.5) into (8.4):

q-Vk
Ja

=0, (8.8)

(Q-vik —w)up® +q - vi z fod(ew — er)up” + A
k/

where we have used (1.129). By taking, without the loss of generality, q parallel to
the z-axis of momentum space, where the directions of k and k’ are identified by
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the (0, #) and (¢, ¢') angles, respectively, equation (8.8) may be rewritten as

gqup(cos — s)u®*(0, d)

! A
%2—’ Foo(kk ute (0, ¢') + Ageos6 =0, (8.9)
s

+ quF cos 6v(0) /
where v(0) is the density of states at the Fermi surface (1.123) and s = w/qur. (Note
that in the case of nuclear matter ¥(0) = 2Vm*kr /7% due to isospin degeneracy.)
In what follows, we will look for solutions of (8.9) in the form

6, 9) = Zu * Y m(cosb).

If we use expansion (1.121) for the interaction, we see that equations (8.9) are
equations in which m is conserved, i.e. the nature of the solutions is determined by
m, and not by [, which is mixed. The solutions with m = 0 are solutions in which the
density is changed ([ dQu(6, ¢) # 0), and give rise to propagation of longitudinal
waves. Those with m # 0 do not cause a density change and are responsible for
transverse waves (m = 1), quadrupolar waves (m = 2), etc. In what follows we will
consider the longitudinal case (m = 0), which is the only one that involves density
fluctuations and, thus, represents the high-frequency counterpart of ordinary sound.
For the longitudinal mode, the following expansion holds

w0, ¢) = Z u]"* P(cos b)), (8.10)
l
where
50 50 20+1
I = %0 AT

Then we obtain

uy® cosd

(cos8 —s) Zul P cos0)+cos€§:2p Pl,(cose)Flf“+)\ =0, (811)
where we have used (1.122), Py(cos kk’) = P;(cos 8) P(cos ') and
! 2
/—1 Pi(cos8) P (cosB)dcosf = mal’l/
Furthermore, from equation (8.11) we have
up® A
l’ DT 1 ’UF Qo, (8.12)
with
1t x
Q= Ql',l = 5/ dzPi(x) (z), (8.13)
—~1 T —
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from which we obtain

s, s—1 s, |s—1 T
Qoo =14 = =1+_-1 —sO(1 —
0,0 +2lns+1 +2ns+1 +123 1-9)),
1
= sho+ 3011,
(8.14)
1 3s2-1
Qoo = = Qoo,
20 = 3 + 2 0,0
1 3s2-1
92,2 = '5 D) Q2,0-
In what follows we will use the following limits:
1 1 1
Boolimeo = ~gz7 5@ ~78 T
L 1 (8.15)
Qools—14+ = 1+§ln 5 L
From equation (8.7), we then obtain the response function
s,a 1 1 s,a 1 s,a
x> q,w) = XvFV(O)E u®?(8, $)dQ) = vat/(O)u0 . (8.16)

In order to derive uy® from equations (8.11) and (8.12), taking into account the three
first Landau parameters (Fo, F1, F2), it is convenient to proceed in the following way.
From equation (8.11), taking 3 f_ll d cos 8, we obtain the relation

1 1
sug® =< (14 = F7 Jul®, (8.17)
3 3
which represents quasiparticle number conservation. Then, taking
1t
- / cos fd cos 0
2/

we obtain the relation

2 sa A
sup® — (1+ Fy*)ug® — 3 (1 + ';‘Fzs'a> Uy = oo (8.18)

which expresses quasiparticle current conservation. Eliminating u]"* from the two
above equations, we find

1 1 8,a 8,a 3,a 2 1 8,Q 1 3,a a
[32—§(1+§F1’ )(1+F0' )]uo’ —1—5<1+§Flv ) <1+5F2’ )u;

1 1 A
= fuly AL A 8.19
3@+3a )W (8.19)
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From equation (8.12), taking [ = 0 we have the relation

aug” A
= —-—0 8.20
3 o 00 (8.20)

s,a
a a u
ug® + Qoo F5 ug® + Qo =
and taking I = 2 we have

uy® ul® u2 A

+ Qg,oFg’a e+ Qo 1F + Qo Fs @ = —1—)-;92,0 . (8.21)

By dividing these two relations side by side, and using the identities Q51 = 5Q0,0
and Q21 = 58130, we finally obtain the relation

uy® Q2,0u5”

5 Qo0 + Fy* (22,2900 — Q3 )

(8.22)

From equations (8.19) and (8.22) we arrive at the desired equation for ug® and,
thus, to the dynamic polarizabilities, we have

Loy + &5

s,a 2 (I4+3F ")+ F5 ") Q20
(1 + )(1 + F ) 3 Q0,0+F; " (Q2,2Q0,0—3 ;)

x"*(q,w) = (8.23)

From equation (8.23), taking the w — 0 and w — oo limits [see Eqgs. (7.28) and
(7.29)], and taking account of equations (8.14) and (8.15), it is possible to derive
the following analytic expressions for the sum rules:

sa N 3 m*

NS T T—sae 8.24
Tl IY R R (8:24)

sa N q° Fpe

s, N ¢*k% F 8.0

The m_3 sum rule diverges due to the linear w dependence of the strength (Im (x))
for small w. In equations (8.24)—(8.26), the effective mass is related to the F§ Landau
parameter through the equation (1.130):

m*/m =1+ F}/3. (8.27)

The m? ; sum rule is known as the hydrodynamic sum rule, because it is directly
related to ordinary sound velocity v? = k%(1+ Fg)/3mm* [see Eq. (1.135)]. The m$
sum rule is the f-sum rule; as a consequence of equation (8.27) it does not depend on
the interaction, in agreement with the direct calculation of m{ from equation (7.30)
[see also Eq. (7.64)]. The m§ sum rule has been less discussed in the literature. As
remarked by Lipparini and Stringari (1989), and as we will see later on, it is related
to the elastic properties of the Fermi systems.
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In the case of the m{ sum rules for the spin-density operator pg, the following
remarks apply. The m® ; sum rule can be expressed in terms of the system magnetic
susceptibility [see Eq. (1.136)], through the relation

ml; = —i—oxa- (8.28)
Unlike the symmetric case, the m$ sum rule gets contribution from the interaction.
In fact, in the case of the spin channel, there is no cancellation between the combi-
nation 14 F7'/3 and the one that characterizes the effective mass, m* /m = 1+ F} /3.
The spin channel has deep analogies with the isospin channel of nuclear matter,
with N neutrons and Z protons and A = N + Z nucleons. In this case, which is the
most interesting for nuclear matter because it leads to the excitation of strongly
collective isovector modes (giant resonances), we have

N zZ
G*=pf =) e iami Y el (8.29)
j=1 g=1

and there is total analogy between spin and isospin operators. As remarked before,
in the case of nuclear matter one should bear in mind that the density of states
at the Fermi energy is twice the amount with respect to other cases due to isospin
degeneracy. In the isovectorial case, the m®, sum rule can be expressed in terms
of the bgym coefficient of the volume-symmetry-energy that appears in the semi-
empirical mass formula of nuclei (Weizsacker 1935; Bethe and Bacher 1936):

1 (N-2)2 3Z%2
= - 2/3 _ Z - = .
E bvolN bsurfN 2bsym A 5 Rc ) (8 30)
through the relation
A

@ = 8.31
m_y 2bsym ’ ( )

where the parameters bsym and Fg are connected by

2

bsym = z€r(l+ Fy). (8.32)

3

Using the values bgym = 50 MeV and ep ~ 37 Mev, corresponding to a nuclear mass
density p = 0.17 nucleons fm 3, we have F¢ ~ 1 for nuclear matter from equation
(8.32). Let us recall that for *He it is F¢ = —0.7 and F§ = 9.15. The Landau
parameter F§ of nuclear matter is connected to the compressibility Xnm of nuclear
matter, by the relation xnm/9 = 2ep(1 + F§)/3. The value of xpnm is not very well
determined experimentally. Using the value Xxnm ~ 200 MeV, we find F§ ~ —0.1.
The Landau parameters for nuclear matter can be deduced by the effective, Skyrme-
like forces, like for example the SIII described in Chapter 4. In Table 8.1 we report
the values of the parameters Fy, F§, F}, F* for some of these forces (Garcia-Recio
et al. 1992) (kg in fm~1):
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TABLE 8.1
SIII(kp =1.29) SkM(kp =1.33) SGII(kp = 1.33)
F§ 0.299 -0.235 —0.235
Fg 0.865 0.975 0.733
Fy —0.708 ~0.630 ~0.652
Fg 0.489 0.574 0.524

In what follows, as an example of the application of equation (8.23), we will
discuss the dynamic polarizability in the simplified case where only the F3*® Landau
parameter is assumed to be non-zero. Using relations (8.14) and putting F; = F5 =0
in (8.23), we find the result

—V(O)Q(),o

s,a =— 8.33
X(00) = [ (5.33)
The poles of equation (8.33) are given by the solutions of
1
_Spitl oy (8.34)

Fg* 27 s-1

where we used the result (8.14) for Q¢ ¢. The dynamic form factor (strength func-
tion) is given by

8,a 1 s,a
S (q,w)=~;1mX’ (g,w).

First of all, we notice that if Fy = 0, we find the result

Ss’a(q,w) = ﬂIm Qo 0= Vm2 (ﬁ@ (1 — L) , (8.35)
T ' 272 ¢ qUF

using equation (8.14), which is the same as that of (1.98) for the single-particle
strength of the Fermi gas. However, if F > 0, the interaction produces a discrete
peak at w > qup. In fact, in this case (i.e. F3'® > 0, corresponding to a repulsive
interaction among the quasiparticles) equation (8.34) has a real solution for s =
w/qur, such that s > 1. This solution (collective) corresponds to an excitation mode
of the system with no attenuation, whose phase velocity v = w/q is greater than
vp. However, if —1 < Fy'® < 0, the solution of (8.34) has imaginary components
and the corresponding mode is damped (Landau damping). Finally, if the attraction
among quasiparticles is so strong that F;"* < —1 then the solution is unstable.

In the *He case, the first case (Fy'® > 0) is realized for the density channel
(symmetric spin), and the second one for the spin-density channel (antisymmetric
spin). For the isovectorial modes of nuclear matter we are again in the first case.

We now discuss the undamped solution for 3He, i.e. zero sound. In this case,
F§ = 9.15 is large enough that we are justified in looking for solutions of (8.34) in
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the limit of large s. Therefore, using the expansion of equation (8.15), we obtain

Fg 9
2 0

_ —— 1 .. .

s 3 <+5F3+ ) (8.36)
and a wave phase velocity
2 K}
, W o F§ 9

= — = —_— 1 —_— e . .

WwEE T ( +5F5+ ) (8:37)

If we compare this with the ordinary sound wave, as obtained from the hydrody-
namic equations (1.135), taken the same limit (F¥ = 0), and which are given by

v = vp(Fg/3)(1+1/F5 +--),

we find that the two velocities are different. The difference increases if we take into
account the other Landau parameters as well. For example, the ordinary sound
velocity v; does not depend on Fh, while the velocity vo of zero sound does. This
mode has elastic nature and its frequency is well described by the energy

8 * 3
Wt = % = %q%% (g + % + %F;) . (8.38)
The difference between the energies of the hydrodynamic (with collisions) and elastic
(collisionless) modes, can be detected experimentally by studying the velocity of
sound in 3He as a function of temperature, i.e. of the collision time. Two regimes are
found, the low-temperature one in which sound propagation takes place at velocity
vo [see Eq. (8.37)], and the high-temperature one where sound propagation occurs
at ordinary sound velocity v;. In these regimes, there is no sound attenuation.
However, there is an intermediate range in which sound attenuation is not zero and
varies with temperature.

The sound attenuation can be studied in the Landau theory using the “single
time” approximation (Khalatninov and Abrikosov 1958) for the collision integral:

(67 oo = —%[(m; — SRl =0,1=1)], (8.39)
where

-8 3 ano 3 8
(5nk = (5774]( - —(:96—:: ka’k/(snk/ (8.40)
K’/

is the local deformation of the distribution function, while 7 (! = 0,1 = 1) corre-
sponds to the components of 67§ which have | = 0 and ! = 1 angular momentum in
momentum space, and ensures mass and momentum conservation during collisions.
The use of §7i{ in place of énj, ensures local energy conservation of quasiparticles.
T is the characteristic time of collision. The collision integral (8.39) changes the
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Landau equation under external field (8.11) into the following one:

A 1 1
(cos B — €)u®(6) + cos b (E + Fgug + §Ffu1 cosd + EFQSuQ(B cos? @ — 1))

= l(uo + uqy cosf), (8.41)
o

where £ = s + i/(Tqur) and o = iTqur, and we have retained Landau parameters
up to Fy. From (8.41) it is possible to derive the system linear response in the
presence of the collision term. The equation for the poles of the response function
describes sound dispersion in a Fermi liquid in the presence of the collision term. We
are going to describe the visco-elastic model (Bedell and Pethick 1982) for sound °
attenuation. This model is based on a truncated solution of (8.41). This equation
yields the following linear system of equations

G,
— — 0 0
s \/§
Go 2G,
- _ 272 0 U 0
V3 # V15 °
Uy 1
2G4 Fy ) 3G3
0 22X _gf1-2= - U A0
V15 5( 50¢ V35 J === ., (8.42)
us vr | 0
3G, Fy >
0 0 =2 —ef1-22) ... 0
V35 ¢ ( To€
4G5
0 0 0 =73
V63

where G; = 1+ F;/(2l 4 1). The structure of these equations shows that, for I > 2,
we have uj41 ~ /s, so that the contributions from high multipolarities are less
and less important, provided that s > 1. This suggests that the set of equations be
truncated at a given order in [. The visco-elastic model consists in truncating the
system of equations at order ! < 2, which means considering only the three first
lines and columus of the matrix equation (8.42). By requiring that the determinant
of the coeflicients of the homogeneous system be zero, we find

2 4
_ 1 — —=2 2 2 il — .
E ( 505) (S 51) + 158G1G2 0 (8 43)
where s? = (v;/vp)?. Assuming w is real, equation (8.43) yields two equations for
the real gr and imaginary qr parts of ¢(w), from which we get the sound velocity

v = w/qr and the sound attenuation coefficient v = gq;. Assuming further that the
imaginary part of s is much smaller than the real part, we find

(wr)?
Go + (wr)?’

2

4
v? =0l 4 Ev%Gle (8.44)
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and

2 vk w2t
SN e Ne N .
LT ’Ga+ (wT)? (8.45)
Equations (8.44) and (8.45) describe the transition from the collisionless regime
(wT > 1) to the hydrodynamic one (wr < 1). In the first case the sound velocity

is given by

v2 = v? 4 4iG1Gy/15,
and the attenuation coefficient becomes

Yo = 203G G/ (15037) .

In the second case the sound velocity is the ordinary one and the attenuation coeffi-
cient behaves like w?7. The above results, in the case of *He, reproduce rather well
the experimental data (Abel, Anderson and Wheatley 1966). They were also applied
to the study of nuclear resonances at finite temperature (Denisov 1989; Baran et al.
1995). Finally, we note that the visco-elastic model yields an expression for the dy-
namic polarizability which is identical to the one obtained previously, provided all
the Landau parameters other than Fy and F} are neglected, and an 1/s%-expansion
is performed.

The Landau theory has been generalized to charged Fermi systems by Silin
(Silin 1957). Silin was the first who realized that the problems due to the long-
range Coulomb interactions (which are singular in the ¢ — 0 limit), might be
overcome by partitioning the total interaction among charged quasiparticles into a
regular part fi i (which is the equivalent of the total interaction among neutral
quasiparticles), and a singular part given by the Fourier transform of the Coulomb
interaction. The latter, is to be treated in terms of a mean polarization field acting
on the quasiparticles. Such mean polarization field £(r, t) is connected to the density
fluctuations by the equation:

div E(r,t) = 4medng (r,t), (8.46)

and appears in the Landau equations (8.4) for dng(r,t), through an additional
external-force term of the form (8.3), i.e. —e€ - vidn®/Jex, while it does not change
the Landau equation for the spin density fluctuations. £(r,t) can be interpreted as
an additional applied field, which screens the interaction between two quasiparticles
due to the presence of all the other quasiparticles. Using the result

. 4me s
g(q7 w) = '_lq?’ Z 5nk(q,w) ’ (847)
k

one obtains, in charged systems, the following equation for uj

4me?
(q - Vg — (.U)’ui +q- vk Z (fli,k’ + —q—z—) (S(Ek/ — EF)'I.LIS(, + A
k/

q-vk _

. (8.
=0, (849)
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The solution of such equation goes on like in the case of neutral systems. The
final formulae for the dynamic polarizability x°(¢q,w), and for the sum rules, are
obtained from equations (8.23)-(8.26) by simply replacing the Landau parameter
F$ with F§ 4 v(0)4ne?/q?.

TABLE 8.2

rs F§ Fg

1 —017 —013
2 —036 -023
3 -055  —0.32
4  -074 038
5  —095 —0.44
10 -2.03  —0.65

Much effort has been devoted to deriving the Landau parameters for the 3D
electron gas, starting from the microscopic interaction (see for example Pines and
Nozieres 1966; Hedin and Lundqvist 1969). What emerges clearly from these calcu-
lations is that for the 3D electron gas the ratio m*/m is practically equal to 1, so
that the value of the Landau parameter F; might be zero. The same can be assumed
to hold for the corresponding parameter in the spin channel: F{* ~ 0. The only pa-
rameters which are definitely non-zero are F§ and F§. The most reliable values for
these parameters can be deduced from the Monte Carlo values of the compressibil-
ity and magnetic susceptibility (Vosko, Wilk and Nusair 1980; Iwamoto and Pines
1984), and are reported in Table 8.2 for different values of the density. The excited
state of the 3D electron gas which correspond to the zero sound in 3He, is called
plasmon, and has been observed in numerous experiments. One of the most com-
plete among these experments is the one published by vom Felde, Sprosser-Prou
and Fink (1989). We will describe it in Section 8.4.

To conclude, let us discuss the linear response in the two-dimensional Landau
theory. In 2D the equation corresponding to Eq. (8.9) is

do’ ;. A
(cos — )u™*(6) + cos (0) / 80 529, 0"t (0) = -2 cos6,  (8.49)
27 VR
where the 2D level density (0) at the Fermi surface is given by (1.138). Employing
the expansion (1.137) for the 2D interaction, and the analogue for the displace-
ments u:

u?(0) = > up®coslh, (8.50)
l
we find
(cos@ — s) Z u;*® cosl@ + cos | uy®Fy® + Z up® i coslf| = _A cos 6
l l ° e >0 l 2 vF .

(8.51)
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From this equation, dividing by (cosO — s) and then multiplying by cosmé, and

then performing the integration fo 27r, we obtain
s a »@ F )\
+Fs 3 A00+ZA01 ;a=—'—A0,0,
1>0 vF
- (8.52)
ufﬁa+Fs,a 5,8 A +ZA ' ____A_A m7é0
9 0 m,0 m,l 2l = vF m,0, ’
>0
with
2
0
Ani= / iqcosm&—ﬂ— coslf.
’ o 27 cosf — s
The A functions have the following properties:
s
14— ifs<1
V1-—s2 -
Aoo = S , (8:53)
1- ifs>1
s2-1
and
A1,0 = SAo,o, A2,0 =1+ (282 — 1)1\0,0,
1 ) (8.54)
Qz,l = SAQ,O; A2,2 = 5 + (28 — 1)1\2,0 .
From equation (8.52), performing the integration fo £~ we have
sa U1 Fp
= 8.55
sipr =0 (145 ) (8.59
and performing the integration f02" cos 9%%:
s,a s,a s,a 3,a
ul’ uo‘ 8. u2, F2’ A
S | 2y _ 1 = . 8.56
sy~ (LR 4(+4) 20 (8:56)

From the two previous equations we find

1 Fs,a usa Fsa Fsa
2 1 s,a 1 sa _ Y2 (4
|- g0+ R (143 )]s -2 (14 55) (14 20)

( F2)'22_F' | (8.57)

Moreover, from (8.52) we consider those with m = 0 and m = 2, divide them side
by side to obtain

sa 2US’QA2’O
= =ra )
Ao+ —5—(Az2M00 — A%,o)

ug (8.58)
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By substituting this equation into (8.57), we arrive at the following expression:

Fs,a
31+ 3% (659
s,a f‘_fi 1+£25-_"'_)A2 .
s2 — L1 4 Foey1 4+ B2y 1 (=)A= ifee

2 ( 0 ) 3 ) 2A0,0+522_(A2'2A0'0_A§,0)

and for the linear response x*%(q,w) = vpr(0)ug® /A, we find the expression

1 Fs,a
5”(0)(1+ 2 )
5,4 50
1 (1+"1—F2 Y1+ =2—)Az0
2 Ao,o+522’—(A2,2A0,0—A§,0)

Xop(g,w) = (8.60)

-1+ B0+ Fp) -

From the latter, it is possible to derive the following expressions for the sum rules:

N 1 2m*
oy = e ——m 8.61
m_l,zD 2 1 + F(.)s,a k% 3 ( )
sa _ N e
MieD = 5 o= (1 + 12 ) , (8.62)
P FPN* (3 1 0 1 ooa
m3’2D = "2— m*3 1 + 2 Z + '2'ng + EF2 . (863)
The frequency of ordinary sound in 2D is well represented by the energy
2 mi .2 3,a
w? = =qer(l+ Fy) (8.64)

3
mZ_,

while that of the elastic mode (zero sound in 2D) is well represented by the energy

g _m3 m* 4,5 (3 1 o 1 sa
=_3 _ -+ =F —F5" ). 8.65

YT quF<4+2O T (8.65)
Like in the three-dimensional case, the 2D Landau theory can be generalized to
charged Fermi systems by introducing a mean polarization field £(r,t), related to
the density fluctuations by

. 2me s
E(qw) = B DLACTDR (8.66)
k

which is the Fourier transform of the Coulomb interaction in 2D, and by adding to

the 2D Landau equation the following term
on?

—ef - Vg%, 8.67

€€ Vig - (8.67)

From this point on, the calculation of the linear response function proceeds as

in the case of neutral systems. The final formulae for the dynamic polarizability

x°(gq,w) and for the sum rules are obtained from equations (8.60)~(8.63), simply

by replacing the Landau parameter F§ with F§ + v(0)2me?/q. For the 2D electron
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gas, a variational Monte Carlo calculation for the Landau parameters is available
(Kwon, Ceperley and Martin 1994). The results of such calculation for some density
values are reported in Table 8.3.

TABLE 8.3

rs=1 rs=2 rs=3 ry=5

F§ —060 -0.99 —163 -3.70
F¢ —034 —041 —049 -05

Ff —014 —010 —0.03  0.12
F¢ 019 —024 —026 —0.27
Ff -007 —016 -027 —0.50
Fg 001 007 014 032

The 2D electron gas can be realized at the interfaces of heterostructures of
GaAs/Al,Ga;_As (Ando, Fowler and Stern 1982) and of other structures. The
response function of such systems has been studied by means of inelastic scattering
of polarized light (Pinczuk et al. 1989; Luo et al. 1993; Eriksson et al. 1999). These
experiments, which evidence the existence of “zero sound” — like collective states,
will be discussed later.

8.2 Time Dependent Hartree (TDH) for Homogeneous Systems
The RPA

The time-dependent Hartree-Fock (H F’) equations, are the time-dependent version
of the static HF equations (2.7) and are written as (A = 1):

i%cpi(r, o,t) = HiF (v, 0,t), (8.68)

where the single-particle wavefunctions ¢;(r, o,t), and the one-body densities: p(r, t)
(diagonal) and p(V(r,0;r’,0",t) (non-diagonal), upon which H¥#¥ depends, are
functions of time. Equations (8.68) can be obtained by requiring that the action
integral

- " Wsp(O1H — i psp(0)dt (8.69)

computed for a generic Slater determinant, be stationary against an arbitrary vari-
ation of ¥sp in the space of Slater determinants:
6o
0sp
The time-dependent Hartree equations (T'DH), are obtained by replacing the
HF Hamiltonian by the Hartree Hamiltonian (which depends only on the diagonal,

(8.70)
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one-body density) in (8.68):

-Vv?

H
H 2m

+ Vext (T) + /p(r’,t)v(r —r')dr’. (8.71)

The time-dependent Hartree equations in the presence of a time-oscillating ex-
ternal field of the form (7.10) are written as

6 ~-V? / 7 /
zé—t-goi(r,t) = [ = +vext(r)+/p(r ,Ho(r —r')dr

+MgTe™ ™ + h.e) | pi(r, 1), (8.72)

and for a homogeneous system have the same form for both Fermions and Bosons.
In the following, we will discuss the solutions of these equations for a homoge-
neous system in the case where

N N

G=3 glr) =3 e,

i=1 i=1

and subsequently we will compute the Hartree response function x(F, G,w) for the
operator

N N

F=) fr)=3 o
i 1

i=1 i=

i.e. the density response. For a homogeneous system, the static external field vexe(r)
in (8.72) will be equated to zero in the cases of *He, nuclear matter and Bosons,
and equal to the potential generated by a jellium of positive charge (p,) in the case
of electrons. In the latter case, equations (8.72) have the form

.0 =V2 o [e(rst) —py
—i(r,t) = | —— L Sl N e w4
‘¥ (x,) [ om T © / Ir —r/| dr

A (ei(q.r—wt) + e—i(q.r—wt))] <pi(r,t) . (8.73)

In the homogeneous case, due to translational invariance, equation (8.72) for
p(r,t) will yield solutions of the form

p(rv t) = po + ép(rv t) ’ (874)
where pg is the (constant) density of the (unperturbed) ground state, and

5p(r, 1) = p(eH@r =D 4 gmilar=un)) (8.75)
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where dp is a constant to be determined. Therefore, the fluctuation of the operator

N
F= Z el
i=1
is given by
SF(G,w) = ((®)|F4(t)) — (0|F|0)
- / dre' ™ (p(r, 8) — po)e = LP5pe™* (8.76)

where LP is the volume of the system in dimension D. Moreover, the dynamic
polarizability [see Eq. (7.13)] is given by

LPs
x(gw) = —— £ (8.77)

In order to determine §p, we will insert p(r,t) of equations (8.74) and (8.75) into
(8.72), and linearize the equations. This means writing the self-consistent Hartree
mean field, i.e. U(r, p(r,t)) = [ p(r/, t)v(r — r')dr’, as

Ulr, p(r,t)) = U(r, po) + 556(%)-  plnt). (8.78)

Therefore, from equations (8.72) and (8.78) we obtain
.0 ~V?
Za_tsoi (I', a, t) = [%_ + vext(r) + U(I', ,00)

+ (Fpula) + V) - (90 4 e—“‘”“““)] pi(r,0,0),  (8.79)

where v(q) is the Fourier transform of the interaction potential.
For example, if the interacting potential is the Coulomb potential then v(q) is
given by
(1D)  2e*Ko(lqal)
v(g) =< (2D)  2we?/q , (8.80)
(3D)  4me?/q?
where for the “one-dimensional” case we took a Coulomb interaction of the form

(x —z')2 + a2, and Ky is a modified Bessel function of the second kind (see
e.g. Gradshteyn and Ryzhik 1980) for which, in the limit |ga] — 0, we have

Ko(|qal) ~ |Ingal. (8.81)
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Equation (8.79) can be rewritten as

9 i(r,o,t) = ———v—2+v (r) + Ulr, po)
zat(pz r,o, = om ext » PO
+ M. (eilar—wt) | gmiar—wy | ou(r g, t), (8.82)
with
N(g) = A+ dpu(q). (8.83)

In the homogeneous systems we are considering, the static Hartree potential U (r, po)
is a constant which, in the case of the electron gas, cancels exactly the one originating
from veyt (for the other systems, veyy = 0) and, apart from this inessential constant,
equation (8.82) coincides with that of a non-interacting system coupled to an ex-
ternal time-oscillating field, with a coupling constant A’ given by equation (8.83).
For such system, the density response function is the (single-particle) free response
xo{(d,w) that we studied in Section 7.7. Therefore, in the time-dependent Hartree
theory, the particles of the N-body interacting system respond like non-interacting
particles to the combined effect of the external field (A\) plus the polarization field
induced by the density fluctuations in the self-consistent Hartree mean-field. From
equation (8.77) and from the analogous relation for the free response function:

LPs

O(qyw) = —L 8.84
X(@0) = 3 (8:84)
we then obtain
Mx(g,w) = N(g)x°(g,w) = LPép, (8.85)
which are known as the RP A equations. The solution of these equations is given by
0
, W
XFPA (g, w) = — X 0) (8.86)

1 - %%lxo(q)w) ’
and is called the RPA response function.

The energies of the RP A excited states of the system are given by the poles of
equation (8.86), and are obtained from the solutions of

v(9)
1- Tﬁxo(q,w) =0. (8.87)

The graphical solution of this equation is obtained by plotting the free response
x°(g,w) for fixed g, as a function of w, and finding the intersections of x°(g,w)/L”
with the straight line 1/v(g), parallel to the w axis.

The RPA matrix elements of the density operator pq = F = Zil e'4Ti | be-
tween the ground state and the RPA excited states with energies w, given by the
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solutions of (8.87) for the poles of x#F4(g,w), are found by calculating the residues
of x®P4(q,w) in such poles. To perform such calculation, let us put equation (8.86)
in the following form:

1 . 1 _v(g)
xFPA(qw)  X°(q,w) LD

(8.88)

and let us expand it around the generic pole of energy @, keeping in mind that in
the pole (x?#F4(q,@))~! = 0, so that (x°)~! = v(q)/LP. As a result, we obtain

RPA(, )~ — _L_D_ : 1 L
) (v(q)) =0 - (8.90)

o
where x§ = %%. Therefore, the desired matrix element is given by

(w—o), (8.89)

w=aw

Ly e/
xFPA(qw)  Bw \ X°

that is

(Opdaif = (20 L (5.1
Pa w9)) xbw=a) '

Equations (8.86), (8.87) and (8.91) hold for both Fermion and Boson systems.
As discussed in Section 7.7, what is quite different in the two cases is the form of the
free response x°(q,w). As will appear later, such difference leads to a great diversity
in the RP A solutions in the two cases.

Another important difference between Fermion and Boson systems, concerns the
range of validity of the RPA equations (8.86) at finite temperature. In these equa-
tions, the thermal effects show themselves only through the free response function,
which includes the occupation numbers of the single-particle states. Whereas for
Fermions the use of the Fermi-Dirac thermal occupation numbers is appropriate
and the ensuing RPA equations at finite temperature make sense (see e.g. Braghin
and Vautherin 1994; Hernandez et al. 1995), in the Boson case the use of the thermal
Bose-Einstein occupation numbers leads to equations which, when solved, produce
wrong results.

This behavior is due to the different nature of low-energy elementary excitations
for the two systems, i.e. p—h excitations for Fermions and phonons for Bosons. While
the starting point for the time-dependent theory that leads to the RPA equations,
i.e. the Hartree—Fock ground state, in the case of finite temperature is a good one
for Fermions, this is not the case for Bosons and leads to wrong results. It is only
at zero temperature that the RPA equations for Bosons do provide a good solution
for the excited states of the system. This fact will be discussed in Section 8.5.
Subsequently, in Section 8.6 we will briefly discuss a finite-temperature approach
for Bosons, known as the Popov approximation, which produces correct results for
these systems.
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8.3 TDH for the Density Matrix and the Landau Equations

From the time-dependent Hartree equations

2¢72

gt = [+ [ o )| e, (6o

where for simplicity we have omitted the irrelevant external-field term, by multi-
plying on the left hand ride by ¢} (r',t) and performing a summation on occupied
states, and recalling the definition of the non-diagonal, one-body density matrix,
ie.:

PN (r,r', 1) E% (r, )pi(r', 1),
it is easy to obtain the equation
7]
ih— oD d
ihep (r,r',t)
—h? 2 2 ’ ’ (1) !
= %(Vr - vr’) + (U(I‘, p(l‘, t)) - U(l‘ 7p(r 7t))) p (I', r 7t) (893)

where
Ulr, plr, ) = / o', B)o(r — 1')dr’

is the Hartree self-consistent mean field. Then, introducing the relative and centre-
of-mass variables: s = r — r/, R = (r + r)/2, equation (8.93) can be rewritten
as

{m% Ve VR—[ (R——;—,t)—U(R+;,t)]}p“)(R,s,t)zo. (8.94)

Let us now introduce the distribution function
1 ips
FRp.1) = o [ dset®pOR,5,1), (8.95)

which gives the probability of finding a particle at position R with momentum p
at time ¢t. Apart from a constant, the distribution function f coincides with the
Landau distribution function n(R, p,t) as defined in Section 1.9. This can easily
be seen by computing f starting from the density expression p(*)(R,s) built up
by means of a static, plane-wave Slater determinant. In this case, apart from a
constant, f coincides with the ground state distribution (1.73). By transforming
equation (8.94), the following equation for f is obtained

o

_ % /dse%P'S [U (R - ;t) —U (R+ gt)] pPD(R,s,t) =0. (8.96)
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By expanding, for small s, the difference
U(R-3,t)-U(R+3,t)
appearing in the last term of equation (8.96), and using the relation
*%1 / dse®P%s . (VRU(R, 1)) (R, s,t) = VRU(R, t) - Vo f(R, P, 1),
we obtain
S RB.0)+ B VRI(R,p,0) - VRUR1) - Vpf(R,p,0) +O(%) = 0. (897)

Equation (8.97) is the semiclassical limit (A — 0) of the time-dependent Hartree
equation, and holds in the long-wavelength limit, where the momentum transferred
to the system is small, and the expansion of the Hartree potential used for its
derivation is correct. By writing f(R, p,t) = g +0f(R, p,t), and using the relations

VRUR,Y) = — oo Vaoo(R, 1),
ap(R’ t) P(R,t)=po (898)
> 3f(R,p,t) = 5p(R,1),

P

we can immediately identify such equation with the Landau-Vlasov equation (1.119)
in the absence of collisions, and with the only non-zero Landau parameter Fy given
by

ou

Fo = V(O) ap

, (8.99)
p=po
where v(0) is the density of states at the Fermi surface [see Egs. (1.123) and (1.138)].
The Landau—Vlasov equations have been extensively used to study the collective
modes of nuclei (see e.g. Brink, Dellafiore and Di Toro 1986).

The connection between the time-dependent Hartree theory and the Landau
theory can also be evidenced in a direct fashion starting from the RPA response
of equation (8.86). In fact, in the ¢ — 0, w — 0 limit the free responses x°(q,w) of
Section 7.7 have the limits

XP(@,w) = —*P(0)0(s),  xEP(g,w) = —v?P(0)Aop(s),  (8.100)

where Q9(s) and Ago(s), with s = w/qur, are the functions which appear in
the Landau theory, and are defined in (8.14) and (8.53), respectively. The Fourier
transform of the interaction potential, in the same limit, tends to
ou
v(0) = LDa—

p=pa
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Hence, it is immediate to verify that in the ¢ — 0, w — 0 limit, equation (8.86)
tends to the results of equations (8.23) and (8.60), with Fy = F5 = 0 and with Fp
given by (8.99).

The identification of the RPA and Landau theories is feasible only in the A — 0
limit, i.e. long wavelength. The RPA theory incorporates quantum effects, which
are absent in the Landau theory; as we will see, such terms may be important.
Moreover, the RPA theory can be generalized to non-homogeneous systems like
nuclei, metal clusters, quantum dots and free surfaces.

8.4 The RPA for the Electron Gas in Different Dimensions:
The Plasmon

As an example of Fermion system, let us consider the electron gas in different
dimensions, and let us study the RPA solutions. The energies of the RPA states
are given by the solutions of equation (8.87) where v(g) is given, in the different
cases, in (8.80), and the free response functions were studied in Section 7.7. The
graphical solution of such equation in 2D and 3D is outlined in Fig. 8.1, where we
plot x%(g,w), for g fixed and much smaller than 2k, as a function of w, as well as
the straight line for constant 1/v(q). Given the form of v(g) for the electron gas,
such straight line lies in the upper semi-plane, and the smaller q is, the nearer it is
to the w axis.

%'(q ) A

1/v(q)

qvr ®

Y

Fig. 8.1 Graphical solution of equation (8.87), for the 2D and 3D electron gas.
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From this figure, we notice that the RPA energies, in the region of the poles
of x°(q,w), are practically identical to the single-particle energies €,,;, but besides
these solutions, a new one emerges. This solution is, in general, known as the RPA
“collective solution” (zero sound 3He, plasmon for the electron gas, giant resonances
for nuclei), in order to differentiate it from single-particle-like solutions. The smaller
q is, the farther away the energy of such solution is from the single-particle con-
tinuum. Therefore, in order to study this new (with respect to the single-particle
excitations) type of excitation, let us consider the limit of small q. In this limit we
have w >> €, so that for x°(¢,w) we can use the expansion

(g, w) = % (m’ip + Z)l_zmgp 4 ) , (8.101)
where
mi? = S(SDIlll, 1T, palliSD) = 52 (8.102)
and
m3P = H(SDloh, L [T, (7, pllISD) = 08 (5.103)

are the sum rules for the density operator of the non-interacting system (T is the
kinetic energy operator, and |SD) is the ground state of the Fermi gas), and where
TP is the kinetic energy per particle of the Fermi gas:

== TF (8.104)

Inserting these results into equation (8.87) we find for the energy of the RPA
collective state the following

27§
whpa = wj + _n;) 7, (8.105)

which is valid at order ¢2, and where w), is the plasma frequency given by

4
2)e?
(1D) ——¢?|Ingal
2
wp =< (2D) 2me’qo , (8.106)

m
2

€ D) 47rfnpo

and A = N/L is the linear density, 0 = N/L? the surface density, and py = N/L?
the bulk density.
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Now let us compute the strength of the collective solution (8.105), using equa-
tion (8.91) in the limit of small g, in which the expansion of equations (8.101)-
(8.103) for x°(g,w) holds. Using

Ng? oTD
Xo(gyw) ~ —= (1 + —Oqz) ,

muw? mw?

a simple calculation leads to the following result:

2
0lpqlwrpa)l* = (LD ) m“’%P&D — (8.107)
@)/ 2Ng(1+ %)

from which we immediately have

2N 9
wrpA|(Olpglwrpa)® = o (8.108)

m
which is valid at order g2, which means that the collective state completely exhausts
the f-sum rule in the limit of small q. Therefore, in this limit, the whole strength is
in this one state, and the dynamic form factor S(q,w), in the RPA approximation

and for small ¢, can be written as

2

L 5w —wp). (8.109)

SRPA ~
(qw) ~ 57—~

If we compare this result with the one of the independent-particle model, which
in 3D case (that we took as an example, see Section 1.8.1) yielded for ¢ « kp:

m2w

Sap(q,w) = Vm

for w < qup,

Ssp(q,w) =0 for w > qup,

we immediately see that the interaction has crucial effects, which lead to the predic-
tion of a new kind of excited state, the plasmon, which was observed experimentally
in the 3D case, by inelastic electron scattering on alkali metals (see Fig. 7.1) at an
energy value that is in very good agreement with the RPA prediction (for ¢ =~ 0).
For example, in the case of Sodium which has an experimental density correspond-
ing to rs = 3.93, one finds (w, = 4me?py/m)'/? = 5.93 eV, which is a value very
close to the peak energy of Fig. 7.1 for ¢ ~ 0. Moreover, the g-dispersion of the
RPA energy is positive, in agreement with the experimental data of Fig. 7.1 for
Sodium.

The RPA strength taken by the collective state can be computed, not only in
the small ¢ limit, but for any ¢. The fraction F(q) of f-sum rule exhausted by
the collective state as a function of ¢ is plotted in Fig. 8.2, as calculated in the
TDLDA theory (see Section 8.9.1), which takes into account the effect of exchange
and correlations in some approximate way. From such figure we see that starting
from a given g value (critical g¢), as g increases the strength taken by the collective
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Fig. 8.2 Fraction F(q) of m1 f-sum rule for the density operator, concentrated in the volume
plasmon for Sodium (rs; = 3.93).

state quickly drops to zero. The critical ¢ is the ¢ value at which the collective
solution joins the continuum of one-particle-one-hole excited states, and the so-
called Landau fragmentation of the strength takes place, or Landau damping of
the collective state into single-particle states takes place. The Landau damping can
be observed in the experimental curve of Fig. 7.1 as a broadening of the collective
state with increasing ¢, which corresponds to the fragmentation of the strength into
many states, rather than just into a collective one.

However, the agreement between the RPA theory and finite-g experiment is
only qualitative. From a quantitative standpoint, there are important discrepancies,
which are highlighted in Fig. 8.3. In this figure we plot the dispersion coefficient «
of the experimental bulk plasmon dispersion, defined by the equation

B() = B(0) + =¢*, (8.110)

and normalized to the RPA dispersion coefficient: agpa = 3ep/5wp, as a function
of the Wigner-Seitz radius rs. The experimental values were obtained by inelastic
scattering experiments on Na, K, Rb and Cs (vom Felde et al. 1989), to which
correspond the r, values of 3.93, 4.86, 5.20 and 5.62, respectively. From this figure
we notice that the experiment predicts a strong variation of a/agp4 with 7,4, which
disagrees with the RPA theory. Even negative dispersion coefficients are observed
for the r, value corresponding to cesium. The divergences between the RP A results
for the dispersion of the bulk plasmon and the experimental results, will form the
object of further discussion in forthcoming Sections.
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Fig. 8.3 Dispersion coefficient of the bulk plasmon, normalized to the RPA coefficient, as a
function of r,. The experimental data are from vom Felde et al. 1989, The constant dashed line
at value 1 is the RP A prediction, the full line is the TDLD A prediction.

Unlike the 3D case, the plasmon frequency in 2D and 1D vanishes in the limit
of small ¢g. This important feature of the low-dimensionality plasmon was observed
in 2D by Allen et al. (1986) in inversion layers, by Grimes and Adams (1976) for
electrons on liquid helium, and in 1D by Goni et al. (1991) in quantum wires of
GaAs. In Fig. 8.4 we report the experimental dispersion of the plasmon in the GaAs
quantum wire, together with the RPA prediction of Quiang Li and Das Sarma
(1989), (1991) and the TDLDA ones (see Section 8.9). As seen from the figure,
there seems to be good agreement between theory and experiment.

As regards the dimensionality effects on the collective nature of the plasmon,
we notice what follows. In 2D the behaviour of the RPA strength as a function
of transferred momentum gq is quite analogous to the 3D one, shown in Fig. 8.2.
However, the situation is very different in one dimension. The fraction F(g) of f-
sum rule m; of the density operator, that is taken by the quasi-one-dimensional
plasmon, and which specifies the relative importance of the plasmon and single-
particle excitations, is plotted as a function of q in Fig. 8.5 for GaAs quantum wires
of varying width and density.
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Fig. 8.4 Experimental results for the one-dimensional plasmon (Goi et al. 1991), compared with
the RPA (full line) and TDLDA (dashed line) theories.
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Fig. 8.5 The fraction F(q) of f-sum rule m; for the density operator taken by the quasi-one-
dimensional plasmon, for quantum wires of various widths and densities. The dashed lines are the
RPA results, the full ones are the TDLDA ones (Agosti et al. 1998).
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From the figures, it can be seen that the plasmon collective state in 1D dominates
the excitation process in a very wide range of ¢ values, much wider than in 3D and
2D. Moreover, unlike the 3D and 2D cases, in 1D the continuum of single-particle
states has a gap [see Eq. (1.95) and Fig. 7.3]. This has the consequence that there
exist (undamped) collective states for the 1D system even for attractive interaction
for which v(g) is negative, and that for a wide range of g-values the excitation
spectrum in 1D, unlike the 2D and 3D ones, is always dominated by collective
states. As we will see in the next section, this is analogous to what happens for Boson
systems. As a result, the 1D system is more resemblance of a Tomonaga-Luttinger
liquid (Tomonaga 1950; Luttinger 1963), where it is assumed that the excitations
have Boson nature, rather than to a Fermi liquid in which the excitations are of the
Fermion type.

8.5 RPA for Bosons

For systems of Bosons, the energies of the RP A states are still given by the solutions
of equation (8.87), where v(g) is now the Fourier transform of the interaction among
Boson atoms, and the free response function was studied in Section 7.7 and is given
in (7.111):

Ng
X8 (q,w) = -
w2 —

e

)2

Using the result of (8.87), we obtain for the energy of the RPA solution:

om D, (2 a1

In the limit of small transferred momentum g, equation (8.111) leads to the phonon-

like dispersion relation:
{pv(0
w =~ cq, c= ﬂ—)— , (8.112)
m

whlich is linear in q. Therefore, at small g the interaction changes the g-dependence
of the RPA excitations with respect to the ¢? term of the independent-particle
model. The elementary excitations of the Bose systems are different from the single-
particle excitations, and are of phonon type. This fact has a very important conse-
quence on the thermodynamics of Boson systems. In fact, thermodynamic proper-
ties based on phonon-like elementary excitations are completely different from those
based on single-particle-like elementary excitations. For example in a system of Bo-
son atoms, the specific heat is no longer linear with the temperature as in (1.117)
(which holds for Fermions), but rather grows like T (see for example Huang 1987).
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Fig. 8.6 Graphical solution of equation (8.87), for Bosons.

The graphical solution of the RPA equations for Bosons is outlined in Fig. 8.6,
where we plot x°(g,w) as a function of w, as well as the straight line of constant
value 1/v(q).

From this figure we see that the single-particle state at g2/2m disappears com-
pletely, and what is left is only the collective phonon state with dispersion law given
by (8.111). Such dispersion law is plotted in Fig. 8.7 for superfluid *He, together
with the experimental data of Donnelly et al. (1981). The function v(g) is fixed,
through equation

0
x(q) = —f—f—(l)——, (8.113)
1- L Xo(q)
by the static response function, which is experimentally known in superfluid ‘He
and is plotted in Fig. 8.8.

As can be observed from Fig. 8.7, the RPA prediction explains quite well all
the features of the experimental excitation spectrum, i.e. the low-q phonon linear
regime, the single-particle quadratic regime at high ¢ when the interaction term in
equation (8.111) becomes negligible, and lastly the roton minimum at intermediate
q. However, from a quantitative point of view, it over-estimates the experimental
result. Such discrepancy between theory and experiment will be further discussed
later on, together with the discrepancy found in the case of bulk plasmon dispersion.
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Fig. 8.7 Dispersion of the elementary excitations in superfluid *He. The dashed line is the RPA
result (8.111). The dots are the experimental data by Donnelly et al. (1981).
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Fig. 8.8 Static response function of superfluid 4He. The full line is the density functional result
of Dalfovo et al. (1995). The dots are the experimental results by Woods and Cowley (1973).



254 The Linear Response Function in Different Models

Recalling that in the ¢ — 0 limit the static polarizability x(q) tends to —NpK,
where K is the isothermal compressibility of the system, and that for Bosons the
compressibility of the non-interacting system is infinite, thus starting from equation
(8.113), it is possible to connect the interaction v(q) (for ¢ — 0) to the compress-
ibility:

1

v(0) = 7 (8.114)

Therefore, the coefficient ¢ of the phonon dispersion relation (8.112) is determined

by the system compressibility:
c= 1 (8.115)
" VmKp’ )

and gives the propagation velocity of sound in the system. In the case of a cold and
dilute Boson gas, for which it is possible to replace the two-body interaction by an
effective interaction given by v(r) = gd(r), where the constant g is determined by
the scattering length a through g = 4wa/m, we have v(q) = g, and in this case the
RPA frequency dispersion is given by

| pd’g 2 \? 8.116
“=\"m Tlam) (8.116)

Note that for attractive interactions (@ < 0), the frequency w becomes imaginary
at small ¢, evidencing a system instability (see Section 2.4).

From an unrestricted point of view, the following general considerations apply
to quantum liquids with elementary-excitation dispersion law having a form as in
Fig. 8.7:

(i) At thermal equilibrium, most of the elementary excitations of the system have
energies close to the minima of the curve w(q), i.e. near w = 0 and w(qo),
where ¢¢ is the momentum value where the roton minimum lies. Therefore,
such minima have a paramount importance for the properties of the quantum
liquid. In particular, in the neighborhood of the roton minimum it is possible
to expand w(q) as a function of g — go, thus obtaining, at second order, w(q) =
A + (q — qo)?/2m*. Starting from this result it is possible to compute the
contribution of rotons (i.e. the elementary excitations with this energy) to the
thermodynamic functions of the system; the roton contribution may by greater
than that of the phonon at sufficiently high temperatures.

(ii) These systems have the property of superfluidity, i.e. of flowing through narrow
capillaries or fissures with no viscosity.

For a detailed description of these phenomena, see for example the books of Lifchitz
and Pitaevskii (1981) and Pines and Noziéres (1990).
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8.6 The Time-Dependent Gross—Pitaevskii Theory

The Hamiltonian of N interacting Bosons can be written in second-quantization

formalism as
~ A v
— t
H-/dr@ (r)(2m

+ % / drdr' ' (r)&! (' )v(r — )& ()& (r'), (8.117)

+e(s)) B0

where ®(r) and &'(r) are the Boson field operators which annihilate and create
a particle, respectively, at r. Note that using in (8.117) the expansion @(r) =
>0 Palr)aa, where the o (r) are single-particle wavefunctions and a, are the cor-
responding annihilation operators, we obtain for Bosons, the equivalent of equa-
tions (2.65)—(2.67), which were derived in Section 2.5 in the case of N interacting
Fermions.

For a homogeneous gas in a volume V, we have

b(r) = % Ep:eip-rap, N= / drdt (r)d(r) = ga;ap . (3.118)

The Bose-Einstein condensation (BEC) occurs when the number ngy of atoms that
occupy a particular single-particle state becomes very large: ng = Ny > 1, and
the ratio No/N stays finite in the thermodynamic limit N — oco. BEC occurs in a
single-particle state g = 1/ vV with momentum p = 0, and the operators relative
to such state, ag a}ld ag, can be treated as numbers: gy = ag = 1/Np. Therefore,
the field operator ®(r) can be decomposed in the form

N N, -

d(r) = —VB +&(r). (8.119)
Treating the operator &'(r) as a perturbation, Bogoliubov (1947) set up a first-order
theory for the elementary excitations of Bose gases which, as we will see, yields the
same RPA results of Section 8.5. .

The generalization of the Bogoliubov theory for non-uniform systems and time-

dependent configurations is given by

&(r,t) = U(r,t) + ' (r,1), (8.120)

where we used the Heisenberg representation for the field operators. ¥(r,t) is a
complex function defined as the expectation value of the field operator:

U(r,t) = ((r, 1)) .
Its modulus identifies the density of the condensate: po = |¥(r,t)|2. The function
¥(r,t) is a classical field which has the meaning of an order parameter, and is often
named “wavefunction of the condensate” (for further considerations, see Dalfovo
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et al. 1999). The decomposition (8.120) is especially useful when &’(r,t) is small,
i.e. when the number of particles outside the condensate is small. In this case, it is
possible to derive an equation for the order parameter by expanding the theory at
first order in &'(r, t), like in the case of homogeneous systems. Unlike the latter, we
obtain a non-trivial theory at zero order for ¥(r,t). To obtain the theory, we start
from the Heisenberg equation for the Hamiltonian (8.117) (A = 1):

il

0 s ey A
2 pt t
i 8(r,) = (&1, A]

2
= (—% + Vexs (T) + /dr"iﬂ(r', t)v(r — r’)@(r',t)) &(r,t), (8.121)
and we replace the operator & by the classical field ¥. This approximation turns
out to be a very good one in the case of a cold and dilute atom gas, for which
only low-energy two-body interactions are important, which can be described by
the effective interaction of Section 2.4: v(r — r’) = gé(r — r’) with g = 47a/m and
a the scattering length in s wave. The use of such effective interaction in (8.121) is
consistent with the replacement of & by the classical field ¥, and leads to the time-
dependent Gross—Pitaevskii (GP) equations (Gross 1961, 1963; Pitacvskii 1961):

2
i%\ll(r, t) = (-—2—:':— + vext (r) + g]¥(r, t)[2) U(r,t). (8.122)
Equations (8.122) hold in the limit where the scattering length is much smaller than
the average inter-atomic distance, and when the number of atoms in the condensate
is much greater than 1 (for more details, see e.g. Dalfovo et al. 1999).

Due to the assumption ®’ = 0, the above equations strictly hold only in the limit
of zero temperature, when all particles are in the condensate. Before discussing the
dynamic behaviour and the finite-temperature generalization, we will consider their
stationary solution at zero temperature which, as will be shown, coincides with the
Hartree-Fock theory discussed in Section 2.4. In order to obtain the ground state,
we write the wavefunction of the condensate as ¥(r,t) = ¥(r)exp(—iut), where
u is the chemical potential, and ¥ is real and normalized to the total number of
particles, [dr¥? = Ny = N. Then, the Gross-Pitaevskii equation (8.122) becomes

2
(—2% + Vext (T) + g\Ilz(r)) U(r) = u¥(r), (8.123)
and is completely equivalent to the Hartree-Fock equations (2.60) with ¥(r) =
VN(r). The solutions of these equations were discussed in Sections 2.4 and 4.3.2.

In the dynamic case and in the low-temperature limit, where the properties of
excitations do not depend on temperature, the excited states may be found from
the frequencies w of the GP equations. We look for solutions of the type

U(r,t) = e #U(r) + u(r)e ™" + v*(r)e™"] (8.124)
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which correspond to small oscillations of the order parameter around the ground-
state value. Retaining terms linear in the complex functions  and v, the GP equa-
tions (8.122) become

wu(r) = [Ho — p + 2902(r)]u(r) + g¥(r)%v(r)

(8.125)
—wu(r) = [Ho - p+ 2903()Jo(r) + g¥(r)?u(r)

where Hy = —V?2/2m + vext(r). These coupled equations allow the calculation of
the energies w of the excitations. In a homogeneous gas, the amplitudes v and v are
plane waves and u = g¥?(r). The resulting dispersion law is (Bogoliubov 1947)

2 2

wt= L (i— + 2gp) . (8.126)
2m

where p = U2(r) is the gas density, and is the same as the RPA result of (8.116).

For large momentum g the spectrum coincides with the single-particle one, while

for low ¢ values the dispersion is phonon-like.

In the case of harmonic confinement of a finite number of atoms, the GP equa-
tions yield either single-particle or phonon-like solutions according to whether the
ratio Na/ane (@nho = v/1/mwh,) is much smaller or much larger than 1, respectively.

The coupled equations (8.125) were solved by several authors in order to compute
the excited states of confined gases (Edwards et al. 1996; Ruprecht et al. 1996;
Singh and Rokhsar 1996; Dalfovo et al. 1997; Esry 1997; Hutchinson and Zaremba
1997; Hutchinson, Zaremba and Griffin 1997; You, Hoston and Lewenstein 1997).
Equations (8.125) also allow the calculation of the density of particles flowing out of
the condensate at zero temperature (quantum depletion), by summing the squared
modulus of the “hole” amplitude v over all excited states: poyt = 3_; [v; (r)|? (Fetter
1972; Dalfovo et al. 1997; Hutchinson, Zaremba and Griffin 1997).

For spherical traps the solutions of (8.125) are characterized by quantum num-
bers n,, [, and m, where n, is the number of radial nodes, ! is the angular momentum
of the excitation, and m its z component. For traps with axial symmetry, m is still
a good quantum number. In Fig. 8.9 we show the lowest energy solutions of even
parity with m = 0 and m = 2, for a gas of Rubidium atoms confined into an
axial symmetry trap (w; = wy = wy). The deformation parameter of the trap,
wz/w) = /8, corresponds to the experimental conditions of Jin et al. (1996), and
values of N up to 10 are considered. The agreement between theory and experi-
ment is very good, and evidences the importance of the interaction. In fact, without
interaction the two modes would be degenerate at energy w = 2w, .

The spectrum resulting from the numerical solution of the GP equations (8.125)
is shown in Fig. 8.10 for a condensate of 10* Rubidium atoms in a spherical trap
(Dalfovo et al. 1997). Each state with energy w and angular momentum I, is rep-
resented by a full bar. For fixed angular momentum, the number of radial nodes,
ny increases with energy. Looking at the high-energy and high-multipolarity eigen-
states, we note that the splitting between even and odd states is approximately
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Fig. 8.9 Frequencies (in units of w ) of collective excitation modes of even parity with m = 0 and
m = 2, for N Rubidium atoms in a symmetric axial trap (see text). The dots are experimental data
of Jin et al. (1996). The full lines are the predictions of the Gross—Pitaevskii equations with a/a
equal t0 3.371073 (ay = +/1/mw ). The dashed lines are the asymptotic results for Na/a, — oo,
(Stringari 1996).
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Fig. 8.10 Excitation spectrum of a dilute gas of Rubidium atoms in a spherical trap with az, =
0.791pm. Full lines: solutions of the time-dependent GP equations. Dashed lines: single-particle
spectrum for the Hamiltonian (8.127). The horizontal line is the chemical potential in units of wp,.
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equal to wp, and that the spectrum is similar to that of a 3D harmonic oscillator.
However, the states with the same value of 2n,. +1 are not exactly degenerate like in
the case of the harmonic oscillator; rather, the states with lower angular momentum
are shifted to high energy due to the mean field produced by the condensate in the
central region of the trap. The high-energy range of the spectrum is well reproduced
by a mean-field description. Such description can be obtained from the GP equations
by neglecting the coupling between the positive-energy (u) and negative-energy (v)
components of the order parameter (8.124), which is responsible for the collective
nature of the solutions. This corresponds to putting v = 0 in the first equation
(8.125), which reduces to the eigenvalue problem (H,, — u)u = wu, for the single-
particle Hamiltonian

R v

Hyp = o + Vext (T) + 2gp(r) . (8.127)

In this case, the eigenfunctions u fulfill the normalization conditions

/dru;‘ (r)ui(r) = 8.

In many body theory, this approximation is identical to the one known as the
Tamm-Dancoff approximation (see next Section), and may also be considered as
the zero-temperature limit of the HF theory at finite temperature [see the second
Eq. (2.98)]. For this reason, in the literature the mean-field spectrum of Fig. 8.10
is sometimes referred to as the HF spectrum. Once we know how to compute the
chemical potential and the condensate density through the static GP equations
(8.123), it is easy to obtain the mean-field-like spectrum for Hamiltonian (8.127).
The mean-field energies are shown in Fig. 8.10 by dashed horizontal bars. We notice
that the general structure of the spectrum is very similar to the one yielded by the
GP equations, apart from the low-energy, low-multipolarity states. In fact, the latter
are the collective states that we discussed previously, which cannot be described by
single-particle theories. In principle, one would expect that such low-energy states
might influence the Boson system thermodynamics at low temperature, thereby
making the finite-temperature mean-field theory incorrect in this range (i.e. around
the critical temperature), while the theory should work well at high temperatures
where single-particle excitations play the prominent role. In practice, for confined
systems the thermodynamics is governed by surface excitations, which are very well
reproduced by the mean-field theory even at low energy (Giorgini, Pitaevskii and
Stringari 1997). Thus, and unlike what happens in homogeneous systems where
phonons dominate the thermodynamic behaviour of the system, and the finite-
temperature HF theory is unphysical at low temperature, in confined systems HF
at finite temperature may be used to describe the thermodynamics of the system
even at very low temperatures.

A theory that describes correctly both the high-temperature and low-
temperature regimes, is the so-called Popov approximation (Popov 1965, 1987;
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Griffin 1996). This approximation is based on the one hand on the extension to
temperature T of the GP equation [see the first of Eq. (2.98)] in which the in-
teraction among atoms of the condensate and outside the condensate is explicitly
considered, and on the other hand on Bogoliubov type equations for the system
excitations. The equations have the form

( 2+%mm+dm+mm)W=uw, (8.128)

2m

and

eiui(r) = [Ho — p+ 2gp(r)]ui(r) + gpo(r)vi(r),

(8.129)
—€vi(r) = [Ho — p + 2gp(r)]vi(r) + gpo(r)ui(r),
where Ho = —V?2/2m + vexe(r) and po = |¥(r)|? is the density of the condensate,
while pr is the density of thermal particles, given by

pr = (lusl* + [osf)lexp(Bes) =17, (8=1/KT) (8.130)

with u;, v; and ¢; solutions of equations (8.129). Now, these quantities depend on
temperature. The sum p = py + pr is the total density. The functions u;, v; are
normalized according to the condition

[ drlui e e) = vi )y 0] = 5. (8.131)

In the Popov approximation, the thermal component is treated as a thermal bath
that produces a static external field in the condensate equation. One ignores quan-
tum depletion at zero temperature, which is given by pout = > _; |v;|2, and which is
very small for the trapped gases. Then, at very low temperature, when pr is negli-
gible with respect to po, equation (8.128) coincides with the stationary GP equation
(8.123), and the equations (8.129) coincide with (8.125). Results obtained by solving
the Popov equations are found in Dalfovo et al. (1999) and Giorgini et al. (1997). By
comparing the thermodynamic properties of the Boson systems as obtained by the
Popov theory with those of the finite-temperature HF theory (see Section 2.6), we
note that while for homogeneous gases the phonons (i.e. the low-energy collective
states that are taken into account only in the Popov theory) are always relevant
in the calculation of thermodynamic properties, in the case of confined gases the
HF approximation turns out to be excellent even at relatively low temperatures.
As already discussed, this is due to the fact that at such temperatures the main
contribution to thermodynamic properties comes from surface excitations, which
are well reproduced by the HF' theory.
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8.7 Time Dependent Hartree—Fock (T'DHF) and the Matrix
RPAE

In this Section we look for solutions for the equation:

oI
5=
where, in the case of fermions, the action I is given by
to a
1= ["(GsoOIH - i l6sp(Oht, (8.132)
t1

where H = Hyp + Vies, and ¢sp(t) is a Slater determinant. We recall that (see
Chapter 2) the HF Hamiltonian Hypr and the residual interaction Vies have the
following properties:

(HF|Hyp|HF) = Eyp, Hyrpli~l,m) = en4li~t,m),
where €., ; = €m — &, |HF) is the HF ground state and |i~!,m) = a} a;|HF), and
(HF|Vieo HF) =0,  (HF|Viasli~!,m) =0,
Vi = (17, m|Vees| 5™, n) # 0,
Vigmm = (HF|Vies|i™,m, 571, n) #£0,
Vg = (07 m, 571, n|Vies|HF) # 0.

In order to derive the TDHF equations, in the limit of small oscillations around
the equilibrium configuration, let us write the generic Slater determinant ¢gp(t) of
equation (8.132) by use of the Thouless theorem [see Eq. (2.69)]:

|psp(t)) = €= mi Omsenas g ) (8.133)

Then, the equations for the coefficients C,, ; are obtained from equations (8.70),
(8.132) and (8.133) by expanding (8.132) up to second order in Cy, ;, and using the
above properties. We find

(¢sp(t)|H — Zg—t |#sp(t))

_ 0 1
=Egr + Z(HFl (HHF + Vies — 15Z> Cinli™,m)

m,i

0
-1 * _ Y
+ ;ia ,mIChi (HHF + Vres 1at) HE

0
-—1 * : :—1
+ 3 (i (e + Vi =57 ) Congli™1m)

™my6,n,J
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1 . .
+§ <’L 1ama.7 ’n' m,i n](HHF‘f"/res'_ )IHF>
m,t,n,J
1 0 _ .
+5 Z.(HFI <HHF+VreS— a)cmc St m
m""nlj
—-EHF+ZICm zl 5m1+ Z m,j,4,m — ZC;L,iC'm,i
m,i,n,j
+— Z C:;lz :] mny"’y]_}— Z szC ,]V,],mn (8134)
mzn,] mzn,]

Bt requiring 61 = 57+— ol JC* ; =0, we find

t2
6l = /
tp

+ }: Vim ,,J>6c;;,,] dt =0

are arbitrary, the final equations for the coefficients

Z (Cm,ism,i + z C"q]' Vm,j,i,n - iC’m.i

m,i n,J

and since the variations dC,
Cm,; are

)3

iCrmyi = Ci€mi+ Y _(CnjVimjin + CiVinmig) - (8.135)

n,j

Let us now look for solutions to equation (8.135) that oscillate in time with frequency
w, of the form

Cn 1,(t) m 1,6_’““t + Z;l,ieiwt . (8136)
We obtain

(V€™ 4 @) 4 D WVinisin (Vnge ™" o+ Z0,56)

n,j

+Vinnyii (Yo €8 + Zn je™ ™M) = WYy, e 7" — wZ,’;l,iei“’t ,  {(8.137)

and by equating the coefficients of the exponentials with +w, we find a system of
coupled equations for Y, ; and Zy, ;:

Em, zYm i+ § m,J,1, nY; Vm,n,i,jZn,j] = WYm,i

(8.138)
Em,idim,i + Z[W,n,m,jZn,]‘ + VijmnYnil = —wZm.

n,j
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[Note that in order to derive these equations, we used Vijmn = (Vimnsj)*]
Hereafter, equations (8.138) will be denoted as the RPAFE equations, in order to
distinguish them from the RPA equations in which exchange effects are neglected
both in single-particle energies and in the matrix elements. These equations, which
are particularly suited to study the excited states of non-homogeneous systems like
metal clusters and nuclei, are eigenvalue equations whose solution yields the excita-
tion energies w of the RPAF states, as well as the matrix elements of an excitation
operator F between the ground and the excited states: (0|F|n).

Linear RPA—TDHF equations, of the kind of equations (8.138), can be derived
also for Bosons systems like, e.g. the dilute and cold gas of alkali atoms treated in
the previous Section by means of the Gross—Pitaevskii theory. In this case, the HF
wavefunction of the condensate is written as |[HF) = ¢;(r1)¢:(r2) - ¢:(rn), and
the one-particle-one-hole states which appear in the Thouless theorem (8.133) can
be obtained starting from the complete set of single-particle wavefunctions which

are eigenstates of the Hamiltonian
V2
Hsp = _% + Uext(r) + ng(r) y

where pp is the density of the condensate. Following the track of calculation per-
formed above for Fermions, one easily gets the result

em,iYmi+ gy [ / drgy, (r)én (r)p(r)Yn,i + / drgy, (v)én (r)p(r)Zn,i:l =wYm,i,
" (8.139)
Em,ilm,i+ 9 Z [/ drey, (£)dm (v)p(r) Zpn i + | drop(r)dm (r)p(r)Yn,i:l =—wZmi-

The solutions of these equations are identical to those of equations (8.125), as can
be easily verified by expanding u and v in the latter equations on the complete set
of eigenfunctions of the above Hamiltonian H,p.

In general, the RPAE equations are written in matrix form as

A B Y(w) Y (w)
=w , (8.140)
—-B* —A* Z(w) Z(w)
where the matrices A and B are defined in terms of the single-particle wavefunctions
as

Ami,nj = Emi(smn(sij + <mj|‘/res|in>a, Bmi,nj = <mn|‘/res|ij>a, (8141)

and the matrix elements should be antisymmetrized by including exactly the ex-
change contributions:

(ab]Vreslod)a = (ab]Vres|od) — (ab]Vees|de) (8.142)
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This is the main difference between the microscopic HF—RPAE calculation and the
RPA calculations based on the LDA theory (see Section 8.9), where the exchange
contribution is only approximately treated in the energy functional and not in the
wavefunction of the ground state.

To solve the RPAFE equations, the following procedure is to be followed. First,
the static Hartree—Fock problem is solved, from which we get the single-particle
energies £,, the single-particle wavefunctions ¢,, and the Hartree-Fock ground
state |[HF'). Subsequently, all the one-particle-one-hole states |i~!,m), with their
respective excitation energies €., ;, are set up according to the kind of excitation
to be studied. Let us assume, for example, we want to study the photo-absorption
cross section of a metal cluster of Sodium atoms, in the limit of long wavelength in
which kR <« 1 (k ~ 1/, with R the metal cluster radius). In this limit, the photo-
absorption cross section as a function of the frequency w of the absorbed photon is
given by

o(w) = dre’wS(F,w), (8.143)

where

N
F=D=) ricos;
i=1
is the electric dipole operator, and the sum runs over the valence electrons of the
cluster, and

S(D,w) =Y 1{0|D|n)|*6(w — wn,0) (8.144)

is the excitation “strength” for the dipole operator.
Then, one selects the one-particle-one-hole states |i~!, m) such that

Fim = Dim = (HF|D[i~Y,m) #0

(i-e. those which fulfill the selection rule Al = +1, valid for the dipole), and cuts
the particle-hole space at some energy @ such that €, ; < @. For each particle-hole
pair i~1, m in the model space, we compute all the matrix elements of the residual
interaction that appear in the RPAE equations (8.138), using the states j~!,n of
the model space, and solve the system of coupled equations to obtain the solutions
w and Y (W)m,i, Zm,i(w). Thus, we have as many solutions as the states i1, m of the
model space, with energies w different from the energies €., ;. The RPAE matrix
elements (0|F|w) are obtained starting from the solutions Y (w)m,i, Zm,(w), as

(O|F|w) = Z(Ym,i(w)F;l,i + Zm,i(W) Fm i), (8.145)

with F; ,,, = (HF|F|i~!,m). The matrix element (8.145) allows us to calculate the
excitation strength S(F,w) and, in the case taken as the example, where F' = D, the
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RPAE photo-absorption cross section as well. Clearly, the RPAE strength differs
from the analogous quantity as computed in HF', given by

Syp(F,w) = Z |(6=Y, m|F|HF)|?6(w — €m.) - (8.146)

Equation (8.145) can be derived starting from the variance
(6sp(t)|Flosp(t)) — (HF|F|HF).
Using for ¢sp(t) equation (8.133) expanded to first order in the coefficients Cy, ;(t)
(which in turn are given by Cp, i(t) = Y i(w)e ™ + Z (w)e™*), we obtain
(#sp(8)|Fl¢sp(t)) — (HF|F|HF)
=D (Vi i+ ZmiFmi)e™™" + (25, Fr s + Vo i Frn)e™']. (8.147)

On the other hand, by writing |#(t)) = |0) + a(t)|w), where a(t) = age™™*, we
obtain

(B@)IF|6(2)) — (OIF|HF) = oo ((0|Flw)e™™" + (w[Fl0)e™")  (8.148)

for the variance so that by comparing equations (8.147) and (8.148), we find (8.145)
where the Y and the Z are defined apart from a normalization constant.

The normalization constant for ¥ and Z can be found in a simple way by
introducing the creation and annihilation operators for the RPA excited states
starting from (8.145) and the definitions

oLjo) =|w), . (8.149)
and
0,0y =0, (8.150)
for all w’s. Using the result
(0|F|w) = (0|FOL|0) = (0|[F, OL]I0) =~ (HF|[F, OL)|HF), (8.151)

and comparing it to (8.145), we immediately get for the creation operator

Ol =3 (Ymi(w)ahai — Zm,i(w)alan). (8.152)

m,i

Moreover, the annihilation operator O,, is the adjoint operator of Of. Then, the
normalization condition is obtained from

1= {(w]w) =(0j0,0L|0) = (0][0., OL)|0) ~ (HF|[O.,,OL]|HF) . (8.153)
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Using result (8.152) and the anticommutation relations (2.62) for the operators a
and a' we finally obtain at last:

> (Yol = [Zmil?) = 1. (8.154)

Different solutions may be orthogonalized in order to fulfill the relation
(HF|[Ou, O§JIHF) = bu,.

The RPAE equations can also be derived using the method of equations of mo-
tion, in which the Schrédinger equation is rewritten using the excited state creation
and annihilation operators (8.149) and (8.150) as

[H,01]|0) = (Ex — E)O}|0) = w, 0] |0). (8.155)

From this equation, it is possible to derive the variational equation for the O and
Ot operators

(01605, [H, 05110} = wa(0][60x, 0}][0) . (8.156)

This equation is exact in the limit when |0) is the true ground state of the system.
It is also very useful for we note that in the limit in which the right-hand and left-
hand side commutators of the equation are numbers, it turns out to be completely
independent on the approximation employed for the ground state, and in the limit
in which the commutators are one-body operators their mean values are well re-
produced by a mean-field ground state, because for the one-body operators F' one
expects that (0|F|0) ~ (HF|F|HF), even if |0) # |HF). These considerations are
also the basis for the last steps of equations (8.151) and (8.153).

In the RPAFE approximation the excitation operators are taken in the form
(8.152), and in the equations of motion (8.156) we replace the mean values of the
commutators on the true state by their mean values on the HF state.

By inserting expression (8.152) into the equation of motion (8.156) and allowing
80, to span the ensemble of particle-hole creation (a},a;) and annihilation (alam)
operators, one obtains equations (8.138). In such a procedure there is a lack of self-
consistence because by including into O:f\ both the creation and the annihilation
operators of a particle-hole pair, one automatically excludes the possibility that the
RPAE ground state is the HF one which, however, is used to solve the equations
of motion. To be consistent, one should use for the ground state in the equations of
motion the solution of

OARPAE) =0, (8.157)

for all the states A which defines the RPAE ground state. However, the solution of
such system is extremely complex, and in practice to solve the equations of motion
one computes the commutators on the |HF) state.
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Lastly, we wish to recall the Tamm—Dancoff approximation, that was widely
used in past years before the appearance of computers made it possible to solve
the RPAE equations. It consists in approximating the ground state |0) by the HF'
state, and in writing the operators O}, as creation operators for one-particle-one-
hole states:

Of = Y i(w)ah,ai. (8.158)
m,i

In this case the equation for the ground state

Ou|HF) = Yn (w)alam|HF) =0, (8.159)

is satisfled for all particle-hole states. By inserting (8.158) into the equations of
motion (8.156), and considering arbitrary variations 6Y,, ;, we obtain:

Z(HFHaIam, [H,ala;||HF)Ym ; = wr(HF|[a}am,ala;)| HF)Y ;. (8.160)
n,J

Using the fact that the HF state obeys the equation (8.159), we arrive at the
Tamm-Dancoff equations

> " Grnbisem,i + Vinjin)Yn s = w¥im,s. (8.161)

an

Compared to the RPAFE solutions, the Tamm-Dancoff approximation completely
ignores the dynamic effects due to presence of correlations in the ground state, which
are taken into account in RPAFE by the term Z,, ; in (8.152). This term makes the
RPAF state different from the HF one.

In the case of a cold dilute gas of Bosons in a magnetic trap, the Tamm-Dancoff
equations lead to solutions which coincide with those of the mean-field, obtained
with the single-particle Hamiltonian (8.127). They coincide also with the second
HF equation (2.98) at finite temperature only in the zero-temperature limit.

8.8 Examples of Application of the RPA Theory

8.8.1 RPA with separable interactions

The physics described by the matrix RPAE theory can be illustrated in a simple
and clear way by a separable interaction of the kind

Vies =k Y QiQ;, (8.162)

i<j

where k is a constant. This interaction emerges in a natural way in the vibrating
potential method (Chapter 10), and should be used without including the exchange
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terms in the particle-hole matrix elements which, thus, are given by

Vm,j,i,n = <mi_1|‘/reslnj_1> = ka,iQ;,]

(8.163)
Vmn,ij = <mi_1nj_1|VreSIHF> = kQm,iQn,j »
where
Qm,i = (le|l> = E/(p:z(ra U)q(Pi(I', O')dI' (Q = Zqi)
and ¢; are the solutions of the static Hartree—Fock problem.
Equations (8.138) then become
(Em,i = @)Yomi +kQms > _[Qh Yo+ QnjZnjl =0,
n,j
(8.164)
(Emyi + W) Zmys + kQpi Y [QniiZn j+ Qi ;Yns) = 0
n,J
with solution
NQm i NQ:n i
Yii= -, = - .
, P i, E—— (8.165)
The constant N which is given by
N =k [Qr ;Y0 +Qn;iZns], (8.166)

n7j

can be evaluated by the normalization condition (8.154). By eliminating Y, ; and
Zm,: from equations (8.165) and (8.166), we obtain the following dispersion relation
for the excitation energies w:

226'"’ | Qs | (8.167)

L —w?

Equation (8.167) is completely similar to (8.87), which yields the RPA excitation
energies for homogeneous systems. It is enough to identify the free response func-
tion x® with =237 €mi | Qm.i | /(€2, ; —w?) and k with v(g)/LP. The graphical
solution of the equation is plotted in Fig. 8.11, and clearly shows that a collec-
tive solution emerges apart from the single-particle-like ones. Note that, unlike the
homogeneous case, the single-particle spectrum of a finite system like the one con-
sidered here, has a gap and is discrete.
The RPA matrix elements

(WIFIHF) =Y (Y iFmi+ Z3 iFm 3)

m,i



Ezamples of Application of the RPA Theory 269

Aggb

2 .
i

m,il Qm,i !2

£,

_22 £

k>0

el el e

£

<
N
]

-—-_—-_—-_-.——_-é-—— g
-

k<0

e e e g

e i Ml el R g ey

Fig. 8.11 Graphical solution of the dispersion relation (8.167) for the RP A theory with separable
interactions.

of equation (8.145) are found by computing the normalization constant and using
solutions (8.165) for the Y and Z. With a simple calculation we find

~1/2

Aem,iw | Qm,i |2
and
(W\F\HF) = —NZ Q’"’ miy (8.169)
E'm i —w 5m,z +w

An analytic solution for the collective energy can be found in the degeneration
limit, in which all the particle-hole energies ¢,, ; = € are all equal. In this limit,
all the RPA solutions except one, are trapped at the unperturbed energy . The
untrapped (collective) solution is obtained from equation (8.167) as

W=+ 2k | Qm [, (8.170)
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and assuming that the excitation operator F coincides with Q, we find
. (€2 — w?)?

B dew Zm,i l Qm,i l2 ’

(8.171)

and

[(wIQIHF)? Z | Qmoi I* . (8.172)

The above equations show that the collective state energy is either higher or lower
than the unperturbed energy, according to whether the residual interaction is at-
tractive or repulsive, and that the energy—weighted sum rule (f-sum rule)

ZE [{0IQ[n)? 0I [F, [H, F}|0)

is conserved in the sense that

W(WIFIHF)? =€) | Fi [P= mP4 (). (8.173)

m,i

Therefore, the same result is obtained when computing mfF4 either with the RPA
matrix element or taking the commutator 3(HF|[Q, [H, Q]]|HF) on the HF state.
This is not the case for the mo = 3, |(0|Q|n)|?> sum rule which, when computed in
RPA, is either larger or smaller than the unperturbed one, depending on whether
€/w is larger or smaller than one. For a general description of the properties of the
sum rules mentioned here, see Section 8.10.

8.8.2 RPAEFE for metal clusters

In this Section we will study the response of closed-shell sodium clusters to the
electric dipole excitation operator, and use the RPAFE theory based on the HF
and BHF approximations for the energies of the single-particle wavefunctions. We
shall employ both the jellium model for the metal cluster, and a model which uses
pseudo-Hamiltonians (Bachelet, Ceperley and Chiocchetti 1989) to describe the
ionic potential acting on the valence electrons of the cluster (see Section 2.2.1).

The electric dipole excitations for sodium metal clusters were measured by sev-
eral authors by means of photo-absorption reaction on a cluster beam (Knight et al.
1985; Pollack et al. 1991; Selby et al. 1991; Borgreen et al. 1993; Ellert et al. 1995;
Reiners et al. 1995); the calculations we report here are those by Guet and Johnson
(1992) and Lipparini, Serra and Takayanagi (1994). The results are compared with
the RPA calculations based on LDA theory of Ekardt (1985) and Yannouleas et al.
(1989).

The RPAE calculations based on the HF method with Coulomb interaction,
will be henceforth referred to as the Coulomb-HF (CHF') approximation, while
those based on the Brueckner-HF method with the effective interaction (3.61),
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which is used to determine both the single-particle states and the residual interac-
tion, will be indicated as the BHF approximation.

Thus, the Hamiltonian that describes the motion of the valence electrons of
sodium clusters, is given in BHF by (in the following, we use atomic units (a.u.))

2
b3 1 c ' .
H= Z_EJFZ <——\ri ) 7Y (ﬁ,j,Vz-,])) +_Vi. (8.174)
t 7 1

From this, we obtain the CHF Hamiltonian by simply dropping the correlation
term g°.
For the electronic potential

1
V=3 = +9°0i5, Vi) ) » (8.175)
o7 \[ri =Tl

of equation (8.174), and for the dipole operator D = Ef’zl z;, the following property
holds

V,D]=0. (8.176)

This condition (8.176) is known as (Bohigas, Lane and Martorell 1979; Lipparini and
Stringari 1989) the Galilean invariance of the force, and stems from the translational
invariance of the electronic potential (8.175), and from the fact that the dipole
operator coincides with the coordinate of the center of mass of the electrons. Then, in
the spherical jellium model (JM), where the ionic potential V; is the local operator
(2.24) (Vi = V), one finds

[H,D] = —2P.. (8.177)

where P, = ), p? is the 2 component of the total momentum of the valence elec-
trons. Thus, using equation (8.177) one obtains for the f-sum rule m;y:

N
miM = R (8.178)
and for the sum rule cubic in energy:
om [ or (B
maM = %/ p(r\V2V, (ryrdr = T—:/ p(ryrdr, (8.179)
0 s JO

where p(r) is the electron density of the ground state, and in order to obtain the
last expression of (8.179) we have used the Poisson equation. The ma sum rule
depends on the ionic potential V. because this external field breaks the translational
invariance of the system and thus does not commute with the total momentum
operator. In the pseudo-jellium model (PJM), the ionic potential V; of (8.174) is
non-local and is given by the expression (Lipparini, Serra and Takayanagi 1994)

V= —%Va(r) VALA(r) - L+u(r), (8.180)
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Fig. 8.12 Radial functions ¢, 3 and u for the Nagg cluster, in atomic units The functions were
scaled in the following way: as = 25a, 8s = 2 x 1043, The local jellium potential of Eq. (2.24) is
represented by the dashed line, for comparison.

where L is the angular momentum operator and the functions «, 8 and u are com-
puted from a pseudo-Hamiltonian that takes into account the ionic structure (core
electrons) in the interaction between valence electrons and ions. These functions are
shown in Fig. 8.12 for the cluster Nagg.

The nonlocal character of V; makes V; contribute to the commutator [H, D].
Taking this contribution into consideration, we get the following result for the f-
sum rule

mPIM = or /o ” (1 +a(r) + %rzﬂ(r)) p(r)ridr, (8.181)

which differs from the result (8.178) and valid in the jellium model.

The above results for m; and ms hold in the RPAFE approximation, provided
one uses the self-consistent mean-field solution for the electron density that appears
in expressions (8.179) and (8.181). In fact, it can be shown that the evaluation of
the mean value of the commutators

m1 = 1/2(0|[D, [H, DJ]|0) ,
ms = 1/2(0|([D, H], [H, [H, DI]]|0)

on the HF state, is equivalent to computing the moments m; and m3 with the
RPAE energies and matrix elements (Bohigas, Lane and Martorell 1979; Lipparini
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Fig. 8.13 Dipole-energy distribution for the Nago and Nagz clusters with the jellium model, in
units of the f-sum rule m;. In all cases the top panel shows the calculation under the CHF + RPA
approximation, while the bottom one corresponds to the BHF + RPA approximation.

and Stringari 1989; see also Section 8.10). As regards the inversely energy-weighted
sum rule m_;, which is connected to the static polarizability o of the system by
the relation

1
m_i1 = 5(!, (8182)

it is possible to show in a similar way that the evaluation of the moment

m_y = 3" E|(nID|0)?

using the RPAF energies and matrix elements is equivalent to calculating the po-
larizability « in a static HF calculation with a dipole constraint. The RPAE cal-
culations that we are going to report in what follows, satisfy these theorems.

In Fig. 8.13 we show the distributions of the dipole strength in the Nagy and
Nagy clusters, computed in CHF and BHF with the spherical jellium model. The
strengths are in units of the f-sum rule mq of (8.178). As a general feature, the BHF
spectrum has an average excitation energy slightly higher than the CHF' spectrum,
which is reflected in a lower polarizability value. This is shown in Fig. 8.14, where
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Fig. 8.14 Static dipole polarizability in some closed-shell Sodium clusters. The squares and the
crosses correspond to the CHF and BHF approximations, respectively, in the jellium model. The
circles are the results of the BHF' method with the pseudo-jellium potential.

we plot the electric-dipole polarizability per particle in CHF and BHF (we recall
that for the jellium clusters the classical value of a/N is r3). This behaviour can
be understood in terms of the role played by electron correlations. Inclusion of
these correlations in BHF makes the cluster more rigid than in CHF and, as a
consequence, less polarizable by an external electric field and resonant at higher
energy.

In Nagy the excitation spectrum exhibits two main peaks, in both CHF and
BHF. This agrees with the experimental data on the photo-absorption cross sec-
tions of Pollack et al. (1991), which exhibit two peaks at 2.4 eV and 2.75 eV. How-
ever, the relative intensities of these two peaks are not well reproduced, because
in the experiments the second peak is weaker than the first (see Fig. 8.15) and,
moreover, the effect of correlations in BHF' is to increase the difference between
theoretical and measured peak energies, which is already present in CHF, i.e. to
increase the blue shift with respect to experiment.

As the size of the cluster increases, the fragmentation of the strength increases
as well, and the average excitation energy shifts to higher energies, but in any case
staying well below the classical Mie frequency wpsie = +/47p = /3/r3 which, for
sodium, (ry ~ 4) is 3.4 eV. This is shown in the Nagy spectrum of Fig. 8.13b.

As for the comparison with the TDLSDA theory (see Section 8.9), the BHF
spectra are very close to the TDLSDA ones, and the polarizabilities are practically
coincident. The disagreement with experiment cannot be explained within the HF
framework, even by taking into account of short-range correlations like in BHF;
one should rather include effects due to the ionic structure into the model. To
prove this statement, in Fig. 8.15 we show the dipole strengths as computed in the
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Fig. 8.15 Dipole-strength distributions, in units of the f-sum rule mj, in the pseudo-jellium
model. The results for the Nagg, Na@"1 and Nag'5 clusters are reported in (a), (b) and (c), respec-
tively. In all cases the top panel shows the experimental photo-absorption cross section, (Pollack
et al. 1991, for (a), Borggreen et al. 1993, for (b) and (c)), while the bottom one shows the
theoretical results (Lipparini, Serra and Takayanagi 1994).
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Fig. 8.16 The same as Fig. 8.15, with but for the theoretical results in clusters with 40 (a), 58
(b) and 92 {c) electrons. In all cases the top panel reports the results for neutral clusters, and the
bottom one for positively charged ones.

BHF + PJM approximation, for the Nag, NaJ; and Naj; clusters, and compare
them with the experimental data. Then, in Fig. 8.16 we report the theoretical
calculation in (neutral and positively charged) clusters with 40, 58 and 92 electrons.
The strength is given in units of the f-sum rule of (8.181), whose value in the
different cases is reported in Table 8.4. In this table, we report the values of 2m; in
a.u., which for the jellium equals the number of electrons [see Eq. (8.178)].
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As is seen from the table, in sodium clusters m{’ /M is very close to the value of

the jellium model, N/2 [see Eq. (8.178)]. However, in other cases (like e.g. lithium
clusters), m¥’/M is much smaller than m{™. This effect, which is due to the non-
locality of the pseudo-Hamiltonian, is the important one in order to reproduce the
experimental photo-absorption results in lithium clusters (Brechignac et al. 1993),
which in the optical region do not saturate the f-sum rule of the jellilum model.
This was explicitly shown by RPA calculations with pseudo-potentials in lithium
clusters (Serra et al. 1993; Blundell and Guet 1993; Alasia et al. 1995).

TABLE 8.4

Nazo Nago Nass Nagz
2mj(a.w.) 19.41 38.76 56.12 88.95
Na}, Na}y Na}f, Naly Naf;

2mi(a.w.) 19.38 3291 3874 56.09 88.93

From Fig. 8.15 we may conclude that, once the ionic structure effects are in-
cluded, the spectra predicted by the BHF + PJM theory are in very good agree-
ment with experiment. Especially remarkable is the degree to which it reproduces
the fragmentation of the strength (Landau damping) in Nagy and Nads, and the
relative weighs of the peaks. For the NaJ; cluster the model foresees one dominant
state with more than 70% of the strength, in good agreement with the experimen-
tal results reported in the figure (Borggreen et al. 1993), as well as with those of
Ellert et al. (1995) and Reiners et al. (1995). The spectrum of the Naj; cluster also
compares very well with the experiments, which evidence a dominant peak at about
2.6 eV, and a tail around 3 eV. The high degree of fragmentation predicted for Nayg
is also observed in the measurements of Selby et al. (1991).

The dipole polarizability computed in BHF + PJM is shown in Fig. 8.14. From
this figure we see that the computed values are very close to the experimental ones
of Knight et al. (1985).

8.9 Adiabatic Time Dependent LSDA (TDLSDA)

The time-dependent version of the LSDA approximation (see Section 4.6), known
as adiabatic TDLSDA (Time Dependent Local Spin Density Approximation) (see
for example Gross and Kohn 1990), can be derived through a variational principle
on the following action integral

I= [(psp®HEPA ~ iZipsp(e) d (5.183)
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where psp(t) is a Slater determinant of single-particle, time-dependent wavefunc-
tions, and

(psp(®)|H " PApsp(t)) = E(p(x,t),m(r,t))
=7MQ+/mﬂn0P@Aﬂ+%Umﬂ
+ Ezc(p(r, 1), m(x,t)), (8.184)
where
U@¢y=/dﬂmﬂwmu_ﬂp

is the Hartree potential (for electrons, it is the classical Coulomb potential). If ¢; »
are the single-particle states that appear in the Slater determinant, for the density
appearing in the above equation we have

p(r’ t) = Zpd(rv t) )

m(e,2) = pr(e,) = py (1), (8.185)
pa(r,t) = 3 _lpio(r, ),
and z
%m:/a%%L (8.186)

where

7'(1‘, t) = Z |V(pi,6(r, t)|2 .
i
By making the stationary condition 6 = 0 to equation (8.183), we obtain the
time-dependent Kohn-Sham equations for the ¢;(r,t):

.0
la%’,a(r, t)

V2 1
= (—% + Vext (1) + EU(r, 1) + Vie(r, t) + ch(r,t)az) io(r,t), (8.187)

where o, is the z component of the Pauli spin operator and, in the adiabatic ap-
proximation,

('?Eu(p, m)
Op(r,t)

are the exchange-correlation potentials. An exhaustive discussion about the justifi-
cation of the theory and the validity of TDLSDA, is found in Dobson et al. (1998).

OE;.(p, m)

Vaelr, 8) = Bm(r, 1)

and Wie(r,t) = (8.188)
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Starting from equation (8.187), in the following we will study the TDLSDA
response functions of a many-body system to an external, time-oscillating field, by
employing a formalism that applies to both homogeneous and non-homogeneous
systems, and which also takes account of coupling among different responses which
are due to possible spin-polarization in the ground state of the system. We will
separate the study of the response into the longitudinal case, in which the system
excitations take place without varying the third component of the spin (AS, = 0),
and the transverse one, in which the excitations involve a change of spin (AS, =
+1).

8.9.1 The TDLSDA longitudinal response function

Let us put the system [Eq. (8.187)] in an external, time-oscillating field like that of
equation (7.10), where the operator G depends on the spin co-ordinates and is of
the form

N; N,
G=G"=3 gr)£) gr:) =) ga(ri)lo)o], (8.189)
=1 i=1 io

with Np, N; the numbers of system particles with spin up and down, respectively.
The external potential causes variations in the spin densities of the system (with
respect to the static densities), that can be written in the following way

0ps(r,w) = Z/a,,a/ (r,r',w)g, (x)dr’, (8.190)

where o, o+ is the correlation function that connects the density variation to the
external field. Such density variations give rise to changes in the effective LSDA
potential of (8.187), which depends on the densities, so that we have Vog = V¥ +
0Veg. To first perturbation order in §Vig, the effective-potential variation, in turn,
causes a density variation which are given by

8ps(r,w) = Z/a&a—,(r, v, w)§V.5 dr' (8.191)

where the correlation function of the non-interacting particles ag’a, (built up

through the solutions of the stationary KS equations) is given by the expression

i (T)or (¥ e* (v)ome (T
a9 (6,1, w) = 8500 Z [?’ 2 )@;ai 6).(p7i”€(m)f )
(1

mi

_ 035 () Pio (T)Pmo (T) 05 (1) , (8.192)
W — Eia + ema
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where the indexes i, m refer to hole and particle states, respectively. Noting that at
first order in &p the variation of the effective potential is given by

, / 0%Esc
SVE(r) = go(r) + E/dr (v(|r —r']) + apaapgr> §psr(r'),  (8.193)

then from equations (8.190), (8.191) and (8.193) we obtain a Dyson-like integral
equation

Qoo (r, 1, w) = agya, (r,r',w)

—|—Z /agm (r,r1,w) Ko, 0, (v1,T2) 00,0/ (T2, ', w) dri dry  (8.194)

g102

which defines the LEDA correlation function g o in terms of the free correlation
functions a?,, o+ The kernel of the integral equation, which is commonly known as
particle-hole residual interaction, is given by

Ky o,(r1,1r2) = v(|r1 —ra|) + %E%@ . 5(r1 —ra), (8.195)
where
*Ey. 9?E;. ?E;. O%Fy.
ety ~ 0 |y T ) Bom oo T |
= K(r) + (o + 707 ) M(r) + 1m0 I(r), (8.196)

with 11 = 1,7 = —1. The latter expression is the definition of the functions K, M,
and 7.
The dynamic polarizability is given by

X(FGw) =% / £ (6)6por (v, ) dr, (8.197)
with dp, given by (8.190). Then, we obtain
X(F*,Go\w) = [(f7 )81 + 030 dr

- / (Fr (oo + £2(F)ar 10, ()

+ fi(mayrg1(t) + f (v)ay, g, (r))drdr’ . (8.198)
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Note that if we substitute §p2, as given by
§p2(r,w Z/ ag o (1,1, w)ger (r)dr’ (8.199)

into (8.197), and use for o ,, the expression (8.192), we obtain the free response
function:

(F G = Y (DA laeim) _ miae DO g

S\ w—(em — i) W+ (€m — €;)

where 7 and m are the single-particle KS states, occupied and non-occupied, respec-
tively, in the ground state of the system. It is also important to notice that, in order
to obtain the dynamic polarizability of the system, it is not necessary to go through
the solution of the integral equation (8.194) which, from a technical point of view,
implies the difficult task of inverting large matrices. In fact, starting from equation
(8.194), it is possible to obtain an integral equation for the density variation that
enter directly into the definition of x:

0,A 0
spf sp" ol 0 Ky Ky spi
L= oa |+ o | ® | ], (8201)
Spf dp} 0 af Ky Ky 8pf
where the symbols ® indicate an implicit spatial integration on the common variable
r of the operands. In this way, the problem of determining the dynamic polarizability
is reduced to that of solving the system of 2N, linear equations (8.201), where N,
is the number of points used to solve the Kohn—-Sham equations.

The above formalism can be quickly generalized to the finite-temperature case.
The only element which changes is the correlation function (8.192), which becomes

o‘a (I' r' w 00' Z‘pa (Pﬂ( ()0,3( ) ( I)’ (8202)

6+w

where the indexes o (8) refer to single-particle levels with spin o (¢’) and thermal
occupation numbers f, (f3) (see Sections 2.6 and 4.7). The fact that, in the heated
system, thermal effects manifest themselves in the RPA or TDLD A equations only
through the free correlation function and the density dependence of the residual
interaction, which contain the appropriate Fermi-Dirac occupation numbers, has
been discussed by many authors (see, for example, Braghin and Vautherin 1994,
Hernandez et al. 1996). One can thus realize that the structure of both the RPA
and TDLDA equations and its solutions is preserved.
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From equation (8.197), taking for F' and G = F the symmetric and antisym-
metric combinations defined in equation (8.189), it follows that

x(F¢, F% w) = /f*(r)f(r’)a”(r, 7', w)drdr’,

X(F, F% ) = / () F (Y taa (1, ' w) drdt”

(8.203)
X(F¢,F% w) = /f*(r)f(r')asa(r,r',w) drdr’
x(Fe, F* w) = /f*(r)f(r')aas(r,r',w)drdr',
where
Qss = ajp + oy top T o,
Qgq = Ot + )| — a1 — a1,
T 1l T4 7 (8.204)

Qsa = oy — oy —arp t oy,
Qas = Q7 — Oy T O3 —Qyp.

The simplest physical situation to which it is possible to apply the TDLSDA
theory, is the paramagnetic case, in which the magnetization mo(r) of the ground
state is zero, i.e. initially the system is not spin-polarized. In this case we have
aﬁ) = aﬁ), and the function M(r) of equation (8.196) vanishes identically. It can
be easily verified that in such limiting case o, and ag, are zero, and that a,, and
Qgq Obey the Dyson equations

a5 = 0O + a0 @ K, ® o,
(8.205)
Qga = a(O) + a(O) ® Kaa ® aga ,

where the kernels are given by K, = v(r12) + Ké(r12), Kea = Z6(r12), and the
free correlation function a(©® = aﬁ) + o ﬁ is the same in the two channels because

aﬁ) = aﬁ). In the paramagnetic limit of longitudinal response, the charge channel
(symmetric) and the spin channel (antisymmetric) are uncoupled, and the kernel
of the integral equation consists of the Hartree potential term, plus an exchange-
correlation term in the former case, and only an exchange-correlation term in the
latter. When the system is spin-polarized in the ground state, aﬁ) #* aﬁ), M(r) is
not zero, and the two other independent correlation functions o, and o,y produce
a (symmetric) density response at F,, and an (antisymmetric) spin density response
at F,.

Lastly, we note that it can be shown that using the residual interaction given
by equation (8.195) in the RPAE equations (8.138), the RPAF solutions for the



282 The Linear Response Function in Different Models

energies and matrix elements coincide with the TDLSDA results of the present
Section.

In homogeneous systems and when F' and G = F are given by the density
operator p, = Y, €‘" and magnetization-density operator mq = 3, €4 Tig?, and
in the paramagnetic case, the integral equations (8.205) yield uncoupled algebraic
equations for the dynamic polarizabilities in the density and magnetization channels,
that are written, respectively, as

0
x (g, w)
X (q,w) = , (8.206)
1- LID (U(q) + 6‘29:3)‘% |gs)X0(q,w)
0
mm X q’w
X (q,UJ) = 1 azE(z ) . (8207)

1 - 75 %558 9sX%(q, w)

If we compare these equations with the RPA solution (8.86), which was derived
in the density channel, we see that the TDLDA theory introduces an explicit de-
pendence on the exchange-correlation energy in the density response, through its
second derivative with respect to density. This term changes the dispersion relation
of the collective state. For example, in the case of the electron gas, the TDLDA
plasmon frequency in the limit of small ¢ becomes

2TP  po 8%ED
m m 0p?

) q?, (8.208)
pP=po

where wy, is given by (8.106). The TDLD A dispersion coeflicient, normalized to the
RPA dispersion coefficient, is plotted in Fig. 8.3. We see that the agreement with
experimental data, though improved with respect to RPA, is still unsatisfactory at
high r,. In the spin-density channel, the TDLDA response is fixed by the second
derivative of the exchange-correlation energy with respect to the magnetization,
calculated at the magnetization value of the ground state. This quantity is different
from zero also for ground states that are not spin-polarized, and is negative. The
particle-hole interaction in the magnetic channel is attractive. This has the effect
that (see Fig. 8.1) in 2D and 3D the TDLDA solution, given by the intersection
of x°/LP with the (negative) straight line 1/ %—%ﬂ gs, falls into the continuum of
single-particle states, so that there is no collective state in the magnetic channel. The
situation is different in the Q1D where there exists a gap (see Fig. 7.3) between
the continuum of single-particle excited states and the energy zero, so that the
TDLDA solution in the Q1D case yields a low-energy collective solution in the
magnetic channel.

We finally note that in symmetric nuclear matter (i.e. with the same number of
protons and neutrons) it is of special relevance to study the isospin density response
in which

wiprpal@) = %2) + (

F* =G =pig=) e¥mr7,
i
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where 7, is the third isospin component. By exploiting the analogy between spin
and isospin, and that between equations (4.44) and (4.97), it is possible to write
immediately the isospin density response function as

0
X (g w)
X (q,w) = . (8.209)
1- LID g}:l/ |ng°(q, w)

where W is the symmetry potential of (4.99), and p; = p,, — pp is the isovector
density. Therefore, for nuclear matter (and neglecting the small nonlocal a; term)
we have %bs = by + ¢1p7 which, with the parameter values of Tables 4.3, 4.4 and
4.10, leads to the numerical value % lgs = 28.7 MeV fm3. Thus, unlike the magnetic
channel, the isospin channel has a repulsive interaction, so that the DL D A solution
yields a collective solution. Such collective solution was experimentally observed in
nuclei, and is known as giant resonance (see for example Lipparini and Stringari
1989). The response function of nuclear matter and liquid 3He, was studied in detail
starting from density functionals like those described in Section 4.9 [by Garcia-Recio
et al. (1992) and Alberico et al. (1991), the one of finite nuclei by Bertsch and Tsai
(1975); Liu and Brown (1976) and Liu and N. Van Giai (1983), and that of *He and
4He clusters by Serra et al. (1991); Barranco et al. (1997) and Casas et al. (1995)].

8.9.2 The TDLSDA transverse response function

Assuming that the spin magnetization is along a fixed direction, that we will take as
the z direction, it is possible to derive the transverse spin response in a simple way.
The method was developed by Rajagopal (1978), and was applied to quantum dots
by Lipparini et al. (1998), (1999). It turns out that the longitudinal and transverse
spin responses do not couple. In what follows, we define the spin-flip operators
o+ =1/2(0; + ig,) in such a way that

o) =o-|1)=0,
orl ) =11,
oI =11.

Let us introduce now a spin magnetization vector m and assume that the exchange-
correlation energy depends only on p and |m|, i.e. E;c = E;.[p, jm|]. Then, the spin-
dependent exchange-correlation potential W, in equation (8.187)) can be written
as

ch[p, |ml] = ch[P, |m|] m/lml ’
with

Waelp, |ml] = 8Ez[p, Im|] /0|m]| .
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At this point, in that equation one performs the change
Weeor = Faelp, |m||jm- o, (8.210)

where Fyclp, |m|] = Wi[p, |m|]/|m|. Defining the spherical components 4 of the
vectors m and o, we have

Weeor = Faclp, I m|] [my0, + 2(myo_ + m_oi)]. (8.211)

In the static case, the inclusion of the densities m; and m_ makes no difference
since they vanish identically. The situation is different when the system interacts
with a time-dependent field that couples to the electron spin through

G 0 =G,0,+2(Gyo_+G_oy).

If the time-dependence is harmonic, the interaction Hamiltonian causing transverse
spin excitations may be written as

Hiye ~ Z[g(ri) ole ™ + g*(r;) of '] (8.212)
12
H;,; causes non-vanishing variations in the densities my and m_ which, in turn,
generate induced potentials through first-order perturbation variations in the mean
field of (8.211). This equation shows that the induced interaction is 2 F,.d(r; —
ry) o for my, and 2 F,. §(r1 —re) oy for m_, computed for the ground-state values
of p and m. If we define the transverse correlation function through the equation

m- =a_4 ®g, (8.213)

where the symbol ® denotes space integration on the space variable common to the
operands, and if we require the self-consistency for the density variations like we
did in the previous Section, it is easy to reach the following integral equation for

Q!
a_y = a(_ol +2 a(_ol ® Fredl(rig) ® oy, (8.214)
in terms of the free correlation function
© (ot N o\ lalo_ |B)r(Blot|a)x- 5
oy (r,r’iw) = Xﬁ:(fa fa) e tw (8.215)

The dynamic polarizability is further given by
x-(w)=f"®@m_. (8.216)
The expressions for the other transverse channel are
mt=a;_Qyg, (8.217)

oy = af}, + 2a5(_)l ® Frc0{riz) ® ag—, (8.218)
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with
o (r,r';w) = ;(fa ) <ala“;lﬁ z éf 'j‘wla) LA (8.219)
And finally
X+(u)) = f* ® 5m+ . (8220)

In the homogeneous case when G and F are given by the operators

G = 3 exp(—iq )07,
Pt = Eexp(iq-r)icrj,
6 = Sexp(-ia -t}

F~ = explia- 1)y |

it is easy to obtain the TDLSDA transverse linear response at zero temperature:

X3 (g, w) (8.221)

Xt\q,w) = .
t( ) 1- ﬁjfwcxg(qv UJ)

with the free transverse linear response given by

QW)=Y (I<ml |exp(—iq-1)o i D> _ [(m T |exp(iq-r)ot i l>|2>, (8.222)

mi mi + €mi

In the case of an electron gas in a constant magnetic field that spin-polarizes
the system and induces negligible diamagnetic effects, the collective solutions of
Eq. (8.221) are not damped, even in the case of attractive p—h interaction, (Fy. < 0),
and are known as spin-waves. The difference with the longitudinal case, where the
collective spin states are always damped for p—h negative interaction, lies in the
presence of the magnetic field, which induces magnetization in the system and may
generate a gap in the single-particle excitation spectrum for the 2D and 3D cases
like the one shown in Fig. 7.3; for one-dimensional systems such gap is present also
for B = 0, but not for two-dimensional and three-dimensional systems (see Fig. 7.4).

Spin waves were predicted theoretically by Silin (1958), (1959) and Platzman
and Wolf (1967), and observed in alkali metals by Schultz and Dunifer (1967).

In the TDLS D A formalism these spin waves can be obtained as poles of equation
(8.221), using for the transverse free-particle wavefunction the expression

3 w W—wWg —qU
0 P a quF
=L 1 , 8.223
xe(9,w) 4ep< +2qvp nw—wa+qvp) ( )
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which is valid in the qup <« €p limit, and where

WL

(14 3Z=)’

Wy

with wy, equal to the Larmor frequency wy = eB/2me. In the high-magnetic field
limit: gup/w, < 1, such free response function is quite different from the B = 0 one,
and exhibits a gap in the single-particle excitation spectrum. The dispersion of the
spin waves, in this case is given by

1 ¢%v% .
w(g) =wL— 3 (1+Fg), (8.224)
3 we

with I§ = 3pF.c/2¢r. This solution is a collective excitation (|col)) induced by the
operator F'~, since it completely exhausts the mg sum rule of Section 7.3, yielding
[(col| F~|0)|2 = Ny — Ny; in fact, the strength |(col| F*|0)|? is equal to zero owing
to the blocking due to the Pauli exclusion principle in the ¢ — 0 limit. To conclude,
note that the solution (8.224) obeys the Larmor theorem (see Section 8.10.1).

The above formalism can be applied to the case of liquid 3He (Stringari and
Dalfovo 1990), and can be easily generalized to the case of asymmetric nuclear
matter (N # Z), where the transverse collective solution is known as isospin wave
(Friman 1980; Lipparini and Stringari 1987). In this latter case the role of the
constant magnetic field B is played by the proton Coulomb potential which, in first
approximation, produces in the nuclear Hamiltonian a term of the type —%EcTz,
with FE¢ equal to the Coulomb energy shift between near nuclei, i.e. the analogue
of the Zeeman term present in magnetic-field-polarized systems. Then, for nuclear
matter the Larmor frequency turns into the frequency we = FE¢.

In the cases of helium and nuclear matter, one can take the interaction param-
eters F§ which appear in the dispersion (8.224) as the Landau parameters, whose
values were given in Section 8.1.

8.10 RPA and TDLSDA Commutators and Symmetry
Restoration

In this Section we will discuss a series of results concerning the commutators of a
generic, Hermitian, one-body operator, F' = Y~ f(i), with the system Hamiltonian,
within the frameworks of the RPA and TDLSD A theories. In other words, we wish
to evaluate the commutator [H, Flgpa = [Hrpa, F| where Hrpa = >, ka}:Ok
and O}; (Ok) are the creation (annihilation) operators of the excited RPA states
k (at frequency wy) of equation (8.152). Using the expansion of F' in terms of the
complete set of RP A excitations, and the Boson commutation rules for the operators
O}; and Oy, we can directly evaluate the commutator [Hrpa, F]. The TDLSDA
case can be considered as a particular case of the RPA approximation, in which
the RPA equations (8.138) are solved with the residual particle-hole interaction of
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equation (8.195), and with the single-particle wavefunctions and energies obtained
as solutions of the Kohn-Sham equations instead of the HF ones. In general, the
RPA commutator differs from the true one and, most of all, from the commutator
with the static HF' (or Kohn-Sham) Hamiltonian, which does not take account of
dynamic correlations. The evaluation of the RPA commutator is relevante to the
problem of the restoration of symmetries which are broken in the static HF or
LSDA theories (see Section 4.11), and for the calculation of the sum rules defined
in Section 7.3, taking into account RPA correlations. The results that we are going
to show in the following, were proven rigorously in Lipparini and Stringari (1989).
For the RPA commutator we obtain the result

[H,Flrpa = [HEF ,F] + 6HHF(iF), (8.225)
where H{'F is the static HF Hamiltonian and

SHEF(iF) = Z(SHHF

is the change (linear in F') induced in the HF Hamiltonian by the unitary trans-
formation e‘F.

The two terms of (8.225) have different physical meaning: the commutator
[H{F | F) originates from the static, one-body properties of the Hamiltonian, while
the term 6 HEF (F) originates from the renormalization of the self-consistent poten-
tial. The latter contribution is essential to take into account the RPA correlations
and, in general, to restore the symmetries that are broken by the static theory. In
order to expound this point, let us consider the Hamiltonian

H= 221 +9> 8(ri— 1), (8.226)

i<j

which is of relevance for the case of a cold and dilute condensate of Bosons (see
Section 2.4). Clearly, this Hamiltonian is invariant under translations, and so it
commutes with the total momentum operator P, = ), p¥. However, the HF self-
consistent Hamiltonian:

HAF — Z (5% + gp(ri)> , (8.227)

where p is the Boson density does not commute with P, when considered from a
static point of view but yield the result

(H§'F,iP.] =g V.p. (8.228)

Nevertheless, if we consider it from the dynamical point of view, it changes due to
the variations that take place in its density-dependent terms during the collective
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oscillation. The variation

SHHEE(iP,) =g Z p(r;), (8.229)

is easily evaluated because the density change, which linear in P, and induced by
the transformation e*:, is given by

5p(r) = (HF|

Z 8(r —r;),i Z p;] |HF) = V,p(r). (8.230)

Then we find that the two contributions of equation (8.225) cancel out exactly,
and that [H, P,]rpa = 0, thus showing that the RPA theory restores translational
symmetry.

As regards the sum rules, the following equalities can be shown:

m{EP4 = L(HF|IF, [H, F']rpa]| HF)
: (8.231)
mé?PA = §<HF”[F, H]RPA, [H, [H, FT]RPA]RPA”HF)a

where |HF) is the HF' (or LSDA) ground state, and the moments
M =Y who|(n|F|0)[?
n

are computed by using excitation energies and matrix elements given by the solu-
tions of the RPA (T DLSDA) equations.

The results (8.231) can be extended to the case of mixed sum rules which involve
two different kinds of excitation operators F' and G (see Section 7.3):

(m3)"P* = L (HF|[F,G"|HF),
()P4 = S(HP|IF, [H,G']rpall HF), (8.232)
(m3)"PA = S(HF|[F, Hlrpa, [H, Gllapall HF),

where, like before, the moments

(mi)FPA = ano( (01F|n){n|G"|0) £ (0|G [n)(n| F|0)

are computed in the RPA approximation, and the mean values of the RPA com-
mutators, on the HF ground state.

Equations (8.231) and (8.233) show that the calculation of some of the moments
of the excitation strength in the RPA (T DLSDA) approximation, does not require
the explicit solution of the RPA (T DLSDA) equations, but only the evaluation of
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mean values on the static HF (LSDA) state of the RPA commutators that appear
in such equations, by using the rule (8.225).

As an example of the application of the above relations, let us compute, starting
from the Pauli Hamiltonian (5.1), the m] sum rule for the operators

F=Ft= Zexp(iq-r)icr;",

1

Gl =F = Zexp(—iq -T)i0; .

i

This sum rule is of relevance in the calculation of the transverse response function
of a two-dimensional electron gas confined in a quantum dot, in the presence of
an external magnetic field perpendicular to the plane of motion of the electrons.
Explicit calculation of

mi = wnol(MF|0)2 + D wnol (n|F+]0)[?
vields the result:
2
mi = 22

where N is the total number of Fermions in the system, and Ny (V}) is the number
of Fermion with spin up (down), and (N7 — N,) is the magnetization of the ground
state.

The result of (8.233) for m] is also reproduced by the TDLSDA theory, if
one uses (8.225) to evaluate the TDLSDA commutator in (8.233). Therefore, the
transverse spectrum as computed by the TDLSDA theory is such that it satisfies
the mixed sum rule mi". On the other hand, the spectra of single-particle models,
like those obtained by in the Hartree, HF or Kohn Sham approximations, violate
such sum rule. For example, the KS spectrum that one uses to build up the single-
particle response function x°, leads to the result

2

N
(mi)*s = —2q— ~ [g* 0B + 2We (N7 — Ny), (8.234)

where W, is the spin-dependent, exchange-correlation potential that appears in
the KS equations (4.44).

In the TDLSDA theory the effect of the induced particle-hole interaction [i.e.
the term HHF of Eq. (8.225)] is crucial in restoring the exact value of m}: in fact,
it exactly cancels out the 2 W, contribution in (8.234).
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8.10.1 The Kohn and Larmor theorems

As was discussed in Section 8.7, using the creation and annihilation operators of
the excited states (8.149) and (8.150), one can rewrite the Schrédinger equation as

[H,01]|0) = (Ex — Eo)OL|0), (8.235)

where |0) is the system ground state. This equation (equation of motion) is used,
in general, as a starting point to set up approximate theories for the excited states,
and the relative excitation energies, of a many body system. However, there are
cases where these equations provide exact solutions for such quantities.

Kohn considered the case of a two-dimensional system of NV electrons with charge
e, in a uniform magnetic field perpendicular to the plane where the particles move
(i.e. the z—y plane), with Hamiltonian (% = 1) given by

N N
1 2
H= o ; P? + ; V(ri —7;) + guoBS. (8.236)

where we chose the vector potential A in such a way as to give a constant magnetic
field along the z axis [e.g. A = B(0,z,0)], g is the gyromagnetic factor of electrons,
and po is Bohr’s magneton. In equation (8.236) S, is the total spin of the electrons
and

N
P=Y (pi+-A)
i=1

is their total kinetic momentum (p; = —tV; is the canonical momentum of the i-th
electron).
Starting from Eq. (8.236), it is easy to verify that

[H, P+] = wcP+ ) (8237)
where w, = %1% is the cyclotron frequency, and
P, =P, +iF,, (8.238)

because the total momentum P commutes with the interaction term:

EN: V(ri—r;),P| =0. (8.239)

i<j

Equation (8.237), together with the equation of motion (8.235), shows that the state
P, |0) is an exact eigenstate of H with energy Eo+w.. This eigenstate is known as the
cyclotron resonance of the system, and its frequency cannot be directly affected by
any effect caused by inter-particle interaction. This result is known in the literature
as the Kohn theorem.
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The state P, |0) is the only state of the system that is excited if we immerse the
system in a weak microwave field at frequency w.. In fact, describing such field at
frequency w by a vector potential

A/ — _'_E‘ﬁ % + E_y_ ,g e—’iwt
iw w ’

and choosing E; = E, = E, we find that the interaction Hamiltonian between the

system and the homogeneous microwave field is given by

ek .
P et 8.240
o +€ ( )

N
r_ & A/ P =
H_ch;(n AL+ ALP) -

This operator induces a transition from the ground state |0) to the excited state
P, |0}, absorbing the energy w.. As a result, a narrow absorption peak emerges at
frequency w = we.

In the case of a system confined by a potential of parabolic type, such as in
quantum dots, it is necessary to add to Hamiltonian (8.236) the confinement po-
tential

1 N

2

Vext = Em E wgri .
=1

By using in this case the symmetric gauge A = %(—y,x,O) and defining Py =
P, £iP,, Q4 = Q, £1iQ,, with

N N
Q:=)Y = and Q=) ui,
i=1 i=1
and using the commutation relations
P2 ool =—ipe, [2 ] = dwebs, [Vins Pul=imadQs, (8:241)
om’ +| = m +; om’ +| = el '+, confy Lt = 1Mo+, .

together with (8.239), it is easy to prove that the following result holds

iwi

[H, Q4 — Pi} —wy (Qi _ ws Pi) , (8.242)

mw3 mw?

where wy = Jwg + 1/4w? - w./2.

Equation (8.242), together with the equation of motion (8.235), proves that the
states (Q1 — i(wx/mw2)Py)|0) are exact eigenstates of H with respective energies
Ep+w,y . These eigenstates are the bulk and edge plasmon resonances of the quantum
dots under magnetic field, whose frequencies cannot be directly affected by any
effect caused by electron interactions. This result is known in the literature as
the generalized Kohn theorem. Such plasmon states are the only ones which are
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excited in photo-absorption reactions with long-wavelength photons (far-infrared
absorption), and have been observed in several experiments (see Section 8.13.2).

The generalized Kohn theorem applies to all systems undergoing harmonic con-
finement. In the absence of magnetic field, it implies the existence of a collective
state at energy wp. This state has been observed in cold and dilute Boson gases (see
Section 8.6} and in metal clusters (Section 8.8.2).

Starting from (8.236) (with or without confinement potential) it is also easy to
verify that the following result is found

[H, Si] = tw; S, (8.243)

where S4 = S; £ 1S, and wr = gueB is the Larmor frequency. Equation (8.243),
together with the equation of motion (8.235), proves that for a system with spin
polarized ground state ({0]S;]0) = (N, — N;)/2 for positive g), the state S;|0) is
an exact eigenstate of H with energy Fy + wy. This eigenstate is known as the
Larmor state of the system, and its frequency cannot be directly affected by any
effect caused by inter-particle interaction. Equation (8.243), together with the result
[H, S;] = 0, allows us to write

iS_ =guS AB. (8.244)
dt
This result is known in the literature as the Larmor theorem, and is the equation
for a precessing spin. In the exact theory, precession takes place at the angular
frequency w = wy.

The Kohn and Larmor theorems are not fulfilled by the mean-field theories like
the Hartree, HF and Kohn-Sham theories. However, they are satisfied by the RPA
and T'DLS DA theories. This can be easily shown using the rule (8.225) for the RPA
and TDLSDA commutators, and employing such commutators in the equation of
motion with the exact ground state replaced by the HF and LSDA ground states.
In the forthcoming Sections this point will be expounded in detail for some cases.

8.10.2 Magneto-conductivity and quantum Hall effect

By using the results of the previous subsection we now evaluate the transverse
conductivity of a two-dimensional electron gas in a magnetic field perpendicular
to the plane of motion of the electrons, with Hamiltonian given by (8.236). In
the presence of an electric field in the z-direction, giving rise to the interaction
Hamiltonian H' = —%}le“i“’t, the zz conductivity is given by (see Chapter 7):

() _ i Yo 2wmo(n |z ] 0
Oz (0, w) = —= = — =2
’ E w w? — w?,

, (8.245)
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so that its real part is given by

2 N
Re [022(0,w)] = %s (;(px /m)i,w> , (8.246)
where we have used
N
Je=—€Y ps/m, (8.247)
i=1

and the strength S is given by

s (f}pz/m)i,w) =3

N 2

(n] _(ps/m)il0)

i=1

§(w — wno)

=1 n

2
Sw—we),  (8.248)

| [Z(pz/m'*‘)i’ol;c} |0)

i=1

N
1
L — . — .
Ole =\ gy 2 7set + e = )i, (8.249)

and we have used results (8.237) and (8.238) and normalized the state |w.) = Of, |0)
to unity.

From equations (8.248) and (8.249) one gets for the zx conductivity per unit of
surface

Re[oz.(0,w)} = g—ipd(w - We) . (8.250)

The yx conductivity is then given by

ye(0,w) = U _ 1 ) <<0ljyln>(nljz|0> _ (OIjzlnMnljle)) ’ (8.251)

E w - W — Wno w + Wno
where
N
Jy = —e Z(py/m + wel); - (8.252)
i=1

Once more, by using the fact that only the cyclotron state |wc) = Of, |0), with Of,_
given by (8.249) can be excited in (8.251), it is easy to show that the real part of
the yx conductivity is given by

e?pw, 1
Reloye(0,u)] = ~ 2% p <w2 _w2> | (8.253)
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The DC yx conductivity, which is obtained by (8.253) taking the w = 0 limit,
coincides with the classical Hall conductivity. We stress, however, that result (8.253)
is an exact result of quantum mechanics. It is independent of the Landau-level index

v. Therefore, if v Landau levels are filled by electrons with density p = v22, we

ch?
find

[ )

Re[oys] = % = th—. (8.254)
At the same time, the DC zz conductivity in the direction of the electric field is zero.
It is important to notice that even though v is an integer, the Hall conductivity is
actually proportional to the ground state density p, which is a continuous variable.
That is, the second equality in (8.254) holds only at a particular p.
If the magnetic field is so strong that only the first Landau level is filled with
a fractional filling factor, as happens for the Laughlin states, then equation (8.254)
holds also for v = 1/m. The integer quantized Hall effect, has been observed in 1980
by von Klitzing et al. and the fractional quantized Hall effect has been measured
by Tsui et al. (1982) and Willet et al. (1987).
The calculation of the Hall conductivity is also very instructive in the case of
a system confined by a potential of parabolic type for which the exact solutions
(8.242) hold. In the presence of an electric field in the z-direction the real part of
the zz conductivity is given by (we use now the symmetric gauge):

2 N
Re 022 (0,w)] = Zj—S <Z(pz/m - wc/2y)i,w) , (8.255)
i=1
where
N N 2
S (Z(pz/m - wc/Qy)i,w> = Z (n] Z(px/m —we/2y)il0)] O(w — wno)
i=1 n i=1
N 2
= (0] [Z(pz/m — we/2y)i, O4 | 10)| 8(w —wy)
i=1

2

+ |{0] Slw—w-),

N
> (pe/m = we/2y)i, 01} 10)

i=1

(8.256)

N )
1 /mw 1
i _ 1 b ; 2
oL S\ N ;21 (xﬂ:zy w(pzizpy)>i, (8.257)

and we have used result (8.242), defined @ = y/w? + w2/4 so that wy = @ + w,/2
and normalized the states |ws) = O}]0) to the unity. Performing the commutators
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in (8.256) one gets for the conductivity per unit surface area:

me?

Re[042(0,w)] = =L (w1 6(w — wy) + w_6(w —w_)). (8.258)
4m w
From this equation, in the limit wy = 0, one recovers immediately equation (8.250),
since in this limit w_ =0 and w4 = w,.
The real part of the yx conductivity can be calculated in an analogous way. One
starts from (8.251) and uses as the excited states of this equation the two states
lws) = OL|0). After a simple calculation one finds

e?p w? w?
Re[oys] = _2mu_)P <w2 ) - w%> . (8.259)

Once again, we see that from this equation, in the limit wy = 0, one recovers
immediately equation (8.253). However for wy # 0, differently from the bulk case,
the DC conductivity of the dot vanishes since the two excitation branches in the
dot contribute to the DC conductivity in an equal and opposite way.

8.11 The Linear Response Based on the Green Functions. RPAFE

In this Section we will compare the previously discussed RPA and TDLSDA theo-
ries, with the approach to the linear density response function based on the particle-
hole (p-h) Green functions. The density response function x(q,w) is connected to
the Green function by the relation (in the following, for simplicity, we ignore spin
sums

)

x(q,w) = @%G’g"(k, q,w), (8.260)

where D indicates, as usual, the dependence on dimensionality and G’[’,h is the p—h
Green function for the transition [induced by the external field (q,w)] from the
initial hole (R) state k, to the final particle (p) state k+q. G%h (k, q,w) is a solution
of the Dyson integral equation:

G%h (k’ q, w) = Gg,hD(kv q, w)
d
+G8p(kaw) [ GE5Viop @Gy (paw), (5201

where GSYhD(k, q,w) is the HF Green function:

1- 1 -
Gl (ke gy ) = L= Ml (L= M (8.262)
: W—€kq+ i W —Ekq— N
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with ny given by (1.73) and

=(k—;n?)—2+2(k+q)—%—2(k)

€kq
[X(k) is the Fock self-energy (2.34)], and V(k, p,q) is the particle-hole interaction
given by the matrix element

V(k,p,q) =(k,k+q|Vip+4q,p). (8.263)

For example, for the Coulomb interaction the direct and exchange matrix elements
are respectively: 4me?/q? and 4me?/k — p|? in 3D, and 27e?/q and 27e?/|k — p|
in 2D. The response function obtained from the solution of the Dyson equation
with includes exchange effects, is the RPAF response function that we introduced
in Section 8.7 starting from the TDHF equations, and that differs from the RPA
response because the latter takes into account only the direct matrix elements of
the interaction.

The exchange matrix elements make the solution of the integral Dyson equation
(8.261) in homogeneous systems a very difficult task. Indeed, much more difficult
than in finite systems that we considered in Section 8.8, where spherical symmetry
was assumed for the problem. To the best of the Author’s knowledge, such equation
was solved only in the case of the 2D interacting electron gas (Takayanagi and
Lipparini 1995; Schulze et al. 2000). For its solution, it is opportune to introduce
the “vertex function” f(k,q,w) defined by

G (k,q,w) = f(k,q,w)GE (K, q,w), (8.264)

which satisfies the integral equation

floaw) =1+ [ ZE5VE QS (caw)@p@aw). (5265
Equation (8.265) is still a singular integral equation, like the original Dyson equa-
tion, but it has the advantage now the singularities are in the known function
Gg’hD(p, q,w) of equation (8.262). The numerical results show that the exchange
contributions to the static and dynamic responses are important, and that such
quantities differ much from the RPA predictions, and agree with the Monte Carlo
calculations for the static response. The plasmon dispersion and the single-particle
transition range for the 2D electron gas are reported in Fig. 8.17.

From the curves we observe that in 2D the RPAFE predicts Landau damping
(the plasmon energy touches the border of the single-particle excitations) at ¢ values
which are relatively low with respect to the RPA predictions.

The TDLDA approximation can be obtained from equation (8.261), by omitting
the exchange contributions in the matrix element (8.263), and the Fock self-energy
term in the single-particle energies and identifying the p—h interaction in momentum
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Fig. 8.17 Plasmon dispersion, and single-particle transition range for the 2D electron gas. Crosses
and triangles are the plasmon dispersion in RPAE and RPA, respectively. Dashed and full lines
give the HF and Hartree single-particle transition ranges, respectively. (a) rs = 1. (b) rs = 5. (c)
rs = 10.

space with

OVae

o (8.266)

V(k,p,q) =v(q) +
p=po

Then, V(k,p,q) as given by equation (8.266) can be taken out of the integral
in (8.261) and, integrating such equation in dk, we obtain an algebraic equation
for the response function. By solving the latter yields the TDLDA solution of
(8.206). The RPA solution of equation (8.86) is then obtained from (8.261) by
taking V(k, p, q) = v(q). Note, further, that in co-ordinate space the p—h interaction
(8.266) becomes

BVmc
Von(Jr1 = ral) = w(lry —rzf) + =5

5(1‘1 - 1'2) f (8.267)

P=po

and that the quantity %%ﬂp: o 15 connected to the compressibility K of the system
by the relation

aVzc
op

_ l/_(LOl))_D (% _ 1) , (8.268)

p=po
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where Ky is the compressibility of the non-interacting system, and v{0)p is the
density of states at the Fermi surface. The “vertex function”, defined in (8.265),
has a very simple expression in the TDLDA theory, given by

1
fIPLDAq w) = ) (8.269)
1 - (v(q) + %T;“Ipwo)x"(q,w)
In the RPA the vertex function is obtained by the above expression setting to zero
the derivative of the exchange-correlation potential.

8.12 Screened Response Function and Dielectric Constant

In charged systems, it is convenient to define the screened response function x*¢.
This is the response of the system to the sum of the external field plus the Coulomb
polarization field. The relation between x and x*¢ in the linear response theory, is
easily found from the equation

Ax = [6pv(g) + Alx*° = 6pL", (8.270)

which follows from the definitions [see Eq. (8.77)] x = épf"—D, x5¢ = QQ‘L%D, with
A = dpv(q)+A equal to the sum of the external field A plus the Coulomb polarization
field 6pv{q). In this way we find

x**(q,w)

x(qw) = —= , (8.271)

1- _éqbzxsc(q, W)

which leads to the following results for x*¢ in the RPA and in TDLDA:
x#pa(@,w) = x°(qw), (8.272)
0

Sc X q7w

XTpLpa(q,w) = I (@) (8.273)

1— 75 %2 pmpoX°(qyw)

The screened response has the following property (equivalent to equation (7.68)
which is valid for neutral systems)

;i_% Z‘% =—p’K, (8.274)

where K is the system compressibility. Moreover, it is related to the dielectric
constant of the system by the relation

e(qw)=1-— 3}L«%)x“(q,ou), (8.275)

which follows from the definition

X*(q,w) = €(q, w)x(q,w). | (8.276)
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The dielectric constant €(q,w) allows us to define a screened static Coulomb
potential

v(q)
Vg (q) = , 8.277
(D = a0 (8277
which gives the Fourier transform of the electrostatic potential v(r) felt by an elec-
tron, due to its interaction with a charge e placed at the origin of the plasma. Such
external charge polarizes the electrons of the gas in its neighborhood, so that a
distant electron responds to both the external charge and the induced polarization

charge. In the Thomas-Fermi approximation (Mott and Jones 1936), and in 3D, we
find that

dre
Ve (@) = 55— (8.278)
ff(q) q2+q%-T
where
6mre2
grr = | =2, (8.279)
€F

is the Thomas—Fermi momentum. Its reciprocal Apr = qg% is known as the “screen-
ing length”. The ratio of this quantity to the Wigner-Seitz radius is proportional
to the square root of the ratio between the mean kinetic and potential energies.
For an electron gas at metallic densities (i.e. rs between 2 and 6), such ratio is
approximately 1, so that the screening length and the inter-particle distance are

comparable. Thus, it turns out that for the electron gas of physical interest screen-
ing is important.

8.13 Examples of Application of the TDLSDA Theory

Recently (Eriksson et al. 1999), it has become possible to produce a
GaAs/Al;Gaj_;As quantum well containing a high-quality, two-dimensional elec-
tron gas, and to vary the density of this gas by changing the density of electron
donors in the heterojunction. This experimental realization opened the way for the
study of interaction effects in two-dimensional electron systems in the presence of
strong magnetic fields, and for the possibility of comparing these studies with the
ones carried out on gquantum dots where the finite-size effects are important, and
different excitation modes (edge modes) are present. In particular, at present the
data on inelastic scattering of photons (Raman scattering) are available for both sys-
tems (Eriksson et al. 1999; Schuller et al. 1998). These data allow comparison to be
made between the excitation spectra of quantum dots and quantum wells, within
the framework of the same reaction process. In the next two subsections we will
study the excitation spectra of these systems using the TDLSDA approximation.
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8.13.1 Quantum wells under very high external magnetic field

In this subsection we will study the collective states of the two-dimensional electron
gas (2DEG) under a very high perpendicular magnetic field which, in the ground
state of the system, causes full occupation of an integer number of Landau levels.
The excited states of the 2D EG under very strong magnetic field were studied in the
past by several authors. Of particular relevance are the calculations by Kallin and
Halperin (1984) and MacDonald (1985), who studied, respectively, the dispersion
with transferred momentum g and with the magnetic field B, of the density exci-
tations (CDE) and of the magnetization-density excitations (SDE) in the 2DEG,
within the RPAE and TDHPF approximations. The results of the two approaches
are fully equivalent. Their agreement with the results of inelastic photon scattering
experiments on the dispersion of SDE and CDE modes in the 2DEG at filling fac-
tor v = 2, is good only in the limit of high density. At large r,, large discrepancies
between theory and experiment are observed. Instead of only one roton minimum
(see Fig. 8.18), and of the instability predicted by TDHF — RPA calculations at
rs == 3, the experimental dispersion exhibits two roton minima in the spin channel,
and a possible instability only at much larger'r; values (> 11) (see Fig. 8.19).

In the following, we will study the dispersion of longitudinal and transverse den-
sity modes in the 2DEG, by means of the TDLS DA approximation described in the
previous Sections (Ghizzi 2000) which, unlike the TDHF — RPA approximation,
includes the effects of correlations in the local density approximation. For the longi-
tudinal modes we will limit the calculation to the v = 2 case, which is of interest and
has been studied experimentally. In the transverse channel we will later consider
the case v = 1 as well, in order to evidence the effects of the spin-polarization of
the system, which in this channel are of paramount importance. The generalization
to other filling factors is direct.

18 M I \J v A\ § v Y

ql

Fig. 8.18 Density excitations (CDE) and magnetization-density excitations (SDE), as a function
of the transferred momentum g, in the TDHF approximation. [ = \/c/eB is the magnetic length.
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Fig. 8.19 Energies of the rotonic minima in the spin channel SDE, as a function of rs. Black dots:
experimental results. Note that for rs >3.3 more than one rotonic minimum is observed. Dotted

line: energy of the rotonic minimum computed in TDH F. Dashed line: linear extrapolation of the
data.

A. Longitudinal response

In Section 8.9.1 we derived an integral equation for the TDLSDA correlation func-
tion ao (r,r’,w) [see Egs. (8.194-8.196)], whose main ingredients are the free corre-
lation function, and the residual particle-hole interaction, which were set up starting
from the solutions of the KS equations, and from the exchange-correlation poten-
tial, respectively. In the case of a homogeneous gas we have that vey; + U = 0 and
the exchange-correlation potentials, V. and W, are constant, so that it is only
the kinetic energy operator that determines the solutions of the Kohn-Sham equa-
tions (apart from the spin-dependent terms which split the single-particle energy
levels with different spin). In the case of a very intense magnetic field, directed
perpendicularly to the plane of motion of the electrons with charge —e, it is con-
venient to choose the Landau gauge for the vector potential A, for which we have
A = (0, B,z,0). Thus, we need to solve the KS equation (A = 1):

1

e 2
5 (P+2A) wile,y) = il ), (8.280)

that is

1 (8 82\ . 8 1
[“%‘ (6_:/7:2- + 8—3/2) - zwcm—a—y + émwczgﬂ] vilz,y) = epi(z,y) (8.281)

where w, = % is the eyclotron frequency. Looking for the general solution in the

form

il y) = \/—%e-ikww(x),
Yy
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where k, obeys the periodicity condition &, L Ln, forn = 0,%1,£2,..., we obtain
for Yus (x) the following equation

18 1,
( 3 5a? + 5w 2(z - X) )zﬁM(z) = epm¥m(x) (8.282)
which is the equation of a harmonic oscillator whose equilibrium position is
X = ky/muw,, and whose eigenstates are the Hermite polynomials. Therefore, the
eigenfunctions for the Kohn-Sham equation are

e—sz/l2 _(e=x)? r—X
oM.x,0(2,y) = —__—Lyﬂ'l/22MM!le 2?7 Hpy ( ] > Xo (8.283)
where X, is eigenfunction of the spin operator, while I = (mw,)~1/? is the magnetic
length and Hp (% *,X ) is the Hermite polynomial of degree M defined by

M

u(€) = (-)Me Tre

(8.284)

The eigenvalues of the KS equation, taking account of the spin-dependent (constant)
terms as well, are given by (M =0,1,2,...):

EM,oc = We (M + %) + (W_ﬂ,c + %g*uoB) o. (8.285)
We see that the eigenvalues depend only on M, which indicates the different Landau
levels, and on the spin ¢ = +1, which splits each one of these levels into two sublevels
set apart by the constant amount 2W,.. + ¢*uoB. For fixed values of M and o, the
quantum number X = (27/Lymw.)n for n = 0,41,%2... can take on infinite
numbers of values; this means that each Landau level is infinitely degenerate. The
spin-splitting term is negative, since both W, and g* are negative, so that once M
is fixed, the states whose spin is parallel to the magnetic field, ¢ = 1, have lower
energies than those with o = —1.

The electron density is given by

p(.’l), y) = Zpa = Z ,‘PM,X,U(:C; y)|2 ’

MXo

where the sum covers all the occupied states M X o, and it is easy to verify that in
the limit N — oo, it is a constant given by

p=-—v v=1,23,... (8.286)

where v = v; 4 v} is the number of Landau levels occupied by the electrons in the
ground state. The density (8.286) is consistent with the initial statement

Uext+U=07

which allowed us to simplify the KS equations.
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The zero-temperature ground state is determined solely by the filling factor
v = (2mpc/eB). For example, v = 1 means that all electrons are in the first Landau
level M = 0, and have spin up, while v = 2 means that the electrons occupy the two
Landau levels: M = 0, 0 =7 and M = 0, 0 = . These states are easily obtained
experimentally, because the density and the magnetic field are two parameters that
can be controlled independently from each other. The LSDA theory cannot treat
the fractional regime in which v < 1. However, it can be generalized by the CDFT
theory (see Section 4.7) to include this regime as well which, however, will not be
treated in this Section. Here we will be concerned with v = 2 and v =1 filling.

For v = 2, the system is not spin-polarized (S, = 0, W, = 0), and in the
paramagnetic ground state two Landau levels with M = 0 are occupied, and states
with spin-up and spin-down are shifted in energy only by the Zeeman term. In this
case, as was shown in Section 8.9.1, only the two correlation functions o*¢ and a*®
of equation (8.205) are different from zero, and they describe the density response of
the density operator p(gq) = ), exp(iq-r;), and the magnetization density response
of the spin-density operator m(q) = )_,exp(iq - r;)of, respectively. Since in the
integral equations for o*® and o®® the free correlation function is the same, the
difference between the TDLSDA responses in the two channels is only due to
the different kernels (residual interactions). The longitudinal T DLSD A response is
obtained from the correlation functions as

Xau(@w) = /drldl‘z exp(iq- (r1 — ra2))aaa(ri, rojw), (8.287)

with A equal to p or m. As discussed in a paper by Horing (1965), in the case
of a two-dimensional electron gas under magnetic field, the correlation functions
that appear in the Dyson integral equation are functions only of the module of the
spatial distance, as in the case with no magnetic field. Then, the response functions
x{g,w) are obtained from the correlation functions as Fourier transforms, and in
this case as well, the integral equations (8.205) yield algebraic equations for the
dynamic polarizabilities which in 2D are written as

x9(q,w)
1-3(ZE +K)xO(q,w)’

Xpp(q,w) = (8.288)

x9(g,w)

—_— 8.28
1= ITxO(q,0) (8.289)

Xmm(qa w) =

where K = 3%‘5& andZ = %. Equations (8.288) and (8.289) are then completely
similar to those [i.e. Eqs. (8.206) and (8.207)] for the response functions of the
electron gas in the absence of magnetic field. The presence of the field, however,
affects the calculation of the free response function substantially. For v = 2 we have
x© = x3; + x7, and x3; = x?,. Since single-particle transitions are possible only
between states with the same spin, and for which the Landau index M in the final
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Fig. 8.20 Possible excitations for the three first occupied Landau levels in the case v = 2. The full

line marks the occupied Landau levels in the ground state; the dashed line marks the non-occupied
levels.

state differs from the one in the initial state (which is zero, see Fig. 8.20), we have:

= (em1 = em)l(M [ X901 X2 5900
X3 (g, w MZI ; — (emy — €or)? 5290

From equation (8.285), we have that epp — €0y = Mw,.. Taking q along the z
direction, we find for (M 1 X|e'a7|0 T X') = Fyxox':

Fuxox: = / O (@ 1) o (2, y) d dy

= LaeMan 2M / T vetme HM(
vis

X) dedy (8.291)

and using
/e“z_ﬁx_’y dy = L,0x x+
. . (8.292)
i (%) = e
we obtain
Fuxox: = l\/?—i%—l\—/ﬁ /(—l)MlMEdmi;;—(e_(Iﬁ_l)iﬁ)eiqz dz. (8.293)

The latter integral is easily solved by the well-known property of Fourier transform
(that we denote by T'):

T 0@ = kT,

dx™
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and bearing in mind that

At last, we obtain

etX (i \M _pn
Fuxox = 5x,x'\/-7/ﬁ 72 e 3 (8.294)
so that
2l2 M 2,2
|Frxox/|? = 6X,X"A% (%) e (8.295)

Therefore, we can write the free response function of the system explicitly:

2,2
X Muw(BL)Me~5-
0 — c\ 2
X (qw) = 2N MZ=1 Mi(w? — M22) (8:296)

The excitation energies w(q) of the collective density and spin-density modes, as
a function of the wavevector g, in the TDLSDA approximation may be derived by
solving the equations

(0 ~1 (0)
X (qvw) _ 27 X (q’w) 71
g = ( p +IC) , ————S =7, (8.297)

which yield the poles of x,,(q,w) and Xmm(g,w), respectively.
By bounding the model space to the single-particle transitions with energy lw,,
2w, and 3w, in the calculation of the free response function of (8.296), we have

2
2pze= [ 1 £
%: pre ( + 2 4 2 ) (8.298)

A-1 A—4 X-9

where we have set z = ¢2/212 and A = w?/w?. Inserting this result into (8.297), we
then find:

A3 —\2 (14+A(:L') <1+x+ ?2—2)) +2 (49+A(m) (13+10x+ gx2>)

— 36— A(z)(36 + 92 +22%) =0 (8.299)

where

if we consider the spin-density channel.
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Fig. 8.21 Energies of the collective states in the density and spin-density channels in the case
v = 2, as a function of ¢l for r; =3, 5.

In Fig. 8.21 we report the numerical solutions of (8.299) for w/w,, for both
density and magnetization channels, as a function of ¢/ and for different values of
the density expressed through the Wigner-Seitz radius ro (p = 7r?).

At small r,, the TDLSDA dispersion relation is quite similar to the TDHF —
RPA results of Kallin and Halperin (1984) and MacDonald (1985). The only rel-
evant difference is found in the gl >» 1 region, where the effect of the residual
interaction is negligible and the collective TDLSDA energy tends to Mw,, while
those of the TDHF — RPA always tends to a value larger than Mw. due to the
self-energy (Fock) shift among the unperturbed single-particle energies. This shift
is absent in the LSDA approximation, where the single-particle energies always dif-
fer by integer multiples of w.. By increasing the value of 7, the correlation effects
in the residual interaction, which are found in TDLSDA only, make the differ-
ence between TDLSDA and TDHF — RPA more and more important. While the
TDHF — RPA approach predicts an instability in the spin mode at r; = 3.3, the
TDLSDA calculation takes care of such instability by means of the correlations.
The roton minimum decreases with r,, but does not show any instability, at least
up to 7s = 10, which is the maximum value of the considered calculation. The
TDLSDA approximation well reproduces the experimental values of Fig. 8.19 for
the first roton minimum, while it is unable to reproduce the second roton minimum
observed in the spin channel at large ¢l values.
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The strengths relative to the collective states in the density and magnetization
channels, whose excitation energies we indicate by w, and wm, respectively, are
given by

. 1
(wo(@)|A(@)|0)* = 7 x<° | , (8.300)
w‘“’p(‘])
and
) 1
H{wm(@)|@(a)|0)* = CYrCTa— (8.301)
w=wm(q)

The strength distribution for the three first collective states of density and mag-
netization excitation is reported in Figs. 8.22 and 8.23, for different values of r; and
gl. From these figures we notice that the low-gl spin state is very collective, unlike
the density state, and that the strength breaks up among the possible states with
increasing ql.

excitation strengths

v=2r,=24ql=05 v=2r,=2ql=3
0,5 0,8
— density channel —density channel
1 : - - -spin channel | - - -spin channel
041 :
06+ :
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: : - :
3 : S04t :
024 ?
! : : :
: 024 ) :
01+ : ] .
0 : 3 ' 0 { : '.
0 1 2 3 4 0 1 2 3 4
w/we w/we

Fig. 8.22 Distribution of strengths in effective atomic units (d.u.) for GaAs samples for the three
first collective excitation states in the density and spin-density channels, for various values of ql,
in the case of v =2, 75 = 2.
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excitation strengths
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Fig. 8.23 Same as with Fig. 8.22, but for rs = 5.

We further note that the TDLSDA energies and strengths saturate the f-sum
rule, given by

N 2
mi{pp, mm) = Tq . (8.302)

This can be immediately understood by making the limit w — oo in the expressions
of Xpp and Xmm [see Eq. (7.28)], and using the result (z = ¢2%12/2 = ¢%/2w.):

o0 — o —_
MiMe—= M-1

2 _——Ml = xe—z A/Izl (—M — 1)' =2I. (8303)

The TDLSDA approximation gives the following results for the sum rule cubic in
energy:

6 2 4 4
N | L2y 30, e (2m
m3(pp)-—N[8 + 2¢.uc+ 1 we + 5 (q +IC)} (8.304)

and
¢ ¢ 3q

4 pq4
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The results (8.304), (8.305) were obtained using the result (7.28) of Section 7, and

. M3zMe=

i =z 4322 423, (8.306)

M=1
The results (8.304), (8.305) may also be obtained by directly evaluating
the (TDLDA) commutators of the density and magnetization operators with
Kohn-Sham Hamiltonian (see Section 8.10). The inversely energy-weighted sum
rule m_; = —x(g,0)/2 can be easily computed using the result:

(0) _ 272\ 272\ M
x"(q,0) 2p g°l 1 (¢

— - — (=) . 8.307
s we P72 ;L«; MM\ 2 (8.307)

[

Finally, we note that the energies which are solutions of (8.297), and the mean

energies By = «/m1/m_; and E3 = y/mgs/m, tend to the limit w, when ¢ — 0, in

accordance with the Kohn theorem.

B. Transverse response

As in the longitudinal case, the transverse response function for the two-dimensional
electron gas under strong magnetic field, is given by the same expression (8.221)
derived in Section 8.9.2 in the B = 0 case:

Xt (qa )
1- QFcht (Qa )

In the cases ¥ = 1 and v = 2, which we are considering in the following, only
the M = 0 Landau level is filled in the ground state (spin-up and spin-down levels
for v = 2, and only the spin-up level for v = 1). The free response function is given
by

xt(q,w) = (8.308)

(M' L X'|F701 X)|* (M1 X'|FH0 | X)?
dao- 5 5 ). cam
2o w— (M'w. + w,) w4 (M'w, — w,)
with w, = —2F,;cmo — g*poB, where mg is the ground state magnetization. In

the v = 1 case, the one-particle-one-hole transitions for the first Landau level are
schematized in Fig. 8.24.

Using the results found in the longitudinal case, it is easy to obtain the following
expression for the free response function

0o M’
1 q2l2 _g°%1?
Xt (g, w) = Z M (T) e” 2
M’'=0 ’

Ny N,
% (w — (M'we +wa)  w+ (Mw, — wa)) ’ (8.310)
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Fig. 8.24 Possible spin-flip excitations for the first Landau levels in the case v = 1. The full
line indicates the Landau levels which are occupied in the ground state, the dashed line indicates
unoccupied levels.

where Ny = N| = N/2 and hence mg = 0 for v = 2 and N; = N and Ny = 0 for
v=1

Note that when the system is spin-polarized, the TDLS DA transverse response
always gives the two sum rules

— + Nq2
mg = Ny — N, mi= 5 +wr(Ny — Np), (8.311)

where wy, = —g*uoB is the generalized Larmor frequency. Equations (8.311) follow
immediately from the w — oo limit of the above equations for x:(q,w) and x?(g,w)
[see Eq. (7.40)], and from the properties

N A
2oz ) 7 -t

and

S M ! (£>M e_gz%2 = ¢ .
iyt 2w,

The sum rule mg = (0|[F*, F~]|0) is model-independent and determined by the
magnetization of the system, while mi" is model-dependent and involves an explicit
assumption for the Hamiltonian. Use of the Pauli Hamiltonian in the equation
m} = (0|[F*,[H, F~]]|0), leads exactly to the result (8.311), so that it is possible
to conclude that mj is satisfied by TDLSDA. The same does not happen for the
free response, that leads to the result m{ (KS) = Ng?/2 + wo(Ny — N), in which
W, is present instead of wy,. Also in the ¢ — 0 limit there is an important difference
between the TDLSDA result and the free response one. In fact, from equations
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(8.308) and (8.310), it immediately follows that

mg

9 0,w) = 8.312

X (g 0w) = ———, (8.312)
m

xe(g = 0,0) = — _‘;L , (8.313)

showing that at the lowest order in g, the TDLSDA pole is given correctly by the
Larmor frequency wy, and not by the renormalized frequency w, which gives the
poles of x?(¢ — 0,w) in the same limit.

In the case v = 2, where the system has zero total spin, the lowest excitation
energies are of the order of lw,, and at ¢ = 0, are given by

wi =wetwp. (8.314)

This result differs from the one found in the case where the system is spin-
polarized. In fact, at v = 1, the AS, = +1 channel, excited by the operator F'* =
Yo exp(+iq - r);0;, is blocked by the Pauli exclusion principle, and the AS, = —1
channel has the lowest-energy state at w = wy, and a state “lw.” at energy (in the
g — 0 limit):

w_ =we+wp, —2Fze. (8.315)
The poles of equation (8.308) are solutions of the equation
1 —2Fexs(q,w) =0, (8.316)

which gives the gl-dispersion of the transverse collective states. The only available
experimental result concerns the measurement of the Zeeman splitting for v = 2 at
small r is that of Eriksson et al. (1999). Such splitting is well reproduced by the
calculation.

8.13.2 Quantum dots under magnetic field

In this Section we will present and discuss the TDLSDA results for the longitu-
dinal and transverse dipole excitations in quantum dots under external magnetic
field (Serra et al. 1999; Lipparini et al. 1999; Steffens and Suhrke 1999). These ex-
citations were observed in photo-absorption experiments in the far infrared region
(FIR), where one observes the spectrum excited by the operator D, = Ef;l x;
(Sikorsky and Merkt 1989; Demel et al. 1990), and more recently in Raman scat-
tering experiments (Strenz et al. 1994; Schuller et al. 1996), where, by the same
experiment, it is possible to observe single-particle and collective excitations be-
longing to both the density and spin-density, and for the latter in both the longitu-
dinal and in the transverse channel. In the dipolar case, these modes are excited by
the operators D, = Efil zr0f and Dy = Zf;l a:,-of:, respectively. As mentioned

previously, when the dot is spin-polarized (which happens when the dot either has
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an odd number of electrons, or is under the action of a magnetic field), the spin
response is coupled to the density response, so that the external operator D, also
excites the spin modes, as D, excites the density ones. When the system is com-
pletely spin-polarized, the two modes coincide, while at zero polarization they are
uncoupled.

In the following we will assume that the quantum dots under consideration have
spherical symmetry. In order to exploit such symmetry, it is suitable to consider the
following dipolar external fields, which correspond to the operator G in equation
(8.189):

DED _ ko G) and DGV = i( 11), (8.317)

with D, = (D§+1) + Dg_l))/2, and likewise for D,.

In the longitudinal case, the integral equations (8.194) for the correlation func-
tions may be solved as a system of matrix equations in the co-ordinate space, after
performing an angular decomposition on a,,+ and on the residual interaction.* As
can be easily seen by performing the angular integration in (8.1902, it is only the
modes with [ = +L that couple to the external fields GED) and G’aiL). Therefore,
in the dipolar case the only multipoles which appear into the integral equations for
the correlation functions, are those with L = 41, and the corresponding response

functions xfﬁ;) (r,7’;w), with A, B = s,a are given by:

xaB(w) = 7r2/d7'1 drs r% r%[af4+};)(r1,r2;w) +a54_31)(r1,r2;w)]

= x{3 W) + x5 (W) .- (8.319)

The imaginary part of xap(w) is related to the dynamic structure function by
Eq. (7.26), and the following relations hold:

Re[x3' ()] = Relx{p(~w)]

(1)

i (8.320)
Im[x'i5’ (@)] = ~Imp YR (-w)]-

These relations are important from a practical standpoint, because they allow us to
determine the structure functions of both components +1, by using the 41 compo-
nent over a frequency range {—wmin, Wmax)-

In order to perform a check on the numerical accuracy of the calculation of the
structure functions, one can use the f-sum rules for the corresponding excitation

*For the residual interaction K,,/, one gets

K,y (r, rl) = Z K,(,lgf (r, r/)eil(e—e’) . (8.318)
{
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operators. One finds (in effective atomic units):

1

m§SS) = /Sss(w)wdw = <0|[D57[H’ Ds]]|0> =

N

2 2
aa 1 N

it = [ Soa(whods = 501D, [H, Dal}0) = 5 (8:321)

m§a3) = mgsa) = /Sas(w)wd“’ +/Ssa(w)Wd‘*’ = (0|[Da, [H, D,]]|0) = 25. .

In the transverse case, and again to exploit the circular symmetry, one considers
the operators:

Diyx =) rjet?ic} . (8.322)
J

with

i1
> aioh = 5 (D1 +Dorx), (8.323)
J

keeping in mind that such operators, unlike the longitudinal case where states are
excited without varying the third spin component (i.e. AS; = 0), now induce vari-
ations with AS, = +1. With the use of such operators one then solves the integral
equations (8.214) and (8.218), and computes the polarizabilities (8.216) and (8.220).

Figures 8.25-8.27 show the dipolar structure functions of the N = 5, 25, and 210
dots for some selected values of the magnetic field B. The full curves correspond to
the density response to Dy, and the dotted curves mark the spin-density response
to Dy, i.e. to Sy and to Sg,, respectively. The dashed curves represent the single-
particle structure function.

For the dot with 5 electrons the parabolic confinement potential vext(r) =
mw%r2 /2 was used, with wo = 4.28 meV, while for the other two dots the confine-
ment potential was the one generated by a disc of positive charge as in Section 5.6
[see Eq. (5.62)]. As will be shown later, the experimental results of Demel et al. are
better reproduced for the N = 25 dot, using a parabolic confinement potential. This
is why in the N = 25 case, in Fig. 8.28 we present the structure function obtained
with the parabolic potential as well.

These figures show that in both the density and spin-density channels, the re-
sponse at B = 0 is concentrated in a small energy range, either with only one peak
or with several very close peaks, which exhaust most of the f-sum rule. The peak
energy is lower in the spin channel than in the density one. This is due to the char-
acter of the residual interaction K./, which is attractive in the spin channel and
repulsive in the charge one, and shifts the TDLSD A response with respect to the
single-particle one in opposite directions.

Moreover, the residual interaction in the spin channel is weaker than it is in
the density channel, where it is not only the exchange-correlation energy that
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Fig. 8.25 Dipole structure function in arbitrary units of the N = 5 dot, as a function of frequency.
The thick and dotted lines correspond to the density response to Ds, and to the spin-density
response to D,, respectively. The dashed lines represent the single-particle structure function.

contributes, but also the direct Coulomb term as well. As a result, the spin re-
sponse is closer to the free response. Therefore, it is difficult to distinguish the spin
longitudinal collective mode from the single-particle spectrum. In the dots with a
large number of electrons, this also induces a much larger Landau damping in the
spin channel than it does in the density one (Schuller et al. 1998).

At B = 0, as a consequence of the generalized Kohn theorem (see Section 8.10.1),
and if the confinement potential is harmonic with frequency wy, the excitation en-
ergy of the dipole density mode is equal to wq irrespective of the number of elec-
trons in the dot. Otherwise (for other kinds of confinement potential), the excitation
energy depends on N, (see e.g. Serra and Lipparini 1997 and Gudmundsson and
Gerhardts 1991). In the spin channel this theorem does not hold; moreover one
observes N-dependence also for parabolic confinement potentials.

When B is different from zero, the dipole mode in both channels is split into two
branches, one with negative B-dispersion while the other with positive dispersion.



Ezamples of Application of the TDLSDA Theory 315

12000 — T T T

(a) } 2000 B=178T @ 1
8000
v=2

1000

4000

2000 [ v=6 1
N '
ol
0 2 4 6
3000 . — 1000 ;
1
B=1.19T (g ‘
2000 | | ve3 . !
i 500 [ 1
1000 H1 M ] :':
i ' H
\r’ “\ vl‘ :‘|
0 L= 0
0 2 4 6 0 12
o (meV)

Fig. 8.26 Same as with Fig. 8.25, but for N = 25.

The splitting originates from the breaking of the | degeneracy of the single-particle
levels, in the presence of a magnetic field. Therefore, several new phenomena occur.
First, we note that for B values such that the ground state spin is not zero, the two
excitation modes (i.e. density and spin) are coupled. This can be seen particularly in
the dot with N = 210 electrons. In fact, at B=1.71T (¥ =6) and 5.14 T (v = 2),
the system is practically paramagnetic, having 25, = 2 and 0, respectively (see
Fig. 5.10 of Section 5.6). As a consequence of that, the two modes are uncoupled,
as can be seen in Fig. 8.27. Contrary to these cases, at B = 3.43 T (v = 3) and
7 T we have 25, = 54 and 74: the system possesses a large spin magnetization
in the ground state, and the two modes are clearly coupled. This is shown in the
same Fig. 8.27, where we can observe a separate peak in the spin response at the
energy of the density mode. This effect was observed experimentally by Schuller
et al. (1998). The strength of this peak increases with 9., and when the system is
completely spin-polarized the whole strength is transferred from the spin channel to
the density one. On the other hand, the spin mode can be observed in the density
channel with some intensity. This effect is somewhat masked because the Kohn
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Fig. 8.27 Same as with Fig. 8.25, but for N = 210.

theorem forbids it for parabolic potentials, and for the disc potential it is of the
order of (25,/N)2.

The coupling between density and spin modes is especially evident in the mixed
channel which is described by the density response to the spin-dipole excitation
operator Dg, or by the spin response to the density dipole operator D,. This is
shown in Fig. 8.29 for the N = 210 quantum dot at ¥ = 3. One clearly observes two
peaks at the energy of the density mode, and two more peaks at the energy of the
spin mode. This can be well understood by dividing the mixed structure function by
a sum over the “spin-dipole states” |a), plus a sum over the “charge-dipole states” |s)

Sas(w) = Ssa(w) = Y _(0]D;[i){i| Da|0)(w = wio)

7

=Y (0|D;|s)(s| Da|0)5(w — wio)

+ 3 (01D, ]a)(al Da|0)8(w — wao) - (8.324)



Ezamples of Application of the TDLSDA Theory 317

12000 . . 2000 — —
B-oT @] 1500
8000 1
1000
4000 | [|4 *
:n' A 500
0 e ; 0
0 2 4 5
4000 . . 1500 . :
B=3T (e)
1000
2000
500
0 0
3000 : . 1000 : :
B=458T ®
2000
500 1§ v=1 1
1000 E .
0 o U —
0 4 8 12
® (meV)

Fig. 8.28 Same as with Fig. 8.26, but using the parabolic confinement potential with wo =
2.78 meV, instead of the disc potential.
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Fig. 8.20 Mixed structure function Sas(w) (in effective atomic units) of the N = 210 dot, at
v=13.
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Fig. 8.30 B-dispersion of the major peaks of the N = 5 spectrum. The circles correspond to
density modes, the triangles to spin modes. The lines indicate the B-dispersion of the vibrating
potential model of Section 10.2.5, with the values fitted at B = 0.
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Fig. 8.31 B-dispersion of the major peaks of the N = 25 spectrum for a disc confinement poten-
tial. The circles correspond to density modes and triangles to spin modes. The crosses mark the
experimental points by Demel et al. (1990). The lines represent the B-dispersion of the VPM of
Section 10.2.5, with the B = 0 values fitted. The insert shows the negative B dispersion branch of
the spin mode. From the left to right the solid symbols correspond to v =6 to 1.

For the disc confinement potential, the matrix element (0|D;|a) is different from
zero and there is a contribution to S,s from the spin modes. For a parabolic con-

finement potential (0|D;|a) vanishes, and only the density modes contribute to S,
through the sum over s in (8.324).
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Fig. 8.32 B-dispersion of the major peaks of the N = 210 spectrum, for a disc confinement
potential. The circles correspond to density modes, the triangles to spin modes. The crosses are
the experimental points from Demel et al. (1990). The lines represent the B-dispersion of the
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Fig. 8.33 Same as with Fig. 8.31, but using a parabolic confinement potential with wg = 2.78
meV in place of the disc potential.

In Figs. 8.30-8.33 we report the dispersion with B of the major peaks of the two
spectra. The density modes are represented by circles, the spin modes by triangles.
The full symbols correspond to integer filling factors, and the insets show the branch
with negative B-dispersion of the spin mode. In the figure, also present are lines
starting from the frequency at B = 0, and following the B-dispersion laws predicted
by the vibrating potential model (V PM), which will be described in Section 10.2.5.
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The figures evidence several interesting features that deserve discussion. As con-
cerns the spin modes, we first note that at low B their energy is much lower than
that of density modes, in agreement with the experimental findings of Schuller et al.
At higher B values, the quantum dot is eventually completely spin-polarized, and
the longitudinal density and spin modes coincide, as in the case of the 2D elec-
tron gas (Kallin and Halperin 1984). This effect is not explicitly shown by the
figure. Moreover, the branch with negative B-dispersion of the spin mode exhibits
a clearly oscillating behaviour with v, similar to the one observed experimentally
for the density response by Bollweg et al. (1996), which reveals that the param-
agnetic configurations of the dots have spin modes which are softer than in the
ferromagnetic configurations.

The TDLSDA approximation predicts the existence of a spin instability when
the lowest-energy branch of the spin mode goes to zero at some critical value of
B, between v = 1 and 2. Such instability appears also in the static spin polariz-
ability Re[x,(lzl)(O)], which becomes negative at these values of B, indicating that
the ground state of the dot is no longer stable. The lack of experimental observa-
tion of collective spin states at these values of magnetic field, might be the mark
of the instabilities, but it cannot be excluded that the lack of data be due to the
Landau damping which, in this energy range, is particularly strong. Moreover, it
might be that in this region, correlations which are not included in the TDLSDA
approximation, are important and quench the spin instability.

As regards the density dipole mode, the following considerations apply. For the
parabolic confinement potential, Figs. 8.30 and 8.33 show that the density response
follows the law
We
3‘ )
where Q% = w? + w?/4. This is so because the TDLSDA approximation that we
are using obeys the generalized Kohn theorem (see Section 8.10.1). For the disc
confinement potential, this law is also approximately satisfied, especially by the
branch with negative B-dispersion. As concerns the other branch, it is systematically
fragmented, especially for the N = 210 dot. Comparing the calculations for the
N = 25 dot with the experimental results of Demel et al., we may conclude that the
parabolic potential works better than the disc one, in reproducing the experimental
situation. On the contrary, the confinement potential of the N = 210 dot is not
parabolic, and this originates the second high-energy branch observed in experiment.
The non-harmonic character of the confinement potential was indicated as the origin
of such branch in calculations of the Hartree + RPA type with N < 30 dots by
Gudmundsson and Gerhardts (1991) and Ye and Zaremba (1994). The TDLSDA
calculations support this interpretation.

To complete the description of the TDLSDA dipole response in quantum dots,
we turn now to transverse spin modes. We will consider the N = 210 dot, which
allows us to present very clear results for several ground states corresponding to

wi =0+
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integer filling factors. This will emphasize the sensitivity of the transverse response
to the applied magnetic field B, which shows itself by having large oscillations of
the excitation energies as a function of B, and by a nearly-collapsed, low-energy
excitation mode zoy at v = 2 (Lipparini et al. 1999).

Due to the rotational invariance in spin space, the longitudinal (AS, = 0) and
transverse (AS, = £1) spin excitations (SDE) are degenerate at B =0 if S, =0
in the ground state of the dot. When the magnetic field is not zero, rotational
invariance is broken by the Zeeman term. Then, if the ground state is paramagnetic
(or quasi-paramagnetic), the SDE are split in a simple way:

Wi = w'™ + g* B, (8.325)

where the apex lon(tr) indicates the longitudinal (transverse) character of the mode,
and the + sign corresponds to the two possible transition with the change of spin.
If the ground state has a large value of S,, i.e. a large spin magnetization, then
equation (8.325) does not hold any more, and the longitudinal and transverse SDE
excitations become very different due to the spin-dependence of the particle-hole
residual interaction (vertex correction).

In the following we will study the structure functions corresponding to the op-
erators

N N
D, = E ;07 and Dy = Z-TiU;t )
i=1

i=1

that will be indicated by z0,, zo,, zo_, as well as of the combination zo, =
z(oy +0_).

Some of the characteristics of the structure functions can be easily understood
in terms of the single-particle excitations, employed to set up the corresponding
correlation function [see Egs. (8.215) and (8.219)], whose basic ingredients are the
single-particle energies €,1, and wavefunctions @, (r), provided by the solution of
the Kohn-Sham equations. However, the particle-hole residual interaction, which
has the effect of the interaction on the excited states, can drastically change the
situation as represented by the single-particle response.

Figure 8.34 shows the structure function S(w) (full lines) corresponding to zo,
which was subsequently decomposed into its components zo, and zo_, that are
plotted in Figs. 8.35 and 8.36.

The corresponding single-particle responses (SPE) are represented by dashed
lines; all functions are expressed in effective atomic units, and frequencies are in
meV.

We will start by commenting on the results corresponding to paramagnetic
ground states, in which both single-particle states with spin-up and spin-down tend
to be equally populated, leading to a ground state with a low value of S,. As a
consequence, the particle-hole residual interaction F,. (see Section 8.9.2), which
is proportional to the magnetization m of the ground state is weak, and the SDE
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Fig. 8.34 Structure function of the N=210 dot, corresponding to zo, (full lines). The dashed
lines represent the single-particle structure function. S{w) is in effective atomic units divided by
105,

collective excitations are very close in energy to the single-particle ones. In both
the o, and zo_ components, the strength exhibits a structure at high energy
very close to the single particle one, and a low-energy structure. For paramagnetic
ground states, the low-energy excitation is a transverse edge spin excitation built
up starting from the particle-hole pairs near to the Fermi level. These pairs can be
easily identified in Fig. 5.9 (even values of v), since they are at the intersection of
the chemical potential with the Landau levels. The band structure of the single-
particle levels also explains why the edge mode is more fragmented at low magnetic
field values. For example, at v = 8 four particle-hole pairs (each with single-particle
angular momenta completely different from the other pairs) contribute to the zo_
strength, while just one pair contributes at v = 2. These pairs are only weakly
mutually correlated, and this results in an edge mode which is fourfold fragmented
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Fig. 8.35 Structure function of the N = 210 dot, corresponding to zo4 (full lines). The dashed
lines represent the single-particle structure function. S{w) is in effective atomic units divided by
108,

at v = 8, threefold at v = 6, and so on. This corresponds to the number of level
crossings between the Fermi level and the (M, 1]) levels in Fig. 5.9.

In the zoy case, the edge mode is less fragmented because some of the one-
particle—one-hole spin-flip transitions with AS, = +1 are forbidden by the Pauli
principle, due to our arbitrary choice of directing B along the positive z axis (recall
that it must be AL, = %1, which cannot be always simultaneously fulfilled for the
spin and edge conditions). The lack of the edge state in the v = 4 case, is due to
the special single-particle structure around the Fermi level at B = 2.57 T. This
accidental occurrence is not relevant for the general discussion.

As can be seen in Fig. 8.35, when the dot is completely spin-polarized at v =1,
zo, does not excite it any more due to the Pauli blocking. Also, at v = 3 (B = 3.43
T), its strength is very small. On the contrary, the excitation produced by zo_,
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Fig. 8.36 Structure function of the N = 210 dot, corresponding to zo— (full lines). The dashed
lines represent the single-particle structure function. S(w) is in effective atomic units divided by
105,

and shown in Fig. 8.36, is appreciably red-shifted with respect to the single-particle
response. The difference between the two strengths represents the intensity of the
residual interaction (vertex correction) due to exchange and correlation terms of the
electron—electron interaction; these terms, in the time-dependent density functional
theory, are the only ones to contribute to the dressing of the free particle-hole vertex
in the spin channel. This effect is more pronounced at v = 1, when the system is
completely magnetized.

The low-energy peak excited by xo_ exhausts almost all of the strength. Note
that the SDE excitations in ferromagnetic (spin-polarized) ground states caused by
both zo, and xo_ are not edge but bulk excitations. Again, Fig. 5.9 helps us to
understand this feature. For these ground states with odd filling factor v, the Fermi
level lies between the Landau levels with (Mpax, 1) and (Mmax, |), the former being
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occupied and the latter empty. Even though finite-size effects distort the bands at
the dot edge, which is built up with single-particle high- levels, it is evident that
the low-energy transitions with a change of spin involve single-particle states whose
energy difference is exactly the energy difference between the (Mmax, T1) levels. Such
excitations exist in the two-dimensional electron gas as well (see previous Section).
The role played by the residual interaction is evident in Fig. 8.36, if we compare,
for instance, the single-particle and TDLSDA strengths at v = 5 and v = 3. It can
be seen that the SPE energies have nothing in common with the SDE ones at low
energy. Thus, the IPM model turns out to be completely useless for a quantitative
analysis of the SDE excitations in spin-polarized quantum dots, and the situation
becomes worse and worse as the polarization degree increases.

In Fig. 8.37 we show in more detail the transverse structure function at high
B, excited by zo; in the region 2 > v > 1. In this range of filling factors, which
correspond to 5.14 T < B < 10.28 T, 25, increases from zero to 210 (see Fig. 5.13),
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Fig. 8.37 Same as with Fig. 8.34, but for 2 > v > 1. The vertical arrows mark the value of we.
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so that the strength zo, practically coincides with that of zo_, that we already
discussed. The new and interesting feature in Fig. 8.37, is the structure of the
high-energy peaks. These are two orders of magnitude less intense than the low-
energy ones, which saturate most of the strength. Among the high-energy peaks,
the most energetic ones are excited by zo_., the least energetic ones by zo (note
that the high-energy transitions induced by zo, are blocked by the Pauli prin-
ciple only when the system is completely spin-polarized). It can be shown that
such high-energy peaks are not collective, and that the SPE and SDE excitations
are very similar; moreover, the centroid of the peaks excited by zo, and zo_ fol-
lows, approximately, the same B-evolution as the cyclotron frequency. The value
of w. is marked in Fig. 8.37 by vertical arrows. When both peaks are well vis-
ible in the structure function, like e.g. at B = 7 T, their splitting provides a
quantitative measure of the spin-dependent exchange-correlation term W, and its
measurement, when feasible, may be considered as a spectroscopic complement for
the measurement of the same quantity by conductivity experiments (Usher et al.
1990), which are directly connected to the single-particle energies. In fact, since
the correlation effects are negligible, such splitting is given by the IPM result
AW + 2¢9* o B and is twice as large as the energy difference between the Landau
levels (M, 1) and (M, |) around the Fermi level [see Eq. (8.285)]. Such correspon-
dence is well confirmed by the numerical LS DA calculation in the cases B = 7T and
9 T, so that an explicit comparison can be established between the splitting of the
TDLSDA states excited at high energy by o, and xo_, and the energy difference
of the static Landau levels (see Fig. 5.17).

The high-energy peak of the longitudinal structure function lies at w!*® ~ w,
(Serra et al. 1999, see also Fig. 8.39), and it is possible to write an expression similar
to equation (8.325):

Wi~ £ 2 W, (8.326)

The validity of (8.326) is a consequence of the weakness of the particle-hole residual
interaction in the situation where such expression holds. Note that W, is negative.

Figure 8.38 shows the longitudinal (zo,, dotted lines) and transverse (ro,, full
lines) spin structure functions. It can be noticed that in the ferromagnetic states
the strength is dominated by transverse modes. It can also be noted that for v > 2,
i.e. low B, apart from fine-structure effects, the longitudinal and transverse spin
responses have their main peaks at very similar energies.

The paramagnetic configuration at v = 2 (B = 5.14 T), shows the situation
in which at zero spin the ground state produces the result that was disclosed in
(8.325): the transverse modes are shifted with respect to the longitudinal ones by
the Zeeman energy (note that ¢g* is negative). It is also interesting to note that the
low-energy mode zo; has practically collapsed. This hints at the existence of spin
instabilities in this transverse channel, similar to the ones found for the longitudinal
spin channel in the region 2 > v > 1.
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Fig. 8.38 Structure functions corresponding to zog (full lines) and to zo, (dotted lines). The
strengths are in effective atomic units divided by 10% in the transverse case, and by 5x10% in the
longitudinal case, to make them clearly discernible.

When the system is completely spin-polarized, the longitudinal dipole strengths
in the density and spin channels coincide, and among the spin modes only the
transverse one makes sense.

The energies of the most intense high-energy peaks which are observed in the
structure functions xo, and zo_, are shown in Fig. 8.39 as a function of B. In the
figure we also report the cyclotron frequency. The full symbols correspond to even
filling factors, while the open ones correspond to odd filling factors in the range form
v =10 to v = 1. We also report (crosses) the values of the peaks of the longitudinal
spin response.

In agreement with the previous discussion, we see that for even filling factors
the energies of the transverse SDE are ~ w, + g*ugB, i.e. very close to w, (since
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Fig. 8.39 Energies of the most intense high-energy peaks excited by zo4 (squares) and zo—
(circles), as a function of B. Solid symbols correspond to even filling factors, the open ones to odd
filling factors for values of v ranging from 10 (B = 1.03 T) to v =1 (B = 10.28 T). Also reported
in the figure are the energies of the longitudinal, high-energy spin peaks (crosses).

the Zeeman term is very small), while for odd filling factors they are quite distant
from w,, due to the large contribution of the spin-dependent potential W,.. In all
cases, these peaks correspond to bulk modes since they involve one-particle-one-hole
transitions made up by single-particle states belonging to different Landau levels.

In a similar fashion, Fig. 8.40 shows the energies of the most intense low-energy
peaks of the structure functions zo; (top) and zo_ (bottom). The full and open
symbols have the same meaning as in Fig. 8.39. In the figure we also report the
Zeeman energy E, = —g*uoB > 0. In order to evidence the zig-zag behaviour of
the energies, the points corresponding to consecutive v values were connected by
a line. As we already discussed, these are edge spin modes for the paramagnetic
ground states, and bulk modes for the ferromagnetic ground states.

The SDE excitation corresponding to zo_ is the most interesting one. In fact,
this is the only transverse spin mode that shows itself at high magnetization, because
the one produced by zo is blocked by the Pauli principle. For ferromagnetic states
this is an undamped excitation because it is well separated from the single-particle
excitations (SPE) (see Fig. 8.36). Note that the transverse SDE energy tends to
the Zeeman energy E, as B increases. When the system is completely polarized
(v = 1), the energy is close to E,, but does not coincide with it due to finite-size
effects which behave like w./N.

We have shown that among the SDE excitations, transverse ones are of par-
ticular relevance; in the longitudinal channel the residual interaction is very weak,
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Fig. 8.40 Bottom panel: Energies of the most intense low-energy peaks excited by zo_ as a
function of B, for the same configurations as in Fig. 8.39. In the figure we also report the Zeeman
energy (dashed line). Top panel: the same as the bottom panel, but for zo. Some configurations
are lacking due to the Pauli blocking.

and the SDE excitations undergo Landau damping because they are very close to
the SPE ones (the same happens for transverse modes at low B). In the transverse
channel, when the dot has an appreciable magnetization, the SDE excitations are
shifted with respect to the SPE ones by the p-h vertex correction, which originates
from the electron—electron interaction. As a consequence, a very collective and dis-
persionless SDE excitations emerges. At large spin magnetization, Pauli exclusion
principle plays a determinant role by blocking the zo, component of the transverse
structure function which, therefore, becomes simpler. The sensitivity of the trans-
verse response to the applied magnetic field B is revealed by strong oscillations
of the collective energies with B. Such oscillations are also a consequence of the
different strength of the vertex corrections in the ferromagnetic and paramagnetic
ground states.

Lastly, we note that there is a strong analogy between SDE excitations in quan-
tum dots, and isospin excitations in nuclei with different number of neutrons N and
protons Z. In nuclei the isospin polarization given by (N — Z)/2, is the analogue of
the spin polarization of the dots. The ingredients that produce it are the Coulomb
potential which is the analogue of the applied magnetic field for the dots, and the
symmetry potential which is the analogue of the spin-dependent potential W,.. The
excitations which are the analogue of those of the SDE discussed here are induced
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by the operators

N N
D, = Zxﬂf and Dy = Zxﬂf ,
i=1 i=1

where 7 indicates the isospin operator analogous to the spin operator o. These
excitations, known as giant resonances in the isospin channels, have been studied in
the framework of the time-dependent LDA theory, based on the density functional
described in Section 4.10, by Auerbach and Klein (1983).
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Chapter 9

Dynamic Correlations and Response
Function

9.1 Introduction

As we saw in the previous Chapter, the formulation of the many body problem
in terms of the density response function of the system produces many very inter-
esting results for several systems; above all, for the degenerate electron gas in a
background of positive charge, which is a model of basic importance for studying
many properties of metals and of systems realized recently in the laboratory, such
as quantum wells, metal clusters and quantum dots. This approach is very useful, in
general, for all Bosonic and Fermionic quantum liquids. With this formulation, not
only is it possible to study the excitation spectrum of many body systems, but it is
also possible to express in a rigorous fashion the ground state energy and the related
static properties, for example, the pair correlation function and the compressibility.

In the present Chapter, we will study this formulation, and present the different
approximations that have been used in the literature and compare them with one
other and, whenever possible, with the results of “exact” calculations provided,
e.g. by the Monte Carlo method. All the calculations are performed in the zero
temperature limit.

9.2 Interaction Energy and Correlation Energy

When we evaluate the ground state energy of a many body system, we must take
into account two contributions, i.e. the kinetic one and the one due to interaction:

E=T+ Ep, (9.1)

where

(01> v(|r; —x;])0). (9.2)

i#E]

N} =

N pz
T=(0[)_ 5=10), Eim=
=1
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In equation (9.2), g is the coupling constant of the interaction, for example the
squared charge in the case of the Coulomb interaction; in this case v(Jr; — r;|) =
[r; —r;|~L. Introducing the Fourier transform vg of v(|r; —r;|), the interaction term
may be rewritten as

B = 0001 | b 3 (o-apa ~ W10}, 93)

where pg = Zfil e'9'T is the density operator. If we introduce the static form factor
as defined in equations (7.71) and (7.72), we obtain

o dq vq oo _ 2
Eine = g/(2ﬂ-)D D) (/0 dw S(q’w) N+N 6q0>

_ dq wvq 2 1 [~
- g / 5 <N—N oo+ = /O dw Tm x(q,w)) L 94

Starting from (9.4) it is easy to show that, using the free response functions of
Section 7.7 in place of x, we can obtain for the interaction energy of homogeneous
systems the Hartree—Fock energy in the Fermion case, and the Gross—Pitaevskii
mean field energy for Bosons. The direct Hartree—Fock term results from the term
proportional to N2§40, and in the case of the electron gas this is canceled by the
field produced by the positive background charge. We recall that

dq0 =1/L" / dre'd™

It is clear that any theory which, for the response function, yields an approxi-
mation beyond the free response one, will also provide a result for the interaction
energy which takes into account correlations other than the statistical ones. How-
ever, dynamic correlations contribute to the kinetic energy term as well, and in
order to obtain the total contribution of dynamic correlations to the ground state
energy, starting from the density response function, it is necessary to proceed fur-
ther with the theory. It is necessary to use a theorem, due to Pauli, which allows
the kinetic energy of the system to be computed by means of the interaction energy
of equation (9.4). We define

= (0|H*|0) (9.5)
where
ﬁ“=T+aZv(|ri~rj]), (9.6)
i#]

so that, if the coupling constant « is set equal to g, we obtain the usual inter-particle
interaction, while if it is set to zero we are back into the non-interacting system.
By taking into account the normalization condition of the ground state |0) of the
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system, we have

8Eg _ OH®

~o | 80 80| o
w'—waam+mm'&ﬁ+<%f’m
= (0] _v(jri — r;])|0) = it (9.7)
;é 1 ] o H
1#]

and by integrating this equation with respect to ¢, up to the value g, we obtain

9 5 g Ein
86E° da=/ *da = Ey(a = g) — Eo(a = 0), (9.8)
0 « 0o «
where
2
—D—N k—F for Fermions
Ex(a=0)=¢ D+2 2m : (9.9)
0 for Bosons

Equations (9.4), (9.7) and (9.8) allow us to evaluate the ground state energy of
the homogeneous system, starting from the density response function, through the
equation

g Eint
~da, (9.10)

E0=To+/
0

where Tj is the kinetic energy of the free gas.

Knowledge of the density response function of the system, also allows us to
calculate the contribution from dynamic correlations to the pair correlation function
as defined in (7.74). In fact, from the relation between such quantity and the static
form factor (see Section 7.5):

S(@)=14p / dr(g(r) — 1)eia™,

we obtain after taking its inverse transform

1 dq
=1+ ] enp

(S(q) — 1)e~"ar, (9.11)

which allows the numerical calculation of g(r).
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9.3 The RPA Correlation Energy

In this Section, we will apply the formalism described above to the case where the
density response is that obtained from the RPA theory (see Section 8.2):

0
X \q,w
XA w) = )
l—gLDX (q7w)

with x%(g,w) free response function of Section 7.7. Then, we obtain the following
relation for the ground state energy in the RPA approximation

dq v
ERPA q
5~ [ Gps ),
X (N ~ N2%5q0 + -71;/ dw Im xBFP4(q, w)) . (9.12)
0

The RPA correlation energy is subsequently obtained by subtracting from the above
expression the HF energy which, as discussed previously, in the framework of the
density response function, is obtained using the free response function for x. In this
way, we have for the correlation energy per particle

ERPA g o ora
N 27rN/ 27r)D”q/0 da/o dw (Im ™ —Im xo).  (9.13)

The RPA correlation energy has been computed for the electron gas immersed in
a background of positive charge, in several dimensions, by many authors (see, for
example, Pines and Nozieres 1966; Jonson 1976; Agosti et al. 1998). The numeri-
cal results one obtains are in agreement with the ones derived by Gell-Mann and
Brueckner (1957) in 3D, and by Isihara and Toyoda (1977) and Rajagopal and Kim-
ball (1977) in 2D, using perturbation theory in the limit of high density (rs < 1). In
this limit, the leading terms in the correlation energy are a series of diagrams (ring
diagrams) corresponding to the most diverging direct terms which, when summed
up, lead to a rigorous and converging result. Therefore, the RPA is the proper the-
ory for the correlation energy of the electron gas in the limit of high density. As can
be seen from Table 9.1, where the RPA correlation energy is compared with the
results of other theories in the case of the 2D electron gas (taken as an example),
the RPA theory works well only at very low values of r;. Even at r; = 0.5 there
is a large discrepancy between the RPA correlation energy and the one obtained
from Monte Carlo calculations (Tanatar and Ceperley 1989).

The direct connection between the RPA theory as discussed in this Section,
and the high-density perturbation theory, can be established by starting from the
expression for the RPA correlation energy (9.13), and assuming that in

0
RPA x"(q,w)
X Hg,w) = 5 ,
1—e22x%(q,w)
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the term e?vqx°/LP represents a small parameter. In this case, it is possible to
write a series expansion of the type
v Ug \ 2
XA =50 (1 +e*5x" + (62L_qD) xX)?+- ) : (9.14)
and verify that the terms proportional to Im(xo)?, Im(xo)3, and so on, give the ring
diagrams of perturbation theory.
Finally we point out that the RPA correlation energy can also be calculated
in finite size systems. To reach this goal one has to solve both the RPAE and
Tamm-Dancoff (T'D) equations, (8.138) and (8.161), respectively, taking care of all

the possible p—h excitations up to some cut-off energy which fixes the model space
of the calculation. The RPA correlation energy is then given by the sum

1
Erpag — Enr = 3 Z(waA -wiby, (9.15)
Y

of all differences in the excitation energies between the RPAE and T'D approaches
[for the derivation of Eq. (9.15), see e.g. Ring and Schuck 1980]. Clearly, in the
calculation of the sum (9.15), one must reach convergence of the result with the
cut-off. A calculation of this kind has been done, for example, in metal clusters by
Reinhard (1992).

9.3.1 The RPA correlation energy for the cold and dilute gas of
Bosons and Fermions

As an example of analytic calculation of RPA correlations, we consider the case of
a cold and dilute gas of Bosons and Fermions, for which it is possible to replace the
two-body interaction by the effective interaction v(r) = ¢gé(r), where g is connected
to the scattering length a for the low-energy scattering of the gas atoms. As was
shown in Section 8.5, in the Boson case and using the following expression for the

free response:
Ng*

B m
Xo (qaw) = 2 ’
P

we obtain for the RPA response the expression

2

Ng®
XEPA(qy w) = w? m_z_;n 12_)2 ) (9'16)
m  \2m

which has only one pole at energy

2
B Pg%g q?
Wrpa = A/~ + (““) .
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The imaginary part of xBp 4(q,w) is, therefore, given by

_Nq2 o (w — wEPA)

Im xEpalqw) = (0.17)

m 2wg PA
By inserting this result in (9.12), it is easy to obtain the following result for the
RPA energy in the ground state of a dilute Boson gas:

RPA 2
EB

N 2 "2 ) (@3

T o T 4p

_rg 1 dq [¢*
2m q2 2m

4 2
ey _ 4 ] , (9.18)

where (p is the gas density) the first term is the (Gross—Pitaevskii) mean-field energy
which derives from the term proportional to N2§40 in (9.12), and the second term
is the RPA correlation energy. By expanding the integral in the correlation term,
it is possible to write

EEPA  pg 8 m*”(%)s/z_lm? / dq 1

N T2 T \n 2 @r)3E 2

(9.19)

The last term in (9.19) diverges in the limit of large q. Such ultraviolet diver-
gence can be removed by a suitable renormalization of the bare coupling constant
g which appears in the J-like interaction, by using the ladder theory of Section 3.3.
In fact, when applied to such interaction, the ladder theory produces the result §
[see Eq. (3.9)] for the renormalized coupling constant (with V' (q) = g):

§=g<1—§/(;Tk)3g), (9.20)

which, at second order in §, yields
dk m
=gl1+q | ——— 1. 9.21
g g( +§ (2ﬂ)3k2> (9.21)

For a dilute and cold gas § = 4ma/m, where a is the scattering length, and finally
from equation (9.21) we get for the renormalization of the bare coupling constant

4mwa 4dma dk m
_dma () Ama [ dk m 9.22
I ( m J (2m)3 k2) ’ (022)
which is valid to second order. The substitution of this result into (9.19), leads to
the following expression for the ground-state energy per particle:

2map 128
= 1 vadp| . 9.23

m ( T EVer ) (923)
This result coincides, at lowest order, with the exact result derived by Lee, Huang
and Yang (1957) by expansion in powers of y/a3p of the ground state energy of a
homogeneous and dilute Bose gas. A rigorous derivation of the exact energy per
particle of a homogeneous and dilute Bose gas, can be found in Lieb and Yngvason

ERPA
N
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(1998). These authors also derived in a rigorous way the energy of the same gas in
the two-dimensional case (Lieb and Yngvason 2000):

E2P 9
=2 = =L in(pa®)| ", (9.24)

which holds at lowest order in pa?. This result had been derived previously by Schick
and Hines (1971), Frankel and Mitchell (1978), and extended to finite temperature
by Popov (1977) and Fisher and Hohenberg (1988).

In the case of a dilute Fermion gas, an analytic calculation of the RPA ground
state energy, analogous to the one carried out for Bosons, is not possible. In fact,
the Fermion free response function is much more complicated than that for Bosons,
and the integrals which appear in the expression for the RPA ground state energy
(9.12) are not analytical. However, we do obtain an analytical result if in (9.12) we
use for x®P4 the expansion (9.14) truncated at second order, and with e?vq = g,
for the dilute Fermion gas. The result one obtains, by adding the second order
exchange term (which, for the é-like interaction, is a half of the direct one with
opposite sign), then coincides with that of second-order perturbation theory (see,
for example, Landau-Lifchitz 1981):

E%D 3k 10 4(11—-2In2) 9

where kr is the Fermi momentum and a is the scattering length for the Fermion gas.
Note that, in deriving this result, and as in the Boson case, we take into account the
renormalization of the bare coupling constant. Such renormalization cancels exactly
the ultraviolet divergence of the correlation energy term. Expression (9.25) gives the
first terms of the expansion of the energy in powers of the parameter kra (Huang
and Yang 1957). The above calculation also allows the derivation of quasiparticle
properties of the dilute Fermion gas. For example, the effective mass turns out to
be given by

*

m

— =1+ 1587(71112 —1)(kpa)?. (9.26)

At first, one might think that the above results for the dilute Fermion gas are
valid both for repulsion and attraction among Fermions, i.e. both for positive and
negative scattering lengths. However, in the case of attraction (a < 0) this is not
true, since the ground state of the system defined in this way is unstable against the
formation of pairs of particles near the Fermi surface, with momenta that are equal
in magnitude and opposite in direction, and whose spins are antiparallel (Cooper
pairs). In this case, the right theory to use is the BC'S theory described in Section 2.7
starting from equation (2.110) with Vi = —g/V. Therefore, the above results are
to be considered valid only when the forces among Fermions are repulsive.
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9.4 Theories Beyond the RPA

In general, the linear response x of the system can always be expressed in terms of
the free response function x° as

___x(aw) ’ (9.27)
1- %01 -G(qw)x(aq,w)

where G(q,w) is the so-called field factor which is to be determined through a
microscopic calculation. When G(q,w) = G(q), one talks about static field theories.
In general, G depends on w as well, and in this case one talks about dynamic field
theories. The RPA theory has G = 0, while the adiabatic TDLD A theory is a static
theory with

x(q,w) =

GrOLPA(g) = — , (9.28)
p=po

where V. is the exchange-correlation potential. Another static theory is the Hub-
bard theory (Hubbard 1957) for the electron gas, where one assumes

2

GH(q) = m ., (in 3D), (9.29)
and
GH(q) = — b (in 2D). (9.30)

N
This theory takes into account in an approximate way the exchange effects which
are neglected in the RPA.

G(q,w) has been computed numerically for the 2D electron gas, starting from the
RPAEF results (see Section 8.11) for x{q, w) of Takayanagi and Lipparini (1995) and
Schulze et al. (2000), which treat the exchange exactly. At w = 0, G(q, 0) exhibits
a linear behaviour in the low-¢ limit, a peak around ¢ = 2kp, and tends to 1/2 for
g — oo. This is shown in Fig. 9.1, where the RPAF results for G(q,0) are compared
with those of other models (Pederiva et al. 1997). From this figure, one notices that
for ¢ < 2kp the RPAFE result is in very good agreement with the Monte Carlo
(MC) results at 7y = 1 and ry = 5, while for high momentum values one observes
a substantial difference between the RPAE and MC results. In fact, the Monte
Carlo calculation (Moroni et al. 1992) predicts a nearly linear increase of G(q,0)
with ¢, as expected (Likos et al. 1997), while the RPAF yields G(q,0) tending to
1/2 for large g. As was shown in Takayanagi and Lipparini (1996), a large part of the
difference existing between RPAE and MC results can be accounted for by taking
into consideration electron—electron correlations due to re-scattering processes of the
ladder diagrams, and then using the effective Brueckner—Hartree-Fock interaction
(g matrix, see Chapter 3) instead of the bare interaction to solve the integral Dyson
equation. The results of such calculation (RPAEG) for the static response function
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Fig. 9.1 (a) Static field factor G(q) of the 2D electron gas, computed in the RPAE as a function
of ¢/kF for two different values of the density. Full curve: rs = 1, dashed-dotted curve rs = 5. The
dashed curve is the Hubbard approximation; (b) G(g) for r; = 5 in different models: dashed curve:
Hubbard approximation; full curve: RPAE; dashed-dotted curve: ST LS approximation; triangles:
RPAEG; full dots: QMC results.

x(q) are shown in Fig. 9.2, together with the results of the MC calculation. The
peak at ¢ = 2kr in x{(q) is a consequence of the similar peak in G(q, 0). For reasons
of numerical accuracy, it is not possible to draw a definite conclusion as to the
behaviour of such quantities in the neighborhood of ¢ = 2kr, and in this ¢ region
there is still some ambiguity in the determination of the static field factor.

9.5 STLS Theory

The STLS (Singwi, Tosi, Land and Sjolander 1968) model is based on an approx-
imate solution of the equation of motion for the one-particle distribution function
f(r,p,t) which gives the probability of finding a particle at position r with momen-
tum p at time ¢. This quantity, which is related to the spatial density of the particle
p(r,t) by the relationship:

plr,t) = / dpf(r,p.1), (9.31)

fulfills, in the presence of an external field vext(r,t), the kinetic equation (see, e.g.
Cohen 1962):

g
af(rv P, t) + —T% : Vrf(r; P, t) - vrvext(r) t) * vp.f(ra P, t)

- /Vrv(r —1') - Vpf(r,p,r';p/,t)dr'dp’ =0, (9.32)
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Fig. 9.2 Static linear response of the 2D electron gas as a function of ¢/kp at rs =1 and rs = 5.
The full and dashed lines give the RPA and RPAF results, respectively. The stars indicate the
RPAEQG results (including the ladder correlations), and the triangles the QM C results.

where v(r — r') is the inter-particle interaction potential, and f(r,p,r’; p’,t) is the
two-particle distribution function. The equation for the two-particle distribution
function, in turn, contains the three-particle distribution function, and so on. ST LS
truncated such infinite hierarchy of equations by the ansatz:

f(r,p,r'sp',t) = f(r,p, ) f (', p', t)g(r — '), (9.33)

where g(r — 1) is the static pair correlation function [see Eq. (7.74)]. Such ansatz,
considers in an approximate fashion the short-range correlations among particles,
through the function g{r —r') that tends to 1 in the limit of large separation between
particles, while for small separation it is affected by the dynamic correlations among
particles due to interaction. Assuming g(r — r’) = 1 for all distances, it is easy to
obtain from equations (9.32) and (9.33), the result of (8.97), i.e. the semiclassical
limit of the time-dependent Hartree equations which, in turn, coincide with the
Landau—Vlasov equations (1.119) in the absence of collisions. If we write

f(x,p,t) = f(p) + 6f(xr,p,t), (9.34)

where §f(r, p,t) is the deviation from the equilibrium distribution function °(p),
induced by the (weak) external field, and if we linearize equations (9.32), we obtain
an equation for § f(r, p, t) which, once solved, allow us to write the response function
of the system to the external field

Vext (T, t) = vext(q,w)ei(q'r_“’t) +c.c., (9.35)
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in the following way:

XSTLS(q, (.u) — XO((L w) . (9.36)

1— 75 (1 - GSTLS(q))x°(q, w)

In equation (9.36), vq is the Fourier transform of the inter-particle interaction and
g is the coupling constant, x°(q,w) is the classical free response function, and the
field factor GSTE5(q) is given by

GTES(q) = - g%%%(suq—q'n ), (0.37)

where the static form factor S(q) is given by

S(q) = —% [ooo dw Im x(q,w). (9.38)

Equations (9.36), (9.37), together with (9.38), constitute a set of equations that
are to be solved in a self-consistent way. The derivation of such a set of equations
is completely classical. The application to quantum systems is carried out just by
replacing the classical response function and field factor by their quantum counter-
parts. In this case, equation (9.36) reduces to the RPA response function provided
we neglect field corrections, and equation (9.37) for GSTLS(q), in the case of the
electron gas, reproduces the Hubbard expression (9.29) and (9.30) provided one uses
for S(q) the static form factor of the Fermi gas [see Egs. (1.100) and (1.101)]. Once
the self-consistent solution for all values of the density is obtained, it is possible
to derive the pair correlation function through relation (9.11) from the knowledge
of the static form factor. The correlation energy in the ST LS approximation can
be derived by integrating on the coupling constant of the interaction energy per
particle

E"}tv(“) =2 / é‘?—qu[S(q) — 14 Nog]. (9.39)
This calculation was carried out for the 3D electron gas by Singwi, Tosi, Land and
Sjolander (1968), in 2D by Jonson (1976), and in quasi-one-dimensional systems
by Freser and Bergensen (1980), and Camels and Gold (1995), (1997) (for these
systems the term Ndqo is canceled by the positive background).

Several authors attempted at improving the STLS theory, in order to better
reproduce the high-density limit (r, < 1), and the compressibility sum rule of
equations (7.67)—(7.70) and (8.274). In particular, people abandoned the ansatz
(9.33), by taking into account three-body correlations in the kinetic equation (9.32),
and truncating the infinite series of such equations at this order (see Ichimaru 1982).
In this way, for the local field factor one obtains the expression

1 dq’ q ’ /
Gla) =~ / B - S)S(a-a) -1, (9.40)
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by which one should then solve the triad of equations for x, G and S. The result of
such calculations appreciably improves the ST LS approximation.

Lastly, we mention the “Hypernetted chain” approximation (HNC), which was
developed in the physics of classic liquids (van Leeuwen, Groeneveld and De Boer
1959; Morita 1960), and applied to the study of several physical systems such as
the electron gas, liquid helium, and nuclear matter (Fantoni and Rosati 1972, 1975;
Ripka 1979). Such theory, leads to the following result for G(q):

Ga) =~ [ 28 A (51q - qff) - {1+ [1 - G@NIS() ~ 1]} (941)
po ) (2m)P g2 4 S

Note that the STLS scheme is obtained from the above expression by putting
G(q') =1 in the right-hand side, while the convolution formula (9.40) is obtained
by assuming G(q’) = 0. The HNC approximation turns out to be the best approx-
imation for static field theories, and is discussed in detail and compared to STLS
and other theoretical schemes in Chihara (1973), Choquard (1978) and Chihara
and Sasaki (1979). For a review of works on HNC applied to the electron gas, see
Ichimaru (1982).

9.6 Comparison of Different Theories for the Electron Gas in 2D

In this section we will compare the results of the calculations carried out in the
framework of the models discussed previously, for the case of the two-dimensional
electron gas, which is taken as an example of many Fermion homogeneous systems,
and for which in the literature one finds a great deal of results.

In Tables 9.1 and 9.2 we show (Pederiva, Lipparini and Takayanagi 1997) the
correlation energies and compressibilities per particle as a function of the Wigner—
Seitz radius ry computed by: Monte Carlo (QMC, Tanatar and Ceperley 1989),
RPA, Hubbard approximation (HA), RPA with the exchange term treated in an
exact way (RPAE, Takayanagi and Lipparini 1995), ST LS approximation (Jonson
1976), and RPAF including ladder correlations (RPAEG, Takayanagi and Lip-
parini 1996).

TABLE 9.1
re €MC RPA HA RPAE (STLS RPAEG

5 -3.64 -6.28 —-4.26 -3.65 -—3.40 -3.92
—-299 -540 -3.70 -3.14 287 -3.11
-2.26 -—-4.42 -3.10 -2.56 -—2.11 —2.54
—-1.55 —-3.43 -246 —-1.99 -147 —1.50
-1.34 -310 -2.21 -1.7 -1.25 -1.15
—0.98 -2.56 -1.86 -1.56 —0.90 —0.89

S I N
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TABLE 9.2
Ts KO/KMC KO/KRPA KO/KHA KO/KRPAE KO/KSTLS KRPAEG
0.5 0.77 0.77 0.77 0.77 0.77 0.77
1 0.54 0.54 0.54 0.54 0.54 0.54
2 0.06 0.05 0.07 0.05 0.06 0.05
4 —0.96 —1.02 —0.94 —0.98 —0.96 —0.99
5 —1.49 —1.58 —1.46 -1.51 —1.49 —1.52
8 -3.12 —-3.38 -3.13 -3.11 —3.09 -3.16

From these tables, comparing the different results with Monte Carlo (which
should be considered as the best possible calculation), we see that the exact treat-
ment of Coulomb exchange in RPAF greatly improves the results obtained by RPA
and H A, and that inclusion of the short-range correlations as performed in RPAEG
and in the STLS calculation, are crucial for correctly reproducing the correlation
energies. This trend can also be seen in Figs. 9.3 and 9.4, where, in the r; = 5 case,
we compare the results of different calculations for the static form factor and the
pair correlation function.

9.7 Quasiparticle Properties

In the RPA theory, and in local field theories such as the Hubbard theory and
the STLS model, the quasiparticle properties can be calculated in a rigorous way

S(a)

0.0 - s — ‘
0.0 1.0 2.0 3.0 40 5.0

Fig. 9.3 Static form factor of the electron gas in 2D at rs = 5. The dashed and dashed-dotted
curves give the RPA and RPAFE results, respectively. The circles give the RPAEG results (in-
cluding the ladder correlations), and the full line is the QM C result.
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Fig. 9.4 Pair correlation function of the 2D electron gas at r¢ = 5. The dashed and dotted-
dashed curves give the RPA and RPAE results, respectively. The circles are the RPAFEG results
(including the ladder correlations), and the full line is the QM C result.

starting from the following expression

_ dq vq [?da
EO_TO_/(QW)DZ 0 «

_ oo (g i
x [N N2+ — / XD TW) (9.42)
2 Joo 1= 25 (1 = G(@)x"(q, iw)

for the ground state energy, and by performing functional differentiation with re-
spect to the occupation number ng (Ting, Lee and Quinn 1975). Equation (9.42)
can be derived from the results of Section 9.2 by means of the relation

o0 e o]
/ dw Im x(q,w) = l/ dw x(q,iw), (9.43)
0 2/ -

with w = sw, and writing x in terms of the free response function as in (9.27). In
the integral that appears in (9.42), the only terms which depends on the occupation

number is the one involving the free response function x° given by
dk

x’(q, iw) = (—W-Gg”‘(k, q,iw), (9.44)

where Ggh (k, q, iw) is the free p-h Green function:

CEP (i, q iw) = L Mera)e (L~ me)micra (9.45)
W — Ekq T 1 W — Ekq — 17}
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with
(k+q?® kK

fka = o om

Note that the local field factor G(gq) can also be a functional of ax®. The kinetic
energy is given by Tp = D, nkek with %& = gk, and the self-energy is given by

Yk, ik) = — —ek. (9.46)
The integrand (denote by F) in the interaction term of equation (9.42) is a function

of ax®, and the functional derivative of F with respect to the occupation number
is written as

8F  6F 6x°
— =2 9.47
dnie 6xYdny (9.47)
where
&x° . . . .
o Go(k + q,iw + ik) + Go(k + q, —iw + ik), (9.48)
k
and Gy is the free single-particle Green function:
Go(k, iw) = ——% (1 = m) (9.49)

Ww—ex—in  iw—ex+in

Note that the two terms of (9.48) give the same contribution, since F is a
symmetric function of the complex frequency iw. Moreover, the integral on the
coupling constant and the functional derivative of F with respect to x°, may be
arranged in the following way by introducing the variable y = ax°:

/gd_a SF(ox®) _ 1 / o FW _ Flox) (9.50)
0

a &0 X 8y X

Using all these results, it is easy to obtain the following expression for the interaction
self-energy:

dq 1 i d Golk + q,iw + ik)
(27r)DUq27r - v a1 _@ Y
oo ( (@))x°(q, iw)

- I

Y(k,ik) = —g

(9.51)

This expression may be rewritten in a more general form by introducing the screened
vertex function I as

dq 1

E(k, ik) = —Q/qu%—r/_ dwGo(k + q, iw+ik)r_—(q’ iw)

dam)’ O

where

I{q, iw) = €(q, tw) f(q, iw) . (9.53)
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Here €(q,iw) is the dielectric constant as defined in equations (8.275) and (8.276),
and f(q,iw) is the vertex function defined in Section 8.11. In general, f(q, iw) also
depends on the variable k, and neglecting such dependence is an approximation
that leads to the result

x(q, iw)

X, iw)’ (%24

fq,iw) =
and hence, for static field theories, to expression (9.51).

Starting from expression (9.51), the quasiparticle properties of the electrons in
the homogeneous gas were computed, in the different static field approximations.
The results of these computations are discussed in detail, e.g. in Rice (1965) and in
the book of Mahan (1981). It is important to notice that the self-energy as computed
in the RPA theory [i.e. putting G(g) = 0 in the above expressions] has the following
important characteristic: the reciprocal effective mass does not diverge any more at
the Fermi surface. Or, in other words, the divergence affecting the reciprocal mass
at the Fermi surface in the HF theory [see Eq. (2.37)], is removed by the RPA
theory which takes into account the dynamic electron—electron correlations.

As a general remark, in the case of electrons the quasiparticle properties are
little affected by the effects due to the electron—electron interactions. Other effects,
such as those due to the band structure in real metals, and to electron—phonon
interactions, are more important.

The quasiparticle properties and the nonlocal effects (see next section) are of
more relevance for other Fermion systems, and are discussed in detail in the review
paper by Mahaux et al. (1985).

9.8 Nonlocal Effects

The local theories for the linear response function discussed above assume that
the field factor G(g,w) does not depend on frequency, but only on the transferred
momentum ¢. Clearly, this is an approximation. In the parlance of the Landau
theory for Fermi liquids, this is equivalent to assuming that the Landau parameters
F, are equal to zero when £ > 1. Only in this approximation, and in the limit of
small ¢ and w, does the local field theories and the Landau theory coincide.

Are nonlocal effects important? The answer to this question is, in general, pos-
itive for strongly interacting liquids like, e.g. 3He, where the Landau parameters
F, and F; play a fundamental role in determining the frequency difference between
first sound and “zero sound” (see Section 8.1). As we will see in the following, these
effects are relevant also for the electron gas, when the density is low and correlations
are more important.

In the parlance of density functional theory, this means that one is not allowed
to neglect non-local (current) terms in the energy functional if one wants to repro-
duce correctly the dynamic response of the system. Current terms in the energy
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functional, which have no effects on the static properties of the system, may never-
theless be crucial for the dynamic properties.

In what follows we will discuss two approaches which take account of non-local
effects in the effective interaction, through the introduction of a velocity-dependent
term. The effects of such term will be studied in connection with the problem of
correctly reproducing the dispersion of phonon-roton collective states in superfluid
“He, and of the plasmon ones in the electron gas.

The importance of nonlocal effects for obtaining such dispersions, can be easily
understood by studying the moments

me(q) = /000 dw w*S(q,w) (9.55)

of the dynamic structure function S(g,w). In the case of Bosons, such function, at
small w, is determined primarily by collective modes; in Fermi systems by collective
modes and one-particle—one-hole excitations; and in the region of high w by the
many-particle-many-hole excitations (mp ~ mh). The situation is schematized in
Fig. 9.5. The mean field theories discussed so far account only for single-particle
and collective excitations, but not for excitations due to many-particle, and hence
they provide an incomplete description of S(g,w). This can be seen explicitly by
comparing, e.g. in the case of liquid 3He, the f-sum rule

o0 N 2
mi{q) = /0 dwwS(q,w) = EST, (9.56)

which holds for interaction potentials that do not depend on velocity (both for
density and spin-density excitations), with the analogous sum rule for the spin-

mean field

— = =~ many - particle exc.

3
P - collecti
> collective mode
e
wn
p-h mp - mh

Fig. 9.5 Schematic representation of S(g,w). For Bosons, the part corresponding to 1-particle-1-
hole (p—h) excitations, should be ignored.
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density operator in the Landau theory [see Eq. (8.25)]:

e NP1+ Fg/3
M) = G TAF 3

The result of the Landau theory (Ff* = —0.55, F¥ = 6 for He) is much smaller than
the exact result of (9.56), and this means that the elementary excitations considered
by the Landau theory do not saturate the f-sum rule even at small q. The many-
particle excitations also contribute to m$ at small g, thanks to the factor in w in
the f-sum rule, which amplifies the contribution of such high-energy excitations. A
different situation is realized in the case of the inversely energy-weighted sum rule:

q) — Amws(zw) — _X(Q) , (957)

2

where x(q) is the static response of the system. Due to the factor w™?! in the integral
(9.57), which quenches the contribution of many-particle excitations, such sum rule
is saturated at low ¢ by the collective mode. In the case of superfluid *He, this is the
case even at rather large ¢ values, as evident from Fig. 8.8 where the experimental
results for x(q) are well reproduced by the density functional theory of Dalfovo
et al. (1995), where x(¢) is given by the second functional derivative of energy in
momentum space (V is the Volume):

= drd el (r=x) 9.58
(q) 4m V/rrép Vop( ') (9.58)
For Fermions, such as the electron gas, the static response can be computed starting
from the expression
Vv Vv
=feeld) - —5
@ = @

where the exchange-correlation factor fz.{¢q) is connected to the local field factor
G(g) by

= fa:c(q) - + U(q) ’ (9'59)

xo(q)

fze(g) = —v(9)G(q), (9.60)

and is given by the Fourier transform of the second functional derivative of the
exchange-correlation energy with respect to density:

faclq / drdr’/ 570 6;°r,) g r=r) (9.61)

The m; and m_; sum rules can be used to study the dispersion of the collective
modes in both Boson and Fermion systems, through their ratio:

wi(g) = 5:11(—8—) (9.62)



Nonlocal Effects 355

In the following we will study such ratio in the case of the phonon-roton density
modes of superfluid *He, and of the plasmon mode of the electron gas and, in this
framework, we will discuss the relevance of nonlocal effects in the energy functional.

In the case of superfluid *He, employing the exact results for m; and m_j, (9.56)
and (9.57), we obtain

__N¢&
mx(q)|’

which may be considered as a rigorous upper bound for the collective-mode disper-
sion. Note that, since the following inequality holds

w?(q) (9.63)

mi(e) _me) _ & (9.64)

m_1(g) ~ molg)  2mS(q)’

where S(q) is the static structure factor, expression (9.63) is a better approximation

to the exact dispersion than the more renowned Feynman approximation
F '
= ——. 9.65

(@) = g (9.65)

Using for x(g), the result of the density functional theory of (9.58), which re-

produces the experimental value up to high enough g-values, we obtain for the dis-

persion of the phonon-roton mode the dashed curve in Fig. 9.6. While the phonon

30
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Fig. 9.6 Phonon-roton dispersion in superfluid *He. The dots are the experimental data of Don-
nelly et al. (1981); the dotted line is the Feynman approximation with the experimental value for
the static form factor S(g) (Svensson et al. 1980); the dashed line is the result of Eq. (9.63) using,
for x, the result of the static density functional; the dotted-dashed line is the result of the dynamic
theory without the backflow term, while the full line includes the backflow term.
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dispersion w = cgq, with ¢> = —(mx(0))™!, is well reproduced at low ¢, the roton
one at higher ¢ values is largely over-estimated. From the previous discussion, it
is clear that the estimate (9.63) can be improved by including velocity-dependent
terms in the energy functional, which change the energy-weighted sum rule m$e!
with respect to the exact result (9.56). The difference with respect to the exact
result m; — m<°, is due to the contribution of many-particle excitations, which is
correctly subtracted in the computation of the energy-weighted sum rule, due to
the collective excitations alone. Since the many-particle excitations do not affect the
inversely energy-weighted sum rule, the ratio m$°/m¢c} will turn out to be a better
approximation for the exact dispersion of the collective mode of superfluid “He.
Dalfovo et al. (1995) added the velocity-dependent term to the energy functional

B, == [ deds'Vi(le = Dot )(v(x) - v(x)?, (9.66)

where V; is a finite-range current-current effective interaction, which plays the role
of a non-local kinetic energy, and gives rise to hydrodynamic equations (see Chap-
ter 10) with a backflow current term. From 'a microscopic point of view, an effec-
tive interaction with these characteristics (i.e. finite-range and velocity-dependent),
emerges naturally in the Brueckner—-Hartree~Fock theory described in Chapter 3
and applies to the electron gas.

The interaction (9.66) lowers the value of the energy-weighted sum rule with
respect to the exact value and yields, for the homogeneous system, the result

2 A A
m(a) = S (1~ p(73(0) ~ V() (9.67)

where V; (q) is the Fourier transform of the current-current interaction Vj(r). How-
ever, it does not change the value of the static response, which is fixed by the part of
the energy functional which depends on density and not on velocity. The dispersion
of the phonon-roton collective mode is thus given by
Ng?

mix(q)|
It is possible to fix Vy(r) in order to reproduce both the phonon-roton dispersion
and the energy-weighted sum rule as derived from neutron scattering experiments in
the energy range where only the collective contribution to the sum rule is important.
The results are shown in Figs. 9.6 and 9.7. The fact that the new functional does not
satisfy the exact f-sum rule, clearly evidences the fact that the density functional
theory does not take account of many-particle excitations, but only one-particle
ones, and that in order to reproduce the dispersion of such excitations it is crucial
to introduce current-current interaction terms in the functional. Note that the new
current-current term in the dispersion (9.68) does not alter the hydrodynamic limit
g — 0, given by w = cg with ¢ = (m|x(0)|)~! the sound velocity. This is an
important fact, ensured by Galilean invariance.

w¥(q) = (1 = p(V3(0) = V(@) (9.68)
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Fig. 9.7 Energy-weighted sum rule. The dashed line is the exact sum rule; the bars give the .
mean-field contribution to the sum rule, as measured by neutron scattering (Woods and Cowley
1973); the full line is the result of Eq. (9.67).

The current-current term is also very important for reproducing correctly the
dynamics of non-homogeneous systems, such as free surfaces, thin films and helium
drops. Calculations for such systems are found in Dalfovo et al. (1995).

In the case of the electron gas, the situation is similar to the above-described one,
but with the further complication of one-particle-one-hole excitations which, to-
gether with the collective ones, are present in the low-energy spectrum of Fermiouns.
The situation for the plasmon dispersion is the one already discussed in Sections 8.4
and 8.9.1, and reported in Fig. 8.3. The experimental results are obtained by inelas-
tic electron scattering experiments on alkali metals ranging from sodium to caesium.
These metals represent, in nature, the physical system closest to the interacting elec-
tron gas in 3D, with a value of r, varying from 4 to about 6. The local field theories
predict for the a coefficient of the dispersion relation

E(q) = E(0) + a¢®,

values which are in serious disagreement with the experimental ones for ry > 4.
In the following, using the sum rules discussed above, we will show that current-
interaction effects (Lipparini, Stringari and Takayanagi 1994) can improve the agree-
ment between theory and experiment, even though other effects such as those due
to the band structure of alkali metals (Aryasetiawan and Karlsson 1994; Taut and
Sturm 1992), appear to be also relevant for establishing a quantitative comparison
with observation.

The dependence on the transferred momentum ¢ of the density excitation
strength |pno|? = |(n|pq|0)|?, of the excitation frequencies and of the sum rules,
due to the possible excitations of the electron gas, can be deduced on the basis of
simple arguments based on conservation laws and sum rules (Pines and Noziéres
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1966), and is reported in Table 9.3, in the limit of small ¢, with the main contribu-
tions. In this table vFg and ep are the Fermi velocity and energy, respectively, and

wp = y/4mpe?/m is the plasma frequency.

TABLE 9.3
single-particle plasmon many-particle
N¢?
3" [(nlpql0)|? ¢ 5 gt
n TWp
Wno quE Wp Wmp
4 Nep Ng?
m_y =i q4 - q . gt
m2w] w2
N 2
m1 ¢® =L q*
2m
Nuw2q?
ms ¢ —2= q*
2m

If, as we did in the case of superfluid helium, we neglect the contribution of
many-particle (mp) excitations to the inversely energy-weighted sum rule, up to
terms in ¢* we can write:

m_1 = mP, + m*P my =mP +mTP. 9.69
1 1 1 1

If then we want to calculate the plasmon dispersion through the ratio m2' /m?",, we
clearly need to subtract from the exact results for m_; and m, the single-particle
and many-particle contributions, respectively. The exact result for m; is given by
the f-sum rule (9.56), and that for the inversely energy-weighted sum rule can be
easily derived starting from equation (9.59), by performing the limit for small g and
recalling the result (8.274). In this way we obtain the result, valid up to terms in q*:

2 2.2
m_y = 24 (1—”‘1), (9.70)

2
2mwy Wy

where 22 is the sound velocity. The single-particle contribution to m_; can be
evaluated rigorously (Lipparini, Stringari and Takayanagi 1994) and is given by

P = 1—45-52—2(14. (9.71)

As regards the many-particle contribution to m;, considering the exact result
(9.56) as well as equation (9.69) and Table 9.3, one concludes that the corrections
in ¢* due to the plasmon and many-particle excitations must cancel each other
exactly. The plasmon ¢* contribution can be obtained only in non-local theories
with finite-range and velocity-dependent effective interactions. One such theory is
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the Brueckner—H F theory discussed in Chapter 3, in the separable approximation
of equation (3.42), in which the effective interaction is given by g¢ = ¢(p)v(q). For
the plasmon contribution to m; up to order g%, it gives the result

NG Ne!

2m 2m ’

K = gi—g (v”(O)/ (%>Zc(r)r4dr

— 5¢(0) / (%’;FTT))zv(r)r‘*dr) , (9.73)

where j1(z) = 1/z(sinz/z — cosz) and v"(0) = di;gv(q)lqzo, d’(0) = di:fc(p)lp,__o
and v(r), ¢(r) are the Fourier transforms of v(q) and c(p), respectively. The values
of K, together with those of the Fermi energy and plasmon frequency, are reported
in atomic units in Table 9.4 for some values of r,.

mi(q) = (9.72)

with

TABLE 9.4

Ts ep wp K wmp

0.460 0.613 0.05 1.52
0.205 0.333 0.3 0.68
0.115 0.217 0.5 048
0.074 0.155 1.0 0.30
0.051 0.118 2.0 0.20

S O WN

The plasmon dispersion can then be calculated by means of the equation:

pl
Epl( )= ™ _ wy | 1+ ——i mv? + —8—6 — Kmuw? (9.74)
q mPl, L 2mw? 157 Py)7 ’

obtained using the results of (9.70)—(9.72). Note that putting K = 0 in this equa-
tion, and expressing the sound velocity through the second derivative of the LDA
exchange-correlation energy with respect to the density, one obtains the TDLDA
dispersion of (8.208).

From equation (9.74) we then obtain the following result for the coefficient «

normalized to its RPA value agpq = gz :
P

a 5 9 8 9
amra " Ger <mv + TEEF mep). (9.75)

The predictions of such equation are plotted in Fig. 9.8. The general trend indicated
by the experiments is rather well reproduced. The term in K, which is due to
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Fig. 9.8 Coefficient of the bulk plasmon dispersion, normalized to its RPA value, as a function
of density. The full line is the result from equation (9.75). The dotted line gives the dispersion of
local field theories. The experimental data are taken from Von Felde et al. (1989).

nonlocal effects in the effective interaction, and which accounts for the plasmon ¢*
contribution to the m sum rule, plays a crucial role. In fact, in the absence of such
(K = 0) we obtain the dotted curve, which is the prediction of local field theories.

9.9 Mean Energy of Many-Particle Excitations

Using the method of sum rules, in some cases it is possible to evaluate explicitly
the value of the mean energy of the many-particle excitations through the ratio

mp

My

— 9.76
71np 3 ( )

WP
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where m3'? is the contribution of many-particle excitations to the sum rule weighted
by the cube of energy: ma = [ (g, w)w3dw.
In the case of the electron gas in 3D, m3"? can be computed using the result

(see Table 9.3):
my? = ma —m} (EP(q))?, (9.77)

which holds to order ¢*, where mj is given by (Puff 1965; Iwamoto, Krotscheck and
Pines 1984):
Ng? 2¢? 2
ms = —"—2m (wg + 7 Ekin + EEpot ’ (978)
and the second term in the right hand side of Eq. (9.77) is the plasmon contribution.
In equation (9.78), Exin and Epo are the kinetic and potential energies per particle
of the electron gas, whose values were computed by Monte Carlo. Using the results

of the previous Section, we can then write the mean energy of the many-particle
excitations:

mp
my

2 2 1 4
— - s o U 2 = _ 2
e ((Ekm—}— 15Epot> <2mv + 155p me,,)). (9.79)

The values predicted by this expression are reported in Table 9.4. As expected, w™?
is systematically larger than EP! and ep.

As a second example we consider the contribution of many-particle excitations
to the spin-density response function of liquid *He. The sum rule cubic in energy
for the spin-density operator pj = > j elari o is given by

¢ ¢ Pe’
m§ =N (%—5 + ;ﬁEki" + o3 /[g(r) ~ g%(r) cos qz]VEV(r)dr) , (9.80)
where

g(r) = p72 ) PP(1,21,2),

g1,02
ga(r) — p—2 Z 0'10'2[)(2)(1,2;172)7
01,02

and 7 = 71 — 72, and p@(1,2;1,2) is the diagonal two-body density matrix. V (r)
is the helium-helium interaction potential.
In the limit of small ¢, the m3 sum rule becomes

2
: a Pq
‘}1_1)% mg = N7n—2— /g+_(r)VZV(r)dr, (9.81)
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with g1 = 1/2(g(r) — ¢°(r)), and in this limit is a pure effect of correlations
in the ground state (Dalfovo and Stringari 1989). In fact, the mean field theories
based on RPA, time-dependent density functional theory, or the Landau theory,
only account for Pauli correlations in the ground state (a Slater determinant), and
hence (see Section 1.8) they predict a constant value for g, (= 2). Therefore, the
q* term in mg vanishes, consistent with the result (8.26) of the Landau theory. This
result evidences that in liquid 3He, in the limit of small g, the mg sum rule is fully
determined by many-particle effects.

The contribution of many-particle excitations to the f-sum rule can, then, be
easily calculated in the same limit, through the difference

p® 1 Ff — F¢

pa_ 2 1 T 9.
mZ31+1/3F; (082)

mi(mp) =m{ —mi(mf) —q-0
where for the mean field contribution to m{ (m¢(mf)) in the limit of small ¢, we
took the result of the Landau theory of (8.25). Combining the results of equations
(9.81) and (9.82) into (9.76), we can finally give an estimate of the mean energy
of many-particle excitations in the spin-density channel, which turns out to be
w™P ~50 K at saturated vapor pressure.

9.10 The Polarization Potential Model

A separation between mean-field and many-particle excitations in the framework of
the linear response theory, of the same type as the one discussed above, has been
developed by Pines (1985) for quantum liquids, and is known in the literature as
the polarization potential model. In this theory, the linear responses in the density
and spin-density channels are written as

, _ x*¢(q,w) 9.83
X(@w) = (veq) + £§(a) + i (@)x**(g,w) o
) x**(g,w) (9.84)

T 1 (8 F S @)X (g w)

where v.(q) is non-vanishing only for charged systems (in which case it is equal to
the Fourier transform of the Coulomb field), and x*¢(g,w) is the screened response
function which describes the response of density fluctuations to the combined action
of the external and induced polarization fields. x*¢(q,w) includes contributions from
both single- and many-particle excitations. If we neglect many-particle contributions
then x*¢(q,w) = x°(q,w) (i-e. the free response) and the local mean field theories
become a particular case of the Pines theory in which f; = 0.

The frequency-dependent term, which is proportional to f{ in (9.83), is con-
nected to an effective mass depending on ¢, which characterizes the single-particle
or pair excitations with momentum g, with which x*¢(g,w) is built up. In fact, from
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equation (9.83) in the large w limit (see Section 7.3), and from the results
2 2

Pq sc _ P

mw?’ X agw) = miw?’

X’ (gw) =
which hold in this limit, we obtain
mg =m+pfi(q). (9.85)

On the other hand, in the spin channel, performing the high w limit in (9.84), we
obtain for the energy-weighted sum rule:

2
Pq 1
m{ = . (9.86)
LT am 1 pff(g)/m

The polarization potential model reduces to the Landau theory in the limit
q — 0, w — 0, provided the following identifications are made

5O =287 ga0) =TT (9.87)
BO = Em O e (9.89)
in the 2D case, and
f5(0) = ::,: f5(0) = F,,kF (9.89)
RO = T RO =T e

in the 3D case, and provided that in the same limit we identify x°¢(g,w) with Qg0
and Ag o, respectively. Here o o and Agp are the long-wavelength limits of the free
response function in 3D and 2D, to excite single-quasiparticle-quasihole states of
effective mass m* around the Fermi surface (see Section 8.1). In equations (9.87)-
(9.90), the F' are the usual dimensionless Landau parameters. In particular, it can
be remarked that from equations (9.85)—(9.86) one obtains the usual results of the
Landau theory, m*/m = 1 + F} /2 for the effective mass, and

2
a_ M4 a

for the energy-weighted sum rule in the spin channel. Comparison of equations
(9.86) and (9.91) with the exact result m$ = pg?/2m shows once again that in the
spin channel many-particle excitations contribute to m¢ at order ¢2.

One can notice that the adiabatic TDLSDA theory that we developed in Sec-
tion 8.9 can be generalized to include non-local components of the type

%tl /(pT — §%)dr (9.92)
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in the energy functional, which yield a response that is analogous to that, of the
polarization potential theory in the long-wavelength limit. In equation (9.92),

T= <Z pid(r — rz‘)>

is the kinetic energy density, and j is the current density defined by

ir)y=1/2 < (Z 8(r —ri)pi + h.c.) > : (9.93)

The form (9.92) ensures translational invariance. The coefficient ¢; is connected to
f:(0), and hence to the Landau parameter F!. For example, in 2D we have

b - 1 F/2
YT T 14 Fpj2

as follows from the fact that the term of equation (9.92) produces an effective mass

given by m*/m = (1 + t1p)~!. The term of Eq. (9.92) gives rise (Stringari and

Dalfovo 1990) to a density-current response

4 N s
Xoj = Z ((Pq)On(Jq)no 3 (Pq)on(]q)n0>

- W — Wno w + wno

which is coupled to the density-density response x, by

Xs = [(ve(@) + K)xs + L)X — t1XaiX5s » (9.94)

where X is the second derivative of the exchange-correlation energy with respect
to the density [see Eq. (8.196)], and x? and xJ, are the single-particle (with ef-
fective mass) density-density and density-current responses, respectively. Using the
relations (Pines and Noziéres 1966):

m

ng = 7“)Xga (9'95)
1

Xsj = awxs, (9.96)

that link the density-density and density-current responses, we can establish an
equation of the kind (9.83) with f§ and f; independent of ¢ and related to K and
t1. An analogous calculation can be carried out in the case of the spin-density—spin-
density and spin-current-spin-density responses, which leads to an equation of the
kind (9.84). In this case, all the quantities that appear in the above expressions
have a spin-dependence. For example, the spin current density j° becomes

j(r) =1/2 < (Z 8(r — r;)pio; + h.c.) > (9.97)
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and the coefficient t{ of the equation analogous to (9.92) is related to the Landau
parameter Fy*. For example, in 2D, we have

o_ 1 _F/2

(=~ Tr iz
The polarization potential model has been applied, particularly, to the study of
elementary excitations of 3He and “He. An extensive review of the applications of
» such model, together with a list of the most important references, can be found in
Pines (1985).

9.11 The Gross—Kohn Model

In Section 8.9 we developed the time-dependent density functional theory in the
so-called adiabatic approximation, in which one assumes for the exchange and cor-
relation functional the same static form hypothesized to calculate the properties of
the ground state of the system. In general, one expects this to be a good approxima-
tion only for processes that depend very slowly on time, i.e. one implicitly assumes
the adiabatic approximation. This is reflected also in the fact that the exchange-
correlation kernel of equations (8.195) and (8.196) is frequency-independent. For
homogeneous systems, and in the density channel, this kernel is given by

. d?
lim 7227 (0,00 = 0) = T3 (peeclp)) = (o), (9.98)

where €;.(p) is the exchange-correlation energy per particle of the homogeneous
electron gas. fio™(q,w = 0) was defined in (9.60) and (9.61). In general, f2o™ is a
quantity that depends on both ¢ and w, and is related to the field factor G(g,w) of
(9.27) by .

F25™(qyw) = ~ve(9)G(g,w) - (9.99)

This f2™(g,w) has the following properties (see, e.g. Gross and Kohn 1990):

(1) . ¢hom oy = 4 2y d (exe(p) 1/3 4 [ €xc(p)
l}l_l"% fzc (q7w - OO) - 5p dp p2/3 + 6:0 dp p1/3

= fool(p)- (9.100)

This follows from the sum rule cubic in energy.

(2) fo(p) < feo(p) < 0. (9.101)
This follows from Monte Carlo calculations on €;¢(p).
: hom dr

Here g(r) is the pair correlation function (Shaw 1970).
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(@) lim fE2" g £ 0) = 3 (1 - 9(0). (9.103)

This was shown by Niklasson (1974).

(5) fhom(g,w) is a complex function that fulfills the symmetry relations:
Re f2e™(¢,w) = Re f;0™(q,~w),

9.104
Im fPom(g,w) = —Im fhom(q, —w). ( )

Here, fhom(g,w) is an analytic function of w in the upper part of the complex
plane and tends to a real function fo(gq) for w — oo (Kugler 1975). Hence,
the function f2°™(g,w) — foo(q) obeys the standard Kramers-Kronig rela-
tions. The imaginary part of f1°™ (g, w) exhibits the following high-frequency
behaviour

c

hm Im fPom™(q,w) = = (9.105)

for all values of ¢ < oo {(Holas and Singwi 1989). As for ¢, its value in the
limit of high density is known: ¢ = 237/15 (Holas and Singwi 1989; Glick
and Long 1971). In the same limit, the real part of f1°™(q,w) behaves like
(Gross and Kohn 1985):

Jim Re hom (g W) = foo(q)+ (9.106)

Since ¢ > 0, the infinite-frequency value f is approached from above. Due
to relation (9.101), this implies that Re fi9™(g = 0,w) cannot grow mono-
tonically from f; to feo.

All of the above considerations hold in 3D. Analogous results have been obtained
in 2D by Holas and Singwi (1989) and Iwamoto (1984).

Gross and Kohn (1985) advanced a local approximation with respect to the space
co-ordinates (g = 0) for the exchange-correlation kernel, which however includes an
explicit frequency dependence. In the density channel, such approximation for the
kernel of the integral equation (8.205) is written as

K::(rlv ra;w ) - (5(1‘1 - r2) hom(q = O,W; p),p=ﬂo(r) . (9107)
The frequency dependence of Im f1o™(q = 0,w) is approximated with a Padé-like

interpolation between the high and low frequency limits:

hom(q =0 w) a(p_)w — (9108)

- A+ (o)

where
a(p) = —c(v/0)%*(foolp) — fo(p))*/?,

9.109
b(p) = (v/€)**(foo(p) ~ fo(P))*/?, (0109
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where v = (['(1/4))?/(4v27), and fo and fo are given in (9.98) and (9.100), and
¢ = 23x/15. For the exchange-correlation energy e,.(p), the parametrization of
Vosko, Wilk and Nusair (1980) is employed. Subsequently, from the Kramers-Kronig
relation, we get for the real part of fio™(q = 0,w) the following result:

hom/ . _ a § _1_ ~_l-l-s (1——3 _l_)
Re f27(g = 0,0) = fuo + — b(w(ﬁ) L (il

_ l_;.fn (%ﬁ .\}_5)) , (9.110)

where E and II are the complete second and third type elliptical integrals in the
standard notation of Byrd and Friedman (1954), and s? = 1 + bw?.

In Figs. 9.9 and 9.10 we show the real and imaginary parts of fio™(q = 0,w),
for the two density values corresponding to r; = 2 and 75 = 4. From these figures,
we note that frequency-dependence grows with increasing rs. In the 7, — 0 limit,
we find that the difference foo(p) — fo(p) goes to zero like r2, and that the depth of
the minimum of Im f29™(q = 0, w) still decreases proportionally to 2.

An extension of the parametrization (9.108) to the finite g case has been carried
out by Dabrowski (1986), and the 2D case has been treated by Holas and Singwi
(1989).

The Gross-Kohn theory, with the frequency-dependent parametrization de-
scribed above, has been applied extensively to the calculation of the density response
of a metallic surface to an uniform external electric field perpendicular to the sur-
face itself (see e.g. Liebsch 1987; Kempa and Schaich 1988). With respect to RPA
calculations, in which exchange and correlation effects are neglected, modifications
are generally of the order of 10%.

Another application of the theory concerns the study of plasmon dispersion in
the 3D and 2D interacting electron gas. An extensive discussion of such problem,
and of the connection between fio™(g = 0,w) and the spectrum of two-particles—
two-holes excitations at lowest order in ¢, can be found in Bohm, Conti and Tosi
(1996) and Nifosi, Conti and Tosi (1998), together with an extensive review of
references on the problem.

Finally, we recall that, contrary to the adiabatic TDLDA, the theory of Gross
and Kohun with the frequency-dependent parametrization does not fulfill the gen-
eralized Kohn theorem discussed in Section 8.10.1 (Dobson 1994) when applies to
the interacting electron systems confined in an external parabolic potential. This
theorem guarantees the existence of a collective state at the same frequency as the
harmonic potential, which corresponds to the rigid oscillation of the many-body
wavefunction around the centre of the external potential. This problem was further
addressed by Vignale (1995) and by Vignale and Kohn (1996), who proposed a new
theory for the exchange-correlation kernel. Such theory is described in detail by
Vignale and Kohn (1997).

Another theory with the frequency-dependent parametrization, which satisfies
the generalized Kohn theorem, is the one described at the end of Section 9.10 and
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Fig. 9.9 Real part of the parametrization for f;‘gm (g, w).

wla.u.)

Fig. 9.10 Imaginary part of the parametrization for f2om(q, w).

synthetically represented by the equations (9.92)-(9.96). This approach gives the
result
* 2

m w
frem(qu) =K - Tt

9.12 The Method of Lorentz Transforms

Recently (Efros, Leideman and Orlandini 1994), a new method has been proposed
for the calculation of the dynamic form factor

S(F,w) =Y _|(n|F|0)|*6(w — (En - Ey)).
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This method uses the integral Lorentz transforms. It allows the calculation of
S(F,w) with no explicit knowledge of the set of excited states |n) (both discrete
and continuous) which, in general, are very complicated.

The Lorentz transform of S(F,w) is written as

e S(F,w
@(G'R,O'I,F) = / dww:—gR—P)To—% . (9111)

Wmin

Its advantage over to the direct calculation of S(F,w) lies in the resonant form of
the kernel, which allows one to solve even very complex forms of S(F,w) by choosing
sufficiently small values of oj.

The method goes forward in two steps. First one computes ®(og,07, F) by
making use of the closure relationship ) |n)(n| = 1:

@(O'R,O'],F) = (OIFT(H-—EO —UR—iU])—I(H—EO—0R+i01)_1F|0>
= (T|T), (9.112)

where Ejy is the energy of the ground state of the Hamiltonian H of the system, and
|0} is determined by the equation

(H — Eg —og +i07)|¥) = F|0). (9.113)

Note that due to (9.112), the norm of |¥) exists and so, contrary to the wavefunc-
tions of states in continuum, |¥) cancels out at large distances like the wavefunctions
of bounded states. This makes the solution of (9.113) much simpler than the solu-
tion of the equation for the excited states of the continuum. The solution of (9.113)
is unique, since the corresponding homogeneous equation has no solution known
due to the complex nature of 0 = —o g + io].

The second step consists in inverting the Lorentz transform (9.111), to obtain
the dynamic form factor. In order that the dynamic form factor is obtained with
good accuracy even at rather high frequencies, one needs an ad hoc procedure that
is discussed in detail in Efros, Leideman and Orlandini (1999).

So far, the Lorentz-transform method has been applied only in nuclear physics
and for light nuclei up to a maximum of 6 nucleons. The results of such calculations
for the photo-disintegration and inelastic electron-scattering cross sections, as well
as their comparison with experimental data, can be found in Efros, Leideman and
Orlandini (1997).
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Chapter 10

The Hydrodynamic and Elastic Models

10.1 The Hydrodynamic Model for Bosons

A simple way to derive the hydrodynamic equations for a system of Bosons at zero
temperature is to extend the formalism of (the Hartree-Fock) density functional
used in the static case, to the time-dependent problem. In the time-dependent case,
one assumes that the single-particle wavefunction ¢ relative to the Bose condensate
evolves in time with a phase that breaks its time-reversal invariance, and generates
velocity-dependent terms in the energy functional E(p, Vp) = [ drpe(p, Vp). This
single particle wavefunction has the form

o(r,t) = P(r, t)e*ED (10.1)

where both 1 and s are real functions. With this assumption, the system density is
still given by

p=Ny?, (10.2)

but the kinetic energy density 7 = NV¢*Vp becomes
7=~ 1 p(Vs)?. (10.3)

From equation (10.3) we see that the phase s determines the velocity of the fluid
through the relationship

v =(1/m)Vs. (10.4)
In the calculation of the ground state, only zero-velocity states are considered, so
that the energy is a functional of density alone, and from this we derive Hartree-

Fock-like equations by the variational method. On the contrary, in the dynamic case
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the aCtlon Of the SyStem.

= /dt/dr (pe(p, Vo) + %p(st —pp+ p%s) , (10.5)
where €(p, Vp) is the same energy functional as in the static case, depends explicitly
on velocity, and yields equations which describe the motion of the condensate. In
equation (10.5), the term pp ensures that the density stays normalized to the number
of particles. The variation of the action integral with respect to the phase s leads
to the continuity equation

0
Frid V(vp) =0, (10.6)

while the variation with respect to p leads to the following equations for s:

7T a-p(PG(P, Vo) —pt 5 -(Vs)" =0. (10.7)

Performing the gradient of (10.7) we then obtain:

m2v+V 2( €(p, Vp)) + v =0 (10.8)
Bt gp PP VP)) TSy | =1 '

Equation (10.8) shows the irrotational nature of the superfluid motion.

For a system of N weakly interacting Bosons in a magnetic trap, equations
(10.8) can be derived directly from the time-dependent Gross—Pitaevskii equations
by writing the order parameter ¥ of (8.122) as ‘

¥(e,0) = VAR D0,

In this case we obtain

2
m%v+v (vext +gp — #\/ﬁvz\/ﬁ—{—m%—) =0, (10.9)
which is the equation corresponding to (10.8). The continuity equation is un-
changed. For a harmonic confinement field, such equations hold when the condition
Na/ap, > 1 is satisfied (see Dalfovo et al. 1999). In this case the frequencies which
are the solutions of (8.125) tend to an asymptotic value which corresponds to the
collisionless hydrodynamic limit.
Equation (10.8), once linearized, takes the form:

02 1 82 pe

V5p> , (10.10)
P=pPo
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where we have written p(r,t) = po(r) + dp(r,t) and pg is the density of the con-
densate in the ground state. Equations (10.6) and (10.10) have the classical form of
the equations of hydrodynamics.

In the case of Bosons the formulation of the equations of motion using the
conjugate variables p and s, as described above, is fully equivalent to the zero-
temperature, time-dependent density functional theory. In this theory, (see also Sec-
tion 8.9), starting from the action integral and from an energy functional E(p, Vp),
and performing variations with respect to the wavefunction ¢ or ¢* which appears
in the density, one finds a Schrédinger-like equation of the form (H — u)¢ = i%qﬁ,
where H = gf, is an effective Hamiltonian. If we linearize the equation by writing
o(r,t) = ¢o(r)+d¢(r,t), where ¢o(r) is related to the ground state then the Hamil-
tonian H assumes the form H = Hy+ dH, where Hj is the static Hamiltonian that
determines the ground state, and §H (linear in d¢) takes account of the variations
of H induced by the collective motion of the system. The self-consistent solution of

(Ho — w)op + 5o = 2256

is then completely equivalent to the solution of the hydrodynamic equations.

In homogeneous systems, remembering that the speed of sound is related to the
compressibility K by equation (1.80) (¢ = 1/Kmpp), and that the compressibility
is given by the expression

1 202 pe
K Po 802 p=po,
we obtain
92
spor=V" (c*Vép), (10.11)

which immediately leads us to the phonon-like dispersion law: w = ¢q.

In the presence of a surface, the equations of hydrodynamics have a class of
solutions different from phonons which, in the literature, are known as ripplons (see,
e.g. Pricaupenko and Treiner 1994). Ripplons are characterized by the dispersion

relation
2 S
w=—gq°, 10.12
mpoq ( )

where o is the surface tension of the quantum liquid, ¢ is the momentum parallel
to the surface, and pg is the saturation density.

10.1.1 Backflow

In Section 9.8 we discussed the nonlocal effects on the dynamic properties of su-
perfluid *He, adding to the energy functional the velocity-dependent term [see
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Eq. (9.66)]:

B, == [ drarVie ¥ Dotwpte)(v() - vi)),

where V; is an effective, finite-range current-current interaction which plays the role
of a non-local kinetic energy. This term transforms the equations of hydrodynamics
(10.6) and (10.7) into

%p +V.p (v + /dr'VJ(lr —r'))p(')(v(r) — v(r’))) =0, (10.13)
g;s + a%(pe(p, Vp)) —

+ % ((V)2 _ /dr'VJ('r — r’l)p(r/)(v(r) _ v(r/))2) -0, (1014)
Equation (10.13) leads to the conserved current

j(r) =jo(r) +jB(r), (10.15)

where jo(r) = pv, and

5(0) = p [ dr'V(le = Do) (v(r) ~ v(r). (10.16)

jB(r) is the “backflow” current, which depends on velocity and on the density near
point (r). It is evident that its contribution vanishes when the effects of the medium
are not present (p — 0).

The backflow term has been used, among others, by Dalfovo et al. (1995) to
study the dynamics of free surfaces and thin films of He.

10.1.2 Compression and surface modes of spherical drops

Equations (10.6) and (10.10) have been applied to study drops of *He atoms, by
Casas and Stringari (1990) and Barranco and Hernandez (1994), and *He films by
Pricaupenko and Treiner (1994).

In the case of *He drops, that we consider here, one has both bulk excitations
(compression modes) and surface excitations. For spherical drops, both kinds of
excitations are classified according to their angular momentum ¢, which plays the
role of the wavevector ¢ which characterizes homogeneous systems and free surfaces,
and one looks for solutions of the hydrodynamic equations in the form:

ép(r, t) = p(r,t) — po(r) = dp(r, t)yem (0, 4) - (10.17)

Surface excitations exist only for £ > 1. In fact, the monopole excitation with £ =0
exists only as compression mode, and the surface mode with £ = 1 corresponds to a
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rigid translation of the cluster which, due to translational invariance of the system,
takes place at zero energy.

For very large drops, so that we can assume that the number N of atoms in the
drop is large, the compression modes can be obtained by solving equation (10.11)
in a sphere of homogeneous liquid (p = const) having radius Ry = roN/3. In this
case, equation (10.11) has the solution

8p(r,t) = constant - 5, (qr)yem (6, p)e™ ™", (10.18)

where j¢(gr) is the spherical Bessel function and the frequency w is given by the
usual dispersion relation

w=cq,

where ¢ is determined by the boundary condition that the pressure produced by
the density variation is zero at the sphere surface [see Eq. (4.72)]:

1
0P(r = Rp) = p—Kép(r = Ry) =0. (10.19)

Such condition leads to the relationship
Je(gRo) =0, (10.20)

and hence to the values ¢Ry = 3.14,4.49,5.76 for the lowest-energy modes with
£ =1,2,3, respectively. In the case of £ = 0, the lowest-energy solution is obtained
for ¢Ry = 7, and the compression monopole mode has an energy

Wieo = gicN—l/3 = 9256N~1/3 °K | (10.21)
0

where for 7o and ¢ we used the values of Section 4.9. Note that this formulation
completely neglects surface and finite-size effects, and as such it can be applied only
to clusters with a really large number of atoms (N > 500). For smaller clusters, one
needs to solve directly the differential equations of hydrodynamics.

The surface vibrations of the helium drop can be described by a set of normal co-
ordinates ay, of the system in the space of angular momentum, which are obtained
by expanding the surface in spherical harmonics (Bohr and Mottelson 1975):

R(97 ¢) =Ry (1 + Z afmyZm(oa d’)) (1022)
m

where Ry is the radius at equilibrium, and R(8, ) is the distance between the
surface and the origin. Volume conservation implies the relation

1 2
a0 =~ ;_Z loem|?, (10.23)

which holds at leading order. Furthermore, from equation (10.22) it is easy to verify
what was mentioned above, i.e. that the term with £ = 0 represents a compression
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without change of shape, and the one with £ = 1 is a translation of the whole
system. Therefore, the surface vibrations of lowest order are the quadrupole one.
In the limit of small oscillations it is possible to use a Lagrangian formulation:

1 L )
L= _2— Z(Dzaemaem - Czaﬁmafm) ) (1024)

m

which allows us to derive the equations of motion of the surface oscillations:
DE&Zm + Clalm =0 ’ (1025)

where Dy and Cy are the mass parameter and the restoring force parameter of the
oscillation, respectively. The equation for the oscillation frequencies is given by

Wi = f % . (10.26)

The parameter C; of the restoring force of surface oscillations in a helium drop
described by the mass formula (4.83) is computed starting from the variation of
surface energy

1
SE=3 ; Celaem|* = 068, (10.27)
where 85 is the surface variation, and o (as = 4mr20) is the surface tension of the
drop. By means of standard techniques described by Bohr and Mottelson (1975) to
evaluate S as a function of the deformation coefficients ay,,, one obtains

Co=((—-1)(£+2)Ri0o. (10.28)

In order to calculate the mass parameter Dy, one needs to make an assumption as
to the kind of flux associated to the surface oscillations. For uncompressible and
irrotational fluid, for which the velocity field is the gradient of a potential f(r):
v(r) = —-Vf(r), the continuity equation (10.6) demands that the potential fulfills
the Laplace equation V2f(r) = 0, with solution

1) = 3 arty;n(6,4). (10.29)
im

The coefficients a; and D, are connected by the surface boundary condition, which
requires that on the surface the radial component of the velocity be equal to the
radial velocity of surface displacement. For small displacements of the surface, such
boundary condition requires

0 dR
—Ef(r =Ry) = = (10.30)

from which it follows

2—¢
ac = ﬁoe—a,gm. (10.31)
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Then, the kinetic energy of the fluid relative to the surface deformations becomes
1 9 1 Ry .. .
= —2-Mpo /v (r)dr = §Mp0 %; ~ Gembem (10.32)

and at last, comparison with (10.24) yields the result
1
£

where M is the mass of a helium atom, and po = 3/(477r3).
Therefore, the frequencies of the surface modes of the drop are given by

WP = \/W_l)““) 9 N-%. (10.34)

Dy = >MpyR§, (10.33)

3 M2

Using the values of Section 4.9 for a, and rg, we obtain for the energy of the
quadrupole mode, which is the lowest-energy surface mode, the estimate w,.5 =
10.5 N—% °K. Comparing such estimate with that for the energy of the monopole
compression mode of (10.21), we see that the quadrupole surface mode has a dif-
ferent dependence on the number of particles, and it always lies at lower energy.
Therefore, it is believed that this is the lowest-energy elementary excitation of spher-
ical *He drops. Note that, apart from the drops with a small number of atoms
(N < 100), there are many surface modes at lower energy than the monopole com-
pression mode. For example, for N = 1000 we have wy—o = 2.56 °K and w,"? =
0.33,065,1.00,1.40,1.83,2.29 and 2.79 °K, for £ = 2,3,4,5,6,7 and 8, respectively.

Assuming that in a helium drop only surface vibrations are thermally excited,
and using the result (10.34), Brink and Stringari (1990) evaluated the density of

states w(FE) of helium clusters starting from the relation
2(8) = / dEw(E)e=PE (10.35)

where Z is the partition function, which is computed by assuming that the surface
vibrations are thermally excited with a phonon-like population:

InZ(B) = - In(1 — ™Ay, (10.36)
[4

The result for the density of states was then used to compute the evaporation rate
of helium drops using the Weisskopf formula (Weisskopf 1937).

10.1.3 Compression and surface modes of a Bose gas
in a magnetic trap

Starting from (10.9), it is also possible to derive an equation similar to (10.11)
for a cold and dilute Boson gas in a magnetic trap, for which the non-superfluid
component of the system is negligible, when the repulsive interaction among atoms
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is strong enough to push them outwards, thus producing a very flat density. In this
case, it is safe to ignore the kinetic pressure term V2,/5/2m./p in (10.9), giving:

o 2
m§v +V (vext +gp+ m%—) =0, (10.37)

and thus, after linearization, an equation of the form (10.11), with mc?(r) = p—vexs.
Taking for vexy & harmonic potential, we have

m-aat—Z(Sp =V. ( (u - %w,%oﬂ) wp) . (10.38)

Note that the stationary solution (v = 0) of equation (10.37) coincides with the
Thomas-Fermi density (4.21).

The solutions of (10.38) that have a wavelength much smaller than the system
size (and frequency much higher than the frequency wp, of the trap) propagate
like sound waves. On the other hand, those with lower frequency (of the same
order as wp,) involve the motion of the whole system (Baym and Pethick 1996),
and coincide with the lowest-energy solutions of the Gross-Pitaevskii equations
(8.125). For a spherical trap, such solutions (Stringari 1996b) are defined in the
interval 0 < r < R, where R is the r-value at which the density (4.21) vanishes:
p = mw}? R?/2. Using for u the value (4.22), we find R = ap,(15Na/ap,)/®. They
have the form

8p(r,t) = const P (1) R)yrtyem (6, ¢)e ™t | (10.39)

where Pl(znr) are polynomials of degree 2n,., with only even powers. The frequencies
of the excitation modes are given by

w(ny, ) = Who(2n2 + 2n.L + 30, + £)V/2, (10.40)

and turn out to be different from the ones predicted for the system without inter-
action:

w(ng, £) = wWho(2nr + £) . (10.41)

The surface modes are characterized by n, = 0. The dipole mode (n, =0,£=1) is
located at the correct energy wpe, in agreement with the generalized Kohn theorem.
The remaining surface modes (n, = 0, £) are predicted at energy w = v4wp,, which
is systematically lower than the harmonic oscillator result fwh,.

The compression mode (n, # 0) at lowest energy is the monopole mode (n, =
1,¢ = 0). Characterized by the energy V/BWho, it is higher than the corresponding
one for the non-interacting system, 2wy,.

For fixed N, the results of the hydrodynamic model become less and less accurate
as n, and £ increase because the oscillation wavelength becomes smaller and smaller,
and it is no longer possible to ignore the kinetic energy term in the hydrodynamic
equations.
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The above results can be easily generalized to the case of non-spherical traps
(Stringari 1996b).

It is important to remark that in the case of homogeneous dilute and cold gases
in 3D the equations of hydrodynamics are fully equivalent to the time-dependent
Gross—Pitaevskii equations, since in 3D the Bose-Einstein condensation and hydro-
dynamics are equivalent. The same is not the case for lower dimensional systems
where the Hohenberg, Mermin and Wagner (Mermin and Wagner 1966; Hohenberg
1967; Mermin 1968) theorem holds, which rules out BEC at finite temperature, and
in 1D also at zero temperature (Stringari and Pitaevskii 1991). For these systems
the BEC and the hydrodynamics do not coincide, and the equations of hydrody-
namics are more general than those of mean-field theories. In order to solve the
equations of hydrodynamics, the state equation of the system is necessary. In the
case of cold dilute gases where the interaction is §-like, such equation, in general, is
known.

10.1.4 Moment of inertia and the scissors mode of a Bose gas in
a magnetic trap

In this Section, starting from (10.6) and (10.37), we will calculate the moment
of inertia of a cold and dilute Bose gas, in the Thomas—Fermi limit, in a trap that
rotates with angular velocity Q directed along the z axis. We will consider harmonic
external fields of the type

N
m
Vext = 5 (Wia? + wiyf +uisd), (10.42)

i=1

with an asymmetry (w; % wy) on the rotating plane.
The moment of inertia characterizes the system response to the rotation field
—QL,, and is defined by the ratio

(Lz)

o=,

(10.43)

between the angular momentum (L,) induced by the rotation (along z) and the
angular velocity Q. In equation (10.43), the mean is over the state perturbed by the
rotation.

In the rotating reference the equations of hydrodynamics become

2 P+ V(v —2x 1) =0, (10.44)

o 2
ma—tv +V (vext +gp+ m% —mv - (2 x r)) =0, (10.45)
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and have the stationary solution (Zambelli and Stringari 2001):

22 — 42
v = Q%ﬁﬁz—;va) . (10.46)

Then, the angular momentum induced by the rotation along 2 is given by

_ <.’L‘2 _ y2>2
(Fed = mNO e gy

and the moment of inertia by the irrotational value

o= (22-2%)29,@, (10.47)

where ©,.;, = mN(z? + y?) is the rigid value of the moment of inertia. Equa-
tion (10.47) clearly shows that in a superfluid the value of the moment of inertia is
smaller than the rigid value (the irrotational and rigid values coincide only for very
deformed systems with (z2) 3> (y?)). In the limit of small rotational velocity €, the
moment of inertia (10.47) can be rewritten as

w2 - w2 2
- x y

This result is attained by putting in (10.47) the values of the mean square radii pre-
dicted by the Thomas-Fermi approximation of Section 4.3.2, which scale like 1/w?.
We recall again that the Thomas-Fermi approximation is obtained from (10.45) by
setting v =0 and Q = 0.

It is interesting to note that the prediction (10.48) for © can be obtained in a
different way that makes use of perturbation theory. In fact, in the limit of small
), the moment of inertia can be evaluated by treating the rotational field —QL, as
a small perturbation to the Hamiltonian

H= Z [pz (w22? + wyyl + wfz,z)} + Z V(r; —rj), (10.49)
i<j

and we obtain the result (Radomski 1976; Stringari and Lipparini 1980)

|{n|L:|0)*
0.
22 En—Ep ° (10.50)

where n and E,, are the eigenstates and eigenvalues of the unperturbed Hamiltonian
(10.49). Equation (10.50) shows that the moment of inertia is related to the moment
m_1(L;) of the excitation strength

S(Lzyw) = ZI (n]L:[0)|*6(w — (En — Ev))
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of the angular momentum

2

Z zpz yzpz

i=1

(see Section 7.3) through the relation
© =2m_1(L;). (10.51)

The angular momentum excites the system because of the asymmetric external
potential, which breaks rotational invariance of Hamiltonian (10.49), and does not
commute with L, yielding the result

(H,L,] = —im(w? - wd)Q, (10.52)

where

N
Q=Y =
=1

is the relevant quadrupole operator. Equation (10.52) shows that the degrees of
freedom associated with the angular-momentum and quadrupole variables are cou-
pled by the deformation of the confinement potential, and that the moment m; (L)
does not depend on the interaction and is given by

ma(L) = SO, L L) =m 3 (2 —wdig? ~2%) . (1059)

Furthermore, noting that the rigid value of the moment of inertia can be related to
the m1(Q) sum rule for the quadrupole operator, and using the identity

Zx ,[H,Qll, (10.54)
it is simple to derive from equations (10.51), (10.52) and (10.54) the result
= (w? - 2) 3(Q) (10.55)
@rzg ml(Q)

This shows that the moment of inertia of the system can be obtained by measuring
the quadrupole excitations of the system itself.

The results (10.51)—(10.55) are exact results for Hamiltonian (10.49). They hold
for any value of N, and for both Bose and Fermi systems.

In the case of Bose systems with repulsive interaction strong enough that the
Thomas-Fermi approximation holds, and that it is possible to write the equations
of hydrodynamics, the quadrupole and angular-momentum operators excite only

one state at energy
wgp = ,/w%—i—wg. (10.56)
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This result generalizes for the case of an asymmetric trap the one obtained in
Section 10.1.3 (i.e. v/2ws,) for the quadrupole mode of the system in a spherical
trap. Using the result (10.56), together with equations (10.53) or (10.54), it is then
possible to evaluate the moments m_;(L.) and m_3(Q), m1(Q), and derive [either
from Eqgs. (10.51) or (10.55)] the value of ©, which is equal to the one we already
found (10.48) by direct solution of the equations of hydrodynamics.

The method just described for the calculation of © is very interesting because it
evidences how important the dynamics is in determining the moment of inertia of
the system. A further step towards the understanding of the problem can be made
by studying the non-interacting system whose Hamiltonian is given by

al P2 m. 2 2 2,2 2.2
Hy = Z [Q;n + E(le"i +wyy; +w;z; ] .

i=1
In this model, it is easy to verify that the angular-momentum and quadrupole
operators excite two modes at frequencies

Wi =Wz LWy, (10.57)

whose strengths are given by the formulae
Nm

[(w|L.]0)|* = 4wzwywi(wy<y2) + wy(z?)), (10.58)
and
(Wl QIO? = e —(wy (4?) & wa(s®)) (10.59)
dmwgw,

Using these results in {(10.51) or (10.55), we obtain for @ the value
mN

2 2
wi — wy

©= (W2 +wi)(y” — 2°) + 2(wi(y?) — wilz®)]. (10.60)
The results (10.57)—(10.60) are exact for the non-interacting Hamiltonian Hy. They
bold for any value of N, and for both Bose and Fermi systems.

In the case of Bosons at zero temperature, when only the state (ng,ny,n,) =
(0,0,0) is occupied, we have (z?) = 1/2mw, and (y?) = 1/2mw,, and we obtain
[{w—|L,|0)|?> = 0 and |(w-_|Q|0)|2 = 0, i.e. only the resonance at energy

Wy = Wy + Wy (10.61)
is excited. In this case the moment of inertia takes on the value
2
Wy — Wy
O=—=) O,y. 10.62
(22) eny (1062)

The results (10.61) and (10.62) correspond to the results (10.56) and (10.48), re-
spectively, of the hydrodynamic model. The differences are due to the interaction.
However, the physics is the same, in the sense that to the unique excited state
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corresponds a moment of inertia which, in the spherical case, tends to zero in pro-
portional to the square of deformation, thereby evidencing the superfluidity of the
condensate.

However, the non-interacting model shows that there are two states that can
be excited by quadrupole and angular-momentum operators: wy and w_. In the
Fermion case, these two resonances are always present in the system, and the state
of higher energy is of quadrupole type, in the sense that it acquires much more
quadrupole strength as compared to that of the orbital-angular-momentum, while
the lower-energy state is orbital-angular-momentum type since it acquires more
angular-momentum strength than quadrupole strength. The state w_ is known in
the literature as the scissor mode and has been observed (Bohle et al. 1984), and
theoretically predicted (Lo Iudice and Palumbo 1978; Lipparini and Stringari 1983,
1989; Iachello 1984; Nojarov, Bochnacki and Faessler 1986) for the first time in
atomic nuclei. Its existence has also been predicted for metal clusters (Lipparini
and Stringari 1989b; Nesterenko et al. 1999) and quantum dots (Serra, Puente and
Lipparini 1999). It has also been predicted (D. Guery-Odelin and Stringari 1999;
Zambelli and Stringari 2001) and subsequently measured (Maragd et al. 2000} in
Bose condensates. The scissor mode in Fermions will be considered in forthcoming
Sections. In general, it can be said that its existence strongly affects the value of
the moment of inertia of the system, as we will show in this Section for Bosons.

In the case of a Boson gas in a magnetic trap, the scissor mode exists only at
temperatures higher than the critical temperature T¢. In fact, at these temperatures
the situation changes drastically. The system becomes much less dense and, as a first
approximation, the interaction can be neglected, and we pass from a hydrodynamic
regime with only one excited state at energy (10.56), to a non-interacting regime
with two excited states at energies (10.57), and with a moment of inertia given by
expression (10.60). To evaluate the quadratic radii (z%) and (y?), Stringari (1996)
used the so-called macroscopic limit in which one separates the contribution of the
condensate from those of the excited states. Such limit is appropriate for temper-
atures KT much higher than the energies w;, wy, w, of the confinement potential,
and leads to the result (1.66) for the depletion of the condensate. One finds that

1 KT Q(3)

N(z?) = No(T) + [N = No(T)}5— 50

— (10.63)

where

Q) = [ lste - vjds,

and similarly for (y2). The first term of equation (10.63) is the contribution to (z2)
originating from the particles in the condensate, and scales as 1/w,. The second
term is the contribution from the particles out of the condensate, and scales as
1/w?. Inserting result (10.63) into the expression (10.60) for the moment of inertia,
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we find
e = egm(x2 + y2)oNo(T) + 'm(av2 + y2)nc[N — No(T)], (10.64)

where the indices at ( )o and ( ),. mean average over the condensate and non-
condensate components, respectively, while ¢; is the deformation parameter of the
density of the condensate:
_ (z* = ¥%o

€o can also be written as €p = (wy —wz)/(wy +wz). Equation (10.64) shows that for
temperatures higher than the critical temperature T,, where Ny = 0, the moment
of inertia takes the rigid (classical) value, while at T = 0, when all atoms are in
the condensate, it takes the irrotational value. These results have been confirmed
experimentally by Marago et al. (2000), who studied the oscillations of a Boson gas
in a magnetic trap, as excited by a sudden rotation of the confinement potential.
At temperatures lower than the critical temperature, the condensate oscillates with
only one frequency, which is in very good agreement with the hydrodynamic pre-
diction (10.56). Moreover, it is possible to extract from the signal (Zambelli and
Stringari 2001) a value of the moment of inertia ©/0,;; = 0.6, which shows the
superfluid nature of the system. At temperatures higher than the critical tempera-
ture, the same experiment evidences oscillations of the system at the two frequencies
(10.57), and from the signal we derive a value of the moment of inertia equal to the
rigid one.

10.1.5 Vortices in the Bose gas in a magnetic trap

In nonlinear regime, when the angular velocity of rotation €2 of the system becomes
large, the term —§Q)L, may favor the creation of a vortex in the system. A vortex
quantized along the 2z axis can be described by writing the order parameter in the
form

U(r) = Uy(ry,2)e"¥, (10.66)

where 9 is the angle around the z axis, k is an integer number, and ¥,(ry,z) =
v/ o(rL, z). The state of a vortex has a tangential velocity

h

mr)

v=——k. (10.67)
The number k is the quantum circulation, and the angular momentum along z
is given by ANk. The equation for ¥,(r,2) is derived from the Gross-Pitaevskii
equation (8.123), and includes a centrifugal-energy term which pushes the atoms
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Fig. 10.1 Condensate with a vortex quantized along the z axis. The order parameter ¥, (z,0,0)
is plotted for a gas of 10* Rubidium atoms in a spherical trap with ap, = 0.791 pm. The dashed-
dotted line is the solution without vortex; the full line is the profile of the solution of Eq. (10.68)

with a vertex; the dashed line is the non-interacting solution of Eq. (10.69).

away from the rotation axis:

2772 2L2
[ e+ Toard 4+ o831, 9] Watr )

2m 2mr?
(10.68)

= IJ‘\IIH(T_L, Z) .
Due to such centrifugal term, the solution of equation (10.68) for k¥ # 0 must vanish
on the z axis. The solution ¥,(z,0,0) of this equation (Dalfovo et al. 1999) for a

gas of 10? Rubidium atoms in a spherical trap with ap, = 0.791 pm and for k = 1,
is plotted in Fig. 10.1, together with the solution without interaction. The latter is

analytic and given by:
(10.69)

W,(ri,z) « rle‘én—ﬁ(“’l’"2l+wzz2) .

Thus, in the non-interacting case the vortex state is obtained by putting all
atoms in the single-particle state with m = 1. Therefore, its energy is Nfw, , plus
the energy of the ground state. From the figure, it can be seen that the (repulsive)
interaction significantly reduces the density as compared to the non-interacting case.

The difference between the energy of the vortex state and that of the ground state,
allows us to calculate the critical frequency needed to create a vortex. In fact, in a
system rotating at angular frequency 2, the energy of the system is E ~QL,, where
E and L, are defined in the laboratory frame. For small Q) the energy is minimum
without vortex. If  is large enough, the vortex state becomes favored because of
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the term —QL,. The critical frequency turns out to be
Qe = (Bk) T ((E/N)x — (E/N)o|, (10.70)

where Ejy is the energy of the system with a vortex having angular momentum
ENk. Lundh, Pethick and Smith (1997) found for large N the following analytic
expression for Q.:

5h 0.671R,
In

Q. = ,
2mR? £

(10.71)

where R, is the Thomas-Fermi radius of the density in the zy plane, which is
perpendicular to the vortex line, and & = (8mpa)~1/2 (with p central density of the
gas with no vortex) is the healing length. The critical frequency turns out to be a
fraction of the oscillator frequency, and shows a decreasing behaviour as a function
of the number of atoms N.

The vortices in condensates have been generated and studied in several exper-
iments (Matthews et al. 1999; Madison et al. 2000; Anderson et al. 2000). One of
the most important effects of vortices is to change the frequencies of the collective
modes of the condensate, and this can be measured with high precision. This can
be easily seen by studying, for example, the m; sum rule of equation (7.39) for the
exact Hamiltonian of the system

N2
pi m
H= ; [Zm + E(wﬂi +w§zz),] +gz o(r; — ),

1<j

and for the quadrupole operators

F= Z(.’L‘Z —izy);

and

Gl =F'= Z(mz +izy);.
J

One obtains the result
my = —5(Lz) = 7_n_Nk’ (10.72)

which shows that this sum rule is different from zero only in the presence of vortices.
Zambellj and Stringari (1998) used the sum-rule approach to study the splitting of
the oscillation frequencies of the quadrupole mode due to the presence of vortices in
the condensate. Fetter and Svidzinsky (1998) studied the same problem using the
hydrodynamic model. The same authors wrote a review paper (Fetter and Svidzin-
sky 2001) on the vortices in condensates in a magnetic trap.
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10.2 The Fluidodynamic and Hydrodynamic Model for Fermions

Hydrodynamic equations for Fermions can be derived along the same line as done
for the Bose systems by assuming that:

(i) All the single-particle orbitals evolve in time with a common complex phase as
follows

i(r,t) = i(r, t)e* Y (10.73)

where both 1;(r,t) and s(r,¢) are real functions;

(ii) The energy functional that describes the system is a functional E = E(p) of
the density p alone. This assumption implies the Thomas—Fermi approximation
(4.14) for the kinetic energy density in 3D, or the equivalent in 2D:

Tap(p) = %ﬁ . (10.74)
Terms depending on the density derivatives can be added to the expression of
7(p) when necessary.

Then, the equations one derives are identical to equations (10.6)—(10.8). More-
over, such equations can be easily generalized (Puente, Casas and Serra 2000) to
include cases in which the (up and down) spin densities do not oscillate in phase,
e.g. for the spin modes, or in which it is the isospin densities which do not oscillate
in phase, as in nuclei.

Recently, these equations have been solved in the cases of metal clusters (Domps,
Reinhard and Suraud 1998) and of quantum dots (Puente, Casas and Serra 2000),
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Fig. 10.2 Dipole excitation spectrum, in arbitrary logarithmic units, for density and spin-density
excitations in a parabolic quantum dot with 56 electrons. The upper curve corresponds to the
microscopic calculation in the RP A approximation, the lower one to the hydrodynamic calculation.
In the CDE spectrum the triangle indicates the value of the frequency of the parabolic potential,
wg. The Kohn theorem is evidently satisfied.
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in order to study the (dipole) excitations with £ = 1. In Fig. 10.2 we compare the
results of such calculations for quantum dots, with microscopic calculations based
on the RPA approximation. This comparison shows that in the case of dipolar
excitations the hydrodynamic model works very well.

In general, the hydrodynamic model is expected to work well also in the
monopole case (£ = 0, compression mode), but not for all other excitation modes
with £ > 1. In fact, it is well known (Bertsch 1974, 1975) that Fermion can vibrate
like an elastic medium. Such vibrations are characterized by the presence of non-
diagonal terms in the stress tensor, which are absent in the hydrodynamic model.
The presence of these components can be traced back microscopically to a typi-
cal quantum effect exhibited by the Fermi systems, viz. deformations of the Fermi
surface characterized by higher than multipolarity 1 in momentum space during col-
lective motion. Such deformations affect significantly the frequencies of elementary
excitations of Fermi systems with multipolarity higher than 1. Typical elastic modes
of the Fermi systems are the quadrupole mode and the scissor mode. The elastic
component of the quadrupole mode for example, can also be verified in a simple
way by considering a harmonic oscillator model, where the quadrupole excitation
operator Q = >_. %Yz, induces single-particle transitions with both AN = 0 and
AN = 2. The excitations with AN = 0 are the microscopic counterpart of the
surface vibrations of the drop model discussed in Section 10.1.2 while those with
AN = 2 characterize a new class of excitations with no analogue in Bose systems.
The restoring force related to these excitations is a pure elastic effect and is fixed by
the Fermi energy, rather than by compressibility, and thus these modes are different
from the compression modes discussed in Section 10.1.2.

The distortions of the Fermi surface with higher than multipolarity 1 are impor-
tant in the bulk as well; for example, they are responsible for the difference between
zero sound and first sound in *He.

In the following we will present the main characteristics of elastic vibrations
of Fermi systems, using the generalized scaling model. The hydrodynamic model
is obtained from the latter by just ignoring the terms related to the deformation
of the Fermi surface in the derivation of the equations of motion. Moreover the
generalized scaling model was developed in nuclear physics (Bertsch 1974, 1975;
Brink and Leonardi 1976; Stringari 1977, 1983; Wong and McDonald 1977; Holzwart
and Eckardt 1978, 1979; Lipparini and Stringari 1989) and in the study of metal
clusters (Lipparini 1989; Lipparini and Stringari 1991).

In this model, one derives fluidodynamic equations of motion, looking for solu-
tions of the time-dependent equations in the form of the following unitary transfor-
mation:

|y = i i (ri )t i 30, (ulre ) pitpi-u(rs b))t

0) (10.75)

which is applied to the ground state |0). In equation (10.75), p; is the momentum
operator which acts on the i-th particle, {(r, t) is interpreted as a velocity potential,



The Fluidodynamic and Hydrodynamic Model for Fermions 393

while u(r,t) is the displacement field. ¢; is equal to 1 for density excitations, and
equal to the third component of the spin operator ¢, in the case of the spin-density
excitations (i.e. 1 for Fermions with spin up, and —1 for Fermions with spin down),
or to the third component of the isospin operator 7, in the case of isospin-density
excitations (i.e., 1 for neutrons and —1 for protons). If |0) is a Slater determinant
then the state |U) is a Slater determinant as well. The term in £ introduces compo-
nents which break the invariance under time-reversal in |¥), without affecting the
density.
The transition density associated with the transformation (10.75) is given by

per(x,t) = (¥ Z 6(r —r:)t;|¥) — (0| Z 6(r —ry)t:|0)

= V(u(r,t)po(r)), (10.76)
where po(r) is the ground state density. The velocity field is expressed through £ as

1
po(r)

v(r,t) =

(\I'|2—1—m Z(é(r ~1)pi + hoe )| 0) = VE(r,t),  (10.77)

and is irrotational.
The fluidodynamic equations of motion can be derived using the variational
principle as applied to the action integral: 61 = 0, with

9
I= /dt(xmza ~ H|T).

As we saw in Chapter 8, this method reproduces the TDHF or TDLDA equations
if |¥) is the most general Slater determinant. As a result, using expression (10.75)
for |¥), where |0} is a Slater determinant, we will derive approximate solutions of
the TDHF (T'DLDA) theory. Moreover, we will study small oscillations around
the ground state so that the found solution can be considered as an approximation
of the RPA theory.

Keeping only terms quadratic in £ and u, and neglecting the total derivatives
which do not appear in the equations of motion, we find:

(\Il|z%|\ll) = m/u-\'rpodr, (10.78)
and
(V[H|¥) = (0|H|0) + E(u) + T(£) , (10.79)

where we have introduced the collective potential energy

B(u) = (0]~ Tawpothedts frgid Sowpithe)t

0) — (0|H10)

= 5 0I5 [Z_:(u pi+ hets, [H, : Z:(u pi+ h.c.)tiH ) (10.80)
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and the collective kinetic energy

T(€) = (0le™"™ 2+ He'™ X:€% 0) — (0] H|0)

%mzml [th [H,thiH |0). (10.81)

Note that the terms linear in u and & vanish due to the property of the ground
state (0|[H, F]|0) = 0. Assuming that the interaction term in Hamiltonian H com-
mutes with the local and scalar operator in spin (isospin) space >, &;, and that it
contributes to the commutator with the vector operator (in spin or isospin space)
>, Eti, through the term [in ky,(po)] which depends on density, we obtain the fol-
lowing result for T'(¢):

T = 2—}7-1—/v2podr (scalar)

, (10.82)
T() = §T—n/v2(l + ky(po))podr (vector) .

The term k,(po) originates from possible non-local components of the interaction
such as the terms in @ and a; of equation (4.95). In the case of the functional (4.95),
we obtain k,(po) = 2m{a — a1)pe. Note that for the local density functionals such
as those which lead to the Kohn-Sham equations (4.44), we have k, = 0.

Equation (10.82) shows that the collective kinetic energy depends on the scalar
potential £ only through the velocity field v = VE&.

The equations of motion can subsequently be derived after performing the vari-
ation with respect to the displacement field u and the velocity field v:

oI oI
= = — = 8
ja 0, v (10.83)
For the scalar (s) and vector (v) modes, we find
0E, . .
yrl mvpy, U=-—V, (10.84)
and
0E, . .
g = Vo, U= —v(1+ ky(po)), (10.85)

respectively. Looking for solutions of the kind u(rt) = u(r)U(t) which oscillating at
frequency w, we arrive at the fluidodynamic equations of motion

(%E(%- = mw?u(r)po(r), (10.86)

for the case of scalar excitations in spin (isospin) space, and

0E, 1

Fu() ~ T ho(po) ™ 2P, (1087)
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for vector excitations in spin (isospin) space.

Furthermore, from (10.76), (10.84) and (10.85) it is possible to derive the con-
tinuity equations for the density p = p; + p| (p = pn + pp, n = neutron and
p = proton), in the scalar case, and for the density p, = p1 — p| (pv = pn — pp) in
the vector case (note that in Chapter 4, we indicated p, as m in the case of spin
density, and as p; in the case of the isovector density of nuclear physics).

Starting from a non-polarized system, i.e. one with p? = p{ (o5, = pp), we obtain

9 4 V(vpo) =0, (10.88)
ot
for the scalar case, and
dpu
Er + V(v{1 + ky(po))po) =0, (10.89)

for the vector case.

In order to solve the fluidodynamic equations (10.86) and (10.87), it is necessary
to specify the energy functional E = (¥|H|¥) and subsequently compute the collec-
tive potential energy E(u) of equation (10.80). Starting from energy functionals such
as those we used in Chapter 4 to compute F(u), one needs to know the variations
dp, 6p, and 47, up to terms quadratic in u, which are induced by the transformation
(10.75). The general expressions of these variations, in both the scalar and vector
cases, can be found in the paper by Stringari (1983), where the formalism of gen-
eralized scaling is applied to the study of collective modes (both compression and
elastic ones) of nuclear physics. In the following, for the sake of simplicity, we will
limit ourselves to treating the very interesting case of zero-divergence excitations,
i.e. those characterized by

V-u=0. (10.90)

These excitation modes can be obtained by taking
u= vy (10.91)
=V .
where f characterizes the multipolar excitation operator

N

N
F= Zl Flte = riYem(Qi)ti.

i=1

Note that m, = m in the scalar case, and m, = m/(1 + k,) in the vector case and
for non-local interactions.
The choice (10.91) automatically leads to zero-divergence excitations with

1
Ptr = —Vf- VPO,
my
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because Arng,m = 0, and to the irrotational velocity fields
v=-Uu= —Uin.
my

For zero-divergence excitations, the changes induced by transformation (10.75) on
the densities p and p,, and in the kinetic-energy density 7, are given by:

1
0p = urVipo + 'Q'Ukvkulvlpo, dpy =0,

1 . (10.92)
0T = upVito + EukvkulvlTO + E(Vkul + Viuk)?7o,
for scalar excitations (¢; = 1), and by
1
dp = Eukvkulvlpo, 8py = urVipo,
(10.93)

1 1
or = EukvkulV[To + E(Vkul + VZ’U.k)zTo,

for vector excitations (t; = o7 or 77).

From these expression, we see that the density-variations of the zero divergence
excitation modes have surface terms which are proportional to the derivatives of the
density pg and the kinetic energy density 79 of the ground state, as well as bulk terms
(which appear only in the kinetic energy variation) in which the derivatives act only
on the displacement fields. In homogeneous systems, the collective potential energy
gets contribution only from the variation of kinetic energy, and the corresponding
excitation modes are of the elastic type. In fact, in this case we find

1
E(u) = '1—06F/ Z(Vkul + V[’uk)2 podr (10.94)
k,l

which holds both for the scalar and vector case, and is non-vanishing only for £ > 2.
The collective potential energy (10.94) has the same form as the transverse force
contribution to the energy of an elastic medium with elastic Lame constant given
by 2/5eppo (Where ep is the Fermi energy). Therefore, the Fermi energy is the main
ingredient of the restoring force of the elastic-like oscillation modes.

On the contrary, the compression modes are modes of hydrodynamic nature, and
characterized by the fact that the divergence of u is different from zero. Therefore, in
order to derive the hydrodynamic model from the equations of generalized scaling,
it is necessary to consider the most general transformations which lead to transition
densities such as (10.76). For a detailed discussion of this derivation, see Stringari
(1983). Here we limit ourselves to remarking that, unlike the general case, the
hydrodynamic model assumes the Thomas—Fermi relation [ = (3/5)(372/2)%/3p5/3,
in 3D] as a functional relation for the kinetic energy density 7, and subsequently
calculates the variations of 7 starting from the variations of the density p. In this
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way, one neglects the distortions caused by the transformation (10.75) on the Fermi
sphere (Jennings 1980), which are responsible for the elastic contribution. For these
compression modes, the main ingredient that appears in the restoring force E(u) of
the oscillation is not the Fermi energy. Rather it is the compressibility for the case
of scalar excitations, the symmetry energy of nuclear matter for the vector isospin
excitations, and the magnetization energy for the spin-density excitations.

In non-homogeneous systems, we have Vpg # 0 and V7o # 0, and hence one
will obtain collective potential energies which include both surface and elastic con-
tributions. The surface terms are the only ones that remain in the dipolar case with
£ = 1. Therefore, the zero-divergence dipolar mode is purely a surface mode. It char-
acterizes the giant resonances of nuclei, as well as the plasmon modes of confined
and finite electron systems, such as metal clusters and quantum dots.

The choice (10.90) is particularly suited for studying very narrow resonances of
finite systems, which exhaust most of the excitation strength. In fact, the transi-
tion density p,. = Vf - Vpo/m, and the irrotational velocity fields v = —Uu =
—U(1/m,)V f can be obtained microscopically by assuming that a single collective
state exhausts the mixed sum rules for the density operator

N
6 = Zé(r —r)ti,
i=1
and for the current operator J = (1/2m) Zﬁil(pié (r —r;) + h.c.)t;, namely
R 1 R 1
> wao(0IF|n)(n|5|0) = 3 OILF [H, )]|0) = —5—Vf-Vpo,  (10.95)

and

(Ol(F, 3|0y = —

Y_(OIFIn)(nl3[0) ~ (0l n)(n|Fl0)) = (10.96)

n

wIH

where we recall that m, = m for scalar excitations (t; = 1), and m,, = m/(1+k,) for
vector excitations (t; = of or t; = 77) and interactions with non-local components.
In this case, the collective energy

Ecou = 302/112(1‘)/’0 dr + %K(H)U2, (10.97)

with the restoring constant K given by K(u) = 2E(u) determines the energy of the
one and only collective mode through the expression

2E _ 2E(w)

TV it (10.98)
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This energy can be interpreted as the ratio \/ms/m; between the sum rule cubic
in energy m3 and the f-sum rule m; of (7.30). In fact, for the excitation operator

N N
F=) flrti =Y riYm(Qt:,
i=1 =1
the following commutation rule holds
1L 1 1
[H,F) = -3 ; E(Vf -V+V. -Vfits= ) ;(u -V+V-u)t; (10.99)

so that the transformation e?3V(®) Z:(u(r:) Pitpi-ulr))ti|0) of equation (10.75), can
be rewritten as e~V ®H:F1|0), The collective potential energy (10.80) then becomes

E(u) = 1/2(0|[[[F, H], H], [H, F]]|0),

and coincides with the sum rule cubic in energy mgs. The f-sum rule for the operator
F can be easily computed and leads to the result

1 1 1 2
my = 5(0|[F, [H, F]|0) = 5/ (m—vvf> podr (10.100)
and hence to
K ms
N (10.101)

by comparison with (10.98).

As regards the connection with the sum rules, in general it can be said that
both the elastic and the hydrodynamic models well reproduce the f-sum rule my;
moreover, the elastic model correctly reproduces the sum rule cubic in energy which,
however, is not reproduced by the hydrodynamic model. On the contrary, the in-
versely energy-weighed sum rule, which is related to the static polarizability of the
system, is better reproduced by the hydrodynamic model. The latter result stems
from the Landau theory of Fermi liquids, which shows that the spherical shape of
the Fermi sphere is preserved in the presence of a static external field, and as a
consequence the linear response is correctly predicted by the hydrodynamic model
in the static limit. As was discussed in Section 8.1, the first sound is a compression
mode of hydrodynamic nature, whose frequency is well reproduced by the ratio
m1/m_y, while the zero sound at higher frequency is a mode of elastic nature, in
which the distortion of the Fermi sphere plays a crucial role, and whose frequency is
well reproduced by the ratio mg/m;. In the following, we will analyze in detail the
frequencies of some collective surface and elastic modes by using the mgs/m; ratio.
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10.2.1 Dipolar modes in metal clusters

In metal clusters described by the Hamiltonian (2.22), the zero-divergence dipolar
mode with £ = 1 and m = 0 is naturally excited by the operator F = Y. z;t;, where
2; is the z component of the position operator of the i-th electron. Therefore, we
have f(r) = z and u = Vz, and the transformation that determines the restoring
force (10.80) of the collective mode becomes

VML Viti|gy | (10.102)

Physically this transformation corresponds in the scalar case (t; = 1) to a rigid shift
of the whole electron cloud, and in the vector case (t; = o7) to a rigid shift of the
cloud of electrons with spin up in opposite direction with respect to the electrons
with spin down.

In the scalar case, due to translational invariance, the only term of Hamiltonian
(2.22) which contributes to the collective potential energy, and thus to mg, is the
confinement potential of the ions, which breaks such invariance through the inter-
action term [ Vi (r)p(r)d(r) with the electrons. The second-order variation in u of
such energy is due to the second-order variation of the electron density, which is
given by 1/2V2p, [see Eq. (10.92)]. Therefore, we obtain

By(w) = mg = 7 / Vi (£)V2po(r) dr . (10.103)

Performing an integration by parts and using the Poisson equation V2V, = 4mpy,
where py is the ion charge-density distribution, we obtain (Brack 1989):

Ey(u) = mj = % / p1(r)po(r)dr (10.104)

For a jellium sphere [see Eq. (2.21)], we then have

1 R 1
E(u) =m3 = ipbulk/o po(r)dr = §pbulkNin, (10.105)

where N;, is the number of electrons inside the jellium sphere of radius R. The m;
sum rule is model independent and, in both the scalar and vector models, it is given
by [see Eq. (10.100)]

my = (10.106)

2 b

where N is the total number of electrons. Therefore, the energy of the scalar plasmon

mode is given by
mi  wp |N;
we = ,/——1 = —\/5 N (10.107)

where we have introduced the plasma frequency wp = /47 ppur which gives the
plasmon energy in metals. As can be seen, the finite-size effects are relevant, and
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Fig. 10.3 Plasmon resonance frequency as a function of the average number of atoms, (N}, in
sodium clusters. The experimental data of Knight et al. (1985) (full circles) are compared with
the result of Eq. (10.107) (open circles), and with the calculations of Beck (1984) (crosses).

strongly reduce the energy of the plasmon mode in metal clusters with respect to
the bulk frequency. The expression (10.107) reproduces quite well the systematic
variation with N in the experimental data of Knight et al. (1985) for the plasma
resonance in Sodium clusters, as shown in Fig. 10.3.

In the vector case, the calculation of mg is somewhat more complex because the
interaction contributes to the sum rule. One finds

N)r-a

N
Ey(u) =m§ = (0| [E VisZ, [Z V’:oz,HH 10), (10.108)
i=k

and expanding the commutator

my = 2 ovzmm)— S Ser -0, (0.109)

1<j=1

where, again, we have used the Poisson equation for the ion charge distribution,
and the property V2(1/r) = —4w6(r). Therefore, the final result for m3 is

ms =2 [ (ou@eole) = polx))dr. (10.110)
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An estimate of m} can be carried out using the Wood-Saxon density: po = pp(1 +
exp((r — R)/a))~! for pp, and that of a jellium for p;(r). In this way we get

m ~ 27N pp— | (10.111)

and using the result (10.106) for m;:

wy = 1] 8 = w, /ﬁ‘i, (10.112)
my

which shows that the vector dipole mode is a pure surface mode whose energy is
always lower than that of the scalar mode. Vector surface modes of this kind have
been measured in the case of quantum dots (Schuller et al. 1998).

10.2.2 The scalar quadrupole mode in confined systems

In what follows, we shall calculate the frequency of the scalar quadrupole mode,
which is excited by the operator

N
Q = Z T? Y2m ?
i=1
for a system whose local energy functional is of the same type as in (4.27):

E(p)=T+ / drp(r) [V;mf(r) + %U(r)} + Ev(p), (10.113)

where U(r) is the Hartree potential, Veons is the potential of the positive-charge
distribution generated by the ions, and Ey(p) is the exchange-correlation energy.
However, the functional can also describe the Boson gas in a magnetic trap by
taking for Veons a harmonic oscillator potential, U = 0 and

Ev(p) = (1/2)g / drp?(r),

as well as other Fermionic systems.

The energy change connected with the transformation e~ U®H ’Q]|O), can be
easily computed, and one finds a very simple expression for m3(Q) (Bohigas, Lane
and Martorell 1979):

m3(Q) = %(Ekin + Ex). (10.114)

In the above equation, Ey;, is the expectation value of the kinetic energy operator in
the ground state. Ex caters for other forms of energy. It is equal to —FE¢ /5 + Econt
for charged systems (where E¢ is the direct electron—electron Coulomb energy). It
is the confinement energy of the harmonic oscillator in the case of the Boson gas in
a parabolic magnetic trap, and is zero for the other systems such as nuclei.
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The m; sum rule for the quadrupole operator is then given by:

5

m1(Q) = mN(ﬁ), (10.115)

where
r?) = 1/N/r2podr

is the mean square radius of the system. Therefore, the frequency of the quadrupole
scalar model in the elastic model is given by

S(Q Ekm + EX)
= . 10.116
ve = \/:nl(Q \/ mN(r?) (10-116)
In the non-interacting system one has E(X) = E.onr and Eyxjn = Econt from the
virial theorem, and equation (10.116) yields the result wg = +/8FEcont/mN(r2)

which, in the case of parabolic confinement, becomes the result of the harmonic
oscillator wg = 2wp,. For a Boson gas in a magnetic trap, and in the Thomas-
Fermi limit Na/ap, >> 1 where the kinetic energy term is negligible, one then
obtains wg = V2wp,. For negative a, when the kinetic energy term is greater than
FEcont, there is an increase of the quadrupole frequency with respect to that of the
harmonic oscillator. Furthermore, for a charged system with a jellium confinement,
neglecting the electron spill-out, we have E(X) = (9/50)e?(N?/R). Finally, in the
nuclear case (where Viont = Econs = 0), we obtain wg = y/4Exin/mN(r?). All
of these results turn out to be very close to the numerical solutions of the RPA
equations of the respective systems.

10.2.3 The scissors mode in Fermi systems

A good example of elastic behaviour in Fermi systems is the scissor mode in systems
with non-zero deformation. We have previously discussed such mode for the Boson
gas in an unsymmetrical magnetic trap.

A macroscopic example of such state is provided by the following form of the
displacement field relative to the electron motion in the case of metal clusters or of
quantum dots, and to nucleons in the case of atomic nuclei (Lipparini and Stringari
1989, 1991; Serra, Puente and Lipparini 1999):

u=wxr+diV(yz), (10.117)

which satisfies the condition V - u = 0. In equation (10.117), @ is the unit vector
in the z direction (the system is assumed to be axially deformed along z), and § =
(3/2)(R% - Rz)/(Rz +2R?) in 3D, while § = (RZ - RZ)/(RZ+ R?) in 2D (where the
Fermion motion is in the yz plane). This § is the deformation of the density profile,
which is assumed to have spheroidal shape: po = po(z?/R2 +y?/R2+2%/R2) in 3D
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(a) (b)

Fig. 10.4 Displacement field for the rotational state M1 at low energy. Figure 10.4(a) corre-
sponds to a rigid rotation (scissor mode) of the Fermions with respect to the confinement field.
Figure 10.4(b) corresponds to a rotation within a rigid surface.

(here R, and R, = R, are the radii parallel and perpendicular to the symmetry
axis, respectively).

The term & X r of equation (10.117), in the scalar case and for metal clusters and
quantum dots, corresponds to a rigid rotation of the electrons with respect to the
distribution of positive charge which is motionless. In the vector case (t; = 77), and
for nuclei, it corresponds to a rigid, counter-phase rotation of protons and neutrons,
as follows from transformation (10.80), which becomes

RUOHLILLANNY (10.118)

where [ is the © component of the orbital angular momentum of the i-th Fermion
(scissor mode, see Fig. 10.4(a)). If we were to include only this term in the Fermion
motion, the electrons would feel a restoring force whose origin would be the Coulomb
interaction with the ions, as happens in the dipole case, and the nucleons would
be subjected to the force resulting from the neutron—proton interaction (symmetry
term, proportional to p2 = (o, —pp)?). However, the Coulomb and symmetry energy
cost is minimized by including the quadrupole term V(yz) in the displacement field.
This can be seen easily by noting that the density change ép and ép, given in both
cases by V- (upp) [see Eq. (10.76)], becomes zero under (10.117) because u-Vpg = 0
in the spheroidal model. The resulting motion is shown in Fig. 10.4(b): there is a
rotation within a spheroid with rigid surface (in the nuclear case, the rotations of
neutrons and protons have opposite phases) with a velocity field such that

v nlsurface =0. (10119)

The relevant restoring force that originates during this motion is not derived
from the electron—ion or neutron—proton interaction energy, but rather from the
kinetic energy, and is produced by the quadrupolar component V(yz) of the velocity
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field which gives rise to a distortion of the Fermi sphere and to a collective potential
energy of the type (10.94). The frequency of the resulting elastic mode is given by
wy1 = (K/M)Y/? where K = 2E(u), with E(u) given by equation (10.94), and
M = m { pu?dr which in the limit of small deformations coincides with the rigid
value of the moment of inertia 6 of the rotational motion. In this limit, one finds:

dep . _ 3
wp = 5,/mr§N 13 (r)?= gr§N2/3, (10.120)

_ 16er o _1/2 2 _ .2
wM1_6”3mr§N , (r*=r;N/2, (10.121)

in 2D. The elastic mode, whose frequency is given by the above expressions, is a
low-energy mode with respect to the quadrupole mode we studied in the previous
Section, which goes to zero linearly with the deformation, and is the analogue of
the low-energy mode of (10.57) for the Boson gas in a magnetic trap.

For sodium clusters (r; = 4 a.u., ep = 3.1 eV), war1 = 6 4.6 N~1/3 eV, which
for N in the range 10-100 and for typical deformations § = 0.2 — 0.4, gives wp; =
0.2 — 0.6 V. This value should be compared with the dipolar plasmon frequency
ws = 3.4 eV. The scissor state lies below the threshold for particle emission, and is
excited by the orbital angular momentum operator, with a strength given by

in 3D, and

N
BM1=3 (0|3 IF|M1)]* = guﬁt?\/EFT?N“/‘"’, (10.122)
k i=1

where po = efi/2me is the Bohr magneton.

For quantum dots, the scissor mode has been studied microscopically by solving
the time-dependent Kohn—-Sham equations, with different initial conditions corre-
sponding to a pure rotation, a pure quadrupole distortion, and to a combination of
the two. The results relative to the time-evolution of an elliptic quantum dot with
20 electrons, r, = 1.51 (effective a.u.) and § = 0.28, are shown in Fig. 10.5 (Serra,
Puente and Lipparini 1999). From this figure, we see that two states are excited:
the scissor mode at low energy, and the scalar quadrupole mode at high energy. The
elastic macroscopic model reproduces the energies of the microscopic calculation to
a very good extent.

Experimental evidence is still lacking for the existence of such excitation modes
for both the metal clusters and quantum dots. On the other hand, there are many
experimental results in the nuclear case, where the existence of the scissor mode
has been verified in a systematic way in deformed nuclei (Bohle et al. 1984). A
recent experimental analysis (Enders et al. 1999) showed that the energies of the
low-energy mode, as well as the excitation strength M1, are well reproduced using
the moment of inertia and the gyromagnetic factors of the rotational band of the
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Fig. 10.5 Time evolution of an elliptic dot with 20 electrons, with three different kinds of initial
conditions: pure rotation, pure quadrupolar distortion (quadrupole), and a combination of the two
(scissor). The left-hand panels show the M1 signal as a function of time, while the right-hand ones
show the corresponding excitation strengths in arbitrary units. The midde right-hand panel also
shows the strength without interaction effects (dashed line) as well as the predictions of the elastic
model for the scissor and quadrupole modes (arrows).

ground state. Such values of the moment of inertia are smaller than the rigid value,
and so the analysis shows that only some of the nucleons participate in the rotational
motion.

10.2.4 The moment of inertia of quantum dots

The quantum evaluation of the moment of inertia of a Fermion system, like electrons
confined in an elliptic quantum dot, is not a trivial task and requires, for example in
the framework of the density functional theory, the solution of the Kohn-Sham equa-
tions with an angular-momentum constraint (Serra, Puente and Lipparini 2002):

(o (P m) = .0 (15 2) = 0(Qpo(r:2), (10.123)

where ¢, is the z component of the orbital angular momentum of the individual
electron, ¢ =T, | is the spin label, and the densities and magnetization are given,
respectively, by p = p; + p; and m = p; — p;, where

po = _|pia(r; Q).
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Besides the kinetic energy term, the single-particle Hamiltonian h, in (10.123) in-
cludes the confinement potential

Veonf(T) = 1/2(w§m2 + w§y2) ,

the Hartree potential

@)= [ aro) e v,
and the exchange-correlation potential
V5°(r) = 0&zc(p, m)/0ps .

The Kohn—Sham equations can be solved by subdividing the z-y plane into a discrete
uniform grid of points, and subsequently using the methods described in detail, for
example, by Puente and Serra (1999). The moment of inertia is then computed using
(10.43), where the average is taken on the Slater determinant constructed by means
of the solutions ¢, (r; ) of equation (10.123). The results are plotted in Fig. 10.6,
together with those of the non-interacting model given by (10.60), as a function of
the deformation 8 = wy/w;. The average parameter of the harmonic oscillator, i.e.
wo = (wx + wy)/2, is determined by wg = 1/r3v/N. In these figures, we note that
there are some small oscillations at large values of the deformation, which are due to
deformation shell effects; there are also some large oscillations at small values of the
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Fig. 10.6 Results for the 8/6,;4 ratio in elliptic quantum dots, with different numbers of electrons
(N), as a function of the deformation parameter 3, and for rs = 1.5. Full lines are the results of
the harmonic oscillator without interaction, the symbols are the LSD A results. Different symbols
refer to different values of the total ground-state spin: open circle (S; = 0), open square (0 with
spin wave), full square (1/2), full triangle (1).
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deformation (3 close to unity) in the closed-shell dots (12,20), and some divergences
in the open-shell dots (13,14), that are cured by the interaction only for N = 14.
The large oscillations at small deformation are related to the emergence, with the
deformation, of spin waves in the ground state, while the divergences reflect the
vanishing of the excited-state energies in the denominator of (10.50) for the open-
shell dots, which in some cases are not cured by the interaction. These effects might
be investigated experimentally by studying the diamagnetic susceptibility of the dot
which is given by (see Section 7.6):

2

XD = ——6n; (1— © ) . (10.124)

4m2c? Orig

Another possibility of studying the moment of inertia of Fermion systems, is
provided by its connection with the excitation, and in particular with the scissor
mode. In Fig. 10.7 we show the evolution of the strength M1 with the deformation
for N = 13 and 20. The orbital strength M1 is clearly separated into two regions;
a high-energy one, related to the quadrupole, and a low-energy one related to the
scissor mode. For intermediate values of deformation (0.5 < 8 < 0.7), the strength
is shared by the two coexisting modes, while at high and low deformations it is
practically exhausted by only one mode. For large deformations the quadrupole
mode survives, while for 8 — 1 the dominant mode depends on 8. For systems
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Fig. 10.7 Evolution of the strengths M1 with the deformation for rs = 1.5, N = 13,20. The
dashed lines, at the intersection with the base line of each spectrum, indicate the energy w_ in
the harmonic oscillator model, while wy is 6.8 meV for N = 13, and 6.1 meV for N = 20.
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Fig. 10.8 Fractional contribution of the scissor mode to the mi(L;) sum rule in the harmonic
oscillator model (full line), and in the LSDA theory (open circles connected by a full line). Also
shown is the contribution to m_j(L;) in the harmonic oscillator (dotted line) and in LSDA (full
squares connected by a dotted line).

with divergent moment of inertia, the dominant mode is the scissor mode, while for
vanishing moment of inertia the dominant mode is the quadrupole one. The figure
also shows that the interaction lowers the energy of the scissor mode when compared
to the prediction of the harmonic oscillator (10.57). The fractional contribution of
the scissor mode to m_; = #/2 and to the energy-weighed sum rule (10.53) is
shown in Fig. 10.8. This figure shows quantitatively the contribution of the scissor
mode to the moment of inertia in the LSDA theory (squares), and in the harmonic
oscillator (dotted line). At large deformations, we observe an appreciable decrease
of such contribution due to interaction.

10.2.5 The vibrating potential model

As discussed several times, the study of collective vibration modes such as the
surface and elastic ones which were described previously by using sum-rule tech-
niques, is carried out in a natural way within the framework of time-dependent,
self-consistent theories such as the TDLDA theory of Section 8.9. These methods,
are based on the study of the variations of the average one-body potential, induced
by a density oscillation. These average-potential variations produce excited states of
the system, and one obtains a self-sustained collective mode, if the induced density-
variations are equal to the ones required to generate the oscillatory potential.

In the present Section we will study an approximate solution of the problem,
which corresponds to a first iteration of the fully self-consistent calculation. This
method is known as the vibrating potential model (Rowe 1970}, and in homoge-
neous systems (where the translational invariance determines the pattern of density
oscillations) leads to the exact solution (see Sections 8.2 and 8.9). In finite sys-
tems (i.e. nuclei, quantum dots, etc.) this method provides a useful and simple



The Fluidodynamic and Hydrodynamic Model for Fermions 409

approximation, and it has been widely used (Bohr and Mottelson 1975; Lipparini
and Stringari 1991; Serra et al. 1999; Nesterenko et al. 1999).

For simplicity, we will limit ourselves to studying scalar excited states. The
generalization to vector states is very simple.

The basic ingredients of the model are:

(1) A local functional of the scalar density p of the form

E(p,7) = %/Tdr+/v(p)dr+%/p(r)p(r')vﬂr —1r'|)drdr’, (10.125)
where

p) = leiP and 1) = 3 Vo)l

and the function v(p) includes contributions from both the external potential,
and the exchange-correlation one.

(i) The density-variations 6p(r,t) = a(t)V(po(r)V f(r)), equal to those of the gen-
eralized scaling of (10.76) with u(r,t) = a(t)V f(r), where o(t) gives the oscil-
lation amplitudes and f(r) is the multipole operator which excites the collective
mode.

The one-body Hamiltonian used to describe the collective vibrations is given by

2
Hoi(r) = 6:}‘E(r) = ( 2:; + V(r, t)) i(r), (10.126)

where
Vir,t) = Q‘é(—;) + / (e )o(|r — r'[)dr’ . (10.127)

In H(r,t), we can separate a static part (i.e. the one-body Hamiltonian relative to
the static ground state):

go_ -V (%)
2m o /,

+ / po(t (- ' |)dr’ (10.128)

and a dynamic time-dependent part which stems from density changes that occur
during the collective motions:

ov
dH =46V (r,t)= — Sp(r,t)
3,0 P=Ppo
2
N aai,(zp 2 oo+ / Sp(r',thu(jr —x')dr’.  (10.129)
P=po
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If we introduce in (10.129) the density variations of the generalized scaling, we
obtain

2’U
H = a(t)[ 2 @91 @)
p=po
+ /V(po(r’)Vf(r’))v(|r - r’|)dr’] . (10.130)

For excitation operators of the form f = rng’m, for which V2f = 0, we obtain
0H = aft) [VVO -Vf +/Vpo(r') Vi )v(r - r'|)dr’} , (10.131)

where Vg = Mlp_ . Defining the operator

N

o= Z Q) =3 (VVo Vf+ / Voo(r') - VF@')o(Jr - r’l)dr’) ., (10132)

i=1

it is then possible to write

N
> 6H(ri) = a()Q. (10.133)
i=1

Finally, using the result

Qt) = / Q(r)ép(r, t)dr = o(t) / VO - Vfpodr, (10.134)

it is possible to write the time-dependent dynamic term in separable form:

N
> 6H(r) = —kQ()Q, (10.135)

i=1
with

- /VQ Vfpo. (10.136)

The solution of the linearized time-dependent equations in an oscillating external
field

N
Z(Ho(n) + 0H(r;) + MQ(r;)e™ + h.e))|T(t)) = i%[\ll(t)) ., (10.137)

i=1
with Ho(r;) and §H (r;) given by equations (10.128) and (10.135), respectively, can
be reduced (Lipparini and Stringari 1981) to the solution of the dispersion relation

22 OlQlk ) _1 (10.138)

2wk’
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where € and |k) are the eigenvalues and eigenfunctions of the static Hamiltonian
(10.128).

The oscillatory potential (10.135) can also be derived starting from a separable,
effective two-body interaction (Bohr and Mottelson 1975; Rowe 1970) of the form

1
V= 51@%@@)@(@). (10.139)

In this case, the analysis of the present Section is equivalent to studying the effects
of RPA correlations in the many body system, as produced by such separable
interaction.

As an example of the application of the vibrating potential model (VPM), let
us consider the case of quadrupole excitations in metal clusters.

For these systems, simple and significant solutions of the V PM are obtained by
assuming:

(i) A complete screening between the Coulomb potential produced by the electron—
electron interaction (direct term) and that of the jellium of positive charge
(produced by the jellium density p;), so that the static Hamiltonian becomes

S0 = 35 (32 vt + [ B2 )

i=1 i=1 I‘/I

=3 (2

(ii) A harmonic-oscillator-like exchange-correlation one-body potential, i.e.

(n)) : (10.140)

1
Vo(ri) = Swir? (10.141)

where the harmonic oscillator parameter wy is given by the relation

261:'
= __N—1/3 .
wo = 4 / o , (10.142)

which is obtained by equating the kinetic energy per particle as given by the
harmonic oscillator model with that of the Fermi gas, and by approximating
(r?) as (3/5)r2N¥/3,

For the quadrupole excitations we then have f = yz and Q(r) = (2wg — 2w)yz,
where, in order to obtain the expression for ), we have made use of the relations

Vo
- ior’l —v, / £ _r,‘ (10.143)
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and

Zpo() s _ /|”°r)d' Vz/po(r’)]r——r'ldr', (10.144)

v —r/|
as well as the results

po(r') r_ _}__]_V_
|r—r’(dr 2R3

l/m@Wr—fo=

2

10.145
i 1 oo
2 R2 20R%*)’
which hold for a uniform distribution pp(r). Moreover, one has

1 2 2
Z= §N (20)8 - gwg) (r?),

_ N (10.146)
60.«'0

N 2
O3 wiilk)

Using these results, and considering that only one state at energy 2wqg contributes
to the sum of (10.138), we obtain the solution for the dispersion relation

wg = 4/2w2 + zwf, (10.147)
The frequency (10.147) coincides with the result (10.116) provided we use
E(X) = (9/50)e?(N?/R), (r?) = 3/5NR? and equation (10.142). Moreover, it co-
incides with the classical plasma frequency for the quadrupole, i.e. wg = \/%wp,
if we neglect the term in 2wy which is produced by the quantum distortion of the
Fermi sphere. Therefore, we see that, although the simplified RPA model lacks the
finite-dimension effects due to electron spill-out outside the jellium radius [total
screening assumption (10.140)), yet it contains quantum effects that can be appre-
ciable. Such effects in deformed systems give rise, for example, to the low-energy
scissor state which has no classical analogue. The scissor state is easily obtained in
the VPM model using the above results for the quadrupole case, and taking into
account the fact that in the deformed case two single-particle levels contribute to
the sum of (10.138), with energies €y = wy — w, = dwp and €2 = wy + w, = 2wo,
with the respective matrix elements

2 r2
_Ne
1 2L4J0

_ N¢?)
= (10148

N
m}j%mm (01 D wizilea)
i=1

and where we have considered only the contributions of the lowest order in the

deformation 4.



The Surface Vibrations of Charged Systems in 2D and 3D 413

Then, from the dispersion relation (10.138), we have two solutions. The higher-
energy one is the quadrupole plasmon excitation of (10.147), while the lower-energy
one has a frequency given by

2\ —1/2

w1 = V2wob (1 + 5“’—3) . (10.149)

Wp

This solution coincides with that of the scissor mode in (10.120), as readily seen
using expression (10.142) for wp and neglecting the correction 5w3 /wzz,.

10.3 The Surface Vibrations of Charged Systems in 2D and 3D

In this Section we will study the surface vibrations of a drop of charged Fermions,
using the techniques developed in Section 10.1.2 for helium drops. The valence
electrons of alkali metal clusters, and the two-dimensional electron gas confined in
a quantum dot under a magnetic field are the examples of charged quantum fluid
that we shall consider.

10.3.1 Swurface vibrations of charged metal clusters

In the following, we will describe metal clusters by means of the jellium model,
in which the total cluster energy is dominated by the electronic energy, and the
equilibrium shape of the system corresponds to the minimum electronic energy.
The positive ions have the role of screening the electrostatic potential of the valence
electrons and the shape of the positive charge background is assumed to conform
to that of the electrons.

For such clusters, when the system is neutral, the total energy is well represented
by formula of the liquid-drop model:

E(N) = a,N +a,N¥/3, (10.150)

where a, is the mean total energy per electron in the infinite jellium, and a; = 47r20
is the surface energy connected to the surface tension of a semi-infinite jellium. In
the case of sodium clusters, we have r, = 3.93, a, = —2.1 ¢V and a, = 0.57 eV
(Perdew 1988).

Therefore, the frequencies of the surface modes of the neutral jellium drop are
given by the same expression as in the case of the Helium drop:

o [(0-1(E42) a4
wep':\/ 3 MrfN 2,

Since all of the cluster mass is concentrated on the positive ions, the cluster vibra-
tions in the jellium model are due to the shape changes of positive charge back-
ground, so that the masses that appear in such formula are the ionic masses.
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If we use for a, and 7, the above values suitable for sodium, we obtain for
the energy of the quadrupole mode the estimate w,_ = 0.01 eV, i.e. a value that
is smaller than the plasmon excitation energies by a factor of 100. The coupling
between the quadrupolar surface vibrations and the plasma modes was studied by
Bertsch and Tomanek (1989) and Pacheco and Broglia (1989), and accounts for the
broadening of the excited states as observed in photoemission experiments.

When the cluster is charged, the Coulomb repulsion due to the extra charge
contrasts the effect of the surface tension which tends to restore the system to the
original shape, and may lead to its instability. Producing a critical deformation
that leads to a fission process may require a rather small amount of energy. The
electrostatic energy change connected with the surface deformation of the drop has
been evaluated by Lipparini and Vitturi (1990), and the calculation proceeds as
follows. One starts from the usual expression

Egpu =+ [=pDelo—pr)e s (10.151)

2 lr — 1|

for the electrostatic energy. The electronic and ionic densities, p and py, are written
as

p(r,0,9) = poS(R*(0,4) —7), - p1(r,0,8) = prS(R(6,¢) —7),  (10.152)

where both R®(6, ¢) and R(6, ¢) have the form (10.22), and S is the step function.
Due to the conducting nature of the metal clusters, the extra charge Z is distributed
on the surface, the central densities may be assumed identical, and the ratio of the
equilibrium radii R§ and Ry is given by

e 1/3
% = (1 - N%) . (10.153)
0

In order that this distribution of extra surface charge is conserved even when the
surface is deformed, one further assumes the same form for the electron and ion den-
sities, i.e. equal deformation parameters ay,,, with £ > 1 for the two distributions.
For small deformations |R(6, ¢) — Ro| < Ry, it is possible to use the expansion

p(r,6,6) = po (suzo 1)+ (R(8, ) — Ro)d(Ro — 7)

— S (R(0,6) — Ro)?8'(Ro ~7) + - ) (10.154)

for both the densities (10.152). This yields (Z/N <« 1):

zZ2 1 z? Z€2+3€—5
2Ry 24wRy 2041

Ecou = loem|?, (10.155)

m
where the first term is the spherical contribution to the electrostatic energy due to
the extra charge Z, and the second one gives the energy variation caused by the
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deformation of the surface. Therefore, the contribution of the Coulomb energy to
the restoring force is (€ > 1):

72 02 +3¢0-5
4rRy 2+1

From equations (10.28) and (10.156), we get

(CE)Coul = (10156)

Ce = (Co)surf + (Ce)cout
Z? 24305
4rr, 26+ 1

= 4l(e —1)(£+2)a, N3 — N-3 (10.157)
7

for the total restoring force. As mentioned, we see that the Coulomb repulsion

contrasts the effect of surface tension, and leads to instability for large values of

Z?/N. Instability against the lowest-energy quadrupole mode (£ = 2) sets on for a

critical value of Z2/N given by

() 0158
— = 4rsag . 10.158
N crit ’

Using the values r; = 4 and a; = 0.57 eV, which are the relevant parameters for
sodium clusters, we can predict that for the number of atoms N larger than 3.1 Z2,
ionized clusters with charge Z are stable against fission processes. Such prediction,
which overlooks other possible fragmentation channels, such as monomer emission
which is privileged for small Z (Perdew 1988; Baladron 1989), is not too far from
experimental results, in which fission processes are induced through reactions with
photons. An exhaustive study of fission processes in metal clusters, including both
theoretical and experimental aspects, is found in the review paper of Naher et al.
(1997).

10.3.2 Edge vibrations of quantum dots

In this Section we will consider a drop of uncompressible liquid in two dimensions,
and develop the formalism of the edge vibrations of the drop, analogous to what
was done previously in three-dimensional systems (Giovanazzi 1993). Unlike the
previous Section, where we studied the problem of instability due to excess charge
in a three-dimensional drop and assumed that the shape of the jellium conforms to
that of the electrons, here we consider the surface vibrations of the electron drop in
a rigid confinement field. Such electronic surface vibrations correspond to the low-
energy excited states that were studied in Section 8.13.2 in a microscopic fashion
and as a function of an external magnetic field acting on the quantum dot.

In analogy of what we did in Section 10.1.2, we may describe the edge vibrations
of the two-dimensional drop by a set of normal co-ordinates ay, of the system, in
angular momentum space, by expanding the distance R(6) of the edge from the
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origin in terms of the functions e®?:

R(6) = Ry (1 +3 agoe”f)") , (10.159)

14

where Ry is the equilibrium radius and the sum runs over the (positive and negative)
integers £y. Like in the 3D case, the term with £y = O represents a compression
without change of shape, and the one with ¢5 = 1 represents a translation of the
whole system. The mode relative to as is the first one that implies a shape-change
in the drop, and is the quadrupole mode.

The density variations are limited to changes in the drop profile. If p(r,8) =
poS{R(6) — r), we have

p(r,0) = po (S(Ro 1)+ (R(6) — Ro)3(Ro )

— %(R(@) — Ro)%0'(Ry — 1) + -+ ) . (10.160)
Surface conservation implies the relation

1
a =3 ; Jog, |2 . (10.161)

In the limit of small oscillations, a Lagrangian formulation is possible, which
allows us to derive the equations of motion of the edge oscillations in the presence
of a magnetic field:

1 x i Ll . .
L= 2 Z (Deoa;fﬂago — iDgowcl—go—'(aZoago — ag, Gy, ) — Ceoa;oago) ,  (10.162)
£o
where the term proportional to the cyclotron frequency w. = eB/mc accounts for
the external magnetic field applied in a direction perpendicular to the drop plane,
which gives rise to a Lorentz force —e/cv x B, with v the velocity of the drop edge.
The equations of motion have the form
Diyie, — iDlowe iy, + Coyarey = 0 10.163
o0ty — D owc—e:)—aeo + Ceoap, =0, ( 1 )
where D, and C; are the mass parameter and the restoring-force parameter of the
oscillation, respectively. The equation for the oscillation frequency is given by

|ZO| Clo
2y = 2o 0.164
Wi, (wgo + we % Dy, (10.164)

If wp, < we, the lowest frequency is given by

eOClo

=—— 10.165
welo|De, ( )

Weo
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For the calculation of the mass parameter Dy,, we will assume (like in 3D) that
the flux is uncompressible (at constant density) and irrotational, so that the velocity
field is written as the gradient of some potential x(r):

v(r) = —Vx(r).

Then, the continuity equation (10.6) implies that the potential satisfies the Laplace
equation V2x(r) = 0, with solution

X(r) = agrioel. (10.166)
£o

The coefficients ay, and oy, are connected by the boundary condition on the edge,
which demands that on the edge itself the radial component of velocity be equal
to the radial velocity at which the edge moves. For small edge displacements, such
boundary condition requires

0 dR

Oor dt’

as computed in r = Ry, from which it follows that

R2_l°
agy = —=—Cug, - (10.167)
6ol

Then, the kinetic energy of the fluid due to the edge deformations becomes

R2
T = 2mpg / VE(w)dr = 3 Mgl e, (10.168)
£o

and comparison with (10.162) finally yields the result

2

Do =131

MR2, (10.169)
where M = mN is the total mass of the electron drop.

The parameter Cy, of the restoring force of the edge oscillations on the drop, is
computed starting from the Coulomb energy variations which are connected with
the electron density variation. First of all, let us consider the interaction term with
the jellium:

0E;c = /5p(r, NVi(r)dr = ——;—Rg Z ove, |2 /(pr(r))VJr(r)dr, (10.170)
Lo

where 0,p(r) is the radial derivative of the static density of the electron drop, and
V4 is the Coulomb potential generated by the jellium density poS(Ro — r). It is
immediate to show that the integral in (10.170) can be related to the electric field
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E(Ro) produced by the electrons on the jellium edge, so that

6Eje = mpoRIE(Ro) Z Jove, |2 (10.171)
£o

For large values of the electron number N, one finds £(Rp) = poln(8N) with
B = 16.4 (Giovanazzi, Pitaevskii and Stringari 1994). We remark that £(r) was
studied numerically in a dot in Section 5.6.

Let us consider now the variations of the electron—electron Coulomb interaction
energy:

SEpe = / bp(r, 6) —— 'p(r’)drdr’ 5 / b0, 6) = 1 o 00(r\O)drd’ . (10.172)

This quantity becomes

AL _p
§E.. = R22|%!2 / B, p(r) S0 = 0) = 05O =0) i rvarar (10.173)

I 7

and, in the limit of large N (N > 4):

6Ec. = —4R poz lote, | Z 2k (10.174)
where we have used
m cos(£of) — cos b
=-—4 10.175
0 v1—coséd \/_Z 2k ( )

which holds for ¢ > 1 (for £y =1, dE. = 0). Furthermore, we have

£o 1 1 1
2'2’1??1 = 5(In(to) + C +In4 - 2) = 5 In(vto),

where C' = 0.577215 is the Euler constant, and therefore v = 0.96417.
Finally, by combining the above results we find

Cy, = CJf + C5¢ = 4nR3pdIn(+/BN) — 4w R3 p§ In(vo)

= 47R3p%In (‘{y——i?) (10.176)

which holds for g > 1 and large N. In the dipolar case C{¢ = 0, thus

Ci¢ = 2mR3po€(Ry) . (10.177)
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Using the results of equations (10.164) and (10.169), we then find for the edge
frequency

fo \ _ 24opo VBN
We, (weo +wc-w—0|) = mE, ln( ) (10.178)

for 45 > 1 and large N, and

wi(wr T we) = in(—l}z(;)—, (10.179)
for £o = 1. Note that for parabolic confinement, the procedure that led us to (10.179)
gives exactly the result wy = \/w3 + w2/4 £ w./2 of the generalized Kohn theorem
of Section 8.10.1.

As an application of (10.178), we compute the frequency of the lowest energy
solution in the case where the magnetic field is such that the filling factor is 1. In
this case the electron density for large NV is given by po = (2712)~! within the circle
of radius Ry = lv/2N, where | = (fic/eB)'/? is the magnetic length. For large values
of £, it is natural to bring in the parametrization £y = qRo = ¢ql+/2N, which follows
from the condition that the oscillatory mode is stationary; this condition requires
that an integer number ¢y of wavelengths fits in the length of the edge. In this way
we obtain the dispersion relation

q, 4qo
=—Iln— 10.180
Wy - n 7’ ( )

where ¢go = /B/ (\/571) = 3.0/l. Such relation holds in the limit where N > fo,
i.e. large wavelength limit: ¢! <« 1. The ¢In(1/q) dependence is typical of the long-
range Coulomb interaction and for jellium confinement, and has been derived by
many authors (Volkov and Mikhailov 1985; Wen 1991; Giovanazzi, Pitaevskii and
Stringari 1994).

It is interesting to note that for a neutral drop with short-range interaction
among its constituents, the dispersion relation is completely different from equation
(10.180). This can be seen by calculating the parameter Cy, on the restoring force
of the edge oscillations on the drop, starting from the variation of the edge energy

1
0B =3 ;C’goiagoﬁ = \L, (10.181)
0

where 0L is the edge-length variation and A is analogous to surface tension in 3D.
This restoring force is typical of short-range-interaction systems, such as the nu-
cleon drop. However it is also typical of electron systems under an intense magnetic
field, which can lead to a fractional regime; in fact, in this case short-range inter-
actions produce eigenfunctions which coincide with the Laughlin wavefunctions of
the fractional regime.
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Using
27
0L = / dO(R%(0) + (G R(6))*)Y/? — 27 Ry, (10.182)
0

and expanding the square root, we obtain in the limit of small oscillations (where
the derivative with respect to 6 is small):

SE = ,\/27r dé (R(B) — R+ %(69}2(0))2) = ArRo > (£5—1)|ag,|*, (10.183)
0 0

Lo

from which we derive the force parameter:

Ciy = 2XmRo(£2 — 1). (10.184)
Therefore, the frequencies of the edge modes on the drop are given by
1 A
Wy, = u—)c-m—meo(eg - 1) . (10185)
Moreover, if we put £, = q¢Ry we obtain
Ag®
= .186
Wy p— (10.186)

whose g-dependence is completely different from that of (10.180).
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